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1 Introduction

The holographic duality between 4d N' = 4 SU(N) supersymmetric Yang-Mills theory
(SYM) and the type IIB string theory on AdSs x S° is a prototypical example of the
AdS/CFT correspondence [1]. In particular, Montonen-Olive duality of N'=4 SYM [2, 3]

corresponds to the SL(2,Z) duality of type IIB string theory [4].

However, implications



of the SL(2,Z) duality in the context of AdS/CFT correspondence have not been fully
explored. This is partly because, in the large N 't Hooft limit

N =00, gym—0,  A=giuN :fixed, (1.1)

we are focusing on the small gy regime and the SL(2,7Z) duality is obscured in this limit.
However, one can study the holography and the SL(2,7Z) duality at the same time in a
regime where

N — o0, gyMm : fixed, (12)

which is called “very strong coupling limit” in [5].

In recent remarkable papers [6, 7], Dorigoni, Green and Wen conjectured an exact
form of an integrated four-point correlator Gy of superconformal primary operators in the
20’ of the SU(4)g symmetry of N/ = 4 SYM. Such integrated correlators were originally
introduced in [8] to analyze the strong coupling limit of usual four-point functions. See [9—
15] for the related works on the integrated correlators in N'=4 SYM. The result in [6, 7]
is written in terms of the sum over the two-dimensional lattice m +n7 ((m,n) € Z?) where
7 is the complexified coupling of N' =4 SYM. It is manifestly invariant under the SL(2,Z)
duality. They computed the worldsheet instanton correction of the form eV
N ’t Hooft limit.

In [13], Collier and Perlmutter further studied this integrated correlator Gy using the

n the large

spectral decomposition in terms of the eigenfunctions of the Laplacian on the upper-half 7-
plane with hyperbolic metric. They found that Gy receives an additional non-perturbative
correction of the form e~2V*/ 9s where g5 = g%M /4w is the string coupling of the bulk type
IIB theory; they identified this non-perturbative correction as the “D-string instanton”.
In this paper, we will study the large N expansion of the integrated correlator Gy
in detail. As discussed in [13], the lattice sum in [6, 7] can be rewritten as the so-called
Poincaré series. We argue that the Poincaré series representation of Gy can be interpreted
as the sum over the contribution of (p, ¢)-strings via the holography in the large N limit.
All of these contributions are symmetric. This is consistent with the expectation from
the SL(2,Z) duality of bulk type IIB string theory. Then we focus on the contribution of
the (1,0)-string, which can be written as the usual genus expansion >, N 729G, (N) with
the fixed 't Hooft coupling A\. However, as noticed by Collier and Perlmutter, the (1,0)-
string contribution has another representation, which can also be written as the genus-like
expansion »_, N1_296~¥g(X) in the dual 't Hooft limit,
~ 1672
N — oo, gyM — 09, A= —5—N : fixed. (1.3)
Iym

Both of these genus expansions are determined by a single spectral function f4(s). From the
Laplace-difference equation for Gy [7], we find the recursion relation for f;(s) which enables
us to compute the genus expansion up to very high genera. Using these data, we find that
the genus expansion of Gy is Borel non-summable. From the large g behavior of Gg(\)

and C:’g(X), we find that there are non-perturbative correction of the form e~ A(ma~1/2)

and e- VAT where the instanton action A(z) has the same form with the action of



>
9ym
Figure 1. The blue solid lines show slices in the 't Hooft limit, and the green dashed lines show

slices in the dual 't Hooft limit. For large but finite IV, the strong 't Hooft coupling limit meets the
strong dual ’t Hooft coupling limit in the very strong coupling regime.

D3-brane which is holographically dual to the so-called “giant Wilson loop” in the large
symmetric representation [16-18].

—NA(mA~1/2)

In the usual 't Hooft limit (1.1), the exponential factor e is purely non-

perturbative in 1/N. However, if one considers the dual 't Hooft limit (1.3), this correction
can be expressed as e=2M"% in terms of A. Such a correction is non-perturbative in 1/ ALY 2,
but not in 1/N, and it is visible at each genus in the dual 't Hooft limit. In fact, we find that

. . — —1/2
the non-perturbative correction e~ NA(TA )

in this limit reproduces the D-string instanton
in [13]. We stress that our non-perturbative correction is originally derived in the 't Hooft
limit. However, for very large but finite (N, A, X), this can be regarded effectively as the
result in an overlapped regime of the 't Hooft limit and the dual 't Hooft limit via the very
strong coupling limit. We illustrate it in figure 1. As a consequence, we can extrapolate
our result to the dual 't Hooft regime. Also, the non-perturbative correction eV A(mA—12)

reduces to the worldsheet instanton by taking the 't Hooft limit.

This paper is organized as follows. In section 2, we start with a brief review on
the integrated correlator Gy in N’ =4 SYM. We rewrite the integral representation of Gy
in [6, 7] as a sum over (p, q)-string contributions in the large N limit via the holography. The
resulting sum is governed by only a single function, the fundamental string contribution.
All the (p, ¢)-string contributions appear democratically with an equal weight. This is a
consequence of the SL(2,Z) duality.

In section 3, we take a deep look at the spectral function f,(s). This function deter-
mines both of the genus functions G4()\) and ég(X) simultaneously. We find a recursion
relation for f,(s). It enables us to compute the large N expansions up to very high genera.

In section 4, we consider the genus expansions of Gy, and see that the functions
Gy(\) and G, (A) receive non-perturbative corrections in the large (dual) ’t Hooft coupling



limit. The former is referred to as the worldsheet instanton, and the latter as the D-string
instanton in [13].

In section b, we explore non-perturbative effects at large N. We show that the genus
expansions >°, N 729G, ()\) and >N 1_296’9(X) receive non-perturbative corrections, and
we speculate that they can be interpreted as the D3-brane instanton corrections with mag-
netic and electric fluxes on its worldvolume, respectively. From the large order behavior,
we constrain the form of the non-perturbative corrections. Interestingly, the same correc-
tions are fixed by the Laplace-difference equation that the integrated correlator obeys. We
observe that the dual 't Hooft limit of the non-perturbative correction to >°, N 296G, (N)
agrees with the D-string instanton correction, computed in section 4. Also the 't Hooft
limit of the non-perturbative correction to >, N 1=29 ég (X) coincides with the worldsheet
instanton correction.

Finally, we conclude in section 6 with some discussion on the future problems.

In appendix A, we prove the relation between By (t) and the matrix model correlator
Ky (z) conjectured in [15]. In appendix B, we show that the disconnected and the con-
nected part of Gy correspond to Go(A) and CNJO(X) in the large N limit. In appendix C we
summarize the method of Richardson extrapolation used in the main text.

2 Sum over (p, q)-strings

We start by reviewing the integrated correlator Gy in [7], and then rewrite it as a sum
over (p, q)-string contributions. Gy is written as the derivative of the free energy of mass
deformed N = 2* theory on S* [§]
1 2
On = A% l0g 2| (2.1)
4 m=0
where A is the hyperbolic Laplacian on the upper-half 7-plane
0? 0?
Ar=72 =+, 2.2
T2 (87’12 + 87’%) (22)

and 7 is the complexified coupling of the SU(N) N/ =4 SYM

: . Am
T=T+1g = — +1

. (2.3
2 g%M )

Via the holographic duality, 7 is related to the string coupling gs of bulk type IIB string
theory as

Ty = gs_l. (2.4)

The partition function Z of N' = 2* theory on S* is exactly computed by the supersym-
metric localization [19] and the Yang-Mills instanton contributions, which correspond to
D-instantons in the bulk, are captured by the Nekrasov partition function [20, 21].

After the supersymmetric localization, the partition function Z is reduced to a finite
dimensional matrix integral for moduli parameters. However, it is not easy to extract the



full large N expansion from such a matrix integral because its integrand is complicated.
Very surprisingly, in [7], a simple exact form of the integrated correlator Gy is put forward

1 oo
- 5/ dt By (1)0(t,7), (2.5)
0
where ©(¢,7) is given by the lattice sum
ot,7)= Y e M (2.6)
(m,n)eZ?
with
Mm,n = £|m + ’I’LT’Q, (27)
T2
and By(t) in (2.5) is given by
Qn (1)
t) = <N
N(t) (1+t)2N+D
1 _
Qu(t) = —5N(N = 1)(1 - N1 4 N (2.8)
oy (1+t*\ 32 —3—8Nt 1,1y 1+
— 6t +3t2 + 8NP ph=
xl(S 6t + 3t° + 8Nt) Py T2t T N 2 )|

where P\*" )(z) denotes the Jacobi polynomial. One can show that O(¢,7) is manifestly
SL(2,Z) invariant

ct+d

o (t, o + b) —o(t,7), (a 3) € SL(2,7), (2.9)

and it satisfies
et r) =0(t,1). (2.10)

It turns out that this formula is very useful both in the exact finite N computation and in
the large N analysis.
Fourier expansion of Gy is obtained by performing the Poisson resummation of ©(¢, 7).

Z dz—m)= Z 6_2"”7‘”&, (2.11)

mEeZ T’TV’LGZ

Using the relation

O(t,7) is written as
ory = 3 o Blmemaan
(m,n)eZ?

[Ty e gl

(m,n)€Z2 (2 12)
/ Z eQmmnn T (—+n2t) ‘
(m,n)€z?
Z 1mn€—— (;—&-th)
= — e
gst (m,n)€z?



