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1 Introduction

As it is well known, the gravitational bremsstrahlung radiation, emitted from a generic
gravitational scattering, has a simple general expression in the leading-order (LO) zero-
frequency limit (ZFL) derived many decades ago [1-8]. Nevertheless in the recent years
the interest to soft theorems has come back with several new results about sub- and sub-
sub-leading terms beyond the soft leading expression [9-16]. Indeed, many recent works
were dedicated on several possible preservation and violation cases of universality (of soft
theorems) [17-26] as well as to the connection of soft theorems with the Bondi-Metzner-Van
der Burg-Sachs (BMS) symmetry group of asymptotically-flat space-time metric [27-32].
Certainly, nowadays these theoretical issues, that may appear in Weinberg’s paper
as academic, are now revitalized by the direct observations of Gravitational Waves from
Black Hole (BH) and Neutron star mergings [33]. Indeed recently it was suggested that the
gravitational memory effect related to soft theorems and BMS may be tested from future
gravitational waves experiments [34]. On the other hand, the analysis of gravitational
radiation in soft regime can also be important for the detection of quantum gravity effects



such possible o/ corrections on radiation energy flux predicted by string theory in BH
mergings dubbed string memory effect [35-38].

For these reasons, it is interesting to explore the possibility of using new tools developed
from soft theorems and scattering amplitudes to extend the dECW /dw results beyond
the leading ZFL order, i.e. to the Next-to-leading order (NLO). Recent progresses of
this program have been shown with different approaches, but substantial agreements of
results [39-43].

On the other hand, ZFL radiation analysis can be compared with other results from the
prospective of bremsstrahlung emission in high energy gravitational scatterings. In particular,
a old standing program still in progress explores aspects of gravitational scattering at the
transplanckian energy limit [44-54] (e.g. see also [55-57] for recent updates in the subject).
This can lead to important insights on the information paradox in energy regimes where the
BH should be generated [58-61] and should evaporate in form of Hawking radiation [62].
On the other hand, this can also scrutinize string theory predictions from finite size of
scattering vertices and tidal excitations [44, 47, 63] as well as possible modifications of
gravity at short-distance and generalized uncertainty principle (GUP) [64, 65].

Let us consider a generic process from IN — OUT, including virtual and real soft

graviton effects. Let us denote the S-matrix of such a process as'

3
SO 5 8 =exp 4 (x\*aT — M@ ) SO (1.1)
V2w \Nata T et ’

where ag, ajz are destruction and creation operators for soft gravitons of momenta ¢ and
maximal cutoff energy A <« E — with F the characteristic energy scale of the collision
process — and ), is a process-dependent function of g. Such an exponential operator
applied on the bare S-matrix S corresponds to a coherent state operator and soft gravitons
are in a coherent vacuum state.

The energy spectrum of soft graviton emitted by a generic IN — OUT process is
related to the eq. (1.1) as follows

dESY _h

_ 2
d3q - 2|)‘q| ’ (12)

where )\, depends from the specific IN — OUT scattering.

In general such an expression can be expanded in powers of ¢ and, integrating on the
momenta solid angle, one can obtain a dESY /dw with a leading term going in the ZFL
w— 0as dESW Jdw ~ w2

Nevertheless, a universal factorized expression for the sub-leading graviton emission is
not known and it takes the form of a differential operator acting on the bare amplitudes.
Indeed the subleading soft current depends by the total angular momentum operators acting
on the bare S-matrix.

The main purpose of this paper is to compute the sub-leading order of the dE¢W /dw
spectrum. A first step towards it was done by Bianchi, Veneziano and one of the author of

1Let us also remark that in our paper we will focus on the 3 + 1 space-time dimensional case.



this paper [41], considering high energy ultra-relativistic scattering of spin-less particles.
Our aim is to extend the previous Addazi-Bianchi-Veneziano (ABV) analysis to the case of
generic scatterings of massive particles and bodies, including non-relativistic regimes and
having in mind the possible application of it for soft GW emission from BH mergings.

As a warm up let us consider the first three leading orders of soft graviton emissions
with universal behavior

N
pihpi  pihJiq  qJihJiq 2
M (piza) =VBrG Y [P0 4 POt My () + O(¢?)
; qpi qpi 2qp; (1.3)
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where M y11 = Mpy11(pi; q) denotes a generic (N +1)-particle on-shell scattering amplitude
including an external graviton with momentum ¢* and polarization h, .
The ¢* and h,,,, defined above, satisfy

q2 =0, h/w :huu ) quh/w =0. (1'4)

The leading, subleading and sub-subleading soft factors are given by

N pihp; N pihdig N qJihJig
So=V8rGY ——., S =V8rG) ﬁ, Sy =—V8rG>_ Tl (1.5)
i=1 v i=1
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and J!" = pl'dy —pY 9"+ SI" denotes the total angular momentum of the i-th ‘hard’ particle.

