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ABSTRACT: In various contexts in mathematical physics, such as out-of-equilibrium physics
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entropy of a density matrix and the flow of operators with the modular Hamiltonian in the
Tomita-Takesaki theory. Often, one encounters the situation where the operator under con-
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tor Ay, whose logarithm is known. We set up a perturbation theory for the logarithm log A.
It turns out that the terms in the series possess a remarkable algebraic structure, which
enables us to write them in the form of nested commutators plus some “contact terms”.
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1 Introduction

In many different problems in mathematical physics, one needs to compute the logarithm
of a positive operator. This is commonplace in asymptotic quantum information theory
when one is interested in various quantities constructed from the logarithm of a density
matrix. For example, given a reduced density matrix p, one needs to compute log p to find
the von Neumann entropy and relative entropies. The modular Hamiltonian K, = —log p
generalizes the role Hamiltonian plays in a thermal state to an arbitrary state outside the
equilibrium p. In the same way that equilibrium entropy and energy satisfy laws of thermo-
dynamics, in out-of-equilibrium states p, the von Neumann entropy and the expectation
value of a modular Hamiltonian satisfy laws of entanglement thermodynamics. Quan-
tum relative entropy generalizes the concept of free energy difference to out-of-equilibrium
states. Its calculation also requires calculating the logarithm of a positive operator.

In the past two decades, with growing applications of entanglement entropy in con-
densed matter and high-energy physics, there have been numerous calculations of such von
Neumann and relative entropies in the thermodynamic or continuum limit. The problem
is that most of such calculations rely on the analytic continuation method called “replica



trick” whose domain of validity remains physically obscure. The perturbation theory we
set up here is a rigorous and unambiguous framework to resolve this problem.

In a general quantum system, in the Tomita-Takesaki theory, given the modular op-
erator Aq of a state |2) or the relative modular operator of two states Agg one needs to
compute their logarithms to obtain the modular flow operator A%, or to calculate relative
entropies. In this case, the positive operator in question, Aq, is unbounded.

Consider an unbounded positive operator A. In general, obtaining log A directly is
difficult since it has a simple form only in the spectral decomposition of the operator A.
We consider the following situation: (i) A is related to some other positive operator Ag by
a smooth deformation, i.e. there exists a continuous parameter A and a family of operators
A(X) that interpolate between A(0) = Ag and A(1) = A; (ii) the logarithm log Ag is
known explicitly. Imagine setting up a perturbative series for log A()) in terms of log Ag
for A small. If the perturbation series converges for A < 1 one can extend the series to
A = 1. It is the goal of this paper to set up such a perturbation theory. For a discussion of
the fractional powers and the logarithm of bounded operators in the Hilbert space see [1, 2].
For bounded operators that belong to the Lie algebra of a Lie group one often uses the
Baker-Campbell-Hausdorff (BCH) expansion to compute the logarithm; see [3]. See also
recent discussions [4-9] in the context of quantum field theory.

Our main result is the following series expansion

e}
log Ag — log A = Z Qm (1.1)

m=1

where @),, can be written in the form of nested commutators plus “contact” contributions

O = —hme_m/dtl/dtg /dtm (b1 toy et [8(1),8(2)], -1, 8 (Em)] + Pon
(1.2)

and
—it § At @ ~3AA"Z
5(t) :AO (SA(), 5: m, azl—AO AAO s (13)
Ffi (tlv ta,. .. 7tm) = f(tl)gel(tQ - tl)gfz (t3 - t2) . 'gfm—l(tm - tm—l)f(tm)a (1'4)
1 ) 1 1

ft) =

gs(t) =

2cosh(mt)’ 4 | sinh(w(t — ie)) + sinh (7 (t + i€))

In (1.2) P, are given by terms with two fewer integrals (“contact terms”) whose structure



are a bit complicated and will be given later. The first few terms of this series are given by

@ =5 [ o
Q2 = 7§ lim _O; cosh(wff;i?sh(m)ge“?_“)[5(t1>’6(t2)]’ 7
Qo = 5 Jim | [ EE g (ta =) 12 =) 6001 8(02)) 81
+214 / m:}g)(;) (1.8)
Qu= tim T [ etatata oo - ol 0] 15(1).5(1).8(4).8(02)
il ) ) ) o0 w

It is important in (1.2) that performs the integrals keeping €’s nonzero and then take the
€; — 0 limit. We have included quintic contact term P5 in appendix B.

In the special case the operators A and Ag are both bounded one can use the spectral
representation of these operators to match our expansion and the BCH expansion order by
order in A.

The plan of the paper is as follows. In section 2, we outline the main steps leading to
the proof of (1.2) and give explicit expressions for F,. In section 3 and section 4 we fill
in the details of the proof. In appendix A we give a simple example of harmonic oscillator
to illustrate the use of (1.6)—(1.9). In appendix B we present the explicit expression for
P,—5. Appendices C-F include various fine details for the proof.

2  Outline of the proof

2.1 Setup

We start with the integral representation of the logarithm of an (positive invertible) oper-
ator A:

0 1 1

For unbounded operators A, the integral on the right-hand-side should be thought of as
a limit of Riemann sums in the strong operator topology induced by the domain of the
logarithm of A. Thus, we have the operator equality

o 1 1 o0 1 1
logAg—logA:/O dﬁ<A+ﬁ - A0+ﬁ> :/0 dﬁAO+5(A0—A)m (2.2)

on the common domain of logAg and logA.
Introduce the operator

1 _1
a=1-A)2AA;? (2.3)



which we take to depend on a continuous parameter A and vanish as A — 0. To lighten the
notation, we keep the A dependence implicit. We stress that « is an unbounded operator
despite the fact that it is proportional to a small parameter A.

