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1 Introduction

What are the microstates in string theory that underlie phenomena such as supersymmetric
black holes? From the work of Strominger and Vafa [1] and developments [2–5], we know
that the microstates take the form of configurations of strings and branes whose asymptotic
degeneracies reproduce the entropy of BPS black holes. Still, there are many open questions
that require a more precise understanding of string theory: how do the BPS microstates
assemble to generate highly excited geometries? How do we know which string/brane
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configurations form a basis of states for the BPS Hilbert space? Can we enumerate such
configurations?

Holography [6–9], in principle, can solve these problems by turning the counting of
string and brane configurations into the counting of protected operators in a gauge the-
ory [10–13]. In recent years, there have been many fruitful developments [14–40] exploring
the connection between superconformal indices of gauge theories and supersymmetric black
holes in gravity duals. These works demonstrate that holographic field theories indeed con-
tain the precise degrees of freedom to account for the degeneracies of higher-dimensional
black holes.1

Though the problem of counting degeneracies can be studied in gauge theory, a bulk
understanding of string theory microstates has been absent. Clues regarding the structure
of these bulk microstates have come from recent works [42, 43] (see also [44–54]) that found
a reorganization of finite N superconformal indices in terms of branes and their excitations
in the string dual. In the work [42] with D. Gaiotto, we proposed a brane expansion of the
superconformal index by counting branes and their excitations via determinant operators
in gauge theory. We review these results in section 2.1. In the current work, we establish
these developments in the setting of a general U(N) gauge theory and explain the context
in which the string/brane configurations that appear in the brane expansion should be
understood as bulk microstates.

The aim of this work is to study how the microstates of BPS sectors in string theory
are organized in the dual gauge theory. We propose that the microstates are organized as
a coherent sum of branes that are dual to a set of determinant operators in gauge theory:

ZN = Z∞

∞∑
k1,k2,··· ,ks=0

(
xk1N

1 xk2N
2 · · ·xksNs

)
Ẑ(k1,k2,··· ,ks). (1.1)

ZN is the index of a U(N) gauge theory or, via holography, the index of its string theory
dual on a background with N units of RR flux. There are s “types” of branes wrapping
different supersymmetric cycles. Terms in the sum are stacks of ki numbers of branes of
the i-th type, where each brane has dimension/charges of order N . The brane index

Ẑ(k1,k2,··· ,ks) (1.2)

is that of the worldvolume ∏i U(ki) quiver gauge theory, which enumerates the open string
excitations on the (k1, k2, · · · , ks) brane stack. The closed string spectrum Z∞ curiously
factors out and has an interpretation in the supergravity regime as the index of Kaluza-
Klein modes. Branes and their interactions can be summarized in a quiver diagram de-
scribing the field content of the worldvolume theory. One way to understand (1.1) is as a
bulk-bulk duality between (1) coherent states of branes and their excitations in the stringy
regime and (2) saddle geometries such as BPS black holes or bubbling geometries in the
supergravity regime.

We provide a prescription to construct the indices Ẑ(k1,k2,··· ,ks) of worldvolume theories
on bulk branes that are dual to a set of determinant operators in the boundary gauge theory.

1See [41] for an introduction to superconformal indices.
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The input for the prescription is minimal: it requires only (1) a choice of a basis of charges
to define the superconformal index and (2) a table of various quantum numbers of BPS
fields. From this data, we can determine the integrand and the integration cycle for brane
indices Ẑ(k1,k2,··· ,ks). We assume that N is large during our derivation, but the surprise is
that the final statement (1.1) seems to be an exact (i.e. convergent) statement at finite N .

The implications of our proposal concern the bulk, but our approach is purely gauge
theoretic. Namely, our proposal is based on the counting of allowed modifications of de-
terminant operators in a U(N) gauge theory. In the spirit of ’t Hooft, we will assume
that any such gauge theory has a string theory dual. The string dual may or may not
have a weakly-curved gravity regime. We can be agnostic about the brane interpretation
of gauge theory determinants until we obtain the indices counting its modifications. If the
dual string theory is known, we can interpret Ẑ(k1,k2,··· ,ks) as those counting open string
excitations of certain branes in the theory. Indeed, in situations where AdS/CFT corre-
spondence is well-established, our “brane” indices agree with direct bulk computations that
count modes on branes wrapped on supersymmetric cycles in the probe-brane approxima-
tion [43]. In situations where the string theory dual is less transparent, our results can be
taken as novel predictions for the (indices of) string/brane configurations.

Let us comment on the parameter regime in which the microstates should be inter-
preted, starting at large N . At large N , the microstates should be thought as string/brane
configurations in the tensionless limit of zero ’t Hooft coupling λ, as opposed to the su-
pergravity regime of large λ. The reason is that the branes indices are computed in a
free U(N) gauge theory, so the proposed branes are dual to determinants of free fields.
In gauge theory, turning on λ even slightly can introduce nontrivial Q-cohomology in the
counting of BPS operators [10, 11, 55]. So a determinant operator may no longer sit inside
the cohomology at λ > 0. Nonetheless, brane indices should be computable at any value
of the ’t Hooft coupling though their interpretation at finite λ will be less accurate.

The tensionless regime provides the correct context for interpretation also because
we are proposing that the string/brane configurations, whose indices we construct, are
indeed microstates. In the limit of large λ and charges, BPS configurations of strings and
branes should become supergravity solutions such as BPS black holes [56–59] or bubbling
geometries [60–63]. Therefore, the microstates should not be thought as sitting inside
a supergravity solution. The tensionless point is an optimal place to present the string
theory microstates because we can be certain that there are no additional gravitational
contributions such as those from saddle geometries.

At finite N , the interpretation of Ẑ(k1,k2,··· ,ks) as open string excitations on a stack of
branes breaks down. Despite the lack of available interpretation, brane indices are well-
defined for any value of N . In fact, they are independent of N apart from bare fugacity
prefactors xkiNi with trivial N -dependence. At small N , the only tractable description is
as determinant operators in the dual U(N) gauge theory, but even here the exact operator
corresponding to a “modified determinant” in gauge theory is far from clear. This is because
there is a nontrivial analytic continuation in the counting of determinant modifications
which we explain in detail later. Determinant operators seem to be a good starting point for
constructing microstates in the string dual, but they do not appear to play any additional
role in the finite N Q-cohomology of gauge theory due to the analytic continuation.
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In section 2, we begin with a review of the counting of open string excitations. The
spectrum of these excitations requires an analytic continuation. We present a precription
to implement the analytic continuation based on physical modifications of determinant
operators in gauge theory, thereby constructing the index of string/brane configurations.
Then we propose how these microstates assemble in string duals of U(N) gauge theories.

In section 3, we demonstrate our prescription in physical examples. We find the ap-
pearance of a wide class of gauge theory determinants, such as those consisting of fermion
bilinears or of field strength components. This finding enables us to present the microstate
configurations in string duals of N = 1 and N = 2 vectormultiplets. We discuss a puzzle
in the 1/16-BPS sector of N = 4 SYM.

In section 4, we study how the microstates assemble in the BPS Hilbert space in a
manner consistent with gauge theory and supergravity. We argue that the bulk Hilbert
space acquires an effective grading corresponding to the RR charges of bulk branes. We
explain when the branes can form bound states to produce BPS black holes or bubbling
geometries. We conclude with a list of open questions in section 5.

Appendix A contains an explicit derivation of brane indices for the half-BPS sector.
Appendix B is a brief review of the theory and computation of multivariate residues. In
appendix C, we apply our prescription to the Higgs sector of the M2 worldvolume theory,
an example with (anti)fundamental fields. In appendix D and E, we provide checks of our
proposal for theories consisting of N = 1 and N = 2 vectormultiplets.

2 BPS microstates in string theory

2.1 Counting open string excitations

We begin by reviewing the prescription of [42] to “count” at large N the operators in a
U(N) gauge theory which could be obtained as modifications of products of determinants

(detX1)k1(detX2)k2 · · · (detXs)ks (2.1)

for a set of adjoint fields or lettersXi. The basic strategy was to fermionize the determinants
by adding some auxiliary zero-dimensional (anti)fundamental fermionic degrees of freedom,
together with some bosonic antifields to account for the Ward identities of the auxiliary
fermion integrals. Some fermionic zeromodes had to be removed by hand at the end of the
calculation.

The effective theory of excitations of determinants took the form of a ∏i U(ki) quiver
gauge theory with fields counted by explicit single-letter indices derived from those of the
U(N) gauge theory. In all holographic examples we checked, the single-letter indices of
the quiver gauge theory coincide with those of the worldvolume theories of certain giant
graviton branes which are expected to be dual to the determinant operators.

Consider a U(N) gauge theory with adjoint and (anti)fundamental fields. Adjoint
fields are counted by the single-letter index f and (anti)fundamental fields are counted by
v, v̄. Concretely, this means that the index for the gauge theory is written as an integral
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over U(N) fugacities µa:

ZN = 1
N !

∮
|µa|=1

N∏
a=1

dµa
2πiµa

∏
a 6=b

(1− µaµ−1
b ) PE

f∑
a,b

µaµ
−1
b + v

∑
a

µa + v̄
∑
b

µ−1
b

 , (2.2)
where PE denotes the plethystic exponential.2 At large N , the index becomes

Z∞ = PE
[
vv̄

1− f

] ∞∏
n=1

1
1− f(ynA) , (2.3)

where yA are fugacities associated with global symmetry charges of the U(N) gauge theory.
This expression has a transparent interpretation. The denominator counts polynomials in
traces built from adjoint fields. The numerator counts polynomials in mesonic operators,
built from an arbitrary number of adjoint fields sandwiched between an anti-fundamental
field and a fundamental field.

For simplicity, we limit our examples in the main text to the case of U(N) gauge
theories with only adjoint fields. Still, the expression (2.3) will be useful shortly. We treat
in detail an example containing (anti)fundamental fields in appendix C. With only adjoint
fields, i.e. v = v̄ = 0, the U(N) gauge theory index becomes

ZN = 1
N !

∮
|µa|=1

N∏
a=1

dµa
2πiµa

∏
a 6=b

(1− µaµ−1
b ) PE

f∑
a,b

µaµ
−1
b

 . (2.4)

At large N , we have

Z∞ =
∞∏
n=1

1
1− f(ynA) . (2.5)

The prescription developed in [42] to count modifications of products of determi-
nants (2.1) involves three steps: (1) we add ki copies of a system of auxiliary (anti)funda-
mental fermionic and bosonic fields for each type of determinant, (2) we take the large N
limit, and then (3) we project onto ∏i U(ki) invariants. The original U(N) gauge theory
has vanishing v, v̄, but the auxiliary (anti)fundamental fields in the theory with determi-
nant insertions now has nonzero (anti)fundamental single-letter indices v, v̄. The auxiliary
degrees of freedom have single-letter indices

vi = (xi − 1)σXi (2.6)
v̄j = (1− x−1

j )/σXj . (2.7)

where xi is the fugacity for Xi. There is freedom to introduce additional variables σXi
which become gauge fugacities for the effective quiver gauge theory.

2The plethystic exponential of a function h is defined as

PE[h(yj)] = exp

(
∞∑
n=1

1
n
h(ynj )

)
.

By a formal exchange of sums, it can be expressed as a (infinite) product in the U(N) integrand of a
superconformal index.
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At large N , the index of the U(N) gauge theory in the presence of determinants will
look like (2.3). There is now an “effective” single-letter index

viv̄j
1− f , (2.8)

on top of the polynomials of traces in the original gauge theory. The single-letter index
describing the interactions between determinants of types i and j is

f̂ ij = δij +
(xi − 1)(1− x−1

j )
1− f (2.9)

Adjoint excitations i = j correspond to open strings that end on the same type of brane.
Bifundamental excitations i 6= j are open strings that start at a brane of type i and end
on a brane of type j. The δij factor cancels fermion zeromodes that occur for adjoint
interactions.3

Let us treat the extra variables σXi as U(ki) gauge fugacities and impose gauge in-
variance for all brane types i. The result is the index of an effective ∏i U(ki) quiver gauge
theory

Ẑ(k1,··· ,ks) = 1
k1! · · · ks!

∮ k1∏
a1=1

dσX1
a1

2πiσX1
a1

· · ·
ks∏
as=1

dσXsas
2πiσXsas∏

a1 6=b1

(
1−

σX1
a1

σX1
b1

)
· · ·

∏
as 6=bs

(
1−

σXsas
σXsbs

)
PE

 s∑
i,j=1

f̂ ij ∑
ai,bj

σXiai

σ
Xj
bj

 , (2.10)

whose holographic interpretation is the worldvolume gauge theory on stacks of branes in
the string dual of the U(N) gauge theory. The brane index Ẑ(k1,··· ,ks) is accompanied by
bare fugacities

xk1N
1 · · ·xksNs (2.11)

held by a collection of determinant operators (2.1) and by the spectrum Z∞ of background
closed strings (2.5). We have not yet specified the integration cycle. The correct cycle is
nontrivial and will be the subject of the next subsection.

Our review of previous results was rather schematic. For completeness, we include an
explicit derivation of brane indices for the half-BPS sector in appendix A.

2.2 Analytic continuation of the counting

An important feature of the worldvolume theory is that it contains “fields” which have
charges opposite to the ones of the original theory. For example, when counting modi-
fications of detX we have to include modifications where some X’s in the determinant
are replaced by the identity matrix I. This modification has an effective charge which is

3If (anti)fundamental indices v, v̄ were nonzero in the original theory, we would also have

v̂i = (xi − 1)
1− f v, ˆ̄vj =

(1− x−1
j )

1− f v̄.
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opposite to the one of X. This can create a problem: if the charges of the effective fields
do not lie in a convex cone, infinitely many operators can contribute in any given charge
sector and the operator counting problem is ill-defined. In all situations we work in, various
cancellations ensure that the modifications of powers of a single determinant give rise to
a well-defined counting problem, giving the index of the worldvolume theory on stacks of
various branes.

When considering modifications of multiple determinants, the problem becomes more
severe. Consider, for example, modifications of detX detY ∝(

εi1i2···iN ε
j1j2···jN Xi1

j1
Xi2
j2
· · ·XiN

jN

) (
εk1k2···kN ε

l1l2···lN Y k1
l1
Y k2
l2
· · ·Y kN

lN

)
. (2.12)

A replacement of a single X → Y has precisely opposite charge to Y → X. Mixed
modifications will compound the problem. From the point of view of branes, the problem
is that we now have configurations of branes wrapping transverse directions: fields which
describe movement of a brane in a direction parallel to a second brane have opposite charge
to the derivatives of fields on the worldvolume of the latter. This obstructs a standard
counting of operators or excitations.

