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1 Introduction

When a supersymmetric system possesses an off-shell formulation, this can offer crucial
insight into its structure. Such formulations incorporate, in addition to the usual physical
bosonic and fermionic fields, new auxiliary fields that do not typically propagate but exist to
close the supersymmetry algebra off-shell — that is, without imposing equations of motion.
In the context of finding higher derivative corrections, this is especially useful because the
problem of finding the supersymmetric action and the supersymmetry transformations are
divorced: the transformations are fixed and only an invariant action must be sought.

For systems with four supercharges, such as the familiar 4D N = 1 supersymmetry,
off-shell approaches are straightforward. Even for systems with eight supercharges (e.g. 4D
N = 2), where the number of auxiliaries become infinite, techniques are available involving
harmonic or projective superspace to tame this zoo. For 11D supergravity, the situation
is quite different. While there exists an off-shell approach in pure spinor superspace [1, 2],
it is even more technically challenging. Such a superspace has non-minimal pure spinor
coordinates on which superfields have explicit dependence. It is not a trivial exercise to
show that solutions to the equations of motion in this non-minimal pure spinor superspace
correctly describe the usual superfields of eleven-dimensional supergravity that depend
only on ordinary superspace coordinates (xm̂, θα̂) (see, e.g. [3] where the connection to 11D
supergravity was first directly shown). Meanwhile, other techniques to construct higher
derivative terms — either via deformations of on-shell superspace [4] or by working directly
at the component level [5] — have not been completely successful.

An alternative approach is to maintain only some fraction of the full supersymmetry
by rewriting 11D supergravity in a lower dimensional superspace, specifically 4D N = 1
superspace, while keeping additional parametric dependence on the other seven bosonic
coordinates, which are spectators from the point of view of N = 1 supersymmetry. We
denote such a framework as a 4|4 + 7 superspace for brevity; it is also convenient to think
of the seven dimensional space as an “internal space” and the 4D N = 1 superspace as
“external”, although we will neither truncate the theory nor expand on the internal space
in harmonic functions.1

In recent years, two of us, along with numerous collaborators, have been exploring
just how this works. The key point of departure is the 3-form in 11D; it descends to an
abelian tensor hierarchy in 4D language, and the structure of such a hierarchy in 4D N = 1
superspace is quite rigid [7, 8] and just by itself already correctly reproduces the internal
sector of 11D supergravity [9]. A key missing feature is the additional gravitini super-
multiplets, and these were taken into account in [10]. An action (to quadratic order in
fields) was presented in [10] that consists of the linearization of a superspace volume term,
and a Chern-Simons term for the gauged (by “internal” diffeomorphisms) tensor hierarchy
coupled to the 4D supergravity and extra gravitino superfields. The full structure of the ac-
tion is dictated by superconformal and gauge symmetries, a complete list of which was also
provided. When projected to components, this action was explicitly shown to reproduce
the full linearized action of 11D supergravity. The conformal graviton propagator, and

1This approach is inspired by the early rewriting of 10D super Yang-Mills in 4D N = 1 superspace [6].

– 2 –



J
H
E
P
1
1
(
2
0
2
2
)
1
2
7

all other superspace Feynman rules needed for perturbative calculations can be deduced
already at this level. Furthermore, a first step towards a non-linear completion was taken
in [11] and the appropriate framework for this eventual completion was constructed in [12].

While this line of approach is promising, the resulting framework is cumbersome. Oper-
ationally, this is due to the additional gravitino superfields, which are encoded in curvature
superfields of vanishing mass dimension. This fact means non-polynomial functions of this
superfield play a role when constructing invariant superspace actions. Even more, the
non-manifest supersymmetry is joined with a large number of other local symmetries. The
upshot is that a larger number of component fields exist than one would normally expect,
and the extra ones (aside from the auxiliary fields) turn out to be pure gauge degrees of
freedom, set to zero by a Wess-Zumino condition or otherwise eaten by a gauge field. The
framework is also more abstractly cumbersome because no trace of the higher Lorentz group
remains; internal indices are purely world (curved) indices carried by various p-forms and
even the internal metric is entirely encoded in a 3-form identifiable as a G2 structure. While
all of this leads to extremely natural N = 1 multiplets fitting together into two elegant hier-
archies, when taken together it deeply obfuscates the connection to the original 11D theory.

An alternative approach is to build on our earlier linearized work [10], maintaining
(at least some of) the additional Lorentz symmetry and identifiable elements of the 11D
theory. Indeed, this is the path we recently followed in [13], where employing the N = 1
superfield constituents uncovered in [10], we identified the linearized components of 11D
supergravity along with the auxiliary fields implied by N = 1 supersymmetry. We worked
purely at the component level, putting the various components of the N = 1 superfields
together into fields with the right transformation rules, until we recovered (on-shell) the
known linearized transformations of 11D supergravity. The goal of the present paper is
to explore this from a complementary perspective: that of a 4|4 + 7 superspace for which
those component fields are the natural geometric constituents.

We emphasize that although we do not give an explicit action in this paper, the off-
shell linearized geometry we are discussing should be thought of as the geometry underlying
the off-shell action in [10]. Put another way, that action, written in terms of prepoten-
tials is not intrinsically geometric (aside from the Chern-Simons term). When taken to
components, it can be reorganized in a way that reflects the underlying 11D geometry, as
shown in [13]. What we accomplish here is the superspace analogue: what is the off-shell
linearized superspace geometry for which the action in terms of prepotentials is that of [10].

Before delving more into that, we should remark on a surprising feature of the super-
space we will be discussing (and the corresponding component theory given in [13]): it
involves the full 11D Lorentz group SO(10, 1). At first blush, in a Kaluza-Klein-like 4 + 7
reformulation, one would expect the full Lorentz group to be broken to SO(3, 1)× SO(7),
say after fixing an upper triangular gauge for the vielbein. Moreover, since we are keeping
only 1/8 of the supersymmetry, one might further expect that the SO(7) should be broken
to G2, the subgroup respecting the selection of an N = 1 subsector of the natural N = 8 su-
persymmetry expected in 4D. The crux of the matter is that we are discussing a linearized
supergeometry and must distinguish between background Lorentz transformations (which
are manifestly broken when the background becomes rigid) and ones associated with the
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linearized fluctuation, which retain their 11D character. Naturally, this means that the for-
mulation we are presenting is rather special to the linearized setting. Undoubtedly in trying
to construct a non-linear version, we would need to specialize to an SO(3, 1)×G2 Lorentz
group, and this would presumably arise as some sort of gauge-fixing of the supergeometry
discussed in [12]. We leave that question for future work.

The body of this paper is organized as follows. In section 2 we give a review of
the prepotential superfields that encode dynamical fields of 11D supergravity along with
auxiliary fields required for off-shell closure of four supersymmetries. We also construct
partial invariants under the linearized transformations of these prepotentials. Section 3
gives an explicit, “bottom up”, construction of the 4|4 + 7 superspace. There are two key
steps in this construction — linearization around a background, and reduction to 4|4 + 7
superspace — both of which are explained in detail. The 4|4+7 superspace is equipped with
a frame, a spin connection, a super three form gauge field and its associated field strength,
and seven extra gravitini. Components of all these constituents are defined in terms of the
partial invariants introduced in section 2. At this point, we change our perspective to ask
the following supergeometric questions. Any generic superspace equipped with the same
geometric ingredients as above is constrained to satisfy Bianchi identities. What additional
data should be specified so that it is further constrained to match the superspace we built
explicitly? In other words, what additional torsion constraints should be imposed so that
a solution of the resulting Bianchi identities in terms of unconstrained prepotentials is
given by our construction in section 3? These questions are addressed in section 4. We
go all the way in analyzing the Bianchi identities to show which torsion or curvature
components are determined fully in terms of lower dimensional components, and which
components do not get constrained by Bianchi identities at all. We systematically derive
derivative relations between these various torsion and curvature components as well. In
the final discussion section, we summarize what we have accomplished and discuss possible
elaborations, including the connection to exceptional field theory.

2 Linearized 4D N = 1 prepotentials

The spectrum of 11D supergravity consists of a frame field em̂â, a 32-component gravitino
ψm̂

α̂, and a 3-form gauge field Cm̂n̂p̂. The fields provide a realization of the 11D N = 1
supersymmetry algebra provided they are on-shell. The superspace formulation of this
theory has also been long known [14, 15], which suffers from the same on-shell problem —
the combination of torsion constraints and superspace Bianchi identities imply equations
of motion. A brief review of this on-shell 11|32 superspace will be given in subsection 3.1.
We summarize the various index types we employ in table 1.

In a series of recent papers [7–11], a formulation of linearized 11D supergravity with
four off-shell supersymmetries was presented. In this approach, fields are linear fluctuations
around a rigid Minkowski background R11|32. On the bosonic manifold, a global, constant
3-form ϕ is chosen which, in some bosonic Cartesian coordinates (xm, ym), takes the form

ϕ = −(e123 + e145 + e167 + e246 − e257 − e347 − e356), (2.1)
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index range description
m̂, n̂, . . . 0, · · · , 10 11D coordinate
â, b̂, . . . 0, · · · , 10 11D tangent
α̂, β̂, . . . 1, · · · , 32 11D spinor
m,n, . . . 0, 1, 2, 3 4D coordinate
a, b, . . . 0, 1, 2, 3 4D tangent

α, β, . . . , α̇, β̇ . . . 1, 2 4D spinor
m,n, . . . 1, · · · , 7 7-component label
M̂, N̂ , · · · (m̂, µ̂) 11|32 coordinate
Â, B̂, · · · (â, α̂) 11|32 tangent

α (α, α̇) compound notation à la [16]
A (a, α) 4|4 tangent

Table 1. Legend of indices. Indices of various 7-dimensional representations (GL(7) coordinate,
SO(7) tangent, G2 representation, and label for seven extra gravitini) have all been identified to
avoid proliferation of notation.

where emnp := dym∧dyn∧dyp. The submanifold obtained by setting xm = 0 then define the
“internal” 7-manifold Y = R7 with coordinates (ym), and the remaining 4 dimensions are
external. ϕ satisfies the properties of being a G2 structure, and hence reduces the structure
group of Y from GL(7) to G2. Using the real commuting spinor (C.2) associated with the
G2 structure (more details on how this works later), one can naturally identify 4 special
Grassmann coordinates out of the 32 in R11|32, which combine with the external bosonic
coordinates to give a 4D, N = 1 superspace. Component fields of 11D supergravity are then
embedded in “prepotential” superfield representations of the 4D, N = 1 superconformal
algebra. In this section we sketch a lightning review of these prepotentials and their
transformations.

2.1 Prepotentials and their transformations

Under the decomposition of 11D spacetime coordinates into four external coordinates xm,
and seven internal coordinates ym, the components of the 3-form break up into an abelian
tensor hierarchy of forms in external spacetime of degrees 0 through 3:

C3 → Cmnp, Cmnp, Cmnp, Cmnp (2.2)

It is known [7] how to embed these bosonic p-forms into 4D N = 1 superfields. One needs
a chiral superfield Φmnp, a real vector superfield Vmn, a chiral spinor superfield Σαm, and
a real superfield X. Their abelian gauge transformation is derived by decomposing the

– 5 –



J
H
E
P
1
1
(
2
0
2
2
)
1
2
7

2-form abelian gauge transformations of C3 in 11D:

δΦmnp = 3∂[mΛnp] , (2.3a)

δVmn = 1
2i
(
Λmn − Λ̄mn

)
− 2∂[mUn] , (2.3b)

δΣαm = −1
4D̄

2DαUm + ∂mΥα , (2.3c)

δX = 1
2i
(
DαΥα − D̄α̇Ῡα̇

)
, (2.3d)

where the gauge parameters are a chiral superfield Λmn, a real superfield Um, and a chiral
spinor superfield Υα. Moreover, internal diffeomorphisms appear as a non-abelian gauge
symmetry from a 4D perspective, the gauge field being the Kaluza-Klein vector of the 11D
vielbein. The abelian tensor hierarchy, when gauged by internal diffeomorphisms in this
way, is called a non-abelian tensor hierarchy. The Kaluza-Klein vector is embedded in the
prepotential Vm, a real vector superfield. The only prepotentials that transform under
linearized non-abelian gauge transformations are Vmn and Vm:

δVm = λm + λ̄m , δVmn = −iϕmnp
(
λp − λ̄p

)
, (2.4)

where the non-abelian gauge parameter λm is chiral, λ̄m is antichiral, and ϕmnp is the
G2 structure on the background Minkowski superspace R4|4 × R7. One can construct
field strength superfields invariant under transformations2 (2.3) and (2.4), and from them
construct the Chern-Simons action. The Chern-Simons action, at the component level,
contains kinetic terms for the 4D vector fields, but not those of the scalars and 2-forms.
For that, one needs to add a Kähler-type term.

This embedding of spin ≤ 1 component fields of 11D supergravity has a surfeit of
component fields. In addition to the 11D components with spin ≤ 1, there are 16 extra
scalars, and 15 extra fermions. Moreover, the purely external graviton and spin 3

2 part of
the gravitino are still missing. The 4D N = 1 gravitino and graviton belong together in a
real superfield Hαα̇ = (σa)αα̇Ha. This is the linearized prepotential of 4D N = 1 conformal
supergravity, transforming under linearized local superconformal transformation as

δHαα̇ = DαL̄α̇ − D̄α̇Lα , (2.5)

where the gauge parameter Lα is unconstrained. The original 11D N = 1 gravitino has 32
components, and Hαα̇ encodes four of them. For the remaining 28, we have seven addi-
tional gravitini which are embedded in spinor superfields Ψmα. These are called “matter”
gravitini. The basic matter gravitino model subjects the prepotentials to gauge transfor-
mations [17]

δΨmα = Ξmα +DαΩm (2.6)
2One can fully non-linearize the non-abelian transformations by modifying the 4D N = 1 derivatives to

include a Kaluza-Klein connection, both when the 4D superspace is curved (but y-independent) [11] and in
the fully general case [12]. Field strengths and Chern-Simons action can be constructed in both scenarios.

– 6 –
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where Ξmα is chiral, and Ωm is an unconstrained complex superfield. These transformations
contain the non-manifest supersymmetry. With the introduction of Hαα̇ and Ψmα, all 11D
supergravity component fields have been embedded into 4D N = 1 prepotentials. The
only problem remaining is that these prepotentials have more components in them than
just the physical fields in 11D supergravity plus auxiliary fields necessary for four off-shell
supersymmetries. These extra fields are accompanied by additional local gauge symmetries
(lying within Ξmα and Ωm) that can remove them. The prepotentials of the tensor hierarchy
turn out to transform under these additional transformations as

δΦmnp = − i2ψmnpqD̄
2Ω̄q (2.7a)

δVmn = 1
2iϕmnp

(
Ωp − Ω̄p

)
(2.7b)

δΣαm = −Ξmα (2.7c)
δX = DαLα + D̄α̇L̄

α̇ (2.7d)

δVm = −1
2
(
Ωm + Ω̄m

)
(2.7e)

and the matter gravitini are given local superconformal transformations with parame-
ters Lα:

δΨmα = 2i∂mLα . (2.8)

For instance, the superfield G = −1
4D̄

2X plays the role of chiral compensator in 4D N = 1
conformal supergravity.

The prepotentials introduced so far can be used to construct superfields which have
as the leading terms in their θ-expansion the physical 11D gauge connections (i.e. the
frame, 3-form, and gravitini), and auxiliary fields added to the spectrum to achieve 4D
N = 1 off-shell supersymmetry. This explicit construction was performed in [13], and will
also be reviewed in sections 3.4 to 3.9. Counting the degrees of freedom encoded in the
prepotentials, one finds that the real superdimension of the auxiliary field space adds up
to 201|56, rendering the total spectrum 376|376 dimensional.

2.2 Partial invariants

The explicit construction of [13] was given at the component level. Our goal in this article
is to describe the supergeometry of the 4|4 + 7 superspace, whose underlying prepotential
structure and component field content is precisely that of [13]. An obvious problem to
overcome is that the local gauge symmetries underlying our prepotentials are significantly
larger than those of 11D supergravity. As a prelude towards building that supergeometry,
we will introduce a number of building blocks by sequentially eliminating gauge symme-
tries by trading prepotentials for composite curvatures. Once these basic ingredients are
determined we will turn to the construction of the supergeometry in section 3.

– 7 –
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Invariants of the abelian tensor hierarchy. We start by trading prepotentials of the
abelian tensor hierarchy for their curvatures:

Emnpq := 4∂[mΦnpq] (2.9a)

Fmnp := 1
2i
(
Φmnp − Φ̄mnp

)
− 3∂[mVnp] (2.9b)

Wmnα := −1
4D̄

2DαVmn + 2∂[mΣ|α|n] (2.9c)

Hm := 1
2i
(
DαΣαm − D̄α̇Σ̄α̇

m

)
− ∂mX (2.9d)

G := −1
4D̄

2X (2.9e)

These superfields are invariant under the abelian tensor hierarchy transformations (2.3).