Since the function f(z) = \/z(x + §)~! is bounded for positive 3 and = the operator
A1/2(A + B)~! is a bounded operator in the Hilbert space. To make sense of the pertur-
bation theory we assume that there exists a constant ¢ such that A(A) < cAg. As a result,
the operator A(l)/ 2(A + B)~! is also bounded. This is part of what we mean by A being a
small perturbation.

For g > 0, we define the bounded operator

1
Ag
pum— 2.4
to rewrite the integrand of eq. (2.2) as
1 1 1 1
— = Ag—A)——— 2.5
A+ DotB BerB 0 Matp 29
= AaAY* (A +B) 7' = Aa(l — AV Aa) 1A (2.6)
= A8(1— BS) ' A, (2.7)
where we have introduced
o Ag—f3
§=——o, B=-—-12"F_ 2.8
1—a/2 2(Ao + B) 25

1
One might want to naively expand (1—AZ Aa)~! in the second line of (2.5) in a power

series of AQAa But this is not a good expansion as AQAa is an unbounded operator.
This is similar the approach taken by [9]. It leads to singular integrals which can be sensible
only if one provides a prescription to deform the integration Contour. To circumvent this
problem, in the third line of (2.5) we introduced the operator 4, which is bounded with
a norm ||6]] < 2. To see this note that the spectrum of the closure of a is contained in
(—00,1) and 1_5”7/2 is a bounded function in the range (—2,2). On a dense domain, § and
its closure agree. Finally, expanding B in the spectral decomposition of Ay we find that the
spectrum of B is contained in (O . Therefore, ||B|| = 1/2 and by the Cauchy-Schwarz
inequality ||Bd|| < 1.

For ||Bé|| < 1 expanding the third line of (2.5) in terms of Bé gives a convergent series.

’2

In general, it is not possible to exclude the ||Bd|| = 1 case. To justify our expansion, we
will restrict to those vectors |x) in Hilbert space which satisfy

|BoA|z)[| < [[A]z)]] - (2.9)

On this set, we have the operator equality

A8(1 — Bé)tAlz) = A i(Bé)"A\x) : (2.10)
n=0



and the sum on the right-hand-side is pointwise convergent. We will not specify |z) below
but its presence should always be kept in mind.
Using (2.5)—(2.10) in (2.2) we then find that

logAg — logA = / d3A8 S (BS)"A. (2.11)
0 n=0

We now further rewrite the above expression using the one-parameter unitary group A
generated by log Ag. In particular, we use the following integral expressions for A and B

L= it A —i : * it A —i
A= \/B/_oo dt FOFAGY, B =limes /_Oo dt g.(1) B A" (2.12)

with

1 1 1 1
1= 2cosh(rt)’ 9(t) = 4 [Sinh(ﬂ(t — i€)) * sinh (7 (t + 26))] ’ (2.13)

In appendix D, we show that the above € — 0 limit exists.
Plugging (2.12) into (2.11) we find that

= [>®d 0 .
log Ag —log A = Z / 7’8 / dto - - - dtmi1 /Bl(to+-~~+tm+1)
m=0"0 ’8 -0
x f(to) g8 (H Je; (tz‘)Aoit"5> A f(tngr) . (2.14)
=1

Notice that if we exchange the orders of § and t-integrals (with associated e; — 0 limit)
the [-integral can be performed explicitly

/ BLdB piltotHmi1) — 2ns(t + -+ + tysy) .- (2.15)
0

Equation (2.14) can then be further written as (shifting the sum of m to start from 1)

log Ag —log A = Z Qm (2.16)
m=1
with
Qm =27 limei_m/dtl/dtg .. ./dtm Fei(tl,tg, ce ,tm) 5(t1) cee d(tm) (2.17)

where the kernel F' is defined by

F, (t1,t2, .. s tm) = f(t1)ge (t2 — t1)gey (t3 — t2) .. cGem—1 (tm — tm—1)f(tm) (2.18)

and
5(t) = A HSAY . (2.19)



A variant of (2.16)—(2.18) has appeared previously in [9].! The main goal of the paper is
to show that the kernel (2.18) has remarkable symmetric properties which enable one to
write Q. in terms of nested commutators of §’s

Qm = Zlimei%/dtl/dt,../dtm Fe (ti,to, .. tm)[ - [0(t1), 0(t2)], - -], 0(tm)] + P -

(2.20)
The P, contact term involves terms which contain two fewer integrals. It has the following
structure:

P = Z/dtl oty zdt Jo(ty, -tz t) M (ty, - b33 t), (2.21)

where s sums over all possible ways in which three ¢;’s are selected from the set {t1,- -t}
such that at least two of the indices on the chosen t; are adjacent. The three chosen t;’s
are set to be equal to ¢, with the rest relabeled as tq,---t,,_3. Js is a kernel which can be
obtained from F¢, after applying a number of operations which are described in the next
subsection. For now, we give some simple examples. Suppose t; = to = t3 = t, then

M =5t)35(t1) ... 0(tms), J= %Fg(t,tl, e tmes). (2.22)

For t; =ty = t5 = t, one has M = §(¢)20(t1)d(t2)d(¢)d(t3) ... 8(tym—3) and
J = %(Fe(tg,tl,t,tg,u cetmes) — Fu(ti ta ot tay o b)) - (2.23)

As the selected indices become larger, the number of terms in J increases and
the terms also become more complicated. For t¢ = t9 = t3 = t one
has M = 0(t1)6(t)25(t2)0(t3)6(t)5(ts) ... 0(tm—3), and J has a term of the form

sr Fts,t2, t 0) Pt ta s, ts).

2.2 Basic ideas for the proof

The kernel (2.18) looks complicated, but it satisfies a number of amazing identities under
the permutation of its arguments. To explain the basic idea leading to the proof of (2.20),
we need to first establish some notation.