Thus the k-instanton contribution is given by

(k: inst) Z /OO dt e_gls(§+n2t) .

In particular, the 0-instanton part (ﬁl =0 or n = 0) is exactly given by

ins o0 dt 27 2mt
g — 50 Je BB [s(e70) + vale )],

where ¥3(g) denotes the Jacobi theta function

Using the properties of the Jacobi theta function

27

’193(6 98'5) = ’193(6_27Tgst),

1
Vst

1 _amt 1 Tgs
@193(6 ) = ?93(6—2%’),

and the symmetry of By (t) [7],
t 'By(t7') = By (1),

one can show that the two terms of (2.14) are equal. Finally, we find
. o0
Gl _ / dt By (t)93(e279:")

[ X e

neZ

We can naturally interpret this G ]\9 inst)

Noticing that M,,, in (2.7) has the property
Mypng = n2Mp7qv

we can rewrite (2.5) as'

L[ — My
:5/0 dtBy(t) Y e ’

(m,n)eZ?
1 o0
=—/ dt By (t) Z > e Mnna
2 0 nez
gcd(pa) 1
1 o0
:—/ dt By (t) Z Y e tMeg
2 0 nez
gcd(pq) 1
1 0-inst)
=5 2 90y,
gcd(pq)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

as the contribution of (1,0)-string (or F-string).

(2.19)

(2.20)

!This rewriting is equivalent to the Poincaré sum discussed in [13] (see e.g. [22]). We would like to thank

Eric Perlmutter for pointing this out.



where we defined

g(() inst) / dt BN Z e 2tM / dt BN 03( 2Mt) (221)

nez

which, of course, reduces to the O-instanton part (2.18) when M = M;o = 7gs. Now,
we interpret (2.20) as the sum over the contribution of (p, ¢)-strings with relatively prime
(p,q). In fact, M, ; has a physical meaning as the square of the (p, ¢)-string tension [23]. As
expected from the SL(2,7Z) duality invariance of Gy, all contributions of the (p, ¢)-strings
have the same functional form G ]\? mSt)(M ) as a function of M = M, ,. In other words, all
(p, q)-strings appear democratically in Gy with an equal weight.

Let us further elaborate on our interpretation of (p,q)-strings. The Poincare series
representation (2.20) is just a mathematical statement of the decomposition of SL(2,7Z)
invariant function of 7 and 7. In general, it has nothing to do with (p, ¢)-strings if we pick
an arbitrary SL(2,Z) invariant function. However, we claim that for our particular case of
the integrated correlator Gy, the decomposition (2.20) has a physical interpretation as a
sum over (p, q)-string contributions in the large N limit via the AdS/CFT correspondence
between N' = 4 SYM and type IIB string on AdSs x S°. As we will see in section 4,
g](\(,)'mSt)(Ml,g) receives the so-called worldsheet instanton correction which scales as

g (0- lnSt)( 1’0) ~ e /M170N‘ (222)

Here we ignored the numerical factors such as 2 and 7 for simplicity. The worldsheet
instanton action /M oN is written in terms of o’ of the bulk type IIB string and the
curvature radius Rpaqg of AdSs as

R34
/M1 oN ~ 75 (2.23)

Since G ]\? inst) (M) and G © lnSt)(Mp,q) have exactly the same functional form, (2.22) implies
that G ]\? -inst) (Mp,q) receives the correction
g(o mst)( p q) ~ e Mpqu. (2.24)

Using the dictionary (2.23), the instanton action appearing in (2.24) is written as

N [ Mpq B3 p+ g7
Mp qN MI;Z 2‘18 o R%‘de? (225)

where we used the definition of M, , in (2.7). One can see that the first factor |p + ¢7|/d/
in (2.25) is equal to the tension of (p, ¢)-string and /M, ;N has the expected form of the
action of (p, ¢)-string instanton in bulk type IIB string theory

\/ Mp.qN = (tension of (p, ¢)-string) x (area). (2.26)

This serves as strong evidence supporting our interpretation of the decomposition (2.20)

of Gy as a sum over (p, q)-string contributions.



In the following sections, we will focus on the zero-instanton term g](\(,)'inSt)(M ). This is
the only building block of the full function Gy . It turns out that the non-perturbative cor-
rections in the large N expansion of g}?‘m) (M) do not correspond to the D-instanton. The
D-instanton effect arises only after we sum over all (p, ¢) in (2.20) and perform the Poisson
resummation (2.12). In other words, the D-instanton cannot be seen in Q](\?_inSt)(an) with
fixed (p, q).

In the large N limit, only a single term in the sum (2.20) is dominant. Which (p, q)

becomes dominant is determined by the condition

min My, ,. (2.27)
(p,9)
This condition divides the upper-half 7-plane into several domains. For instance, the (1, 0)-
string (or F-string) is dominant in the fundamental domain of SL(2,Z). In general, the
condition (2.27) leads to a tessellation of the upper-half 7-plane, which is similar to the
phase diagram of 3d gravity (see e.g. figure 3 in [24]).

3 Spectral representation

The N-dependence of the integrated correlator (2.5) is encoded in the function By(t) in
the integrand. As discussed in [7, 13|, it is more convenient to consider the coefficient
¢(s, N) appearing in the small ¢ expansion of By(t)

o0

Byn(t) = Z(—l)sc(s,N)tS_l. (3.1)

s=2

Although ¢(s, N) is only defined for positive integer s in this expression, one can naturally
define the analytic continuation of ¢(s, N) to the complex s-plane, as emphasized in [7, 13].

In this section, we first consider the large N limit of ¢(s, N). We will see that the usual
resummation technique allows us to re-construct the finite N result of ¢(s, N) from the large
N expansion. In the next section, we will perform the similar analysis for g](\?‘i“St) (M),
and it turns out that the large N expansion of g}@‘i““)(Ml,o) receives non-perturbative
corrections.

3.1 Genus expansion

Let us consider ¢(s, N) defined in (3.1). For small NV, we can compute the coefficient ¢(s, V)
explicitly, as in (A.30) for N = 2,3,4. It is interesting to notice that one can write down
an exact closed form of ¢(s, N) in (A.29) for finite V.

In this paper, we are rather interested in the large N limit. Since we already have
the exact form for finite IV, we can see its large N behavior numerically. It turns out that
¢(s, N) has different leading large N behaviors for s > 1/2 and s < 1/2 (see figure 2).

p(s)N'*?, (s>1/2),

p(1—s)N*=*, (s <1/2), (3:2)

c(s,N) ~ {



0.5 1.0

Figure 2. Plot of ¢(s, N). The blue solid curve is the exact result of ¢(s, N) while the red and green
dashed curves represent p(s)N'** and p(1 — s)N27%, respectively. In this figure we set N = 15.

where

(5) = 45715 —1)(2s — 1)[(s +1/2)
Py = /aL(s + 2)I'(s)

Recall that ¢(s, N) is exactly symmetric under s <» 1 — s. This symmetry suggests
2

(3.3)

that the large N asymptotic expansion of ¢(s, N) has the following symmetric form:

(S N N1+SZ N2g N2 stQN2g ) (34)

We will check the validity of this conjectural expansion later. The first few terms of f4(s)
were obtained in [7],

fl(s): 24 28—3) ’ (35)
(s+1)s(s —1)(s —2)(s — 3)(s — 4)(5s? — 475 + 30)
5760(2s — 3)(2s — 5) '

Here we show a recursion relation to determine f4(s) very efficiently. The key relation is
the following difference equation for ¢(s, N):

N(N —1)e(s,N +1) — [2(]\72 —1)+s(s— 1)}c(s,N) + N(N +1)c(s, N —1) =0, (3.6)

as argued in [7]. Since this is a second order difference equation for N, it has two indepen-
dent solutions. This equation is also invariant under s <> 1—s. These properties imply that
the two asymptotic series on the right hand side in (3.4) correspond to two independent
solutions to the difference equation (3.6).

2This large N expansion is slightly different from the one in [7], in which the authors seemed to assume
s > 1/2 implicitly.



Let us introduce p(s, N) as an asymptotic expansion:

1+s
p(s;N) :=p(s)N Z . (3.7)
Then, the large N expansion (3.4) is simply written as
c(s,N)=p(s,N)+p(l—s,N). (3.8)

As discussed above, p(s, N) should be a solution to (3.6). Therefore, we substitute the
asymptotic series (3.7) into the difference equation (3.6). To do so, we rewrite p(s, N+1) as

p(s,N+1) = ng (N £ 1)HHs29

s f l14+5—2 1\’
)NZNZ< ISR

i=0 J

(3.9)

In the computation, we need the sum/difference of them, and we have more convenient
forms

p(s, N+1)+p(s,N —1)=2p(s NHSZN QQZ<1+S_ 2h>fh(8)a

(3.10)

p(s,N+1)—p(s,N —1)=2p(s NSZN ZgZ L s—2h In(s)

’ 1+2g—2h '

After some lengthy computations, we find the following recursion relation:
91 (2+4g — 2h — -
g s)I'(2 + s — 2h)

= . 3.11
Ja(s) hz::Og(l+2g—25)r(3+2g—2h)r(1+s—29)f"(s) (3.11)

This equation determines fy(s) from f(s) (0 < h < g —1). Therefore, starting with
fo(s) = 1, all the functions f,(s) are uniquely fixed. One can quickly compute fy(s) up to
very high genera.