Lα invariants. Now let us introduce superfields that are Lα invariant. Since only Hαα̇,
Ψmα, and X (and thus G and Hm) transform at the linearized level, we trade these for the
following curvatures:

Wγβα := i

16D̄
2∂(γ

γ̇DβHα)γ̇ (2.10a)

R := − 1
24D̄

2Ḡ+ i

24D̄
2∂αα̇H

α̇α (2.10b)

Gαα̇ := − i6∂αα̇
(
G− Ḡ

)
+
[1

2�−
1
32
{
D2, D̄2

}]
Hαα̇ +

[1
4∂αα̇∂

ββ̇ + 1
12∆αα̇∆ββ̇

]
Hβ̇β

(2.10c)

Xmαα̇ := 1
2i
(
D̄α̇Ψmα +DαΨ̄mα̇

)
+ ∂mHαα̇ (2.10d)

Ψmnα := 2∂[mΨn]α (2.10e)

Ĥm := Hm + 1
2i
(
DαΨmα − D̄α̇Ψ̄m

α̇
)

(2.10f)

where ∆αα̇ := −1
2 [Dα, D̄α̇]. The first three above are familiar from conventional N = 1

superspace [16], while the last three covariantize Hm and Ψmα.

Ξmα invariants. The only prepotentials suffering Ξmα transformations are Ψmα and
Σαm. So we investigate Wmnα, Xmαα̇,Ψmnα, and Ĥm. We observe that Ĥm, Xmαα̇ are
already Ξmα-invariant, and we can easily trade Wmnα and Ψmnα for their invariant sum,

Ŵmnα := Wmnα + Ψmnα . (2.11)

λm invariants. Prepotentials transforming under internal diffeomorphisms are Vm and
Vmn. The Kaluza-Klein field strength

Wαm := −1
4D̄

2DαVm (2.12)

is invariant under λm (as well as Lα and Ξmα). Similarly, Emnp and Ŵmnα are λm-invariant.
Fmnp transforms, but its spinor derivative can be made λm invariant by defining

Fαmnp := DαFmnp − 3iϕq[mn∂p]DαVq (2.13)

Its complex conjugate is denoted by Fα̇mnp.

– 8 –
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2.3 Ωm transformations

The only transformation left is Ωm, which contains the extended supersymmetry. The
partial invariants that we have defined each transform under this symmetry as

δΩXmαα̇ = 1
2i
(
D̄α̇DαΩm +DαD̄α̇Ω̄m

)
(2.14a)

δΩĤm = 1
2i
(
D2Ωm − D̄2Ω̄m

)
(2.14b)

δΩWαm = 1
8D̄

2Dα

(
Ωm + Ω̄m

)
(2.14c)

δΩŴmnα = i

8ϕmnpD̄
2Dα

(
Ωp − Ω̄p

)
+ 2∂[mD|α|Ωn] (2.14d)

δΩFαmnp = −1
4ψmnpqDαD̄

2Ω̄q + 3iϕq[mn∂p]DαΩq (2.14e)

δΩEmnpq = 2iψ[mnp|r|∂q]D̄
2Ω̄r (2.14f)

The conventional N = 1 superfields Wγβα, R, and Gαα̇ are Ωm invariant. These will serve
as the building blocks in subsequent sections.

As a starting point, we note that the first Ωm-invariant that we can build out of the
fields in (2.14) lies at dimension 1

2 :

λmα = ϕm
npŴαnp −

i

6ψm
npqFαnpq +DαĤm + 2iWαm − 2D̄α̇Xmαα̇ . (2.15)

This is proportional to the equation of motion of the matter gravitino superfield Ψmα and
matches the dimension 1

2 auxiliary field identified in [13].

3 Linearized supergeometry of 4|4 + 7 superspace

In this section, we will describe how a linearized 4|4 + 7 superspace is constructed out of
the prepotential constituents given in the previous section.

The fermionic coordinates of 11D N = 1 superspace are a 32-component Majorana
fermion. The 11|32 superspace coordinates are combined in zM̂ = (xm̂, θµ̂), where xm̂
are 11 bosonic coordinates, and θµ̂ are 32 fermionic ones. We introduce a vielbein ÊM̂

Â,
the corresponding frame ÊÂ = dzM̂ ÊM̂

Â, and a spin connection one form Ω̂ valued in
SO(10, 1). The torsion is the covariant derivative of the vielbein

T̂ Â = DÊÂ = dÊÂ + ÊB̂ ∧ Ω̂ Â
B̂

= 1
2Ê

Ĉ ∧ ÊB̂ T̂ Â
B̂Ĉ

, (3.1)

and the curvature is defined in terms of the spin connection Ω̂

R̂ B̂
Â

= dΩ̂ B̂
Â

+ Ω̂ Ĉ
Â
∧ Ω̂ B̂

Ĉ
. (3.2)

The torsion and the Riemann tensors satisfy the Bianchi identities

DT̂ Â = ÊB̂ ∧ R̂ Â
B̂

, DR̂B̂
Â = 0 . (3.3)

– 9 –
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For convenience, we quote the components of these tensors

T̂N̂M̂
Â = 2 D̂[N̂ ÊM̂ ]

Â = 2 ∂[N̂ ÊM̂ ]
Â − 2 Ê[N̂

B̂Ω̂M̂ ] B̂
Â(−)mb , (3.4a)

R̂N̂M̂ Â
B̂ = 2 ∂[N̂ Ω̂M̂ ]Â

B̂ − 2 Ω̂[N̂ |Â|
Ĉ Ω̂M̂ ]Ĉ

B̂ , (3.4b)

and their Bianchi identities

D[D̂T̂ĈB̂]
Â + T̂[D̂Ĉ

F̂ T̂|F̂ |B̂]
Â = R̂[D̂ĈB̂]

Â , (3.5a)

D[ÊR̂D̂ĈB̂]
Â + T̂[ÊD̂

F̂ R̂|F̂ |ĈB̂]
Â = 0 . (3.5b)

We suppress gradings above, and in all following component expressions. The spin connec-
tion and Riemann tensor are both SO(10, 1) valued, so that they obey

Ω̂âb̂ = −Ω̂b̂â , Ω̂α̂
β̂ = 1

4Ω̂âb̂(Γ̂
âb̂)α̂β̂ , (3.6)

with other components vanishing (similarly for R̂ÂB̂). The spectrum of 11D supergravity
also contains a 3-form, so we introduce one in superspace,

Ĉ3 = 1
3!dz

M̂ ∧ dzN̂ ∧ dzP̂ ĈP̂ N̂M̂ . (3.7)

The associated 4-form field strength Ĝ4 = dĈ3 satisfies the Bianchi identity

dĜ4 = 0 = 1
4!D[ÊĜD̂ĈB̂Â] + 1

3!2! T̂[ÊD̂
F̂ Ĝ|F̂ |ĈB̂Â] . (3.8)

3.1 Review: on-shell 11D supergravity in superspace

The Lagrangian of 11D supergravity is given by

ê−1L =− 1
2R̂+ 1

2 ψ̂m̂
α̂(Γm̂n̂p̂)α̂β̂Dn̂ψ̂p̂

β̂ − 1
4 · 4!Ĝm̂n̂p̂q̂Ĝ

m̂n̂p̂q̂

− 1
12ε

m̂1···m̂11Ĉm̂1m̂2m̂3Ĝm̂4···m̂7Ĝm̂8···m̂11 + · · · (3.9)

where we have omitted higher order fermionic terms. An 11D superspace is said to be
on-shell if its component projection satisfies equations of motion derived from the above
Lagrangian. It is called off-shell otherwise.

We give a quick review of the on-shell 11|32 superspace, initially constructed in [14, 15],
in our notations and conventions. In the process, we point out why this superspace is
necessarily on-shell, and motivate our construction of a partially off-shell, albeit linearized
around a background, 4|4 + 7 superspace.

Suppose we augment the superspace data (following [14, 15]) by the constraints for Ĝ4

Ĝα̂β̂γ̂δ̂ = 0 = Ĝâβ̂γ̂δ̂ = Ĝâb̂ĉδ̂ , (3.10a)

Ĝâb̂γ̂δ̂ = 2(Γ̂âb̂)γ̂δ̂ , (3.10b)
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and the constraints for the torsion

T̂γ̂β̂
â = 2(Γ̂â)γ̂β̂ , T̂γ̂β̂

â = 0 = T̂γ̂β̂
α̂ , (3.11a)

T̂ĉb̂
â = 0 . (3.11b)

The Ĝ4 Bianchi identities then determine the following non-zero components of the torsion:

T̂âβ̂
γ̂ = − 1

36Ĝâb̂ĉd̂(Γ̂
b̂ĉd̂)β̂

γ̂ − 1
288(Γ̂âb̂ĉd̂ê)β̂

γ̂Ĝb̂ĉd̂ê , (3.12a)

T̂âb̂
α̂ = − 1

84(Γ̂ĉd̂)α̂β̂Dβ̂Ĝâb̂ĉd̂ . (3.12b)

From (3.12b), it follows that the gravitino field strength T̂âb̂
α̂ satisfies the Rarita-Schwinger

equation of motion

(Γ̂âb̂ĉ)α̂β̂T̂b̂ĉ,β̂ = 0 . (3.13)

One then imposes the torsion Bianchi identities to find that the equations of motion for
the vielbein, and the 4-form field strength are also satisfied. This establishes that the
superspace of refs. [14, 15] is on-shell.

At the component level, this has the following consequence. If we normalize the 11D
gravitino conventionally as ψ̂m̂α̂ = 2Êm̂α̂|θ=0, then the 11D SUSY transformations of the
component fields can be written

δêm̂
â = −εα̂(Γ̂â)α̂β̂ΨM̂

β̂ , (3.14a)

δψ̂m̂
α̂ = 2D̂m̂εα̂ + 2 êm̂â εβ̂

( 1
36Ĝâb̂ĉd̂(Γ̂

b̂ĉd̂)β̂
α̂ + 1

288(Γ̂âb̂ĉd̂ê)β̂
α̂Ĝb̂ĉd̂ê

)
, (3.14b)

δĈm̂n̂p̂ = −3 εα̂(Γ̂[m̂n̂)|α̂β̂|Ψ̂p̂]
β̂ , (3.14c)

and these supersymmetry transformations close only up to the equations of motion of 11D
supergravity.

The root cause of the on-shell nature of the superspace lies in the choice of con-
straints (3.10) and (3.11). One may be able to throw the superspace off-shell by cleverly
relaxing these. In this scenario, auxiliary fields would be present in the spectrum, playing
their usual important role in off-shell closure of the SUSY algebra, and superspace Bianchi
identities would not imply field equations. However, the new set of constraints must also
have the property that we get back the on-shell theory upon imposing field equations. So
far it has not been possible to achieve this in the fully non-linear setting. We present
a partial solution to the problem by constructing a linearized superspace which is also
truncated, resulting in partially off-shell SUSY. In the next two sections, we sequentially
describe these two steps — linearization around a background and restriction to a subspace
that keeps only 4 fermionic coordinates and throws away the other 28.
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3.2 Linearizing around a background

We expand to linear order about a background superspace which satisfies the superspace
Bianchi identities. All background quantities are denoted by placing a circle˚on top, and
linear fluctuations are denoted by bold letters. We will compute components of the torsion
and curvature (and associated Bianchi identities), and four-form (and associated Bianchi
identity) in terms of the linear fluctuations. Our choice of background is the flat 11|32
superspace. In Minkowski coordinate system, we can choose the background superframe
(up to rigid Lorentz transformations)

E̊â = dxâ − θα̂(Γâ)α̂β̂dθβ̂ , E̊α̂ = dθα̂ . (3.15)

The linearized supervielbein is given by

ÊM̂
Â = E̊M̂

Â + E̊M̂
B̂HB̂

Â , (3.16)

where HB̂
Â is the linearized fluctuation. The spin connection has no background value, so

Ω̂M̂ Â
B̂ = ΩM̂ Â

B̂.
We will shortly give an explicit construction of the linear fluctuations of the superviel-

bein (restricted to 4|4 + 7 superspace) in terms of the prepotential constituents introduced
in section 2. A guiding principle in this construction is the transformation properties of
these objects under diffeomorphisms and local Lorentz transformations. Linearizing the
diffeomorphism parameter, we take ξ̂M̂ = ξ̊M̂ + ξM̂ . The indices can be flattened with the
background vielbein. We ignore background diffeomorphisms ξ̊M̂ , as these will reduce to
the isometries that preserve (3.15). Consequently, the linearized transformation rules of H
and Ω are

δHB̂
Â = −LB̂

Â +DB̂ξ
Â + ξĈ T̊ĈB̂

Â , δΩM̂ B̂
Â = ∂M̂LB̂

Â . (3.17)

Here, LB̂Â are Lorentz parameters.
Next, we denote by TĈB̂Â the linearized fluctuations of the tangent space components

of torsion, i.e.

T̂ĈB̂
Â = T̊ĈB̂

Â + TĈB̂
Â . (3.18)

From the definition of torsion, it follows that

TĈB̂
Â = 2 D̂[ĈHB̂]

Â + 2 Ω[ĈB̂]
Â + T̊ĈB̂

D̂HD̂
Â − 2H[Ĉ

D̂T̊|D̂|B̂]
Â , (3.19)

which is invariant under the linearized transformations (3.17). The linearized curvature
tensor is

RB̂
Â = dΩB̂

Â (3.20)

which in components becomes

RD̂Ĉ B̂
Â = 2D[D̂ΩĈ]B̂

Â + T̊D̂Ĉ
F̂ΩF̂ B̂

Â . (3.21)
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The linearized torsion and curvature Bianchi identities read

D̂[D̂TĈB̂]
Â + T̊[D̂Ĉ

F̂T|F̂ |B̂]
Â + T[D̂Ĉ

F̂ T̊|F̂ |B̂]
Â = R[D̂ĈB̂]

Â , D̂[ÊRD̂Ĉ]B̂
Â = 0 . (3.22)

We will also need similar results for the linearized 3-form and its 4-form field strength.
For the background 4-form, we take

G̊α̂β̂ĉd̂ = 2(Γĉd̂)α̂β̂ , (3.23)

and all other components of G̊ are set to zero. We denote by C the linearized fluctuation
of cotangent space components of the 3-form, i.e. Ĉ = C̊ +C. We expand this fluctuation
in the background frames,

C = 1
3!E̊

Â ∧ E̊B̂ ∧ E̊Ĉ CĈB̂Â (3.24)

The linearized fluctuation to the cotangent space components of G4 is denoted by GD̂ĈB̂Â,
so that

GD̂ĈB̂Â = 4D[D̂CĈB̂Â] + 6 T̊[D̂Ĉ
F̂C|F̂ |B̂Â] − 4H[D̂|

F̂ G̊F̂ |ĈB̂Â] . (3.25)

This is invariant under the linearized diffeomorphisms and gauge transformations

δCM̂N̂P̂ = 3∂[M̂ΛN̂P̂ ] + ξRG̊R̂M̂N̂P̂ . (3.26)

The Bianchi identity that G obeys can be shown to be

1
4!D[ÊGD̂ĈB̂Â] + 1

2!
1
3! T̊[ÊD̂

F̂G|F̂ |ĈB̂Â] + 1
2!

1
3!T[ÊD̂

F̂ G̊|F̂ |ĈB̂Â] = 0. (3.27)

The fact that the background solves the superspace Bianchi identities can be explicitly
checked. The only non-trivial check is the G4 Bianchi identity involving G̊α̂β̂ĉd̂, equivalent to

(Γ̂â)(α̂β̂(Γ̂âb̂)γ̂δ̂) = 0 , (3.28)

which is the fundamental 11D gamma matrix identity.