Ultimately, we are interested in what could be called an analytic continuation of a
counting problem. Consider again the case discussed in the previous work [42]. The
objective was to compare the counting of determinant modifications with the finite N

corrections to the index of the U(N) gauge theory. Denote with x the fugacity of field X in
the original theory. The index of the theory can be interpreted as a formal power series in
x or as an actual function of x, defined initially for sufficiently small x. The proposal there
was to compute the index Z̃k for modifications of (detX)k as a power series in x−1 and
then analytically continue its resummation to a power series Ẑk in x. This analytically-
continued brane index could then be identified as finite N corrections to the index of the
original theory.

In the case of powers ∏i(detXi)ki of multiple determinants, we cannot directly define
the analogue of Z̃k. Instead, we need to find a direct definition of the analytically-continued
brane index Ẑ(k1,k2,··· ) that can be identified with finite N corrections to the gauge theory
index. Our strategy is to define Ẑ(k1,k2,··· ) by evaluating the gauge fugacity integral along
an integration cycle, defined implicitly through the theory of multivariate residues [64, 65].
The integration cycle will directly reflect the set of allowed open string excitations of the
brane stack. Another integration cycle was discussed in [43]. Our prescription gives a
physical explanation for the integration cycle and generalizes the prescription to cycles for
determinants in general U(N) gauge theories.

Concisely, a multivariate residue is defined by factoring the denominator of an inte-
grand

h(σ)dσ1 ∧ · · · ∧ dσK
g1(σ) . . . gK(σ) , (2.13)

into K = ∑
i ki parts. The residue is evaluated at an isolated common zero of the ga, which

for us will be the point σ = 0 where all ∏i U(ki) fugacities vanish. The multivariate residue
selects a specific integration cycle in the neighborhood of the zero: the torus |ga(σ)| = ε for
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sufficiently small ε, oriented according to the condition d(arg g1)∧ · · ·∧d(arg gK) ≥ 0. The
integration cycle and the final answer depend on the choice of the denominator partition4

g =
{(
gX1

1 , · · · , gX1
k1

)
,
(
gX2

1 , · · · , gX2
k2

)
, · · · ,

(
gXs1 , · · · , gXsks

)}
, (2.14)

so the task is to find g that will implement the correct analytic continuation of the brane
index.

Roughly speaking, our prescription for g is that gXiai contains denominators that each
represent single open strings ending on the brane (detXi)ai , where we now “number” the
determinants of (2.1) as(

(detX1)1 · · · (detX1)k1

)(
(detX2)1 · · · (detX2)k2

)
· · ·
(
(detXs)1 · · · (detXs)ks

)
. (2.15)

The analytically-continued spectrum of multiple open strings can be read off from the final
brane index defined in terms of g. We will make precise the above statements shortly. We
review the theory and computation of multivariate residues in appendix B.

The integrand of the brane index (2.10) generally involves ratios of infinite products.
Numerators and denominators come respectively from negative and positive terms that
appear in an expansion of the brane single-letter index f̂ ij . If we have

f̂ ij(yA) = +
∑
α

pα(yA)−
∑
β

nβ(yA) (2.16)

for some i and j, the denominator involves products of(
σXiai − pα(yA)σXjbj

)
, (2.17)

where pα(yA) is some product of global symmetry fugacities yA and their inverses. If pα(yA)
is the fugacity associated with a modification of (detXi)ai by explicit letters in the original
gauge theory, then we can interpret the denominator (2.17) as a single open string that
starts on brane (detXj)bj and ends on brane (detXi)ai . We will take this interpretation
in a literal manner in the context of gauge/string duality. The labels on gauge fugacities
σ are the Chan-Paton labels of the open string endpoints. On the brane (detXi)ai where
it ends, the string sources charges that can be read off from the fugacity pα(yA).

We will say that a fugacity corresponds to an allowed modification if there exists
a replacement, carrying the same fugacity, of a single letter Xi in detXi by an explicit
collection of BPS fields in the U(N) gauge theory. Consider the denominator above, which
we can also write as (

σXiai − pα(yA)σXjbj
)
∝
(
σ
Xj
bj
− p−1

α (yA)σXiai
)
. (2.18)

In many situations, fugacity p−1
α (yA) will not correspond to any allowed modification of

(detXj)bj . On the other hand, fugacity pα(yA) always corresponds to an allowed modifica-
tion of (detXi)ai . So in these situations, the denominator induces a preferred orientation
on the open string.

4We inserted parentheses in (2.14) to guide the viewing of the expression. The set g has K =
∑

i
ki

elements and should be understood without the parentheses.
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However, there are circumstances where p−1
α (yA) corresponds to an allowed modifica-

tion of (detXj)bj too. In other words, it can happen that both the left and right hand
sides of (2.18) admit interpretations as open strings related only by orientation reversal and
charge conjugation. It turns out that the value of the residue can differ based on whether
we classify the denominator into gXiai or gXjbj . This is because we are making a choice on the
orientation of this string while keeping the orientations of all other open strings fixed. To
get an invariant answer, we introduce an ordering for the branes. A convenient ordering
is written in (2.14) and (2.15). It suggests that we first partition into gX1

1 all denomina-
tors that can represent open strings ending on (detX1)1. We then partition into gX1

2 all
leftover denominators that can represent open strings ending on (detX1)2, and repeat the
process until (detXs)ks . This means that if gXiai comes before gXjbj in the ordering, then we
place (2.18) into gXiai . Vice versa holds if gXjbj comes before gXiai . The final result does not
depend on the brane ordering.

Our analysis of the allowed modifications points to a natural prescription for the de-
nominator partition g: let g be ordered as

g =
{(
gX1

1 , · · · , gX1
k1

)
,
(
gX2

1 , · · · , gX2
k2

)
, · · · ,

(
gXs1 , · · · , gXsks

)}
(2.19)

and gauge fugacities σ also ordered accordingly. The prescription for g is that gXiai contains
denominators that represent allowed modifications ending on the brane (detXi)ai , where
denominators are partitioned into elements of g in the above order. Elements gXiai should
also include powers of the corresponding zeromode σXiai that appear in the denominator of
the integrand. Elements of g have a common degenerate zero g = 0 at the point σ = 0
where all gauge fugacities vanish. We claim that the residue of the ∏i U(ki) gauge integral
at σ = 0, with the integration cycle given by g, yields the brane index Ẑ(k1,k2,··· ,ks) that
can be compared to the gauge theory spectrum.

We demonstrate our prescription in a series of examples in section 3.

2.3 Structure of microstates

We are ready to address how BPS microstates in string theory are organized in the dual
gauge theory. We propose that string theory microstates are organized as a coherent sum
of branes that are dual to a set of determinant operators in gauge theory:

ZN = Z∞

∞∑
k1,k2,··· ,ks=0

(
xk1N

1 xk2N
2 · · ·xksNs

)
Ẑ(k1,k2,··· ,ks). (2.20)

The ingredients in (2.20) can be derived in a free U(N) gauge theory: ZN is the finite N
gauge theory index, xkiNi are bare fugacities of determinants (detXi)ki , and Ẑ(k1,k2,··· ,ks)
is an analytic continuation of the counting of determinant modifications. However, the
most natural setting in which to interpret (2.20) is the string theory dual. By gauge/string
duality, ZN is the finite N string theory index, Z∞ is the spectrum of closed strings, xkiNi
are fugacities of branes dual to determinants, and Ẑ(k1,k2,··· ,ks) is an analytic continuation
of the spectrum of open string excitations on stacks of branes. The equation says that the
BPS index of finite N string theory is exactly (i.e. convergently) the sum of all brane/string
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Figure 1. General quiver diagram for s = 4.

configurations, where the sum is over numbers of branes. The proposal for the microstates
in various examples will be based on the set of gauge theory determinant operators that
contribute to (2.20), computed via the prescription provided in the current section.

Branes and their interactions can be captured in a quiver diagram as in figure 1. The
quiver diagram is that of the ∏i U(ki) quiver gauge theory that lives on the worldvolume of
intersecting branes. Each node is associated with a brane dual of (detXi)ki where there are
ki coincident branes of the i-th type. In the main text, we consider quivers with adjoint and
bifundamental arrows. Adjoint arrows start and end on the same node, and they represent
open strings that start and end on the same type of brane. Bifundamental arrows start from
one node and end on a different node, and they represent open strings that start on one type
of brane and end on a different type of brane. In general, nodes are maximally connected
by all-to-all arrows. The brane single-letter index f ij is a matrix that encodes single-letter
excitations associated with each arrow. If the original gauge theory has (anti)fundamental
fields, the brane quiver can also have arrows that start (end) on a node but do not end
(start) anywhere. We work through an example with (anti)fundamentals in appendix C.

BPS free fields in the U(N) gauge theory rearrange themselves and play different roles
in the effective theory of determinant modifications. For example, a bosonic scalar or
an adjoint fermion pair may assume the role of a derivative on the worldvolume theory
interpreted at large N . This is a general phenomenon because the arrangement of branes
in relation to one another affects charges that can be sourced on the worldvolume by open
strings.

Determinant operators whose modifications make up the finite N spectrum are in-
triguing in their own right. In explicit examples, we find the appearance of not only
determinants of scalar fields (e.g. detX), which were studied in the context of giant gravi-
ton branes [66–80], but also the determinant detF of a field strength component and heavy
fermion condensates such as a gaugino-gaugino pair detλ+λ− and a gaugino-chiralino pair
detλ±ψ.

Our proposal for the microstates is based on gauge theory determinant operators that
are necessary in the brane expansion (2.20) of the superconformal index. It is unclear
whether the proposed microstates (whose indices we compute) actually form a basis of the
free BPS Hilbert space of finite N gauge/string theory. It is possible that some branes
are cancelled in the index. It would be important to investigate whether the microstates
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form a basis by formulating a brane expansion for the free BPS partition function. We
nonetheless expect that the proposed microstates of section 3 are sufficient to capture the
degeneracies of BPS black holes or bubbling geometries at large N .

It is natural to wonder whether the “basis” of microstates suggested by our prescription
is unique. More precisely, we should ask whether another set of string/brane indices can
assemble as in (2.20) to produce the same finite N index spectrum. We believe there are
other equally-valid sets of string/brane indices. Indeed, if we change the basis of charges in
the definition of the gauge theory index, the set of contributing determinants also seems to
change. From the perspective of string theory, it is not surprising that seemingly different
branes correspond to the same set of states [81]. The microstates proposed in section 3 are
those that are given by our prescription for a convenient basis of global symmetry charges
CA in gauge theory. An interesting direction would be to study how the set of contributing
branes vary with different sets of charges CA that commute with the supercharge Q.

3 Examples

In this section, we demonstrate our prescription to construct the indices of string theory
microstates. The set of branes that appear in 1/2- and 1/4-BPS sectors of IIB string
theory on AdS5×S5 are giant gravitons dual to determinants of scalar fields. The example
of a U(N)-gauged fermion is somewhat surprising because it shows that there are branes
dual to determinants of fermion bilinears. These branes play an essential role in the brane
expansion, but they are not giant gravitons in the standard sense. Lessons from the fermion
example enables us to propose brane configurations in string duals of holomorphically-
twisted N = 1 and N = 2 gauge theories. We end with a puzzle in the 1/16-BPS sector
regarding other determinants that can show up in the brane expansion.

3.1 Half-BPS sector

We begin with the simplest example of the half-BPS index of U(N) N = 4 super Yang-
Mills. The half-BPS sector in gauge theory is spanned by multi-trace operators of the form∏
i Tr(Xmi) modulo trace relations at finite N . The field X is a bosonic adjoint scalar that

has charge 1 under R-symmetry U(1)X ⊂ SO(6). There are no fermions in this sector, so
the index is in fact the half-BPS partition function.

The gauge theory single-letter index in the half-BPS sector is f = x. In this example,
the finite N index can be written exactly:

ZN =
N∏
n=1

1
1− xn . (3.1)

In [42], it was proposed that ZN can be reorganized as a sum over terms that are readily
interpreted as bulk giant gravitons and their open string excitations:

ZN = Z∞

∞∑
k=0

xkN Ẑk (3.2)
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where

Ẑk =
k∏

m=1

1
1− x−m (3.3)

is the index of the worldvolume gauge theory on k coincident giant gravitons and where

Z∞ =
∞∏
n=1

1
1− xn (3.4)

represents background closed strings. The giant gravitons wrap a maximal S3 ⊂ S5 that
is fixed under the U(1)X isometry.

This proposal was based on the prescription described in section 2.1, which says that
the adjoint single-letter index of the giant graviton worldvolume theory is f̂XX = x−1. We
can also derive (3.2) by summing over residues of the generating function

Z(ζ;x) =
∞∑
N=0

ζNZN =
∞∏
n=1

1
1− ζxn (3.5)

in the ζ-plane.
One can intuit the fact that excitations of giant gravitons carry an opposite R-charge

compared to gauge theory excitations as follows. Consider the ways of modifying the
determinant operator

detX = 1
N !εi1i2···iN ε

j1j2···jNXi1
j1
Xi2
j2
· · ·XiN

jN
(3.6)

by replacing one of the Xs with other fields in a large N gauge theory. “Closed-string”
modifications of the form X → Xm+1 are trivial because they yield

detX → TrXm detX (3.7)

and multi-trace operators are already accounted by the overall factor Z∞. In the half-
BPS sector, the only nontrivial way of modifying detX is to replace an X by the identity
I. Such a modification effectively takes away an R-charge, so excitations X → I carry
the fugacity x−1. From a bulk point of view, a giant graviton brane detX that wraps a
maximal S3 ⊂ S5 is saturated with N units of the R-charge. It can only lose R-charges,
so its open string excitations are “holes” in the sea of R-charges. The holes correspond to
modifications that replace a single X by I in the determinant.5

In preparation for more involved examples, it will be instructive to examine the integral
definition of Ẑk directly:

Ẑk = 1
k!

∮ ∏
a

dσa
2πiσa

∏
a 6=b

(1− σa/σb)
∏
a,b

1
(1− x−1σa/σb)

= 1
k! (diag)×

∮ ∏
a

dσa
2πiσa

∏
a 6=b

(σa − σb)
(σa − x−1σb)

(3.8)

5This intuition is only precise at large N .
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Figure 2. Excitations of half-BPS giant graviton branes dual to detX.

As explained in section 2.2, we analytically continue the counting of determinant modi-
fications with our the choice of the integration cycle, which is specified through g. The
denominators of (3.8) have physical meaning: they are open strings ending on the giant
graviton (detX)a. The fugacity x−1 conveys that the string sources negative R-charges on
the giant graviton.

