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ABSTRACT: We explore the notion of approximate global symmetries in quantum field
theory and quantum gravity. We show that a variety of conjectures about quantum gravity,
including the weak gravity conjecture, the distance conjecture, and the magnetic and axion
versions of the weak gravity conjecture can be motivated by the assumption that generalized
global symmetries should be strongly broken within the context of low-energy effective field
theory, i.e. at a characteristic scale less than the Planck scale where quantum gravity effects
become important. For example, the assumption that the electric one-form symmetry of
Maxwell theory should be strongly broken below the Planck scale implies the weak gravity
conjecture. Similarly, the violation of generalized non-invertible symmetries is closely tied
to analogs of this conjecture for non-abelian gauge theory. This reasoning enables us to
unify these conjectures with the absence of global symmetries in quantum gravity.
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1 Introduction

Many recent works have explored the interplay between low-energy effective field theory
and quantum gravity in search of necessary conditions for realizing a given effective field
theory as the low-energy limit of a UV complete theory of gravity [1].

A number of these necessary conditions have been conjectured. A long-standing folk
theorem holds that exact global symmetries are forbidden in a consistent theory of quan-
tum gravity [2]. The completeness hypothesis holds that there must exist states in every
representation of the gauge group [3]. The weak gravity conjecture holds that gravity
must be the weakest force, i.e., there must exist a particle whose gauge charge is larger
than its mass in Planck units [4]. The higher-form weak gravity conjecture extends this
idea from point particles charged under ordinary gauge fields to general branes charged
under higher-form gauge fields, and the magnetic weak gravity conjecture extends it from
electrically-charged objects to magnetically-charged ones. The distance conjecture holds
that an infinite tower of states must become exponentially light at large distances in moduli
space [5]. Reviews of these conjectures may be found in [6-10].

The evidence for these conjectures varies. The absence of global symmetries is on
the firmest footing, and arguments in its favor have been given on the basis of black hole



physics [2], string theory [11], and holography [12]. More recently, it has been demon-
strated that including Euclidean wormbholes in the gravitational path integral leads to
explicit symmetry global symmetry violation in two-dimensional theories of gravity [13—16]
complementing previous work anticipating these results [17, 18].

There is also strong evidence against higher-form global symmetries in quantum grav-
ity. p-form symmetries are symmetries whose charged operators live on manifolds of di-
mension p [19]. By compactifying a theory in d dimensions with a p-form global symmetry
on a p-torus TP, one obtains a (d — p)-dimensional theory with an ordinary (0-form) global
symmetry [2]. The authors of [12] used this fact to argue against p-form global symmetries
in AdSy with d > p+ 3.

The evidence for the weak gravity conjectures is also formidable. For instance, they are
supported by a large class of examples in string theory and Kaluza-Klein theory [4, 20-24].
Additional arguments for the weak gravity conjecture have also been given on the basis of
black hole entropy [25-27], scattering amplitudes [28-31], cosmic censorship [32, 33], and
holography [12, 34, 35]. Similarly, the axion weak gravity conjecture has been verified by
examples in [36-46], while the distance conjecture has been discussed in [47-50], among
other works. For further discussion see the recent review [10].

Despite the evidence in support of these conjectures, their underlying motivation re-
mains mysterious. The weak gravity conjecture was originally motivated by a desire to
forbid stable extremal black holes, but it is unclear why such stable black holes should be
forbidden in the first place. Other conjectures, like the distance conjecture, were formu-
lated primarily based on examples in string theory. A more fundamental understanding of
these conjectures is desirable.

Furthermore, the relationships between these various conjectures are nebulous. Recent
work has suggested a number of connections between them. For instance, the emergence
proposal of [34, 50-52] offers a possible unifying principle between the weak gravity conjec-
ture and the distance conjecture: beginning with a strongly coupled gauge field in the UV,
a weakly coupled gauge theory emerges in the IR by integrating out a tower of charged
particles that satisfy the weak gravity conjecture bound [51]. Analogously, beginning with
a strongly coupled scalar field in the UV, a weakly coupled scalar field theory emerges in
the IR by integrating out a tower of light particles, as stipulated by the distance conjec-
ture [50, 52].

Connections between the absence of higher-form global symmetries and the complete-
ness hypothesis have been developed at length in [2, 12, 34, 53-55]. In a pure gauge theory,
Wilson lines are charged under a 1-form symmetry.! In the presence of dynamical charged
matter, Wilson lines can open into pairs of charged particles and hence the associated
1-form symmetry is broken. With sufficiently many matter fields in different representa-
tions of the gauge group, the one-form symmetry will be broken entirely. In this way, the
absence of higher-form symmetries in quantum gravity is intimately related to the com-
pleteness hypothesis. The completeness hypothesis also appears necessary for factorization

In the case of a finite non-abelian group or a disconnected gauge group, this 1-form symmetry may be
a “non-invertible” symmetry. See [56] and references therein for more on this topic.



of the Hilbert space of the thermofield double, as factorization requires that a Wilson line
stretching from one boundary to the other must be able to split open at a pair of charged
particles [34].

In this work, we will see that many of these conjectures can be succinctly unified by
quantifying the strength of symmetry violating effects.? We will study general symmetries
which appear in low-energy effective field theories. These symmetries are typically approxi-
mate and are broken by high energy effects. Insisting that approximate global symmetries-
including approximate generalized global symmetries-cannot exist at the Planck scale, is
nearly equivalent to many of the most well-supported conjectures about quantum gravity.
Note that this is stronger than assuming that symmetries are violated by small quan-
tum gravity effects. Instead, having all approximate symmetries badly violated below the
Planck scale means that the symmetry breaking processes must become important within
the effective field theory itself.

A central example is pure abelian gauge theory which features a 1-form symmetry
where the associated charged objects are Wilson lines. To badly break this symmetry
below the Planck scale, it is not sufficient merely to satisfy the completeness hypothesis
with particles of every charge. If the charged states are much heavier than the Planck scale,
their symmetry-violating effects will be negligible at that scale. Thus, the charged states
in question must be sufficiently light. Furthermore, to effectively screen the charge of the
Wilson line, they must carry a sufficiently large charge, or else there must be a sufficiently
large number of these light charged species. Morally speaking, the requirement of light
particles of large charge is simply the statement of the weak gravity conjecture. More
precisely, as we will see below, the 1-form global symmetry is badly broken precisely when
the gauge theory becomes strongly coupled, and the requirement that this should occur
within effective field theory due to a tower of light charged states is essentially the content
of the emergence proposal. This in turn requires a tower of charged particles satisfying the
weak gravity conjecture bound [51].

A similar argument can be made for the distance conjecture: a free, massless scalar
field theory features a 0-form symmetry under which the scalar field shifts by a constant.
If the scalar is coupled to a fermion with a Yukawa coupling, this symmetry will be bro-
ken. However, it may remain as an approximate symmetry unless the scalar field becomes
strongly coupled. This will occur below the Planck scale provided the scalar couples to
a tower of particles of increasing mass, as required by the distance conjecture, and inte-
grating out this tower of particles leaves a weakly-coupled scalar field theory in the IR, as
expected from the emergence proposal [50, 52].

Similar statements can be made for other versions of the weak gravity conjecture
as well. In particular, we will see that in certain situations, the magnetic weak gravity
conjecture and the axion weak gravity conjecture can also be motived by the statement
that (higher-form) symmetries should be badly broken below the Planck scale. We will also
argue that a non-abelian analog of the weak gravity conjecture follows from assumptions
about violation of certain “non-invertible” higher-form symmetry defects.

2For previous work quantifying symmetry violating effects in quantum gravity, see [57-60].



Our work relies on several assumptions whose justification is a target for future work.
Most notably, we do not claim to have a compelling argument for why approximate sym-
metries must be badly broken within the low-energy effective field theory. However, we
consider the connections developed here between this principle and various quantum grav-
ity conjectures to be a tantalizing clue that this principle is on the right track and deserving
of future study.

The remainder of this paper is organized as follows. In section 2, we review the notion
of a higher-form global symmetry and arguments against global symmetries in quantum
gravity. We introduce the notion of an approximate global symmetry and quantify the
symmetry breaking scale. In section 3, we show how the requirement that 1-form sym-
metries should be badly broken below the Planck scale can be used to motivate the weak
gravity conjecture and the magnetic weak gravity conjecture, and we comment on a non-
abelian extension of our arguments. In section 4, we likewise show that badly breaking a
0-form symmetry below the Planck scale leads to the distance conjecture and the axion
weak gravity conjecture. In section 5, we end with conclusions and directions for future
research.

2 Approximate global symmetries

2.1 Approximate global symmetries and black holes

A widely-believed folk theorem is that exact continuous global symmetries are inconsistent
with quantum theories of gravity [2, 61]. This idea has recently found strong support in
holography [12] and has even been derived in certain low-dimensional toy models from the
physics of wormholes [13-18].

Let us revisit the original argument motivating this conclusion, focusing on the simplest
example of a U(1) global symmetry (see e.g. [2]). Consider a theory with a field ¢ with
charge ¢q. A large number of ¢ particles with sufficient density can collapse to form a black
hole with charge Ng for N > 1. Quantum mechanically, this black hole will decay via the
Hawking evaporation process. In so far as this process may be treated semiclassically, i.e.
for large enough black holes, the radiation appears thermal and hence does not on average
modify the charge of the black hole. This continues until the black hole becomes too small
and Hawking’s computation becomes unreliable.

