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1 Introduction

Analyses on individual jets have matured into a precision theoretical and experimental
program to test quantum chromodynamics. Following the development of the modified
mass drop tagger (mMDT) [1] and soft drop [2] groomers, theoretical predictions have
pushed precision boundaries [3–7], extending resummation of observables on jets to next-
to-next-to-leading logarithmic accuracy [8, 9] and beyond [10, 11]. Motivated by these
results, unfolded experimental measurements of groomed jet mass have been performed at
both the CMS [12] and ATLAS [13, 14] experiments at the Large Hadron Collider, and have
been directly compared to theory predictions. These advances set the stage for extraction
of fundamental quantities from jet physics, like the strong coupling [15–17] or the top quark
mass [18].

All-orders resummation is necessary for precision predictions of observables on highly-
boosted jets because a measurement in general introduces a hierarchy between the jet
energy and the scale of the measurement; this hierarchy manifests itself as large logarithms
in the perturbative prediction of the cross section. On a groomed jet, the groomer imposes
still another scale on the jet, effectively defining the energy of emissions in the jet that
survive the groomer and can then contribute to the observable of interest. Most precision
studies thus far have focused on grooming with mMDT and then measuring the jet mass
ρ on the groomed jet. The parameter of mMDT grooming that sets the scale of remaining
emissions is typically called zcut and the highest precision resummation calculations apply
in the hierarchical regime in which ρ� zcut � 1. Phenomenologically and experimentally,
this regime is very relevant and can extend over a few decades in the range of observable
value, emphasizing the necessity of resummation. However, with two effective measured
scales on the jet, there are other parametric regimes that are relevant for claiming precision
over the entire perturbative range of the distribution.

Much less attention has been paid to the regime in which ρ ∼ zcut � 1, which cor-
responds to the region of the distribution in which the groomer first “turns on”. Further,
the phase space restrictions imposed on emissions in the jet by the groomer are discontin-
uous, which results in a cusp or non-smooth point in the distribution when calculated to
fixed order in perturbation theory. Some preliminary analyses have studied this cusp re-
gion [3, 16, 19], but currently, no systematic description exists. Cusps or transition regions
are a general feature of groomers and are present in other algorithms, like pruning [20] and
trimming [21]; see refs. [1, 22]. In particular, with the assumption that ρ ∼ zcut � 1, re-
summation of large logarithms of ρ and/or zcut would be, in general, necessary to describe
this region accurately. This is related to similar phenomena for other observables that
exhibit discontinuous behavior in their distribution away from phase space boundaries at
fixed order [23]. Our goal in this paper is to provide the systematic, all-orders description
of this cusp.

To do this, we first identify how and where this cusp arises at fixed-order on the phase
space of the jet. For simplicity, we focus on hemisphere jets produced in e+e− collisions,
but discuss how our analysis can be generalized to describe the analogous region for jets
produced at a hadron collider. From this resolved fixed-order description, we can then
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identify how arbitrary unresolved emissions contribute and present a factorization theorem
for the cusp region of the groomed mass distribution within the context of soft-collinear
effective theory [24–27]. This factorization theorem has similarities to the resummation
of non-global logarithms and we are able to resum the groomed mass distribution about
the cusp to next-to-leading logarithmic accuracy. Because of the complicated phase space
restrictions imposed by the groomer in this regime, extending resummation to higher ac-
curacy may prove prohibitively difficult, but the factorization theorem nevertheless clearly
illustrates the physical mechanism responsible for smoothing out the fixed-order cusp.

The outline of this paper is as follows. In section 2, we define the jet grooming algo-
rithm and observables that we measure on our groomed jets. From these definitions, we
can precisely identify the phase space restrictions the groomer enforces in the regime where
ρ ∼ zcut � 1. In section 3, we present the all-orders factorization theorem for resummation
about the cusp. In section 4, we validate the factorization theorem by studying its predic-
tions at leading- and next-to-leading order and comparing to exact or numerical results.
In section 5, we present the next-to-leading logarithmic resummed distribution of the cusp
region and demonstrate how it can be matched to resummation in other regimes as well as
fixed-order. We conclude in section 6 and look forward to application of these results to
comparison with experimental data. Calculational details of the anomalous dimensions of
the functions appearing in the factorization theorem are presented in the appendices.