We can be explicit about the integration cycle by specifying denominator partitions
in the theory of multivariate residues. With ordering g = {g1, · · · , gk}, the denominator
partition should be chosen as

g1 = σ1
∏
b 6=1

(σ1 − x−1σb)

g2 = σ2
∏
b 6=2

(σ2 − x−1σb)

...
gk = σk

∏
b 6=k

(σk − x−1σb), (3.9)

We observe that any given brane (detX)a receives a negative unit of the R-charge due to
adjoint open strings that start at all other branes and end on (detX)a. There is also a
zeromode σa due to strings that start and end on (detX)a.

The integrand (3.8) has a degenerate pole at σ1 = · · · = σk = 0 where all the desired
poles condense. It is possible to compute the residue at this degenerate pole using tech-
niques from multivariate residues.6 Following this prescription, one can indeed verify that
the integral definition of Ẑk agrees with (3.3).

The exact identity (3.2) suggests that the half-BPS spectrum of IIB string theory on
AdS5× S5 at finite N is captured entirely by a sum over stacks of D3 giant gravitons dual
to (detX)k, their open string excitations, and background closed strings. The bulk content
is summarized in the quiver diagram in figure 2. A property that is special to the half-BPS
example is that the statement above holds at finite λ, because the half-BPS cohomology
in gauge theory does not change when one turns on λ. For general BPS sectors, we expect
the finite N microstates in the brane expansion to survive only at the free point λ = 0.

Before moving on, let us comment on the peculiar way in which stacks of giant gravitons
sum to give the half-BPS spectrum. Observe through direct power expansion that each
summand in (3.2) overcounts the gauge theory index ZN . However due to the analytic
continuation in the R-symmetry fugacity, there is an overall sign in the brane index Ẑk

6In practice, it is more computationally efficient to resolve the degenerate pole into nondegenerate poles
and sum their contributions. See appendix B.
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Figure 3. Excitations of 1/4-BPS giant gravitons detX and detY . It turns out that the bifunda-
mental arrows disappear and the nodes factorize.

that alternates with k:
Ẑk = (−1)kxk(k+1)/2∏k

m=1(1− xm)
. (3.10)

Odd stacks of giant gravitons effectively behave as fermions in the half-BPS string theory
Hilbert space, even though the half-BPS Hilbert space of the dual CFT only involves
gauge-invariant combinations of bosonic scalars X. Vast cancellations between even and
odd stacks of giant gravitons yield the finite N index ZN . We will discuss this further in
section 4.1.

3.2 1/4-BPS sector

Let us now consider the 1/4-BPS index of U(N) N = 4 SYM, where there is a nontrivial
quiver description of microstates in the string dual. In free N = 4 SYM, the 1/4-BPS sector
is spanned by symmetrized traces ofX and Y . A way to implement the symmetrization is to
count instead gauge-invariant operators made of bosonic scalars X,Y carrying R-charges
(1, 0), (0, 1) and a fermion ψ carrying charges (1, 1) under U(1)X × U(1)Y ⊂ SO(6)R,
equipped with the relation Qψ = [X,Y ].

The adjoint single-letter index of the gauge theory in the 1/4-BPS sector is

f = x+ y − xy. (3.11)

The bulk string dual is organized in terms of two orthogonal stacks of giant gravitons with
the quiver diagram in figure 3. Adjoint excitations of giant gravitons are given by the
single-letters

f̂XX = x−1 − y
1− y =

∞∑
m=0

ym(x−1 − y) (3.12)

f̂YY = y−1 − x
1− x =

∞∑
m=0

xm(y−1 − x) (3.13)

and bifundamental excitations are

f̂XY = y−1 (3.14)
f̂YX = x−1. (3.15)

Modifications of detX carry fugacities x−1 and powers of y, so excitations of (detX)k may
take away U(1)X charges. Y assumes the role of a derivative on the worldvolume theory
of (detX)k. Similar statements hold for detY .

– 14 –



J
H
E
P
1
1
(
2
0
2
2
)
1
3
7

Fortunately, there is a generating function for 1/4-BPS indices from which we can
derive the giant graviton expansion [11, 82]:

Z(ζ;x, y) =
∞∑
N=0

ζNZN (x, y) = 1
1− ζ

∞∏
n=1

1
(1− ζxn)(1− ζyn) . (3.16)

Summing over residues in the ζ-plane, we get

ZN (x, y) = Z∞

∞∑
k=0

[
xkN

∏∞
m=1(1− ym)∏k

m=1(1− x−m)∏∞m=1(1− x−kym)

+ ykN
∏∞
m=1(1− xm)∏k

m=1(1− y−m)∏∞m=1(1− y−kxm)

]

= Z∞

∞∑
k=0

[
xkN Ẑ(k,0) + ykN Ẑ(0,k)

]
(3.17)

where
Z∞ =

∞∏
n=1

1
(1− xn)(1− yn) (3.18)

is the closed string prefactor. This expansion is convergent for |x|, |y| < 1. Spurious poles
on the right-hand side of (3.17) cancel when multiple terms are combined.

Interestingly, the X and Y quiver nodes factorize such that the U(kX)×U(kY ) mixed
terms xkXNykY N Ẑ(kX ,kY ) vanish. The factorization is somewhat special to the 1/4-BPS
sector at the free point of N = 4 SYM. A brane expansion of the 1/4-BPS partition function
at small λ indeed does not factorize, as can be derived from generating functions in [11].

We can reproduce the brane indices of (3.17) directly. The integral definition of the
brane quiver index is

Ẑ(kX ,kY ) = 1
kX !kY !

∮ kX∏
a=1

dσXa
2πiσXa

kY∏
c=1

dσYc
2πiσYc

∏
a 6=b

(1− σXa /σXb )
∏
c 6=d

(1− σYc /σYd )

kX∏
a,b=1

∞∏
m=0

1− ym+1σXa /σ
X
b

1− x−1ymσXa /σ
X
b

kY∏
c,d=1

∞∏
m=0

1− xm+1σYc /σ
Y
d

1− y−1xmσYc /σ
Y
d

kX∏
a=1

kY∏
c=1

1
1− y−1σXa /σ

Y
c

1
1− x−1σYc /σ

X
a

. (3.19)

Rewriting, we have

Ẑ(kX ,kY ) = 1
kX !kY ! (diag)

∮ kX∏
a=1

dσXa
2πiσXa

kY∏
c=1

dσYc
2πiσYc

∏
a 6=b

(1− σXa /σXb )
∏
c 6=d

(1− σYc /σYd )

∏
a 6=b

∞∏
m=0

σXa − ym+1σXb
σXa − x−1ymσXb

∏
c 6=d

∞∏
m=0

σYc − xm+1σYd
σYc − y−1xmσYd

kX∏
a=1

kY∏
c=1

σYc
(σYc − y−1σXa )

σXa
(σXa − x−1σYc ) . (3.20)
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The full set of excitations of giant gravitons is captured by our integration cycle prescrip-
tion, but we can already learn much by interpreting the denominators of the integrand
as single-string excitations of branes (detX)kX (detY )kY in a large N string background.
Later, we will choose g so that it reflects the allowed excitations ending on each brane.

Denominators of the integrand come from positive terms in brane single-letter indices.
Take, for example, denominators

(σX1 − x−1ymσX2 )(σX2 − x−1ymσX1 ), (3.21)

that tell us about adjoint interactions of determinants

(detX)1 = 1
N ! εi1i2···ε

j1j2··· Xi1
j1
Xi2
j2
· · ·

(detX)2 = 1
N ! εk1k2···ε

l1l2··· Xk1
l1
Xk2
l2
· · · . (3.22)

Single modifications of (detX)1 and (detX)2 act respectively as

Xi
j → (Y m)kj

Xk
l → (Y m)il (3.23)

The brane (detX)1 lost a U(1)X charge but gained m units of U(1)Y charge, and vice
versa for (detX)2. The result is a pair of adjoint open strings connecting the two branes
and sourcing the said charges.

It is also instructive to look at the bifundamental interactions between the following
determinants:

(detX)1 = 1
N ! εi1i2···ε

j1j2··· Xi1
j1
Xi2
j2
· · ·

(detY )2 = 1
N ! εk1k2···ε

l1l2··· Y k1
l1
Y k2
l2
· · · .

The relevant denominators are

(σX1 − x−1σY2 )(σY2 − y−1σX1 ), (3.24)

which we can also write as

∝ (σX1 − x−1σY2 )(σX1 − yσY2 ). (3.25)

Expressions (3.24) and (3.25) suggest two very different possibilities for open strings that
connect (detX)1 and (detY )2 (modulo X ↔ Y ). The first possibility from (3.24) is

Xi
j → Ikj

Y k
l → Iil , (3.26)

which is a pair of bifundamental strings connecting the two branes. The second possibility
from (3.25) is

Xi
j → Ikj

Xi′
j′ → Y i

kX
i′
j′ , (3.27)
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which has no bifundamental strings. In the latter scenario, a pair of bifundamental strings
connecting the two branes pinch off from (detY )2 to become a single adjoint string on
(detX)1.

The ambiguity in selecting the correct excitation disappears when we recall from sec-
tion 2.2 that the branes are “numbered” via the ordering of g. If g is ordered as

g = {gX1 , · · · , gXkX , g
Y
1 , · · · , gYkY }, (3.28)

all allowed modifications of (detX)1 should be taken into account before considering mod-
ifications of (detY )2. This means that the latter scenario (3.27) with no bifundamental
strings is the correct one. Remarkably, we were able to deduce the factorization of the 1/4-
BPS quiver in figure 3 just by reasoning through the allowed single-letter modifications.
In general, brane quivers do not factorize because there are bifundamental excitations that
are allowed only on one brane but not the other, and vice versa.

In the case of Ẑ(1,1), we can be explicit because the gauge integral reduces to an
ordinary contour integral with only two poles:

Ẑ(1,1) = (diag)
2πi

∮
dσX1

(1− y−1σX1 )(σX1 − x−1)
. (3.29)

We set σY1 = 1 in the integrand due to decoupling of one of the U(1). The integrand has
poles of opposite residues at σX1 = y and σX1 = x−1. In our residue prescription, the first
string configuration (3.26) selects a contour that encloses only the pole at σX1 = x−1, while
the second configuration (3.27) selects a contour that encloses both poles. The second
string configuration is the correct one according to our prescription, and indeed the two
residues sum to zero. For higher mixed terms, we can only describe the integration cycle
using denominator partitions.

With this intuition at hand, let us specify the integration cycle. With g ordered
as (3.28), the denominators should be partitioned as

gX1 = σX1

kX∏
a=1
a 6=1

∞∏
m=0

(σX1 − x−1ymσXa )
kY∏
c=1

(σYc − y−1σX1 )(σX1 − x−1σYc )

...

gXkX = σXkX

kX∏
a=1
a 6=kX

∞∏
m=0

(σXkX − x
−1ymσXa )

kY∏
c=1

(σYc − y−1σXkX )(σXkX − x
−1σYc )

gY1 = σY1

kY∏
c=1
c 6=1

∞∏
m=0

(σY1 − y−1xmσYc )

...

gYkY = σYkY

kY∏
c=1
c 6=kY

∞∏
m=0

(σYkY − y
−1xmσYc ).
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Again, elements of g have a common degenerate zero at σXa = σYc = 0 where all the physical
poles of the index integrand condense. One can evaluate the residue at the degenerate pole
by truncating the infinite products in the denominators and working in power series. Mixed
terms Ẑ(kX ,kY ) with nonzero kX , kY vanish.

Working in power series, we verified that the integral definitions of Ẑ(k,0), Ẑ(0,k) agree
with the exact answer in (3.17) up to k = 3. The agreement also holds in various “coin-
cident” specializations such as xm = yn for m,n ∈ Z≥0 with careful regularization. When
fugacities are taken to be rational powers of one another, branes form bound states in the
bulk. We discuss this phenomenon in section 4.2.

The convergent expansion (3.17) says that the 1/4-BPS index of IIB string theory at
finite N is captured entirely by sums of stacks of D3 giant gravitons dual to (detX)k and
(detY )k and open/closed string excitations thereof. It would be very interesting to know
whether these microstates span the free 1/4-BPS Hilbert space.

3.3 U(N)-gauged fermion

We now consider the index of a U(N)-gauged adjoint fermion ψ with charge 1 under some
global symmetry U(1). This theory has the single-letter index

f = −q. (3.30)

Unlike in previous examples, there is no bosonic adjoint scalar with which to form a de-
terminant operator, and fermion determinants such as detψ vanish. However, we can still
consider nonvanishing operators detψ2 composed of fermion bilinears. These heavy fermion
condensates should be dual to giant graviton-like branes in a dual string theory.

The appearance of these determinants seems quite ubiquitous in physical theories. In
coming sections, we show that heavy fermion condensates play an essential role in string
duals of (holomorphic twists of) N = 1 and N = 2 gauge theories.

The finite N index of a U(N)-gauged fermion can be written exactly as

ZN (q) =
N∏
n=1

(1− q2n−1) (3.31)

In [42], a giant graviton-like expansion for this index was found experimentally:

ZN (q) = Z∞

∞∑
k=0

q2kN qk∏k
i=1(1− q2i)

(3.32)

= Z∞

∞∑
k=0

q2kN (−1)kq−k2∏k
i=1(1− q−2i)

, (3.33)

but an independent derivation of brane terms from determinants was not developed there.
Here, let us derive the brane indices Ẑk using the prescription in section 2.1. The

prescription is a simple generalization of the counting problem for bosonic determinants
detX (see appendix A) to heavy fermion condensates detψ2. These brane configurations
have the quiver diagram illustrated in figure 4.
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Figure 4. Excitations of branes dual to a heavy fermion condensate detψ2.

The single-letter index describing modifications of detψ2 is

f̂ψ
2

ψ2 = q + 1
q2 −

1
q

(3.34)

and the index of the gauge theory on the giant worldvolume is

Ẑk = 1
k!