7 A
The expression eq. (1.3) is gauge invariant under the rank-2 tensor shift

h,uu — h/,u/ + uny + ql/C,LL ) (1'6)

following from the conservation of momentum and angular momentum.

The three soft terms can be related by the respective first three terms of the g-
expansion of A;. This allows to compute the gravitational energy spectrum dESY /dw after
the integration over the emission direction. As we will see, such an operation involves
not-trivial vector and tensor integrals that we perform in full generality.

The plan of the paper is the following. In section 2 we will briefly review Weinberg’s
derivation of the leading B-factor and dE¢W /dw. In section 3, we will show a complete
computation of the sub-leading emission of soft radiation, in the case of massive particle
collisions, after a review of the previous ABV result. In section 4 & 5, we will show a new
surprising result: in case of 2 — 2 elastic scattering all sub-leading effects exactly vanish for
generic particle/body collision. In section 6, we analyze the case of 2 — 2 inelastic collision:
we find an exact non-zero result which is, in full generality, complicated, but it has simpler
expressions in certain kinematic regimes.

2 Soft gravitational radiation from leading order: short review

The soft theorem up to leading order is universal and the dominant behavior reads
N s |2

pih®p;
> M), (2.1)
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where notation is defined in the introduction above. The polarization tensor h® satisfies
h,; = (h},)* and after tedious but straightforward manipulations one can obtain that the
sum on the spins of the hh 4-tensor corresponds to

_ 1
Z howhog =T po = 5(71'“[)77,,0 + TpoTup — T Tps) (2.2)
s=+2
where
Tpy = NMpv — Qudv — Qlu 62 =0 and qg=1. (2'3)

Weinberg’s B-factor can be obtained after the integration over the momentum of the
soft graviton in the final state ¢ = |¢|(—1,7):

d3q
By= [ s 2
o= [ sagmp M
which corresponds to the number density as follows

dNo _dBy [ d*q¢5(|q| —w)

2
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and the energy spectrum of the gravitational wave is then

dEFW dNy
= hw——o. 2.
dw dw (25)

To evaluate the soft factor in eq. (2.1), one first needs to compute the polarization sum
and the result reads as

y 2 2
> Pl vy 5 (pipj)” — 3piP} _ 5 (pipj)” — mim3 (26)
i " ap S apiaps = qpiap;
The evaluation of the integral in the B-factor
3
I= / _ 4 (2.7)
l9lqpiap;
leads to the well know result
A 2 1 i
RN U P S (2.8)
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where we have used A and A to denote the IR cutoff scale and the upper limit for the validity
of the leading soft behavior respectively. Finally, one obtains the well-known Weinberg
B-factor [2, 41, 66]:

2 1 2 9
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3 Soft gravitational radiation from sub-leading order

The sub-leading contribution to the GW spectrum comes from the interference between Sy
and S of eq. (1.3)

SWG/Q\q] 27)3 2. 2

i,j s==%2

{ (pih®p;) (pjh(_s)qu) + (i ¢ J) (3.1)

ap:qp;

Now, contrary to Winberg’s By, the sub-leading factor By involves the presence of the
angular momentum operator though as acting on the S-matrix.

3.1 Massless case: a review of the ABV result

In this section, we will review the previous ABV result as an introduction to the main
results of our paper.

Let us consider the case in which the ‘hard’ particles are massless: the sum over
helicities of the emitted soft gravitons is

oy P o
p; pi Py (Jjq o ;) (pid; o
D — : . Sy o + (i 60 5) ZZ—(pzp]),(pz,jQ) + (i ¢ )
PiDy
_Z = [szJQ+ijZQ] .
qapiqp;
Thus, B; factor can be rewritten in a simplified form as
bip &
87rG/ J p7 +piJilq, 3.3
2|Q’273ququg[l 7 } (3:3)
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where J; and 7j act on My and its complex conjugate M7, respectively.
The four-vector integral that we need to evaluate for our purposes is

d*q  pipjg" d'q pip;q"
If—/ e :/ oy (%) =2, 3.4

! 2|q|(2m)* qpigp; (2m3" ( ) apiqp; (34
where we have defined d, (¢%) = 6(¢?)O(—qo) and we used

/ dqod(q)O(—qo) = 2|1 K (3.5)

where the Heaviside step function constrains the energy to be positive.

When one considers the angel between ¢ and p; going to zero, apparent collinear
divergences appear in the integral eq. (3.4). This can be explicitly seen as gp; = |¢|E;(—1 +
cos fy;) ~ |q\Ei¢9§i as 04 — 0 while sin 6,,df,; inside the phase space integral d3q goes like
04id04;, thus the 04-integral becomes dIn 6y which is divergent for 6, — 0 as well as for
645 However, we would expect that gravity is not an interaction plagued by collinear
divergences. Thus, in order to avoid these apparent divergences, ABV [41] introduced the
following ij-sum zero-equivalent shift terms as follows

e / dq o [(ip)d" — (apj)pi — (qpi)p)]

amp+ @) i) (079) ’ (3.6)



the shift terms in eq. (3.6) vanish after summing over ¢ and j thanks to momentum and
angular momentum conservations.