3.3 Reduction to 4|4 + 7 superspace

Having described linearization around a background, we now move on to the second key
step — reduction to a 4|4+7 superspace. Choosing a global 3-form (2.1) splits the bosonic
background into a 4 dimensional “external” space R4 and a 7 dimensional “internal” space
R7. We can use this structure to pick out four special fermionic directions in the following
manner. The background now has a reduced structure group SO(3, 1)×G2. A spinor ψα̂
of SO(10, 1) decomposes under a reduction to SO(3, 1)× SO(7) as

ψα̂ = (ψα I , ψ̄α̇ I) , (3.29)

– 13 –



J
H
E
P
1
1
(
2
0
2
2
)
1
2
7

where α, α̇ are indices of Weyl spinors of SO(3, 1), and I is the index of an 8-component
spinor of SO(7). Breaking SO(7) further to its G2 subgroup results in 8SO(7) = 1G2 + 7G2

in the following way:

ψαI = ηIψα + i(Γmη)Iψmα (3.30a)
ψα̇I = ηIψα̇ + i(Γmη)Iψmα̇ . (3.30b)

The constant real spinor ηI of unit norm defines the embedding of G2 into SO(7) and Γm
are the SO(7) gamma matrices. Our conventions for these are discussed in appendix A and
the G2 embedding is elaborated a bit in appendix C. The real G2 structure ϕmnp is given
in terms of η by

ϕmnp = iηTΓmnpη , ψmnpq = ηTΓmnpqη . (3.31)

Applying this decomposition to the fermionic coordinates θµ̂ of 11D N = 1 superspace
gives

θµ̂ = (θµ, θmµ, θ̄µ̇, θ̄mµ̇) . (3.32)

Now we are in a position to define our 4|4 + 7 superspace. It is the hypersurface

θmµ = 0 = θ̄mµ̇ . (3.33)

For consistency, the following one forms also get set to zero:

dθmµ = 0 = dθ̄mµ̇ . (3.34)

The bosonic coordinates undergo the simple split xm̂ = (xm, ym). Together with θµ, θ̄µ̇,
they form the coordinates of our 4|4 + 7 superspace: zM̂ −→ zM̂ |4|4+7 = (zM , ym), where
zM = (xm, θµ, θ̄µ̇) are the usual 4D N = 1 superspace coordinates. The background
superframe becomes

E̊a = dxa + θα(γa)αβ̇dθ̄β̇ + θ̄α̇(γa)α̇βdθβ , (3.35a)

E̊m = dym , (3.35b)
E̊α = dθα , (3.35c)

E̊mα = 0 . (3.35d)

We emphasize that the projection to 4|4 + 7 superspace means that form indices of all
geometric objects will run through the range of 4|4 + 7. In particular, forms will not have
legs along the “extra” fermionic directions. However, we still keep the full (background +
linear fluctuation) “superframe” ÊÂ = (Êâ, Êα̂) as a collection of 11 + 32 one forms:

ÊÂ = (Êa, Êa, Êα, Êaα, Êα̇, Êaα̇) . (3.36)

Here ÊA = (Êa, Êα, Êα̇) is the 4|4 supervielbein, Êa is a Kaluza-Klein photon, and
Êaα, Êaα̇ are seven additional gravitini. All of these have form legs only along the 4|4 + 7
superspace. This is not a vielbein in the traditional sense since it is rectangular.
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An important comment about the internal bosonic indices is in order. There are three
different indices that take seven values in the non-linear theory — the internal coordinate
index m, the SO(7) vector index a, and a G2 index, say i. We have already implicitly set
a = i by convention. The remaining two indices m and a are related by the vielbein Êma.
In the linearized theory, the background value for this internal component being δma, we
can identify a with m.

3.4 Components of the 4D supervielbein and spin connection

In the remainder of section 3, we will give explicit expressions for the linear fluctuations
of the vielbein, spin connection, 3- and 4-form etc. in terms of the off-shell prepotentials
described in section 2. These definitions will be guided by how these linear fluctuations
transform under different symmetries, and by torsion constraints.

In this subsection, we consider the purely 4D part HB
A. This should be built out

of Hαα̇ and G and Ḡ. There are actually a number of ways of doing this, and different
choices are related to how one defines the various transformation parameters. A simple
choice is [18]

Hα
β̇β := iDαH

β̇β , Hα
β := δα

βH , Hα β̇ := 0 , (3.37)

where

H = 1
12DαD̄α̇H

α̇α − i

6∂αα̇H
α̇α − 1

6G+ 1
3Ḡ . (3.38)

These transform consistently as

δHα
β̇β = Dαξ

β̇β + 4i δαβ ε̄β̇ , (3.39a)

δHα
β = Dαε

β −Lαβ = 1
2δα

βDγε
γ , (3.39b)

δHαβ̇ = Dαε̄β̇ = 0 , (3.39c)

where we identify the linearized parameters

ξαα̇ := −i(DαL̄α̇ + D̄α̇Lα) , (3.40a)

εα := −1
4D̄

2Lα , (3.40b)

Lαβ := D(αεβ) . (3.40c)

The other components ofHB
A, and the linearized spin connection, are obtained by solving

the expression for the purely 4D part of the linearized torsion,

TCB
A = 2D[CHB]

A + 2Ω[CB]
A + T̊CB

DHD
A − 2H[C

DT̊|D|B]
A , (3.41)

subject to the constraints

dimension 0 : Tαβ
c = 0 ,

dimension 1
2 : Tαβ

γ = 0 , T c
αb = T c

aβ = 0 ,

dimension 1 : T c
ab = 0 ,

(3.42)

which correspond to the linearized version of eq. (14.25) of ref. [16].
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First, let us consider the T a conditions. From Tββ̇
a = 0, we obtain

Hββ̇
α̇α = 1

2[Dβ , D̄β̇ ]H α̇α − δβαδβ̇
α̇
[1

3(G+ Ḡ) + 1
6[Dγ , D̄γ̇ ]H γ̇γ

]
. (3.43)

This transforms consistently as

δHb
a = ∂bξ

a −Lba , (3.44)

with Lba = −(σba)αβLαβ + (σ̄ba)α̇β̇L̄α̇β̇ . The condition Tγβa = 0 is already satisfied.
Alternatively, this condition would have told us Hαβ̇ = 0 if we hadn’t already fixed it.
From Tγ̇b

a = 0 = Tγb
a, one finds that

Ωγ̇b
a = −D̄γ̇Hb

a + ∂bHγ̇
a − 2iHb

β(σa)βγ̇ . (3.45a)

Ωγb
a = −DγHb

a + ∂bHγ
a + 2iHb

β̇(σa)γβ̇ . (3.45b)

The components Hb
β on the right hand side of the above equations have not been defined

yet. We note that, by virtue of (3.6), Ωγ, βα and Ωγ, β̇α̇ are derived from Ωγ, ba. From
Tcb

a = 0, one determines Ωcb
a in the usual manner.

Next, we consider the T α conditions. Tγ̇β̇α = 0 holds identically. Tγ̇βα = 0 leads to

Ωγ̇β
α = −D̄γ̇Hβ

α − 2iHβγ̇
α . (3.46)

The two equations for this component of the spin connection imply

Hββ̇
α = i

8D̄
2DβHβ̇

α − iδβαD̄β̇H̄ , (3.47a)

Ωγ̇, βα = 1
4D̄

2D(βHα)γ̇ , (3.47b)

Ωγ̇, β̇α̇ = −2εγ̇(β̇D̄α̇)H̄ , (3.47c)

and these transform as

δHββ̇
α = ∂ββ̇ε

α , δΩγ, βα = DγLβα , δΩγ̇, βα = D̄γ̇Lβα . (3.48)

The remaining conditions on the torsion tensor are solved very similarly to chapter XV of
ref. [16], and using the definitions for R, Gαα̇, and Wγβα in section 2.3 all conditions are
satisfied in a lengthy computation we do not repeat here.

3.5 Extending the supervielbein

Let us now compute the following components of the fluctuations of the supervielbein

(HB̂
Â)
∣∣
4|4+7 =

(
HB

A HB
m

Hn
A Hn

m

)
≡
(
HB

A ABm

χn
A Hn

m

)
. (3.49)

Typically, in a Kaluza-Klein setting, the bosonic component χna in the lower left block
would vanish. This would involve the gauge-fixing of SO(10, 1) to its SO(3, 1) × SO(7)
subgroup. It turns out that, in the 4D N = 1 superfield setting that we are employing, this
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gauge choice is extremely inconvenient while maintaining the irreducible superfield content
we have identified. That is, we find

Hm
α̇α = χm

α̇α = −1
2(D̄α̇Ψm

α −DαΨ̄m
α̇) (3.50)

and setting this to vanish would impose an awkward constraint on Ψα
m. This transforms as

δχm
α̇α = ∂mξ

α̇α −Lmα̇α , (3.51)

where

Lm
α̇α = 1

2D̄
α̇DαΩm −

1
2D

αD̄α̇Ω̄m (3.52)

has the obvious interpretation of being the higher-dimensional SO(10, 1) transformation
that has not been gauge-fixed. We will sometimes refer to this as the mixed Lorentz
parameter. Next, we define

2χm,α = ψm,α = i

4

[
D̄2Ψmα + 2i

3
(
DαĤm + 2Dα̇Xmαα̇

)
− 8

3Wαm

]
+ d1 λmα, (3.53)

where d1 is a constant. Since λmα has the same engineering dimension and index structure
as the other terms, its addition corresponds merely to a field redefinition of the gravitino
by a covariant piece. We will leverage this arbitrariness of d1 to simplify certain things
later in this section. χmα transforms simply as

δχm
α = ∂mε

α (3.54)

This completes the construction of HB
A and Hm

A, leaving HB
m and Hn

m. A natural
choice for Hα

m would seem to be

Hα
m = iDαVm . (3.55)

This transforms as

δHα
m = iDαλ

m − i

2Dα(Ωm + Ω̄m) = Dαξ
m + 2iεmα (3.56)

where we define

ξm := i

2(Ωm − Ω̄m) + i(λm − λ̄m) , εmα := −1
2DαΩm (3.57)

The parameter εmα describes the additional 28 supersymmetries present in 11D supergrav-
ity. We also choose

Hαα̇
m = 1

2[Dα, D̄α̇]Vm = −∆αα̇Vm (3.58)

which transforms as

δHαα̇
m = i∂αα̇(λm − λ̄m) + 1

2∆αα̇(Ωm + Ω̄m) = ∂αα̇ξ
m −Lαα̇m (3.59)
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where Lam = −Lma correctly accounts for the Lorentz transformation of this component
with a mixed Lorentz parameter.

Finally, we consider Hn
m. We choose a gauge where this is symmetric, implying that

it can be identified with the internal metric.

Hn
m = 1

2gn
m = 1

4ϕrs(nF
m)rs − 1

36δ
m
n ϕ

pqrFpqr (3.60)

This transforms as

δHn
m = ∂nξ

m −Lnm , Lnm := ∂[nξm] . (3.61)

This completes the construction of the linearized supervielbein with all indices restricted
to 4|4 + 7. The extra gravitini in Hmα will be constructed in the next subsection. Sym-
metrization of the bosonic components of the vielbein defines the linearized 11D metric.
We don’t give a detailed account of this here, except to introduce

gαmn := Dα

[
gmn − 2i∂(mVn)

]
(3.62)

which is a λm -invariant quantity constructed from the spinor derivative of gmn. In fact, it
is the 1 + 27 G2 projection of Fαmnp defined in (2.13). Its complex conjugate is denoted
by gα̇mn. The 7 piece Fαm of Fαmnp descends from the 7 piece Fm of Fmnp:

Fm := − 1
12ψmnpqF

npq , Fαm := − 1
12ψmnpqFα

npq (3.63)

The complex conjugate of Fαm is denoted by Fα̇m. The quantities gαmn and Fm will be
useful in the construction of components of the extra gravitini below.

3.6 Extra gravitini

Now we focus on the so far undefined seven extra gravitini ψmα. We define components of
ψmα with bosonic form legs,

Hb
nα := 1

2ψb
nα, (3.64a)

ψββ̇,mα := D(αX|m|β)β̇ + εβα

(1
3D̄β̇Ĥm + 2i

3 W̄β̇m + 1
6D

γXmγβ̇

)
+ d2 εβαλ̄mβ̇ (3.64b)

and

Hm
nα := 1

2ψm
nα, (3.65a)

ψm,nα := i

2gαmn −
1
2

(
Ŵαmn −

1
6ϕmnpϕ

prsŴαrs

)
− i

72ϕmnpψ
pqrsFαqrs

+ 1
6ϕmnpDαĤ

p + d3 ϕmnpλ
p
α . (3.65b)

Again, the λmα terms come with (as of now) arbitrary constants d2 and d3. These compo-
nents of the gravitini transform as

δψββ̇,mα = 2 ∂ββ̇εmα , δψm,nα = 2 ∂mεnα (3.66)
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The remaining components are ψαnβ and ψα̇nβ . These are given by

Hα
nβ := 1

2ψα
nβ := −1

4δα
β
(
Fn − iĤn

)
, H α̇,nβ := 1

2ψ
α̇,nβ := − i2X

nα̇β , (3.67a)

δHα
nβ = Dαε

nβ − 1
4δα

βϕnpqLpq , δH α̇,nβ = D̄α̇εnβ + 1
2Ln

βα̇ . (3.67b)

In addition to linearized SUSY transformations, these components also undergo in-
ternal Lorentz transformations. These higher Lorentz transformations naturally descend
from 11D superspace in the following manner. Recall that the linearized torsion on the
extended space is of the form (3.19). The linearized spin connection Ω is valued over all
of SO(10, 1). Reducing this to 4|4 + 7, the form indices Ĉ and B̂ will run over 4|4 + 7
superspace, while Â will include the extra gravitini as well. Let us look at the cases when
Â is a spinor index. Looking only at the spin connection contributions, we find

TĈB̂
α ∼ 1

4δB̂
β ΩĈde(γ

de)βα − Ĉ ↔ B̂ , (3.68)

TĈB̂
mα ∼ +1

2δB̂β̇ ΩĈ d
m(σd)β̇α + 1

4δB̂
β ϕmnpΩĈnp − Ĉ ↔ B̂ . (3.69)

Here, we have used 11D gamma matrices outlined in appendix A. The first equation with
Â = α just means that the torsion tensor T α gets no contribution from spin connections
with either one or both Lie algebra indices along the internal manifold. This is consistent
with the fact that the vielbeins involved in this torsion do not suffer Lorentz transformations
with Lam and Lmn. However, Tmα gets spin connection contributions of these kinds to
negate the Lam and Lmn transformations of HB̂

mα

δHB̂
mα|Lorentz = −1

2δB̂β̇ Ld
m(σd)β̇α −

1
4δB̂

β ϕmnpLnp . (3.70)

This concludes the construction of the entire supervielbein.

3.7 Extending the linearized spin connection

The purely 4D components of Ω were determined in section 3.4. The remaining spin con-
nection components will be given now. Being valued in SO(10, 1), the only independent spin
connections are Ωb̂â, and the rest are determined in terms of them: Ωβ̂α̂ = 1

4(Γb̂â)
β̂α̂Ωb̂â,

Ωb̂α̂ = 0. One guiding principle in their definitions can be their transformation rules under
local SO(10, 1): δΩĈ

b̂â = DĈL
b̂â, with the form index Ĉ restricted to 4|4 + 7. Another

approach is to give definitions of torsion components, which are covariant quantities, and
derive from them the spin connections. We will take the second approach.

As in ordinary general relativity, setting the bosonic components Tĉb̂
â = 0 lets one

determine the purely bosonic part of the spin connection as

Ωĉb̂â = −1
2
(
Kĉb̂â +Kâb̂ĉ +Kâĉb̂

)
, (3.71)

where Kâb̂ĉ = ∂âHb̂ĉ − ∂b̂Hâĉ are the anholonomy coefficients.
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The rest of T â is going to involve parts with fermionic legs. The purely 4D components
Ωγ, αβ are in (3.47). Now we look at the cases where at least one Lie algebra index is
internal. Consider T a, with one fermionic form leg and one internal leg. This is

Tβm
a = DβHm

a − ∂mHβ
a + Ωβm

a + 2iHm,γ̇(σa)βγ̇ . (3.72)

This component of the torsion tensor is dimension 1
2 and can include λmα. We rewrite

Ωβm
a = −Tmβa + ∂mHβ

a −DβHm
a − 2iHm,γ̇(σa)βγ̇ . (3.73)

We also notice that, from the definition of Tβam,

Ωβa
m = −Taβm + ∂aHβ

m −DβHa
m − 2iδmnHa,nβ . (3.74)

This must be opposite in sign from the previous expression (3.73), so we get

Tmβ,a + Taβ,m = ∂aHβ,m −DβHa,m + ∂mHβ,a −DβHm,a − 2iHmγ̇(σa)βγ̇ − 2iHa,mβ ,

(3.75)

which is independent of the spin connection. We can write out the right hand side explicitly
from the given definitions of the supervielbein,

(σa)αα̇(Tmβ,a + Taβ,m) = i εβα(2d1 + d2)λ̄mα̇ . (3.76)

We choose to populate Taβm by λmα, with an undetermined proportionality factor d4, and
consequently

Taβ
m = i d4 (σa)ββ̇λ̄

β̇m , (3.77)

Tmβ
a = i (d1 + 1

2d2 − d4)(σa)ββ̇λ̄
β̇
m , (3.78)

Ωβa
m = (σa)ββ̇(W̄ β̇m + i d4λ̄

β̇m)− 2iHa,β
m . (3.79)

The definition of Tnβm gives

Tnβ
m = ∂nHβ

m −DβHn
m −Ωβn

m − 2i δmpHn,pβ . (3.80)

The symmetric part of this in nm gives the SUSY transformation of gnm with extra SUSY
parameters εmα. Because there are no such terms in (3.61), this symmetric part is zero.
The antisymmetric part amounts to a choice of Ωβn

m, and its 7 part can be chosen to have
a λ piece. We find

Tβn
m = −Tnβm = i d5 ϕn

mpλpβ , (3.81)

Ωβmn = i(d5 − d3)ϕmnpλpβ + iDβ∂[mVn] + i

2(Ŵβmn −
1
6ϕmnpϕ

pqrŴβqr)