∮ k∏
a=1

dσa
2πiσa

∏
a 6=b

(1− σa/σb)
k∏

a,b=1

(1− q−1σa/σb)
(1− qσa/σb)(1− q−2σa/σb)

= (−1)k
k!

q−k
2

(1− q−2)k
∮ k∏

a=1

dσa
2πiσa

∏
a 6=b

(σa − σb)
(σa − q−2σb)

. (3.35)

Ẑk comes with the prefactor q2kN , the bare fugacity associated to (detψ2)k.
Notice that the integral (3.35) has the same form as the half-BPS integral (3.3). Indeed,

“good” modifications ψ2 → I of the determinant possess the effective fugacity q−2, as we
are taking away two units of the U(1)-charge. Choosing integration contours in the same
way as in the half-BPS example with x−1 replaced by q−2, we find

Ẑk = (−1)kq−k2∏k
i=1(1− q−2i)

. (3.36)

via explicit computation up to k = 3.
Before moving on, it will be instructive to consider a similar theory with

f = −q
1− q . (3.37)

where now the theory of a U(N)-gauged fermion has derivatives with the same U(1) charge
as ψ. This gauge theory index turns out to be independent of N for N > 0. Interestingly,
we can understand why there are no finite N corrections by studying the brane single-letter
index of detψ2:

f̂ψ
2

ψ2 = −1 + 1
q2 −

1
q

+ 2q + q2 − q3. (3.38)

The brane index has an extra fermion zeromode −1, which in its gauge integrand becomes
a vanishing numerator

k∏
a,b=1

(
1− σa

σb

)
= 0. (3.39)

So the bulk reason why this U(N) index does not depend on N is that there are no branes
that can introduce finite N corrections. The brane dual of detψ2 vanishes due to an extra
fermion zeromode. In more involved examples, the presence of an extra zeromode in the
adjoint single-letter index will eliminate candidates for relevant determinants.

– 19 –



J
H
E
P
1
1
(
2
0
2
2
)
1
3
7

3.4 N = 1 vectormultiplet

We now consider the index of a four-dimensional pure U(N) Yang-Mills theory consisting
of a N = 1 vectormultiplet. Due to its anomalous R-symmetry, we cannot define the
index of this theory on S1 × S3. However, the vectormultiplet index we discuss can be
understood as an index counting gauge-invariant local operators in the holomorphic twist
of pure N = 1 Yang-Mills on C2 [83, 84], where the R-symmetry anomaly is perturbatively
Q-exact. This example displays nontrivial interactions between branes with large angular
momenta dual to determinants of a field strength component and wrapped branes dual to
heavy fermion condensates.

The contributing fields satisfy the BPS condition ∆ − 2j1 + 3
2r = 0 that relates the

conformal dimension ∆ with global symmetry charges. Their counting is weighted by

(−1)F pj1+j2− 1
2 rqj1−j2−

1
2 r. (3.40)

There are two gauginos λ+, λ−, field strength component F ≡ F++, and BPS derivatives
∂+, ∂− thereof. These fields transform under Lorentz symmetry U(1)1×U(1)2 ⊂ SU(2)1×
SU(2)2 ' SO(4) as well as a R-symmetry U(1)r that is broken to a discrete subgroup in
the quantum theory. The angular momenta and charges of the fields are summarized in
table 1.

The field strength F and gaugino equations of motion have the same fugacities, so we
resolved their contributions by assigning the fugacity u for F . The condition u = pq should
be imposed in the final result. Doing so resolves a divergence in the brane index that ends
up cancelling out in the full sum over brane configurations. In total, the single-letter index
of the N = 1 vectormultiplet is

f = 1− (1− u)
(1− p)(1− q) = −p− q + pq + u

(1− p)(1− q) . (3.41)

Given the fields, let us guess a few candidates for relevant determinant operators:

• detF , with fugacity uN

• detλ+λ−, with fugacity pNqN

• detλ2
+, with fugacity p2N

• detλ2
−, with fugacity q2N .

We apply the prescription of section 2.1 to find single-letter indices for these determinants.
The adjoint indices of detλ2

+ and detλ2
− suffer from extra fermion zeromodes −1, so their

nodes in the quiver vanish. Adjoint indices of detF and detλ+λ− survive and are

f̂FF = 1
u

+ p+ q − pq − p

u
− q

u
+ pq

u
(3.42)

f̂λλ = 1
1− u

( 1
pq

+ 2p+ 2q − 1
p
− 1
q
− u− pq − p2q − pq2 + p2q2

)
. (3.43)
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∆ j1 j2 r f

λ+
3
2 0 1

2 −1 −p

λ−
3
2 0 −1

2 −1 −q

F 2 1 0 0 pq = u

∂λ = 0 5
2

1
2 0 −1 pq

∂+ 1 1
2

1
2 0 p

∂− 1 1
2 −1

2 0 q

Table 1. Letters and their charges in the N = 1 vectormultiplet index.

Figure 5. Brane quiver for twisted pure N = 1 Yang-Mills. The branes are dual to gauge theory
determinants detF++ and detλ+λ−.

Their bifundamental letters are

f̂Fλ = 1
pq

+ p+ q − 1
p
− 1
q
− pq (3.44)

f̂λF = 1
u
− p

u
− q

u
+ p2q

u
+ pq2

u
− p2q2

u
. (3.45)

Brane configurations in the string dual of twisted pure N = 1 Yang-Mills on C2 are given
by the U(kF )×U(kλ) quiver diagram of figure 5.

For the N = 1 vectormultiplet, we find the brane expansion

ZN = Z∞

∞∑
kF ,kλ=0

ukFN (pq)kλN Ẑ(kF ,kλ), (3.46)

where Ẑ(kF ,kλ) contains all open string excitations and the sum is over all ranks of the
quiver gauge group. The background closed string spectrum is

Z∞ =
∞∏
n=1

(1− pn)(1− qn)
(1− un) . (3.47)

We impose the constraint u = pq when evaluating the final expression.
It is straightforward to translate the single-letter indices into the full index:

Ẑ(kF ,kλ) = 1
kF !kλ! (diag)×

∮ kF∏
a=1

dσFa
2πiσFa

kλ∏
c=1

dσλc
2πiσλc

kF∏
a 6=b

(1− σFa /σFb )
kλ∏
c 6=d

(1− σλc /σλd )

kF∏
a 6=b

 σFa

(
σFa − pqσFb

) (
σFa −

p
uσ

F
b

) (
σFa −

q
uσ

F
b

)
(
σFa − 1

uσ
F
b

) (
σFa − pσFb

) (
σFa − qσFb

) (
σFa −

pq
u σ

F
b

)
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kλ∏
c 6=d

∞∏
m=0


(
σλc − um

p σ
λ
d

) (
σλc − um

q σ
λ
d

) (
σλc − um+1σλd

)
(
σλc − umpσλd

)2 (
σλc − umqσλd

)2(
σλc − umpqσλd

) (
σλc − ump2qσλd

) (
σλc − umpq2σλd

)
(
σλc − um

pq σ
λ
d

) (
σλc − ump2q2σλd

)


kF∏
a=1

kλ∏
c=1


(
σλc − pqσFa

) (
σλc − 1

pσ
F
a

) (
σλc − 1

qσ
F
a

)
(
σλc − 1

pqσ
F
a

)
(σλc − pσFa ) (σλc − qσFa )(

σFa −
p
uσ

λ
c

) (
σFa −

q
uσ

λ
c

) (
σFa −

p2q2

u σλc

)
(
σFa − 1

uσ
λ
c

) (
σFa −

p2q
u σ

λ
c

) (
σFa −

pq2

u σ
λ
c

)
 . (3.48)

The first and second brackets are adjoint terms and the third bracket contains bifunda-
mental terms. Adjoint terms indicate that the individual brane indices have divergences
at u = pq. These divergences will cancel in the brane expansion (3.46) when we combine
all terms Ẑ(kF ,kλ) that contribute at a given order in power series.

We find the possible open string excitations by examining the denominators. Let us
start with adjoint excitations of detF , for which the relevant denominators are(

σFa −
1
u
σFb

)(
σFa − pσFb

) (
σFa − qσFb

)(
σFa −

pq

u
σFb

)
. (3.49)

In the order shown, they correspond to the modifications

F → I

F → ∂+F

F → ∂−F

F → λ+λ−, (3.50)

where we suppressed adjoint matrix indices. Adjoint open strings on the brane dual of
detF source charges that can be read off from (3.50) and table 1. Note that fugacities in
the following rearrangement of (3.49)

∝
(
σFb − uσFa

)(
σFb −

1
p
σFa

)(
σFb −

1
q
σFa

)(
σFb −

u

pq
σFa

)
. (3.51)

do not correspond to any allowed modification of detF .
For adjoint excitations of detλ+λ− we have denominators(

σλc − umpσλd
)2 (

σλc − umqσλd
)2
(
σλc −

um

pq
σλd

)(
σλc − ump2q2σλd

)
, (3.52)

which correspond to modifications

λ+λ− → Fm(∂+λ+)λ−
λ+λ− → Fmλ+(∂−λ−)
λ+λ− → Fm

λ+λ− → Fm(∂2
+λ+)(∂2

−λ−) (3.53)
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modulo double poles.7 F assumes the role of a derivative in the U(kλ) worldvolume theory
on branes dual to (detλ+λ−)k. It is again clear that inverses of fugacities in (3.52) do not
correspond to allowed excitations.

We can also find bifundamental excitations from the (rearranged) denominators

∝
(
σFa −

1
u
σλc

)(
σFa −

p2q

u
σλc

)(
σFa −

pq2

u
σλc

)(
σFa − pqσλc

)(
σλc − pσFa

)(
σλc − qσFa

)
. (3.54)

In order, they correspond to

F → I

F → (∂+λ+)λ−
F → λ+(∂−λ−)
F → ∂+∂−F

λ+λ− → (∂+λ+)λ−
λ+λ− → λ+(∂−λ−). (3.55)

As in the 1/4-BPS example, bifundamental terms have some ambiguity that is resolved in
our residue prescription. In particular, the modifications F → I and F → ∂+∂−F of detF
could have been interpreted from the perspective of detλ+λ− as

λ+λ− → ∂+∂−F

λ+λ− → I. (3.56)

If g is ordered as
g = {gF1 , · · · , gFkF , g

λ
1 , · · · , gλkλ}, (3.57)

then we should categorize the modifications of detF first before considering detλ+λ−.
Therefore, the correct set of modifications are those in (3.55). Unlike in the 1/4-BPS
example, there are bifundamental excitations that are allowed only on detF but not on
detλ+λ−, and vice versa. Hence, the brane quiver for the N = 1 vectormultiplet does not
factorize.

Let us summarize the allowed excitations by writing the denominator partition g:

gFa = σFa

kF∏
b=1
b 6=a

(
σFa −

1
u
σFb

)(
σFa − pσFb

) (
σFa − qσFb

)(
σFa −

pq

u
σFb

)

kλ∏
c=1

(
σFa −

1
u
σλc

)(
σFa −

p2q

u
σλc

)(
σFa −

pq2

u
σλc

)(
σλc −

1
pq
σFa

)
7Modifications cannot be proportional to the field being replaced, because the extra letters would factor

out from the determinant as a trace and traces are already accounted by the closed string spectrum Z∞.
Also, the derivatives were taken to act on gauginos in a way that no ambiguities arise due to gaugino
equations of motion.
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gλc = σλc

kλ∏
d=1
d 6=c

∞∏
m=0

(
σλc − umpσλd

)2 (
σλc − umqσλd

)2
(
σλc −

um

pq
σλd

)(
σλc − ump2q2σλd

)
kF∏
a=1

(
σλc − pσFa

) (
σλc − qσFa

)
, (3.58)

where a, b = 1, 2, · · · , kF and c, d = 1, 2, · · · , kλ. The denominator partition g uniquely
specifies the integration cycle around the degenerate pole σFa = σλc = 0. In appendix D,
we present checks of the brane expansion (3.46) by evaluating the brane indices in power
series.

So far, our gauge theory prescription gave us indices of branes in a tentative string dual
of a twisted pure N = 1 vectormultiplet. Explicit computations of the brane expansion
shows that the sum over brane duals of detF and detλ+λ− (and their excitations) are
sufficient to explain the index spectrum of this string theory, up to the order checked in
appendix D. We emphasize that we did not need any knowledge of the string dual thus far.
It is nevertheless interesting to interpret the determinants in a known string background.
We should mention that the picture in terms of wrapped branes in a background geometry
is only valid at large N . On the other hand, brane indices are well-defined at finite N and
are in fact independent of N apart from its bare fugacity prefactor.

String backgrounds contain cycles whose isometries are generated by global symmetry
charges of the gauge theory. The branes we are interested in are analogous to maximal
giant gravitons. In the presence of RR field strengths, these branes acquire an angular
momentum of order N at fixed points of isometries [66]. For Sn, a brane wrapped on the
fixed Sn−2 sphere of a U(1) isometry maximizes the charge under U(1).

It was proposed in [85] (see also [86]) that pure SU(N) N = 1 Yang-Mills theory is
dual to the IR limit of IIB string theory with N D5 branes wrapped on S2 in a background
that is topologically

R4 × R≥0 × S2 × S3

with appropriate twists that preserve four supersymmetries. There are N units of RR
three-form flux across S3. The wrapped S2 component shrinks in the IR and blows up
in the UV, while S3 maintains finite radius. S2 is nontrivially fibered over S3 in a way
that nontrivial two-cycles are extended over both S2 and S2 ⊂ S3 in a correlated manner.
Rotations of S1

1×S1
2 ⊂ S̃3 ⊂ R4 along two orthogonal planes of R4 are isometries generated

by Lorentz angular momenta j1, j2. Rotation along a certain axis of S3 corresponds to the
action of r-symmetry U(1)r, which is broken to Z2N in the UV by D1 instantons wrapping
the nontrivial two-cycle.

The heavy gaugino condensate detλ+λ− starts out with ∼ N units of r-charge and no
angular momenta j1, j2 (see table 2). Its excitations (3.53) and (3.55) suggest that it can
gain an arbitrary amount of angular momenta and that it can lose but not gain r-charges.
Therefore, the brane dual of detλ+λ− sits in the time direction Rt and wraps a maximal
circle S1 in S3 that is fixed under the U(1)r isometry. The bound on the r-charge reflects
the finite size of this circle. As it gains Lorentz angular momentum, its trajectory can
rotate in the spatial planes along the circle S1

1 , because the worldvolume derivatives Fm
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∆ j1 j2 r fugacity

detλ+λ− 3N 0 0 −2N pNqN

detF 2N N 0 0 pNqN = uN

Table 2. Charges of determinant operators in the N = 1 vectormultiplet.

supply j1 charges. A natural candidate for the brane dual is a D1 brane that wraps Rt×S1,
where S1 is the fixed circle in S3 under U(1)r.

The field strength determinant detF starts out with N units of angular momentum j1.
Its excitations (3.50) and (3.55) suggest that it can gain r-charges r and angular momentum
j2, and that it can gain or lose j1. The brane dual of detF thus sits in the time direction Rt
and wraps a large spatial circle in S̃3 that is fixed under U(1)1. The radius of the wrapped
circle changes as the brane gains or loses angular momentum j1. Angular momenta and
size of the brane can grow without bound. Natural candidates for the brane dual are D1
branes wrapping Rt × S1, where S1 is a circle in S̃3 fixed under U(1)1, or D3 branes that
also wrap the nontrivial two-cycle.