Let S;, be the symmetric group of permutations of m-distinct objects. We use the cycle
notation (12---m) to represent the permutation that sends 1 -2 - 3--- — (m—1) —
m — 1. Any index not listed in the cycle is left untouched. We define the action of an
element o € S, on a product of operators 6(¢;,)0(ti,)...0(¢;,,) and a general function

H(t;,,tiy,...,t;,) in the following manner:
o(8(ti)8 () - 8(t1,)) = B(tiy))8(ti) - O(ti ) (2.24)
O'(H(til y tiQ, cee 7tim)> = H(ta(h)vto'(ig)a cee 7t0'(im)) (225)

!Note that the expansion in [9] is similar to expanding (2.5) in « which is an unbounded operator in
our case. To have a convergent series we use the bounded operator § as the expansion parameter. Our
expressions (2.16)—(2.18) appear to differ from that in [9] in the e prescription, the integration contours,
and operator orderings.



Note that in (2.24) o acts on the left while in (2.25) it acts on the right. See appendix C
for further explanations and examples. Let us also introduce the special permutations

pi= G0 =10 —2)...4321), Aj=(1234...(j - 1)5), pj=A;". (2.26)
One can show that the following statements are true:

1. Introduce the operator

T = (id = ) (id = pyn—1) - - - (id = pi2) (2.27)
where id denotes the identity operation. Then,
T (0(t1) .- 0(tm)) = [[---[6(t1),8(t2)], -+ |, 6(tm—1)], 6 (tm)] - (2.28)

See [10] for a proof. For completeness, we have included a proof in appendix C.

2. For any function H (t1,ts,...,t,) we have
/Hm@ww%mmm@yﬁm@:/Hmmww%ﬂMamam“ﬁwm

+/ﬁ@gamy”5m@zmHuhwwn¢m)

(2.29)
where the operation X, is defined as
m—1
SmH(t o, tm) = > (D) ERH (B b, ) (2.30)
k=1
with
m  i1—1 d9—1 ip—1—1

ERH(ti,ta, ... tn)

ST D 0D Ay A H (e, )

i1=k+1is=k iz=k—1 =2
(2.31)

3. For a general operator O(t1,...,t,) and function F; of (2.18) we have

Jimy Oty ) EREe(ty sty =(—1) Jimy O(tl,...,tm)FE(tl,...,tm)Jr_Z N;[O]
j=k+2
(2.32)

where N;[O] are “contact terms” containing only m — 2 integrals. They will be given
explicitly at the end.

4. If we set H = F, in (2.29) and use (2.32) in (2.30) we find that

2 2m M) I
Q. = — lim Fe(tl,tg, costm) T, (5(t1)5(t2) e 5(tm)) +— Z (_1)k 1 Z N;
m €;—0 m .
k=1 j=k+2
(2.33)
which leads to (2.20) upon using (2.28) together with the identification
27 m—1 m
Pn==> (-1)F'" > N;. (2.34)
m :
k=1 j=k+2



We now give the explicit expressions for IV;. First, let us introduce some definitions.
For integers g2 < q1 we define

ApFe(ti, ... tg)

L (1) = , (2.35)
i ge(tl - tq2)96(tqz+1 - tl) tr=tgy=tqy+1=t
Rt(zgl) [M] = hmeiﬂo / L217q2 (t)M(t17 t27 s 7tq1)‘t1=tq2=tq2+1=t (236)

where M is some operator and on the right hand side of (2.36) the integrations are over
all distinct ¢;’s (i.e. ¢1 — 2 integrations). Given an operator O(t1,ta,...,t,), for each p < k
and k43 < j < m where k is the lower index in the object ="', we define the operator W as

1 j —2 ’Lp+1 1 ’ik_l—l
W (t1,ta, .. tp, 1, b)) = = Z o). (2.37)
f(t])f(t] 1) Ipt1= =k—p+1 ipto= =k—p =2

/(HJ p+1dt Hl ]+1dtl> Xp]O(tla - tm)gj7j+1’6].gj+1,j+2’€j+1 - gmflym’em_lfm

where x,; is given by

j—p k
Xpj (tpt1stptas s tj—o,tj—1) =1L 2 AT 4 Ay, <f191,2,6192,3,62"'gjp2,jp1,€jp2);

2.38
and we have used the following shorthand notations ( !
fm = ftm)s Gm—tmen = Gepr (tm — tm—1).- (2.39)
We also introduce
01,92, -+ Ypr2) = W (Ypi2, Yp1, -, Y3, Y2, 1) (2.40)
which amounts to the relabelling

yi=tj Yy2=tj1, YPig=1tpq 0<g<p-1 (2.41)

Finally, the expression for N;[O] is given by
wll= { Ty T R0 gz ks (2.42)

LSRRI (Opa]  j=k+2

form>2and 1 <k<m-—1.
In summary, to obtain the kernel J of (2.21) corresponding to t;,t,41,t, for some
1 <r<j—1, we use the following algorithm:

1. Choose an integer k such that 1 < k < j—2. If k = j — 2 then set p = k, otherwise
choose p in the range r +1 < p < k.

2. For each such k£ and p, apply the string of permutations on the right-hand-side of
eq. (2.38) to the first j — p — 2 arguments of F. to obtain x,;. Sum over these
permutations.



3. Keep all arguments above j unpermuted, and delete the arguments between j —p — 2

and j. Divide the result by m

4. Define the variables y; as in (2.41). Apply the permutation Ay o, to F'(y1, ..., Ypt2)
and divide by 4g¢(y1 — Ypt+2—r)ge(Ypt+3—r — y1). Now set tj =t,41 =1,

5. Multiply this by the result obtained in Step 3 after reexpressing ¥; in terms of ;.
Perform the sum over p. Sum over k after multipying by (—1)*~!. Multiply the whole
result by %’r

To obtain J corresponding to the choice t; = t;_1 = t, when 1 < r < j — 2, the
previous steps are followed with the choice p = r and no sum over p in the last step. To
obtain J corresponding to the choice t; = t;_1 = t; follow the previous steps after setting

o WAj_lF(tl,...,tm)
p =1 and to the result, add the term TG (=t —1)ge (s —T1))
The rest of the paper is devoted to establishing (2.28)—(2.32) and justifying the exis-

tence of ¢; — 0 limit. In section 3 we prove (2.28) and (2.29). In section 4 we prove (2.32).