− 1
72ϕmnpψ

pqrsFβqrs −
i

6ϕmnpDβĤp . (3.82)

Again, d5 is undetermined. For the dimension zero components, we find as expected

0 = Tαβ
m = 2D(αHβ)

m , (3.83)
0 = Tαβ̇

m = DαHβ̇
m + D̄β̇Hα

m + 2iδmnHα,nβ̇ . (3.84)

At this point, we have chosen all components of the spin connection.
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3.8 Evaluating the remaining torsion components

Torsion components for which explicit prepotential expressions have not yet been given can
now be computed. The purely external parts of T α work out in the standard way. The
parts with at least one internal leg, such as

Tmβ
α = ∂mHβ

α −DβHm
α + Ωmβ

α , (3.85)

are more complicated, and presumably do not vanish because there are invariants with
that dimension and representation. We decompose this into irreps of SL(2,C):

Tmβ
α =: i δβαSm + Smβ

α (3.86)

where the second term is traceless. Explicitly,

i Sm = ∂mH + 1
2D

γHmγ

= − i6∂αα̇Xm
α̇α − 1

24D̄
2Hm + 1

24D
2Hm −

i

6D
αWαm + 1

4d1D
αλmα

= i

6J(V)m −
i

36Gmnpqϕ
npq + 1

4d1D
αλmα (3.87)

and

Smβα = −D(βH|m|α) + Ωmβα

= − 1
12D(βD̄

γ̇X|m|α)γ̇ −
i

4∂(β
γ̇Xmα)γ̇ + i

12D(βWα)m −
1
2d1D(βλmα)

= − i

12ϕm
npGαβ np +

( 1
24 −

d1
2

)
D(βλ|m|α) (3.88)

Above, J(V)m denotes the equation of motion of Vm. Next,

Tm
β̇α ≡ −iSmc(σ̄c)β̇α = −D̄β̇Hm

α

= −1
2d1D̄

β̇λm
α + 1

12D̄
β̇DαĤm + 1

12D̄
2Xm

β̇α

= −1
2d1D̄

β̇λm
α + 1

12

[
− 1

2D̄
β̇λm

α − 1
2D

αλ̄m
β̇ + 2G̃β̇αm + i

6ψm
npqGβ̇α

npq

]
(3.89)

The lowest dimension components of Tmα are with dimension=1/2:

Tγβ
mα = 2D(γHβ)

mα + 1
2ϕ

mnpδ(β
αΩγ)np , (3.90)

Tγβ̇
mα = DγHβ̇

mα + D̄β̇Hγ
mα + 2iHγβ̇

mα − 1
2Ωγ

dm(σd)αβ̇ + 1
4ϕ

mnpδγ
αΩβ̇ np , (3.91)

Tγ̇β̇
mα = 2D̄(γ̇Hβ̇)

mα −Ω(γ̇
dm(σ|d|)αβ̇) . (3.92)

These must be invariants, and may involve the gravitino equation of motion. The last
one then must vanish. The other two can be chosen to vanish by choosing the spinor spin
connections appropriately, but this means there may be tension with other components of
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the torsion. We stick with our previous choices of spin connections instead. Explicitly,
we find

Tγβ
mα = 3i (d5 − d3) δ(γ

αλmβ) , (3.93)

Tγβ̇
mα = iδγ

αλ̄mβ̇

(
− 3

2(d2 − d3 + d5)− d4
)
, (3.94)

Tγ̇β̇
mα = 0 (3.95)

Remarkably, we can turn off all dimension 1
2 torsion components by setting all of the di to

zero. We make this convenient choice. Explicit expressions for the remaining dimension 1
components can be similarly obtained by expanding the right hand sides of

Tbγ
mα = ∂bHγ

mα −DγHb
mα + Ωb,γ

mα , (3.96a)
Tbγ̇

mα = ∂bHγ̇
mα − D̄γ̇Hb

mα + Ωb,γ̇
mα , (3.96b)

and their complex conjugate equations where mα −→ mα̇. These components of the tor-
sion can be decomposed into SL(2,C) irreducible pieces. It turn out that, as a consequence
of Bianchi identities, some of these irreducible pieces are related to the S superfields in-
troduced above, and spinor derivatives of λmα. The explicit prepotential expressions of
the torsion components, although useful in their own right, do not immediately make it
transparent that such relationships exist. Without the knowledge of Bianchi identities, one
could still discover these relationships by computing various derivatives of the torsion com-
ponents explicitly, and linearly combining them (respecting dimension and representation
theory, of course). Obviously, a more systematic approach would be to use the Bianchi
identities to extract the exhaustive list of relations, identify which pieces of the torsion
components do not participate in Bianchi identities and, hence, are new/independent su-
perfields (as opposed to being derivatives of superfields that are in lower dimensional torsion
components). This approach will be presented in section 4.

The dimension 3
2 components are gravitino curls Tb̂ĉ

α̂, and the same comment applies
to them. Instead of giving explicit prepotential expressions for these, we will use Bianchi
identities in section 4 to find which parts of these are independent, and which parts get
determined in terms of lower dimensional stuff.

3.9 Components of the 3-form gauge field and its 4-form curvature

Before going to the Bianchi identities, let us not forget the super 3-form gauge field and
its field strength. The highest dimensional components of G4 are fully bosonic components
with dimension 1. We start with its purely internal part, Gmnpq. Under abelian tensor
hierarchy transformations alone, this is encoded by Emnpq, which no longer is invariant
under Ω transformations. So we covariantize it:

Gmnpq = ReEmnpq + 2ψr[mnp∂q]Ĥr (3.97)
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which is an invariant quantity, a dimension 1 curvature. Similar exercise of covariantization
gives the rest of the components as follows:

(σa)αα̇Gamnp = 1
2
[
DαFα̇mnp − D̄α̇Fαmnp − 6ϕq[mn∂p]Xq

αα̇ + ψmnpq∂αα̇Ĥ
q
]

(3.98a)

Gabmn = −(σab)αβGαβmn + h.c.

= i

2(σab)αβ
[
D(αŴβ)mn + iϕmn

p ∂(α
γ̇X|p|β)γ̇

]
+ h.c. (3.98b)

Gabcm = εabcdG̃
d
m

= 1
8εabcd(σ̄

d)α̇α
(
[Dα, D̄α̇]Ĥm −D2Xmαα̇ − D̄2Xnαα̇

)
(3.98c)

Gabcd = 3iεabcd(R− R̄) . (3.98d)

It is going to be useful to decompose Gamnp into its 1 + 27 and 7 bits in the canonical
way. We find

(σa)αα̇Gamn = 1
2Dαgα̇mn −

1
2D̄α̇gαmn − 2 ∂(mXn)αα̇ (3.99a)

(σa)αα̇Gam = 1
2DαFα̇m −

1
2D̄α̇Fαm − ϕmnp∂nXpαα̇ + ∂αα̇Ĥm . (3.99b)

We also choose to define the dimension 1
2 component

Gαbmn = −1
6(σb)αα̇ϕmnpλ̄pα̇ , (3.100)

and set all remaining components of G to zero. From the above expressions for the cur-
vature components, we can derive components of the three-form gauge field up to exact
pieces. These are:

Cmnp = 1
2
(
Φmnp + Φ̄mnp

)
+ 1

2ψmnpqĤ
q (3.101a)

(σa)αα̇Camn = 1
2[Dα, D̄α̇]Vmn − ϕmnp∂αα̇Vp + ϕmnpX

p
αα̇ (3.101b)

Cabm = −(σab)αβCαβm + h.c.,

= −(σab)αβ
[
− i

2
(
D(αΣβ)m +D(αΨ|m|β)

) ]
+ h.c. (3.101c)

Cabc = εabcdC̃
d

= −1
2εabcd(σ̄

d)α̇α
[
− 1

4
(
[Dα, D̄α̇]X +D2Hαα̇ + D̄2Hαα̇

)]
. (3.101d)

4 Solving the Bianchi identities

In the previous sections, we have constructed a 4|4 + 7 superspace (with extra gravitini
and gauge fields) from prepotential ingredients. Now we change gears to take a “first
principles” supergeometric approach in which we deal with torsions, curvatures, and their
Bianchi identities. The linearized Bianchi identities in 11|32 superspace are (3.5), (3.8).
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We will project these to 4|4 + 7 by restricting all form indices and solve them in order
of their engineering dimensions starting from the lowest dimension, which is 1

2 . When
we say we solve Bianchi identities, we mean that we write down an exhaustive list of
derivative relations satisfied by various torsion and curvature components, and identify
components that are not constrained by Bianchi identities at all. We turn a blind eye to all
the information presented in section 3 except, crucially, to pose a set of torsion constraints
that are inspired by the explicit construction. These constraints will be the analogue of
eq. (14.25) in [16]. Together with the Bianchi identities, they define the supergeometry of a
linearized 4|4 + 7 superspace, a solution to which (in terms of unconstrained prepotentials)
is the one we presented in section 3.

4.1 Restriction of linearized Bianchi identities to 4|4+7

Recall that the spinorial superframes Êα̂ decompose as

ÊαI = ηIÊα + i(Γmη)IÊmα (4.1a)
Êα̇I = ηIÊα̇ + i(Γmη)IÊmα̇ . (4.1b)

The dual superspace derivatives become

DαI = ηIDα + i(Γmη)IDmα (4.2a)
D̄α̇I = ηID̄α̇ + i(Γmη)ID̄mα̇ . (4.2b)

The derivatives Dmα, D̄mα̇ do not appear in the Bianchi identities restricted to 4|4 + 7.
Bianchi identities satisfied by TA in 11|32 are:

D[D̂TĈB̂]
A + T̊[D̂Ĉ

f̂T|f̂ |B̂]
A + T[D̂Ĉ

γ̂ T̊|γ̂|B̂]
A = R[D̂ĈB̂]

A . (4.3)

Restricted to 4|4 + 7, this gives rise to the following:

D[DTCB]
A + T̊[DC

fT|f |B]
A + T[DC

F T̊|F |B]
A = R[DCB]

A (4.4a)
∂mTCB

A + 2D[CTB]m
A + T̊CB

fTfm
A + 2Tm[C

F T̊|F |B]
A = 2Rm[CB]

A +RCBm
A (4.4b)

2∂[nTm]B
A +DBTnm

A + TnmF T̊FBA = RnmB
A + 2RB[nm]

A (4.4c)
∂[nTmp]

A = R[nmp]
A . (4.4d)

For T a, we have

D[D̂TĈB̂]
a + T̊[D̂Ĉ

f̂T|f̂ |B̂]
a + T[D̂Ĉ

γ̂ T̊|γ̂|B̂]
a = R[D̂ĈB̂]

a . (4.5)

Restricted to 4|4 + 7, this gives rise to

D[DTCB]
a + T̊[DC

fT|f |B]
a + T[DC

γ̂ T̊|γ̂|B]
a = R[DCB]

a (4.6a)
∂mTCB

a + 2D[CTB]m
a + T̊CB

fTfm
a + 2Tm[C

γ̂ T̊|γ̂|B]
a = 2Rm[CB]

A +RCBm
a (4.6b)

2∂[nTm]B
a +DBTnm

a + Tnmγ̂ T̊γ̂Ba = RnmB
a + 2RB[nm]

a (4.6c)
∂[nTmp]

a = R[nmp]
a . (4.6d)
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For Tmα, we have
D[D̂TĈB̂]

mα + T̊[D̂Ĉ
f̂T|f̂ |B̂]

mα = R[D̂ĈB̂}
mα . (4.7)

Restricted to 4|4 + 7,

D[DTCB]
mα + T̊[DC

fT|f |B]
mα = R[DCB]

mα (4.8a)
∂nTCB

mα + 2D[CTB]n
mα + T̊CB

fTfn
mα = 2Rn[CB]

mα +RCBn
mα (4.8b)

2∂[nTp]B
mα +DBTnp

mα = RnpB
mα + 2RBnp

mα (4.8c)

∂[nTpq]
mα = R[npq]

mα . (4.8d)

The linearized G4 Bianchi identities in 11|32 superspace are

D[ÊGD̂ĈB̂Â] + 2T̊[ÊD̂
F̂G|F̂ |ĈB̂Â] + 2T[ÊD̂

F̂ G̊|F̂ |ĈB̂Â] = 0 (4.9)

Restricted to 4|4 + 7,

D[EGDCBA] + 2T̊[ED
fG|f |CBA] + 2T[ED

F̂ G̊|F̂ |CBA] = 0 (4.10a)

D[mGDCBA] + 2T̊[mD
fG|f |CBA] + 2T[mD

F̂ G̊|F̂ |CBA] = 0 (4.10b)

D[mGnCBA] + 2T̊[mn
fG|f |CBA] + 2T[mn

F̂ G̊|F̂ |CBA] = 0 (4.10c)

D[mGnpBA] + 2T̊[mn
fG|f |pBA] + 2T[mn

F̂ G̊|F̂ |pBA] = 0 (4.10d)

D[mGnpqA] + 2T[mn
F̂ G̊|F̂ |pqA] = 0 (4.10e)

∂[mGnpqr] = 0 (4.10f)

One can further decompose the 4|4 indices A,B,C into bosonic and fermionic indices,
but we don’t show it explicitly here. The curvature two forms Rα

mβ appear in the torsion
Bianchi identities. From R̂α̂

β̂ = 1
4R̂âb̂(Γ̂

âb̂)α̂β̂ , we deduce that the only non-zero Rβ̂
α̂’s are

Rβ
α = 1

4Rab(γab)βα , (4.11a)

Rmβ
α = −1

4δβ
αϕmnpR

np , (4.11b)

Rβ
mα = 1

4δβ
αϕmnpRnp , (4.11c)

Rnβ
mα = 1

4δn
mRcd(γcd)βα + 1

4δβ
α
[
ψn

mpqRpq +Rn
m −Rm

n

]
, (4.11d)

Rnβ̇,α = −1
2(σ̄a)β̇αRa

n , (4.11e)

Rβ̇,mα = 1
2(σ̄b)β̇αRb

m , (4.11f)

Rnβ̇,mα = −1
2(σ̄d)β̇αϕmnpRdp , (4.11g)

and their complex conjugates. Of these, the ones with the first index along the extra θ

directions do not appear in the restricted Bianchi identities.
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4.2 Constraints

We postulate the following conventional constraints for the torsion and the 4-form. All
dimension 0 components of the torsion vanish:

Tαβ
c = Tαβ

m = 0 . (4.12)

All dimension 1
2 components of T vanish:

Taβ
c = Tmβ

c = Taβ
m = Tnβ

m = 0 , Tαβ
γ = Tαβ

mγ = Tαβ,mγ̇ = 0 . (4.13)

All dimension 1 components of T determining bosonic spin connections vanish:

Tab
c = Tam

c = Tmn
c = Tab

m = Tan
m = Tnp

m = 0 . (4.14)

All components of G with dimensions −1, −1
2 , and 0 vanish:

Gαβγδ = 0 , Gaβγδ = Gmβγδ = 0 , Gab γδ = Gamγδ = Gmnγδ = 0 . (4.15)

The 4-form components at dimension 1
2 are Gαmnp, Gαabc, Gαabm, and Gαbmn. The first

one is set to zero by fiat:

Gαmnp = 0 . (4.16)

The next two will be found to vanish as consequence of dimension 1
2 Bianchi identities.

The last one is non-zero, and, in general, a 2-form of G2. We impose the constraint that it
belongs in the 7 of G2, and is proportional to λmα. Choosing a normalization:

Gαbmn = −1
6(σb)αα̇ϕmnpλ̄pα̇ . (4.17)

The above constraints are informed by the explicit construction of section 3. In the next
subsection, we state the consequences of the Bianchi identities subject to these constraints.

4.3 Results

We present our results organized by dimension. At each dimension, we list all components
of T ,R, andG, and decompose them into their SL(2,C) andG2 irreducible pieces. Then we
state which of the irreducible pieces are determined by Bianchi identities to be derivatives
of lower dimensional components, and which ones are new/independent superfields. We
end the discussion at each dimension by reiterating important relations/properties (such as
reality or chirality of various pieces of the components) implied by the Bianchi identities.

The purely 4D part of the analysis follows in the standard way [16]. We do not explain
their derivations but merely quote the results.
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4.3.1 Dimension ≤ 1
2

All dimension −1 components (namely Gαβγδ), all dimension −1
2 components (namely

Gâβγδ), all dimension 0 components (namely Gâb̂γδ and Tαβ,ĉ), and all dimension 1
2 torsion

components (namely Tâβ,ĉ and Tαβ,γ̂) vanish by fiat. The dimension 1
2 components Gαmnp

are chosen to vanish by fiat. The lowest dimensional Bianchi identities are a set of G4
equations at dimension 1

2 :

(σc)(δ|β̇|Gγ)cba = 0 = (σc)δ(β̇Gγ̇)cba (4.18a)

(σb)(δ|β̇|Gγ)abm = 0 = (σb)δ(β̇Gγ̇)abm (4.18b)

(σb)(δ|β̇|Gγ)bmn = 0 = (σb)δ(β̇Gγ̇)bmn . (4.18c)

Decomposing all external indices under SL(2,C), these imply

Gδ abc = Gδ abm = 0 , Gα bmn = −1
6(σb)αα̇λ̄α̇mn , (4.19)

where λαmn is an arbitrary internal 2-form. It decomposes under G2 as 21SO(7) = 7G2 +
14G2 . Our constraint (4.17) then restricts it to its 7 piece

Gα bmn = −1
6ϕmnp(σb)αα̇λ̄

pα̇ . (4.20)

This is the only non-zero component field up to dimension 1
2 .

