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Abstract: We calculate holographically one and two-point functions of scalar operators at
finite density and/or finite temperature. In the case of finite density and zero temperature
we argue that only scalar operators can have non-zero VEVs. In the case in which both the
chemical potential and the temperature are finite, we present a systematic expansion of the
two-point correlators in powers of the temperature T and the chemical potential Ω.

The holographic result is in agreement with the general form of the OPE which dictates
that the two-point function may be written as a linear combination of the Gegenbauer
polynomials C(1)

J (ξ) but with the coefficients depending now on both the temperature and
the chemical potential, as well as on the CFT data. The leading terms in this expansion
originate from the expectation values of the scalar operator φ2, the R-current J µφ3

and the
energy-momentum tensor Tµν .

By employing the Ward identity for the R-current and by comparing the appropriate
term of the holographic result for the two-point correlator to the corresponding term in the
OPE, we derive the value of the R-charge density of the background. Compelling agreement
with the analysis of the thermodynamics of the black hole is found. Finally, we determine
the behaviour of the two-point correlators, in the case of finite temperature, and in the
limit of large temporal or spatial distance of the operators.

Keywords: AdS-CFT Correspondence, Bosonic Strings, Conformal Field Models in
String Theory

ArXiv ePrint: 2209.14661

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP11(2022)087

mailto:ggeo@phys.uoa.gr
mailto:zoakos@gmail.com
https://arxiv.org/abs/2209.14661
https://doi.org/10.1007/JHEP11(2022)087


J
H
E
P
1
1
(
2
0
2
2
)
0
8
7

Contents

1 Introduction 1

2 Backgrounds and set-up for calculating correlation functions 3

3 OPE and correlation functions 6
3.1 Finite density and zero temperature 6
3.2 Finite density and non-zero temperature 7
3.3 R-charge density and agreement with the SUGRA solution 8

4 R-charge density 9
4.1 One-point correlation function 10
4.2 Two-point correlation function 11

5 Finite temperature 14
5.1 Two-point correlation function at large temporal distance 14
5.2 Two-point correlation function at large spatial distance 15

6 Finite temperature and finite R-charge chemical potential 17
6.1 One-point correlation function 17
6.2 Two-point correlation function 19

6.2.1 Temporal boundary distance 19
6.2.2 Temporal and spatial boundary distance 22

7 Conclusions 26

A Two-point function with temporal/spatial dependence and finite T/R 28

1 Introduction

The main scope of the current paper is the study of conformal field theories (CFTs) at finite
temperature and finite density (chemical potential). In the dual gravity description, the
introduction of finite temperature corresponds to the replacement of the extremal D3-branes
by the non-extremal ones, while the introduction of non-zero R-charges is achieved by
generalising the static branes to rotating ones. This class of solutions was constructed in [1],
using previous results from [2]. They are characterised by a non-extremallity parameter
and the rotation parameters, which correspond to the three generators of the SO(6) Cartan
subalgebra. These rotation parameters are related to the chemical potentials or equivalently
R-charges of the gauge theory.

More precisely, our main focus will be on the calculation of one and two-point correlation
functions between scalar operators with large conformal dimension. In this limit, the
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bulk-to-boundary propagator of the dual gravity field can be approximated, in the WKB
approximation, by the exponential of minus the mass times the geodesic length of the
trajectory for a particle traveling from the boundary point, where the field theory operator
is inserted, up to the point in the bulk. Thus, the computation in this limit boils down
to the determination of the geodesic. Even if such a framework looks simplifying, the
computation of the two-point function reveals a very interesting structure and allow us to
probe the physical properties of the dual CFT in the presence of both finite temperature
and finite density, or equivalently finite chemical potential.

A lot of effort has been put so far in the calculation of two-point functions both in
the absence (see for example [3–5]) and in the presence of temperature [6, 7].1 Thermal
two-point functions contain much more information than the zero temperature counterparts,
due to their intricate structure. In the regime where the boundary distance between the
operators is much smaller than the size of the thermal circle, the operator product expansion
(OPE) can be used. Moreover, the presence of the thermal circle provides both a scale and
a direction, and operators may develop a vacuum expectation value (VEV). This is the line
of reasoning behind the rich structure of the thermal two-point function. In [11–13] general
features of the thermal two-point functions have been discussed and it was argued that they
should admit an expansion in terms of Gegenbauer polynomials. The coefficients of this
expansion are related to microscopic details of the CFT, namely the structure constants
of the OPE and the VEVs of operators. Very recently in [14, 15] (see also [16]) thermal
two-point functions have been studied in the framework of a holographic CFT, using the
geodesic approximation. A systematic expansion of the two-point correlator was found
in terms of the expected Gegenbauer polynomials. The coefficient in the aforementioned
expansion, corresponding to the energy-momentum tensor was compared successfully with
preceding gravity computations. Finally the leading terms in the expansion, under a
large conformal dimension limit, were resummed into an exponential of the block of the
energy-momentum tensor.

Geodesics in black hole backgrounds and their connection with thermal correlations
functions has been studied thoroughly in the past, see e.g. [17–20]. More specifically,
thermal two-point functions may probe the region behind the horizon of the black hole.
This direction has been revived recently in [21] for the one-point function and in [14] for the
two-point function case. In [21] it was argued that thermal VEVs may encode the proper
time of a radially in-falling particle, from the horizon to the black-hole singularity. This
is implemented through the presence of higher curvature couplings (e.g. the square of the
Weyl tensor W 2) which become very large at the vicinity of the singularity. This is the
main reason why thermal one-point functions encode the proper time from the horizon to
the singularity. In [14] it was argued that a similar mechanism, but now for the thermal
two-point function, may also probe the interior of the black-hole.

In this paper, we will extend the holographic study of one and two-point correla-
tion functions using the geodesic approximation, to field theories that are both at finite
temperature and/or at finite R-charge (chemical potential).

1For the holographic calculation in backgrounds that are not asymptotically AdS see [8–10].
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In section 2, we will present the gravity backgrounds that we will use for the holographic
computation and we will explicitly describe the general method for calculating one and
two-point functions. This method resembles the one presented in [14], enriched with ideas
coming from [22]. However, it is more general, in the sense that it can be applied to
geometries in which the components of the metric along the internal coordinates depend on
the holographic coordinate.

In section 3, we elaborate on the general structure of the OPE of two scalar operators
in the presence of finite density and/or finite temperature, as well as on its implications
for the structure of two-point correlation functions. Furthermore, based on the results for
the two-point function of section 6, as well as on the general form of the OPE presented in
section 3 we calculate the R-charge density of the background and find compelling agreement
with the thermodynamics of the black hole.

In section 4, we apply the general method of section 2 to the simple case of a gravity
background that contains only R-charge density. Specifically, we perform the holographic
calculation of the one and two-point correlation functions of scalar operators of large
dimension ∆.

In section 5, we review the discussion of [14] (see also [15]) for a background that
contains only temperature and discuss some issues concerning the large boundary distance
behaviour of the two-point correlation function. Section 6 contains the most important
results of the gravity computation. Combining the effects of the finite temperature and
of the finite R-charge, we calculate the one2 and the two-point functions as an expansion
for small boundary distance between the operators. Equivalently, we present a systematic
expansion of the two-point correlators in powers of the temperature T and the R-charge
chemical potential Ω.

2 Backgrounds and set-up for calculating correlation functions

Our starting point will be the non-extremal rotating D3-brane solution of type-IIB super-
gravity that was first found in [1, 24] (based on [2]). Its metric reads

ds2 = H−
1
2

[
−
(
1− η4H

)
dt2 + d~x2

3

]
+H

1
2

[
dz2

f
+ ∆̃
z2 dθ

2 + 1
z2 cos2 θ dΩ2

3

+ 1
z2

(
1− r2

0 z
2
)

sin2 θ dφ2
1 − 2 η2 r0 cos2 θ dt

(
sin2 ψ dφ2 + cos2 ψ dφ3

) ]
(2.1)

where

H = z4

∆̃
, f = H

(
1− η4 z4

) (
1− r2

0 z
2
)

with ∆̃ = 1− r2
0 z

2 cos2 θ . (2.2)

Furthermore, the line element of the three-sphere is given by

dΩ2
3 = dψ2 + sin2 ψ dφ2

2 + cos2 ψ dφ2
3 . (2.3)

2In the case of free field theories one-point functions, expressed as single-valued polylogarithms, in the
presence of chemical potential and temperature were considered in [23].
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In the above expressions, r0 denotes the angular momentum parameter and η is related to the
temperature. The location of the horizon is at the zH = η−1. The various thermodynamic
quantities were calculated in [25–27] (see also [28]) and read

T = 1
π

√
η2 − r2

0 , S = 1
2π N

2 η2
√
η2 − r2

0 , Ω = r0 & J = 1
4π2 r0 η

2N2 .

(2.4)
The only constraint that needs to be imposed is the reality condition η ≥ r0. It should be
emphasized that in order to extract information about the gauge theory, the supergravity
parameters (η& r0) should be traded either with (T & J) or with (T & Ω), where J and
Ω play the role of R-charge density and chemical potential, respectively. Notice that the
choice of (T & J) corresponds to the Canonical Ensemble while the choice of (T & Ω) to the
Grand Canonical Ensemble.

Our analysis will focus on two point-like string solutions which sit either at (θ = 0 &
ψ = 0) or at (θ = π/2 & ψ = 0). One can easily check that this is consistent with the
full 10-dimensional set of equations of motion. For θ = π/2 & ψ = 0, the metric (2.1)
effectively becomes

ds2 = 1
z2

[
−f1 dt

2 +d~x2
3 + dz2

g f1

]
+g dφ2

1 with f1 = 1−η4 z4 & g = 1−r2
0 z

2 , (2.5)

while for θ = 0 & ψ = 0, the metric (2.1) takes the form

ds2 = 1
z2

[
−f2 dt

2 +√g d~x2
3 + dz2
√
g f1

]
+ dφ2

3√
g
−2 r0 η

2 z2
√
g

dt dφ3 with f2 = √g− η
4 z4
√
g
.