The four-vector integral eq. (3.6) can be rewritten in a Lorentz contravariant form
as follows

) atq 0+() (%5 +1)
Kij(PA) :/ 2m)®  (qpi)(qp;) \(pips)a — (ap)pi = (apo)psl” (3.7)

where P is an arbitrary four vector and A is a constant with the dimension of energy.
In a generic n — m process, P can be identified as the total momentum of n incoming
(or m outgoing) particles and thus we can choose it as P = (Ecyp, 0). With this choice,
2 = /shwy where s = —P? = E%,, is the Mandelstam variable of the corresponding
channel and wq is the center-of-mass frequency at which we wish to compute the energy
spectrum. Then the Dirac-Delta can be rewritten as

qP _ W
5(A2+1)5(1 WO).

The Lorentz-invariant (graviton number) spectrum dB;/dwy is then given by

dBy
dwo

Gy uEIGLO T S (.8)

With Lorentz covariance, K Z’j can be expanded as
K} (pipj) = Kp(s)P" + Ki(Ppi)p} + K;(Ppj)pl (3.9)
since Kf; is orthogonal to both p; and p;, Kf; can be rewritten in the form

Kf; = K|(pipj) P" — (Pp;)p; — (Ppi)p] = K(pipj) Q5 , (3.10)

where we have defined K = % and a new vector
iPj

Pp; Pp;
QY= Pr— oy (3.11)

v pin;" " pipy 7
The main integrals involved in eq. (3.8) are
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In the massless limit, the above expressions has the form

d3 5( O)M = 471'\/5111 <2pzpj> ) (3'14)
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and d3q Pp; Pp m;m;
mé(w — wo) (qu + q]%) = —4m\/sln 1B, (3.15)
Contracting Kj; with P*, we get from eq. (3.7):
KijP:/dsq 5 (1 _ ”) l(Pin)(Pq) _ (Ppi + ij)]
2|q|(2m)? wo/ | (api)(ap;)  \api ~ ap; (3.16)
 Amwoy/s [m (_ 2pipj> +In (’W)] __wovs, <_ Pipj )
2(2r)3 mam; 1B E; 472 2E,E,
and from eq. (3.10):
KijP = K[(pip;) P* = 2(Pp;)(Ppi)) - (3.17)

K is then determined by equating eq. (3.16) and eq. (3.17)

wof PiDj
K (p;p; — 1
(pipj) = ins, < 2EZ-Ej>’ (3.18)

where we have introduced the quantity

2(Ppi)(Pp;)
piPj

Substituting the above result into eq. (3.7) and renaming wp as w, we have a sub-leading

factor as follows:

dB G 1 y
1:_2 \/§Z~ln< PPJ> ijl7 —I-p]

dw ™ i Sij 2F;F
Vs 7 0:0) (3.20)
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In [41], ABV showed that the sub-leading correction dBj/dw vanishes for a 2 — 2
process by direct computation in the Briet frame (see figure 1). We will show in the following
sections that the zero result is also re-obtained in the massive case. In next section, we will
derive a new B-factor for the massive case.

3.2 Massive case: a generalization of ABV result

In this section, we will generalize the above discussion to the massive case.
First, we notice that the polarization sum in the massive case has an additional term
and it reads as

m,o v, P o

i pip; (Jjq o
ZMHWWJF (i & 5)
ij qpiqp;

iDj T.a) — 12 (piJ
:Z (pip;) (Pid;q) — 3p; (pjJ;9) 4 (i o) 3.21)

ij apiqp;

DiDj 1 1 ) )
Z qpiqp; [piJja + pjJia] — 2qp¢qu [ i (pjJq) Dj (pi ZQ)}



plf = (E,p, k,O) PZ = (_E, —p,k,O)

pl; = (E’ —-b, _k70> P/:; = (_E7pa —k,O)

Figure 1. 2 — 2 scattering in Breit frame.

Considering the polarization sum in eq. (3.1) with eq. (3.21), the sub-leading B-factor

becomes
pipid" (= N3
e [ 075457
2|q|(2m 32{%% ( B )
(3.22)
1 q" 2 (7
_2qpiqp‘ l: i (p] j)#+p] pz Z
Then B; can be rewritten in terms of the integral eq. as follows
- 1] p? p2 N |
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Following the same procedure in section 3.1, one gets the number density spectrum
dB K[5(P, wo) 1 p? ]
— =-8Gy L ~7>~—f ! 7 + (7 3.24
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where K/} is given by