As a result, we are left with a small black hole with Schwarzschild radius rg of order
the Planck length Ip; with a large global symmetry charge. Moreover, for sufficiently large
N above, this black hole will be kinematically unable to shed its large charge by emitting
charged particles and therefore gives rise to a stable Planck-sized remnant.? As this analysis
holds for all black holes of sufficiently large charge, we further deduce that there are an
infinite number of distinct Planck sized remnants, labeled by their total charge. However,
since this is a global symmetry charge, these various charged remnants do not source any
long-range fields and are hence indistinguishable to distant observers. In other words, the

3More precisely, the black hole will be kinematically unable to shed its charge by emitting massive
charged particles. However, [2] has argued that even massless particles cannot carry away arbitrarily large
global charge at finite energy.



black holes with different global charges all correspond to a single black hole macrostate,
violating the Bekenstein-Hawking formula for black hole entropy.

Consider now the same argument but applied not to an exact global symmetry, but
an approximate global symmetry. Here, by an approximate global symmetry, we mean a
conservation law that is valid at long distances and is violated at some ultraviolet scale A.
Note that according to the general reasoning above, all symmetries of low-energy effective
field theories in models with dynamical gravity should be interpreted as approximate. For
instance, in the standard model U(1)p_y, is a symmetry at the level of the renormalizable
low-energy Lagrangian, but it is natural to expect it is violated (at least) by high energy
gravitational processes.

In general, in this approximate global symmetry scenario, we no longer expect exactly
stable black hole remnants, since the end products of the Hawking process may be able
to decay via symmetry-violating channels. However, if the symmetry breaking scale A is
parametrically larger than the Planck scale, charge violating decays are suppressed and
we will again be left a large collection of long-lived black hole states, in tension with
entropy bounds.

The above reasoning motivates our general conjecture that in quantum theories of
gravity, the scale A of symmetry violation must be at or below the Planck scale:

A< Mp . (2.1)

In this case, processes that violate the approximate symmetry will become important before
the black hole becomes Planckian in size, rg ~ [pj, and there will be no meaningful way
to assign an approximate charge to the remnant.* This assumption is closely connected to
the idea that the underlying symmetry violating processes are non-gravitational and occur
within the context of a low-energy effective field theory.

By considering black branes charged under higher-form gauge fields, or by first com-
pactifying a theory with an approximate p-form global symmetry on a p-torus to obtain an
approximate 0-form symmetry, we expect that higher-form symmetries should also be badly
broken at or below the Planck scale. Below we will show that this idea is closely related
to the weak gravity conjecture and to a variety of other proposed consistency conditions
in quantum gravity.

2.2 Global symmetry breaking

Let us better quantify the notion of the symmetry breaking scale. As described in sec-
tion 1, a key role will be played by higher-form global symmetries and their breaking. Our
treatment follows the general discussion of these symmetries in [19].

4In models with a large number N of light species, the right-hand side of equation (2.1) should be
replaced by the scale
Agc ~ N™72 Mpyq, (2.2)

where gravity becomes strongly coupled (d is the spacetime dimension) [62]. At this scale, loop contributions
to the graviton propagator rival the tree-level value, and the semiclassical description of gravity breaks down.
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Figure 1. The action of a p-form symmetry operator U, on a p-dimensional extended operator
V(C®)). When U, surrounds CP), it acts by a phase exp(iagq).

A continuous, abelian, p-form global symmetry in d dimensions is associated to a closed
d — p — 1-form current operator J.% By integrating this operator over closed (d —p — 1)-
manifolds M(@=P=1) we create symmetry operators

Uny(MUE=P=D) = exp (z’a/ J) : (2.3)
M(d—p—1)

The most important feature of these symmetry operators is that they are topological: since
J is closed, small changes in the manifold M(4=P=1) do not modify the correlation functions
of the operator Ua(./\/l(d*pfl)). Additionally, the group law is encoded in the fusion algebra
of these operators for different phases a.

Although small deformations do not modify U, (M@P=1) the correlation functions
do change when M (4=P=1) is deformed across an operator V(C (p)) that is charged under the
symmetry. Such charged operators are supported on p-dimensional manifolds C®). Taking
Md=p=1) — §d—p=1 4 be a sphere surrounding CP), we have

Ua (83 P~ 1V (€P)) = exp (iag)V (CP)), (2.4)

where ¢ is the charge of the operator V (see figure 1).

Consider now the situation where the symmetry is not exact but is broken by small
effects. In this case, the operators Ua(M(d_p_l)) will still exist, but they will no longer
be topological, since the associated current J is no longer conserved. This means that
n (2.4), the phase on the right-hand side will become dependent on the radius r of the
sphere S4P~1 This can be encoded by allowing the effective charge ¢ depend on radius:

1 (W) o) U (S VE) )
hmlog( V1 (C0) (00) V(EP)(0)) )ZQ(”‘ (25)

a—0 ¢

Here the charged operator is inserted at a conveniently chosen interior region of spacetime,
denoted schematically as 0, and the conjugate operator VT is inserted at a distant location,
schematically denoted as co. We choose these configurations such that the two point
function in the denominator above is reflection positive and hence cannot vanish.

If the symmetry becomes conserved in the infrared, then for a sphere of large radius
the effective charge tends toward the IR value of the charge: ¢(r) — ¢. In particular,

5The Hodge dual +J is then a p + 1-form operator, which is conserved.



since the symmetry operators become topological in the IR, the large radius value of ¢(r)
is insensitive to small changes in the radius 7.

To quantify the notion of symmetry breaking in the ultraviolet, we examine the radial
dependence of the effective charge ¢(r) at short distances. Specifically, we will say that
the symmetry is badly broken at a distance scale 7gym (related to an energy scale by
Teym ~ A1), if the effective charge varies with distance as

(g7
o \dlogr ar

Where in the above, the normalization by g, the IR value of the charge, makes the scale

~0(1) . (2.6)

T=Tsym

Tsym iNsensitive to the IR charge of the particular operator selected to probe symmetry
breaking effects.

Let us elaborate on possible power law ambiguities in the effective charge ¢(r) and the
UV sensitivity of the definition (2.6). To probe the short distance behavior of ¢(r) requires
extrapolating the current operator J to the ultraviolet. At long distances, the operator J
is distinguished by being conserved, but at short distances this conservation breaks down,
and hence there may be no canonical definition of the current. Consider for concreteness a
current for an ordinary symmetry (i.e., a closed (d — 1)-form). We can modify the current
J at short distances as:

O

0. = Alo—d+1’

(2.7)

where O is any local operator transforming as a d — 1 form, Ap is its scaling dimension,
and A is an ultraviolet cutoff. For A sufficiently large, this modification drops out at low
energies but can modify the properties of J at short distances. In particular, applying (2.5)
we expect that the above leads to a short distance modification of the effective charge as:

1
oq(r) ~ (rAyBo—di - (2.8)
Since these contributions can modify the short distance definition of the charge ¢(r), we
see that the precise scale of symmetry breaking depends in detail on how the effective field
theory current operator is extrapolated to the ultraviolet.

In practice, although such ambiguity exists, we expect that the symmetry violating
scale cannot be parametrically modified unless the current is modified by an operator with
a large coefficient. Thus our analysis will be robust under generic small deformations. Our
conclusions become more universal, however, when the symmetry breaking effects come
from terms in the effective charge ¢(r) which are non-analytic in r at short distances.
Such non-analyticity is a universal prediction of the effective field theory. We will see this

behavior in our analysis of the weak gravity conjecture below.5

6 Although our primary focus below is on 4d theories similar remarks apply to other dimensions. In
particular when studying higher-form symmetry breaking in general spacetime dimension we will need to
contend with the fact that the gauge coupling is classically dimensionful. Consistent with the discussion
above one should define the symmetry breaking scale in general to be where non-analytic corrections to the
charge become large.



2.2.1 Example: complex scalar field

It is instructive to illustrate how the formal definition (2.6) coincides with usual notions
of symmetry violation in effective field theory. As an example, let ¢ be a weakly coupled
massless complex scalar. There is a global symmetry that rotates the phase of the field .
The current operator is

i
(e])p = 5 (100 — 9Oue") (2.9)
The local operator @9 carries charge ¢ and hence

&I () = e ) (2.10)

where the integral is over an S of radius r centered at the insertion of ¢?. Passing to
expectation values and expanding to linear order in the phase « this gives

z’(/yes3 P e - (gpap@ _ @Tﬁpw)(y)cpq(x) ) = qlpi(x) Y, (2.11)

where the unwritten terms --- stand for other possible insertions in the correlator.

As in the general discussion above, the fact that the global symmetry is exact implies
that this integral is topological: it does not depend on the radius r of the three-sphere.
However, let us now suppose that we add a symmetry-breaking higher-dimension operator
to the Lagrangian of the form:

AL

= (o™ + (h)), (212)

where the parameter A is some fixed UV energy scale. Note also that in general n may be
larger than four, so that the leading symmetry violating effects are mediated by irrelevant
operators. The operator (2.12) breaks the global symmetry, as the current J is no longer
conserved: »

dJ ~ S ()"l =l ) £ 0. (2.13)
At energies far below A, this operator is negligible, and there is an approximate global
symmetry. Intuitively, we expect that in the presence of such a potential, the phase rotation
symmetry of ¢ is badly broken at the scale A. We would like to verify that using the more
quantitative definition in (2.6).