3.2 Pole cancellation

We show a simple consistency test for the large N expansion (3.4). The function ¢(s, N) is
defined for arbitrary s. However, the coefficients f,(s) have poles at s = 3/2,5/2,..., and
p(s) has poles at s = —1/2,—3/2,.... This means that p(s, N) itself is ill-defined for these
values of s. We observe that the combination p(s, N)+p(1—s, N) is well-defined for any s.
All the singular terms in p(s, N) are canceled by those in p(1—s, N)! As an example, let us
check this property at s = 3/2. At order O(N'/?), we find the following singular behaviors:

3vVN
5_1}?32])( s) N2 87m3/2(s — 3/2) " , (3.12)
_sfo(1 =) 3VN |
1 s _
i P = NPT =

~10 -



Thus the poles at s = 3/2 cancel to each other at this order. In general we expect that the
pole at s=k+1/2 (k=1,2,---) is canceled order by order in the genus expansion
f g(l B S)

+p(1 —s)N?7$28__2 | — (regular). (3.13)

. 145 fg+k(5)
lim |[p(s)N 9= == 29

s—>k+% N2(g+k)

We have checked this relation for various k£ and g. It would be interesting to find a general
proof of this relation.

3.3 Borel resummation

The systematic computation of fy(s) allows us to resum the large N expansion (3.4). Here
we numerically show that the large N resummation correctly reproduces the exact result
for finite N. We use the so-called Borel-Padé resummation. Its main advantage is that one
can apply it to factorially divergent series.

Let us briefly review the Borel-Padé resummation technique. Let us consider a formal
1/N expansion

F(N) = Z N2 (3.14)
g=0
We first define the Borel transform by
B,[F](C) == i S - ¢ (3.15)
S T2g+a)”

with a parameter a. Then, the Borel resummation of (3.14) is given by

Fprel(N) = / d¢ e ¢ B, [F] (;) (3.16)
0

Typically, the parameter a is set as unity, but we can choose it whatever as we want. In
practice, we have Fj; up to a finite order. In this case, we replace the Borel transform (3.15)
by its Padé approximant. We refer to this procedure as the Borel-Padé resummation.

We apply this procedure to p(s, N). We repeat the computation for various s and N.
The result is shown in table 1. We confirmed that the naive Borel-Padé resummation of
the combination p(s, N)+ p(1 —s, N) correctly reproduces the exact value of ¢(s, N'). This
means that there are no non-perturbative corrections to ¢(s, N) in the large N limit. On
the other hand, one can also consider the large N expansion of Q](\(,)'inSt)(MLD). We find
that this large N expansion receives non-perturbative corrections. This difference comes
from an exchange of the summation and the integration, as we will see in the next section.

4 Worldsheet instanton and D-string instanton

As we have shown in (2.20), the full integrated correlator Gy is constructed by the single
function g}@‘m“) (M), the zero instanton part. In this section, we consider the large N
expansion of the F-string contribution Q](\(,)'mSt)(MLO). It turns out that there are non-

perturbative corrections to this expansion.

- 11 -



pBorel(s’N) +pBorel(1 _ S,N)

s N pBorel(s,N) pBorel(l —s, N) 1— C<3’ N)
2/3 2 —0.0563855378210  0.0440398588087 6.32 x 10746
3 —0.111597704486  0.0759324095617 1.00 x 1056

4 —0.180689554674  0.111594396415 1.05 x 10795

5/4 2 0.605741506110  —0.254179006110 6.78 x 1074
3 1.45334429406  —0.343725153435 1.02 x 10755

4 2.73979678726  —0.426144748682 1.03 x 107%4

V3 2 3.52020101650 0.329163888886 3.51 x 107
3 13.6225376249 0.365956652856 4.91 x 1075°

4 32.1651458968 0.394892370253 4.68 x 10764

Table 1. The Borel-Padé resummation of the asymptotic 1/N expansion (3.4). The individual
resummation pBol(s, N) or pB°(1 — s, N) does not reproduce the exact result of c(s, N). The
sum of them does. We used f,(s) up to g = 120 and the diagonal Padé approximant of the Borel
transform. The numerical values of the large N resummation show a remarkable agreement even
for N = 2. We also set a = 1 in the numerical computation.

4.1 Genus expansion

(0-inst)

Let us derive the genus expansion of Gy (M;i,0). We start with the following integral

representation of the full correlator Gy [13]:

gn =

N(N—-1) 1 f3+i® ds x .
——-3/ (s, N)E;

1 _ico 2rri sin s
where E} denotes the non-holomorphic Eisenstein series
o0
B =T() Y (Myp,) "= / a1 [e(t, m) — 1.
(m.m)#(0,0) ‘
To proceed, we further use the Fourier expansion of EY,
E; = Z e 7
k€EZ

where

2T ()¢ (28)(My,0) % + 2T(1 — 5)¢(2 — 25) (M), (k= 0),
k pr—
AR 201 a5 (k) VT2 K 1 (27| 7), (k #0).
Above, K, (x) denotes the modified Bessel function of the second kind and o4(n) is the

divisor function
os(n) = Z d°.
dln

(4.5)

See e.g. [7] for a derivation of (4.4).
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Our interest is the zero-instanton sector, which is originally given by (2.18). With the
help of the integral representation (4.1), we also obtain another integral representation,
GOm0 (1, ) = N(N-1) 1 fatieds 7

4 2 1ico 2wisin s

c(s, N)Fo. (4.6)

Plugging (3.8) and (4.4) into this integral, we have four contributions. Since there are
simple symmetric relations

ﬁﬁ”@.”muﬁNmu@m%%Wmﬁq

1 _ico 2wisin s

5 Fioco ds T -
_ / ——p(s, N)T(s)¢(2s) (M) >,

1 joo 2risinms

>+ (4.7)
/2+1oods m (3 N)F(l —S)C(Q—Qs)(M )8—1
1jco 2misin AN 1,0
+ico ds T
- 1—-s,N)I 2 M —5
/—100 27 Sln?TSp( 85 ) ( )C( S)( 10) )
we obtain -
g8 (M) = = I+ I (4.8)
where
2+IOO ds 27T )
Iy = _/l; Tﬁsinﬂsp(s’N)F(l_S)<(2_28)(M1:0)8 1,
2 (4.9)

v — /12“” s 21— NP1 — )C(2 25)(Mi)*

B ey

l_jco 2misinms
Using the large N expansion (3.7) and exchanging the sum and the integral, these functions
admit the genus expansions,

Iy =3 N*% -/ T 2 ) (T — )2 20)(Mi0N) !, (@10)

=0 1 oo 2misinms

o0

Fo= 3 Nl [T 2,0 T - )2 - 29 (M)

=0 1 _ioo 2risinms

where My oN and M OlN are related to the 't Hooft coupling A and the dual ’t Hooft
coupling by by
A= 47TgSN = 4M170N,

~ A 3 a (4.11)
A= 5 =drg;'N =4r’ M N.
We should emphasize that the dual 't Hooft coupling X is not the S-dual of A
X # 4Mo N, (4.12)

This is not the end of the story. Each of these functions turns out to give unusual
genus expansions. For instance, in the weak coupling regime A < 1, one can close the

~13 -



integration contour in Iy by adding the infinite right semi-circle. Then one obtains the
following weak coupling expansion of Iy,

1 3¢3), 755
Iy =7 <_4 " giZ)A - 1253;4) N OQB))
A203¢(3) T5¢(5
+NO< 6 8C7(r?))\+ 122574)A2+0(AS)) (4.13)

13AY2 A2 945¢(9)
8192 1536 = 409678

+ N2( X O()\5)) +O(N).
The weak coupling expansion has unusual fractional power terms. Such terms are however
canceled by taking into account the counterpart Iy, as discussed in [13]. To see it, we
rewrite Iy as

3o ds 27

=3 N T e b g1 9P - )2 2><4§V)] (4.14)

g=0 g —ioo

Since in the 't Hooft limit, we first take N — oo by keeping A finite, A\/(4N) is less than
unity for any A in this limit. Therefore, we should close the integration contour of Iy in
the same way as Iy by adding the infinite right semi-circle. Then we find

N NO)\I/Q N?(_ 13)\1/2 )\3/2

Foo Vo
N 8192 1536

1 G ) +O(N™Y), (4.15)

which cancels the fractional power terms of A in (4.13). Therefore we conclude that the
combination Iy + Iy gives the usual genus expansion without the fractional power terms

of A.? Let us denote
oo

GO (M, ) ~ 3 NZTHG,(N), (4.16)
g=0

where

cgtioco g T s—1
Gi=— [T T g pera-sace-2(3) @

,—ico 2TisinTs

We have used ~ in (4.16) because these genus expansions receive non-perturbative correc-
tions, as we will see later. Note also that the integration contour in this expression should
be chosen so that the weak coupling expansion in A does not include fractional power terms.
It is not hard to find them. For g = 0,1, we find

3
1<cy<2, g <as< 2. (4.18)
For g > 2, we have
1
g+§<cg<2g+1 (g >2). (4.19)

3In [13], the condition (3.13) was obtained by requiring the absence of the fractional power terms of A
in the small A expansion. We should stress that our logic of the derivation of (3.13) is different from [13]:
we derived the condition (3.13) from the regularity of the combination p(s, N) + p(1 — s, N) in (3.8) and
the absence of the fractional power terms of X is a consequence of (3.13), not the other way around.