2 Observables and algorithms

In this paper, we restrict our focus to e+e− → hadrons collision events. On these events,
we separate the final state particles into two hemispheres, using, for example, the exclusive
kT clustering algorithm [28] or thrust [29, 30]. Then, on each of the hemispheres, the
soft drop grooming algorithm is applied. Particles in each hemisphere are reclustered into
an angular-ordered branching tree with the Cambridge/Aachen algorithm [31, 32]. Then,
starting with the branches at widest angle, the soft drop requirement on branches i and j
is imposed:

min[Ei, Ej ]
Ei + Ej

> 2βzcut sinβ θij2 , (2.1)

where Ei is the energy of branch i, θij is the relative angle of branches i and j, and zcut
and β are parameters of the groomer. If this inequality fails, then the softer of the two
branches is eliminated, and the groomer continues to the next widest-angle branching in
the tree that remains. Once the inequality is satisfied, the recursion terminates and the
particles that remain form the groomed jet. This is referred to as the soft drop groomer
for general β values [2] and the modified mass drop tagger groomer (mMDT) for β = 0 [1].

On the groomed hemispheres, we then measure each hemisphere’s scaled mass ρ, de-
fined to be

ρ ≡ m2

E2 , (2.2)

where m and E are that hemisphere’s mass and energy, respectively. Finally, only the
larger of the two hemisphere values of ρ contributes to the distribution we predict. Note
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that this differs slightly from the usual definition of heavy hemisphere mass because it is
normalized by the hemisphere energy and not the center-of-mass collision energy.

2.1 Schematic form of emissions at cusp

With this measurement prescription, we note that there are three relevant scales on these
groomed jets. The center-of-mass collision energy Q sets the energy scale of the jets, the
grooming parameter zcut sets the energy scale of the emissions that pass the groomer, and
the hemisphere mass ρ sets the relative angle between the emissions that pass the groomer
and the hard jet core. Note that zcut and ρ are dimensionless, and the corresponding
energies that they define are set by their product with Q. So, in identification of different
regimes of the groomed jets, we will compare ρ, zcut, and 1. Further, we formally assume
that both zcut � 1 and ρ� 1, which implies that the groomer only removes soft emissions
from the events and that the masses are dominated by soft and/or collinear emissions.
With this restriction, there are then three possible relationships:

• zcut � ρ � 1: in this limit, the emissions that set the hemisphere mass ρ are
completely ignorant of the groomer, and the calculation is identical to the standard
hemisphere mass.

• ρ � zcut � 1: in this limit, all soft, wide-angle emissions are groomed away, and
only collinear emissions survive grooming. The calculation of the hemisphere mass
distribution in this limit has been extensively studied [1–3, 5].

• ρ ∼ zcut � 1: emissions that contribute to the hemisphere mass may or may not
have restrictions imposed on them by the groomer, and this leads to a non-smooth
or cusp response of the distribution depending on the relative size of ρ to zcut. It is
this regime that we will focus on in this paper.

We can get a broad sense for the structure of events that live in this third regime,
where ρ ∼ zcut � 1, by considering how the groomer and measurement restricts emissions.
Emissions that pass the groomer must therefore have an energy E of the order of E ∼ zcutQ,
which is a low energy by assumption. Further, if ρ ∼ zcut, then those emissions must be
at wide angle to the jet core or near the boundary of the hemisphere; otherwise, the
angular factor in the expression for the invariant mass would further suppress its value.
Thus, a hemisphere jet in e+e− collisions for which ρ ∼ zcut � 1 consists of a number of
relatively soft, wide angle resolved emissions that pass the groomer, and then arbitrary
unresolved soft and collinear emissions off of the resolved emissions. This configuration of
emissions is similar in structure to that which contribute to non-global logarithms (NGLs)
for the (more familiar) ungroomed hemisphere mass [33]. Here, as in the case of NGLs, the
physical configuration of emissions that defines a logarithmic accuracy is difficult to define
because the number of resolved soft emissions that can contribute in the cusp region of the
distribution is ill-defined, even at leading power in ρ and zcut. A way forward, however, is
to just consider a fixed number of resolved emissions and then sum together all mutually-
exclusive phase space configurations to establish the complete result. General procedures
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along these lines have been constructed for NGLs [34–37], and we propose a similar line of
attack for the groomed hemisphere mass where ρ ∼ zcut � 1.