To do so, we need to compute the corrections to (2.11) in the presence of the higher-
dimension operator. This is easy to understand in terms of Feynman diagrams. For
instance, in the absence of the symmetry violating interaction the left-hand side of (2.11)
can be represented diagrammatically in the case ¢ = 1 as

y T (2.14)

where y € S2, and after evaluating the diagram we integrate over y. Once the symme-
try violating operators are added to the Lagrangian the above is corrected by diagrams



involving insertions of the interactions. The leading order correction is a so-called sunrise
diagram computed for instance in [63]:

(2.15)

For free x and y, this can be interpreted as a correction to the scalar propagator.
Working in momentum space and ignoring order one coefficients, the resulting self-
energy function II(p?) scales as:

T(p2) ~ (i)%_g . (2.16)

To compute the variation of the charge ¢(r) in (2.6), we Wick rotate and Fourier transform
into position space to obtain the two-point function G(r) and then integrate over an S of

radius r. We have

Gy~ 5 [ dp (o IGP) ~ s (2.17)

where K (x) is a Bessel function. The definition (2.5) then gives:

d)~ [ Gr)~

s W . (2.18)

The general condition (2.6) gives the symmetry breaking scale ﬁ ~ A as expected on
dimensional grounds.

In an effective field theory that arises from a low-energy limit of quantum gravity, one
might expect that the absence of global symmetries leads to symmetry violating operators
that are suppressed by the quantum gravity scale Aqg. From the computation we have
just performed, we therefore see that rL ~ Aqq for such a theory. In what follows, we

Sym
will explore analogs of this idea for higher-form global symmetries.

3 Symmetry breaking and weak gravity conjectures

In this section, we argue that a number of proposed quantum gravity consistency conditions
follow from the statement that approximate global symmetries must be broken by an O(1)
amount at or below the quantum gravity scale Aqg.

3.1 The weak gravity conjecture

The ordinary weak gravity conjecture holds that in an abelian gauge theory in d dimensions
with coupling constant g, there must exist a charged particle of mass m, quantized charge
n € 7, such that
gn o, d__ (3.1)
m

d—2)/2"
Mr(u;d )/



where 74 is an O(1) number that depends on d, the precise value of which can be found
in [42]. A particle that satisfies the bound is often called “superextremal.” Several dif-
ferent lines of evidence suggest that a consistent theory of quantum gravity should have
not just one superextremal particle, but rather an infinite tower of increasing mass and
charge [20, 23, 24, 29, 42, 50, 51, 64—66]. This stronger hypothesis is sometimes called the
tower weak gravity conjecture or the sublattice weak gravity conjecture, if one further
demands that these particles lie on a sublattice of the full charge lattice.

Historically, one way that the weak gravity conjecture has been motivated is by ex-
amining the weak coupling limit of the gauge theory, g — 0. In that case the gauge fields
decouple and intuitively the matter sector develops a global symmetry which is sourced
by the gauge fields. Since exact global symmetries are forbidden in a consistent theory of
quantum gravity, one expects that this weak-coupling limit is also forbidden. The inequal-
ity (3.1) quantifies this intuition. Instead, we will motivate the weak gravity conjecture by
examining the one-form global symmetries and their pattern of symmetry breaking.

First, let us recall that a free abelian gauge field (neglecting any couplings to matter)
has two higher-form global symmetries U(l)gl) and U(l)gff_:i). Here, the subscripts e stands
for “electric” while m stands for “magnetic” and indicate the objects charged under these
symmetries. For U(l)gl) these are electrically charged Wilson lines, while for U(1)$ff‘3)
these are magentically charged 't Hooft operators. The presence of these symmetries can
also be seen via the associated currents:”

Jo = (;) «F,  Jy = <2§;> F, (3.2)

which are closed respectively, due to the equation of motion and the Bianchi identity.
We can formulate these symmetries using the language described in section 2.2. For,
U(l)gl)7 the charged operators are Wilson lines:

W, (q) = exp (igq?{ Audx“> , q€Z, (3.3)
gl

where the integer charge q is the electric charge of the line. The symmetry generator
associated with a d — 2-sphere of radius r is given by

Ua(S5972) = exp (—3 /SCF2 *F) . (3.4)

Plugging this into (2.4), we see that the symmetry generator acts on a Wilson line at the
center of its associated S%~2 by

Ua(SE2) W, (q) = exp(iag) W, (q) - (3.5)

Analogous expressions hold for the magnetic symmetry acting on ’t Hooft operators.
By the general logic described in section 2.1, it is natural to expect that the one-form
global symmetries in Maxwell theory must be broken below the Planck scale. In this section

"We work in Euclidean signature with canonically normalized kinetic terms for the gauge fields. With
these conventions the charges of the currents below are integers.

~10 -



(1)

we will focus on the electric one-form symmetry U(1)e’ and see that its breaking is closely
tied to the weak gravity conjecture. In section 3.3 we will see that breaking the U(1)£3*3>
is closely tied to the magnetic weak gravity conjecture.

As a first analysis of the symmetry U(l)gl) one might ask if it can simply be violated,
as in the case of ordinary symmetries, by deforming free Maxwell theory by symmetry
violating operators at short distances. Surprisingly, we will now argue that this is not the
case. Specifically, as long as no new degrees of freedom are added, the symmetry U(l)(el)
persists under local operator deformations of the effective action.

To see this more quantitatively consider adding to the Lagrangian a gauge invariant

higher-dimension operator:
1

0L = FO(F) . (3.6)
Here our notation indicates that, since O(F') is gauge invariant, it is a polynomial function
in the field strength and spacetime derivatives contracted to form a Lorentz scalar. For in-
stance, O(F) could be the famous | F'|* operator arising in the Euler-Heisenberg Lagrangian.

By varying the effective action one can compute the equation of motion to find:

2 00

Notice that the g—g is a well-defined (gauge invariant) two-form operator, so we can view

the above as a conservation equation for a modified electric one-form symmetry current.
Thus as asserted above, local operator modifications of the Maxwell EFT are insufficient
to generate the anticipated symmetry violation of U(l)gl).

Let us instead now turn to coupling the Maxwell theory to massive charge matter fields.
In this case we will indeed find that symmetry violation is possible due to the physics of
charge screening. In the presence of charged matter the equation of motion for the gauge
field is modified to:

(d*F)"P ~ gnet"P7ohrygap . (3.8)

Unlike the analysis of the operator deformation (3.6), the U(l)gl) symmetry current is now
genuinely broken. Far below the mass scale m of the charged matter the fermions freeze
out and the electric one-form symmetry is restored. Our goal is therefore to investigate
this approximate one-form symmetry breaking induced by charged matter. Throughout
we work in the effective field theory where the gauge coupling ¢ is small. In this case,
the violation of U(l)gl) stemming from a single charge particle is suppressed and we can
analyze symmetry breaking effects in perturbation theory.

We now proceed with the analysis of the effective charge ¢(r) outlined in section 2.2.
Expanding (3.5) to order a gives

(2 [ #F) Wola) - = )W (a) (39)

Here the terms in --- represent other potential insertions in a correlation function. The
integer ¢ appearing in the argument of W, (¢) is the electric charge used to define the

line in (3.3). This is also the U(l)gl) one-form symmetry charge in the long distance limit

- 11 -



far below the mass scale of charged particles. Meanwhile, the desired effective charge,
q(r) is simply the integral of the current *F over an S%2 of radius r in the presence of a
background Wilson line.

We can translate this into a more familiar language by taking the Wilson line to be
along time at the origin of space. In that case xF' is proportional to the electric field. The
Wilson line sources an effective potential, V(r) and our task is to study the modification
of Gauss’ law.

1 v (r)
q(r)—gg/sg_z et (3.10)

This position dependence of ¢(r) can be understood in terms of the screening of the electric
charge due to virtual particles.

In 4d, these ideas are famously quantified by the Uehling potential [67], which is the
effective potential of a point source in the presence of a charged particle of mass m, charge
n, at distances r > 1/m. At leading order in the coupling one finds:

2 2.2 —2mr
—9 4 n-g- ¢
= 14+—FF%——=+---]- A1
vir) A7y ( + 1673/2 (mr)3/2 + ) (3.11)

The first term represents the effective Coulomb potential felt by an observer at infinity.
This is smaller than the bare charge due to screening by the particle. At these large
distances, however, the effects of the particle are exponentially suppressed, and as a result
the charge is approximately conserved. In particular, evaluating (3.10) gives:

—2mr

Ve4m3mr

q(r) = goo (1 +g’n’ + ) . mr>1. (3.12)

Notice that the position dependence of the effective charge ¢(r) is analytic for large
r, its regime of validity. As in the discussion around (2.7), this means that the symmetry
breaking effects encoded by V(r) are potentially sensitive to short distance modifications
of the current. This matches the our analysis following equation (3.7). Indeed in the long
distance limit, the effects of the massive charged particles can be modeled by operator
deformations of the Maxwell Lagrangian, and one can adjust the electric current J. to
restore conservation.