4.3.2 Dimension 1

Torsion. Torsion components at dimension 1 are

• Tb̂ĉ,â: these vanish by constraint via a choice of spin connection.

• Tb̂γ̂,α̂
4|4+7−−−→ Tb̂γ,α̂: we decompose these into irreps of SL(2,C) and G2.

The purely external components, namely Tbγ,α, follow from [16]:

Tbγ,α = −1
2(σ̄b)β̇βTββ̇,γ,α

Tββ̇,γ,α = − i4(εβαGγβ̇ − 3εγβGαβ̇ − 3εγαGββ̇) (4.21a)

Tbγ̇,α̇ = −1
2(σ̄b)β̇βTββ̇,γ̇,α̇

Tββ̇,γ̇,α̇ = − i4(εβ̇α̇Gβγ̇ − 3εγ̇β̇Gβα̇ − 3εγ̇α̇Gββ̇) (4.21b)

Tbγ,α̇ = −1
2(σ̄b)β̇βTββ̇,γ,α̇

Tββ̇,γ,α̇ = 2iεγβεβ̇α̇R
† , R† = R̄ (4.21c)

Tbγ̇,α = −1
2(σ̄b)β̇βTββ̇,γ̇,α

Tββ̇,γ̇,α = 2iεγ̇β̇εβαR . (4.21d)
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The independent superfields here are Gαα̇ and R. It is implied by a Bianchi identity that
Gαβ̇ is real.

The internal pieces of Tα are decomposed as

Tmβ,α = −iεβαSm + Smβα (4.22a)
Tmβ̇,α = −i(σc)αβ̇Smc = −iSmαβ̇ (4.22b)

Tmβ̇,α̇ = −iεβ̇α̇Sm + S̄mβ̇α̇ . (4.22c)

Here, Smαβ and S̄mα̇β̇ are symmetric in the two spinor indices. From T α̇ = (T α)∗ and the
above definitions, the following complex conjugation relations follow

(Smαβ)∗ = −S̄mα̇β̇ , S̄mc := (Smc)∗ . (4.23)

A dimension 1 Bianchi identity (4.10b) for G4 implies that Sm is real

S̄m := (Sm)∗ = Sm , (4.24)

which we have already taken into account in (4.22). The independent superfields here are
Sm, Smαβ = −(S̄mα̇β̇)∗, and Smc = (S̄mc)∗.

Next we have the pieces of Tmα. These are Tn,βmα and Tbβmα. We start with the first
of these. When the two spinor indices are both dotted (or both undotted), a dimension 1
torsion Bianchi identity (4.6b) implies that the ε-traceless (spin 1) piece is (proportional
to) a curvature component. The trace piece (spin 0) does not participate in (4.6b), and
hence it is proportional to an independent superfield Zm,n. The comma between indices
denotes that it belongs to 7× 7 of G2 and should be decomposed into irreps of G2. When
one spinor index is undotted, and the other is dotted, we split the corresponding torsion
component into its real and imaginary parts. The real part is set equal to a curvature
component (times i, since the curvature component in question is imaginary), and the
imaginary part is new, denoted by Xαβ̇m,n. Explicitly, we have

Tm γ, nβ = − i4Rγβmn + 1
2εγβZm,n (4.25a)

Tm γ̇, nβ̇ = i

4Rγ̇β̇mn −
1
2εγ̇β̇Z̄m,n (4.25b)

Tm γ, nβ̇ = i

4Rγβ̇mn − iXγβ̇m,n (4.25c)

Tm γ̇, nβ = − i4Rβγ̇mn − iXβγ̇m,n , (4.25d)

where

Z̄m,n := (Zm,n)∗ , Xβγ̇ m,n = (Xγβ̇ m,n)∗ (4.26)

Rγ̇β̇,mn =− (Rγβmn)∗ , Rγ̇β,mn = −(Rγβ̇mn)∗ (4.27)

More information about Xam,n = −1
2(σ̄a)α̇αXαα̇m,n is hidden in the dimension 1 G4 Bianchi

identities (4.10c) and (4.10d). The first implies that Xa[m,n] lies only in 7 of G2, which
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means that the full Xam,n is in 35 of SO(7), an internal 3-form. The second implies that
this internal 3-form is nothing but Gamnp. We G2-decompose Xam,n (alternatively Gamnp).
Its G2 singlet is denoted Xa, its traceless symmetric piece (27) is denoted by X̃amn, and
its antisymmetric piece (7) is encoded in Xam. Their complex conjugates are X̄a, ˜̄Xamn,
and X̄am respectively:

Xam,n =: X̃amn + 1
7δmnXa + 1

3ϕmn
pXap (4.28a)

δmnXam,n = Xa , X̃amn = X̃anm , Xa[m,n] = 1
3ϕmnpXa

p . (4.28b)

The identification of this superfield with Gamnp is through the following

Gamnp = −6Xa[m,
qϕnp]q , (4.29)

which implies

Xa = − 1
36ϕ

mnpGamnp (4.30a)

X̃amn = −1
8ϕ(m

pqG|a|n)pq + 1
56δmnφ

pqrGapqr (4.30b)

Xam = 1
48ψm

npqGanpq . (4.30c)

Equations (4.30) can be easily inverted to express irreducible pieces of Gamnp in terms of
those of Xam,n. This is not all. Bianchi identity (4.10c) determines completely the 7 piece
Xam, and the curvature component Rαβ̇mn in terms of previously introduced independent
superfields:

iXαβ̇m = 1
16(Dαλ̄mβ̇ + D̄β̇λmα)− 3i

4 (Smαβ̇ + S̄mαβ̇) (4.31a)

Rαβ̇mn = ϕmn
p
[
i

12(Dαλ̄pβ̇ − D̄β̇λpα)− (Spαβ̇ − S̄pαβ̇)
]

(4.31b)

Notice that Rαβ̇mn is forced to lie in the 7. The components Rαβmn and Rα̇β̇mn are not
fully determined by dimension 1 Bianchi identities. Their 7 pieces are forced (by (4.8a))
to vanish

ϕpmnRαβmn = 0 = ϕpmnRα̇β̇mn , (4.32)

while their 14 pieces are left unconstrained.
We will now G2 decompose Zm,n. For its symmetric part, we denote the 1 piece by

˜̄R, and the 27 piece by ˜̄Rmn. For the anti-symmetric part, we denote the 7 piece by
R̄m, and the 14 piece by L[mn]14 . Their complex conjugates are R̃, R̃mn, Rm, and L̄[mn]14

respectively:

Zm,n =: 1
2

˜̄Rmn + 1
14δmn

˜̄R+ 1
6ϕmnpR̄

p + L[mn]14 (4.33a)

δmnZm,n = 1
2

˜̄R , ˜̄Rmn = ˜̄Rnm , Z[m,n] = 1
6ϕmnpR̄

p + L[mn]14 . (4.33b)

– 29 –



J
H
E
P
1
1
(
2
0
2
2
)
1
2
7

The dimension 1 Bianchi identity (4.10c) for G4 implies

L[mn]14 = L̄[mn]14 (4.34a)

Rm − R̄m = 6iSm + 1
4D

αλαm −
1
4D̄α̇λ̄

α̇
m (4.34b)

Thus, new/independent superfields in the components (4.25) are Rαβmn = −(Rα̇β̇mn)∗,
X̃amn, Xa, L[mn]14 (which is real), Re(Rm), ˜̄Rmn, and ˜̄R.

The remaining torsion components at this dimension are fully determined by Bianchi
identities in the following way (we skip the details of the derivation):

Tγb,mα = −1
2(σ̄b)β̇βTγ,ββ̇,mα

= −1
2(σ̄b)β̇β

[
2iεγβS̄mαβ̇ + εγα

[
i

4 S̄mββ̇ + 3i
4 Smββ̇ + 1

16(Dβλ̄β̇m − D̄β̇λβm)
] ]
(4.35a)

Tγ̇b,mα̇ = −1
2(σ̄b)β̇βTγ̇,ββ̇,mα̇

= −1
2(σ̄b)β̇β

[
2iεγ̇β̇Smβα̇ + εγ̇α̇

[
i

4Smββ̇ + 3i
4 S̄mββ̇ + 1

16(D̄β̇λβm −Dβλ̄β̇m)
] ]
(4.35b)

Tγb,mα̇ = −1
2(σ̄b)β̇βTγ,ββ̇,mα̇

= −1
2(σ̄b)β̇β

[
iεγβεβ̇α̇Sm + 3εγβS̄mβ̇α̇ − εβ̇α̇Smγβ

]
(4.35c)

Tγ̇b,mα = −1
2(σ̄b)β̇βTγ̇,ββ̇,mα

= −1
2(σ̄b)β̇β

[
iεγ̇β̇εβαSm + 3εγ̇β̇Smβα − εβαS̄mγ̇β̇

]
(4.35d)

There are no new superfields here.

Curvature. The curvature components at dimension 1 are

• Rδ̂γ̂b̂â

4|4+7−−−→ Rδγb̂â

Remember we do not need to separately consider Rδ̂γ̂β̂
α̂ since these get determined

through (4.11). Purely external components follow in the standard way as in [16]. The Lie
algebra indices on Rδ̇γ̇ ba are decomposed into self-dual and anti-self-dual pieces,

Rδ̇γ̇ ba = −(σba)βαRδ̇γ̇ βα + (σ̄ba)β̇α̇Rδ̇γ̇ β̇α̇ , (4.36)

and similarly for Rδγ ba, Rδ̇γ ba, and Rδγ̇ ba. A Bianchi identity forces

Rδ̇γ̇ βα = 0 = Rδγ β̇α̇ , (4.37)

and the rest of the components are determined in terms of the superfields Gαα̇ and R:

Rδ̇γ̇β̇α̇ = 4
(
εδ̇α̇εγ̇β̇ + εγ̇α̇εδ̇β̇

)
R , Rδγβα = 4 (εδαεγβ + εγαεδβ)R† (4.38a)

Rδγ̇β̇α̇ = −
(
εγ̇β̇Gδα̇ + εγ̇α̇Gδβ̇

)
, Rδγ̇βα = − (εδβGαγ̇ + εδαGβγ̇) . (4.38b)
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Similarly, components with internal indices are given to be

Rγβ,ma = −8(σac)βγS̄mc , Rγ̇β̇,ma = −8(σ̄ac)β̇γ̇Sm
c (4.39a)

Rγβ̇,ma = 2i
[
(σa)ββ̇Smγ

β − (σa)γγ̇S̄mβ̇
γ̇
]

(4.39b)

Rαβ̇mn = ϕmn
p
[
i

12(Dαλ̄β̇p − D̄β̇λαp)− (Spαβ̇ − S̄pαβ̇)
]
. (4.39c)

The components Rαβmn and Rα̇β̇mn appear in the irrep. decomposition of torsion com-
ponents Tm,αnβ (and c.c.). They lie in the 14. We have already catalogued these as
new/independent superfields in the above paragraph for torsion.

4-form. 4-form components at dimension 1 are

• Gâb̂ĉd̂

4|4+7−−−→ Gâb̂ĉd̂

Most of these are fully determined by Bianchi identities:

Gabcd = 3iεabcd
(
R− R̄

)
(4.40a)

Gabcm = 3iεabcd
(
S̄m

d − Smd
)

(4.40b)

Gabmn = −(σab)αβ
[
ϕmn

p
(
− i

12Dαλβp + 2iSpαβ
)
− 1

2Rαβmn

]
+ (σ̄ab)α̇β̇

[
ϕmn

p
(
− i

12D̄α̇λ̄β̇p + 2iS̄pα̇β̇
)

+ 1
2Rα̇β̇mn

]
(4.40c)

Gamnp = −6Xa[m,
qϕnp]q . (4.40d)

The only 4-form component at dimension 1 completely undetermined/unconstrained by
dimension 1 Bianchi identities is Gmnpq, which we G2 decompose:

Gmnpq = 1
24× 7ψmnpqG + 1

42ϕ[mnpGq] + ψ[mnp
rGq]r (4.41a)

Gmn = Gnm; δmnGmn = 0 . (4.41b)

The above is 35SO(7) = 1G2 + 7G2 + 27G2 .

Relations. We reiterate some of the properties of the independent superfields implied
by Bianchi identities:

(Gαβ̇)∗ = Gβα̇ (4.42a)

S̄m = (Sm)∗ = Sm (4.42b)
ϕmnpRαβnp = 0 = ϕmnpRα̇β̇np (4.42c)

Rαβ̇mn = ϕmn
p
[
i

12(Dαλ̄β̇p − D̄β̇λαp)− (Spαβ̇ − S̄pαβ̇)
]

(4.42d)

iXαβ̇m = 1
16(Dαλ̄β̇m + D̄β̇λαm)− 3i

4 (Smαβ̇ + S̄mαβ̇) (4.42e)

Rm − R̄m = 6iSm + 1
4D

αλαm −
1
4D̄α̇λ̄

α̇
m (4.42f)
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4.3.3 Dimension 3
2

Torsion. Torsion components at this dimension are

• Tb̂ĉ,α̂
4|4+7−−−→ Tb̂ĉ,α,Tb̂ĉ,mα.

Purely external components follow from [16]. We have Tcb,α = 1
4(σ̄c)γ̇γ(σ̄b)β̇βTγγ̇,ββ̇,α , and

Tγγ̇,ββ̇,α = −2εγ̇β̇Wγβα −
1
2εγ̇β̇

(
εγαD̄δ̇Gβ

δ̇ + εβαD̄δ̇Gγ
δ̇
)

+ 1
2εγβ

(
D̄γ̇Gαβ̇ + D̄β̇Gαγ̇

)
(4.43a)

Tγγ̇,ββ̇,α̇ = −2εγβW̄γ̇β̇α̇ −
1
2εγβ

(
εγ̇α̇DδG

δ
β̇ + εβ̇α̇DδG

δ
γ̇

)
+ 1

2εγ̇β̇ (DγGβα̇ +DβGγα̇) . (4.43b)

Now we deal with components with internal indices one by one. Decomposing Tam,β with
respect to SL(2,C), we have

Tam,β = −i(σ̄a)α̇αXmαβα̇ + i(σa)βα̇Xm
α̇ , (4.44)

where Xmαβα̇ is symmetric in αβ, and Xmα̇ is the ε-trace piece. We use the following
notation for their complex conjugates

(Xmαβγ̇)∗ = −X̄mα̇β̇γ , (Xmα̇)∗ = X̄mα , (4.45)

in terms of which

Tam,β̇ = (Tam,β)∗ = −i(σ̄a)α̇αX̄mα̇β̇α − i(σa)αβ̇X̄m
α . (4.46)

Bianchi identities of dimension 3
2 fully determine these superfields in terms of the lower

dimensional ones:

Xmαβγ̇ = i

4D(αS|m|β)γ̇ − D̄γ̇Smαβ , X̄mα̇β̇γ = i

4D̄(α̇S̄|mγ|β̇) −DγS̄mα̇β̇ (4.47a)

Xmα̇ = − i4

[
D̄α̇Sm + 1

2D
βSmβα̇

]
, X̄mα = i

4

[
DαSm −

1
2D̄β̇S̄mα

β̇
]
. (4.47b)

Here we mention that, as a consequence of the Bianchi identity (4.4b), the αβ symmetric
part of the derivative DαS̄mβγ̇ vanishes. We give a name to the remaining anti-symmetric
piece:

DαS̄mb = i

4(σb)αβ̇ ρ̄m
β̇ , ρ̄mα̇ = (ρmα)∗ . (4.48)

Remaining components of T α at dimension 3
2 are Tmnα. This is an internal 2-form, and

decomposes under G2 as 7 + 14.