(2.6)
At this point, let us mention that background (2.1) is dual to N = 4 SYM at finite density
(chemical potential) and at finite temperature.

In what follows, we will present our general method for calculating one and two-point
correlation functions of operators that are dual to classical string states at strong coupling.
The analysis is for point-like strings, that is for string solutions without σ dependence. As
mentioned above, it is consistent with the 10-dimensional equations of motion to keep only
one of the sphere isometries. In such a case the metric assumes the following generic form

ds2 = gtt(z) dt2 + gxx(z) d~x2
3 + gzz(z) dz2 + gφφ(z) dφ2 + 2gtφ(z)dt dφ . (2.7)

The holographic calculation proceeds as follows. Firstly, one writes down the Polyakov
action for the string SP and then performs a Legendre transformation with respect to the
isometry φ, in order to pass from the variables (φ, φ̇) to (φ, πφ) where πφ is the momentum
conjugate to the isometry φ, which is a constant of the motion.3 This Legendre transform
implements the convolution of the semiclassical propagator with the wavefunction of the
state that we are interested in [22]. Subsequently, one solves the non-trivial Virasoro

3In the general case, one should perform such Legendre transforms along all the isometries of
the background.
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constraint gµν∂τXµ∂τX
ν = 0 for φ̇ or equivalently for πφ ≡ ∆ and substitutes the result in

the action. In this way one ends up with the following action4

S = SP −
∫
d2σ πφφ̇ = −∆

∫
dτ

gφφ

[
−gtφ ṫ+

√
g2
tφ ṫ

2 − gφφ
(
gzz ż2 + gtt ṫ2 + gxx ẋ2)] .

(2.8)
The virtue of (2.8) is that we have integrated out the coordinates of the internal space.

In this way the effective action (2.8) describes the motion of a point-like string in the
5-dimensional space (t, z, ~x) with the motion of the particle in the sphere taken into account
correctly. One may now choose the gauge z = τ and solve the equations of motion for the
isometries t and x to get

πt = ∂L
∂ṫ

= µ∆ & πx = ∂L
∂ẋ

= ν∆ (2.9)

where µ and ν are constants. The above equations can now be solved for ṫ and ẋ to give

ṫ = i
√
gzz gxx

gtφ − µ gφφ
D

& ẋ = i ν

√
gzz
gxx

g2
tφ − gφφgtt

D
(2.10)

where D is defined as follows

D2 =
(
g2
tφ − gφφgtt

) [
− gxx

[
gtt + µ (µ gφφ − 2 gtφ)

]
+ ν2

(
g2
tφ − gφφ gtt

) ]
. (2.11)

Substituting (2.10) in (2.8) one gets the final expression for the action functional

S = i∆
∫
dz
√
gzz gxx

gtt − µ gtφ
D

. (2.12)

This is the expression that we will be using for the holographic calculation of the correlation
functions in the backgrounds of interest.

In order to work with Euclidean signature we perform the following analytic continuation
to the metrics (2.5) and (2.6)

t→ i t & φ→ −i φ . (2.13)

As a result the metric components that will enter the general formulas for the θ = π/2 &
ψ = 0 case will be

gtt = f1
z2 , gxx = 1

z2 , gzz = 1
z2

1
g f1

& gφφ = −g (2.14)

while for the θ = 0 & ψ = 0 case will be

gtt = f2
z2 , gxx =

√
g

z2 , gzz = 1
z2

1
√
g f1

, gφφ = − 1
√
g

& gtφ = −r0 η
2 z2
√
g

.

(2.15)
4Notice that we have kept only one of the spatial directions of ~x3 in (2.7).
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For the case of zero density r0 = 0 our expression (2.12) reduces to

S = ∆
∫
dz

z

1√
(1− η4 z4) (1− ν2 z2)− µ2 z2

(2.16)

that agrees perfectly with the one obtained in [14].
The virtue of our approach, in which the effective action is obtained by using the

Polyakov instead of the Nambu-Goto action, is that it can be applied to the holographic
calculation of correlation functions in more general backgrounds in which the components
of the metric along the internal coordinates depend on the holographic coordinate. In a
sense, the effective action (2.8) takes correctly into account the motion of the particle in
the internal space. Notice that the internal directions do not appear in the action (2.8).
Notice, also, that action (2.8) gives the same result with the Nambu-Goto action used
in [14, 15] only when the 10-dimensional metric is a product of a 5-dimensional space and
an undeformed 5-sphere of constant radius, as it happens in the case of zero density and
finite temperature.

3 OPE and correlation functions

In this section, we elaborate on the operator product expansion of two scalar operators
and its implications for the structure of two-point correlation functions. We start with the
case of finite density and zero temperature. Subsequently, we consider the case where both
density and temperature are non-zero. In the latter case, we use the two-point correlation
function calculated holographically in subsection 6.2.2 together with the general structure of
the OPE and the Ward identity which the R-current obeys in order to derive the R-charge
density. Our expression is in complete agreement with the one obtained from the type-IIB
supergravity solution.

3.1 Finite density and zero temperature

The OPE of two scalar operators takes the generic form

O(x)O(0) =
∑

Õ∈O×O

fOOÕ
cÕ

|x|∆Õ
|x|2∆O+J xµ1 · · ·xµJ Õ

µ1···µJ (0) (3.1)

where fOOÕ is the three-point coefficient that controls the following three-point correlator,
namely

〈O(x1)O(x2)Õ(x3)〉 = fOOÕ
Zµ1 · · ·ZµJ − traces

x
2∆O−∆Õ+J
12 x

∆Õ−J
13 x

∆Õ−J
23

& Zµ = xµ13
x2

13
− xµ23
x2

23
.

(3.2)
Furthermore, cO is the normalisation constant of the two-point correlator

〈Oµ1···µJ (x)Oν1···νJ (0)〉 = cO
I

(µ1
(ν1
· · · IµJ )

νJ ) − traces
x2∆Õ

with Iµν = δµν − 2x
µxν
x2 . (3.3)

As usual, one may normalise O so that cO = 1.
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One may now take the expectation value of (3.1) to obtain the two-point correlation
function of scalar operators as an infinite sum of one-point functions.5 An important
comment is in order. Notice that because the descendants have vanishing one-point
functions, one needs only the leading (non-derivative) term in the OPE for each multiplet.

In the case of zero temperature the dual field theory lives on R4, as can be easily seen
from (2.1). Translational invariance combined with dimensional analysis, that is with the
fact that for η = 0, the geometries (2.5) and (2.6) have a scale, namely r0, implies that all
operators with spin have zero one-point functions. Only scalar operators may have non-zero
one-point functions in the background of zero temperature and finite density, namely

〈Oµ1···µJ (x)〉R4 = 0, 〈O(x)〉R4 = aO r
∆O
0 . (3.4)

We will see, that this result is in perfect agreement with the holographic calculation of the
two-point functions of scalar operators in the presence of finite density (chemical potential)
at zero temperature (see section 4.2). In particular, it explains why there is no |x|3 term in
the exponent of the two-point correlators (4.10) and (4.16). It is so because the R-currents
jµR which are associated to the isometries of the background and which have dimension
∆Õ = ∆jµR

= 3 have zero one-point function and as a result they do not contribute to the
right hand side of (3.1). Finally, plugging (3.4) in (3.1) one obtains

〈O(x)O(0)〉 =
∑

Õ∈O×O

fOOÕ
cÕ

aÕ
|x|2∆O−∆Õ

r
∆Õ
0 . (3.5)

This generic expression for the two-point function is in complete agreement with the result
obtained from the holographic calculation of the two-point correlators, see (4.10) and (4.16).

3.2 Finite density and non-zero temperature

In the case of both non-zero density and temperature (3.1) implies

〈O(x)O(0)〉β,r0 =
∑

Õ∈O×O

fOOÕ
cÕ

|x|∆Õ
|x|2∆O+J xµ1 · · ·xµJ 〈Õ

µ1···µJ (0)〉β,r0 . (3.6)

In this case the time direction can be distinguished and operators with spin can have
non-zero expectation values, namely

〈Oµ1···µJ (x)〉β,r0 = 1
β∆O

∆O∑
n=0

a
(n)
O (r0 β)n

(
eµ1 · · · eµJ − traces

)
where eµ = δµ t . (3.7)

Two important operators with spin which can appear in the right-hand side of (3.7) are the
following conserved quantities, namely the R-currents jµR and the stress-energy tensor Tµν

of the dual field theory. Plugging now (3.7) in (3.6) and performing the tensor contractions
one obtains the following result

〈O(x)O(0)〉 =
∑

Õ∈O×O

∆Õ∑
n=0

fOOÕ
cÕ

a
(n)
Õ (r0 β)n

|x|2∆O−∆Õ

1
β∆Õ

1
2JÕ

C
(1)
JÕ

(ξ) where ξ = τ

|x|
(3.8)

5In the conformal case in which the dual gravity background is AdS only one operator, namely the
identity, contributes in the right hand side of (3.1).
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and C(1)
JÕ

(ξ) are the Gegenbauer polynomials. Each of the terms in the sum is originating
from an operator of dimension ∆Õ and spin JÕ.