3.5 N = 2 vectormultiplet

Let us now consider the index of pure U(N) N = 2 Yang-Mills theory consisting of a
single N = 2 vectormultiplet. Again due to the anomalous R-symmetry, the N = 2
vectormultiplet index can be understood as that counting gauge-invariant local operators
in the holomorphic twist of pure N = 2 Yang-Mills on C2 [83, 84]. This example will involve
several nontrivial heavy fermion condensates such as those formed from a gaugino-chiralino
pair.

The contributing fields satisfy the BPS condition ∆− 2j1 − 2R + 1
2r = 0 that relates

the conformal dimension ∆ with global symmetry charges. Their counting is weighted as

(−1)F pj1+j2− 1
2 rqj1−j2−

1
2 rtR+ 1

2 r. (3.59)

There is a N = 1 chiral multiplet scalar X and its partner fermion ψ, as well as fields
and derivatives seen in the N = 1 vectormultiplet. The fields are charged under Lorentz
symmetry U(1)1 × U(1)2 ⊂ SU(2)1 × SU(2)2 ' SO(4) as well as R-symmetries SU(2)R ×
U(1)r. U(1)r is again broken to a discrete subgroup Z4N in the quantum theory. Fields
and their charges are summarized in table 3.

The single-letter index of a N = 2 vectormultiplet is

f = 1− (1− x)(1 + t)
(1− p)(1− q) = −p− q + pq + xt+ x− t

(1− p)(1− q) (3.60)

with the constraint xt = pq. As before, we resolved equal-fugacity contributions to the
index from F and the gaugino equations of motion.8 The resolution regulates intermediate
divergences in brane indices that cancel out in the end.

8In a standard basis of charges considered in the literature, the N = 2 vectormultiplet index is

f = −p− q + 2pq + (pq)1/3x−1 − (pq)2/3x
(1− p)(1− q) . (3.61)
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∆ j1 j2 R r f

X 1 0 0 0 −2 pq/t = x

ψ 3
2

1
2 0 1

2 1 −t
λ+

3
2 0 1

2
1
2 −1 −p

λ−
3
2 0 −1

2
1
2 −1 −q

F 2 1 0 0 0 pq = xt

∂λ = 0 5
2

1
2 0 1

2 −1 pq

∂+ 1 1
2

1
2 0 0 p

∂− 1 1
2 −1

2 0 0 q

Table 3. Letters and their charges in the N = 2 vectormultiplet index.

Branes whose adjoint indices do not have extra zeromodes correspond to the following
determinant operators in gauge theory:

• detX, with fugacity xN

• detψ2, with fugacity t2N

• detλ+λ−, with fugacity pNqN

• detλ+ψ, with fugacity pN tN

• detλ−ψ, with fugacity qN tN .

It is simple to work out the single-letter indices as well as the full brane index

Ẑ(kX ,kψ2 ,kλ+λ− ,kλ+ψ ,kλ−ψ). (3.62)

Intriguingly, we find that all five nodes of the quiver given by the determinants above are
necessary to reproduce the finite N gauge theory index. We provide checks of our proposal
using the brane expansion in appendix E, up to the second set of corrections.

For illustration, we present the integration cycles only for Ẑ(k,0,0,0,0). It is straightfor-
ward but tedious to work out the cycles in the general case. The single-letter index for
adjoint excitations of detX is

f̂XX = 1
1 + t

(
p+ q − pq + t+ 1

x
− p

x
− q

x
+ pq

x

)
(3.63)

A peculiarity in this example is that expanding 1/(1 + t) will result in alternating signs.
The signs invert the infinite product in the gauge integrand in an alternating fashion. The
physical meaning of this feature at the level of the worldvolume gauge theory will become
clear when we write the explicit modifications.

The fugacities there are related to our fugacities as x = (pq)1/3x−1 and t = (pq)2/3x, where we further
impose xt = pq.
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The index of (detX)k is

Ẑ(k,0,0,0,0) = 1
k! (diag)×

∮ k∏
a=1

dσa
2πiσa

∏
a 6=b

(
1− σaσ−1

b

)
k∏
a 6=b

∞∏
m=0

[
(σa− pqt2mσb)(σa− p

x t
2mσb)(σa− q

x t
2mσb)

(σa−pt2mσb)(σa−qt2mσb)(σa−t2m+1σb)(σa− 1
x t

2mσb)(σa− pq
x t

2mσb)

(σa−pt2m+1σb)(σa−qt2m+1σb)(σa−t2m+2σb)(σa− 1
x t

2m+1σb)(σa− pq
x t

2m+1σb)
(σa− pqt2m+1σb)(σa− p

x t
2m+1σb)(σa− q

x t
2m+1σb)

]
.

(3.64)

In the order shown, denominators indicate that the modifications are9

X → ψ2m∂+X

X → ψ2m∂−X

X → ψ2mF

X → ψ2m

X → ψ2mλ+λ−

X → ψ2mFλ+λ−

X → ψ2m+1λ+

X → ψ2m+1λ−. (3.65)

Even powers of chiralinos ψ are acting as derivatives in the worldvolume theory on branes
dual to (detX)k. Large powers of adjoint fermions may seem concerning, but recall that we
assume large N during the derivation of the brane indices. ψ2 can behave just as bosonic
derivatives in the U(k) worldvolume theory sitting in a large N string background.

Using the theory of multivariate residues, the denominator partition g = {g1, · · · , gk}
now uniquely specifies the integration cycle for Ẑ(k,0,0,0,0):

ga = σ2
a

k∏
b=1
b 6=a

∞∏
m=0

(
σa − pt2mσb

) (
σa − qt2mσb

) (
σa − t2m+1σb

)(
σa −

1
x
t2mσb

)
(
σa −

pq

x
t2mσb

)(
σa − pqt2m+1σb

)(
σa −

p

x
t2m+1σb

)(
σa −

q

x
t2m+1σb

)
for a = 1, · · · , k. All physical poles condense at σ = (0, · · · , 0) so there is a degenerate
residue. Degenerate poles can be treated directly in the theory of multivariate residues,
but we resolved the poles in practical computations.

Pure SU(N) N = 2 Yang-Mills theory has a string dual in terms of N D5 branes
wrapped on R4 × S2 [87, 88] in a background that is topologically

R4 × R≥0 × S2 × S3.

9Purely based on fugacities that we considered, there can be ambiguities in identifying fugacities with
physical fields. An example is the denominator (σa − pqt2m+1σb) that admits several candidates. We
resolved this ambiguity by hand by further refining the fugacities corresponding to fields.

– 27 –



J
H
E
P
1
1
(
2
0
2
2
)
1
3
7

∆ j1 j2 R r fugacity

detX N 0 0 0 −2N pNqN/tN = xN

detψ2 3N N 0 N 2N t2N

detλ+λ− 3N 0 0 N −2N pNqN

detλ+ψ 3N 1
2N

1
2N N 0 pN tN

detλ−ψ 3N 1
2N −1

2N N 0 qN tN

Table 4. Charges of determinant operators in the N = 2 vectormultiplet.

There are N units of RR three-form flux across S3. A difference from the N = 1 construc-
tion is that the wrapped two-cycle S2 is chosen such that it preserves eight supersymme-
tries. More precisely, the wrapped S2 is embedded in a Calabi-Yau twofold rather than a
threefold. The choice of S2 implements the appropriate topological twist for the N = 2
theory. Again, there are nontrivial two- and three-cycles inside S2 × S3. Cycles generated
by isometries are S1

1 × S1
2 ⊂ S̃3 ⊂ R4 for Lorentz rotations j1, j2 and S1

R × S1
r ⊂ S3 for

R-symmetries R, r. The full SU(2)R is not visible at the level of the metric of the super-
gravity background, but its U(1)R subgroup is generated by translations of an angle φ1 of
S3 that also serves as an Euler angle rotating the S2.

The nontrivial topology of the compact directions makes it difficult to comment on
precise brane duals of determinant operators. However, it may be possible to find the
brane duals at large N based on the charges they possess (see table 4) and from their
excitations via explicit gauge theory letters.

3.6 A puzzle for the 1/16-BPS sector of N = 4 SYM

To conclude the list of examples, we point out a puzzle for the 1/16-BPS index of N = 4
super Yang-Mills.

In a basis of charges, the 1/16-BPS index is

ZN = TrHN (−1)F p∆−j1+j2−Y q∆−j1−j2−Y x−q2−q3+Y y−q3−q1+Y z−q1−q2+Y (3.66)

constrained by xyz = pq. The BPS condition imposes

∆− 2j1 − q1 − q2 − q3 = 0. (3.67)

This basis makes manifest the angular momenta and R-charges of the fields in table 5. The
single-letter index of the theory is

f = 1− (1− x)(1− y)(1− z)
(1− p)(1− q) . (3.68)

It has been recently demonstrated that the 1/16-BPS index of U(N) N = 4 SYM
reproduces the growth of the entropy of 1/16-BPS black holes in AdS5, via direct numerical
studies of the index at finite N [27, 28]. 1/16-BPS black holes possess large angular
momenta and large R-charges [40, 56–59], where our angular momenta are related to those
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∆ j1 j2 qi f

Xl 1 0 0 δil x, y, z

ψl
3
2

1
2 0 1

2 − δil −yz,−zx,−xy

λ±
3
2 0 ±1

2
1
2 −p,−q

F 2 1 0 0 xyz = pq

∂λ = 0 5
2

1
2 0 1

2 pq

∂± 1 1
2 ±1

2 0 p, q

Table 5. Letters and their charges in the index of N = 4 Yang-Mills. We abbreviated the scalar
fields X,Y ,Z as Xl and chiralinos ψX ,ψY ,ψZ as ψl. The fields are charged under angular momenta
U(1)1×U(1)2 ⊂ SO(4) and R-symmetries U(1)3

i ⊂ SO(6). In the free limit of N = 4 SYM, there is
also a bonus U(1) symmetry Y [55, 89, 90] which assigns 1 to all fields and the supercharge Q and
assigns 0 to derivatives.

in the AdS5 black hole literature as j1,2 = 1
2(J1 ± J2). In studies of the index, this feature

of 1/16-BPS black holes is often implemented at the level of fugacities by the scaling

x = y = z = w2, p = q = w3 (3.69)

consistent with xyz = pq.
It was also recently proposed [43] that the 1/16-BPS index of N = 4 super Yang-Mills

can be expressed as an expansion in terms of sums over stacks of three giant gravitons that
wrap independent S3 in S5.10 They studied the index in the scaling (3.69) where 1/16-BPS
black holes should be relevant and showed that giant graviton contributions reproduce the
finite N gauge theory index up to a third set of corrections that enter at O(w2(3N+32)) in
the expansion

ZN = Z∞
∑

kX ,kY ,kZ

xkXNykY NzkZN Ẑ(kX ,kY ,kZ). (3.70)

We examine this proposal in light of the findings of this work. Maximal giant gravitons
in IIB string theory on AdS5×S5 wrap a maximal S3 in S5. They are dual to determinant
operators detX, detY , detZ of complex scalars in the field theory. The scalars possess
R-charges but no angular momenta, so these giant gravitons start out with N units of an
R-charge and no Lorentz angular momentum. The adjoint single-letter index of (detX)k is

f̂XX = 1
(1− y)(1− z)

(
p+ q − pq + 1

x
− p

x
− q

x
+ pq

x
− y − z + yz

)
. (3.71)

10A similar proposal was also made by the author and D. Gaiotto in [42] for the 1/16-BPS index in the
regime where one R-charge is taken to be large while other angular momenta and charges were held finite.
In that regime, it is sufficient to consider the expansion with respect to a single giant. The expressions for
the giant graviton indices were derived by considering fluctuation modes of a probe giant in supergravity
in [43] and by considering modifications of determinants in gauge theory in [42].
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Positive terms in (3.71) become denominators in the gauge integrand. They suggest the
following modifications

X → Y mZ l ∂+X

X → Y mZ l ∂−X

X → Y mZ l

X → Y mZ l λ+λ−

X → Y mZ l F (3.72)

for the giant. In the U(k) worldvolume theory dual to (detX)k, it is apparent that scalars
Y and Z assume the role of BPS derivatives. They can supply large R-charges q2,q3 for
the giant. Open strings can also source angular momentum via ∂± and F , but it would
take many such excitations for the giant to acquire angular momenta that scale with its
R-charge. One can check that bifundamental excitations between scalar determinants do
not supply any more angular momenta.

The puzzle in the 1/16-BPS sector is whether additional branes dual to determinants
that are not of the form detX, detY , detZ are necessary. Our prescription suggests that
there could be more determinants at play. Operators such as detF , detψ2

X , detψXψY ,
or det ∂+∂−F do not have zeromodes and can directly supply the large angular momenta
expected of 1/16-BPS black holes. These determinants have large j1 (i.e. large J1,2) in
AdS5. If additional branes are not necessary, it means that a collection of ordinary giant
gravitons can acquire large AdS angular momenta comparable to that of a BPS black hole,
purely through adjoint open string excitations, at energies of O(N2).

We computed the brane index up to the third set of corrections∑
kX+kY +kZ=3

xkXNykY NzkZN Ẑ(kX ,kY ,kZ) (3.73)

in the scaling (3.69) at small N . Interestingly, we find that additional contributions due to
detF or detλ+λ−, with bare fugacities (xyz)N and (pq)N , are not necessary to reproduce
the gauge theory index up to the order checked.

One needs to compute higher corrections from giant graviton indices to see whether
other determinants such as detψ2

X , detψXψY , or det ∂+∂−F contribute. However, higher
corrections are difficult to compute directly. It would be fruitful to develop an approach
to classify the contributing determinant operators given the single-letter index of a U(N)
gauge theory.

4 Structure of bulk microstates

In various examples, we constructed the indices of worldvolume gauge theories of bulk
branes using the data of a dual U(N) gauge theory. The bulk microstates are configurations
of strings and branes whose interactions are organized in terms of a quiver diagram.

While we think the microstates themselves are best interpreted in the tensionless limit
of string theory, their collective degeneracies are meaningful in supergravity because indices
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are protected under changes in λ. This section is driven by two questions regarding the
organization of microstates in the bulk: (1) How do the microstates assemble in the BPS
Hilbert space to give results consistent with gauge theory and supergravity? (2) In what
circumstances can we see degeneracies consistent with highly excited geometries like black
holes? For the remainder of this section, we assume that N is large but finite.

4.1 A brane number grading

Our proposal for the microstates was based on gauge theory determinant operators that
are necessary in the brane expansion for superconformal indices. The brane expansion tells
us that the gauge/string theory index is a coherent sum over stacks of branes and their
excitations.