Tmn
α = 1

6ϕmnpU
pα + T[mn]14

α (4.49a)

Tmn
α̇ = (Tmnα)∗ = 1

6ϕmnpŪ
pα̇ + T̄[mn]14

α̇ . (4.49b)
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The complex conjugate notations are, obviously,

(Umα)∗ = Ūmα̇ , (T[mn]14
α)∗ = T̄[mn]14

α̇ . (4.50)

The superfield Umα is fully determined by Bianchi identities,

Umα = −3i
2 ρmα −DαSm + D̄β̇S̄mαβ̇ −

i

48[D2 − 2D̄2]λmα −
i

24[DαD̄β̇ + 2D̄β̇Dα]λ̄mβ̇ ,
(4.51)

while T[mn]14α is left unconstrained. It is an independent superfield.
Next, we consider

Tab,mγ = −(σab)αβ
[
Tmαβγ + εγαTmβ

]
− (σ̄ab)α̇β̇Tα̇β̇γm (4.52a)

Tab,mγ̇ = (Tab,mγ)∗ = (σ̄ab)α̇β̇
[
−T̄mα̇β̇γ̇ + εγ̇α̇T̄mβ̇

]
− (σab)αβT̄αβγ̇m , (4.52b)

where notations adopted for complex conjugation are

(Tmαβγ)∗ = −T̄mα̇β̇γ̇ , (Tmα)∗ = T̄mα̇ , (Tα̇β̇γm)∗ = −T̄αβγ̇m . (4.53)

These superfields are all fully determined by Bianchi identities,

Tmαβγ = iD(αS|m|βγ) , T̄mα̇β̇γ̇ = −iD̄(α̇S̄|m|β̇γ̇) . (4.54a)

Tmα = 1
2

[
DαSm −

i

2ρmα
]
, T̄mα̇ = 1

2

[
D̄α̇Sm + i

2 ρ̄mα̇
]
. (4.54b)

Tα̇β̇γm = 1
2D̄(α̇S̄|mγ|β̇) − iDγS̄mα̇β̇ , T̄αβγ̇m = −1

2D(αS̄|m|β)γ̇ + iD̄γ̇Smαβ . (4.54c)

Next, we move on to components with two internal indices, belonging to 7 × 7 =
(1 + 27) + (7 + 14) of G2. These are Tamnβ and Tamnβ̇ = (Tamnβ)∗. We decompose these
components with respect to SL(2,C) first, and then with respect to G2:

Tam,nβ = −i(σ̄a)γ̇αYm,nαβγ̇ + i(σa)βα̇Ym,nα̇ (4.55a)

= −i(σ̄a)γ̇α
[1

2Q̃mnαβγ̇ + 1
14δmnQ̃αβγ̇ + 1

6ϕmnpQ
p
αβγ̇ +K[mn]14αβγ̇

]
+ i(σa)βα̇

[1
2 P̃mn

α̇ + 1
14δmnP̃

α̇ + 1
6ϕmnpP

pα̇ +M[mn]14
α̇
]
. (4.55b)

Here, Ym,nαβγ̇ is symmetric in αβ, and belongs in 7 × 7 of G2. Its symmetric part de-
composes into a G2 singlet Q̃αβγ̇ and a 27 (traceless, symmetric) of G2 denoted Q̃mnαβγ̇ ,
while its anti-symmetric part decomposes into a 7 of G2 denoted Qpαβγ̇ , and a 27 of G2
denoted K[mn]14αβγ̇ . The αβ anti-symmetric part of Tαα̇ m, nβ is encoded in Ym,nα̇, which
is in 7 × 7 of G2 and gets similarly decomposed. P̃mnα̇ is in 27, P̃α̇ in 1, Ppα̇ in 7, and
M[mn]14α̇ in 14. All these irreducible parts are fully determined (by Bianchi identities) in
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terms of previously introduced superfields:

Q̃mnαβγ̇ = iD(αX̃β)γ̇mn , Q̃αβγ̇ = iD(αXβ)γ̇ . (4.56a)

Qmαβγ̇ = 1
16D(αD̄|γ̇λm|β) −

3i
4 D(αS|m|β)γ̇ , K[mn]14αβγ̇ = i

16D̄γ̇Rαβmn . (4.56b)

P̃mnα̇ = 1
12D̄α̇

[ ˜̄Rmn − R̃mn
]
− i

6D
βX̃βα̇mn , P̃α̇ = 1

12D̄α̇

[ ˜̄R− R̃
]
− iDβXβα̇ .

(4.56c)

Pmα̇ = 3
8 ρ̄mα̇ −

i

2D̄α̇Sm −
i

8D
βSmβα̇ −

1
96[D2 + D̄2]λ̄mα̇ −

1
96[DβD̄α̇ + 2D̄α̇D

β ]λmβ ,

M[mn]14α̇= − i

48D̄
β̇Rβ̇α̇mn −

i

4T[mn]14α̇ . (4.56d)

Finally, we have the torsion components Tmn,pα with three internal indices. The in-
ternal indices we decompose step by step, first under SL(7), then under SO(7), and finally
under G2. The SL(7) decomposition results in a totally anti-symmetric piece V and a
mixed symmetric piece W

Tmn,pα
SL7== V[mnp],α +Wmn|pα (4.57)

We use mn|p to denote the tableaux m p

n
. This is 21 × 7 = 35 + 112 for SL(7). Under

G2, the 35 decomposes into 1 + 7 + 27 in the following manner:

V[mnp],α = 1
42ϕmnpVα + 1

24ψmnpqV
q
α + 3

4ϕ
q
[mnVp]q,α , (4.58)

where Vα is in 1, Vmα is in 7, and Vmnα is a traceless symmetric 27:

Vmnα = Vnmα , δmnVmnα = 0 . (4.59)

Under SO(7), W decomposes into 7 + 105:

Wmn|pα = Jmn|p,α + δpmΥnα − δpnΥmα (4.60a)

Jmn|pα = −Jnm|pα , J[mn|p]α = 0 , δnpJmn|pα = 0 . (4.60b)

Under G2, the 105 decomposes further into 14 + 27 + 64:

Jmn|p,α = J14
mn|p,α + J27

mn|p,α + J64
mn|p,α (4.61a)

where mn|p now denotes the irreducible hook representation of SO(7). Let us parameterize
J14 by a 2-form Jmn,α in the 14 and J27 by a rank 2 symmetric traceless tensor Imn,α as

J14
mn|p,α = ϕmn

qJpq,α −
1
2ϕnp

qJqm,α + 1
2ϕmp

qJqn,α (4.62a)

J27
mn|p,α = ϕmn

qIqp,α −
1
2ϕnp

qIqm,α + 1
2ϕmp

qIqn,α , (4.62b)

which can be inverted as

ϕm
pqJ14

pq|n,α = 9Jmn,α , ϕm
pqJ14

np|q,α = −9
2Jmn,α (4.63a)

ϕm
pqJ27

pq|n,α = 7Imn,α, ϕm
pqJ27

np|q,α = −7
2Imn,α . (4.63b)
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We do not give an explicit parameterization of J64, since it is just the remaining piece of
Jmn|pα, and denote it instead by Zmn|pα. From the fact that J , J14, J27 have the same
mixed-symmetry, Zmn|pα must satisfy

Zmn|p,α = −Znm|p,α , δnpZmn|p,α = 0 , Z[mn|p],α = 0 , (4.64)

in addition to the irreducibility conditions3

ϕq
mnZmn|p,α = 0 , ϕq

npZmn|p,α = 0 . (4.65)

Combining everything, we have the following equations:

ϕm
pqTnp,q,α = 1

7δmnVα +
(
Vmn,α −

7
2Imn,α

)
− 9

2Jmn,α + ϕmn
p
(1

6Vpα −Υpα

)
(4.66a)

ϕm
pqTpq,n,α = 1

7δmnVα + (Vmn,α + 7Imn,α) + 9Jmn,α + ϕmn
p
(
−1

6Vpα + 2Υpα

)
. (4.66b)

Plugging these irrep decompositions into the Bianchi identities, one finds

Vα = iDα
˜̄R (4.67a)

Vmα = −3i
2 ρmα − D̄

β̇
[3

2Smαβ̇ + S̄mαβ̇

]
+ 2DαSm

+ i

24[D2 + 4D̄2]λmα + 1
12[DαD̄β̇ + 2D̄β̇Dα]λ̄mβ̇ + 1

3ϕm
np∂nλpα (4.67b)

Vmnα = i

18Dα( ˜̄Rmn − R̃mn) + 4
9D̄

β̇X̃αβ̇mn + 1
9∂(mλn)traceless,α (4.67c)

Υmα = i

12DαR̄m −
3i
16ρmα −

1
8D̄

β̇
[3

2Smαβ̇ + S̄mαβ̇

]
+ 1

4DαSm

+ i

192[D2 + 4D̄2]λmα + i

96[DαD̄β̇ + 2D̄β̇Dα]λ̄mβ̇ + 1
24ϕm

np∂nλpα (4.67d)

Jmnα = i

9DαL[mn]14 + 1
54D

βRβαmn (4.67e)

Imnα = − i

14Dα

[17
18

˜̄Rmn + 1
18R̃mn

]
+ 2

63D̄
β̇X̃αβ̇mn + 1

126∂(mλn)traceless,α . (4.67f)

Zmn|pα is unconstrained by Bianchi identities at this dimension. Therefore, the
new/independent superfields in the torsion components at dimension 3

2 are T[mn]14α and
Zmn|pα.

Curvature. Curvature components at dimension 3
2 are

• Rd̂γ̂ b̂â

4|4+7−−−→ Rd̂γ b̂â

Bianchi identities at this dimension fully determine these curvature components. The
purely 4D components are as in [16],

Rαb cd = i
[
(σb)αβ̇Tcd

β̇ − (σc)αβ̇Tdb
β̇ − (σd)αβ̇Tbc

β̇
]

(4.68a)

Rα̇b cd = −i
[
(σb)βα̇Tcdβ − (σc)βα̇Tdbβ − (σd)βα̇Tbcβ

]
. (4.68b)

3Both contractions belong to the 7 × 7 of G2 which decomposes as 1 + 7 + 14 + 27, with no 64.
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Similarly, components with at least one internal index are as follows:

Rαm,ab = −iTab,mα − 2i(σ[a)|αβ̇|Tb]m
β̇ , Rα̇m,ab = iTab,mα̇ + 2i(σ[a)|βα̇|Tb]mβ (4.69a)

Rαa,bm = iTab,mα + 2i(σ(a)|αβ̇|Tb)m
β̇ , Rα̇a,bm = −iTab,mα̇ − 2i(σ(a)|βα̇|Tb)mβ (4.69b)

Rαa,mn = i(σa)αβ̇Tmn
β̇ + 2iTa[m,n]α , Rα̇a,mn = −i(σa)βα̇Tmnβ − 2iTa[m,n]α̇ (4.69c)

Rαm,an = i(σa)αβ̇Tmn
β̇ − 2iTa(m,n)α , Rα̇m,an = −i(σa)βα̇Tmnβ + 2iTa(m,n)α̇ (4.69d)

Rαm,np = i[Tmn,pα − Tnp,mα + Tpm,nα], Rα̇m,np = −i[Tmn,pα̇ − Tnp,mα̇ + Tpm,nα̇] .
(4.69e)

4-form. There are no 4-form components beyond dimension 1.

Relations. We repeat (and in some cases state for the first time) some of the important
relations implied by the Bianchi identities at dimension 3

2 :

D̄α̇R = 0 = DαR̄ (4.70a)
DβGβα̇ = D̄α̇R̄ (4.70b)

DαS̄mb = i

4(σb)αβ̇ ρ̄m
β̇ ⇐⇒ DαS̄mβγ̇ = i

2εαβ ρ̄mγ̇ (4.70c)

Dα

(
Rm − R̄m

)
= 6iDαSm + 4iD̄β̇S̄mαβ̇ −

1
8D

2λmα −
1
4DαD̄β̇λ̄m

β̇ (4.70d)

1
42DαGm = Vmα = −3i

2 ρmα −D̄
β̇
[3

2Smαβ̇ + S̄mαβ̇

]
+ 2DαSm + i

24[D2+4D̄2]λmα

+ 1
12[DαD̄β̇ + 2D̄β̇Dα]λ̄mβ̇ + 1

3ϕm
np∂nλpα (4.70e)

D̄α̇

(1
2R̃+ 1

6
˜̄R
)

= i

3∂
mλ̄mα̇ + 3iDβXβα̇ (4.70f)

Dα

(
˜̄R− i

48G
)

= 0 (4.70g)

DαGmn = − 2i
21Dα

(
4 ˜̄Rmn − R̃mn

)
− 16

21D̄
β̇X̃αβ̇mn −

4
21∂(mλn)traceless,α . (4.70h)

4.3.4 Dimension 2

There are no torsion components beyond dimension 3
2 , and no 4-form components beyond

dimension 1. Dimension 2 Bianchi identities either determine various components of the
curvature tensor, or imply the algebraic Bianchi identities satisfied by it.

Curvature. The curvature component at dimension 2 is

• Rd̂ĉ b̂â

Some Bianchi identities at dimension 2 imply the familiar algebraic identities satisfied by
the bosonic Riemann tensor, namely

R[d̂ĉ,b̂]â = 0 , (4.71)

which, in turn, imply the pair-exchange symmetry Rd̂ĉ b̂â = Rb̂â d̂ĉ.
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The purely 4D torsion Bianchi identities of dimension 2 are

R[dc,b]a = 0 (4.72a)
Rdc,βα = DβTdc,α + ∂dTcβ,α − ∂cTdβ,α , Rdc,β̇α̇ = D̄β̇Tdc,α̇ + ∂dTcβ̇,α̇ − ∂cTdβ̇,α̇ (4.72b)

0 = DβTdc,α̇ + ∂dTcβ,α̇ − ∂cTdβ,α̇ , 0 = D̄β̇Tdc,α + ∂dTcβ̇,α − ∂cTdβ̇,α (4.72c)

The component Rdc,ba can be decomposed into SL(2,C) irreducible pieces as follows:

Rδδ̇,γγ̇,ββ̇,αα̇ = (σd)δδ̇(σ
c)γγ̇(σb)ββ̇(σa)αα̇Rdc,ba

= 4
[
εδ̇γ̇εβ̇α̇X(δγ)(βα) + εδγεβαX̄(δ̇γ̇)(β̇α̇) − εδ̇γ̇εβαΨ(δγ)(β̇α̇) − εδγεβ̇α̇Ψ̄(δ̇γ̇)(βα)

]
,

(4.73)

where Ψ̄ and X̄ denote complex conjugates of Ψ and X respectively. The algebraic Bianchi
identity is satisfied if and only if the following conditions are met:

Ψ(δγ)(β̇α̇) = Ψ̄(β̇α̇)(δ̇γ̇) , εβδX(αβ)(γδ) = εαγΛ , Λ̄ = Λ (4.74)

The other two Bianchi identities determine completely the irreducible pieces X and Ψ in
terms of lower dimensional superfields (Wγβα, Gαβ̇ , R), and imply some derivative relations
between the said lower dimensional superfields. We have,

X(δγ)(βα) = −D(αWβ)δγ + 1
2ε(δ|(βDα)|D̄

γ̇Gγ)γ̇ + i

2ε(β|(δ∂γ)|
γ̇Gα)γ̇ (4.75a)

Ψ̄(δ̇γ̇)
(βα) = −1

4
[
D(βD̄(δ̇G

α)
γ̇) − D̄(δ̇D

(βGα)
γ̇)
]
. (4.75b)

Now we move on to the following components with one internal index.

Rmc,ba = −(σba)βαRmc,βα − (σ̄ba)β̇α̇Rmc,β̇α̇ (4.76a)

Rm,γγ̇,βα = (σc)γγ̇Rmc,βα = (σc)γγ̇
(
∂mTcβ,α + ∂cTβm,α −DβTcm,α

)
= − i4

[
εγα∂mGβγ̇ − 3εβγ∂mGαγ̇ − 3εβα∂mGγγ̇

]
+ ∂γγ̇

(
iεβαSm − Smβα

)
+ 1

2εβ(γD
2S|m|α)γ̇ + 2iDβD̄γ̇Smγα + 1

2εγα
[
DβD̄γ̇Sm −

1
4D

2Smβγ̇

]
(4.76b)

Rm,γγ̇,β̇α̇ = (σc)γγ̇Rmc,β̇α̇ = (σc)γγ̇
(
∂mTcβ̇,α̇ + ∂cTβ̇m,α̇ − D̄β̇Tcm,α̇

)
= i

4
[
εγ̇α̇∂mGγβ̇ − 3εβ̇γ̇∂mGγα̇ − 3εβ̇α̇∂mGγγ̇

]
+ ∂γγ̇

(
−iεβ̇α̇Sm + S̄mβ̇α̇

)
+ 1

2εβ̇(γ̇D̄
2S̄|mγ|α̇) − 2iD̄β̇DγS̄mγ̇α̇ + 1

2εγ̇α̇
[
−D̄β̇DγSm −

1
4D̄

2S̄mγβ̇

]
(4.76c)

This clearly means that the αβ or α̇β̇ antisymmetric pieces above will vanish, yielding
relations between derivatives of the superfields involved, and the expressions for Rmn,βα
and Rmn,β̇α̇ will contain only the symmetric pieces of the right hand sides. Also, from pair
exchange symmetry, we conclude that Rba,mc = Rmc,ba.
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The rest of the components of the Riemann tensor have more than one internal index
and are to be G2 decomposed. First, we consider this component with two internal indices:

Rmn,ba = −(σba)βαRmn,βα − (σ̄ba)β̇α̇Rmn,β̇α̇ (4.77a)

Rmn,βα = 2∂[mTn]β,α +DβTmn,α (4.77b)
Rmn,β̇α̇ = 2∂[mTn]β̇,α̇ + D̄β̇Tmn,α̇ (4.77c)

This again has consequences similar to (4.76) which we do not spell out in detail. We note
that Rmn,ba is an internal 2-form, and hence decomposes into a 7 and a 14 of G2.