Let us now consider the short distance limit, mr < 1, of the effective potential and the
resulting effective charge ¢(r). As we take the radius of the S? surrounding the Wilson line
smaller and smaller, we begin to penetrate the cloud of virtual particles. More generally,
we may write [68]

Pp —9° 4o
V(x) = / (P , (3.13)
(2m)? " [pPP1 —1I(—|p|*)]
where II(p?) is the 1PI modification of the photon propagator due to loops of the charged
particle,
I, (%) = —L0" e /v) 1
v p? + ie 1-T1I(p?)’

(3.14)

- 12 —



with II(0) = 0. Expanding the denominator of (3.13) as 1/(1 — IT) ~ 1 4TI, the first term
gives the usual 1/r Coulomb potential. The term proportional to II gives the correction

2 e’} —pr 2 2.2 00 —pr 4 2 2 2
94 € Ny g°s n°g e m m
oV(r)=— 272 Jor dp ) Im[II(p*)] = Qe———— /2m dp ’ 1-— e (1 + e ) ,

(3.15)
which comes from the branch cut in II(—|p|?) beginning at |p| = 2mi due to the charged

particle of mass m. We now expand in an series for small mr (3.15) and obtain:

A7y 672

2,2
SV (r)/g* ~ (q°°> (g ) (const + log(mr) + O(mr)) . (3.16)

We can pass from (3.16) to an expression for the effective charge:

2,2
4(r) /oo = 1 — (%:2) log(mr) + g (const + O(mr)). (3.17)
We recover the expected behavior: the electric charge runs logarithmically with distance r
for a particle of mass m < 1/r. Notice now that in addition to the analytic terms above
there is a non-analytic logarithm. Following our discussion around (2.7), this logarithm
gives rise to a breaking of the electric one-form symmetry that is scheme independent, i.e.
it is independent of how the current operator is modified at short distances.

Let us now investigate the criterion (2.6) for the distance scale rgys where the elec-
tric 1-form symmetry is badly broken by screening effects of the charged particles. As
described above the scheme independent symmetry breaking effects come from the loga-
rithms in (3.17). In general, given a spectrum of charged particles of masses m; and integer

charges n; the effective variation of ¢(r) is:

( L _dq(r) >% g°ni (3.18)

oo leg(T) ilmir<l

The symmetry breaking scale 7w is where the right-hand side is order one so that the
logarithms in the effective charge have an order one coefficient. For a weakly-coupled
theory, g < 1, we see that badly breaking the global symmetry at the scale r requires a
light particle (m < 1/r) with very large charge, n ~ 1/g. Alternatively it requires a tower
of light charged particles.

We can now extract the typical properties of a particle in the tower by considering
averaged quantities. Define the average charge (n?), of particles up to mass scale A via:

> ni=N(A) (), (3.19)
tlmi<A

where N(A) the number of species with mass below A. Imposing that the electric-one form
symmetry is badly violated by the time we arrive at the gravitational cutoff scale Agqa
implies:

QQN(AQG)<n2>AQG Z 1, (320)
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where we have neglected order one coefficients to focus on the parametric behavior. The
above inequality is essentially equivalent to the weak gravity conjecture. Indeed, the num-
ber of species, N(Aqg), the cutoff Aqg, and the Planck mass M are related as:

N(Aqa)Age ~ M3, - (3.21)

where the effective cutoff Aqqg is lower than the naive Planck mass due to the effects of
particles renormalizing the graviton propagator. We also know that by construction the
average value of the mass must be smaller than the cutoff considered hence (m?), < A2
Combining this with equations (3.20) and (3.21) leads to the weak gravity conjecture bound:

2 <n2>AQG > 1

T R (3.22)

AQG

In other words, the average particle has a superextremal charge-to-mass ratio, up to O(1)
factors. This implies that at least one particle is (roughly) superextremal, satisfying the
weak gravity conjecture, and it suggests the existence of an infinite tower of superextremal
particles, satisfying the tower weak gravity conjecture.®

It is instructive to compare our analysis to that of [51]. There, the same computations
were performed, and justified using the idea that the EFT consisting of the photon and
charged particles must become strongly coupled by the Planck scale. This implies that the
loop corrections to the photon propagator must rival the tree level result at or below the
cutoff scale Aqq leading again to (3.22). Here we see that the same idea follows directly
from a symmetry principle, the breaking of U(l)gl) by screening effects of light charged
particles. This idea is closely related to the physical picture of the weak gravity conjecture
advocated in [34]: when the U(l)gl) is broken by the presence of charged particles, the
Wilson lines can end. The unifying theme in all of these derivations of the weak gravity
conjecture is the idea that the fundamental mechanism of, symmetry breaking, or strong
coupling, or Hilbert space factorization, must be one that can be modeled in low-energy

effective field theory.

3.1.1 Example: the Kaluza-Klein photon

Let us illustrate the above points with a simple example: Kaluza-Klein reduction of pure
gravity on a circle.

This example was studied in the context of emergence in [51], and our treatment is
similar. The reduction of pure gravity in 5 dimensions on a circle of radius R produces a
U(1) gauge field in four dimensions with coupling constant

9 2 1 1 1

S — , 3.23
KK R Mg, whR Mgl;s 52

8In a theory with multiple photons, we can run the above argument with respect to any U(1) of our
choosing. As a result, we conclude that there must be a tower of (roughly) superextremal particles with
respect to any U(1) direction in the charge lattice, which implies that the weak gravity conjecture will be
satisfied for each such direction. This in turn implies the Convex Hull Condition [69].
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where we have used the relationship between the Planck scales across dimensions:
M3, = 2mR) M5 . (3.24)

For every n € Z, there is a graviton Kaluza-Klein mode of charge n under the Kaluza-
Klein photon whose mass is given by
5 M
Mo = T3 nez. (3.25)
These charged particles are exactly extremal, saturating the weak gravity conjecture
bound (3.1). Moreover, when these charged particles run in loops they induce correc-
tions to both the graviton propagator (thereby lowering the quantum gravity scale) as well
as the gauge propagator (thereby contributing to the breaking of the electric 1-form global
symmetry). To be precise, we have

Mg, = N(Aqa)Ada ~ RA Y, (3.26)

using the fact that there are roughly RAqq graviton Kaluza-Klein modes of mass below
Aqg. Using (3.24), we thus have
Aga ~ Mpys . (3.27)

In other words, gravity becomes strongly coupled at the Planck scale Mpys of the five-
dimensional theory rather than the Planck scale of the reduced theory. This is to be
expected, since gravity propagates in the full five-dimensional spacetime.

We can similarly compute 1PI loop contributions to the photon propagator from
charged particles in order to determine the scale at which the electric 1-form global sym-
metry is badly broken in the d-dimensional theory. We have

M3,
I(A%) ~ e Y n’~ };}5 (AR)® . (3.28)

nlmn <A

The 1-form global symmetry is badly broken when this becomes O(1), which happens
precisely when A ~ Mpys ~ Aqqg: the global symmetry is badly broken right at the
quantum gravity scale.

3.2 Non-abelian weak gravity and non-invertible symmetry

In this section we apply the calculations developed so far to the case of weakly-coupled
four-dimensional non-abelian gauge theory. Our aim is to motivate a general non-abelian
version of the weak gravity conjecture from symmetry breaking. Specifically, we will argue
that any theory with non-abelian gauge fields coupled to gravity must have sufficiently
many matter fields such that at the quantum gravity scale the theory is strongly coupled

9(Aqa) 2 O(1) - (3.29)

We will argue that this condition is needed to badly violate a generalized symmetry de-
fined by non-invertible topological operators. These are operators that, like more familiar
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symmetries, do not change under small deformations of their positions, but whose fusion
algebra is more general than that of a group. These non-invertible symmetries have re-
cently been explored in [53, 54, 70-75]. Other arguments for conditions similar to (3.29)
have appeared in [50-52].

To begin, we first consider pure Yang-Mills theory with a gauge group K at vanishing
coupling ¢ = 0. We work in conventions where the gauge field A* has canonically nor-
malized kinetic terms, so in the zero coupling limit, the covariant derivative D = 9 4+ gA
becomes the ordinary derivative 0. Thus, the equation of motion is free:

O FH =0, (3.30)

where F = 8[MAfﬁ] is the field strength at zero coupling.
The gauge transformation of the field A is:

A(z) = k) A(z) k() + ;k‘_l(x) dk(z), (3.31)

with k = e (®T* where \%(z) are the transformation parameters and 7% are the generators
of the Lie algebra of K. For A to be finite in the g — 0 limit, the term k~!(x) dk(z) has
to be of order O(g). This condition is achieved when each parameter A\*(z) is O(g). In
this case, we set A% = g\ and then A% behaves as an infinitesimal U(1) (or R) gauge
transformation parameter for each component a. Additionally we must also take care
of global gauge transformations, i.e., those with constant A* and k. These also preserve
finiteness of gauge field A in the zero coupling limit ¢ — 0. Therefore, the gauge field A
behaves as an RY™ K _gauge field, identified by global K transformations.