[ diq 0+ (@70 (1 B w%)
KZ(R‘*’O)_/(MP (qp:) (qp;) :

and it can be written in the form

Kj=K [(png)P — (Pp;) v} (sz)pj] = K (pipj) Q% - (3.26)

pipj) a — (qpj) pi — (api) pil" (3.25)

Contracting KZ’; with P, with eq. (3.12) and eq. (3.14) and from eq. (3.25), one obtains

p_ d’q ~w\ |(pipy) (@P)  (Ppi | Pp;
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and from eq. (3.26)
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Thus K is determined by
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Substituting the above K-factor into eq. (3.24) gives

dBy _ Gy

— In
dw T i Szy [51] 1-— 5@'
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we finally obtain the new general subleading B-factor for the massive case

1B Gy JES P (N O T
dw T 51] sz 1 — Bij |[o5] 1+ |5 |U]'| 1+ |U |
(3.29)
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4 Test in two-body elastic scattering

In this section, we use the result (3.29) to study a two-body elastic collision. The kinematics
for this process is similar to the one shown in figure 1 with the difference that here we
consider all the ‘hard’ particles to be massive and with the same mass m. Thus the
energy-momentum conservation condition becomes E? = p? 4 k% +m? and the Mandelstam
variables satisfy the relation: s+t +u = 4m?. The contribution from the (i, j)-pair takes

the form
B G175 1 1+5w+ 26 E- PP+ R
70 T g U | Bij —Bij PP+ k E+\p*+k?
<_
X {E2[66‘(1 + U - Uj) + 0K (T + U;)"] (82 + 3]')# (4.1)
m? u - —
_ AU . H K3 A\T .
L4ﬁ@k%+@@owaa,u%+@w»>@JJ},

where f3;; and |v;| are given by

2 2 4

. p*+k / m

'Ui| = B} and B’LJ = 1-— m .
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First considering the case i, = 1,2 and 4, j = 3,4, a direct computation gives

aBi"? | dB*"

dw dw

E?2 4+ p? 4+ k2 E2+p2+k2+2E\/]m+ 2F nE—\/p2+k:2
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2G
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and
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T | 2F /p + k2 E2+p2+k2—2E\/p2+k2 \/p2+k2 E + /p2+k2

x {(p2 T s+ E (p?p + k?k) } .

Thus, we obtain
aB"® ap*"  dBP? Bt
dw dw dw dw

which means that the contributions from (1,2) and (3,4) cancel with each other.

=0 (4.2)

For i,j = 1,3, after a long but straightforward computation, one finds

dBi"Y _ GE K [E p kP B2t R B

e mE2—p? 4k | 2pVET k2 E+p?— k2 2pVER k2
2F E—\/p?+k2 5 pPP+E? 2%k /&= =
RV Y {E [m(aE—aE) 7 (0:=34)
E?m? k
0Tt Te) B (- 5,) 4k (T )] }

_E2+p2—k2

_dB™Y
dw

Once again, the total contribution from (1, 3)-pair vanishes. We have also checked that the
same happens for the other pairs: (1,4), (2,3), (2,4), proving that dB;/dw = 0 is also valid
in the case of massive two-body collisions with all particles having the same mass.

5 Gravitational elastic scattering

In this section, we apply the new sub-leading differential B-factor obtained in previous
sections to the case of a gravitational elastic scattering.

Indeed, from a classical prospective this can correspond to the case of a test light body
elastically deflected but not captured by a Black Hole of mass M.

~10 -



Figure 2. Feynman’s diagram of gravitational elastic scattering ¢1(p1)d2(p2) — ¢1(p3)d2(pa),
where ¢ 2 are two scalar fields (dashed lines), the curly line represent the propagator of the graviton
field and pj 2,34 are the four-momenta of in and out states respectively.

For the case in which the test body has a mass m < M, the differential B-factor has an
asymptotic expression in the limit of m — 0 (see appendix A for detail derivation) as follows

dBl GM o R g
dwN7r<6+3M2><pf8ﬁf_ 95) (5.1)
where P = |p], M is the mass of the black hole, pj, py are initial and final momenta in

the CM frame. Then the soft sub-leading radiation in ZFL can be obtained applying the
differential B-factor in eq. (5.1) on the amplitude of gravitational 2 — 2 elastic scattering

4By
M - M, (5.2)

where the partial derivatives with left (right) arrow act on M* (M).
From field theory prospective, let us start from the Einstein-Hilbert action coupled to
two scalar fields ¢, and ¢9

1
_ 4 —
S_/d”vV 9[167@

Indeed, for the moment, as an illustrative example, we consider spin-less field grav-

1 1 1 1
R— 59%@% — §M2¢% - §8V¢25u¢2 — 2m2¢§] : (5.3)

itational scatterings (see figure 2). The amplitude for this classical tree-level diagram
is [67]
167G