— 14 —



We can also derive another genus expansion in terms of the dual coupling X For A < 1,
In admits the following weak coupling expansion:

P <X2 5A3 N A
M7 480 12096 T 115200

4 0(&5))
CL[3C(B3)AE X2 5)3 < )
N1 A 4.20
+ ( 6473 480 12096 +O(XY) ( )
s (39<(3)X3/2 45¢(5)\%/2 AP
N - +
3276873 409675 ' 443520

+ O(X6)> +O(N7).

The fractional powers are canceled by Iy:

Iy — 1BV (_39<<3>X3/2 45¢(5)X°/2

-5
6473 3276873 40967° >+O(N ) (421)

Therefore in this case, we obtain

-ins N(N -1 > o0 Y
gy (My ) ~ (4) + Y NG (N, (4.22)
g=0
where
~ o~ cgtico s ox A\
G,0) = —/~_‘ msinﬂ_sp(l—s)fg(l—s)F(l—s)C(2—2s)(47T2) (423

The real number ¢, should be chosen so that the weak coupling expansion in A does not
include any fractional powers. It is easy to check that we can set ¢; = 1 — ¢,. Therefore
the same result is obtained by using the same contour in G4(\),

G0 = [ B e (1) (424

,—ico 2misinTs
4.2 Worldsheet instanton

After identifying the integration contours, we can discuss the strong coupling expansions.
Let us first consider G4(A). Our logic in this subsection is as follows. The large A expansion
of G4(A) is Borel non-summable. This means that the Borel resummation of the large A
expansion has a discontinuity due to an ambiguity of the resummation. It is well-known
that this discontinuity is related to non-perturbative corrections, which are interpreted as
worldsheet instanton corrections in the present case.

The large A expansion is obtained by closing the contour along the infinite left semi-
circle. In the following, we will often omit the contour of the s-integrals in G4(\) and
C:’g(X) if it is the path from ¢4 — ico to ¢4 +ico. We first rewrite Gy4(\) in (4.17) as

ds =

Gy(N) = — 51 ﬂsp(s)fg(s)F(l —5) i Q(nQMLON)S_1
n=1
(4.25)

o'} 00 T 2—2s
=—> QnTF/0 duwe—Trw [ 95 p(s)fg(s)I'(1 - 3)1%
n=1

2misin s
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where we used ((2 — 2s) = 3°2° , n?*~2 and TF is defined by

Tp = 4,/M;oN = 2V\. (4.26)

At strong coupling, by picking up the poles, this can be written as
S 0
=y 2nTF/ dw e*”TFw[qﬁ;r(w) + ¢4 (w)], (4.27)
n=1 0

where ¢} (w), ¢, (w) are residue contributions from poles on the right/left half s-plane,
respectively. There are finite number of poles on the strip 0 < Res < ¢4, while there are
infinite number of poles on the left half s-plane.

Since we are interested in the discontinuity, the negative part ¢, (w) is important,
which is given by

3 0 (4w)2£+3
w) =) Bufy(—=1/2) 57— (4.28)
Zg tle T(20 + 4)
with By being
T(0—3)T(+3)r20+3)
Be = Ressz_g_% {— si]:ﬂsp(s)r(l - s)} = ( 224)£+47<rf2(£23- ) _ (4.29)

As we will see in the next section, the large order behavior of the genus sum is governed
by the positive part ¢ (w).
For the genus-zero part we find the following analytic expression:

20+3
Zﬁg (%;‘2)+4) 9y’ 2F1< ;,g,l,wz). (4.30)

This agrees with the result in [7]. ¢, (w) has a branch cut along the positive real w-axis
running from w = 1 to w = oco. To see the discontinuity of ¢y (w) across the cut, it is
convenient to rewrite it in terms of the complete elliptic integrals

oy () = 22 (K () — 26 (131)

where K (w?) and E(w?) denote the complete elliptic integral of the first and the second
kind, respectively. From the known discontinuity of K (z) and E(z)

K(z+10) — K(z —10) = 2iK (1 — 2),

E(z+10) — E(z —i0) = 2iK (1 — 2) — 2iE(1 — 2), (4.32)
we find the discontinuity of ¢, (w)
Disc ¢y (w) := ¢ (w +10) — ¢ (w — i0)
.3
_ _81;” [K(1—w?) = 2B(1 - w?)] (4.33)
= diw® gFl( ;,; 1,1—w2>.

~16 —



This reproduces eq. (5.35) in [7]. Then the worldsheet instanton corrections to Go(A) is
computed by expanding Disc ¢, (w) around w = 1 and integrate it term by term

© = 13
AGy :81/ denTpe nTrwyyd o 7y (— -, 1,1 —w2>
1

n:1 2) 27 b
> 9 117 489 (4.34)
= 8i —nTr | 4.34
1712::16 [ " 2nTp * 8(nTr)? * 16(nTr)3 + }
, 9 117 489
= 81 | L0(Tr) + 3£4(Te) + T La(Ti) + 1o La(Tr) + -+ |
where we defined
Ln(Tr) =Y e P (nTp)™™ = (Tp) ™Lim(e”7), (4.35)

n=1

and Li,, (e~7%) denotes the polylogarithm. Note that T corresponds to the action of the
worldsheet one-instanton and the sum over n in (4.35) is interpreted as the multi-covering of
the worldsheet instantons. The appearance of the polylog is reminiscent of the worldsheet
instanton corrections in the topological string.

In general, AGy is expanded as

AGq = 8i Z am Lo (Tr) = 8i Z e "Tr Z m. (4.36)

m=0

As discussed in [7], a,, obeys the recursion relation

3 (2m* — 16m3 + 31m? + 13m — 15)
2m (2m?2 — 10m + 3)

(m — 6)(m — 2) (2m? — 6m — 5)
2 (2m? — 10m + 3)

am = — am—1

(4.37)

m—2-

By using this recursion relation and the Richardson extrapolation (see appendix C), we
find the large m behavior,

12
am ~ —(=1)"T'(m — 3), (m>1). (4.38)
T
Since a,, has an alternating sign at large m, the summation over m in (4.36) is now Borel
summable. This implies that the median resummation of the large A expansion of Gy(\)
is a resurgent function [7].

Next consider the genus-one part. For g = 1 we find

(—41w* +81w? — 36) K (w?)  (10w® — 65wt +99w? — 36) E(w?)
967w (w2 —1)? 96w (w2 —1)°

91 (w)= (4.39)

1 35 55
=5 (10w* + 81w +36)2F1( ,2,1,w2>+9(3w4+w24)2F1<2 5 Lw >]
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Using (4.32), we find the discontinuity of ¢ (w)

Disce; (w) (4.40)
iw (31wt —57w?+18) K (1—-w?)  i(10w® —65w*+99w? —36) E(1—w?)
A8 (w2 —1)> 2Umw (w2 —1)°

i 35 55
=— 10w* +81w? = 241—w?)+2 yw?—4 F‘( 1— 2)}
YA |:8( Ow™*+81lw +36)2 1<2,2, s w )+ 7(31,0 +w )2 1 272a5a w

Then (4.27) gives rise to the genus-one worldsheet instanton correction

0 00
Z 2nTE / dw e " Disc ¢ (w)
1

n=1
x 127 927 3897
:Z-%&_TA_qﬂd.“} (4.41)
2 { 256 2048 "TF) T~ qgge M)
127 927 3897
— i |~ Lo(Tr) + o £1(Ti) — o Lo (Tie) + - -
H " gm6 P Tr) + gppg P (TF) — g L2 () }’

which agrees with eq. (5.45) in [7]. However, it turns out that this is not the end of the
story. Since ¢; (w) has a pole at w = 1, there are additional contributions to the imaginary
part of G1(A). The Laurent expansion of ¢; (w) around w = 1 reads

__‘1{ 1 B 3 B 77
Cdm [24(w —1)3 32w —1)2  128(w — 1)

¢1 (w) +O0((w—1)%)], (4.42)
which also contributes to the imaginary part of Gp(\)

— 2mi Z Resy=1 {2nTpe*”TFw¢1_(w)}

n=1
> 1 3 7
_ —nTp |_ L+ 3_ 9 2, (0 4.43
1;6 [ PR (nTr) 3 (nTr)* + 128nTF} (4.43)
1 3 77
— i |~ L) = 5 La(Te) + (oo £ (Th)

Adding (4.41) and (4.43), the imaginary part of G;(\) becomes

. 1 3 77
AG| = 1[— @Efg(TF) — SEE,Q(TF) + 7571(TF)

1283
(4.44)
127 927 3897
— 22l (T Tp) — Tp)+--- |
256 -0 (TF) + 5045 £1(Tr) = Jag6 £2(Tr) + ]

We stress that the first three terms are missing in [7]. These terms should be included to
re-construct the analytic function from the large A expansion of G(\).
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In a similar manner, we find AG, for g = 2,3

857 1681

_20 e (Te)— —2= 1 (T
191520~ 4(TF) £5(Tr)

7
Tp)+ —— —

AGy =i 40960

[36864£ -
28087 24825 153027 726327

o L o (T) oo £y (Th) = LS (T -
a621440 -2 T 1os576 1 ) ~ o404 0T T Sassgos t T T |

1 11 2489

e Loo(TP) = ——— L o(T¥)+———" L (T
12467328 = ") 17185920 =8 F)+1321205760 7(Tr)

147661 T+ 94303 ) 3293543
7927234560V T 9348810240 0V I T 42278584320

33749753
~Sear1aasre T (4.45)

Angi[—

_4(Tr)

In general, the discontinuity of Gy4(\) takes the form

AGy =1 agmLsgim(Tp) =1Y_ e ™7 " agm(nTp)* ", (4.46)

m=0 n=1 m=0

where ag , = 8am,.