In the presence of both chemical potential and temperature we will distinguish two
cases. The first is when the string solution dual to the field theory operators sits at
θ = π

2 . In this case, and similar to what happens in the case of zero temperature, there
is no |x|3 term (the term associated to the R-current) in the exponent of the two-point
correlator, see equations (6.34) and (6.36). The explanation of this fact is the following: in
contradistinction to the case of zero temperature, two components of the R-current operator,
the one associated with φ3 and the one associated with φ2, acquire non-zero expectation
value. In our calculations we have chosen ψ = 0 which implies that only the R-current
associated to φ3 survives. The corresponding operator is the conserved current which can
be derived from the fact that φ3 is an isometry of the background, namely jµφ3

. However,
one can easily see that the operator sitting at θ = π

2 is not charged under the φ3 isometry.
This in turn implies that the three-point coefficient fOOjµ

φ3
appearing in the right hand side

of (3.6) is zero, since there is a Ward identity which states that the aforementioned OPE
coefficient is proportional to the charge of the operator under the symmetry generating
the current. This explains the absence of the |x|3 term in the exponent of the two-point
correlator in (6.34), despite the fact that 〈jµφ3

〉 6= 0.
The second case is when the string solution dual to the field theory operators sits at

θ = 0. In this case, there exists a term proportional to |x|3 term in the exponent of the
two-point correlator in (6.38) (see also (6.40)), since in this case the scalar operator is
charged under the isometry φ3. As a result the three-point function coefficient is not zero,
i.e. fOOjµ

φ3
6= 0. In fact, employing the calculation the two-point correlator presented in

subsection 6.2.2, one can extract a prediction for the one-point of the R-current jµφ3
at the

strong coupling regime. This will be done in next subsection.

3.3 R-charge density and agreement with the SUGRA solution

We start by keeping in (3.6) only the term that is relevant for our purposes, namely

〈O(x)O(0)〉β,r0 = · · ·+
fOOJµ

φ3

cJ µ
φ3

|x|3

|x|2∆O
xµ
|x|
〈J µφ3

(0)〉β,r0 . (3.9)

By comparing (3.9) to (6.38) we deduce that

fOOJµ
φ3

cJ µ
φ3

〈J 0
φ3(0)〉β,r0 = −1

6 r0 η
2 ∆O . (3.10)

In order to find the density of the R-charge 〈J 0
φ3

(0)〉β,r0 from the holographic computation
of the two-point function of scalar operators we need the OPE coefficient fOOJµ

φ3
, as well

as the normalisation constant for the R-current cJ µ
φ3
. The first piece of information can

be derived from the Ward identity which the R-current obeys. The OPE coefficient takes
the value [29]

fOOJµ
φ3

= − J

2π2 . (3.11)
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In order to find the normalisation constant for the R-current, one should write down its
precise form which reads

J µ B=4
A=3 = φ3C

←→
∂ µφC4 + λ̄α̇3σ̄

µα̇αλ4
α = φ31

←→
∂ µφ14 + φ32

←→
∂ µφ24 + λ̄α̇3σ̄

µα̇αλ4
α . (3.12)

Notice that in the last expression we have suppressed the color indices of the current. Let
us also mention that the scalars in (3.12) have the canonical two-point function, namely
〈φAB(x)φAB(0)〉 = − 1

4π2x2 . The normalisation of the R-current can now be found by

evaluating the two-point function 〈
(
J µ 4

3 (x)
)C (
J µ 3

4 (0)
)C
〉, where we have restored the

colour structure and C = 1, 2 · · · , N2 − 1 for the gauge group SU(N). The complete
normalisation is as follows6

cJ µ
φ3

= Ñ

[
4× 1

2 cφ + cλ

]
= 3 N2

4π4 (3.13)

where we have taken into account that Ñ = tr (tC tD) = 1
2 δCD while the normalisations

cφ = 1
2
N2

4π4 and cλ = 4 N2

4π4 can be straightforwardly calculated and can be found in section 5
of [30]. Finally, the factor of 4 appearing just after the bracket in (3.13) originates from the
fact that there are 4 different scalar contributions in the correlator 〈

(
J µ 4

3 (x)
)C (
J µ 3

4 (0)
)C
〉.

This is so because the scalar part of each of the current consists of two terms.
Plugging (3.13) and (3.11) in (3.10) and taking into account that ∆O = J , one obtains

for the R-charge density the following expression

〈J 0
φ3(0)〉β,r0 = r0 η

2 N
2

4π4 . (3.14)

This result is in complete agreement with the thermodynamics of the black hole solution (2.4),
see also for example equation (2.13) of [28] (see also [25, 27]). We conclude that the general
form of the OPE combined with the holographic result for the two-point correlator of scalar
operators gives a prediction for the density of the R-charge, which is in complete agreement
with the value obtained from the supergravity solution.

4 R-charge density

In this section, we will present the holographic calculation of the one and two-point
correlators in the presence of only the R-charge. We will be able to obtain closed expressions
for some of the observables. The methodological approach that we follow is similar to the
one used in [21] for the one-point function, and similar to the one used in [14, 15] for the
two-point function. Of course the use of the geodesic arcs in order to compute correlation
functions of heavy operators at strong coupling, is an approach that has appeared a long
time ago in the literature [17–20].

6We work in the large N limit approximating thus N2 − 1 ≈ N2, where N is the number of colours of
the dual field theory.
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4.1 One-point correlation function

Initially we focus attention on the calculation of the one-point function of scalar operators.
There are two cases to cover. In the first one, we will calculate the one-point function for
operators dual to a point-like string that sits at θ = π/2 and ψ = 0 with the initial metric
reducing to (2.5). Then we will consider the case in which the string sits at θ = 0 and ψ = 0
with the corresponding metric becoming (2.6). Since we are interested in operators with
large dimensions, i.e. mRAdS ∼ ∆� 1, we wil be using the geodesic approximation.

The one-point function of the dual operators can be calculated from a geodesic that sits
at θ = π/2 and ψ = 0 and extends from the boundary of the spacetime until the singularity,
that is located at z = r−1

0 . Thus, the one-point function is given by the following expression
(see (2.12))

〈O∆〉 ∝ e−∆ ` = (r0 ε)∆ (2 ε̃)∆/2 (4.1)

with ` =
∫ 1−ε̃

r0

ε
dz

√
gzz
gφφ

=
∫ 1−ε̃

r0

ε

dz

z
(
1− r2

0 z
2) = − log r0 − log ε

√
2 ε̃ .

A couple of important comments are in order. Notice that in order to obtain a finite result,
one has to put besides the usual UV cut-off, represented by ε, also an IR cut-off. This is
implemented through the presence of ε̃, since we are not allowed to approach close to the
singularity because of the logarithmic divergence. The physical reason for the IR cut-off
is that one can not trust the geometry close to the singularity at z = r−1

0 , that is close to
the position at which the rotating branes are situated. The geometry has been generated
for a continuous distribution of D3-branes and when one approaches the singularity this
approximation breaks down since one can see that the branes are really discrete. Notice also
that (4.1) behaves smoothly in the limit of zero R-charge (i.e. r0 → 0), namely the one-point
vanishes and one gets the AdS5 result for the one point function. To express the finite part
of the computation is terms of field theory quantities one has to trade the parameter r0
with the chemical potential Ω, as can be seen from the definition of the thermodynamic
quantities in (2.4).

The second possibility is to choose a point-like string that sits at θ = 0 and ψ = 0
inside the five-sphere. In this case the integral that needs to be calculated does not need
the presence of the IR cut-off, as before. Only the usual UV-cut-off is needed and the result
of the calculation reads

〈O∆〉 ∝ e−∆ ` = (r0 ε)∆ with ` =
∫ 1

r0

ε
dz

√
gzz
gφφ

=
∫ 1

r0

ε

dz

z
= − log (r0 ε) . (4.2)

Notice that (4.2) behaves smoothly in the limit of zero R-charge (i.e. r0 → 0), namely the
one-point vanishes and one gets the AdS5 result for the one point function.

Notice also that in the case of finite temperature the precise gravity calculation was
performed in [21]. In this case for the one point function the presence of a non-zero a
supergravity coupling of the form α′W 2 is crucial. This term induces the decay of the scalar
field into two gravitons. However in our case W 2 vanishes and another coupling is needed.
Taking into account that in this background F 2

5 = 0, the first candidate is a correction to
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the type-IIB action which is schematically of the form α′2 F 4
5 . It would be nice to perform

an explicit computation. However, notice that such a computation seems extremely difficult
since the complete geometry up to the singularity should be determined.

4.2 Two-point correlation function

In the presence of R-charge (and in the absence of temperature) there is no distinction
between temporal and spatial boundary distance, since as can be seen from (2.5) and (2.6)
it is the same function that multiplies dt2 and d~x2. As a result and without loss of generality
we restrict the analysis to the case with ν = 0, which means that we consider operators
with only time distance on the boundary. Therefore, the two-point function will have only
time dependence.

Similarly to the one-point function calculation, there two cases that we will cover. We
will start with the calculation of the two-point function described by a string that sits at
θ = π/2 and ψ = 0 and propagates between two points of the boundary separated by a
time-like distance. Subsequently, the point-like string will be placed at θ = 0 and ψ = 0 on
the deformed sphere.

θ = π/2 and ψ = 0. For the two-point correlator described by the string that sits at
θ = π/2 and ψ = 0 the expression for ṫ in (2.10), after substituting the metric components
from (2.14), becomes

ṫ = µ z√
h(z)

with h(z) = 1− µ2 z2
(
1− r2

0 z
2
)
. (4.3)

Integrating (4.3) from the boundary to a generic bulk point z we get

t+ t1 = 1
2 r0

log
[

2 r0
√
h(z)− µ

(
1− 2 r2

0 z
2)

2 r0 − µ

]
(4.4)

where we have imposed the boundary condition t(z = 0) = −t1. In a similar manner, after
substituting (2.14) in (2.12) we obtain the following integral expression for the action

S = ∆
∫
dz

z

1(
1− r2

0 z
2) √h(z)

. (4.5)

Integrating from a point z = ε, which lies very close to the boundary, to a generic bulk
point z we have

S

∆ = 1
2 log

[
1
ε2

(
r0 + µ

2

)−2 1 + r0 µ z
2 −

√
h(z)

1− r0 µ z2 +
√
h(z)

µ+ r0
[
1− r0 µ z

2 +
√
h(z)

]
µ− r0

[
1 + r0 µ z2 −

√
h(z)

]] . (4.6)

Now that we have obtained the equation of motion for t in (4.4) and determined the
exact expression for the action functional in (4.6), we are ready to proceed to the calculation
of the two-point function. We choose to put the operator and its conjugate at the points
(t1,~0) and (−t1,~0) of the boundary, respectively. The solution will be described by two
geodesics of the form (4.4) which will touch the boundary at the points t1 and −t1, where

– 11 –



J
H
E
P
1
1
(
2
0
2
2
)
0
8
7

the two operators are situated. By symmetry the two geodesics will meet at the bulk point
(t, z) = (0, zmax), where zmax will be determined by the saddle point equation for z

0 = dS

dz
= ∂S

∂z
+ ∂S

∂µ

∂µ

∂z
⇒ h(zmax) = 0 ⇒ z2

max =
µ−

√
µ2 − 4 r2

0

2µ r2
0

. (4.7)

The derivative of µ with respect to z can be read off from (4.4), when this is evaluated at
the joining point. Notice that at the joining point the two geodesics join smoothly, since
dz/dt vanishes (or equivalently ṫ→∞).