M= 2 <M2m2 —2(p1-p2)* — (p1-p2) 6]2) : (5.4)
where p1,p2 (ps,ps) are incoming (outgoing) momenta, p? = p3 = —m?, p3 = p3 = —M?
and the momentum transfer is ¢ = p1 + ps = —(p2 + p3). With the kinematics discussed in
appendix A, the amplitude in the center of mass frame becomes
e P? P?
= M*m? - 2P (M + P+ — | | P M+ —— | —kk' +pp/
M (PQ—I-k'k"—pp’)l " < + +2M>< ( +2M> “’p)]
8rG
~ M?m? —2P (M + P) (MP — kk' +pp')| . 5.5
(P2+kk’—pp’)[ m (M + )( —i—pp)} (5.5)

- 11 -



The derivatives of this amplitude give

Tyt = (P2 + ZZ:’G— pp’)Qp, (M2m2 —2P*(M + P>2> = M7,
JiM= (P2 + ZZ’G— pp’)Qk/ (QPQ(M +P)* - M2m2) =MD (5.6)
3PIM T (PP ¥ ZZ’G— )2t (M2m2 —2P*(M + P)2> - M*%f” ’
M = T Zf_ pp,>2k (2P2(M P2 M2m2> — M,
Then it is easy to check that
p[(MT,) M+ M ()] =0 [(M) Mt Mo ()] =0,
E[(MB) Mt Mo (TeM)] = [(MG) M+ Mo (TpM)] =0,
which implies - o o R
M0y + KO —pd,— k0 k) M =0. (5.7)
Thus once again, we get a vanishing result
M 3By, (5.8)

dw
even if the differential B-factor is non-zero. Furthermore, in appendix B, we find that
eq. (5.8) is still re-obtained in the case of massive m test particle.

6 Inelastic scattering

Here, we will show that dB; /dw gives a finite non-zero result in the 2 — 2 inelastic scattering
case. Indeed, in the case of test particle deflected by a BH, it is reasonable to consider the
elastic scattering regime only for small deflection angles. In case of harder deflections we
would expect that inelastic channels would be opened.

Following similar discussion as appendix A, but this time take

PP+ k> =P? #P?=p” 4 k? (6.1)

with eq. (3.29), we can get the contributions from different particle pairs. As shown in
appendix C, however, the result is a long expression.

Nevertheless, in the non-relativistic regime, performing a Taylor series expansion up to
the second order of O(P/M) and O(P’'/M’), the six contributions simplify to

(1,2) (2,1 2 PN
B B M 1P > >
d 1 _|_d 1 NG (—2+> (P8p+p8p+k:8k),

dw dw T 3 M?

dB£3,4) dB§4,3) GM' 1 P2 = = By
o T de T \PT3um (P O ptp 0tk 8’“')’
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<= <= <=
- 2+3M,2> P8P+pap+k8k>,

1 P2
2+3M2> P/ap/ p 8 /—k 8k/)

dBF’?’) dB (3,1)
dw

dB*Y dB _aM ( 1 p?

3 M2 + M/2

dBElA) dBYlvl) G P2 P/2
+ ~=|—2-2
dw dw T

>] (pM'%)Iﬁ—kM’?k—p’M?p/—k’M%}k/) ,

daB*® daB®?  2G PP —(pp/ —kk'). [PP'—(pp' —kK')
- 1 PP +(pp — kK
do " Tdo 7 PP+(pp—kk) " { 2PP } (PP +(pp' = FK)]
<= <= <= <= <= <=
X ( 0p—0 p/)—}—(pP,—i—p,P) ( 0 p— 8p/)+(k:P’—l<:’P) ( Jr+ 0 k’) } .

Summing the single contributions, we find that the total sub-leading B-fractor for the
inelastic scattering is dominated by the following leading term:

2 / 2
dBl:[GM@ 1P>+GM<2 1P )](p@p_pﬁﬁmﬂ

dw T 3 M? s S 3M”?
— — — G 2 (P> P2 (6.2)
—p8p+k’8k/—k8k)+— _2_3<W+W>1
Avd Avd Ap=d =
><[M'<p3p+k8k>—M(p’(‘)p/—k/f)k/ﬂ

7 Conclusions and remarks

In this paper, we computed the sub-leading order expansion of the gravitational radiation
energy spectrum dECYW /dw in the ZFL for a generic multi-body or multi-particle collision.
Our result can be applied on both massless and massive fundamental/composite particle
scatterings with every spin as well as to bodies such as Black Holes.

As an application, we considered the case of sub-leading soft emission from a gravita-
tional elastic scattering. From the point of view of BH physics, it can be the case of a test
body deflected, but not captured, by a BH.