4.3 D-string instanton

As argued in [13], the large A expansion of CNJQ(X) is Borel non-summable and hence there
are non-perturbative ambiguity in the large X expansion of ég(X) To see this, we rewrite
CNJg(X) in (4.24) into the multi-covering form using the functional identity of the Riemann
zeta function

T(s)¢(2s) = w2720 <2 — s) ¢(1—2s). (4.47)
Then ég(X) in (4.24) is written as
-~ d
Gy(N) = — szisi;s Z (1/2 - s)(x*n* M N)* (4.48)

1+39725F(1/2 _ 3)
= _T d —nTpw T 1+3g w
/ omisin s (5)/5(5) / we (nTp) 24s—1/7T(2 + 3g — 25)’

|
Tp =4m\ /Mg N =2\ A = ;TF. (4.49)
S

Closing the contour along the infinite left semi-circle and picking up the residues, we find

where

Go) =To S [ due T () 5103 ) 4 ()], (4.50)

where ¢ (w), ¢, (w) are the contributions of poles from the right/left half s-plane. In
particular the negative pole part is
24Z+3w2+39+2£1—\(£+ 1)

o ()= 2 Bela(E =) s 1 3 1 20

(4.51)
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The first few terms of ¢ (w) read

_ w?(4w? — 3)
W)= ——
Wl = T
1 1+V1I—u?
Yy (w) = 7637 [— \/1?7102 — 24 arcsinw + 25w — 18log —I—\/in ’
1 1+vVT—w?  5047w" — 4501w? — 586

> (w) = —o————— |45 (13w? + 120) w?1 _

Y2 () = 33502060m [ 5 (180 +120) w? log N
4907w*
247940 — 586]. (4.52)

Some comments are in order here. In the definition of ¢, (w) in (4.51), we have divided the
summand by the factor I'(3 4 3¢ + 2¢) which depends on g. Instead, we could have divided
by the g-independent factor, e.g. I'(3 4 2¢). However, in that case 1, (w) would have the
singularity at w = 1 of the form (1 — w2)_m_% with m > 1. In order to avoid such higher
order singularity at w = 1, we have divided in (4.51) by the factor I'(3 + 3¢ + 2¢). Then,
as we can see from (4.52), the singularity of ¢; (w) at w = 1 is at most (1 —w?)~ 2 whose
integral is convergent near w = 1.4

[un

Taking the discontinuity of w;(w) across the cut running from w = 1 to w = oo, we
find the imaginary part of Gy4(\)

~ iTp 39 1785 22365
AGy = T — T, — T
G «%[ﬁé( D)+ g £4(Tp) + JogLe(To) + J50£4(TD) -
~ iTp 17 805
AGL = —=|—=— Tp) — —— T — T
@ xﬂbr[ 384 ~-3T0) ~ 12455 (T0) T 1535743 (TP)
4019
rorat-sIp) + (4.53)
~ iTp 1 43
AGy = T - T
G2 \/ﬁ{294912£1§’( )+ 1310720 -4 (10)
2251 25099
e o erdY T |
20971520~ T0) ~ 33550032 £ -5 (TD)
In general, we have
~ iTh
Gy = \/ﬁ Z agmL_1/2-3g1m(TD)
- (4.54)
11D Z —nTp Z a nT 1/24+3g— m
o gm D)
m=0
Note that the discontinuity of v, (w) has a simple form
w?(4w? — 3)
Disc ¢y (w) = 2i———=, 4.55
Yo (w) o 1 ( )

“Similarly, if we replace I'(2¢ +4) by I'(2¢ + 4 + 3g) in the definition of ¢, (w) in (4.28), ¢, (w) does not
have a pole at w = 1. Then we do not have to treat the contribution of the residue at w = 1 separately, as
we did in (4.43).
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and hence we can write down the expansion coefficients of AGg in a closed form

—1)mQ—m=2( 442 m — L m+ 3
T )

Since ag,, has an alternating sign, the summation over m in (4.54) is Borel summable.
This is similar to the behavior of a,, in (4.38).

In [13], the imaginary part Aég is interpreted as the contribution of D-string instanton.
However, we should stress that Aég is not the S-dual of the worldsheet instanton correction
AG,. In particular, they have a different functional form. On the other hand, the sum
over the (p,q)-strings in (2.20) is an exact statement and the (p,q)-string contribution
g(o inst) ( M, ,) has exactly the same form as the contribution of (1,0)-sting (or F-string)
gz(\? (M ).

)

5 Large N non-perturbative corrections

In this section, we study the large genus behavior of G4(\) and CNJg(X) It turns out that
both of the genus expansions >, N =29G,(\) and 32 oV 1=29 ég(X) are Borel non-summable.
This means that the genus expansions receive non-perturbative corrections in 1/N. In fact,
we observe that the Borel non-summability leads to the following discontinuities

50 Borel 50
Disc [Z N2_29Gg(>\)] = Z l p(N, nx)
n
9=0 n=1
00 Borel o (51)
Disc [Z Nngég(X)] Z p(N,ny),
g=0 n=1
where Gyp(N, ) and Gpp(N,y) are given by
3 e
Gup(N,) = iNETDE (1 4 g2y-d N o)
V2m o0 [8Nz(1 4 22)2] (5.2)

énp(N, y) = SiNze—NA(y) 3 hk(y) 3.k’
i=o [BNy(1+ y?)2]

with z = 7/V\,y = ﬂ'/\/j and
A(z) =4 {arcsinh (2) +2vV1+ 22} . (5.3)

gr(2) and hy(z) in (5.2) are polynomials of z.

Curiously, the dual 't Hooft limit of Gy, (V,z) formally reduces to the D-string in-
stanton, which are computed in the previous section. Similarly, énp(N ,y) reduces to the
worldsheet instanton in the 't Hooft limit. That is to say, we observe that

dual ’t Hooft limit 2 ~ o~
Z an (N, nx) D> ONTTHAG(N),
N 1°° 't Hooft limit 90:00 (5-4)
(6]0) 1mi
Z p(IV, ny) ZN2_29AGQ()\).
n=1 g=0
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Note that Gpp(IV,z) is originally derived in the 't Hooft limit, not in the dual 't Hooft
limit. One should understand it as an extrapolation from the 't Hooft limit to the dual 't
Hooft limit via the very strong coupling limit, as shown in figure 1. It is not obvious for
us why the extrapolation to the dual 't Hooft limit of Gyp(N,z) reproduces the D-string
instanton. However, as a result, the first line of (5.4) agrees with the result in [13].

In the bulk type IIB string picture, we speculate that the non-perturbative corrections
Gup(N,z) and Gpp(N,y) correspond to the D3-brane instanton corrections with magnetic
and electic fluxes on its worldvolume, respectively. We will give some discussion on this
interpretation in subsection 5.4.

5.1 Gunp(N,x)

Let us first consider the resummation of G4(\) in the large A regime. In this regime, Gg4(\)
is expanded as

Gy\) ~ S g3 (5.5)
m=0

where ¢4 ., are some coefficients. To see the large g behavior in the large A regime, the
terms with positive powers of A in (5.5) are relevant. These terms come from the poles at
positive half-integer s in (4.17). Then we find

-~ 2T () ()01 - )2~ 29) (j)] (56)

sin s

g
+ _
Gy = Z Ress:ﬁ%
j=1
where the superscript of G; refers to the positive power of A. The first few terms read

VA

GT TR
GT = N2 _ %

271536 8192’ (5.7)
ar — X2 95032 N 1533v/A

3 708304 393216 4194304’

L 3AT/2 595)\%/2 N 11473032 1203917v/X
47 5242880 100663296 ' 268435456 4294967296

We have computed G;r up to g = 126° and determined the large g behavior of G,())
numerically using the Richardson extrapolation (see appendix C for the details of this
method). We find that the large g asymptotic behavior of G, (\) is given by

3 0o k
x 2 _1 Cog_1 A(x) 1
Gy(\) ~ 16 () (1422 1 A@) 23 Y gula) [] r (2g+ —k:), (5.8)
! g k=0 8x(1+22)2 2
where z is defined by
T Vs
"= VAN (59)

5The data of G_Z; are available upon request to the authors.
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We find the first few terms of g (z)

go(z) =1,
2824 39

g1(x) = 3 + 1422 + 5

(2) = 1042% N 10429 N U3zt o o 1785 (5.10)
9288) =y 3 2 SRR DT

(@) 1888212 N 9444:10 N 68328 N 77225 N 719524 N 695122 N 22365

x =
93 405 15 5 3 32 64 1024

and A(z) in (5.8) is given by (5.3). As reviewed in appendix C, the asymptotic behav-
ior (5.8) leads to (5.2), the discontinuity of the resummed genus expansion or twice of
the non-perturbative correction in 1/N. Although the result (5.2) is a very complicated
function of x, we are quite confident of our numerics since we found more than 20 digits of
agreement in (5.8) by applying the Richardson extrapolation to our data {G;]|r }g<gmax With
Jmax = 126.