The component Rdc,np is antisymmetric in the two internal indices, decomposing into
a 7 and a 14 of G2. We have

Rdc,np = 1
6ϕnp

qRdcq +Rdc,[np]14 . (4.78)

Each of these irreducible components get fully determined by Bianchi identities:

Rdcm = 6i∂[d
(
S|m|c] + S̄|m|c]

)
− 1

4(σ̄[c)γ̇γ∂d]
(
Dγ λ̄mγ̇ − D̄γ̇λmγ

)
(4.79a)

Rdc,[mn]14 = R[mn]14,dc (by pair exchange) (4.79b)

= −(σdc)βα
[
2∂[mSn]14β,α +DβT[mn]14,α

]
− (σ̄dc)β̇α̇

[
2∂[mS̄n]14β̇,α̇

+ D̄β̇T̄[mn]14,α̇

]
.

(4.79c)

The other component with two internal indices is Rna,bm belonging in 7× 7 of G2. First,
we G2 decompose it,

Rna,bm = 1
7δnmSab + S̃abnm + 1

6ϕnm
pSabp + Sab[nm]14 (4.80a)

S̃abnm = S̃abmn , δnmRna,bm = Sab . (4.80b)

The two 4D vector indices a and b on each G2-irreducible piece above can be decomposed
into symmetric and antisymmetric parts. We choose not to do this explicitly. Instead,
we give the full expressions for Sab, S̃abnm, Sabm and Sab[nm]14 as determined by Bianchi
identities of dimension 2:

Sab = iηab∂
nSn − 3(σ̄ab)α̇γ̇∂nS̄nα̇γ̇ + (σab)βγ∂nSnβγ

− 2i∂aXb −
i

24ηabD
2
(
R̃− ˜̄R

)
− 1

2ηabD
ρD̄ρ̇Xρρ̇ − (σab)βγDβD̄

ρ̇Xγρ̇

− 1
2(σ̄a)γ̇γ(σ̄b)α̇βDβD̄(α̇X|γ|γ̇) (4.81a)

S̃abnm = ∂(n
[
iη|ab|Sm) − 3(σ̄|ab|)α̇β̇S̄m)α̇β̇ + (σ|ab|)αβSm)αβ

]
(nm)traceless

− 2i∂aX̃bnm −
1
2(σ̄a)γ̇γ(σ̄b)α̇βDβD̄(α̇X̃|γ|γ̇)nm −

1
12ηabD

ρD̄ρ̇X̃ρρ̇nm

+ 1
6(σab)αβDαD̄

ρ̇X̃βρ̇nm + i

24ηabD
2
(
R̃nm − ˜̄Rnm

)
(4.81b)
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Sabm = ϕm
np∂n

[
iηabSp − 3(σ̄ab)α̇β̇S̄pα̇β̇ + (σab)αβSpαβ

]
− ηabD2

[1
2Sm −

i

48D̄
β̇λ̄mβ̇

]
+ (σ̄b)β̇β∂a

[1
8
(
Dβλ̄mβ̇ + D̄β̇λmβ

)
− 3i

2
(
Smββ̇ + S̄mββ̇

)]
+ (σ̄b)β̇β(σ̄a)α̇αDβ

[
i

16D̄(β̇D|αλ̄m|α̇) + 3
4D̄(β̇S̄|mα|α̇)

]
− 1

8(σaσ̄b)αβDβ

[
3iρmα − D̄β̇S̄mαβ̇ −

i

12D̄
2λmα + i

12D̄
β̇Dαλ̄mβ̇

]
(4.81c)

Sab[nm]14 = ∂[n

[
iη|ab|Sm]14 + 3

2(σ̄|bσa|)α̇γ̇S̄m]14α̇γ̇ − 3(σ̄|ab|)α̇γ̇S̄m]14α̇γ̇ + (σ|ab|)βγSm]14βγ

]
+ 1

16D
2
(

(σ̄ab)β̇γ̇Rβ̇γ̇nm −
1
3(σab)βγRβγnm

)
+ 1

4(σaσ̄b)γβDβT[nm]14,γ .

(4.81d)
We note that the component Rab,mn = Rmn,ab is related through the algebraic Bianchi
identity to the antisymmetric part in ab of Rna,bm given above. This leads to another
relation which we quote in the next paragraph (4.96f).

Next, we consider Rnc,pq, a curvature component with three internal indices. As a first
step, we decompose the last two (antisymmetric) internal indices into a 7 and a 14,

Rnc,pq = 1
6ϕpq

rRnc,r +Rnc,[pq]14 , (4.82)

where Rnc,m is in 7× 7 = 1 + 27 + 7 + 14 of G2:

Rnc,m =: 1
7δnmRc + R̃cnm + 1

6ϕnm
pRcp +Rc[nm]14 (4.83a)

R̃nm = R̃mn , δnmRnc,m = Rc . (4.83b)

These superfields are determined completely by Bianchi identities:

Rc = −∂c ˜̄R+ i

12(σc)αβ̇D
αD̄β̇

( ˜̄R− R̃
)
− 2D2Xc + i∂n

(
5S̄nc + 3Snc

)
− 1

8(σ̄c)γ̇γ∂n
(
Dγ λ̄nγ̇ − D̄γ̇λnγ

)
(4.84a)

R̃cnm = −∂c ˜̄Rnm + i

12(σc)αβ̇D
αD̄β̇

( ˜̄Rnm − R̃nm
)
− 4

3D
2X̃cnm

+
[
i∂n

(
5S̄mc + 3Smc

)
− 1

8(σ̄c)γ̇γ∂n
(
Dγ λ̄mγ̇ − D̄γ̇λmγ

)]
(nm)traceless

(4.84b)

Rαβ̇m = (σa)αβ̇Ram

= 2∂αβ̇R̄m −
3i
2 Dαρ̄mβ̇ − 2DαD̄β̇Sm + 5

2D
2Smαβ̇

+ i

24DαD̄
2λ̄mβ̇ + i

6D
2D̄β̇λmα + i

12DαD̄β̇D
βλmβ

+ ϕm
np∂n

[
5iS̄pαβ̇ + 3iSpαβ̇ + 1

4
(
Dαλ̄pβ̇ − D̄β̇λpα

)]
(4.84c)

Rc[nm]14 = 2∂cL[nm]14 + ∂[n
(
5iS̄ + 3iS

)
m]14c

+ (σ̄c)γ̇γDγ

[1
2T[nm]14,γ̇ + 1

24D̄
ρ̇Rρ̇γ̇nm

]
+ (σ̄c)γ̇γ

[1
8D

ρD̄γ̇Rργnm −
1
8∂[n

(
D|γ|λ̄m]14γ̇ − D̄|γ̇|λm]14γ

)]
(4.84d)
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The remaining part of Rnc,pq, namely Rnc,[pq]14 , is in 7 × 14 = 7 + 14 + 64 of G2. A
separate dimension 2 Bianchi identity determines the component Rpq,nc fully, from which,
using pair exchange symmetry, one can determine Rnc,[pq]14 , and an additional derivative
relation.4 We give the expression for Rnc,[pq]14 here, and quote the relation in the next
paragraph (4.96e).

Rnc,[pq]14 = R[pq]14,nc

= −(σ̄c)α̇β
[
DβTpq,nα̇ − 2i∂[p

(
X̃|βα̇n|q] + 1

7δq]nX̃βα̇

)
+ i∂[pϕq]n

r
(
i

12Dβλ̄rα̇ + S̄rβα̇

)]
[pq]14

(4.85)

Finally, we consider the purely internal component Rpq,mn. Pair exchange symmetry
implies that

R[mn]7,[pq]7 = R[pq]7,[mn]7 ∈ (7× 7)symmetric = 1 + 27 (4.86a)

R[mn]7,[pq]14 = R[pq]14,[mn]7 ∈ 7× 14 = 7 + 27 + 64 (4.86b)

R[mn]14,[pq]14 = R[pq]14,[mn]14 ∈ (14× 14)symmetric = 1 + 27 + 77′ (4.86c)

We find that everything except the 77′ piece of Rmn,pq gets determined by dimension 2
Bianchi identities. To illustrate this, we first decompose the last pair of antisymmetric
indices into 7 + 14:

Rpq,mn = 1
6ϕmn

rRpq,r +Rpq,[mn]14 (4.87)

Clearly, Rnp,m ∈ (7 + 14) × 7, so it can be further G2 decomposed. The same goes for
Rmn,[pq]14 ∈ (7 + 14) × 14. Even without doing these decompositions explicitly, we find
that the entire Rnp,m is determined by a dimension 2 Bianchi identity:

Rnp,m = 4∂[n

[1
2

˜̄Rp]m + 1
7δp]m

˜̄R+ 1
6ϕp]mqR̄

q + Lp]m14

]
− 2Dα

[ 1
42ϕnpm + 1

24ψnpmqV
q
α + 3

4ϕ
q
[npVm]qα

+ ϕnp
qJqmα −

1
2ϕpm

qJqnα + 1
2ϕnm

qJqpα

+ ϕnp
qIqmα −

1
2ϕpm

qIqnα + 1
2ϕnm

qIqpα

+ Znp|mα

]
, (4.88)

from which the irreducible pieces in Rnp,m can be extracted. The remaining piece Rpq,[mn]14

does not participate in any Bianchi identities in 4|4+7 except for the algebraic one, namely

4Since Rnc,[pq]7 gets determined in two different ways from the Bianchi identities, they must be set equal.
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R[mn,p]q = 0. Hence, it can only be (possibly partially) determined in terms of Rnp,m by
using the algebraic identity. Its first two (form) indices can again be split into a 7 and a 14,

Rpq,[mn]14 = R[pq]7,[mn]14 +R[pq]14,[mn]14 (4.89)

The first term R[pq]7,[mn]14 is determined in terms of Rnp,m using pair exchange:

R[pq]7,[mn]14 = R[mn]14,[pq]7 = 1
6ϕpq

rR[mn]14,r . (4.90)

The second term is R[pq]14,[mn]14 ∈ (14 × 14)symmetric = 1 + 27 + 77′. We can use the
algebraic Bianchi identity to determine the 1 and the 27 pieces in the following way.
Projecting the identity onto 1,

ψmnpqRmn,pq = 0 ⇒ R[mn]14,
[mn]14 = 1

3ϕ
mnpRmn,p , (4.91)

meaning that the singlet in R[pq]14,[mn]14 is proportional to ϕmnpRmn,p. Next, projecting
the algebraic Bianchi identity onto (7× 7)symmetric = 1 + 27 (and subtracting the 1) gives
the 27 piece:

ψ(r
mnpR|mn,p|q) = 0 (4.92a)

⇒
(
R(14×14)|27

)
qr

= − 1
21δrqϕ

mnpRmn,p + 1
6ψ(r

mnpϕq)p
sRmn,s

− 2
3ϕ(r

ps Π14
q)p

ijRij,s (4.92b)

It is not possible to determine the 77′ piece in terms of Rmn,p using the algebraic Bianchi
identity simply because Rmn,p ∈ (1 + 7 + 14 + 27) + (7 + 27 + 64). It is a piece of the
curvature component that is completely unconstrained.

Relations. We again state some derivative relations implied by Bianchi identities. Some
of these arise from the fact that certain components of the Riemann tensor that are equal by
pair exchange symmetry are determined by different Bianchi identities to be different stuff.
So these different stuff must be set equal. Other relations arise from projecting Bianchi
identities into their symmetric/antisymmetric pieces with respect to two dotted/undotted
spinor indices. The symmetric pieces determine Riemann components (which went in the
paragraph above) and the anti-symmetric pieces give rise to derivative relations between
torsion components.

DδW̄γ̇β̇α̇ = 0 = D̄δ̇Wγβα (4.93a)

DαWαβγ = 1
2D̄γ̇D(βGγ)

γ̇ (4.93b)
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D̄γ̇D(γS̄
m
β)α̇ = 0 (4.94a)

2iD2S̄mγ̇α̇ = −DβD̄(γ̇S̄|mβ|α̇) −
1
2D̄(γ̇D

βS̄|mβ|α̇) (4.94b)

8i∂mR† = −D2Sm −
(
DβD̄α̇ + 1

2D̄
α̇Dβ

)
S̄mβα̇ (4.94c)

4iϕmnp∂nSp = −3i
2 D

αρmα −D2Sm +DαD̄β̇S̄mαβ̇ + i

24(DαD̄2λmα + D̄β̇D
2λ̄m

β̇)
(4.94d)

DαT[mn]14,α = 4i∂[mSn]14 (4.94e)

2iϕmnp∂nSpαβ̇ = −3i
2 D̄β̇ρmα − D̄β̇DαSm + 1

2D̄
2S̄mαβ̇ −

i

48D̄β̇D
2λmα + i

48D̄
2Dαλ̄mβ̇

+ 1
12D̄β̇∂α

γ̇ λ̄mγ̇ (4.94f)

D̄β̇T[mn]14,α = 2i∂[mSn]14αβ̇
(4.94g)

3iD(αρ|m|β) + 3i∂(α
γ̇S|m|β)γ̇ −

1
2
(
7D(αD̄

γ̇ + 3D̄γ̇D(α
)
S̄|m|β)γ̇ − 4ϕmnp∂nSmαβ

= i

24D(αD̄
γ̇Dβ)λ̄mγ̇ −

i

12
(
2D(αD̄

2 − 3D̄2D(α
)
λ|m|β) (4.95a)

(σ̄c)α̇β
(
2∂[bTa]β,mα̇ +DβTba,mα̇

)
= (σba)βαRmc,βα + (σ̄ba)β̇α̇Rmc,β̇α̇

⇒ ∂(α
β̇
[
εβ)γ

(
iεβ̇γ̇Sm + 3S̄mβ̇γ̇

)
+ S|m|β)γεβ̇γ̇

]
− 1

2εγ(αD
2S̄|m|β)γ̇ + 2iDγD̄γ̇Smαβ

= Rm,γγ̇,αβ , use (4.76c) here. (4.95b)

0 = i∂nS̄nαβ̇ −
3
8D

2Xαβ̇ + i

24DαD̄β̇

( ˜̄R− R̃
)

(4.96a)

0 = i∂(nS̄m)tracelessαβ̇
− 1

6D
2X̃αβ̇nm + i

24DαD̄β̇

( ˜̄Rnm − R̃nm
)

(4.96b)

0 = ϕm
np∂nS̄pαβ̇ + 3

8Dαρ̄mβ̇ −
i

2DαD̄β̇Sm −
i

8D
2Smαβ̇

+ 1
48

[
D2D̄β̇λmα −DαD̄β̇D

βλmβ −
1
2DαD̄

2λ̄mβ̇

]
(4.96c)

0 = 3i∂[nS̄m]14αβ̇
+ 3

4DαT[nm]14,β̇

− 1
16
[
3DγD̄β̇ + 2D̄β̇D

γ
]
Rαγnm + 1

16DαD̄
γ̇Rγ̇β̇nm (4.96d)

Rm,cn = −(σ̄c)α̇βϕnpq
[
DβTpq,mα̇ − 2i∂p

(
X̃βα̇mq + 1

7δmqX̃βα̇

)
+ iϕqm

r∂p

(
i

12Dβλ̄rα̇ + S̄rβα̇

) ]
(4.96e)

2Rm[a,b]n = (σab)βαRmn,βα + (σ̄ab)β̇α̇Rmn,β̇α̇ (4.96f)[
2∂[nTp]β,mα +DβTnp,mα

]
(αβ)

= 0 (4.97)
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4.3.5 Remaining Bianchi identities

We mention for completeness that there are dimension 2 Bianchi identities satisfied by the
4-form field strength:

∂[êGd̂ĉb̂â] = 0 . (4.98)

There are also dimension 5
2 torsion Bianchi identities, only containing bosonic curls like

the one above:

∂[mTcb]
α = ∂[nTmb]

α = ∂[nTmp]
α = 0 (4.99a)

∂[dTcb]
mα = ∂[nTcb]

mα = ∂[nTpb]
mα = ∂[nTpq]

mα = 0 (4.99b)

5 Discussion and possible extensions

The main goal in this paper has been to describe the 4|4 + 7 superspace geometry un-
derlying linearized 11D supergravity when 4D N = 1 supersymmetry is manifest. This
supergeometry underlies the linearized action given in [10]. It is an off-shell supergeometry
(just as the linearized action is off-shell) and involves linearized fields organized in terms
of representations of SO(3, 1) × G2, which is the symmetry respected by the Minkowski
background. A crucial feature is that while the background itself is SO(3, 1) × G2, the
linearized fluctuations involve the full 11D super-Poincaré group, and this feature lets us
identify the actual linearized 11D component fields without going through a cumbersome
Wess-Zumino-type gauge-fixing procedure. Even taking this into account, the off-shell
geometry is rather involved, with quite a number of superfields and interlocking Bianchi
identities.