Surprisingly, we obtain that all sub-leading terms of the energy radiation spectrum,
emitted from an elastic collision, exactly cancel each others, in both massless and massive
particle collisions. On the other hand, for inelastic 2 — 2 scatterings, we obtain a general
and complicated non-zero analytic result which may be applied in the case of GW soft
emission from BH gravitational inelastic scatterings. It may certainly be an attractive
possibility to relate our result on searches of BMS gravitational memory effects from GW
physics. In this sense, our results may be applied in BH mergings seen as a gravitational
BH capture inelastic scattering process. On the other hand, violations of universality of
our results from loop radiative corrections would be expected from previous analysis as
mentioned in the introduction above.
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Another intriguing possibility is to consider footprints of string theory effects on leading
and sub-leading gravitational radiation from ' corrections and Regge poles that may
survive with a polynomial decay in radius, dubbed string memory effect [35].

Finally, the very next step for ZFL program would be to compute sub-sub-leading
order on the dE®W /dw expansion in w. In ref. [41] the case of massless particle high energy
collisions was considered — having in mind an application to transplanckian scattering
regimes. However a more general result is missing yet and it is beyond the purpose of
this paper.

A Gravitational elastic scattering I

In this appendix, we give a detail computation of the differential B-factor for the gravitational
elastic scattering process with the test particle being massless as discussed in section 4. In
the center of mass frame, the kinematical variables of this process are

P2
=\ M+ —.,p,k,0
b1 ( +2M7p7 ) >7
p2:<P7_pa_k7O)7

. (A.1)
p3:(_P7p7_k70)a
P2
=-M—-—,—p K0
P4 ( 2M7 pb,r, ) )
where p,p/, k, k' satisfy the realtion
p2+k’2:P2:pl2+k’l2.
Some properties relating eq. (3.29) are the following
p?
P= =(M+P+-—
P1 + D2 + +2M’O ,
2 P2\’
s (p1 +p2) ( + +2M> ;
2
P2\ 1447
Sii=— | M+P+—— | ———2
% ( - +2M> =G0
PE\ (144 -v; i+
- (M4 P+ — R A
@i ( * +2M>(1—q7i.5j’1—@-17j>’
and the velocities are given by
1 1 P P
U1 = —(p, k,0 Uy =—(—p, —k,0 U1 =— Ug| =———=x= — 1
1 M(p’ ) )a V2 P( b, ) )a |U1| M’ |U2 \/W )
L1 ’oyt L1 / S P - _P
UB_F(_pakaO)v U4—M(p,—k,0)> |US|_W—>1’ |U4|_M'
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Their are six (4, j)-pairs we need to take into consideration, namely: (1,2), (1,3), (1,4)

(2,3), (2,4), (3,4). After some tedious but straightforward computations, we obtain the
contributions from (1,2) + (3,4):

dBi*?  aB*V | dB*? | dB"Y

dw + dw dw dw
2
M+ P+ 22 M. M-P|M+P p?
:Q In AU o —In + P-—M—-—
T M P M+P| M-P 2M

Ty KT T, T,
and from (1,3) + (2,4):

dBi*? | aB*V  dBPY | 4B
dw dw dw dw

2 2
G PM + (pp' —kK') | (P(MJFQIL)JFPP'_’“’“') M, M-P
_ i M
P

~ w PM — (pp — kK MP P

M +
p? b ooan) | =P)P+M) e o
x{<P<M+2M>+(pp —kk)> [PM—F(pp’—kk:’) (ap+ E)p,)

Pl (o )

P(M+57) +pp — ki

(k+K)YP+ M) <o <=
PM—I—(pp’—kk’)(ak_ak/)

X (p?px — k?k/ —p/?p + k,?k) } s

_|_

from (1,4):

aB"" ap{"Y
+

dw dw
_G[ M 1+ﬂ—\w M—P
T

n +2—Inh—+|M
V2 PT—(pp' —kK) | _ V2Pl i) P M+P
X (p?p — p,?p/ + k%)k — k‘/?k/> y

and finally from (2, 3):

dB>?) . dB>?
dw dw
G P2 (pp—kK') . [P2—(pp'—kK)]? 7N e o
_?P2+(pp’—k:k:’) n 9 p2 [P(p+p)(8p_ 81)’)_P(k _k)(ak‘Fak')} .
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To get a compact and meaningful differential B-factor, we do the Taylor series expansion
up to the second order at P/M. Then the above results are simplified to

dB{"? daB®) BV dB™ GM ([ 1P\ 4
~ 2—-— O +k 0 w—p0d,—k0
dw * dw * dw + dw T 3 M?2 (p pt+ K—POp k) )

aB{"® aBP*" aB®Y 4B GMm 1 P2
L —— —2+5-— (p?p_p/?p’"i‘k?k_k/%}k’)y

dw dw dw dw 7r 3 M?
and
dB§1’4) dB§4’1) 2G M, 1-L = = = =
=— |14+ =1 MA\M(pd,—p 0 py+kdy—k 0
R e (o, Ty +kd, v)
2G 2 P? > = = RS

Summing up the above results, we find that the total differential B-factor: dBy /dw =
Z:?] dBY’J ) /dw has a leading expression as

dBy  GM 2 P? R R o =
dw <6+3M2>(p8p’+’“ak’_pap_ka’“)
GM 2P?\ /< L
:W<6+3Mz> (77 0~ 79 5)

<= <
where p; (p’) are momenta of initial (final) states and 0 = 9 + 7.