As in the case with abelian gauge theory, the equation of motion tells us that F#*% can
be regarded as a current for a continuous one-form symmetry. However, when the gauge
group K is non-abelian, the operator F#*® is not gauge invariant and hence not a valid
local operator, even at zero coupling. Therefore, strictly speaking, there is no one-form
symmetry generated by F*® even at the zero coupling point.

Let us elucidate what is wrong with defining a one-form symmetry by F v and making
it act on a non-abelian Wilson line. Following equation (3.4), we would define the candidate

one-form symmetry generator on a codimension-two surface X as

Ua,a = €xp (_a/ *F“) . (3.32)
g Jy

Meanwhile, the Wilson line W, (R) on the line v in a representation R of K is defined by
the path-ordered exponential:

W, (R) = Pexp (ig [ A%pm (1)) (3.33)
¥
where pR is the representation map. To calculate the action of U, 4 on W, (R), we choose

a gauge with AbH = 0 for b # a. (This can be achieved by first going to temporal
gauge where Al, is constant and then rotating by a global gauge transformation to the a
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direction.) With this condition, we can ignore the path-ordering in (3.33), and compute
the action of Uy q on W, (R) in the g — 0 limit as we did in the abelian case. We obtain

Una(ST2)W,(R) = exp <igAA“pR(T“)> x exp (iapr(T?)) , (3.34)

where the index a on the right hand side is not summed over. Now we can gauge back the
remaining components of Al|,, obtaining the general expression without gauge fixing:

Up.a(ST™)W,(R) = Pexp (zg/ Apr(Tb)> ' Pr(T)(®) pexp (ig/Apr(Tb)> . (3.35)

Here, b runs over all Lie algebra components. Thus the effect of the operator U, q is to insert
the matrix e*”R(T") at a point & € . The point z is arbitrary, but it is natural to identify
it as the point where the operator U, , contracts. (Note that the gauge transformation
parameter \ we used to reinstate general components of A is of O(g), and thus acts trivially
on T in the g — 0 limit.). The result (3.35) is clearly not gauge invariant under global
gauge transformations k(x) = k € K, under which T* is acted on by conjugation. This
means that U, , itself is not a gauge-invariant operator in the theory.

We can remedy the problems with U, , and define a gauge invariant operator by aver-
aging over constant K gauge transformation. Specifically, consider the following operator:

U — / dk exp (—1/ k" « Fk)) , (3.36)
K gJs

where @ € R is a linear function on the Lie algebra, (for instance projection onto a given
matrix component) and dk is the Haar measure on K. This operator is not gauge invariant
under a non-constant gauge transformations, but such transformations are irrelevant in the
g — 0 limit, since they make A diverge.

We can now combine the calculation (3.35) together with the averaging definition (3.36)
to determine the action of UZ" on a Wilson line operator. We have

U2 (S9%)W,(R) = Pexp (ig / xAb,oR(Tb)> ( / dk pr (k—leﬂv k)) Pexp (ig / Apr(Tb)> .

“ T (337
which is manifestly gauge invariant. Here @V € £ is the element of the Lie algebra dual to
a with respect to the Killing form, and we have used the fact that conjugation commutes
with exponentiation. The expression in the middle of (3.37) above is a matrix acting on
R that is invariant under conjugation by any element k£ € K. Assuming R is irreducible,
we then apply Schur’s lemma to conclude that it is proportional to the identity

/ dk pr (K6 k) = fr(@) I (3.38)
K

with fr (@) a scalar function and Ir the identity map on R. As a concrete example, when
K =SU(2), @ =60(T3)" and R is the fundamental representation one has

/ dk prand (kileieTak) = cos(O)I . (3.39)
SU(2)
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Thus combining (3.37) with (3.38), we find that the averaged operators UZ" act on Wilson
lines by scalar multiplication:

U (54)W,(R) = fr(@)W,(R) . (3.40)

This result is conceptually very similar to the action of a one-form symmetry on a charged
line operator with one key difference: the scalar factor above need not have norm one. This
is the hallmark of a non-invertible symmetry.

From the definition (3.36), we see that the argument & entering the definition is only
meaningful up to conjugation by elements of K. We can use this conjugation action to
deduce that the independent operators of the form of (3.36) are classified by the Weyl
chamber of the Cartan subalgebra of K. This Weyl chamber does not have a group structure
where the origin acts as the identity and hence we do not expect the operators UZ" form
a group. More explicitly, when K = SU(2), the Weyl chamber is the positive real axis
labeled by 6 above, and (3.39) indicates

1

Uglv ggv = 5 (U91+92 + U91*92) . (3'41)

For general K, the algebra is more involved and will be studied in [76]. An algebra of
topological operators that involves a sum of terms, as opposed to a unique fusion product,
is the hallmark of non-invertible symmetry (see e.g. [70-75] for the concept itself and [53, 54]
for the applications of the concept in the context of quantum gravity). Indeed, the same
set of operators are considered for the 241 and 1+1-dimensional gauge theories in [77, 78].

In summary, the construction above shows that non-abelian Yang-Mills theory at zero
gauge coupling has a spectrum of non-invertible topological operators that generalize the
electric one form symmetry of abelian Maxwell theory. To connect these non-invertible
topological operators with the weak gravity conjecture, we have to improve the construction
of UZ" so that the operator is gauge invariant with small but finite coupling g. A simple-
minded procedure is to amend the operator order by order in g so that its correlation
functions are gauge invariant up to a given order. A more top down solution is the following.
Instead of averaging over only constant gauge transformations, we can also average over
position-dependent gauge transformations on the surface >:

U(3) = Dk exp (—1 /E Gk Fk:)) . (3.42)

/ICEMap(E,K) g

To tame this infinite-dimensional integral, one requires a cutoff, e.g. ||[k71dk|| < Acutofr
with some appropriate norm.? This definition does not guarantee that we can safely send
Acutoff — 00 without a divergence, but one can set Acyioff ~ A in the context of effective
field theory. Then, the operator (3.42) is gauge invariant in the regime of validity of the
given effective description.

9To see that (3.36) and (3.42) give the same answer in ¢ — 0 limit, note that in the limit only the
two-point function of F and A is relevant. Then we can average F'(x) over the action of k(x) for each point
z € X, and integrate over 3. This gives the same result as (3.37).

~ 18 —



The operators U2 defined by (3.42) are not topological for non-zero coupling g. How-
ever for small coupling they are close to the exactly topological non-invertible symmetry
operators of the zero coupling theory defined by (3.36). Thus, for small coupling g, these
operators define an approximate non-invertible symmetry. A natural extension of the no
global symmetries hypothesis [53] suggests that exactly topological non-invertible symme-
tries are disallowed in quantum gravity. Extending our general analysis of section 2.1 to
this context, we expect that at the Planck scale, these generalized approximate symme-
tries must be badly violated. This suggests that at the quantum gravity scale, gauge theory
must be strongly-coupled, motivating the general claim:

9(Aqa) 2 O(1) - (3.43)

This is an analog of the weak gravity conjecture in the context of non-abelian gauge theory.
Indeed, since pure non-abelian gauge theories are asymptotically free, the only way to
achieve the strong-coupling condition (3.43) is to have sufficiently many charged massive
charged particles to change the sign of the beta function and drive the theory to strong
coupling. This agrees with the perspective on non-abelian gauge theory and emergence
advocated in [51].

It is worth remarking that our argument for the condition (3.43), is similar to our
general logic of section 3.1. If the effective field theory remains valid up to the quantum
gravity scale, it should include effects that violate approximate symmetries. However, in
models where a given effective field theory description breaks down far below the Planck
scale, an approximate symmetry can remain valid up to the cutoff where the degrees of
freedom change. An example of this that involves non-abelian gauge theory is the heterotic
string. In this theory the Yang-Mills coupling g and the string coupling g, are related by

92M1§1;10 ~ gi/Z . (3.44)

Thus, at weak string coupling the low-energy Yang-Mills coupling can be parametrically

small in Planck units. However, the string mass scale my is also parametrically light in
this limit:

VA, 3.45

ms ~ gs/"Mpy10 - (3.45)

Hence far below the Planck scale, one encounters a tower of charged string states and the
effective description as non-abelian gauge theory breaks down. At the transition the Yang-
Mills coupling g is small and the UZ" operators are still nearly topological. It is natural to
expect that the string states badly break these approximate symmetries at energies below
the Planck scale.

3.3 The magnetic weak gravity conjecture

We now turn our attention to the magnetic weak gravity conjecture. For concreteness
we focus on the case of spacetime dimension four. In this case the magnetic weak gravity
conjecture implies that in any weakly-coupled abelian gauge theory that can be consistently
coupled to quantum gravity, there must exist a superextremal magnetic monopole. In
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equations, letting n be the magnetic charge, and myo, the monopole mass this reads:

n/g S 1
_ 3.46
Mmon ~ MPI ( )

In this section, we motivate this conjecture from the point of view of symmetry breaking.

As discussed around (3.2), in the absence of charged magnetic monopoles, the U(1)
gauge theory has a one-form symmetry U(l)%) which measures the magnetic charge of 't
Hooft lines. As in our general discussion in section 2.1 we anticipate that this symmetry
must be violated below the quantum gravity scale.