Taking into account that the meeting point for the geodesics is (t, z) = (0, zmax), we
substitute (4.7) in (4.4) to obtain an expression for τ as a function of µ, that can be
easily inverted

τ ≡ 2 t1 = 1
2 r0

log
[
µ+ 2 r0
µ− 2 r0

]
⇒ µ = 2 r0 coth τ r0 . (4.8)

Substituting (4.7) in (4.6) we obtain an expression for the action with respect to µ.
Plugging the relation for µ in terms of τ from (4.8), we obtain the two-point correlator in
closed form

log〈O∆(0)O∆(τ)〉 = −2Sos = 2 ∆ ln
[
ε

2

√
µ2 − 4 r2

0

]
= 2 ∆ ln

[
ε r0

sinh τ r0

]
. (4.9)

The first three corrections to the AdS5 result for small values of the dimensionless parameter
r0τ are given by

1
∆ log〈O∆(0)O∆(τ)〉 = −2 log τ − 1

3 r
2
0 τ

2 + 1
90 r

4
0 τ

4 − 2
2835 r

6
0τ

6 . (4.10)

Notice that when the R-charge (chemical potential) is zero, i.e. r0 = 0, equation (4.9) gives
〈O∆(0)O∆(τ)〉 = τ−2 ∆ which is the correct value of the two-point function in the AdS5
background. Following the discussion of [14] we consider a particular large ∆ limit in which
r0 τ → 0 while ∆(r0 τ)2 remains fixed. In this limit the two-point function becomes

〈O∆(0)O∆(τ)〉 = 1
τ2 ∆ exp

[
−1

3 ∆ r2
0 τ

2
]
. (4.11)

In accordance with the discussion around (3.4), the operators whose expectation value is
non-zero and which contribute in (3.1) to give the right hand side of (4.11) are schematically
of the form φ2, φ4, φ6, · · · , as well as φ�n φ where φ collectively represent the scalars of the
field theory.

θ = 0 and ψ = 0. Lets us now present briefly the results of the calculation for the two
point correlator for a string that sits at θ = 0 and ψ = 0. The corresponding effective
metric in this case is (2.6). The expressions for ṫ and the action, after substituting the
metric components from (2.15), become7

ṫ = µ z√
h(z)

(
1− r2

0 z
2) & S

∆ =
∫
dz

z

√
1− r2

0 z
2

h(z) with h(z) = 1−
(
µ2 + r2

0

)
z2 .

(4.12)
7Notice that in order to avoid cluttering of notation we are using the same letter for the function that

appears in the denominator of ṫ, i.e. the function h(z). However, in each case we are considering we will
declare explicitly the form of this function.
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The meeting point of the geodesics will be will be determined by setting to zero the function
h(z) in the denominator of ṫ, namely

h(z) = 0 ⇒ z2
max = 1

µ2 + r2
0
. (4.13)

One could argue that there is an alternative choice for zmax (for which ṫ → ∞), namely
zmax = r−1

0 . Notice, however, that this choice does not have a smooth zero r0 limit. In
other words, we cannot obtain in a smooth way the AdS5 limit of the result. Thus, we will
not consider this case further.

Calculating the integrals in (4.12) and substituting the expression for the meeting point
from (4.13), we obtain the following expressions for the time distance of the two operators

τ = 2µ
r0
√
µ2 + r2

0

log

 µ√
µ2 + r2

0 − r0

 (4.14)

and for the action

− 2Sos
∆ = 2

log
(
ε µ

2

)
− r0√

µ2 + r2
0

log


√
µ2 + r2

0 − r0

µ

 . (4.15)

Contrary to the previous case of θ = π/2 and ψ = 0, equation (4.14) cannot be inverted
to express µ as a function of r0 and τ . As a result we will consider the limit of nearly
coincident boundary points, i.e. the small τ behavior. Notice that this is equivalent to small
r0 or large µ. The result of the expansion reads

1
∆ log〈O∆(0)O∆(τ)〉 = −2 log τ + 1

6 r
2
0 τ

2 + 1
90 r

4
0 τ

4 + 47
22680 r

6
0τ

6 . (4.16)

Similarly to the previous expansion in (4.10), equation (4.16) has a smooth zero R-charge
limit for which it reduces to the AdS5 computation. Moreover, the two expansions have
the same type of terms (i.e. terms in even powers of the small dimensionless expansion
parameter r0τ) but with different coefficients. This is something to be expected since the
operators that contribute in the OPE are similar to the ones of the previous result, namely
they are schematically of the form φ2, φ4, φ6, · · · as well as φ�n φ. However, they have
different R-charges and as a consequence different one-point functions. At the technical
level the two computations differ because they are performed in two different backgrounds.

Finally, if we consider the large ∆ limit of (4.16), in which r0 τ → 0 and ∆(r0 τ)2

remains fixed, we obtain

〈O∆(0)O∆(τ)〉 = 1
τ2 ∆ exp

[1
6 ∆ r2

0 τ
2
]
. (4.17)

It is also a remarkable fact that while the two-point correlators in (4.17) increase when
their distance is increasing at least for large distances, the ones in (4.11) have the oppo-
site behaviour. It would be interesting to comprehend the physical reasons underlying
these behaviours.
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5 Finite temperature

In this section we focus attention to the case where the background contains only temperature.
The calculation of the two-point function in this framework has been examined thoroughly
in [14] (see also [15]), but here we will discuss some issues concerning the large boundary,
temporal and spatial, distance behavior.

5.1 Two-point correlation function at large temporal distance

For reasons of completeness, in the beginning of this subsection we will review part of the
material that was presented in [14] and concerns the two-point function calculation. Notice
that when only temperature is present, there is no distinction between the two orientations
of the string, i.e. (θ = π/2 , ψ = 0) and (θ = 0 , ψ = 0). They are completely equivalent.

For temporal boundary distance the integrals in (2.10) and (2.12) can be computed
analytically. The integral of the action reads

− 2S
∆ = log

[
ε2

2− µ2 z2 + 2
√
h(z)

4 z2

]
with h(z) = 1− η4 z4 − µ2 z2 (5.1)

while for the integral of ṫ the result is

t− t1 = − 1
4 η log

[
µ2 −

(
µ2 − 2 η2) η2 z2 + 2 η µ

√
h(z) + 2 η2

(1 + η2 z2) (µ2 + 2 η µ+ 2 η2)

]

+ i

4 η log
[
µ2 +

(
µ2 + 2 η2) η2 z2 + 2 i η µ

√
h(z)− 2 η2

(1− η2 z2) (µ2 + 2 i η µ− 2 η2)

]
. (5.2)

Following the reasoning of subsection 4.2, the two operators will be placed at the boundary
points (−t1,~0) and (t1,~0) and the meeting point in the bulk will have coordinates (0, zmax).
The value of zmax will be determined from setting to zero the value of the function h(z), as
it is defined in (5.1). The result of this computation reads

h(z) = 0 ⇒ z2
max = 1

2 η4

[
−µ2 +

√
µ4 + 4 η4

]
. (5.3)

Substituting (5.3) into (5.2), we obtain the following expression for the temporal boundary
distance τ

τ = 2 t1 = 1
2 η

[
i log

[ √
4 η4 + µ4

µ2 − 2 η2 + 2 i η µ

]
− log

[
µ2 + 2 η2 − 2 η µ√

4 η4 + µ4

] ]
(5.4)

while substituting (5.3) into (5.1) we obtain the following expression for the on-shell action

Sos
∆ = − log

[
ε

2
[
4 η4 + µ4

] 1
4

]
. (5.5)

Contrary to the case of finite R-charge that we presented in subsection 4.2, we cannot
invert (5.4) and obtain an expression of µ in terms of τ . However we can expand both (5.4)
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and (5.5) for small and large values of η (i.e. low and high temperature respectively) to
obtain perturbative expressions.

Expanding (5.4) and (5.5) for small values of η (or equivalently large values of µ), we
obtain the following expression for the perturbative expansion of the two-point function at
small temperature

1
∆ log〈O∆(0)O∆(τ)〉 = −2 log τ + 1

40 π
4 T 4 τ4

[
1 + 11

360 π
4 T 4 τ4 + 89

46800 π
8 T 8 τ8

]
(5.6)

where we have used the relation between η and T , namely η = π T . The results we have
discussed so far in the current subsection were first presented in [14].