B Gravitational elastic scattering 11

Our goal in this appendix is to generalize the discussion in appendix A to the case in which
the test particle has mass m. The kinematics is similar to the previous case and reads

P2
b1 ( + 2M7p, 70> ’

p2:(\/P2+m27_p7_k70)7
pP3 = (_V P2+m25p/7_k/50)7

P2
by = <_M - mv _p/7kl70> ’

with p? + k%2 = P? = p? + k2.
Again, let us consider the contributions from six pairs separately: first for (1,2)+ (3,4),

(B.1)

considering that §;9 = 534 and p; - p2 = p3 - p4, we obtain

dw dw T 819

1,2 2,1 . .
dBi"? | dB| )__G\/51[11H1+512+( 1 ln1—|glr+1ln1—|vg|>}
Pz 1— P2

1] 1+ oi] e 14|
— — P — Ppy o
X {(le)@’fg ( 01+ 0 2) + ﬂpg 0 op1 + ip% 0 1]12] ,
Ko P1P2 b1p2
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and

aB{*Y +dB§4’3) G5 1 {1 1y Lt Baa ( LR Sl U1 S 1—\174!”
= — —|— = ~ = -
T3] 1+ |3 |Ta] 14|V

n
B3 1 — B3
= — Pps = Ppy o
X {(p3p4)62§‘4 ( dz3+ 0 4) + —=pi 0 aps + ——p3 0 3p4] ,
K P3P4 p3pa

dw dw T S 34

where the Q" vectors are given by

M+ L+ VP m?
Oh =~ et s 2 (MVPE T m? — P2, (VP2 m? — M) (p.k.0)) |

M+ &5 + VP +m?
oo 20 5 5 2 5 5 —
b= - M 0 P - P (VP - ) (-, 0))

Thus we have

aB"® ap*"  dBpY | apit?

dw dw dw dw
_ _G\/§~L [1ln1+ﬂ12+(iln1_|gl‘ +}ln1—|7i2\)]
T 512 Bz 1— P2 |01 1+ |th| |t 14 |Ta
2
Ppy 5 5 Iy Ay Ppy 2 p?
X —m (p0,+k0p—9p0y—KOp)+—|P" —|M+—
{plm ( ? g g k> pip2 2M

(T T =0T, 1T |.

<= Rd <= g
The combination: p’' 0 y + k" 0 jy —p 0 p — k O i, factorized implies that M*[(1,2)+

(3,4)]M =0 (see eq. (5.7)).
Then for (1,3) 4 (2,4), similarly, considering that 513 = 324, p1 - p3 = p2 - p4, We obtain

aB{"? . aB®" . aB®? . aB{*?
dw dw dw dw
:Gﬁl[1ln1+613+(}1n1—r:1|+}1 1—@!)}
Pz 1=PF13 \|ti| 1401 |T3]  1+|03]
(M+ L +VPTwm?) (VPHmZ 4+ M) (o o o
x{—(plp3) M PTE = (el —pp) (pap—p Op+k0r—Fk 0y

> > > > P > > > >
—p'ap—i—p@pf—i—k'@k—kak/)—i—p1m2 [p’ap—pap,wak,—k’ak

p1p3
2
P2
P?— (M + >

T 813

Ppo
p1ps3

_'_

= <= Apd <=
oM (pap/—p,ap-f-k‘/ak—kak/)}.

o Let us (ESW not(eihat al(l_t>he three terms in the above expression contain the combination
p0y—p 0p+k 90—k, which guarantees the cancellation after the application of
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the expression on the amplitudes

= = = <=
M [~p 0y +p 0y + K0~k 0 | M
167G (2P?(M + P)* — M*m?)
N (P2 + kK — pp/)?

(p/2—p2+k/2—k2>/\/l=0,

thus M*[(1,3) + (2,4)] M = 0.
Similarly, the final expression for the contribution from (2, 3)-pair is

dB*? | dB*?
dw dw

= 2
SOE L [ty 2w B (v v

T So3 [Bos 1—Pas | |Ba| L+ |02
— — — — — — = —
><\/P2+m2<p8p—p’8p/+k8k—k’ak/+p’8p—p6p/—k/8k+k8k/)
(VPT+m2) (M + &7 + VP +m?)
- (P2 +m?) — (pp/ — kK')

o (6T Ty 8T 1T ) |

and from (1, 4)-pair

4,1)

apt¥ . dB!
dw dw

G (M+ %)2—(1919’—1@1@’)

T [¢<2M2+P2+4ﬁ2>—<pp'—kk/>¢<P2+4§;‘2>—<pp'—kkf>
2
(M+£7) — (o0 — k) @M2 4+ P2 22— (pp! — k') /(P24 o) — (ppf — k)