As a demonstration of the Richardson extrapolation, in figure 3 we show the plot of
the series

(5.11)

and its 30-th Richardson transform AéSO) for A = 100 (see (C.2) for the definition of the

k-th Richardson transform). From the discussion in appendix C, this series approaches
A(z) in the large g limit. Indeed, we find that the last term of this series {A§30)}gggmax_30
agrees with A(z) in (5.3) within 39 digits accuracy

(30)

gmax_30 —40
—=2— — 1 =3.5904 x 10~". 5.12
Ax) x (5.12)

We have also performed a similar analysis for gx(z) with various values of A and found a
good numerical agreement using the method of Richardson extrapolation.

We observe that the constant term of gi(x) is equal to the coefficients appearing in
AGy in (4.54)

9x(0) = ao - (5.13)

This is not an accident. In fact, we find that the D-string instanton correction Aég is
reproduced from Gy, (N, z) in (5.2) by taking the scaling limit

N — oo, x—0, Tp =8Nz : fixed. (5.14)

This is nothing but the dual 't Hooft limit. More precisely, we further assume the strong
coupling Tp > 1. Therefore, we consider the regime where VA ~ N — oo and vV > 1.
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Figure 3. Plot of A;/A(z) for A = 100. The blue dots represent A,/A(x) defined in (5.11) while
the orange dots represent its 30-th Richardson transform A§30) JA(z).

In this limit Gnp(N, ) in (5.2) is expanded as

T iT
G (V53 = Ve ‘TDZNl S Gy T
iTD —Tp ( 1/2 1/2 1785 73/2 22365 ,5/2 >
=D ro | N (T2 4 P T =27
Vo [ + 8 Tos e T T

_ 72 17 52 805 8/2 )
N Y ———T/"——T — T :
+ ( 34°0 T 1024°0 T 16384

_ 1 13/2 43 11/2 2251 _9/2 ) -5
N3 T e 7 O(N)|.
+ (294912 D T 1310720 D 20071520 0 T +OMN)

(5.15)

This reproduces the single covering (n = 1) part of the D-string instanton in (4.53)! Con-
versely, if we use (4.54) we can go to the multi-covering structure:

o0 o0
ZNl 2gAG ZNl 29 11D Z —nTp Z Gy nTD)1/2+3g m
g=0 27T m=0
(5.16)
e 1
Z — N n)
—n

We conjecture that this gives the complete discontinuity of the genus resummation of G4 (\),
and it implies the first line of (5.1).

5.2 Gup(N,y)

We can repeat the similar analysis for the second line of (5.4). To see this, let us consider
the large g asymptotics of G4()). In the large X regime, G4(\) is expanded as

N~ Y G At (5.17)
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Note that the coefficients ¢4 ,, can be computed by the integral representation (4.24).
Interestingly, these coefficients are simply related to the coefficients cg ., in Gg(A),

~ Cm,g

Cqgm = W (518)
We found it by formally rewriting the genus expansion » N 2729G4(\) at strong coupling

in terms of \.
As in the case of G4()), ég (A) in the large X regime is also approximated by

-2 e (o) ] (5.19)

sin s 472

g
At
SEDD Res,_;1
=1

where the superscript of é;“ refers to the positive power of A. The first few terms of C:‘;r
read

~ 33N

Gl =~
ot _ 45¢(5)N2 39¢(3)A%2
27 409675 3276873

- - - 5.20
= AT25¢(T)AT2 1125¢(5)A%/2 | 4599¢(3)\%/ (5:20)

8 209715277 104857675 1677721673
v _ 99225(9)AY?  2811375¢(T)A"/? N 1548855¢(5)A*  3611751¢(3)A3/2
476710886419 214748364877 214748364875 1717986918473

We have computed C:’; up to ¢ = 131.5 As in the previous subsection, we can determine
the large g behavior of G;r numerically by the method of Richardson extrapolation using
our data of {G;}gglgﬂ. The resulting non-perturbative correction is given by (5.2), where
the action A(y) is the same as (5.3) but the argument y is replaced by

V= \% - Zzg\;' (5.21)
The first few terms of the coefficients hi(y) in (5.2) are given by
ho(y) =1,
hi(y) = 28??4 + 149° + g,
ho(y) = 10;1,1/8 N 10§y6 453yt + 45y% + %7 (5.22)
hs(y) = 1855512 + 94;1?10 + 19§§y8 + 87§y6 + 290y4 i 5845y2 n %

Again, we observe that the constant term of hi(y) is the same as the coefficients of AGy
in (4.34)
hi(0) = ax. (5.23)

5The data of 5; are available upon request to the authors.

— 95—



This suggests that énp(N ,y) is related to the worldsheet instanton studied in the previous
section. To see this, we take the scaling limit

N — o0, y— 0, Tr = 8Ny : fixed. (5.24)
Then Gpp(N,y) is expanded as

~ TF . T 2 9 -1 117 _9 489 -3
1 3 77
NO(—=T3 - T2+ _—T ) 2
PN (= Th - TR Tt (5.25)
1 7 857
N2 15 Th - Tf ) O(N™H)|.
* (36864 F ¥ 10060 F 291520 F TOWT)
This reproduces the single covering (n = 1) part of the worldsheet instanton correc-

tions (4.34), (4.44), and (4.45). The multi-covering structure is given by

S ONZTHAGG(N) =Y N*2.0) e P Y g (nTR)? ™
9=0 g;o n=1 m=0 (5.26)
= Z GHP(N> ny):
n=1

which is almost parallel to (5.16). Again, we conjecture that this gives the complete
discontinuity of the genus resummation of G4()), and it implies the second line of (5.1).

5.3 Laplace-difference equation

Following [25], one can compute Gyp(N,x) and énp(]\f ,y) as trans-series solutions of the
Laplace-difference equation obeyed by the exact Gy [7]

(A; —2)Gn = N*(Gyi1+Gn-1 — 2GN) — N(Gni1 — Gn-1), (5.27)

where A, is the Laplacian defined in (2.2). Here we show that the Laplace-difference
equation fixes both Gyp(N, x) and énp(N ,y) systematically.

Let us first consider Gy (N, x). Since Gpp (N, x) is independent of 71, when acting on
Ghp(N, z) the Laplacian A; is replaced by

2

1

where z is related to ™ by

_ T2
=1\ (5.29)
Thus Gyup(N, z) should satisfy
292 _
(“94»”60 _ 2) G (N.2)
= N? {an(z\f +1,24) + Gup(N — 1,2_) — 2Gpp(N, m)} (5.30)

NG+ 1,50)~ G015,
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where
ve=a(l+ N 1)z, (5.31)

At the leading order in the large N expansion of (5.30), the action A(z) should satisfy
1 . 1 1
51:89614(‘%) = 2sinh (2A(:B) - 43:83514(1‘)) . (5.32)

One can check that A(z) in (5.3) indeed satisfies the above equation (5.32). Omne can
also check that Gnp(N,z) in (5.2) satisfies (5.32) order by order in the 1/N expansion.
Alternatively, we can compute gi(z) in (5.2) recursively from the Laplace-difference equa-
tion (5.32). However, the constant term of gx(x) is not fixed by the equation (5.32) alone;
we have to supply the information of gx(0) = agj as an input. With this input, we can
compute gi(x) recursively up to any desired order. Using this result of gx(x), we observed
that the highest and the next highest degree terms of gi(x) have the structure

3k
gi(x) = ¢ (x4k + St 2) + 0@z, (5.33)
where ¢, is determined by the generating function

X ¢ 1+N [/ T(N+1) 2
LGN TN (mNNe—N) | (5:34)

Similarly, énp(N ,y) can be characterized as a trans-series solution of the following
Laplace-difference equation

202 + 3y0 ~
<yy4yy - 2) an(Na y)

— N? [é (N 41,y4) + Gup(N — 1,y_) — 2Gup(N, y)] (5.35)

~ N[Cup(N + 1,54) — Gup(N — 1y

where y+ = y(1+ N_l)_%. Again, one can check that Gpp(N,y) in (5.2) satisfies (5.35)
order by order in the 1/N expansion. Alternatively, one can compute the coefficient h(y)
recursively from the Laplace-difference equation (5.35). However, as in the case of gi(z),
the constant term hy(0) is not determined by the equation (5.35) alone, and we should
supply the information of hx(0) = aj as input. With this input, we can compute hx(y) up
to any desired order from the equation (5.35).

5.4 Interpretation as D3-brane instantons

In this subsection, we discuss possible interpretations of Gy (N, z) and C:’np(N ,y) as D3-
brane instanton corrections in bulk type IIB string picture. This interpretation comes from
the observation that A(z) in (5.3) is reminiscent of the action of the so-called “giant Wilson
loop” in the k-th symmetric representation with large k& [16-18]. In the bulk IIB string
theory on AdSs x S°, this giant Wilson loop corresponds to a D3-brane with k& units of
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electric flux along its worldvolume. As shown in [16], the action of the giant Wilson loop
is given by $A(k) with the same function A(z) in (5.3) and the argument & is given by

kv Tgs
We can see that k is related to y in (5.21) as
Kk = ky. (5.37)

Thus it is natural to interpret énp (N,y) as the D3-brane instanton correction and the sum
over n in (5.26) as the sum over the electric fluxes on the D3-brane. Similarly, Gpnp (N, x)
can be interpreted as the magnetic analogue of the D3-brane in [16-18] since z in (5.9) is
related to y in (5.21) by the replacement gs — g; !, and the sum over n in (5.16) corresponds
to the sum over the magnetic fluxes on the D3-brane.