To begin consider again the associated two form current J,, = g F//2m. Notice that
this operator is closed (the Hodge dual is conserved) by purely topological considerations:
i.e. F' = dA implies dF vanishes. In particular this means that as long as the effective field
theory contains a U(1) gauge field there will be a conserved magnetic one-form symmetry.
Hence, one cannot violate U(l)g) by coupling to charged electric matter, or by adding
interactions. Instead, we must modify the short distance behavior of the theory so that
magnetic monopoles become dynamical.

A well-known model with dynamical monopoles is non-abelian gauge theory. When this
theory is Higgsed to an abelian theory, there are massive magnetic monopoles described as
solitons. We here consider the simplest example with non-abelian gauge group SU(2), but
analogous comments apply to other examples. The Lagrangian for this theory is given by

1 1 1
L= 5Dy @ DR — JWE WY — o\(870 o?)?, (3.47)

with G}, the non-abelian gauge field, ®* a real adjoint-valued scalar field, and
Wi, = 0,GS% — 0,G% + geareGLGS, Du®® = 9,8 + geqpeGhLP° . (3.48)

We assume that the model is weakly-coupled, so the gauge coupling g and the quartic
coupling A\ are small the model can be treated semiclassically. The potential then gives an
expectation value to the scalar:

(|®)?) = o2, (3.49)

and we assume that this scale is far above any strong coupling scales of the model. At long
distances, this yields a U(1) gauge theory with dynamical 't Hooft-Polyakov monopoles.

To study the properties of the monopoles in more detail, it is helpful to pick a short
distance gauge invariant approximation to the emergent U(l)gl) and U(l),(%) currents. Thus
define a two-form operator J ~ Tr(®W) which flows at long distances to J,:

o .
J= LT @W)w LF=Jy = s Jw SxF=J,. (3.50)
4o 27 g2 g
Of course there are other UV operators that flow to J,,, and J., but the analysis below is
not parametrically sensitive to this choice.
In a monopole configuration, the scalar field ® winds around the vacuum manifold at

spatial infinity, and we have a solution as r — oo of the form

1 1
@“(r,t) — Ufa, G;l — girqabfb’ Wic; — g?eijbfbfa . (351)
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where ¢ = 1,2,3 are the spatial directions. Evaluating the magnetic current J,, in this
configuration yields

g g 1 "
= EE] = 471_0.(I)GW'L% = Ay eijkrk7 (352)

and integrating around the sphere at spatial infinity, we find that this configuration carries

Im

unit magnetic charge. Meanwhile, at finite values of r, an appropriate ansatz for the
monopole solution is
1— K(ogr)

ng(O'gT) ) G?(Ta t) - eiabbe ) (353)

(r,t) =
and the functions H and K may be found numerically.'” In particular, the characteristic
scale of the radial dependence of the monopole solution, is Tmon ~ 1/(cg). Note that
this is inverse to the W-boson mass myy ~ go, and thus inside the radius ryo, the non-
abelian degrees of freedom are excited. Since we assume small g, my is far below the
Higgs expectation value 0. By contrast, at weak coupling the monopole is a parametrically
heavy soliton:

mw ~ og < \/{|P|?) ~ 0 <K Mpmon ~ /g . (3.55)

Since the W-boson mass can be interpreted as the effective cutoff scale A for the validity
of the low-energy U(1) gauge theory, the magnetic QGC can alternatively be understood

1/g 1
Mmon — Mpi

as a constraint on A:

To motivate (3.56) from the point of view of symmetry breaking, we perform a parallel
analysis to that of section 3.1. Specifically, we introduce a line operator which flows at long
distances to the magnetically charged 't Hooft line. In the IR U(1) EFT such a line appears
to have an exactly conserved U(l)%) charge, and our goal is to measure the violation of this
charge due to the non-abelian degrees of freedom of the UV gauge theory. At the technical
level, this means we must measure the charge of the UV operator (3.50) in the presence of
the line.

One natural choice for a UV line operator is the 't Hooft line of the UV SU(2) group.
Instead, we here adopt a different approximation that makes electromagnetic duality more

manifest. The Wilson line in an abelian gauge theory can be written as

W,(q) = exp (igq?iA) = exp (igq/H dA> = exp <2m'q/H Jm> , (3.57)

where H is a half-plane bounded by the line v and J,,, is the magnetic one-form symmetry
current in (3.2). By taking the electromagnetic dual, we can express the 't Hooft line in
U(1) gauge theory as

T:%(q) = exp (27m'q /H Je> , (3.58)

1071 the special limit A\ — 0, there are BPS monopoles which are known exactly: the functions H (&) and
K (&) are then given by
H(§) =¢&cothé —1, K(&) =&csché . (3.54)
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where now J, is the electric one-form symmetry current in (3.2). As a microscopic line
operator in the SU(2) gauge theory approximating the above we now use an analogous
formula but with J, replaced by its short distance completion in (3.50). This gives:

47%q mq
TV (goo) = exp | — °°/ «J | = ex <—°°/ *Tr <I>W>. 3.59
v () p( 2 u ) Pl Ju (eW) (3.59)

Our goal is now to evaluate the scale dependence of the approximate U(l),(%) charge of this

line operator.
The effective charge ¢(r) is now defined via the correlation function of the approximate
current J and the UV ’t Hooft operator defined above:

exp <ia/ J> TVUV(qOO) = exp(z’aq(r))TvUV(qoo) +o (3.60)
S7

which is the analog of the electric calculation of the effective charge performed in (3.9). As
the both symmetry and the charged objects are approximate, the action of the charge op-
erator on T is not necessarily exactly diagonal as indicated by --- in (3.60). Furthermore,
there is a contact term singularity when two J’s collide, which occurs in the integration
involved in (3.60). As we explain below, we choose this contact term so that ¢(r) = ¢
as r — 0o.

To compute ¢(r) in more detail, we expand the correlator (3.60) in powers of J. This
expansion is justified in the weak coupling limit of the UV theory where the only connected
diagrams come from two point functions. In this way can calculate the effective charge from
the 2-point function of .J’s:

R
q(r) = <<z/52 J) <492‘1/H*J)> +0(\g) . (3.61)

To evaluate the integrals, it is convenient to express the two point function in momen-
tum space.'! The possible tensor structures in the 2-point function of two-form operators
are (see e.g. appendix B of [79]):

<JuV(p)Jp (—=p)) = A(pQ)eng + B(pQ)Ing(p) + C(pQ)(‘Sup‘;wf - 5u05Vp) ) (3.63)
where A(p?), B(p?) and C(p?) are functions of p? and the tensor I, is
I;wpa (p) = puppfszxa - pl/ppcs/w - pupaézzp + pupaéup . (3'64)

Substituting this into (3.61), the effective charge can be expressed as

) =255 [ a2+ C) (r+ 1 ) e (3.65)

HWe use standard conventions where:

(A(p)B(=p)) = /d4m e T (A(x)B(0)) . (3.62)
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and its derivative with respect to r is

T —_ 7"2 o )
qiodcllgé(l) - 922 /_; dp (p*B(p®) + C(p*))pe™ . (3.66)

If J were the exactly conserved magnetic two-form current in a U(1) gauge theory,
i.e. (3.2), then the structure functions are given by:

2

Bexact(p2) — 27grp2 ’ Cexact(pQ) =0. (3.67)

Notice that while B(p?) is non-analytic, the fact that C(p?) is exactly equal to zero, as
opposed to another constant, is subject to a contact term ambiguity. This originates from
the fact that our prescription for ¢(r) from the integrated correlator involves intersecting
surfaces and hence is sensitive to contact terms. More, generally for an approximate sym-
metry current J we will again fix the contact terms so that in the long distance limit, p — 0,
J approaches an exactly conserved current including the correct choice of contact terms:

2

o 2pe2y 9 : 2y _
lim p"B(p7) = 5—, LmC(p°) =0. (3.68)

With this requirement, the definition (3.61) indeed reproduces the desired value of ¢, for
large r.12

Returning now to the SU(2)-Higgs theory, the two-point function is (neglecting factors
of order unity):

(S (2)J(0) ) = =5 (Tr®@W () Tr@ W0 (0))

Q‘Q Q‘Q
| O

(o + H (@)W, (x)(o + H(0))W;,(0)) (3.70)

92

= 9" (W @)W, (0)) + 75 (H(@)H(0)) (Wi, (2)W},(0)) + Olg).
where we expanded have expanded ® in the Higgs field H as & = o + H and assumed

unitary gauge. The two-point function of Wgy reproduces the behavior of the free theory
explained above:

<W3y(*p)W§o(p)> = plQI;wpa + O()\v 9) s (371)

12T et us also comment on the symmetry dual to J. Given (3.63), the two point function of *J takes the
same form with the replacements:

A@p®) — A(P®), B@®’) — —-B@®’), C@°) — p’B®’)+C(°). (3.69)

92
27
which is not compatible with the choice of contact term (3.68) made for the magnetic charge. This means

Thus, using (3.65), for *J to correctly produce a long distance constant charge we need lim, 0 C(p?)

that the electric current should differ from the hodge dual of the magnetic current by a contact term.
This can alternatively be deduced by coupling free Maxwell theory to background fields for its one-form
symmetry and using the U(1)£l) X U(1)£}R mixed anomaly.
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with the choice of the contact term reproducing ¢(r — c0) = ¢oo. Meanwhile, the contri-
bution from the second term to the position space 2-point function is

2 2 4
& HE@HO) (WaWa0) =~ [ o b 672

The non-analytic parts of the relevant structure functions B(p?) and C(p?) defined in (3.63)
are
2

2 1
p
B’non—analytic — %}92 (1 + W /0 dx x2 10g($(1 - x)pz + xm%q)) ’ (373)

2 1
Clnon-analytic = —4(27{)302/0 dx (z(1 — x)pQ + xmqu) log(x(1 — x)pQ + xm%{) , (3.74)

where x is a Feynman parameter. Substituting these into (3.66) gives

1 dq(r)
oo dlog(r)

1
r2g2

+0(g,A) . (3.75)

Equation (3.75) is the final result of our calculation. From this we deduce that the
symmetry breaking scale for the approximate magnetic one-form symmetry defined by
J ~ £Tr(®F) is, up to order one numbers, the Higgs vev scale 0. Demanding that this
scale of symmetry violation lies below the Planck scale, we have the condition

0 =9 X Mmon S Mpy, (3.76)

which, using (3.46) and (3.55), is exactly the magnetic weak gravity conjecture [4].