Expanding (5.4) for large values of η we have

δτ = π

2 − τ η = π

2 (1− 2 τ T ) = 1
6
µ3

η3 −
1
56

µ7

η7 + 1
352

µ11

η11 +O
(
µ15

η15

)
(5.7)

and the two-point function reads in this case

〈O(0)O(τ)〉
T 2 ∆

2∆

π2 ∆ = 1 + 34/3

25/3 ∆ δτ4/3 + 38/3

210/3 ∆
(1

7 + ∆
2

)
δτ8/3 +O

(
δτ8/4

)
. (5.8)

Notice that in (5.8) the “small” parameter in the expansion of the two-point function is not
τ T but the difference of τ T from 1/2, which due to the periodicity of the time coordinate
is the maximum value that the dimensionless quantity τ T can take. More precisely, 1

2T is
the maximum temporal distance of the two operators and corresponds to half of the time
period. Another observation that emerges from (5.8) is that the two-point function in the
limit of high temperature seems to be approximated by two one-point functions. However
one should be extremely careful at this point because the one-point function in a thermal
background has a prefactor that contains α′, due to the presence of the square of the Weyl
tensor (see the discussion in [21, 31]). The limit in (5.8) only reproduces the exponential of
the action, not the prefactor.

5.2 Two-point correlation function at large spatial distance

In this section, we consider the computation of the holographic two-point function for a
set of operators that their boundary distance is spatial, i.e. we will take µ = 0. We will
draw interesting conclusions comparing the two-point functions with spatial and temporal
dependence. In this case the integral of the action reads

− S

∆ = η√
η2 + ν2

[
Π
[
2; a1

∣∣∣b]−Π
[
2; a2

∣∣∣b]] (5.9)

while the integral of ẋ becomes

x− x1 = i ν

η
√
η2 + ν2

[
F (a3| 1− b)− F (a4| 1− b)

]
(5.10)
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with the constants taking the following values

a1 = arcsin

√1 + η2 z2

2

 a2 = arcsin

√1 + η2 ε2

2

 , a4 = arcsin
[√

2
2− b

]

a3 = arcsin
[√

2
2− b

1√
1− ν2 z2

]
& b = 2 ν2

η2 + ν2 . (5.11)

By using the fact that the maximum of the arc is situated at (z, x) = (ν−1, 0) one obtains
from (5.10) that half of the distance between the operators is

x1 = − i ν

η
√
η2 + ν2

[
F
(

arcsin
(√

η2 + ν2

η

) ∣∣∣∣∣η2 − ν2

η2 + ν2

)
− iK

(
2 ν2

η2 + ν2

)]
. (5.12)

The last equation implies that x1 < 0 which is consistent with the fact that ν > 0.
In what follows, we will be interested in the case where the two operators are put at a

large spatial distance δx = 2x1. This can be achieved only if the integration constant ν is
very close to η. We, thus, take ν = η + ε with ε being infinitesimally small and positive,
ε > 0. By inserting this value for ν in (5.12) and expanding the resulting expression in ε
one obtains by keeping the leading in ε terms

x1 = 1
2
√

2 η
log ε

η
⇒ ε = η e−

√
2 η |δx| . (5.13)

In order to determine the two-point function one should expand the incomplete elliptic
integrals of the third kind appearing in (5.9) for small values of ε. To this end, we use the
following identity which gives the expansion around m = 1

Π[n, z|m] ≈ 1
2(n− 1)

[
√
n log 1 +

√
n sin z

1−
√
n sin z − 2 log (sec z + tan z)

]
+

+1
6 sin z3 F1

[3
2 , 2, 1,

5
2 , sin z

2, n sin z2
]

(m− 1) +

+ 3
40 sin z5 F1

[5
2 , 3, 1,

7
2 , sin z

2, n sin z2
]

(m− 1)2 + · · · (5.14)

where F1 is the Appell hypergeometric function of two variables. Notice that in our case
m = 1 + ε

η + · · · and that the range of validity of (5.14) is when |Re z| ≤ π
2 , which is the

case for both the elliptic integrals appearing in (5.9). In fact only the first line of (5.14)
contribute to the leading term of the two-point function, thus we obtain

− 2S
∆ = log

(
1−
√

2 sinα2
)
−
√

2 log (sec z1 + tan z1) . (5.15)

Notice that the first term in the right hand side of (5.15) originates from the first term
in the parenthesis appearing in the first line of (5.14), while the second term originates
from the second term in the first line of (5.14). Expanding (5.15) for small ε and ε and
using (5.13) we obtain the following expression for the two-point function

G2 ∝ e−2S =
[
− ε

2η2

2
√

2

]∆

e−∆ η |δx| . (5.16)
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From (5.16) we see that the two point function falls exponentially with the distance between
the two operators for large spatial distances.

A last comment is in order. Notice that due to the exponential suppression of the
two-point correlator there is a critical value of the distance |δx| for which the two-point
function is dominated by a different saddle point. Namely, there is another saddle point
which is comprised by two straight geodesics having ν = 0. Each of those starts from the
point where the operators are situated and propagate to cross the horizon of the black
hole. In this case the two-point function behaves as G2 ∼ 〈O〉〈Ō〉+ c e−mth|δx|, where 〈O〉
is the one-point function of the operators and mth is the thermal mass. It is evident that
despite the fact that each of the one-point functions is proportional to α′ this second saddle
point dominates beyond a critical value of the distance between the two operators. This
happens because, as mentioned above, the connected saddle point fall exponentially with
the distance while the disconnected one is essentially independent of it.

6 Finite temperature and finite R-charge chemical potential

The aim of this section is to compute one-point and two-point correlation functions of scalar
operators at strong coupling in the presence of both finite temperature and finite density
(chemical potential) and specify the effects of the latter to the aforementioned correlation
functions. The gravity computations will be in terms of the parameters η and r0 appearing
in the supergravity solution. Subsequently, we will use the expressions in section 2 to
express them as functions of the thermodynamic quantities T and J or T and Ω.

6.1 One-point correlation function

As usual there are two cases to cover.

θ = π/2 and ψ = 0. When the dual to the operator string sits at θ = π/2 and ψ = 0
the proper length between the boundary and the singularity at r−1

0 , that appears in the
exponential of (4.1), reads

` =
∫ 1−ε̃

r0

ε

dz

z
(
1− r2

0 z
2)√1− η4 z4

. (6.1)

Notice that similar to the case in which only the R-charge is present, there is the need of
both an IR and a UV cut-off. The calculation of ` can break in two pieces: the first one is
the integral from the boundary of the space until the horizon of the black hole, that acquires
a real value, and the second piece is the integral from the horizon until the singularity, that
acquires an imaginary value. In fact, the result of this second piece is related to the proper
time of a particle traveling from the horizon to the singularity [21].

The integral in (6.1) can be calculated analytically but since it has a very complicated
expression for generic values of the parameters r0 and η, we will present an expansion in
small values of the dimensionless parameter δ = r0/η. The real part reads

`R = − log
(
η ε√

2

)
+ π

4 δ
2 + 1

2 δ
4 + π

8 δ
6 + 1

3 δ
8 + 3π

32 δ10 + 4
15 δ

12 (6.2)
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while for the imaginary part the result of the calculation is

`I = − i π4

[
1− 2 δ2

π
(1 + 2 log δ)− δ6

3π (7 + 6 log δ)− δ10

20π (43 + 30 log δ)
]

+ i δ2 log ε̃
2
√

1− δ4
.

(6.3)
The last term depends on the IR cut-off ε̃ and its origin is explained below (4.1). Notice that
in the limit δ → 0, with the number of colours being large and fixed, the aforementioned
term goes to zero and one recovers the result for the black hole [21].

Exponentiating (6.2) and using (2.4) to express η as a function of the temperature T
and r0 as a function of the chemical potential Ω, we obtain the following expression for the
real contribution to the one-point function

〈O∆〉R ∝
π∆ ε∆

2
∆
2

T∆
[
1 + 2− π

4π2
∆ Ω2

T 2 + (π − 2)2∆ + 8(π − 3)
32π4

∆ Ω4

T 4 +O
(

Ω6

T 6

)]
. (6.4)

Notice that the above result reduces to the one-point function calculated in [21] in the limit
δ → 0. The leading term of (6.4) has the correct scaling T∆ for an operator of dimension
∆. The remaining terms in the bracket of (6.4) represent the effect of turning on a non-zero
chemical potential. Notice also that in the expression above we have expressed the one-point
function in terms of thermodynamic quantities of the Grand Canonical Ensemble. Similarly,
from the relation ` = `R − iτs one easily deduces that

τs = π

4

[
1− 2 δ2

π
(1 + 2 log δ)− δ6

3π (7 + 6 log δ)− δ10

20π (43 + 30 log δ)
]
− δ2 log ε̃

2
√

1− δ4
.

(6.5)
Again the leading term in this expression represents the travelling time from the horizon of
the black hole to its singularity and agrees with the result of [21] while the remaining terms
encode the effect of the finite density (chemical potential) to this time. We conclude that
as in the case of finite temperature [21] the one-point function of scalar operators provides
information for processes behind the horizon of the black hole.

θ = 0 and ψ = 0. When the dual to the operator string sits at θ = 0 and ψ = 0
the calculation of the proper length is more intricate. It is easy to check that while it is
consistent with the equations of motion in (2.10) to set ν = 0, it is inconsistent to set µ = 0
because gtφ in this case is different from zero. In particular this implies that there is no
particle, and as a result no geodesic, that can travel in a straight line from the point of the
boundary where the dual field theory operator is situated down to the singularity since ṫ is
generically different from zero. In order for the one-point function to be properly defined,
we fix the value of µ in such a way that ṫ goes to infinity exactly at the horizon. This
happens for µ = r0. Using these values for ν and µ the proper length that appears in the
exponential of (4.1), reads

` =
∫ 1

η

ε

[
1 +

(
η2 − r2

0
)
z2]√ (

1− r2
0 z

2) (1− η2 z2)
[
1 +

(
η2 − 2 r2

0
)
z2] dz

z (1 + η2 z2) . (6.6)
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As previously, the integral in (6.6) can be calculated analytically for generic values of r0
and η, but we will present its expansions for small values of the dimensionless parameter δ.
The result reads

`R = − log
(
η ε√

2

)
+ π

8 δ
2 + 13

48δ
4 +

(13π
128 −

1
10

)
δ6 +

( 1217
13440 + π

32

)
δ8 (6.7)

As a result, the contribution to the one-point function in terms of the thermodynamic
quantities T and Ω is given by

〈O∆〉R ∝
π∆ ε∆

2
∆
2

T∆
[
1 + 4− π

8π2
∆ Ω2

T 2 + 3(π − 4)2∆ + 8(6π − 25)
384π4

∆ Ω4

T 4 +O
(

Ω6

T 6

)]
. (6.8)

Notice that the geodesic describing this one-point function terminates at the horizon.
It does not cross the horizon and thus it never falls into the singularity. Consequently, this
kind of one-point function can not give us information about the traveling time from the
horizon to the singularity.