2
(M+457)" = (o0’ = k') = M2+ P2+ ) — (00! — Kk (P2 + ) — (o — k)

M. M-P r\: o, M
+2—1In ]{ <M+2]\4> —(pp _kk)] <M2—(pp/—k/€/)>

P M+P
X (p?p-i-k?k —p/?p/—k/?k/%—k?]y—pﬁp/ +p/<5>p—]€/<5>k)
2

(ar+ &) [P2- (r+£)’]

(M—F%)Q—(pp’—kk’)

X In

= Rvd = Avd
(k@k/—pap/er’&p—k’ 6k)]}

Once again, these terms will give us a zero result after applying them to the amplitude.
In conclusion, we have generalized M*%M = 0 to all gravitational elastic scatterings.

C B

- for the inelastic case

In this appendix we show the general results (before expansion) of the dBy’j ) /dw factor for
the inelastic scattering discussed in section 6. Adopting the kinematics (6.1), one gets from
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eq. (3.29) contributions from six pairs respectively and the results read?

apt?  qph M+ 4+p M_ M-P p?
1 + 1 —G In —+2M+ M—FW-FP

hl m + —1n
M+ P
X(Pa p2—|—Pap ( ) +

dw dw T

P M+P
M—-P

=
X(P M+;]5[—p8 —k@k)],

dB§3’4) N dB 43) (M + Pl 2P]§> M M — P!

dw

fu—

n

+F1DM,+P/

Pl2
— | M+ P

/2 ! /
<P/%>P/+Pla p/2>—<Pl—M/—P >M+P

+oar 2M" ) M'— P’

= = =
><<P'8M,+P/2 —p’8p/—k’8k,)],
2M’

2 2
dB{"? . dB®Y G PM + (o — k) [, (P (M + g3) + o0 — kK
dw dw 7 P'M— (pp — kEK') MP’

M, M-P p? P'M — (pp' — kK)
R P M+ |~ ki
TP P] H ( * 2M> + (o )<P’M+ (o' — kW)

> > pP' —p'M
X<8M+2PA3 8P,>+P’M—i—(pp’—k:k’)(

P22
L WM tkP (7.7 1 P/{P2_<M+2M)}

k= Ow )| —
P'M + (pp’ — kK') P (M—l—%)—i—pp’—kk/

/ /H
x (P &y 40T, ak)},
/2 2
ap*!  aB*? _GpM'+ o=k P(M'+55) +pp — kK

dw dw T PM'—(pp/ —kK') M'P

P/2 PMI—(pp/—kk/)
P M/ ! /

H ( +2M’)+(pp kE) [PM’—F(pp/—kk’)

= o' P—pM’ = =
(8P aM”ffA/f/) PM’+(pP’—kk’)(ap+ap/>

P {P/2—(M’+ L5 ]
P (M'+£57) +pp' — ki

<~ <~ =
X(—P(‘?M,erle—l—pap/—k&k/)},

2M

T, 49 ,)

M M —P
+—In——
P/ 7‘1/_|_P/

(kM'+K'P) (<5>k_<—>k/>

PM'+(pp—kH) *

2The computation for the inelastic case is similar to those in appendix A and B (although much more
complicated), thus to avoid repeatability we only show the results in this appendix.
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aB"?  ap*Y
dw dw

:GMM’—(pp’—kk’)[ (M+57) (M'+57) — (o0 k)

™ MM (pp! =) \/[<M+2]j\24) (M'+£5) - (pp’—kk’)r—MQM’?

(M+57) (M7 + fﬂf,)—(pp’—kk’)Jr\/[(Mﬂ’}j) (M7+ QP]\;,)—(pp’—kk’)r—MQM’Q
(M+57) (Mr+ 57) —(pp’—kk/)—\/[(M+21}j) (M4 £2) (o' — )] b2

M. M-P M _  M-P P2 pP?

+—1In
> pM'+p' M (%) — )
p

x In

P M+P+P’ M'+ P’
_81)’
MM — (pp/ —kk')

MM’ +(pp' —kk") >
8 p2 — 8 ’ p’2
MM'—(pp' —kE') M+ M'+ =5

- ]_ (M+%) pr2— (M’ ;jj,)z]
: (M+57) (M+ 55— (op/ k)
(a5 [P2= (v 57

(M+457) (M43 ) = (op k)

. kM —K' M (H
MM'—(pp’ —kk')

P2 — — —
M ! /_k !

w22\ T, K
x tong ) O mezz P Op—k O

dB§2’3) N dB£3,2)
dw dw
2G PP’ — (pp’ — kK') n [PP’ (pp —kk’ {
9

Apd Apd
T PP+ (pp — kK 2P P PP+ (o = k)] (9 p =0 p)

+ (pP' +p'P) (?p — ?p/) + (kP — K'P) ( w + ?k,) }
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