Being the index of a ∏i U(ki) worldvolume theory, each brane index at large ki should
exhibit growth that is at least comparable to the growth of the U(N) gauge theory in-
dex. That is, if the U(N) gauge theory admits BPS black hole states, then each ∏i U(ki)
worldvolume theory at large ki may also have black hole states. A natural question is, how
can an infinite sum over brane indices, each of which has black hole growth, result in the
degeneracies of a single U(N) gauge theory?

At first blush, one may attribute these cancellations to the fact that we are computing
an index. However, we noticed in section 3.1 that such cancellations occur even for BPS
partition functions. We argue that cancellations of coefficients occur in the bulk string
theory in a way that cannot purely be attributed to the operator (−1)F in the index.

We recapitulate the observation regarding the half-BPS partition function of N = 4
super Yang-Mills. There are no fermions in this sector of gauge theory, so the index is
equal to the BPS partition function. The partition function of k giant gravitons is

Ẑk =
k∏

m=1

1
1− x−m = (−1)kxk(k+1)/2∏k

m=1(1− xm)
. (4.1)

Power expanding in x−1 is natural for the spectrum of maximal giants on S3 ⊂ S5: open
string excitations can only take away U(1)X R-charges because the giant cannot grow
further. However, the U(N) gauge theory sees physics as a power series in x: half-BPS
excitations are multitraces ∏i TrXmi acting on the vacuum state. When comparing the
brane and gauge theory partition functions, we should therefore analytically continue x
from outside the unit disk to inside the unit disk in C.

An important consequence of the analytic continuation is that Ẑk gets an overall minus
sign for odd k. This effect would be most naturally explained if there is an additional Z2
grading in the half-BPS Hilbert space of IIB string theory. Let us suppose that the right-
hand side of

ZN = Z∞

∞∑
k=0

xkN Ẑk (4.2)

is telling us how to compute the half-BPS partition function of IIB strings on AdS5 × S5

in terms of target space objects. Here we are not computing an index, but the analytic
continuation still introduces negative signs for odd stacks of branes if we look at the spec-
trum as a series in x. The negative contributions could be explained naturally if the string
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Figure 6. Coefficients of the normalized half-BPS partition function ZN/Z∞ with N = 10 (large
blue) versus charge n. Large cancellations between brane partition functions xkN Ẑk (in various
colors for increasing k up to k = 15) induce oscillations that are roughly of order N . The normalized
spectrum can have negative coefficients but the unnormalized half-BPS spectrum is always positive.

partition function computed as a series in x contains an operator such as (−1)B, where
B is a brane number operator for a particular set of branes about which the microstates
organize. That is, B is an operator measuring the RR charge of k bulk giant gravitons. The
operator (−1)B is unnecessary in a nonperturbative computation of the half-BPS partition
function using the exact brane spectrum (4.1). It is nevertheless an emergent operator that
must be taken into account when we compute the spectrum as a series in x.

The coefficients of the half-BPS partition function ZN are therefore graded dimensions
of the Fock space of giant gravitons and their analytically-continued excitations. In the
literature [60, 91, 92], D3 giant gravitons in the half-BPS sector have been described as
holes in fermi droplets even though the dual CFT operators detX are bosonic. Negative
signs coming from the analytic continuation offer a precise explanation as to why D3 giant
gravitons behave effectively as fermions. It would be interesting if the notion of a brane
number grading persists beyond protected sectors.

In gauge theory, the effective grading is reflected in the truncation of single trace
operators due to trace relations at finite N . The truncation affects the multitrace spectrum
in charge intervals of order ∼ N . In figure 6, we plot large cancellations between even and
odd branes for the 1/2-BPS partition function. The normalized spectrum ZN/Z∞ shows
oscillations of order ∼ N due to stacks of k branes entering at every interval of ∼ N .
When one considers the log of absolute values of the coefficients in the normalized partition
function, sinusoidal oscillations in the spectrum become bumps of order N in the entropy
as a function of charge n.11 These bumps were observed directly for the 1/16-BPS index

11Oscillations in the spectral density of matrix models dual to low dimensional gravity were observed
in [93–95]. Though they have a very different physical origin, it is interesting that the oscillations are
signaling the presence of brane-like microstates there as well.
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in [27, 28]. In particular, the authors of [28] noticed that there are order N fluctuations
in the sign of index coefficients that are present on top of order 1 sign fluctuations. On
the string side, we think that order N fluctuations are due to the presence of the effective
operator (−1)B, while order 1 fluctuations are due to (−1)F . An important problem would
be to understand how the effective operator (−1)B arises directly in string theory.

4.2 Black holes and wall-crossing

While superconformal indices are protected against continuous deformations, their coef-
ficients can exhibit discontinuous jumps across codimension-1 surfaces in the space of
global symmetry fugacities. This phenomenon, in a more general sense, is known as wall-
crossing [96–98]. The surfaces divide the space of fugacities into various chambers; in each
chamber, the index admits an invariant series expansion.

Let us take all global symmetry fugacities to lie inside the complex unit disk. Then
the indices of U(N) gauge theories in section 3 do not exhibit wall-crossing if we consider
“resolved” fugacities. For example, for the twisted N = 1 and N = 2 gauge theories, we
resolved the fugacity of the field strength component F++ because it coincided with the
fugacity for the gaugino equation of motion. In the N = 2 case, the resolution removed a
pole of the U(N) index at t = pq.12,13 The absence of poles in the space of global symmetry
fugacities allows the gauge theory index to have a fixed charge lattice, where each point of
the resolved charge lattice carries a definite number for the degeneracy of states.

On the other hand, brane indices do exhibit wall-crossing in their series coefficients
because the individual brane indices have poles when one or more fugacities collide. When
such poles are present, coefficients depend on the order in which fugacities are expanded.14

In examples such as the 1/4-BPS sector of N = 4 SYM and the Higgs branch of M2
worldvolume theory (see appendix C), it is possible to see the presence of these poles
directly because there are exact formulas for brane indices.

The brane expansion relates two kinds of indices: a gauge theory index that does not
have wall-crossing and brane indices that exhibit wall-crossing. We can ask what happens
in string theory that renders the two pictures compatible.

For concreteness, consider the following U(k) brane index that counts modifications of
(detY )k in the 1/4-BPS sector:

Ẑ(0,k) =
∏∞
m=1(1− xm)∏k

m=1(1− y−m)∏∞m=1(1− y−kxm)
. (4.3)

Suppose |x|, |y| < 1. Then the index has poles at yk = xm with m = 1, 2, · · · . Let us fix
x to be some nonzero complex number inside the unit disk, and see what happens to the

12We emphasize that this is a pole of the unresolved U(N) N = 2 gauge theory index and not the pole
that appears in individual brane indices at xt = pq.

13An alternative way to make the discussion in this section go through without resolving the fugacities
by hand is to simply restrict the domain of fugacities, e.g. | pq

t
| < 1 for the twisted N = 2 example.

14A simple example is the expression 1
x−y which can be expanded in x/y or y/x. The former is appropriate

when |x/y| < 1 and the latter when |y/x| < 1. The expansions in x and y do not commute and there is a
codimension-1 surface in the space of fugacities across which coefficients jump.
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series in y. Poles in the y plane are at y = xm/k and the sequence of poles approach zero
as m → ∞. Thus, the radius of convergence of a series in y vanishes. The index Ẑ(0,k)
goes to zero as y → 0 with an appropriate continuation of the expression. Depending on
what fugacity is expanded first, we see that entire brane contributions can vanish. If we
now repeat the same exercise with fixed y, the series in x has finite radius of convergence
at |x| = yk. The index will have nonzero series coefficients in x and y when expanded in
that order but not the other way around.

The lesson from the 1/4-BPS example extends to general situations. Brane indices
have poles when fugacities approach rational powers of one another. The poles force the
index coefficients to vanish unless the index is expanded in a particular fugacity order.
Therefore, most brane contributions actually drop out when we expand the fugacities in
some particular order. If fugacity x is associated with a charge CX that only acts on the
scalar field X, the correct degeneracy of states can be reproduced just by the sum over
brane indices of (detX)k and no other branes. Situations where it was sufficient to consider
only a single type of brane were explored in our previous work [42]. In a microcanonical
language, this situation corresponds to fixing all but one charges in a charge lattice and
looking at the growth of degeneracies along the unfixed charge. Other charges can be fixed
to be any value, so all degeneracies of the gauge theory index can be retrieved using an
expansion involving one type of brane.

If we are interested in finding the set of bulk microstates that have a chance of forming
a basis of the free BPS Hilbert space, rather than in reproducing degeneracies, then we
need to find the set of branes whose indices will sum convergently to the gauge theory
index via the brane expansion. In particular, the infinite set of poles between fugacities
must cancel in the full sum. The cancellation of the poles allow all fugacities to take
finite values. The combined brane indices become “bulk” invariants under wall-crossing.
Invariance under wall-crossing in the space of fugacities was guaranteed by the resolved
gauge theory index, but it is nice to see how the property manifests itself in the bulk. We
think that the microstates proposed in section 3 form bulk invariants under wall-crossing
phenomena that are present in individual brane indices.

We are finally ready to answer the question: in what situation will we find degeneracies
consistent with highly excited geometries, such as BPS black holes or bubbling geometries
that break more than half of supersymmetries? We claim that these degeneracies arise
at the cancelled poles in the space of fugacities. Such was the limit where two or more
fugacities become coincident or, more generally, become rational multiples of each other. In
string theory, the interpretation is that different types of branes are forming bound states
at the cancelled poles.

It is fascinating to see how degeneracies assemble when branes form bound states. At
the poles, individual brane indices in the brane expansion diverge. When one sums over all
terms that are relevant at a given charge, the divergences cancel among branes and yield
integer coefficients. If we keep N abstract when combining brane terms, we find interesting
patterns in the degeneracy of states. Namely, the degeneracies become polynomials in N .

– 34 –



J
H
E
P
1
1
(
2
0
2
2
)
1
3
7

In the coincident limit x = y = w of the M2 Higgs branch index in appendix C, we find
ZN
Z∞

= 1 + wN
[
(−N−2)w − 2(N+1)w2 + (2−4N)w3+ (13−7N)w4+ (40−12N)w5+ · · ·

]
+ w2N 1

2!
[
(−N2 − 9N − 20)w4 − 4(N2 + 8N + 17)w5 + (−13N2 − 89N − 180)w6

− 2(17N2 + 95N + 186)w7 + (−81N2 − 347N − 694)w8 + · · ·
]

+ w3N 1
3!
[
(N3 + 24N2 + 191N + 504)w10 + 6(N3 + 23N2 + 179N + 472)w11

+ (26N3 + 570N2 + 4330N + 11418)w12 + 6(15N3 + 312N2 + 2313N + 6110)w13

+ 3(91N3 + 1786N2 + 12921N + 34254)w14 + · · ·
]

+ w4N 1
4!
[
(N4 + 50N3 + 935N2 + 7750N + 24024)w20

+ 8(N4 + 49N3 + 905N2 + 7469N + 23244)w21

+ (43N4 + 2062N3 + 37589N2 + 308858N + 965208)w22 + · · ·
]

+ · · · (4.4)

We do not expect to see black holes in the above sector, but there may be an interpretation
for the growth of states in terms of bubbling geometries or complex saddles that break more
than half of supersymmetries.

In the coincident limit

x = y = z = w2, p = q = w3 (4.5)

of the 1/16-BPS sector of N = 4 SYM, we find

ZN
Z∞

= 1+ w2N 1
2!
[
(−N2−5N−6)w2+2(N2+3N+2)w3−3(N(N+1))w4+6(N2−N−2)w5

+ (−11N2 + 33N + 20)w6 + 18(N − 5)Nw7 − 2(14N2 − 98N + 57)w8 + · · ·
]

+ w4N 1
5!
[
2(N5 + 25N4 + 245N3 + 1175N2 + 2754N + 2520)w8

− 2(8N5 + 165N4 + 1370N3 + 5775N2 + 12482N + 11160)w9

+ 12(6N5 + 105N4 + 760N3 + 2915N2 + 6054N + 5490)w10

− 16(16N5 + 235N4 + 1475N3 + 5180N2 + 10494N + 9765)w11 + · · ·
]

+ w6N
[ 1

8!(−3N8 − 180N7 − 4662N6 − 68040N5 − 611667N4

− 3466260N3 − 12084468N2 − 23681520N − 19958400)w18 + · · ·
]

+ · · · (4.6)

The degree of the polynomial is related to the degree of the pole cancelled among the
branes. We expect the pattern to persist more generally, where bound states of branes give
a convergent expansion for the index that is, rather oddly, organized perturbatively in N

and nonperturbatively in e−N . It would be interesting if a coherent sum over polynomials
in N of increasing degrees could produce degeneracies of highly excited geometries such as
black holes.

– 35 –



J
H
E
P
1
1
(
2
0
2
2
)
1
3
7

5 Discussion

In this work, we studied how BPS microstates in string theory are organized in the dual
gauge theory. We gave a prescription to construct the indices of string/brane microstate
configurations from the gauge theory data. In various examples, we showed that the finite
N gauge theory index is a coherent sum of the indices of string/brane configurations.
Finally, we discussed how the microstates assemble in the BPS Hilbert space and in what
circumstances the branes can form bound states to produce black hole degeneracies.

We conclude with a brief list of open questions:

1. Do the microstates, whose indices we compute, form a basis of the free BPS Hilbert
space? It is possible that some branes are cancelled in the index. This may be possible
to check by formulating a brane expansion for the free BPS partition function, whose
existence was indicated in [51].

2. Can we generalize our prescription to describe string duals of free U(N) gauge the-
ories in a non-BPS setting [99–103]? It would be nice to make direct contact with
tensionless worldsheet theories [104, 105].

3. How does the contributing set of determinants change when we change the basis of
charges in the index? What kinds of determinants can appear? A mathematical
study of the brane expansion would be helpful in classifying the contributing branes.

4. It is curious that there is an effective grading in the bulk BPS Hilbert space at finite
N due to the analytic continuation of the brane partition function. It would be
important to understand its origin directly in string theory.

5. It would be interesting to apply our prescription to U(N) gauge theories without
known string duals. Generalizing our prescription to quiver gauge theories or to
different gauge groups would allow one to study aspects of a range of string theories
purely via the dual gauge theory. Some progress on single letter indices has been
made in [45–47] from the bulk perspective, but a full definition of brane indices for
these generalizations remains unknown.

6. It would be important to better understand the connection between our string/brane
configurations and highly excited supergravity solutions [106–111].
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A Half-BPS brane index

We provide an explicit derivation of the brane index in the half-BPS sector, following [42].
We assume that N is large during the derivation, but the final result is exact at finite N .

In N = 4 SYM, determinant operators have dimension N and are known to be dual
to D3 giant graviton branes that wrap R × S3 ⊂ AdS5 × S5. Finite modifications of the
determinants correspond to open string excitations of these D3 branes.