This exhausts all the cases.

Appendix D discusses in detail the ¢; — 0 limit. In appendix E we examine more carefully
the interchange of f-integral and e¢; — 0 limit used in (2.14).

3 Permutation identities (I)
Tn this section, we present a proof of eq. (2.29). Consider the integral
I, = /H(tl,tg,...,tm)é(tl)é(tQ)...6(tm) (3.1)
for some function H(¢1, o, .., tm). Then, we have
Im:/H(tl,tg,...,tm)(l—(12)+(12))6(t1)6(t2)...é(tm)
:/H(tl,tg,...,tm) [(1—(321))(1—(12))+(321)(1—(12))+(12)}6(7§1)6(t2)...6(tm)
:/H(tl,tg,...,tm) [(1—(4321))(1—(321))(1—(12)) (3.2)

+(4321) (1 (321))(1 — (12)) + (321)(1 — (12))+(12)}6(t1)6(t2) ().

Note that the third line is simply T4 [ (¢1)d(t2)0(t3)0(ta)]6(ts) - - - 8(tm), while the fourth
line when expanded gives

i1—1 12—1 ig_1—1

3
DSV S Sl DI STTI? s (8(01)3(02)(12)8(00) ) (05) - 8t
k=1

i1=k+1io=kiz=k—1 ip=2

(3.3)
Continuing this process repeatedly, we get
Im:/H(tl,tg,...,tm)Tm[é(tl)é(tg ] /H (t1,82 - tm)
m—1 m  i1—1 dg—1 tp—1—1
BEEI SIS S ml%...mk<5(t1)5(t2)...a(tm)>. (3.4)
k=1 i1=k+1is=k iz=k—1 =2



In eq. (3.4), the permutations act on the operators. But for subsequent applications, we
need the permutations to act on functions. This is achieved by the obervations

J R T (6(t1)...6(tm)> (3.5)

:/H(tl,tQ,...,tm)é(tT(l))é(tT(g))...é(tT(m)) = sy x iy %ty (3.6)

_ / H(tyy,to@ - -tom) 0 (tro)8(tro() -0 (bro(m) (3.7)
= [T H(t1,ta, ... t)8(t1) ... 8(tm) (3.8)
= [ (ug op ooy sV H (b, )8 (t) B (tn) (3.9)
:/{AilAh...AikH(tl,tQ,...,tm) 5(t1)...8(tm) (3.10)

where in (3.6), we used (C.5), in (3.7), used the permutation invariance of n-dimensional
integrals, in (3.8), chose o = 771, and finally in (3.10), used (C.6) and that x; and A; are
inverse of each other. Using (3.10) in (3.4) we then find (2.29).

4 Permutation identities (II)

In this section, we prove (2.32) which is the most nontrivial step in the proof of (2.20). Let
us first note the identity

sinh(7t)
lim, dt ——————— dt h(t 4.1
=0 / sinh(m(t + 7€) / (4.1)

where h(t) is a regular function at ¢t = 0. In subsequent manipulations, we will abbreviate
identities of this type by dropping the integral and the limit as

sinh(7t)

Soh(r(t £ ie) (42)

which should (hopefully) cause no confusion. We also remind the reader of the short-hand
notation introduced in (2.39). For instance, from (2.18) we have

P = Fe,(t,t2, - tm) = f1912,6923,60 " Gm—1m,em_1 Jm (4.3)

and

Fe, = (gml’m’fmfm)Fe (4.4)

—1-
m fm—l m

4.1 Preparation

Before proving (2.32) we first prove a lemma.

~10 -



Lemma. Consider the operator
1,,[0] = lime, 0 / FEO(t, ta ., tm), (4.5)

where O(t1, - - - t,,) is a general operator and F};, is defined in (4.3). For all m > 2, we have
m 1 m—1 (m)
S NIy = I+ 1 > R™I[0] (4.6)
1=2 1=2

where R((]m) [O] is defined in eq. (2.36). We remind the reader that A; only acts on the
kernel function F'.

Proof. We prove this by induction on m. Taking m = 2, Ay = (12), we get
Aoly = — Iy (4.7)

which is trivially true by the antisymmetry of the function g. So the correct base case is
m = 3. Performing a few relabelings of the t;, we get

A2-73+A313=1im51—>0/dtz/dtllime2—>o/dt3 (Fq,eQ(t2,t3,t1)+Fel,62(t27t1,t3)>O(tl,tQ,tg)
(4.8)

Using the identity

4cosh(mte)sinh(m(t; —t2))sinh(m(te —t3)) (4.9)

= —cosh(m(t; —ta+t3)) — cosh(mw (3t —t1 —t3)) + cosh(m(tg+to —t1)) + cosh(m(t; —t3+t2))

and some algebraic manipulations we can write the term in the parentheses of (4.8) as

Foy ey (t2,t3,t1) + Fey ey (t2,t1,t3) =

4 <Z> f(tl)f(tg)f(tg)COSh(ﬂtQ)Sinh(ﬂ'(tl — tg))Sinh(ﬂ'(tQ — tg))
4 ‘Sinh(ﬂ(tg — 19 +i61))\2|sinh(7r(t1 —19 —|—i61))|2

962 (tl — tg)Sinh(ﬂ'(tl — tg))

¢ f(t1)f(t2) f(t3)ge, (t1 —t3)
4 [sinh(r(ts —ta+ier))|?|sinh(m(t; — o +i€r))[2

sinh(Tr(tl — tg))
X l:COSh(?T(tl —to+t3))(cosh(3mie;) — 1) —cosh(w(t3 +t2 —t1))(cosh(ime;) —1)
—cosh(m(ty —t3+1t2))(cosh(imer) — 1)+ cosh(m(3te —t; —t3))(cosh(ime;) —1)|.  (4.10)

Integrating against O(t1,t2,t3) and taking ¢; — 0, we get

Aol + Aglg = —lim¢, 0 / Fsl,q (tl, to, tg)O(tl, to, tg) (4.11)

f(t1) f(t2) f(t3)
|sinh (7 (ts — t2 + i€1))|?|sinh(m(t1 — to + i€1))|?