However, one may blindly analytically continue and calculate the integral (6.6) from
the horizon at z = η−1 to the singularity at z = r−1

0 . It is a peculiar fact that the result is
found to be

`I = − i π4

[
1−

(
1 + log

(
δ2

8

))
δ2

π
+ 2 δ4

3π −
(

226 + 195 log
(
δ2

8

))
δ6

240π

]
(6.9)

whose leading term is related to the correct proper time from the horizon to the singularity
of a black hole [21] while the remaining terms represent the finite density corrections. It
would be nice to understand if this result is of any physical relevance.

6.2 Two-point correlation function

In the presence of both temperature and R-charge there is a distinction between the
temporal and the spatial boundary distance, since the functions that multiply dt2 and d~x2

in the metric are different. This happens for both orientations of the string, as can be seen
from (2.5) and (2.6). We will first present the case with only temporal boundary distance
and in the following we will include spatial dependence. This last step is important in
order to make contact with the OPE expansion and the connection with field theory, that
is presented in section 3.

6.2.1 Temporal boundary distance

As usual we will consider two cases.

θ = π/2 and ψ = 0. We will start the analysis with the case in which the string used
to evaluate the two-point correlator has the orientation θ = π/2 and ψ = 0. The expression
for ṫ, after substituting the relevant metric components from (2.5), becomes

ṫ = µ z

(1− η4 z4)
√
h(z)

with h(z) = 1− η4 z4 − µ2 z2
(
1− r2

0 z
2
)
. (6.10)
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Lets us remind the reader that the function h(z) has a different form in each case that we
consider. The integral expression for the action becomes

S = ∆
∫
dz

z

1(
1− r2

0 z
2) √h(z)

. (6.11)

The turning point of the string in the bulk is given by the point in which the function h(z)
vanishes, namely

h(z) = 0 ⇒ z2
max = 1

2
(
µ2 r2

0 − η4)
[
µ2 −

√
µ4 − 4 r2

0 µ
2 + 4 η4

]
. (6.12)

Integrating (6.10) from the boundary until the meeting point (6.12), we obtain the following
expression for the temporal boundary distance

4 τ = 1√
r2

0 + η2
ln

2 η2 + µ2 + 2
√
r2

0 + η2

2 η2 + µ2 − 2
√
r2

0 + η2

+ 1√
r2

0 − η2
ln

2 η2 − µ2 − 2
√
r2

0 − η2

2 η2 − µ2 + 2
√
r2

0 − η2


(6.13)

while for the integral of (6.11) we have

2Sos
∆ = ln

 4
ε2
√
µ4 − 4 r2

0 µ
2 + 4 η4

+ i r2
0√

η4 − r4
0

ln

µ2 − 2 r2
0 − 2 i

√
η4 − r4

0√
µ4 − 4 r2

0 µ
2 + 4 η4

 .
(6.14)

Finally, we combine (6.13) and (6.14) to express the two-point function as a series expansion
around the AdS5 result for operators that are close to each other, i.e. small τ (this is
equivalent with an expansion for small r0 and η)

1
∆ log〈O∆(0)O∆(τ)〉 = −2 log τ − 1

3 r
2
0 τ

2 + 1
90 r

4
0 τ

4 + 1
40 η

4 τ4 − 2
2835 r

6
0τ

6 − 1
105 r

2
0 η

4τ6 .

(6.15)
Notice that setting to zero the parameter η in (6.15) we obtain (4.10), while setting to zero
the parameter r0 we obtain (5.6). The two-point function in (6.15) can be rewritten in
terms of the thermodynamic quantities T and Ω. The result reads

1
∆ log〈O∆(0)O∆(τ)〉 = −2 log τ − 1

3 Ω2 τ2 + 1
360

(
9π4 T 4 + 18π2 T 2 Ω2 + 13 Ω4

)
τ4

− 1
2835 Ω2

(
27π4 T 4 + 54π2 T 2 Ω2 + 29 Ω4

)
τ6 . (6.16)

Finally we consider the following large ∆ limit

∆→∞ , Ω τ → 0 , ∆(Ω τ)2 = fixed , T τ → 0 , ∆(T τ)4 = fixed (6.17)

with which it is possible to exponentiate (6.16)

〈O∆(0)O∆(τ)〉 = 1
τ2 ∆ exp

[
−1

3 ∆ Ω2 τ2 + π4

40 ∆T 4 τ4
]
. (6.18)
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θ = 0 and ψ = 0. Now we will move to the second choice for the string orientation,
namely θ = 0 and ψ = 0. The expression for ṫ becomes

ṫ = µ z − r0 η
2 z3

(1− η4 z4)
√(

1− r2
0 z

2)h(z)
with h(z) = 1− η4 z4 −

(
µ2 + r2

0

)
z2 + 2 r0 η

2 µ z4

(6.19)
while for the integral of the action we have

S = ∆
∫
dz

z

1− r2
0 z

2 − η4 z4 + r0 η
2 µ z4

(1− η4 z4)
√(

1− r2
0 z

2)h(z)
. (6.20)

The vanishing of the function h(z) is going to give the z coordinate of the meeting point

h(z) = 0 ⇒ z2
max = −

µ2 + r2
0 −

√
4 η4 + µ4 − 8 η2 µ r0 + 2µ2 r2

0 + r4
0

2 η4 − 4 η2 µ r0
. (6.21)

It is easy to check that expanding (6.21) for small values of η, one obtains the z coordinate of
the meeting point that we calculated in (4.13). The integrals in (6.19) and (6.20) cannot be
calculated analytically and for this reason we calculate them in the limit of nearly coincident
operators, i.e. τ → 0 or equivalently µ→∞. The result for the temporal distance is

µ τ

2 = 1− 2 r2
0

3µ2 + 2 η2 r0
µ3 + 4

(
2 r4

0 − 3 η4)
15µ4 − 16

(
η2 r3

0
)

3µ5 − 16
(
r6

0 − 25 η4 r2
0
)

35µ6

+48 η2 r5
0 − 40 η6 r0
5µ7 + 16

(
35 η8 − 924 η4 r4

0 + 8 r8
0
)

315µ8 (6.22)

while the on-shell action becomes

− 2Sos
∆ = 2

[
log

(
ε µ

2

)
+ r2

0
µ2 −

8 η2 r0
3µ3 + 3 η4 − 2 r4

0
3µ4 + 32 η2 r3

0
5µ5 − 8

(
25 η4 r2

0 − r6
0
)

15µ6

]
(6.23)

As previously, we combine (6.22) and (6.23) to calculate the two-point function as a series
expansion for small values of τ , which is equivalent with an expansion for small values of
r0 and η

1
∆ log〈O∆ (0)O∆ (τ)〉 = −2 log τ + 1

6 r
2
0 τ

2 − 1
6 r0 η

2 τ3 + 1
90 r

4
0 τ

4 + 1
40 η

4 τ4

− 1
60 r

3
0 η

2 τ5 + 47
22680 r

6
0 τ

6 + 11
560 r

2
0 η

4 τ6 . (6.24)

Notice that the two-point function in (6.24) contains odd powers of τ in the expansion,
besides the even powers that they also exist in (6.15). This is related to presence of the
non-diagonal gtφ term in (2.6). Setting to zero the parameter η in (6.24) we obtain (4.16).
The two-point function in (6.24) can be written in terms of the thermodynamic quantities
T and Ω. The result reads
1
∆ log〈O∆(0)O∆(τ)〉 = −2 log τ + 1

6 Ω2 τ2 − 1
6
(
π2 T 2 + Ω2

)
Ω τ3 (6.25)

+ 1
360

(
9π4 T 4 + 18π2 T 2 Ω2 + 13 Ω4

)
τ4 − 1

60
(
π2 T 2 + Ω2

)
Ω3 τ5 .
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Considering the large ∆ limit, as specified in (6.17), the two-point function in (6.25) becomes

〈O∆(0)O∆(τ)〉 = 1
τ2 ∆ exp

[
1
6 ∆ Ω2 τ2 − π2

6 ∆ ΩT 2 τ3 + π4

40 ∆T 4 τ4
]
. (6.26)

Notice the additional term proportional to τ3 in (6.26) compared to the two-point func-
tion of (4.17). We will comment on this in the next subsection where the most general
case, in which the two operators have both temporal and spatial boundary distance, will
be considered.

6.2.2 Temporal and spatial boundary distance

Lets us now consider the most general two-point function 〈O∆(0)O∆(τ, ~x)〉, for operators
that have both temporal and spatial boundary distance. In this case we are looking for
geodesics that hit the boundary at the points (0, 0) and (τ, ~x) while the meeting point is
located by symmetry at the bulk point (τ/2, ~x/2, zmax). In this subsection we will present
in detail the computation of the two-point function when the orientation of the string is
θ = π/2 and ψ = 0, and we refer the reader in appendix A for the relevant details of the
computation when the string orientation is θ = 0 and ψ = 0.