We start with a single determinant

detX = 1
N !ε

i1i2···iN εj1j2···jNX
j1
i1
Xj2
i2
· · ·XjN

iN
(A.1)

of fugacity xN . The determinant can be modified by replacing a finite number of above Xs
by strings of letters in the theory. For example, we can replace an X with L1L2L1 to get

εi1i2···iN εj1j2···jN (L1L2L1)j1i1X
j2
i2
· · ·XjN

iN
. (A.2)

There are some redundancies with counting such modifications, though. An example is a
replacement of the form X → XW or X →WX, where antisymmetry allows one to write
TrW detX. We will interpret these redundancies as closed strings of Z∞ and include them
back later. For now, let’s focus on the nonredundant part that corresponds to open strings.

A helpful reformulation of the problem is to write the determinant as an integral over
auxiliary (anti)fundamental fermions ∫

dψ̄dψ eψ̄Xψ. (A.3)

Introducing (anti)fundamental fermions adds “boundaries” to the ’t Hooft ribbon diagrams,
which helps understand why determinants should correspond to D-brane insertions. In
terms of the fermion integral, determinant modifications correspond to operator insertions∫

dψ̄dψ eψ̄Xψ(ψ̄W1ψ)(ψ̄W2ψ) · · · (A.4)

where an open string excitation looks like ψ̄L1 · · ·Lsψ. The redundancy mentioned above
becomes a Ward identity for the fermions∫

dψ̄dψ eψ̄Xψ(ψ̄XWψ)(ψ̄W1ψ) · · · =
∫
dψ̄dψ eψ̄Xψ

(
d

dψ
(Wψ)

)
(ψ̄W1ψ) · · · . (A.5)
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We can implement the Ward identities by introducing bosonic antifields u, ū, as well
as a BRST differential δ acting as

δX = δψ = δψ̄ = 0
δu = Xψ

δū = ψ̄X. (A.6)

For proper counting, we will need to posit that δ is an extra part of the cohomological
supercharge Q that acts nontrivially only on the antifields u, ū. We assign ghost numbers
−1 to u, ū, +1 to δ, and 0 to other fields. We are interested in operators in the BRST
cohomology with ghost number 0. The action of δ were written so that redundancies due
to replacements X → XW or X →WX become δ-exact.

The auxiliary fundamental and anti-fundamental letters are counted by the single
letters v = (x − 1)σ and v̄ = (1 − x−1)σ−1. λ denotes a fugacity for an extra U(1)
symmetry which only acts on these auxiliary variables. It will drop out of calculations now
but will be useful soon.

One problem with this approach is that there is cohomology in non-zero ghost number.
The operator ψ̄Xψ can come from either δ(ψ̄u) and δ(ūψ), so the combination ψ̄u + ūψ

will be δ-closed but not exact. It gives a fermionic zeromode with ghost number −1 and
trivial fugacity. As this operator is the only problematic one, we will simply remove the
fermion zeromode by hand in our counting.

Let’s now look back at the large N gaussian index formula with (anti)fundamentals

Z∞(yi) = PE
[ vv̄

1− f
] ∞∏
n=1

1
1− f(ynA) . (A.7)

The infinite prefactor is the redundant closed string spectrum Z∞, which we ignore for
now. The large N formula suggests that the “effective” single letter index governing the
determinant fluctuations is

f̂ = 1 + vv̄

1− f = 1− (1− x)(1− x−1)
1− f (A.8)

where the extra factor of 1 cancels the zeromode.
Therefore, modifications of a single determinant, with the redundant sector stripped

off, are counted by the index
Ẑ1 = PE[f̂ ]. (A.9)

Let’s apply this relation to the half-BPS example with f = x. We get

f̂ = x−1. (A.10)

This makes sense. Here, the only nontrivial operator is X, so any modification of the
determinant would correspond to replacing X by the identity I. This would take away a
single power of fugacity x, thus the inverse. Ẑ1 should then be interpreted as a U(1) gauge
theory index on the worldvolume of a single D3 giant graviton. x is mapped to its inverse,
because determinant modifications remove Xs.
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It is straightforward to consider the modifications of k determinants using the fermion
description with k flavors of fermions.

(detX)k =
∫
dψ̄dψ eψ̄

αXψα . (A.11)

Insertions ∫
dψ̄dψ eψ̄

αXψα(ψ̄βW1ψγ)(ψ̄δW2ψε) (A.12)

with different fermion indices now correspond to open strings stretched between different
pairs of k coincident giant graviton branes. The only difference from the previous case is
that there is an emergent U(k) gauge symmetry on the giant graviton worldvolumes that
must be imposed. For proper counting, we should also subtract k2 fermion zeromodes
by hand.

Modifications of k determinants in the half-BPS sector are described by the index

Ẑk(x) = 1
k!

∮ ∏
a

dσa
2πiσa

∏
a 6=b

(1− σaσ−1
b ) exp

 ∞∑
n=1

1
n
x−1∑

a,b

σnaσ
−n
b

 , (A.13)

with f̂ defined in the same way as in the U(1) case. σa are fugacities for an extra U(N)
symmetry that only act on the auxiliary variables. They dropped out for U(1), but they
become gauge fugacities for U(k). Due to the inverse power of x, an analytic continuation
is necessary to evaluate the index as a power series in x. We implement the analytic
continuation through the prescription in section 2.2.

Let’s put back in the closed string sector and the bare fugacity xkN for k determinants.
The half-BPS index of k giant gravitons and their open/closed string excitations is

xkNZ∞(x)Ẑk(x). (A.14)

xkN is the bare fugacity of determinant (detX)k, Z∞ is the closed string spectrum, and
Ẑk(x) are analytically-continued open string excitations on k coincident giant gravitons.

B Multivariate residues

In single-variable complex analysis on C, the residue at a pole is specified only by the
location of the pole, up to sign from the orientation of the integration contour. For functions
of several complex variables, say on CK where K = ∑

i ki, residues at a pole can take
different values depending on the integration cycle. It is therefore necessary to specify the
integration cycle as well as the location of relevant poles for a proper integral definition of
Ẑ(k1,k2,··· ). Fortunately, the integrand of the brane index belongs to a well-studied class of
integrands in algebraic geometry. We review the theory of multivariate residues, following
closely [64, 65].

We consider meromorphic K-forms

ω = h(σ)dσ1 ∧ · · · ∧ dσK
g1(σ) . . . gK(σ) , (B.1)
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where g(σ) = {g1(σ), . . . , gK(σ)} and h(σ) are holomorphic functions in the neighborhood
of a given pole of ω. We define a pole of ω as a point σp ∈ CK where g(σ) has an isolated
zero. Without loss of generality, let us assume that g has an isolated zero at the origin
σa = 0 ∈ CK . The zero can be degenerate. The residue of ω at σa = 0 is defined as

Res
σ=0;g

ω = 1
(2πi)K

∮
Γε

h(σ)dσ1 ∧ · · · ∧ dσK
g1(σ) . . . gK(σ) , (B.2)

where Γε is a real K-torus
Γε = {σ ∈ CK : |ga(σ)| = ε} (B.3)

oriented such that
d(arg g1) ∧ · · · ∧ d(arg gK) ≥ 0. (B.4)

An important distinction from the single-variable residue theorem is that the integration
cycle Γε of multivariate residues now depend on the choice of denominator functions ga.
Different choices of ga correspond to selecting different integration cycles, which in turn
yields different residues. There are standard algorithms to evaluate the residues in practice
when ga, h are polynomials in σa. Important properties of the multivariate residue can be
found in [64, 65].

The integrand of Ẑ(k1,k2,··· ) contains more than K terms in the denominator, and
in fact involves several infinite products in general. Therefore, there immediately arises
the question of how to partition the denominators into K factors {g1(σ), . . . , gK(σ)}. In
section 2.2, we propose a prescription for the determinant partition based on the analysis
of physical fields in gauge theory that can “modify” a determinant operator. Examples
of the prescription can be found in section 3. We truncate the infinite products in the
denominator during a series evaluation. Imposing a cutoff is fine if we want to evaluate
the brane index in power series, because the coefficients of the power series stabilize with
the cutoff. The full brane index Ẑ(k1,k2,··· ) corresponds to the limit where the cutoffs are
taken to infinity.

Let us define the Jacobian determinant

J(p) = det
a,b

(
∂ga
∂σb

) ∣∣∣∣
σ=p

. (B.5)

If J(p) 6= 0, the pole is nondegenerate and we can compute the residue at σ = p directly
using the formula

Res
σ=0; g

ω = h(p)
J(p) . (B.6)

If J(p) = 0, the pole is of higher order and degenerate. We can still evalute the degenerate
residue directly using the following theorem [64, 65]:

Theorem 1 (Transformation formula). Let g = {g1, · · · , gK} and G = {G1, · · · , GK}
be holomorphic maps ga(σ), Ga(σ) : CK → C with g−1(0) = G−1(0) = p. Furthermore,
suppose that

Ga(σ) =
K∑
b=1

Aab(σ)gb(σ) (B.7)
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for Aab(σ) holomorphic matrix components of A. That is, functions in the set g and G
form zero-dimensional ideals (i.e. equations ga(σ) = Gb(σ) = 0 are satisfied by a finite
number of points σ ∈ CK) such that the ideals satisfy

〈g1, · · · , gK〉 ⊆ 〈G1, · · · , GK〉. (B.8)

Then the residue at p is

Res
σ=p; g

(
h(σ)dσ1 ∧ · · · ∧ dσK
g1(σ) . . . gK(σ)

)
= Res

σ=p; G

(
h(σ) detA(σ) dσ1 ∧ · · · ∧ dσK

G1(σ) . . . GK(σ)

)
. (B.9)

The idea is to choose G such that the functions Ga are univariate:

G = {G1(σ1), G2(σ2), · · · , GK(σK)} . (B.10)

The multivariate residue then factorizes into a product of ordinary univariate residues.
We refer the readers to [65] for explicit examples of computation using the transformation
formula.

We claimed in section 2.2 that all the relevant poles of the integrand condense at σ = 0.
In fact, σ = 0 is the only common zero of the elements of g. In theory, the residue at this
degenerate pole can be computed directly given the partition g using the tranformation
formula (B.10). In practice, the procedure is computationally intensive.

If we restrict to U(N) gauge theories with only adjoint fields, we can simply the
computation somewhat because a U(1) gauge fugacity decouples from the rest of U(N)
gauge fugacities. Namely, let us set σK = 1 in the integrand and define

σ̃ = {σ1, · · · , σK−1}
g̃ = {g1(σ̃), · · · , gK−1(σ̃)}

h̃(σ̃) = h(σ̃)
gK(σ̃) . (B.11)

Then the degenerate pole at σ = 0 resolves into a (mostly) nondegenerate set of poles:

Res
σ=0; g

(
h(σ)dσ1 ∧ · · · ∧ dσK
g1(σ) . . . gK(σ)

)
=
∑
p̃

Res
σ̃=p̃; g̃

(
h̃(σ̃)dσ1 ∧ · · · ∧ dσK−1
g1(σ̃) . . . gK−1(σ̃)

)
(B.12)

The resolved poles p̃ are the set of points in CK−1 at which (K − 1)-elements of g̃ have
common zeroes. Most poles become nondegenerate and their residues can be computed
directly via the Jacobian formula (B.6). There can still be a degenerate pole at σ̃ = 0, but
its residue is much easier to compute than the original one at σ = 0.

The above simplification does not occur in general. For U(N) gauge theories with
(anti)fundamental fields (see appendix C), there is no decoupling of a gauge fugacity.
However, our prescription for the integration cycle is still well-defined for evaluation in
power series.
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Figure 7. Interactions of M5 giant graviton branes detX and detY .

C Example: M2 Higgs branch theory

We now consider the index counting Higgs branch operators of the worldvolume theory on
N coincident M2 branes [112–114]. We focus on the UV description in terms of 3d ADHM
N = 4 super Yang-Mills theory with Nf = 1, which consists of the following 3d N = 4
multiplets: an adjoint vectormultiplet, an adjoint hypermultiplet, and a (anti)fundamental
hypermultiplet. The superconformal index for this theory involves a sum over monopole
sectors, but the Higgs branch index receives contributions only from the zero monopole
sector.

Here, our focus is to give independent definitions for brane indices Ẑ(kX ,kY ) based on
section 2. This demonstrates the applicability of our prescription to U(N) gauge theories
with adjoint and (anti)fundamental fields, for which no index generating functions are
known in general.

Higgs branch operators that contribute to the gauge theory index are hypermultiplet
scalarsX,Y with a superpotential constraint. ScalarsX,Y transform with charges (H, f) =
(1, 1), (1,−1) under “Higgs” and flavor symmetries U(1)H × U(1)f . It will be useful to
change the basis of charges to (X,Y) = 1

2(H + f,H − f) for R-symmetries U(1)X ×U(1)Y .
In the new basis, X,Y have charges (1, 0), (0, 1). The superpotential constraint X · Y = 0
has (1, 1) and contributes to the counting with opposite sign.

The M2 Higgs branch adjoint and (anti)fundamental single-letter indices are

f = x+ y − xy
v = xy

v̄ = 1. (C.1)

In the above, we shifted all gauge fugacities by √xy for later convenience, resulting in
v → v

√
xy and v̄ → v̄/

√
xy. The adjoint part is the same as that for the 1/4-BPS index of

N = 4 SYM, but the presence of (anti)fundamental parts will prevent the factorization of
gauge nodes in the brane quiver of figure 7.

The Higgs branch index and its relation via mirror symmetry to the Coulomb coun-
terpart was discussed in [42]. There, a generating function for Higgs/Coulomb branch
indices

Z(ζ;x, y) =
∞∑
N=0

ζNZN (x, y) =
∞∏

n,m=0

1
1− ζxnym (C.2)
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was used to derive the giant graviton expansion

ZN (x, y)

= Z∞

∞∑
kX ,kY =0

xkXNykY N∏kX
n=1

∏∞
m=1(1−x−nym)∏kY

n=1
∏∞
m=0(1−y−nxm)∏kX

n=1
∏kY
m=0(1−x−ny−m)

= Z∞

∞∑
kX ,kY =0

xkXNykY N Ẑ(kX ,kY ) (C.3)

where

Z∞ =
∞∏
n=1

1
(1− xn)(1− yn)PE

[
xy

(1− x)(1− y)

]
=

∞∏
n,m=0

(n,m) 6=(0,0)

1
(1− xnym) . (C.4)

Spurious poles that appear in each of Ẑ(kX ,kY ) cancel when multiple such terms are com-
bined. We expect Ẑ(kX ,kY ) to be a reduced index for two intersecting stacks of kX and kY
M5 giant gravitons wrapping different R× S5 ⊂ AdS4 × S7.