1
- glim€1—>0/0(tlut2)t3)
X {Cosh(w(tl — ta + t3))(cosh(3mie;) — 1) — cosh(m(ts + t2 — t1))(cosh(ime;) — 1)

— cosh(m(ty — t3 + t2))(cosh(imer) — 1) + cosh(m(3te — 1 — t3))(cosh(ime;) — 1)
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The second term of (4.11) can be simplified by noting the identity
lim, o / T o= @) = (@), (4.12)
for f continuous in a, bounded and integrable. Thus, we obtain
Aolz + Al = —limeﬁo/l«lm1 (t1,t2,t3)O(t1, to, t3) + i /_O:o f()?0(t,t,t)dt. (4.13)
From the definitions (2.35)—(2.36) we note that
RP[O(t, ta, t3)] /dtf O(t,t,1) (4.14)
and thus

3
3" AjIs[0] = ~5[0] + ERS”) 0, (4.15)

which establishes the lemma for the case m = 3.
Suppose the lemma holds for some m > 4, i.e,

m—1
> Alpna[O] = -
1=2

W~ \

Z Rm Y (4.16)
=2

Then, we have

m m—2
> MIn[0] = limeo Y /A,F;_1<gm1’m’€mf‘1fm>0(t1, ooy tm)
1=2 j=2 -

+ hme—>0/AmF7€nO(t1; cee ,tm) + lim¢_.q WAm—lF;llO(th to,... ,tm) .
(4.17)

Rearranging the terms above gives

m m—1
> ALy [O] :hmeHOZ/Alan—l (Me’”‘l“fm> O(t1,...it)+Flime o[ A FE,O(t1,. tm)
=2 =2

— fm—l
. . 91 mem—1  Im—1mem—1 €
+11m67n1*)0/dtm11m6‘)0/fm< — )AmlFm_lO(tlytZr-"tm)- (418)
fl fm—l
With a computation very similar to the case m = 3 we find the relation
lime o / A FEO(t1sennstn) (4.19)
. . gimem—1  Im—1,m,em—1 €
_I_llmem_lﬁo/dtmllmeﬁo‘/fm( - >Am1Fm_1O(t1,t2,...,tm) (420)
fl fmfl
=R 0] (4.21)

Finally, we perform the integration over t,, in the first term on right hand side of (4.18)
and use the induction hypothesis to obtain

f: AT, (0] = mz (4.22)
=2 =2

.Jk\i—‘

which proves the lemma.
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4.2 Final proof
We now prove (2.32) which using the definition (4.5) can be written as
EiIn[0] = (=) Iu[0] + > Nj[O] (4.23)
j=k+2

with N;[O] given in eq. (2.42).
Our strategy is to use induction on m with a fixed k. First, consider m = k + 1 for
which we have
Z = A A1 Az ... As. (4.24)

It can be checked by an explicit computation
B = Ftms tim—1,tm—2, - - t3, 2, t1) = (=1)™ 71 Fy, (4.25)

following from g.(—t) = —gc(t). This completes the proof for the case m = k + 1. Next,
consider m = k 4+ 2, which is the base case for our induction argument. By explicit
computation one can show that

) m
=521, (0] = Z Z Z Aiy oo N, T Z (ML) (4.26)
i1=m—1is=m—2 m—2=2 =2

where O’ is defined as

O/(ylu"'ym) = O(ymvym—17"')y1)' (427)

Now applying Lemma 1 (4.6) to the right hand side of (4.26) we find

1 k1 1 k1 (t42)
22 In[0) = ~In[0') + { DO RO = (-)*In[0] + L 3 RV0T (4.28)
j=1 =2
where in the last step we have used the fact that g.(t) is an odd function. This completes
the proof for m =k 4 2.
Now, suppose (2.32) holds for m > k+ 3. Remember the definition of Z}* from (2.31).

—m—1

It can be checked explicitly that Z' = ="~ + AmEznjll. Then, we have

m 7,1 1 ZQ 1 ikfl_l

SHEFES Z Z Z Z Aiy Ay o N B (4.29)

i1=k+1i2=kiz=k—1 =2

= EZLQ( fn—lgml’mﬁn> + Am—1E0 12< rez@—lW) + AL F, (4.30)

fmfl fm*l
gmflmlmem LB+ A B FS + Ay 1 B 2ES (4.31)
m
Here,
O gl,?lfm B gmflﬁfm . (4.32)
i
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If we integrate against O(ty,ta, ..., t,) and take ¢; — 0, the first term in (4.31) goes to

m—1
(=D In[0]+ > N[O (4.33)

j=k+2
by the induction hypothesis. To finish the proof we need to show that the second and the
third term add up to N, [O].
Let us denote the sum of the second and the third terms in (4.31) as V. First, split V
into

V=5+W (4.34)
S1 = A EPES + CN 1 E P,y (4.35)
Vi = A Ay 1 E S + A Ay 2Z0 5 Ff 4+ C A1 Ao B S, (4.36)
where we have repeatedly used Z]" = A, =) 11 +E0 1. Let us rename Y1 = tm, Y2 = tym_1

and y3 = t1 for the moment. We find

Sl = le ZAZF3 y17y2ay3) (437)
fm 1 5=
m—3 i2—1 tg—1—1
Xim(®) =Am1 D> D> 0 D Ay N (191269236 - - m—3m—2,em_s) - (4.38)
o=k iz=k—1 =2