θ = π/2 and ψ = 0. The expressions for ṫ and ẋ in (2.10) and the action in (2.12),
after substituting the metric components from (2.14), become

ṫ = µ z

(1− η4 z4)
√
h(z)

, ẋ = ν z√
h(z)

& S = ∆
∫
dz

z

1(
1− r2

0 z
2) √h(z)

(6.27)

where the function h(z) is defined in this case as follows

h(z) =
(
1− η4 z4

) [
1− ν2 z2

(
1− r2

0 z
2
)]
− µ2 z2

(
1− r2

0 z
2
)
. (6.28)

To determine the turning point of the string we have to impose the vanishing of the
function h(z). This equation cannot be solved analytically and for this reason we obtain
zmax perturbatively for small values of r0 and η. Notice here that if one tries to obtain
a perturbative expansion of zmax expanding for large values of µ and ν, then the final
expression will not have a smooth limit even if one tries to isolate the temporal or the
spatial distance. Consequently, the expression for zmax reads

(
µ2 + ν2

)
z2

max = 1 + r2
0

µ2 + ν2 + 2 r4
0

(µ2 + ν2)2 −
[
1 + 4 r2

0
µ2 + ν2 + 15 r4

0
(µ2 + ν2)2

]
η4 µ2

(µ2 + ν2)3

+
[

2µ2 − ν2

µ2 + ν2 +
(
15µ2 − 6 ν2) r2

0
(µ2 + ν2)2 +

(
84µ2 − 28 ν2) r4

0
(µ2 + ν2)3

]
η8 µ2

(µ2 + ν2)5 .

(6.29)
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It is difficult to calculate he integrals in (6.27) analytically, so as above we perform the
calculations perturbatively for small values of r0 and η. For the temporal distance we obtain

(
µ2+ν2

) τ

2µ = 1+ 4r2
0

3(µ2+ν2) + 16r4
0

5(µ2+ν2)2 + 64r6
0

7(µ2+ν2)3−
[

4
5
µ2−ν2

µ2+ν2

+ 32
(
5µ2−3ν2)r2

0
35(µ2+ν2)2 + 64

(
7µ2−3ν2)r4

0
21(µ2+ν2)3 + 1024

(
3µ2−ν2)r6

0
33(µ2+ν2)4

]
η4

(µ2+ν2)2

(6.30)

while for the spatial distance the result is

(
µ2+ν2

) x

2ν = 1+ 4r2
0

3(µ2+ν2) + 16r4
0

5(µ2+ν2)2 + 64r6
0

7(µ2+ν2)3−
[

4
15

5µ2−ν2

µ2+ν2

+ 32
(
7µ2−ν2)r2

0
35(µ2+ν2)2 + 64

(
9µ2−ν2)r4

0
21(µ2+ν2)3 + 1024

(
11µ2−ν2)r6

0
99(µ2+ν2)4

]
η4

(µ2+ν2)2 .

(6.31)

Finally the on-shell action becomes

−2Sos
∆ = log

[
µ2+ν2

4

]
− 4r2

0
µ2+ν2−

8r4
0

(µ2+ν2)2−
64r6

0
3(µ2+ν2)3 +

[
2
3

3µ2−ν2

µ2+ν2

+ 32
(
5µ2−ν2)r2

0
15(µ2+ν2)2 + 48

(
7µ2−ν2)r4

0
7(µ2+ν2)3 + 1024

(
9µ2−ν2)r6

0
45(µ2+ν2)4

]
η4

(µ2+ν2)2 . (6.32)

We also introduce the Euclidean distance of the two operators, as well as the ratio of τ to |x|

|x| =
√
τ2 + x2 & ξ = τ

|x|
. (6.33)

Combining the expansions (6.30), (6.31) and (6.32) together with the definition of |x| and
ξ from (6.33), we obtain the following expansion of the two-point function for small values
of η and r0

1
∆ log〈O∆(0)O∆(τ,~x)〉=−2 log |x|− 1

3 r
2
0 |x|2+ 1

90 r
4
0 |x|4−

2
2835 r

6
0|x|6 (6.34)

+ 1
120

(
4ξ2−1

)
η4 |x|4− 1

315
(
5ξ2−2

)
r2

0 η
4 |x|6

+ 1
8400

(
56ξ2−29

)
r4

0 η
4 |x|8 .

Notice that setting ξ = 1 in (6.34) we obtain the expression for the two-point function
in (6.15). It is useful to express the two-point function in (6.34) in terms of the thermody-
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namic quantities T and Ω. The result reads
1
∆ log〈O∆(0)O∆(τ, ~x)〉 = −2 log |x| − 1

3 Ω2 |x|2

+ 1
360

[
4 Ω4 + 3

(
4 ξ2 − 1

) (
Ω2 + π2 T 2

)2]
|x|4 (6.35)

− 1
2835 Ω2

[
2 Ω4 + 9

(
5 ξ2 − 2

) (
Ω2 + π2 T 2

)2
]
|x|6

+ 1
8400

(
56 ξ2 − 29

)
Ω4

(
Ω2 + π2 T 2

)2
|x|8 .

Notice that setting ξ = 1 in (6.35) we obtain the expression for the two-point function
in (6.16). Considering the large ∆ limit of (6.17) (in which one should replace τ by |x|),
the two-point function in (6.35) becomes

〈O∆(0)O∆(τ, ~x)〉 = 1
|x|2 ∆ exp

[
−1

3 ∆ Ω2 |x|2 + π4

120 C
(1)
2 (ξ) ∆T 4 |x|4

]
(6.36)

where C(1)
2 (ξ) is the following Gegenbauer polynomial

C
(1)
2 (ξ) = 4 ξ2 − 1 = 3 τ2 − ~x2

τ2 + ~x2 . (6.37)

Furthermore in the large ∆ limit that we consider the two-point function can be resummed
into an exponential of the blocks of the energy-momentum tensor and the scalar operator φ2.

θ = 0 and ψ = 0. When the orientation of the string is θ = 0 and ψ = 0, the expression
for the two-point function as an expansion for small values of η and r0 becomes
1
∆ log〈O∆(0)O∆(τ, ~x)〉 = −2 log |x|+ 1

6 r
2
0 |x|2 −

1
6 ξ r0 η

2 |x|3 + 1
90 r

4
0 |x|4 −

1
60 ξ r

3
0 η

2 |x|5

+ 1
120

(
4 ξ2 − 1

)
η4 |x|4 + 1

1680
(
34 ξ2 − 1

)
r2

0 η
4 |x|6

− 1
210 ξ r

5
0 η

2 |x|7 . (6.38)

The two-point function in (6.38) can be written in terms of the thermodynamic quantities
T and Ω. The result reads

1
∆ log〈O∆(0)O∆(τ, ~x)〉 = −2 log τ + 1

6 Ω2 |x|2 − 1
6
(
π2 T 2 + Ω2

)
Ω ξ |x|3

+ 1
360

[
4 Ω4 + 3

(
4 ξ2 − 1

) (
Ω2 + π2 T 2

)2
]
|x|4

− 1
60 ξΩ3

(
Ω2 + π2 T 2

)
|x|5

+ 1
1680

(
34 ξ2 − 1

)
Ω2

(
Ω2 + π2 T 2

)2
|x|6

− 1
210 ξΩ5

(
Ω2 + π2 T 2

)
|x|7 . (6.39)
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Notice that setting ξ = 1 in (6.39) we obtain the expression for the two-point function
in (6.25). Considering the large ∆ limit of (6.17), the two-point function in (6.39) becomes

〈O∆(0)O∆(τ,~x)〉= 1
|x|2∆ exp

[
1
6 ∆Ω2 |x|2−π

2

12 C
(1)
1 (ξ)∆ΩT 2 |x|3+ π4

120 C
(1)
2 (ξ)∆T 4 |x|4

]
(6.40)

where C(1)
1 (ξ) is the following Gegenbauer polynomial

C
(1)
1 (ξ) = 2 ξ . (6.41)

When expanding the exponential of (6.40) the three leading terms in the expansion are
associated to the non-zero expectation value that the scalar operator φ2, the R-current J µφ3

and the stress energy tensor Tµν , respectively acquire. Furthermore in the large ∆ limit
that we consider the two-point function can be resummed into an exponential of the blocks
of the energy-momentum tensor, the R-current and the scalar operator φ2.

In what follows, we will show that the two-point function (6.40) can actually be written
in the form dictated by the OPE, that is in the form (3.5). To this end we rewrite the last
term in the exponent of (6.40) as a linear combination of Gegenbauer polynomials, as was
also done in [15].

G2 = 1
|x|2 ∆ exp

[1
6 ∆ Ω2 |x|2 + i a ξ

]∑
J=0

∑
n=0

1
n!

(
π4∆
120

)n CJ,n
β4n |x|

4nC
(1)
J (ξ) (6.42)

where for notational convenience we have defined

a = i
π2

6 ∆ ΩT 2 |x|3 (6.43)

and the coefficients CJ,n are given by [15]

CJ,n = 2
π

∫ 1

−1
dη
√

1− η2C
(1)
J (η)

(
C

(1)
2 (η)

)n =


C

(−n)
n−J2

(−1
2)− C(−n)

n−J2−1(−1
2) if n, J 6= 0

1 if n, J = 0
(6.44)

In order to proceed one should express eiaξ as a linear combination of the Gegenbauer
polynomials

eiaξ =
∑
J̃=0

DJ̃(a)C(1)
J̃

(ξ) ⇒ (6.45)

∫ 1

−1
dξ
√

1− ξ2 ei a ξ C
(1)
Ĵ

(ξ) =
∑
J̃=0

DJ̃(a)
∫ 1

−1
dξ
√

1− ξ2C
(1)
J̃

(ξ)C(1)
Ĵ

(ξ) .

For the left hand side of the equation above one uses identity in the first line of (6.46),
while for the right hand side the orthogonality of the Gegenbauer polynomials which is at
the second line of (6.46)∫ 1

−1
dξ
√

1− ξ2 ei a ξ C
(1)
Ĵ

(ξ) =
π iĴ Γ

(
2 + Ĵ

)
Ĵ !

a−1J1+Ĵ (a)

∫ 1

−1
dξ
√

1− ξ2C
(1)
J̃

(ξ) C(1)
Ĵ

(ξ) = δJĴ

π Γ
(
2 + Ĵ

)
2 Ĵ !