It is worth remarking that our discussion here, in close conceptual analogy with the
ordinary weak gravity conjecture, is rooted in the idea that the symmetry violating effects
must be captured by effective field theory. In fact this gives another way to directly motivate
the magnetic weak gravity conjecture. Dynamical magnetic monopoles are needed to satisfy
the magnetic version of the completeness hypothesis. If the lightest of these magnetically
charged objects can be described in effective field theory, as opposed to as a black hole,
then its effective size must be larger than its implied Schwarzschild radius. This yields [4]

1
Tmon ~ o >rg ~ 2 (3.77)
which is again the magnetic weak gravity conjecture.

4 Shift symmetry breaking

In this section we apply the ideas of section 2.1 to low-energy effective field theories with
shift symmetries on scalar fields. We use the absence of approximate shift symmetries
to motivate several proposed consistency conditions in theories of quantum gravity. For
simplicity in this section we work in four spacetime dimensions, though much of the analysis
holds more generally.
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4.1 The distance conjecture

Consider a simple theory with a real scalar field p

L= 0w’ Vi) . (4.1)

While the general Lagrangian above admits a potential V' (), often one encounters exam-
ples with the potential is flat (or nearly so), so that the field u is a modulus. For instance,
this may occur in supersymmetric models where the potential is protected from renormal-
ization. Below we consider this situation of a modulus p. In this section we focus on the
case where y is non-compact and our calculations are similar to those in [50, 52], while in
section 4.2, we investigate the case of compact scalars.

With vanishing potential, the Lagrangian (4.1) has a shift symmetry: u — u + c.
This symmetry is spontaneously broken by the choice of vacuum state, i.e., an expectation
value for the scalar. With canonical normalization for the field u, the shift parameter ¢
has scaling dimension one and it is therefore convenient to introduce a reference scale f,
which is used to measure field space.

The shift symmetry of the scalar field is encoded by a conserved current J and charged
local operators Ogy(x):

J(x) = if * du(z), 0,(x) = exp (Wf(x)) . (4.2)
Here, the charge ¢ € R is real-valued since the shift symmetry is non-compact. The charge
q(r) can be read off from the two point function using the Ward identity as before:

r

q(r) = —goo </S3 *du(x)u(0)> : (4.3)

Using the fact that the two point function in the free theory is (u(z)u(0)) = (27|z|)~2,
we find that the charge ¢(r) is independent of the radius r and equal to the long distance
value ¢oo.-

In a theory of quantum gravity, we expect this shift symmetry to be violated and
hence expect our effective field theory to include interactions that give ¢(r) non-trivial
radial dependence. Of course, one way to violate the shift symmetry is to include a non-
vanishing potential. However, we are specifically interested in the case of a modulus u
where the zero momentum interactions preserve the shift symmetry. Thus, we would
like to investigate interactions that violate the shift symmetry at non-zero momentum for
the p field.

Consider a typical class of model where i couples to a field whose effective mass is a
function of the modulus:

L= S(Ou)? + 1w — m(u)i (4.4)

For concreteness, we have taken the particle to be a fermion. If y acquires an expectation
value po with m(ug) non-zero then at low momentum we can integrate out the fermion
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. In general the coupling m(u) is not translation invariant in p and hence this procedure
in principle generates a potential that violates the shift symmetry. Consistent with our
assumptions above, we imagine that this induced potential is tuned to vanish, either due
to supersymmetry or an explicit adjustment of counterterms.

Consider instead the opposite limit of high energies relative to the mass scale m(u).
Fluctuations in the modulus then couple to the fermions through a Yukawa interaction
with coupling strength %’uo . Assuming this coupling is weak, we can then compute the

self-energy correction to the modulus field at one loop (below we work up to order one

positive numbers):

(p?) = /\ ~ (dm

dp

’ P 2 2
Mo) log <mQ(MO)> ;P> m (o) - (4.5)

The two point function of the modulus field is then given by:
2
1 1 9 1 p?
Ppu(—p)) =~ 1+Up)) =~ = |1+ | — log | ———
(o) () SO+ ~ ( ( i ) £
(4.6)

- PP -T(p?)
Equivalently, in position space the short distance approximation to the two-point func-

tion is:

O ~ s (1 - ( o

where the neglected terms above denote subleading contributions in the small distance

2
) log (m(po)r) + - - ) , m(uo)r < 1, (4.7)
Ho

limit. Therefore, at short distances the charged operators have an effective charge

dm

2
q(r)/qeo = 1 — (d,u m)) log (m(uo)r), m(uo)r < 1. (4.8)

Suppose now that we have a spectrum of light fermions coupled to the modulus field
p with mass functions m;(u) as in (4.4). The logarithmic variation of the effective charge
is then a sum over contributions of the form (4.8), where the sum ranges over fermions
whose moduli dependent masses are less than a given ultraviolet cutoff A:

1 dQ(T) ~ dml 2 _ dﬂ 2
e x () {())

m; (o) <A
Here, as before, N(A) denotes the number of light particle species whose masses are lower

than A, and the angle brackets denote the average value. The condition that the shift
symmetry of the modulus be strongly violated by the coupling to other fields by the time
the cutoff is Ag¢ is then expressed as an inequality:

2
N(Age) <<‘§Z ) > >1. (4.10)
Ho
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Equation (4.10) is the key result from which one can deduce the properties of the
massive 1; particles as a function of the modulus. Specifically, let us suppose that as the
expectation value of the modulus (i) = po is sent to infinity, the theory described by
the interacting modulus and massive particles becomes parametrically weakly coupled. In
particular, this means that the effective Yukawa couplings must tend to zero as we move
to large distance in moduli space. Therefore we assume:

lim an‘ (1)

=0. 4.11
J1—00 du ( )

If the above weak coupling assumption is valid, it is clear that in order to satisfy the

symmetry breaking inequality (4.10), the number of light species must tend to infinity:
/}Lngo N(Agg) = . (4.12)
In other words, in any parametrically weakly coupled large distance limit in moduli space,
a tower of particles must become light to avoid an approximate shift symmetry in the
modulus field. This is a crucial component of the distance conjecture (Conjecture 2 of [5]).
In fact we can say more about the behavior of the tower of light particles. According

to (2.2), we have:

MI%I A2 > 2 4.13
m” QGN<m(M)>- (4.13)
Since N(Agq) is tending to infinity at large distance in moduli space the effective cutoff
Agg is also tending to zero for large p. This also means that the typical mass in the tower
(m?(p)) is vanishing for large p. Moreover, combining (4.13) with (4.10) above we then

deduce that: ; ) < 2( N
m m=(p
()= 5 o

Integrating this estimate we deduce that for large modulus p we have approximately:

(|log(m(u))]) 2 7 - (4.15)
Pl
So the tower of particles becomes light at least exponentially fast in the moduli distance,
with an order one coefficient in Planck units. This is exactly the more precise version of the
distance conjecture of [5] together with an appropriate estimate on the rate of exponential
mass decay [48], namely that the coefficient of p on the right-hand side above is order one
in Planck units.

4.2 The axion weak gravity conjecture

In this section, we consider the axion weak gravity conjecture. Axions are periodic scalar
fields, which often arise in string compactifications as the holonomies of p-form gauge fields
over compact p-cycles. They are important for their potential applications to dark matter,
inflation, and the strong CP problem [80].

An axion is periodic under ¢ — ¢+ 27 f, where f is called the “axion decay constant.”
In the absence of a potential, the axion transforms under a (spontaneously broken) 0-form
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shift symmetry as ¢ — ¢ + c¢. Here, we have the periodic identification ¢ ~ ¢ + 27 f,
which implies that the symmetry group is U(1) rather than R. In the presence of instanton
effects, however, ¢ typically acquires a periodic potential V(¢) of the form

Vig) = Ate™® cos(o/f), (4.16)

where A is some UV scale often set by gauge or gravitational dynamics and S is the
instanton action. This potential explicitly breaks the 0-form shift symmetry of the axion.
The axion weak gravity conjecture holds that an axion with decay constant f should
have an instanton with instanton number n and action S that satisfies
1

n

The magnetic version of the axion weak gravity conjecture holds that an axion string (i.e., a
string charged magnetically under ¢) should have a charge-to-tension ratio which is order-
one in Planck units or larger. By estimating the tension in terms of the gradient energy
of ¢ as T ~ f2,[81, 82] argued that the weak gravity conjecture for axion strings takes
the form

< Mpr . (4.18)

In this subsection, we will explain how (4.17) and (4.18) can be motivated by demanding
that the O-form shift symmetry of the axion is badly broken below the Planck scale.