Integrating S against O(t1,...,t,) and taking e — 0, we find this is precisely the
p =1,j = m term in N;[O] that we are looking for, after applying the Lemma, in eq. (2.42).
Now, V1 can be further split into

Vi=52+Va (4.39)
So=Am O E S ACN 1 A 2= 5 F (4.40)
Vo= A O ER S S A A A1 A2 A3 E S +C A1 A—2 A 3E0 5 FS _, (4.41)
where
2 = Am—1+ Ay (4.42)
m—1 i1—1
gL = Am_lAm_g =+ Am_lAm_g + Am_gAm_g = Z Z AilAiQ . (4.43)

i1=m—21i2=m—3

It is convenient to rename y; = ¢, y2 = tm—1, y3 = t2 and y4 = t;. Now, using the

equalities
ANy 1 E1 14FE Xomm,m—192,m91,2.1 (4.44)
A A —2Z] L F = Xom92,m—19m,291,m f1 (4.45)
A1 A Q:k _14F6 XIQmQQ,m—lgLQfl (446)
we can write Sy as
/
Sy = ;le (ZA Fy( yl,yg,yg,y4)) : (4.47)
m —
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Note that since

i2—1 ip—1—1
Xom(t) = An—1Am—2 Z S0 D> Ay A (figi2.6 923,60 - - - Gm—dm—3.cm-4)
is=k—1i4=k—2 =2

(4.48)
if we integrate S in (4.47) against O(ti,...,ty) and take all the € — 0 we find the
p=2,j =m term in N;[O] in eq. (2.42).

Now, the pattern is clear: we split the remainder V; into Sj41 and Vji; until j = k.
Since Vi, = 0 we have

k
V=38, Sp=AnOrE P + CApaAa - A pZp P RFE L (4.49)
p=1
where
m—1 il—l 7;p—2_1
or= 3 Y Y AyA L (4.50)
i1=m—21i2=m—3 ip—1=mM—p

Note that ©" is a direct generalization of (4.43)) and Eé =1
The basic idea to compute S, is the same as that of S>. One has to show that S, can
be written as

p+2
X
Sp = f P (Z AjFp+2(yl7 Yz, yp+2)) (4'51)
with
Y1 =tm, Y2=1tm—-1, Yz4q=1tp—q for 0<g<p—-1. (4.52)

It is important to remember that X;m does not depend on any of the y variables. It then
follows from the Lemma that after integrating against O(t1,...,ty) and sending e — 0, S,
has the form required in eq. (2.42).

To finish the proof, we need to demonstrate (4.51).2 For this purpose, let us look at
the first term of .S, in (4.49):

— 2
A @muzﬁb pp Er, . (4.53)
Expanding = explicitly we have
-2 ipt1—1 ip_1—1
—_ 2 € €
SR Z S Ny N F, (4.54)
ipr1=k—p+1ipro=k—p 1=2
and
Azp+1Azp+2 Aszm Xlgm—p—l,m—p---gm—l,mfm (455)
X1 = fT(l)gT(l)T(Q)gT(Q)T(?))"'gT(m—p—B),T(m—p—Q)gT(m—p—Q),m—p—l (456)
where the permutation 7 and the function x; depend on the multi-index ip41, -+, 4. It

is crucial that the permutation 7 does not touch any of the indices above m — p — 2. To

It is enough to take k > 3 as the previous computations of S; » are sufficent to cover k = 2.
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lighten the notation, we suppress the i dependence of y;. Equation (4.54)—(4.55) further
imply
= FS = X2meptmep - - G-t fm (4.57)

where we have introduced

m—p—2 ip+1—1 ip_1—1
X2= 3, oY . (4.58)
ipr1=k—p+lipo=k—p =2
Next, note that
p—1 ]
Amezl = Am Z KJ’ K] = <Hg:1Am—l> (Hﬁ;iq_lAm—n—l) . (4.59)
=0

Every cyclic permutation appearing in (4.59), has the exact same action on yeo, therefore
AmEKjx2 = Xpm = Am—1- - Am—pX2 . (4.60)

The first equality of (4.60) says that the action of A, K; on x2 is independent of j and we
have named the resulting function x;m in (4.51). The second equality says X;)m can also
be obtained from the permutation A, - Ay,—, acting on x2. The reasons behind (4.60)
are: (i) the number of cycles in each permutation string acting on x2 is the same; (ii) the
length of each cycle is larger than the highest index occurring in yo. As a simple example,
consider the following permutation on some function G(t1, ta,t3)

AloAgAgG(tl, to, tg) = A6A5A4G(t1, to, t3) . (4.61)

The X;m in eq. (4.60) has the precise expression we saw for the j = m contact contri-
bution in eq. (2.42) which is

m—p—2 ip+1—1
/
TR S S 3
ipt+1=k—p+1lipto=k—p
ip_1—1

X Z Nip N - A, (f191,2,192,3.c5 - - -gm—p—Q,m—p—l,em,p,2) (4.62)

ip=2

Now, let us look at how K act on the product of the functions in (4.57) other than x».
To this end, we define

G(ur,ug, ..., u;) = ge, (U2 — U1)Gey (U3 — u2) ... gey_, (w — ui—1) . (4.63)
We then find
p—1 p—1
A > KjGtm—p—1,tm—ps - tme1,tm) = > Gltm—1,tp tp—1.. . tjto, b, b1, by, ta,t1)
j=0 j=0
(4.64)
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Collecting everything together we thus find (4.53) can be written as

p—1
—m—p—2
MmOy Y F S = Xpm 1 > Gltm—tstp tp—1, - tjpa, b, b1, .t 1) . (4.65)
§=0