Single-letter indices for detX and detY in the Higgs branch theory are

f̂XX = x−1 − y
1− y , f̂YY = y−1 − x

1− x , f̂XY = y−1, f̂YX = x−1

v̂X = −xy
1− y ,

ˆ̄vX = −x
−1

1− y , v̂Y = −xy
1− x,

ˆ̄vY = −y
−1

1− x . (C.5)

From this, we readily write the brane index

Ẑ(kX ,kY ) = 1
kX !kY !

∮ kX∏
a=1

dσXa
2πiσXa

kY∏
c=1

dσYc
2πiσYc

∏
a 6=b

(1− σXa /σXb )
∏
c 6=d

(1− σYc /σYd )

kX∏
a,b=1

∞∏
m=0

1− ym+1σXa /σ
X
b

1− x−1ymσXa /σ
X
b

kY∏
c,d=1

∞∏
m=0

1− xm+1σYc /σ
Y
d

1− y−1xmσYc /σ
Y
d

kX∏
a=1

kY∏
c=1

1
1− y−1σXa /σ

Y
c

1
1− x−1σYc /σ

X
a

kX∏
a=1

∞∏
m=0

(1− xym+1σXa )(1− x−1ym/σXa )

kPQ∏
c=1

∞∏
m=0

(1− yxm+1σYc )(1− y−1xm/σYc ) (C.6)

An important difference between this index and the 1/4-BPS example is that the (anti)-
fundamental terms supply an infinite number of additional poles at σXa = σYc = 0. Because
of this, the U(1) factor of U(N) no longer decouples and there is a nontrivial gauge integral
even at rank one. These poles also result in a non-factorizing quiver for the system of
string and brane configuations dual to the Higgs branch of M2 worldvolume theory.
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In cases with (anti)fundamental fields, it is harder to determine whether the quiver
diagram factorizes just by looking at the denominators. One can nevertheless write the de-
nominator partition in the same manner as before. The (anti)fundamentals only contribute
infinite factors of σXa , σYc so the partition g is almost the same as the 1/4-BPS case:

gXa = (σXa )∞
kX∏
b=1
b 6=a

∞∏
m=0

(σXa − x−1ymσXb )
kY∏
c=1

(σYc − y−1σXa )(σXa − x−1σYc )

gYc = (σYc )∞
kY∏
d=1
d 6=c

∞∏
m=0

(σYc − y−1xmσYd ), (C.7)

where a, b = 1, 2, · · · , kX and c, d = 1, 2, · · · , kY . The infinite powers of gauge fugacities
σXa , σ

Y
c are formal. Along with infinite products for other denominator factors, the powers

are truncated appropriately in a power series computation.15 We checked the brane expan-
sion up to total rank two, where there is indeed a nonvanishing mixed contributon Ẑ(1,1)
as well as Ẑ(2,0), Ẑ(0,2).

D Checks for N = 1 vectormultiplet

We check the brane expansion for the twisted pure N = 1 Yang-Mills:

ZN = Z∞

∞∑
kF ,kλ=0

ukFN (pq)kλN Ẑ(kF ,kλ), (D.1)

where Ẑ(kF ,kλ) contains all open string excitations and the sum is over all ranks of the
gauge group U(kF )×U(kλ). The background closed string spectrum is

Z∞ =
∞∏
n=1

(1− pn)(1− qn)
(1− un) . (D.2)

Let us scale the fugacities as

p→ pw, q → qw, u→ uw2. (D.3)

and check the expansion in power series in w. The scaling satisfies the constraint u = pq.
Other limits such as p→ pw2, q → qw, u→ uw3 were checked as well.

In the w-scaling, the brane expansion organizes as

Ĝ1 = uN Ẑ(1,0) + (pq)N Ẑ(0,1) (D.4)

at level 1,
Ĝ2 = u2N Ẑ(2,0) + (pq)2N Ẑ(0,2) + uN (pq)N Ẑ(1,1) (D.5)

15For example, if m is truncated at m0, powers (σXa )∞, (σYc )∞ should be truncated at m0 + 2.

– 44 –



J
H
E
P
1
1
(
2
0
2
2
)
1
3
7

at level 2, and so on. We show results at N = 2. The gauge theory index normalized by
the supergraviton spectrum is
Z2

Z∞
− 1 =

− pqw4(pq + u)− w5(p+ q)(p2q2 − u2) + w6(p2(2q2u− q4 + u2) + p4(−q2)− p3q3 + u2(q2 − u))
+ w7(−p− q)(p2(−q2u+ q4 − u2) + p4q2 − p3q3 + 2pqu2 − q2u2) + w8(p4(q4 + u2)− 2p3q3u+ p6(−q2)
− p2q6 + pqu3 + u2(q4 − u2)) + w9(−p− q)(p3(3q3u− q5 + qu2) + p2(q6 − 4q2u2) + p6q2 − p5q3

− p4u2 + pqu2(q2 + u)− q4u2) + w10(p6(q4 + u2) + p4q2(−q2u+ q4 + u2)− p3qu(−4q2u+ q4 + 2u2)
+ p2(q4u2 − 3q2u3 − q8 + u4)− p5q3(q2 + u) + p8(−q2) + 2pqu3(u− q2) + u2(q2u2 + q6 − u3))
+ w11(−p− q)(p5q(q4 + u2) + p3(4q3u2 − q7 + qu3) + p2(−q2u3 + q8 − u4)− 4p4q4u+ p8q2 − p7q3

− p6u2 + pqu2(q2u+ q4 − u2)− q2u4 − q6u2 + u5) + w12(p8(q4 + u2)− p5q(9q2u2 − 10q4u+ q6 + u3)
+ p4(−16q4u2 + 6q2u3 + 5q6u+ q8 + 2u4) + p3q3u(−9q2u+ q4 + 9u2)− p2(3q6u2 − 6q4u3 + q2u4

+ q10 + u5) + p7(q3u− q5) + p6q2u(5q2 − 3u) + p10(−q2) + p(qu5 − q5u3) + u2(2q4u2 − q2u3 + q8 − u4))
+O(w13). (D.6)

For the twisted N = 1 vectormultiplet in the w-scaling, power series for ĜK start at
O(w2KN ). Subtracting corrections at level 1 leaves

Z2

Z∞
− (1 + Ĝ1) =

pqw8(p3q3 − pqx2 − x3) + w9(p+ q)(pq − x)(p3q3 − pqx2 − x3)

+ w10(p2 + q2 − 2x)(pq − x)(p3q3 − pqx2 − x3) + w11 1
pq

(p+ q)(pq − x)(−pqx3(p2 − pq + q2)

+ 2p3q3x2 + p3q3x(p2 + q2) + p4q4(p− q)2 − pqx4 − x5) + w12(2x4(3p2q2 + p3q + p4 + pq3 + q4)
− pqx3(p2 + q2)(p2 + pq + q2)− p2q2x2(10p2q2 + 5p3q + 3p4 + 5pq3 + 3q4) + p3q3x(10p2q2

+ 5p3q + p4 + 5pq3 + q4) + p4q4(p− q)2(p2 + pq + q2)− 2x7

pq
+ 2pqx5 − 2x6) +O(w13). (D.7)

Subtracting corrections at level 2 leaves

Z2

Z∞
− (1 + Ĝ1 + Ĝ2) =

− w12 1
x(x− pq)2 (−3p6q6x2(p+ q)2 + p5q5x4 + p5q5x3(p2 + 3pq + q2)− 3p3q3x6

+ p7q7x(3p2 + 5pq + 3q2)− p8q8(p+ q)2 + pqx8) +O(w13). (D.8)

We expect corrections at level 3 to cancel the remaining term at O(w12), and so on.
Interestingly, we find that we do not need to impose u = pq as long as the overall scaling
by w is consistent with the constraint.

E Checks for N = 2 vectormultiplet

The single-letter index for the twisted pure N = 2 Yang-Mills is

f = −p− q + pq + xt+ x− t
(1− p)(1− q) (E.1)
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with the constraint xt = pq. The relevant letters and their charges are shown in table 3.
Adjoint single-letter indices for dual branes that do not suffer from zeromodes are

f̂1 = 1
1 + t

[
p+ q − pq + t+ 1

x
− p

x
− q

x
+ pq

x

]
f̂2 = 1

1− x

[
p+ q − pq + 1

t2
− p

t2
− q

t2
+ pq

t2
− 1
t

+ p

t
+ q

t
− pq

t
+ t− pt− qt+ pqt− x

]
f̂3 = 1

(1− x)(1 + t)

[
2p+ 2q − 1

p
− 1
q

+ 1
pq
− pq − p2q − pq2 + p2q2 + t− x− tx

]
f̂4 = 1

(1− x)(1 + t)

[
−1 + 2p+ 2q − 2pq − 1

t
+ 1
pt

+ q

t
− q

pt
+ t+ pt− p2t− pqt+ p2qt− x− tx

]
f̂5 = 1

(1− x)(1 + t)

[
−1 + 2p+ 2q − 2pq − 1

t
+ 1
qt

+ p

t
− p

qt
+ t+ qt− q2t− pqt+ pq2t− x− tx

]
.

(E.2)

In shown order, the letters capture adjoint excitations of detX, detψ2, detλ+λ−, detλ+ψ,
and detλ−ψ. To avoid clutter, we numbered the determinants. The apparent fermion
zeromodes in f̂4 and f̂5 cancel after one converts the single-letters into infinite products.
There are also 20 bifundamental single-letter indices between the five gauge nodes that is
simple to work out.

We explicitly check the brane expansion

ZN = Z∞
∑

k1,k2,k3,k4,k5

xk1N t2k2N (pq)k3N (pt)k4N (qt)k5N Ẑ(k1,k2,k3,k4,k5) (E.3)

with

Z∞ =
∞∏
n=0

(1− pn)(1− qn)
(1− xn)(1 + tn) . (E.4)

Let us scale the fugacities as

p→ pw, q → qw, x→ xw, t→ tw. (E.5)

and check the expansion in power series in w. The scaling satisfies the constraint xt = pq.
In the w-scaling, the brane expansion organizes as

Ĝ1 = xN Ẑ(1,0,0,0,0) (E.6)

at level 1,

Ĝ2 = x2N Ẑ(2,0,0,0,0) + t2N Ẑ(0,1,0,0,0) + (pq)N Ẑ(0,0,1,0,0) + (pt)N Ẑ(0,0,0,1,0) + +(qt)N Ẑ(0,0,0,0,1)
(E.7)

at level 2, and so on. We show results at N = 2. The gauge theory index normalized by
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the supergraviton spectrum is
Z2

Z∞
− 1 =

w3(p− x)(x− q)(x− t) + w4(p2(−(q2 + t2 − x2))− pt2(q + t− x) + (q − x)(x− t)(x(q + t)
+ t(q + t) + x2)) + w5(−p3(q2 + t2 − x2)− p2(q + t− x)(q2 − x(q + t) + qt+ t2) + p(−x2(q2 + 4qt+ t2)
− 2q2t2 + x3(q + t) + 3qtx(q + t) + t4)− t2x(t2 − 2q2)− t2(q − t)(q + t)2 + qtx3 + x2(q − t)2(q + t)− x5)
+ w6(−p4(q2 + t2 − x2)− p2(q3t+ q4 − 2qt3 + x3(q + t)− x(q − t)(q + t)(q + 2t)− t2x2 − 2t4 − x4)
+ p3(x(q2 + qt+ t2)− (q + t)(q2 + t2))− p(q − x)(t− x)(−x2(q + t)− t(q + t)(3t− q) + t2x+ x3)
+ x2(q2t2 + q4 + 4qt3 + t4)− q2t2(q − t)(q + 2t) + qt2x(q − 3t)(q + t)− x5(q + t) + x4(q + t)2

− tx3(q + t)2 − x6) +O(w7) . (E.8)

For the N = 2 vectormultiplet in the w-scaling, power series for ĜK start at O(wKN ) up
to a constant shift. Subtracting corrections at level 1 leaves

Z2

Z∞
− (1 + Ĝ1) =

w4 1
x
pqt(x(p+ q + t)− (p+ t)(q + t)− x2) + w5 1

x2 ((x3(2p2(q2 + qt+ t2) + pt(q + t)(2

q + t) + qt2(2q + t))− x2(t3(2p2 + 3pq + 2q2) + 2p2q2t+ p2q2(p+ q) + t4(p+ q) + t2(p+ q)3) + x

(t4(p2 + 3pq + q2) + p2q2t(p+ q) + p3q3 + t5(p+ q) + t3(p+ q)3 + pqt2(p+ q)2) + pqt(p2

(−(q2 + qt+ t2))− pt(q + t)2 − t2(q2 + qt+ t2)) + x5(p(q + t) + qt)− x4(p+ q + t)(p(q + t) + q

t))) + w6(t2x2(p2 + 3p(q + t) + q2 + 3qt+ t2)− 1
x3 (pqt(p+ t)(q + t)(t2(p2 + p

q + q2) + p2q2 + t4)) + 1
x2 (t6(p2 + 3pq + q2) + t5(p+ q)(p2 + 3pq + q2) + t4(6p2

q2 + 3p3q + p4 + 3pq3 + q4) + p2q2t2(p+ q)2 + p3q3t(p+ q) + p4q4 + t7(p+ q) + pqt3(p+ q)3) + x(−t3

(p2 + 4pq + q2) + t2(p+ q)(p2 + q2) + pqt(p2 + 3pq + q2) + p2q2(p+ q)− 3t4

(p+ q)− t5)− t2(p2 + pq + q2)2 − 2p2q2t(p+ q)− p2q2(p2 + pq + q2)− 1
x

(t3(p+ t)(q + t)(t

(p+ q) + (p+ q)2 + t2)) + 2t5(p+ q) + t4(2p+ q)(p+ 2q)− t3(p− q)2(p+ q)− x5(p+ q + t)
+ x4(p+ q + t)2 − x3(p+ t)(q + t)(p+ q + t) + t6) +O(w7) . (E.9)

Subtracting corrections at level 2 leaves
Z2

Z∞
− (1 + Ĝ1 + Ĝ2) =

− w6 pqt(−t4x+ t5+ tx4− x5)(p2t(qt− x2) + p(q2t2 + qx(−t2− 2tx+ x2) + tx3) + qtx2(x− q))
x(p− t)(t− q)(pt− x2)(qt− x2) +O(w7) .

(E.10)

We expect corrections at level 3 to cancel the remaining term at O(w6), and so on. Inter-
estingly, we find that we do not need to impose xt = pq as long as the overall scaling by w
is consistent with the constraint.
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