Although we do not have strong evidence of the above interpretation other than the
agreement of the instanton action A(z) in (5.3) and A(k) in [16], at the technical level,
appearance of the D3-brane as the non-perturbative correction is anticipated from the

matrix model representation of g](\?‘iHSt). As reviewed in appendix A, Q](\[,)_inSt) is written as
(O-inst) _ / T 20, (Tr M Ty M 5.38
gN 0 2Sinh2w gsgs gs< >7 ( . )

where the expectation value is defined by the Gaussian integral (A.4) over the hermitian
matrix M. The non-perturbative correction comes from the pole of the w-integral in (5.38)

w=imn (né€Z), (5.39)

and the sum over the electric/magnetic fluxes corresponds to the sum over the poles
in (5.39). On the other hand, the expectation value of the 1/2 BPS circular Wilson
loop with winding number k is also given by the same Gaussian matrix model due to
supersymmetric localization [19]

W(Cy) = (Tre™ M), (5.40)

Recall that the expectation values of the 1/2 BPS Wilson loop with winding number &k and
the 1/2 BPS Wilson loop in the k-th symmetric representation behave in the same way at
the leading order in the large k limit with fixed & in (5.36). Thus, one can argue that the
technical reason of the appearance of the D3-brane instanton corrections in the integrated
correlator is that Q](\(,)_inSt) in (5.38) and the 1/2 BPS Wilson loop (5.40) share the same
underlying Gaussian matrix model due to supersymmetric localization.

It would be interesting to find more evidence for our interpretation of D3-brane instan-
tons and understand the D3-brane configurations which contribute to the non-perturbative
corrections Gyp (N, z) and énp(N ,y) more directly in the bulk type IIB string theory. We

leave this as an interesting future problem.
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6 Conclusions and outlook

In this paper, we studied the large N limit of the integrated correlator Gy. We argued
that the Poincaré series representation of Gy can be interpreted as a sum over (p, ¢)-string
contributions in the large N limit via the holography. Due to the SL(2,7Z) duality, it is nat-
ural that all the (p, q)-strings contribute democratically. We found the recursion relation
for fy(s) to compute the large N expansions of g](\?_inSt)(MLo) up to very high genera.

We showed that the genus expansions 37, N 2729G,(N) and ), N1~%9 Gy(\) receive non-
perturbative corrections Gyup(N,z) and Gnp(V,y), respectively. We speculate that these
nonperturbative corrections correspond to D3-brane instanton corrections in the bulk type
IIB string theory. The forms of these non-perturbative corrections are constrained by the
large order behaviors of G4(A) and ég(X), and given by (5.2). Interestingly, Gnp(N,z)
reproduces the D-string instanton correction in the dual 't Hooft limit while énp(N )
reproduces the worldsheet instanton correction in the 't Hooft limit. We confirmed that the
same corrections are fixed by the Laplace-difference equation for the integrated correlator.

There are many open questions. In this paper, we have not studied the D-instanton
corrections in detail (see appendix A.3 for the exact result of one-instanton contribution
at finite V). As we emphasized at the end of section 2, D-instanton corrections cannot be

seen in the (p, ¢)-string contribution g}?‘“‘“) (M, 4) with fixed (p,q). We have seen that the

(1, 0)-string contribution Q}g'inSt)(MLo) is naturally organized into G(\) and G()), whose

non-perturbative corrections e~2VA and 6_2\/§ are interpreted as the worldsheet instanton
and the D-string instanton, respectively. However, we do not see the mixed contribution
of these instantons. On the other hand, in the grand partition function of ABJM theory
on S3, it is known that there are “bound states” of worldsheet instantons and membrane
instantons [26]. It turns out that these bound states can be absorbed into the worldsheet
instantons by a certain redefinition of the chemical potential, which corresponds to the
quantum mirror map of the topological string on local P* x P! [27]. Tt would be interesting
to see if such a structure exists in the integrated correlator of N' =4 SYM as well.

In a recent paper [14], the lattice sum representation of the integrated correlator (2.1) is
generalized to the N' = 4 SYM with gauge groups SO(N) and Sp(V). It would be interest-
ing to repeat our analysis with these gauge groups and see how the unoriented worldsheet
contributions fit into the whole picture. It would also be interesting to generalize our anal-
ysis to another type of integrated correlator 9% log Z ’m:()' As discussed in [12, 13], in this
correlator there appear certain generalized Eisenstein series, which satisfy inhomogeneous
Laplace equations on the upper-half 7-plane. We leave these generalization of our analysis
for future works.
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A Exact results at finite NV
A.1 Relation between By (t) and Kn(x)

The zero instanton part g}?‘i““) is written as

. o0 1 7'rn2
g(o‘m”:/ dtBy(t) Y e ot Al
N ; N(t) N (A.1)

On the other hand, Q](\(,)'inSt) is also written as [28]
i K 2
g-inst / BN g5 (A.2)
sinh* w m

Here K (z) is given by a certain correlator in the Gaussian matrix model
1
Kn(z) = —iaxﬁaxSFF(x), (A.3)

where
[dMe™ 5o T My ghwM y o—iwM
[dMe™ o ™M '

SFF(x) in (A.4) is known as the spectral form factor if we regard w as “time” and M as a

SFF(z) = <Tr M Ty e*in> (A.4)

random Hamiltonian. The matrix model correlator (A.4) is naturally decomposed into the
disconnected part and the connected part

(1) = () (1),

. : (A.5)
SFFconn(x) = <Tr M Ty e*“”M>

conn

It is known that SFFgs(x) and 0,SFF¢onn(x) can be written in a closed form in terms of
the Laguerre polynomials [29-31]

SFFais() = e * LYY (2)?,

o) 0 (A-6)

0uSFFeonn(z) = Ne™* [ (2) Ly 1 (2) = L) ,(2) Ly ().

It turns out that SFFqis(x) and SFFconn(x) are not independent; they are related by [29]
O2SFF conn () = —SFF gis (). (A7)

As discussed in [14], By (t) and Kn(x) are related by the Laplace transformation

Bn(t) = — (t@t ) / dre " Ky (2 / dre™t (m-) Ky(z). (A.8)

Indeed, we can easily check that plugging (A.8) into (A.l) we recover (A.2)

_in 0 2gswdw 0 gsw? gs’LU
g orinst) / Kn(x / dt [t ast
0 ™ ~(@) 0 m Z \/gs

—/ dvwKpy(x ZQ!n!e 2nlw (A.9)
nEZ
K
—/ dww 1\]2
sinh® w
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Using the relation between By(t) and Ky(z) in (A.8), one can easily show the basic
properties of By (t) found in [7]. The first property is

—By(t) =0, A.10
0 \/Z N( ) ( )
which follows from
Tt g) = [ aeie
—e T tr — = dtoy( )y =0. A1l
[ (Ve ™) (A1)
The second property is
o0 1
/ AtBy(t) = {N(N - 1). (A.12)
0
This can be shown as
/ dt/ dre™ x(x—)KN(ac)
—/ dfoN
(A.13)

- /0 dx;axeaxSFF(:c)
_ SFF(0) — SFF(o0)
= 1 ,
where we performed the integration by parts in the last equality. It is well known that the

early time and the late time value of the spectral form factor are given by
SFF(0) = N?, SFF(c0) = N, (A.14)

which reproduces (A.12).
Using the explicit form of SFF(z) in (A.6), one can prove the relation (A.8) by directly
computing the Laplace transform of Ky (z).” To this end, it is natural to define

Bais(t / dxet (tl‘ — ) (—;8xx28xSFFdis(x)> )

1 (A.15)
Beonn ( / dxet (tm — > (—28xa:28xSFFconn(x)> .
Let us first consider Byjs(t)
Bus(t) = %(t8t+1/2 / doe0,220,e LY (2)’
1
5(tat+1/2 / dre~ 07 (_2tg 4+ 1222) LY () (A.16)
= fi(tat 4+ 1/2)(2t 4 t20,)I
where [ is given by
I:/O dxe_(1+t)xxL§\1,ll(m)2. (A.17)

"This part is based on a discussion with Kazuhiro Sakai. We would like to thank him for sharing his
unpublished note.
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Using the formula in [32], this is evaluated as
12N =2

sv2Fi(1—= N, 1= N, 2;¢7%).

I=N?— =
(1+1)

Beonn(t) can be computed in a similar manner. After some algebra, we find

3Nt2N=2(1 — 2 — 2Nt + 2N%t?)

Bais(t) = X
ais(t) At — 1)(1 + t)2N+1
Nt2N=2[=3(1 — t?)? + 12Nt — 24N?*t2 — ANt3 + 16 N3t3] v
* 2t —1)2(1 4 2N+2 :
3Nt2N=2(1 — 2 + 2Nt — 2N?
Bconn(t) = ( )X

Nt2N=2[-3(1 — ¢2)2 + 12Nt? — 24N?t? — ANt + 16 N3¢] v
4t — 1)2(1 +t)2N+2 ’

where
X =32y (=N,2 — N,2;t?) + o F1(=N,2 — N, 2;t7?),

Y =372y (—=N,2 — N, 2;1%) — 3 F1(=N,2 — N, 2;t72).
We observe that Bgjs(t) and Beonn(t) are related by

Bconn(t) - tileis(til)-

Adding Byis(t) and Beonn () in (A.19), we find a simple expression of By (t)

By (t) = Bais(t) + Beonn(t) =

N(N? — 1)t2N-2 [3 4Nt }
5 :

g g OX Y

One can show that X and Y in (A.20) are related to the Jacobi polynomials as

2 2

1—12 1—2 )|’
- 1-2) (1+¢ 1,-1) (142
(N + )N 2y = (1 - )N [(t+1)P](V )<1_t2>P](V )<1_t2 :

which implies the equivalence of (A.22) and (2.8).