The second term of S in (4.49) can be treated exactly in parallel, and we find
CAm—1Amz - Ay Z1 P2 = X ICG (bt by Ty - T2, 1) (4.66)

Plugging the explicit expression for C', combining (4.65) and (4.66), cancelling some terms,
and relabeling the arguments as in (4.52), we then obtain (4.51). This completes the proof.
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A Harmonic oscillator example

As an illustration of the perturbation series (1.1) here we consider a very simple example.
Consider Ag given by the (unnormalized) thermal density matrix for a harmonic os-

cillator
Ao =exp(—BH), H=ala (A1)

and A by a “squeezed transform” of Ag
i LIWCHIE T
A = S(r)lexp(—BH)S(r), S(r)=exp gra” —gral” ), r>0. (A.2)

We will compute logAy — logA as a perturbative expansion in the parameter r two
ways, firstly using the BCH (which in this example is extremely simple) and then using
the formula (1.2).

From BCH, it is straightforward to see that

A =exp(-BH'), H' =S'THS =o¢'0, o= 5"4S = acoshr — a'sinhr, (A.3)
and thus
_ / _ oata o Brt 9 T2 2pr? 5
logAg—logA = (H'—H) = (2a'a+1)( Br +T —(a“+a'") TB—I-T +0(r°). (A4)

Now let us consider the perturbation series (1.2). Note that

AgitdABt — aefiﬁt’ A61/2&A(1)/2 — &6*5/2’ A(l)/Z&Agl/z = &66/2 (A5)
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Here, the domain one should consider is the set of finitely excited Harmonic oscillator

states. Throughout, we will be working on this set. Then, we get

a=1-A;"?A A2
1 i 1, _
=57 V202 —at? AglAg Y 27§7’2A0 V21a2—a? [a2—al? Al Ay 2

7,,3
3123
,],.4
- 244)

(6%

6:1705/2

+o— Ay P a%—at? a2 —af? [a?—at? A1 Ap

Ay (% -af [a?-at (0P 0" 0% a2 A0 A0 12,

2 3
—=—rsinhf(a%4a'?)+ % [a2,a"%]sinh(26)+ %Sinh?’ﬁ(fﬁ—i—&m)?’
3
—;Zcoshﬁsinh@ﬁ) [a2—af2,[a2,a1?]]
ot
3.24
A

+Slnh25 @

(COShQB[[[&Q,aTQ],&Q_&TQ],&Q_dTQ] _SinhQBH[&27&T2],d2

We define

s(t) = aZe~ 28t | &T?e%ﬂt, d(t) = 426218t _ 412,28t

in terms of which we obtain

2
8(t) = —rsinhBs(t) + %[&2, a2]sinh23
7"3 . 13 3 TS . 2 12
+ Esmh Bs(t)” — ﬂcoshﬁsmh@ﬂ)[d(t), [a*,a"™]]

7”4

- 3.24
4

We would need the expressions

sinh? Bsinh23 <(a2+af2)2 [a%,a"?]+[a%a"?] (a*+a)?+(a*+at?)|

amﬂﬁQMQﬂ(AQQM%a”y+m%&”puf—kdﬂm{&”

cosh?(wt)  msinh(z/2)’
dt eia:(t—a) e—w/Q _ gt
limeo [ . =9 ,
cosh(7t) sinh(7(t — a + i€)) 1—e=* cosh(ma)
. dt eix(t—a) ) ,81,/2 _ e~ laz e—a:/2
1m€_>0/ cosh(rt) sinh(7(t — a — i€)) T e cosh(ma)’

(A.9)
(A.10)

(A.11)
(A.12)

(A.13)

(A.14)

(A.15)

(A.16)
(A.17)

(A.18)

(A.19)

(A.20)
(A.21)

(A.22)

Plugging all this in the expressions in (1.6)—(1.9), and adding all the contributions, we
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get, upto O(r),

Ej@i:—w6m2+aﬂ>+j?%ﬁm%aﬂ]—/ifWQ—&”,m%a”H (A.23)
1 pri 2 A121 A2 2 2 ~t2 21 22
— (2afa +1) <B7‘2 + ﬁ?’f) — (@2 +a?) (rﬁ + 2537"3> (A.25)

where we have combined terms using the identity
[s1,55] — 3s9[s1, s2]s2 = [[[s1, 52], s2], 52] - (A.26)

Eq. (A.25) and eq. (A.4) agree precisely.

B Contact term at quintic order

For completeness, we evaluate the formula given for the contact terms P,, for the case
m = 5. We get

=10 geééii&ii;i:ﬁfw;? (5(t1)35(t2)5(t3) 1 8(t2)8(11)5(t2)28(3)

+ 8(t1)0(t3)8(t2)d(t1) + 8(t1)8(t2)d(t3)> + 6(1)d(t2)28(t3)d(t2)
+8(t1)?8(t2)8(t3)0(t1) — 8(81)0(t2)8(t3)d(t1)* — 8(t2)?8(3)0(t2)8(t1)

—6@n%@@MQW@n—6@oamw@@amf+6@oamf&mﬁ. (B.1)

Ps

hmel,62~>0

The first three terms above come from the object =7 applied to the kernel. The next three

terms come from =3. The last five terms come from =3.

This can be further simplified as

P = llime1,e2—>0 / s ) ([5(t2)5(t1)7 6(t2)25(t3)]

40 cosh(7ty)cosh(mts)
+0(t1)[8(t3), 8(t2)]8(t1)* + 8(t1)(t2)[0(t2)., 8(3)]8 (t2) + 8(t1)?[8(t2), 8(t3)]8(t1)
+B(1)8(02)°6(0) + 8(11)°(12)8(t) + 8(11)8(12)8(12)° ). (B.2)

C Action of the permutation group on operators and functions

In this appendix, we elaborate more on the action of the permutation group on operators
and functions introduced in (2.24)—(2.25).