As discussed in [83], gauge theories with axions can be usefully distinguished by
whether or not the gauge field couples to the axion via a ¢Tr (F' A F') coupling. If such a
coupling exists, then the electric and magnetic symmetries of the axion and the gauge field
are tied up in a higher-group structure [84-87], and the excitations of the axion string carry
charge under the gauge field [88]. Kaluza-Klein theory is the prototypical example where
such a coupling does not occur.'> With this motivation, we therefore consider the rela-
tionship between the axion weak gravity conjecture and the breaking of shift symmetries
in two separate cases: (1) axion Yang-Mills theory and (2) axion Kaluza-Klein theory.

Throughout our analysis we will assume that our axion models can be continued in
energy up to the Planck scale and hence examine the symmetry breaking mechanisms with
the given degrees of freedom. Note that in some cases the effective field theory in question
breaks down long before the Planck scale. This occurs notably in weakly coupled string
theory where the supergravity cutoff set by the string scale is far below the Planck scale
(see e.g. (3.44)). In these cases, while it is natural to believe that the axion shift symmetry
is still violated far below the Planck scale, we are unable to analyze the breaking in effective
field theory.'*

13Tn fact, Kaluza-Klein theory may be the only such example, as the work of [89, 90] suggests that the
weak coupling limit of a gauge field is either a tensionless string limit or a decompactification limit, and
the work of [83] suggests that the former always features a 0 F A F' coupling.

11n particular these comments apply to the RR axion field in weakly coupled IIB string theory.
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4.2.1 Axion Yang-Mills theory

Let us focus first on the case of axion Yang-Mills theory. The Lagrangian is given by

¢ 9
f 8m2

Here, the coupling P is integral to respect periodicity of the axion field. The instanton

L— / qub A xd+ Te(F A +F) —iPLI_Te(F A F)| . (4.19)

action obeys a quantization condition which defines the minimum instanton action S in
terms of the gauge coupling:

872 8>
/Tr(F/\F): "L onez —s5="1. (4.20)
g g

As is familiar, instanton effects thus generate a potential for the axion of the qualitative
form:

V() = e A cos(o/f) . (4.21)

This potential breaks the shift symmetry of the axion, but the symmetry-breaking terms are
exponentially suppressed for small gauge coupling where S > 1. They are also power-law
suppressed at an energy scale E for f > E. In the infrared, then, it is not unusual to have
an approximate global symmetry, which is broken only by non-perturbative, exponentially
suppressed effects.

If the non-abelian gauge coupling remains small at the Planck scale or the axion decay
constant f is much larger than the Planck scale, the axion Yang-Mills theory will retain an
approximate shift symmetry at the Planck scale. However, by (4.20), the running of the
gauge coupling g will affect the instanton action S in the UV, so if the gauge coupling grows
sufficiently large at the Planck scale, then the symmetry violating effects will no longer
be exponentially suppressed. (In particular, this exponential dependence on a classically
marginal running coupling makes this example more subtle than the weakly-coupled scalar
discussed in section (2.2.1).) More precisely, for the symmetry to be strongly violated by
the quantum gravity scale E = Aqg, we require:

f S Mpy, and g(AQg) ~1l= S(AQg) S 1, (4.22)

where g(E) and S(F) are respectively the gauge coupling and instanton action at the energy
scale E. The first of these conditions is the weak gravity conjecture for axion strings (4.18),
while together the conditions of (4.22) are equivalent to the weak gravity conjecture for
axions (4.17).

Notice that the presence of the axion Yang-Mills coupling ¢Tr(F A F') is crucial for
this analysis. Indeed, this ties the size of the axion potential to the gauge coupling g.
According to the general logic of the weak gravity conjecture reviewed in section 3.1 and
the non-abelian analog discussed in section 3.2 gauge couplings must run strong in theories
coupled to quantum gravity to break generalized one form symmetries. This ultraviolet
renormalization of the Yang-Mills coupling is driven by a tower of charged particles which
drive the gauge sector to strong coupling. Here we see that this tower of charged particles
plays a key role in breaking the axion shift symmetry, similar to the recent analysis of [83].
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4.2.2 Axions from Kaluza-Klein reduction

A qualitatively different sort of axion model occurs in Kaluza-Klein theory. In string
compactifications, axions arise from integrating p-form gauge fields over p-cycles of the
internal geometry. As a toy model for this phenomenon, we consider the case of an ordinary
gauge field in 5d compactified on a circle of radius R. Charged particles in 5d winding
around the circle give rise to instantons in 4d, which generate a potential for the axion of
the form considered in “extranatural inflation” [91].

In this context, the ordinary weak gravity conjecture bound in 5d descends to the both
a weak gravity conjecture bound for particles and axion weak gravity conjecture bound for
instantons in 4d [38, 41-43]. In particular, the axion decay constant f and the instanton

action S are given by
1

f= 27 Rg’

where above, m is the mass of the 5d particle, and ¢ is the 4d gauge coupling, which is

S = 27Rm, (4.23)

related to the 5d coupling as usual by g2 = 27 Rg?.

Now using the fact that M}Q)1 = 2WRM31;5, we see that the bd weak gravity conjecture
bound implying the existence of a light particle of charge ¢, yields both the 4d weak gravity
conjecture bound and the 4d axion weak gravity conjecture bound:

959 - 1 a9 1 q 1
— > =2 — &5 — 2 —, 4.24

Relatedly, the 5d electric 1-form global symmetry with current *F(®) descends in 4d to
both a 1-form global symmetry with current *F' and a 0-form global symmetry with current
«d¢. At energies larger than the KK scale 1/R but smaller than the 5d quantum gravity
scale Aqqg, we have a well-behaved effective field theory description in five dimensions.
Demanding that the 5d 1-form global symmetry is badly broken below the 5d Planck scale,
the argument of section 3.1 implies the existence of a tower of superextremal particles in
5d, which descend via (4.24) to a superextremal instantons in 4d, thus implying the axion

weak gravity conjecture.

5 Conclusions

We have seen that a number of quantum gravity conjectures including the weak gravity
conjecture, the distance conjecture, the magnetic and axion versions of the weak gravity
conjecture, can be motivated, and in a sense unified, under the assumption that global
symmetries should be badly broken within the context of effective field theory. In the case
of the weak gravity conjecture, we were in fact able to motivate the existence of a tower of
states of superextremal particles, which is closely-related to the tower and sublattice forms
of the weak gravity conjecture.

Our analysis has left us with a number of other open questions and interesting direc-
tions for future research. First of all, is there a stronger argument to be made for the
statement that global symmetries should be badly broken within effective field theory, be-
low the scale at which quantum gravity becomes strongly coupled? Previous arguments
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against global symmetries in quantum gravity have been given in the context of black hole
physics and AdS/CFT: can these arguments be made more precise, so as to quantify the
degree of global symmetry breaking required in a consistent theory of quantum gravity?

The arguments we have given above do not lead us to precise inequalities with O(1)
factors included, but rather to approximate versions of the weak gravity conjecture with
> signs replaced by 2 signs. A more precise definition of “approximate” symmetry and
“bady-broken” symmetry could perhaps lead to more precise inequalities. This would be
especially beneficial in the case of the axion weak gravity conjecture and the distance
conjecture, whose precise O(1) factors remain a matter of debate.

We have focused exclusively on the breaking of approximate continuous global sym-
metries: it is natural to wonder about approximate discrete global symmetries as well.
Likewise, we have considered quantum field theories in flat space: it would be interesting
to see if any subtleties arise for quantum gravity theories in more general spacetimes, such
as dS or AdS.

There are also a number of other versions of the weak gravity conjecture that we
have not addressed in this work. For instance, we have not examined the weak gravity
conjecture for p-form gauge fields with p > 1, which lead to p-form electric symmetries
and (d — p — 2)-form magnetic symmetries that must be broken by charged (p — 1)-branes
and (d — p — 3)-branes, respectively. Relatedly, we have not considered the topic of higher-
group symmetries [56, 79, 84, 87, 92-95], which lead to mixing of weak gravity conjectures
between p-form gauge fields of different degrees [83, 96]. Similarly, we have not delved
into the breaking of so-called “(—1)-form symmetries” [84, 97-99], which are related to the
absence of free parameters in quantum gravity and the absence of nontrivial cobordism
groups [100, 101]. It would be interesting to connect these conjectures more directly to the
breaking of approximate global symmetries, or perhaps even to connect global symmetry
breaking to additional generic features of quantum gravity theories that have not yet been
discussed in the literature.

The last century of theoretical physics has repeatedly demonstrated the power of sym-
metry. In this work, we have seen that this power extends to the weak gravity conjecture,
which gives us hope that symmetry (and the absence of symmetry) will play an increasing
role in our understanding of quantum gravity.
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