A.2 Closed form of c¢(s, N)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

—~

A.23)

The spectral function c¢(s, N) is defined as the expansion coefficient of By(t) in (3.1).

From (A.8), one can show that ¢(s, N) is given by the Mellin transform of Ky (z)

( ) < - 1) / - (z)
c(s,N)=1s 5) ), dwF(S)KNx.
From (A.6) and (A.7), Ky (x) is written as

1 1 z
Kn(z) = —5837 (1‘283; [e‘ILg),l(:U)QD + 581 (x2/ dye‘yL%)l(yV) )
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Then, by the partial integration, the Mellin transform of (A.25) becomes

00 _ S) s+1
/0 drz* 1 Ky(x) = i 5 ! /0 dx (_st—l + :_1_1> e_$L§\1,)_1(x)2. (A.26)
Using the relation
o0 _ Fn+1+a)
ap—z(a) @(p)= """
/0 dxx®e * L, (x) Ly (x) T 1) On,ms
L@ =y (T ),
1=0
we find
/ dz 'Ky ()
0
(A.28)

5—1%*:1 N—s—i 2F(i+s)+ 1 (N—s—i-2\T(i+s+2)
= —S —_—m
2 & N-1-4) T@+1) s+1\ N-1-34 T(i+1)

This summation can be written in terms of the hypergeometric function gF5. Finally, we
find the exact form of ¢(s, N) at finite IV

e(s.N) = s(s—1/2)

= ar)er s s [T N s s (LN L= Nosh {s—Nos =N} 1)

—(s—1)232F(N—1—s)23F2({1—N,1—N,s+2},{s+2—N,s+2—N},1)]. (A.29)

At finite N, ¢(s, N) is a polynomial in s. For instance,

o(s,2) = %(1 — 25)2s(s — 1),

o(s,3) = 3(1 —26)%s(s — 1)(6 — 5 + 52), (A.30)
o(s,4) = 2714(1 — 26)2s(s — 1)(4— s+ s2)(18 — 5 + 52).
Note also that ¢(s, N) has a symmetry
c¢(l—s,N)=c(s,N). (A.31)
A.3 Exact one-instanton contribution at finite N

From (2.13), the one-instanton contribution is written as

ins o dt _m -1
g(l inst) _ / Bn(t)e 9 (t+¢77), A.32
N 0 \/gst N( ) ( )

In order to evaluate this integral, it is convenient to perform the change of integration
variable
t=e*, (A.33)
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Then (A.32) becomes

g](\}—inst) / dx GIBN( Qx) Cosh 296 (A34)

Using (A.22), one can show that e®By(e?*) is expanded as

N(N2—1) =

T 2T\ _ 2j N+j+1 .
e"By(e™) = Jr(cosh2)INFT z(:) (coshz)? (—=1)NHHD(N41/2—j)T'(N —1)
! (A.35)
« 9 n N
AT(HIT(N—j))I(N+3—35) TU+HOI(N—-1—5)T(N+2—j)|
Plugging this into (A.32), we find
gipinst) _ LN +2) 22 Ni(— N+J+1U<1 lii-N 47T>F<N+1— >
N Vs | =0 272 95 2
= (A.36)
9 N

% l4F(j)F(N—j)F(N+3—j) TGN —1—jT(N+2—) |’

where U(a, b, z) denotes the Toriconi’s confluent hypergeometric function. For instance,
when N =2 and N = 3 (A.36) becomes

_ 127% _2 3x? 8 2r
Q(l inst) 9727 ¢ 5 — 3i/2 (1 + ;T) e Erfc (21 /;) , (A.37)
s Js s s
4 _2m 2 2072 2r /
g(l 1nst _ 37T <37 077) e 53 B 37;' . 27 3367 I 3 0271' e?)s Frfe <2 7T> ,
gs gs / s 9s s

where Erfc(z) denotes the complementary error function. This agrees with the result in [7].

From the exact result (A.36), we find the small g5 expansion of G ]\} -inst)

(1-inst) 3F<N_1/2) —2r 3(N_4) 9s 15N(N+1) gg

- _ 17 T |1 LA = A.38

9n A/iT(N—1)° ° 8(2N —3) = 128(2N —3)(2N —5) 72 (A.38)
105N (N +1)(N —6) g 4725N (N +1)(N? — 11N +38) gs N

1024(2N —3)(2N —5)(2N —7) 7w  32768(2N —3)(2N —5)(2N —7)(2N —9) 7+

B Relation between Bgisy Beonn and Go(A), GO(S\)

From the matrix model picture, there is a natural decomposition of the zero-instanton part
into the disconnected and the connected part

g((j?:mt) _ / dt Byis (t)03(6727rg3t)’

. 0. (B.1)

G5 = [ U Beomn(t)0s(e~>70),
0
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where Bgis(t) and Beonn(t) are given by (A.19). We observe that gé?:“st) approaches

N 2GO()\) in the 't Hooft limit, and gc(g;iﬁst) approaches N éo (X) in the dual 't Hooft limit

(0-inst)

N NG, gemA Go(A),
; —1(0-inst) o ~ Y (B2)
]\}I—I}loo N gconn axN GO()‘)7

where Go(\) and ég(X) are given by [8, 13, 28]

Go(\) = /OOO dwwh(wﬁ/w)? - Jg(wﬁ/ﬁ)27

sinh? w

1 w?(4w? — 3)

- - A /L
Go(A)Z%/O dwsth(wﬁ) —

As we can see from figure 4, (B.2) is a good approximation at large N.
The relation between gé?s“““ and Go(\) can be understood as follows. In the large N
limit, (Tr e*%M) becomes

N 2N (ViANT)

Tr WMy — , B4
(Tr kvt - (B.4)
and the disconnected part of Ky (z) is given by
2
1 2J1 (VAN
- §axx26x (N ']1(4Nx)> = N? [Jl( 4Nz)? — Ji( 4Nx)2}, (B.5)
x

which reproduces Go(\) in (B.3).
On the other hand, we do not have a clear understanding of the reason why the

st)

connected part gégnl;‘ corresponds to CNJO(X) However, there is some indication of this

correspondence from the behavior of the spectral form factor. It is known that at late
times the connected part is dominant in SFF(z) and it becomes constant, which is usually
called plateau, beyond some critical value of x

SFFconn(x) =N, (:L' > :EC)7 (BG)
where . is given by [29, 30]
xe. =4N. (B.7)
The corresponding critical time wp, so-called Heisenberg time, is given by
2 ~
9UH _ o wy = /A (B.9)
T

From (A.2), one can estimate the order of the non-perturbative correction

2V (B.9)

sinh 2wy ~ e 2WH = ¢~ ,
which is exactly the order of D-string instanton. This suggests the relation between gég;fﬁst)
and Go(A). It would be interesting to understand this relation better.
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Figure 4. Plot of a Go(\) and b Go()). The solid green curves represent the left hand side of (B.2)
for N = 20, while the blue dots represent the genus-zero result in (B.3).

C Richardson extrapolation

In the numerical study of the asymptotic behavior of a sequence, one can use the stan-
dard technique of Richardson extrapolation which accelerates the convergence of sequence
towards the leading asymptotics. Given a sequence {Sp, }m=12,...

m—00

Sm= 50+ 2+ 2 4o lim S, = so, (C.1)
m  m
its k-th Richardson transform is defined as

5 . Zk: (—1)’”;((7; _+:))!”Sm+¢ ©2)

After this transformation the subleading terms in S,, are canceled up to m=*, i.e. Sﬁr]f ) =

)

504+ O(m~*~1) and hence the sequence 5’7(75 has a much faster convergence to sg compared
to the original S,,. However, we lose some data in this transformation as a cost of the
faster convergence: if we know the original sequence Sy, up to m = mmpax, the data of k-th
Richardson transform S in (C.2) are available only up to m = mpyax — k.

One can apply the Richardson extrapolation to estimate the large order behavior of

the perturbative series

G~ Z amz". (C.3)
m=0

When this series is Borel non-summable, there is an ambiguity of the form

AG = Wiz_%ef% Z fn2". (C4)

n=0

Then the large m behavior of a,, is related to AG as

> dz _ - —2m—b+n

n=0
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As explained in [33], one can extract A, b, f,, by constructing some sequences which converge
to them. First, A is extracted from the sequence

A, =2m @m

. C.6
Am+1 ( )
From (C.5) one can see that A,, approaches A as m — oo. In practice, A is estimated
numerically by applying the Richardson extrapolation to the sequence {A, }m=12,... Once
we find A, then we can extract b from the sequence

bm:m(AZZ;:;";;n—Q —%, (C.7)
which converges to b in the limit m — oo. Finally, f,, can be found from the sequence
1 o —2m—b+k
Jnm = =5 @ T h ) [am — kgo frA r@em+b—k)|, (C.8)

which converges to f, as m — oco. For instance, fy can be obtained from the large m limit

of fom given by
am

T AT (2m + b))

Once we know fr (0 < k < n — 1), one can extract f, numerically from the large m

(C.9)

fO,m

asymptotics of the sequence { fy, m }m=12,.. using the Richardson extrapolation.
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