S denotes the symmetric group of permutations on m-distinct objects and we use
(1,2,...,m) to denote the permutation that sends 1 -2 - 3--- = (m—1) - m — 1.
We will follow the convention where group composition, denoted by * in S, is from left to
right, e.g.,

(1234)  (124) = (1423) (C.1)
(12345) » (342) = (13245) (C.2)
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We define
o(0(tiy)d(tiy) -+ 0(ti,,) = O(ti 1)) 0(tiy ) - - 6 (i) (C.3)
U(F(ti17ti27 T 7tim)) F(to(i1)7to'(i2)7 U 7t0'(im)) . (04)

Note that in (C.3) the permutations act to the left, while in (C.4), the permutations act
to the right. More explicitly,

o(T(8(ti)d(tiy) -+ 6(ti,,))) = o *7(8(ti,)d(tiy) -+ 0(ti,,)), (C.5)
O(T(F (tiy s tiny -+ s tin,))) = TR0 (F(tiy, tig, - i) - (C.6)

Now consider some examples

(123)F(t2, t1,t3) = F(ts, t2,t1), (123)8(¢2)d(t1)6(t3) = 6(t1)d(t3)6(t2), (C.7)
(12)((123) F (ta, t1,t3)) = F(ts, t1,t2) = (23)F(ta, t1,t3), (C.8)
(12)((123)8(t2)d(t1)6(t3)) = 8(t3)0(t1)8(t2) = (13)d(t2)8(t1)d(t3), (C.9)

with (12) % (123) = (13) and (123) % (12) = (23).
We now give a proof eq. (2.28) [10]. Notice that

(mym —1...4321)X8(t) = 8(tm) X, (C.10)
for any product of operators X not involving d(t,,), and thus
(id = (m,m —1,...4321)) X d(t,,) = [ X, 0(tm)] - (C.11)

Now (2.28) follows by induction. For m = 2 it is obviously true. Assume its true for m — 1.
Then we have

T (8(t1) ... 0(tm)) = (id — (mym —1,...4321)) | Tp_1(8(t1) - .. 6 (ty—1)) | 0 (tm)

= [Tr—1(0(t1) ... 0(tm=1)), 0(tm)] (C.12)

which completes the proof.

D The € — 0 limit

In this appendix, we include a proof of the existence of the e — 0 limit in (1.2). In other
words, we establish the identity in (2.12) treating the ¢ — 0 limit carefully.

Using the spectral decomposition of A in (E.9) for any €, > 0 and vectors |z) and
ly) we have

i (o ) = S [© M ptgiaci (D)
SRR Y T e | S —de)) e '

Note that we can freely interchange the A\ and ¢ integrals because the integrand above is
an absolutely convergent function. Our goal is to show the limit above gives <y|AA+5|x>
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The following inequalities

PPy YA >0 D.2
e>‘+ﬁ<6/\+ﬁ< >0, (D.2)
(1—e)X 1 1
e
< < — VA < 0. D.3
A+p A +p P (D:3)
imply that e;i:; is dominated by an integrable function. Then, the Lebesgue dominated
convergence theorem [11] implies that
I ST P P D.4
e [ S G@P@) = [ 555 @) (D.4)
This is sufficient to guarantee
—i o0 dt < ~ A
) . —it itK — ) D.
glime [ ey B ) = 5 (D.5)

E Interchange of 8 integral with € — 0 limit

Finally, we consider the question of interchange of the order of the 8 integral and the ¢ — 0
limit in (2.14). For concreteness, consider the m = 2 in (2.14):

c < dp. i —i —i —i
o= / Fﬁhmﬁo / dtodtydta BT £(10) g (81) f () (x| AT SATH AT ]y),  (BE.1)
0

1
- 2cosh(rt)’

) 1 1
9 =7 Linh(ﬂ(t—ie)) i sinh(ﬂ(t—&-ie))} ' (E.3)

f@t) (E-2)

Our aim is to justify bringing the limit ¢ — 0 out of the integral. The integrals over the ¢;
can be done explicitly to get

QY = [T as(px(9) - 8 v9) ). (E4)
X8) = (alA6( 5 )3l ©
Y.(9) = (al45( 55 )aal) (E.6)
In appendix D we show that
im0 X,(8) = («]48( 55 ) 84ly) = X(5), (E7)
im0, (8) = (ol A8( 55 ) 84ls) = Y (8). (E.8)

It is instructive to think of the spectral decomposition of the positive operator A:

A= e P(dN), (E.9)
AER
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where P(d)) is a positive-operator valued measure. Then, for any 0 < e < 1, § > 0 and
all vectors |x) we have

Alfe
<w|A+ﬁlw> < (z|H|z) (E.10)
where . N
H = 0<)\<1 mp(d)\) + )\>1 mp(d)\) . (El].)

By the Cauchy-Schwarz inequality we have the estimates

BX.(8) - 51-61@(6)\ <oF(p),  W0<B<l, (E.12)
BX(8) - 51—%(5)\ <2BF(8), V1<B, (E.13)
F(8) = (x| ASHSAlz) + (y| ASHEAly). (E.14)

Since fol F(B) < o0 and [{° BF() < oo the dominated convergence theorem guaran-
tees

0@ = [ T dp(xs — Y (9)), (E.15)

which implies
o ( . . . )
/0 Bﬁlime_m /dtodtldtgﬁl(to+t1+t2)f(to)g€<t1)f(tg)<1“A_Zt05A_Zt15A_Zt2‘y> (E.lﬁ)

— Time 0 / d; / dtodty dta BT F(10)g (1) f (be) (2] A~ O S A= SATI2 ). (E.17)
0

The argument above generalizes to the m!® term in (2.14) and justifies the interchange of
the 8 and € — 0 limits. This generalization makes it clear that the order of limits of the
€; — 0 does not matter in (2.14).
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