(
Ĵ + 1

) . (6.46)
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Consequently, (6.45) leads to

DĴ(a) = 2
(
Ĵ + 1

)
iĴ a−1 JĴ+1(a) (6.47)

where JĴ+1(a) is the Bessel function of the first kind and admits the following expansion

Jν(a) =
∞∑
l=0

(−1)l

l! (l + ν + 1)

(
a

2

)2 l+ν
. (6.48)

Finally, taking into account the completeness relation for the Gegenbauer polynomials

C
(1)
J (ξ)C(1)

Ĵ
(ξ) =

min(J,Ĵ)∑
K=0

C
(1)
|J−Ĵ |+2K(ξ) (6.49)

we get for the 2-point correlator

G2 = 1
|x|2 ∆ exp

[1
6 ∆ Ω2 |x|2

]
× (6.50)

∑
J=0

∑
n=0

∑
Ĵ=0

min(J,Ĵ)∑
K=0

2 iĴ

n!

(
π4∆
120

)n CJ,n
β4n |x|

4n
(
Ĵ + 1

)
a−1 J1+Ĵ(a)C(1)

|J−Ĵ |+2K(ξ)

where a is given by (6.43). Equation (6.50) should be written in terms of powers of |x| the
temperature T and the chemical potential Ω by employing (6.48). The same also holds
for the first line of (6.50). It is evident now that the holographic result (6.50) takes the
form dictated by the OPE (3.5). Each term of the form |x|∆′C(1)

J ′ (ξ) in (6.50) represents
the contribution in the OPE of an operator of dimension ∆′ and spin J ′.

7 Conclusions

The aim of this paper is to study conformal field theories in the presence of finite density
and/or finite temperature. In particular, we considered N = 4 SYM at finite density and/or
finite temperature. The dual string theory background (2.1) is generated by non-extremal
rotating D3-branes with two equal non-zero angular momenta. The presence of the metric
elements gtφ2,3 , that connect the internal space to the asymptotically AdS5 space, perplexes
the holographic calculation of correlators in this kind of geometries. We have developed a
general method for calculating correlation functions of operators of large dimension, that
are dual to classical string states at strong coupling, by consistently integrating out the
coordinates of the internal space. In this way, the resulting effective action (2.8) describes
the motion of a point-like string in the 5-dimensional asymptotically AdS5 space.

Subsequently, we studied the OPE of two scalar operators in the dual field theory. In
the case of zero temperature but non-zero R-charge density the geometry introduces a scale
r0. This, in turn, implies that some of the field theory operators develop a VEV. However,
we argue that this can happen only for scalar operators, that is all operators with spin have
zero expectation value. As a result, the OPE dictates that the two-point correlator can be
written as a sum over only scalar fields (3.5). Each term in the sum is proportional to r∆

0 ,
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where ∆ is the dimension of the scalar operator whose expectation value is non-zero. The
constant of proportionality depends crucially on the CFT data, and more precisely on the
fusion coefficients of the underlying CFT. Then by using the aforementioned method we
have calculated holographically the one-point function of scalar operators of large dimension.
The calculation boils down to finding the length of a geodesic of a particle travelling from
the point of the boundary, where the dual field theory operator is situated, all the way down
to the apparent singularity of the geometry. The result is in agreement with the structure
of the OPE. Next, we holographically evaluated the two-point function for operators whose
string duals sit at two different points of the internal space as functions of the scale r0. In
a particular large ∆ limit the result for the two-point correlators exponentiate (see (4.11)
and (4.17)). Finally, let us mention that in the limit of zero R-charge r0 → 0 one smootly
obtains the results for the one and two-point functions in AdS5.

In the next section 5, we considered the background with non-zero temperature but with
the chemical potential being zero. We focused on the holographic calculation of two-point
correlators whose temporal or spatial distance is very large. In the case of large temporal
distance the periodicity of the time coordinate sets an upper bound (which is half of the
period, i.e. 1

2T ) to the distance of the two operators. The result of the two-point function
in this limit is given by (5.8). Subsequently, we calculated the two-point function in the
limit of large spatial distance. In this case we found that the correlators fall exponentially
with the distance (5.16), as one would have expected.

In the presence of finite temperature and finite density operators with and without
spin can have non-zero expectation value (3.7). The general form of the OPE can be used
to write the two-point correlators as an infinite sum, where each of the terms in the sum is
related to expectation value of an operator of definite dimension and spin (3.8). As in the
case of finite temperature, one may write the two-point function as a linear combination
of the Gegenbauer polynomials C(1)

J (ξ) but with the coefficients depending now on both
the temperature and the chemical potential, as well as on the CFT data. We present a
systematic expansion of the holographic two-point correlators in powers of the temperature
T and of the chemical potential Ω. For a string sitting at θ = π/2, ψ = 0 the leading terms
in the expansion (6.36) originate from the expectation values of the scalar operator φ2 and
the stress-energy tensor Tµν , while for the two-point correlator dual to the string sitting
at θ = 0, ψ = 0 the leading terms in the expansion (6.40) originate from the expectation
values of the scalar operator φ2, the R-current J µφ3

and the stress-energy tensor Tµν . By
employing the Ward identity for the R-current and by comparing the appropriate term of
the holographic result for the two-point correlator to the corresponding term in the OPE we
derived the value of the R-charge density of the background and found compelling agreement
with the analysis of thermodynamics of the black hole. Finally, in a certain large ∆ limit
(see (6.17)) the result for the two-point correlators exponentiate (see (6.36) and (6.40)).
One may expand the exponential to show that the result takes precisely the form dictated
by the OPE, that is it is written in terms of the Gegenbauer polynomials (6.50) with each
term representing the contribution of an operator with definite dimension and spin. Finally,
let us mention that in the limit of zero R-charge or zero temperature one smoothly obtains
the results for the one and two-point functions of the previous sections.
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An interesting future direction could be the generalisation of the method presented in
section 2 to the case in which the string solution involves more than one U(1) isometries, as
well as to the case of extended strings. Also interesting could be to calculate holographically
higher point correlation functions. Finally, it would be important to specify the form of the
corrections to the type-IIB supergravity action which will reproduce the one-point functions
in the presence of temperature and chemical potential. We conjecture that these will be
products of the Weyl tensor with the five-form field. However, such a computation seems
extremely complicated since the geometry near the singularity breaks down.
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A Two-point function with temporal/spatial dependence and finite T/R

In this appendix we provide all the intermediate steps in order to reproduce equation (6.38).
The expressions for ṫ and ẋ in (2.10) and the action in (2.12), after substituting the

metric components from (2.15), become

ṫ = µ z − r0 η
2 z3

(1− η4 z4)
√(

1− r2
0 z

2)h(z)
, ẋ = ν z√(

1− r2
0 z

2)h(z)

S = ∆
∫
dz

z

1− r2
0 z

2 − η4 z4 + r0 η
2 µ z4

(1− η4 z4)
√(

1− r2
0 z

2)h(z)
(A.1)

and the function h(z) is defined in this case as follows

h(z) = 1− η4 z4
(
1− ν2 z2

)
−
(
µ2 + ν2 + r2

0

)
z2 + 2 r0 η

2 µ z4 . (A.2)

From the vanishing of the function h(z) we determine the z coordinate for the turning point
of the string, and it is(

µ2 + ν2
)
z2

max = 1− r2
0

µ2 + ν2 + r4
0

(µ2 + ν2)2 + 2
[
1− 3 r2

0
µ2 + ν2

]
µ r0 η

2

(µ2 + ν2)2

−
[

µ2

µ2 + ν2 −
(
11µ2 − ν2) r2

0
(µ2 + ν2)2 +

(
46µ2 − 4 ν2) r4

0
(µ2 + ν2)3

]
η4

(µ2 + ν2)2 . (A.3)

The calculation of the integrals in (A.1) will determine the temporal boundary distance(
µ2+ν2

) τ

2µ = 1− 2r2
0

3(µ2+ν2) + 8r4
0

15(µ2+ν2)2 +
[

3µ2−ν2

µ2+ν2 −
8
(
5µ2−ν2)r2

0
5(µ2+ν2)2

]
2r0 η

2

3µ(µ2+ν2)

−
[

4
5
µ2−ν2

µ2+ν2−
16
(
5µ2−3ν2)r2

0
7(µ2+ν2)2 + 704

(
7µ2−3ν2)r4

0
105(µ2+ν2)3

]
η4

(µ2+ν2)2 , (A.4)
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the spatial boundary distance

(
µ2+ν2

) x

2ν = 1− 2r2
0

3(µ2+ν2) + 8r4
0

15(µ2+ν2)2 +
[
1− 12r2

0
5(µ2+ν2)

]
8r0µη

2

3(µ2+ν2)2

−
[

4
15

5µ2−ν2

µ2+ν2 −
16
(
7µ2−ν2)r2

0
7(µ2+ν2)2 + 704

(
9µ2−ν2)r4

0
105(µ2+ν2)3

]
η4

(µ2+ν2)2 , (A.5)

as well as, the on-shell action

−2Sos
∆ = log

[
µ2+ν2

4

]
+ 2r2

0
µ2+ν2−

4r4
0

3(µ2+ν2)2−
[
1− 12r2

0
5(µ2+ν2)

]
16r0µη

2

3(µ2+ν2)2

+
[

2
3

3µ2−ν2

µ2+ν2 −
16
(
5µ2−ν2)r2

0
3(µ2+ν2)2 + 528

(
7µ2−ν2)r4

0
35(µ2+ν2)3

]
η4

(µ2+ν2)2 . (A.6)

Combining (A.4), (A.5) and (A.6), it is easy to obtain the equation (6.38) of the main text.
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