A natural question is whether this can be pushed to a nonlinear level. In principle
there is no obstruction, but it would naturally grow increasingly cumbersome, for the same
reasons that general relativity written as a fluctuation about (say) a Minkowski background
becomes cumbersome: the underlying geometric principle is hidden and only emerges when
the infinite sum of terms is considered.

As discussed in the introduction, there are other approaches that would not exploit
this asymmetry between background and fluctuation. Our approach in [11, 12] is along
these lines, with the balance between natural 4D N = 1 ingredients and underlying 11D
geometry fully tilted toward the former: the framework is a generic 4|4 + 7 supergeometry
presuming only the GL(7) structure of internal diffeomorphisms on the internal manifold.
The superfields appropriate for 11D supergravity are chosen to admit a network of hidden,
non-manifest symmetries. Another approach would be to take SO(3, 1)×G2 as an organiz-
ing principle from the beginning; that would involve treating the extra components of the
linearized spin connection we have discussed as contributions instead to the torsion tensor.
Then even more off-shell superfields would be involved with a hidden 11D Lorentz symme-
try. (Such an approach would undoubtedly be directly related to [11, 12] after degauging
the G2 symmetry.) Such tradeoffs are perhaps inevitable.

Another approach that would take us even further afield involves building a 4D N = 1
superspace version of E7 exceptional field theory (ExFT) [20]. Here the internal manifold

– 43 –



J
H
E
P
1
1
(
2
0
2
2
)
1
2
7

involves 56 coordinates filling out the fundamental representation of E7, with a section con-
dition implying that only a small set are physical; both 11D and type IIB supergravities are
encoded in a duality-covariant way, and the connection to 4D N = 8 supergravity (arising
after a consistent truncation) is extremely transparent. The fully N = 8 supersymmetric
version of E7 ExFT has been given at the component [21] and superfield [22] levels, but
are both purely on-shell. At first glance, a 4D N = 1 superspace formulation would seem
impossible because the 70 scalars of E7 ExFT (like N = 8 supergravity) live in a coset
of E7/SU(8), whereas only a subgroup of the SU(8) R-symmetry group is respected by
N = 1 supersymmetry. However, progress along these lines has been made recently [23],
where so-called generalized N = 1 structures have been identified within the context of E7
generalized geometry. It’s plausible that this approach could be applied at the superspace
level. If possible, it would yield a partly off-shell duality-covariant framework. We leave
such interesting questions to future work.

Acknowledgments

We thank William Linch for discussions, and Artem Bolshov and Nathan Brady for collab-
oration at an early stage of this work. This work is partially supported by the NSF under
grants NSF-2112859, and the Mitchell Institute for Fundamental Physics and Astronomy
at Texas A&M University.

A Γ matrices in 4, 7, and 11 dimensions

The defining postulates for matrices B and C which relate a representation of the Clifford
algebra with its complex conjugate, and transpose representations respectively, are

Γ∗µ = −η(−1)tBΓµB−1 , ΓTµ = −ηCΓµC−1 (A.1)

where t is the number of time-like directions. All Γ’s are chosen to be unitary. The B and
C matrices can be related as C = BTA, where A is the product of all time-like Γ matrices.
This implies

BT = εηt(−1)
t(t−1)

2 B , CT = −εC , ε = −
√

2 cos
(
π

4 (1 + ηD)
)

(A.2a)

In even dimensions, both η = 1 and η = −1 are allowed. In odd dimensions, the first
(D − 1) Γ’s are borrowed from the preceding even dimension, and the last one is obtained
by choosing one from two possibilities: ΓD = ±it+

D(D−1)
2 Γ1Γ2 . . .ΓD−1. This last Γ satisfies

the same complex conjugation rule as the first D − 1 Γ’s only for one of the two values
of η in (D − 1) dimensions. The rule is −η = (−1)

D(D−1)
2 . Further details may be found

e.g. in [19].
For example, in 1 + 10 dimensions, we must have η = 1, ε = 1. Therefore, any set of

11D gamma matrices, which for later convenience we denote Γ̂â, must satisfy

Γ̂∗â = B̂Γ̂âB̂−1 , Γ̂Tâ = −ĈΓ̂âĈ−1 (A.3)
B̂†B̂ = 1 = B̂∗B̂ ⇒ B̂T = B̂ , ĈT = −Ĉ , B̂ = −ĈΓ̂0 . (A.4)
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The index structures are Ĉ ∼ Ĉα̂β̂ , and Ĉ−1 ∼ Ĉα̂β̂ . Spinor indices are raised and lowered
following the conventions

Aα̂ = −Ĉα̂β̂A
β̂ , Aα̂ = −Ĉα̂β̂Aβ̂ . (A.5)

In practice, we will build our 11D gamma matrices by taking tensor products of 4D and
7D gamma matrices.

A.1 4D gamma matrices

Our conventions are similar to [16]. We introduce the σa matrices

σ0 =
[
−1 0
0 −1

]
, σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
(A.6a)

(σ̄a)α̇α = εα̇β̇εαβ(σa)ββ̇ (A.6b)

and use these to build a Weyl representation for 4D γ matrices:

γa =
[

02 iσa

iσ̄a 02

]
(A.7)

As matrices, γ0 = iσ1 ⊗ σ0, and γ1,2,3 = −σ2 ⊗ σ1,2,3. We choose η = ε = 1 with

C4D = −iσ3 ⊗ σ2 =
[
−εαβ 02
02 −εα̇β̇

]
, (A.8)

B4D = σ2 ⊗ σ2 =
[

02 −εαβ

−εα̇β̇ 02

]
. (A.9)

We take the chiral γ5 matrix to be

γ5 := iγ0γ1γ2γ3 = −σ3 ⊗ σ0 =
[
δα
β 02

02 −δα̇β̇

]
(A.10)

A.2 7D gamma matrices

Euclidean SO(7) Γ matrices obey {Γa,Γb} = 2 δab18. Let Γ1, . . . ,Γ6 supply the (unique
up to similarity transformations) unitary irrep of dimension 8 of SO(6). We choose Γ7 =
iΓ1Γ2 . . .Γ6. The dimension being odd, we have only one option for η and ε, in this case
η = 1 and ε = −1. Unitarity of the gamma matrices and Euclidean signature implies Γa
are Hermitian. It also follows that

Γ[a1 . . .Γa7] =: Γa1...a7 = −iεa1...a7 , ε12...7 = 1 . (A.11)

The C and B matrices obey CT7D = C7D, BT
7D = B7D, and since all Γ’s are spacelike,

C7D = B7D. A Majorana basis can be chosen in which B7D = C7D is the identity matrix.
The proof goes as follows. Under a unitary change of basis, Γ′a = U−1ΓaU , C7D transforms
as C ′7D = UTC7DU . We invoke the Autonne-Takagi factorization theorem which states
that, since C7D is a complex symmetric matrix, then there exists a unitary matrix U such
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that C ′7D is a real diagonal matrix with non-negative entries. Being unitary, the eigenvalues
of C ′7D must be pure phases. These two facts mean we can choose C ′7D = B′7D = 18
(and henceforth dropping the primes). This means that Γa are antisymmetric and purely
imaginary,

(Γa)T = −Γa, (Γa)∗ = −Γa

⇒ (Γa)IJ = −(Γa)J I = (Γa)IJ = −(Γa)JI = −(Γa)∗IJ etc. (A.12)

A.3 Explicit 11D gamma matrices

We choose the following 11D Γ matrices:

Γ̂a := γa ⊗ 18 =⇒ (Γ̂a)α̂β̂ =
[

016 i(σa)αβ̇δIJ
i(σ̄a)α̇βδIJ 016

]
(A.13a)

Γ̂a := −γ5 ⊗ Γa =⇒ (Γ̂a)α̂β̂ =
[
−δαβ(Γa)IJ 016

016 δα̇β̇(Γa)IJ

]
(A.13b)

The charge conjugation matrix is

Ĉ := C4D ⊗ C7D ⇒ Ĉα̂β̂ =
[
−εαβδIJ 016

016 −εα̇β̇δIJ

]
(A.14a)

Ĉ−1 = −Ĉ ⇒ Ĉα̂β̂ =
[
−εαβδIJ 016

016 −εα̇β̇δIJ

]
(A.14b)

The matrices ĈΓ̂, for Γ̂ of any rank, have both spinor indices upstairs, and ΓĈ−1 have
both indices downstairs, and have the following symmetry properties:

Symmetric ranks: 1, 2, 5, 6, 9, 10
Antisymmetric ranks: 3, 4, 7, 8 (A.15)

Other useful results include

Γ̂ab = γab ⊗ 18 = −2
[
σab 02
02 σ̄ab

]
⊗ 18 (A.16a)

Γ̂ab = 1
2[γ5, γ

a]⊗ Γb =
[

02 iσa

−iσ̄a 02

]
⊗ Γb (A.16b)

Γ̂ab = 14 ⊗ Γab =
[
δα
β 02

02 δα̇β̇

]
⊗ Γab (A.16c)

where σab = 1
4(σaσ̄b − σbσ̄a) and σ̄ab = 1

4(σ̄aσb − σ̄bσa).

B Engineering dimensions

We define the mass (engineering) dimensions of various components of connections and
curvatures. Superspace coordinates, and coordinate differentials have

[xm̂] = [dx̂m̂] = −1, [θµ̂] = [dθµ̂] = −1
2 (B.1a)
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The frame basis has the same mass dimension as the coordinate basis:

[Êâ] = −1 =⇒ [Êm̂â] = 0 , [Êµ̂â] = −1
2 (B.2a)

[Êα̂] = −1
2 =⇒ [Êm̂α̂] = 1

2 , [Êµ̂α̂] = 0 (B.2b)

Exterior differentiation doesn’t change mass dimension. The mass dimensions of an arbi-
trary (p, q) super-tensor, and those of its components in any basis {êM̂i

}, {êN̂j},

Σ̂ = êM̂1
⊗ . . .⊗ êM̂p

⊗ êN̂1 ⊗ . . .⊗ êN̂q Σ̂M̂1...M̂p
N̂1...N̂q

(B.3)

are therefore related as

[Σ̂] = [Σ̂M̂1...M̂p
N̂1...N̂q

]− nv −
1
2ns +mv + 1

2ms

nv = number of vector N̂ ’s, ns = number of spinor N̂ ’s
mv = number of vector M̂ ’s, ms = number of spinor M̂ ’s (B.4)

The engineering dimension of the spin connection, torsion, and Riemann tensors are

[Ωb̂
â] = 0 =⇒ [Ω̂ĉb̂

â] = 1, [Ω̂γ̂b̂
â] = 1

2 , (B.5a)

[T̂ â] = −1 =⇒ [T̂b̂ĉ
â] = 1, [T̂b̂γ̂

â] = 1
2 , [T̂β̂γ̂

â] = 0 , (B.5b)

[T̂ α̂] = −1
2 =⇒ [T̂b̂ĉ

α̂] = 3
2 , [T̂b̂γ̂

α̂] = 1, [T̂β̂γ̂
α̂] = 1

2 , (B.5c)

[R̂b̂
â] = 0 =⇒ [R̂d̂ĉb̂

â] = 2, [R̂d̂γ̂b̂
â] = 3

2 , [R̂δ̂γ̂b̂
â] = 1 . (B.5d)

From the component action of 11D supergravity, the mass dimension of 3-form must be

[Ĉ] = −3 =⇒ [Ĉâb̂ĉ] = 0, [Ĉâb̂γ̂ ] = −1
2 , [Ĉâβ̂γ̂ ] = −1, [Ĉα̂β̂γ̂ ] = −3

2 (B.6)

[Ĝ] = −3 =⇒ [Ĝâb̂ĉd̂] = 1, [Ĝâb̂ĉδ̂] = 1
2 , [Ĝâb̂γ̂δ̂] = 0, [Ĝâβ̂γ̂δ̂] = −1

2 , [Ĝα̂β̂γ̂δ̂] = −1 .

The prepotential superfields necessarily have dimensions

[X] = −1, [Σαm] = −1
2 , [Vmn] = −1, [Φmnp] = 0, [Vm] = −1,

[Hαα̇] = −1, [Ψmα] = −1
2 (B.7)

C Decomposing 11D spinor indices

When restricting the 11|32 superspace to 4|4 + 7, the 32-component spinor index α̂ can be
decomposed by expanding a generic 11D: spinor Ψ as

ψ ⊗ η, ψm ⊗ (iΓmη) (C.1)

where ψ is a spinor of SO(3, 1) and η is a real commuting spinor of SO(7), which we
normalize as ηT η = 1. The spinors η and iΓmη are linearly independent and provide a
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basis for 8-component real spinors of SO(7). The spinor η is the spinor associated to the
G2-structure,

ϕmnp = iηTΓmnpη . (C.2)

Therefore, η and iΓmη are singlets under G2 and parametrize the decomposition of a generic
SO(7) spinor 8SO(7) = 1G2 ⊕ 7G2 . An 11D spinor Ψ can then be explicitly decomposed as

Ψα̂ =
[
ΨαI

Ψα̇I

]
, ΨαI = ηIΨα + i(Γmη)IΨmα , Ψα̇I = ηIΨα̇ + i(Γmη)IΨmα̇ . (C.3)

Such a decomposition makes it transparent how our 11D gamma matrices act.
At this stage, let us record a few useful results for the G2 spinors:

ηTΓmη = 0 (C.4a)
ηTΓmΓnη = δmn (C.4b)

ηTΓmΓnΓpη = ηTΓmnpη = −iϕmnp (C.4c)

ηTΓmnpqη = ψmnpq = 1
3!ε

mnpqrstϕrst = (?ϕ)mnpq (C.4d)

ηTΓmΓnΓpΓqη = ψmnpq + δmnδpq − δmpδnq + δmqδnp (C.4e)

In order to extract Ψα, Ψmα etc. from ΨαI , one can use the projection relations:

Ψα = ηIΨαI , Ψmα = i(Γmη)IΨαI , (C.5a)
Ψα̇ = ηIΨα̇I , Ψmα̇ = i(Γmη)IΨα̇I . (C.5b)

Contractions of 11D spinors decompose in the following way:

Aα̂Bα̂ := −Aα̂Ĉα̂β̂B
β̂ = AαBα +Aα̇B

α̇ +AmαBmα +Amα̇B
mα̇ . (C.6)

D Background torsion and curvature tensors

In a Minkowski background, the only non-zero components of the torsion are T̊γ̂β̂
â =

2(Γ̂â)γ̂β̂ , which decompose as

T̊αβ̇
a = 2i (σa)αβ̇ , T̊mα,nβ̇

a = 2i δmn(σa)αβ̇ , (D.1)

T̊α,nβ
m = 2i δmn εαβ , T̊ α̇,nβ̇,m = −2i δmnεα̇β̇ (D.2)

T̊nβ,pγ
m = 2i ϕmnpεβγ , T̊nβ̇,pγ̇,m = −2i ϕmnpεβ̇γ̇ (D.3)

In particular, all components of T̊ α̂ vanish. All components of the Riemann tensor van-
ish. The only non-zero components of the four-form flux are G̊âb̂γ̂δ̂ = 2(Γ̂âb̂)γ̂δ̂, which
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decompose as

G̊abγ
δ = −4 (σab)γδ , G̊ab

γ̇
δ̇ = −4 (σ̄ab)γ̇ δ̇ (D.4a)

G̊ab,nγ
mδ = −4 δmn (σab)γδ , G̊ab

nγ̇
mδ̇ = −4 δnm(σ̄ab)γ̇ δ̇ , (D.4b)

G̊am,γ,nδ̇ = −2 (σa)γδ̇δmn , G̊am,nγ,δ̇ = 2 (σa)γδ̇δmn (D.4c)

G̊am
γ̇,nδ = 2 (σ̄a)γ̇δδnm , G̊am

nγ̇,δ = −2 (σ̄a)γ̇δδnm (D.4d)
G̊am,nγ,pδ̇ = −2 (σa)γδ̇ϕmnp , G̊am

nγ̇,pδ = 2 (σ̄a)γ̇δϕmnp , (D.4e)

G̊mn,γ
pδ = 2 δγδϕmnp , G̊mn,pγ

δ = −2 δγδϕmnp (D.4f)

G̊mn
γ̇
pδ̇ = 2 δγ̇ δ̇ϕmnp , G̊mn

pγ̇
δ̇ = −2 δγ̇ δ̇ϕmn

p (D.4g)

G̊mn,pγ
qδ = 2 δγδ

[
ψmnp

q + 2 δp[mδ
q

n]

]
, G̊mn

pγ̇
qδ̇ = 2 δγ̇ δ̇

[
ψmn

p
q + 2 δp[mδn]q

]
(D.4h)
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