2.2 One-particle soft drop boundary

In this paper, we will focus exclusively on those hadronic events in e+e− collisions for which
there is a single resolved soft, wide-angle gluon that passes the groomer, and then further
unresolved, strongly-ordered soft or collinear emissions.1 For such events, we can establish
the location of the cusp and determine the phase space constraints on the resolved gluon
to isolate its contribution around the cusp region. For a soft gluon with energy Es and
angle θs from the hemisphere jet center, passing the groomer enforces the inequality

Es > EJzcut

(
2 sin θs2

)β
, (2.3)

where EJ is the hemisphere jet energy. This soft drop constraint is most restrictive for
θs = π/2 when the gluon is right at the hemisphere boundary for which we have

Es > 2β/2EJzcut . (2.4)

The contribution to the hemisphere jet mass ρ from this soft emission is

ρ = m2
J

E2
J

= 2EJES(1− cos θs)
E2
J

= 2Es
EJ

, (2.5)

for a soft emission right at the hemisphere boundary and assuming that the jet is massless
in the absence of the resolved gluon. The resolved gluon’s energy is therefore

Es = ρEJ
2 , (2.6)

and so grooming begins to affect the hemisphere mass distribution for

ρ < 21+β/2zcut . (2.7)

The cusp in the groomed hemisphere mass distribution therefore occurs at ρ = 21+β/2zcut,
and consideration of more emissions in the hemisphere will smooth it out.

We can write these phase space constraints in a more useful way for calculation and
the formulation of the factorization theorem that we present in the following section. First,
we introduce the (dimensionless) light-cone variables k+, k− that describe the momentum
of the resolved gluon such that

k0 = Q

2 (k+ + k−) , kz = Q

2 (k− − k+) , (2.8)

1The analysis presented here for a single resolved gluon that passes the groomer will likely not generalize
when more emissions are included. The non-Abelian structure of the resolved emissions may prohibit
factorization of emissions that pass the groomer and strongly-ordered unresolved emissions, without further,
explicit measurements; see ref. [38]. We thank Aditya Pathak for identifying this subtlety.
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where k0 and kz are the gluon’s energy and z-component of momentum, respectively, and
Q is the center-of-mass collision energy. Then, note that the angle of the gluon to the right
hemisphere axis, for example, is

4 sin2 θs
2 = 2k

0 − kz

k0 = 4k+

k+ + k−
. (2.9)

Then, the soft drop constraint in these coordinates is

Q

2 (k+ + k−) > Q

2 zcut

(
4k+

k+ + k−

)β/2
, (2.10)

or, by rearranging,

k− > z
2

2+β
cut (4k+)

β
2+β − k+ . (2.11)

Further, to remain in the right hemisphere we require that

k− > k+ . (2.12)

These constraints thus far describe any emission that passes the groomer and lies
in the right hemisphere. To restrict to the region around the cusp, where ρ ∼ zcut, we
need to eliminate the possibility that the resolved gluon has a non-zero contribution when
ρ� zcut. This regime is accounted for by the limit in which the gluon becomes collinear to
the high-energy quark at the center of the hemisphere jet. So, to eliminate this regime, we
subtract the constraint where k− ∼ zcut � k+ and so the phase space constraints imposed
by the groomer to remain in the cusp region are as follows. For a function f(k+, k−) of
the lightcone momentum components, the phase space constraints with subtraction are:

ΘSDf(k+, k−) = Θ
(
k− −

(
z

2
2+β
cut (4k+)

β
2+β − k+

))
Θ(k− − k+)f(k+, k−) (2.13)

−Θ
(
k− − z

2
2+β
cut (4k+)

β
2+β

)
f(k+ → 0, k−) .

We will mostly be interested in the β = 0 case for which the groomer reduces to mMDT
and the phase space constraint is:

ΘSD,β=0f(k+, k−)=Θ
(
k−−

(
zcut− k+

))
Θ(k−− k+)f(k+, k−) (2.14)

−Θ
(
k−− zcut

)
f(k+→0, k−)

=Θ
(
k−−

(
zcut− k+

))
Θ(k−− k+)

[
f(k+, k−)− f(k+→0, k−)

]
+
[
Θ
(
k−−

(
zcut− k+

))
Θ(k−− k+)−Θ

(
k−− zcut

)]
f(k+→0, k−)

=
[
Θ(zcut− 2k+)Θ

(
k−−

(
zcut− k+

))
+Θ(2k+− zcut)Θ(k−− k+)

] [
f(k+, k−)− f(k+→0, k−)

]
+
[
Θ
(
2k+− zcut

)
Θ
(
zcut− k−

)
Θ(k−− k+)

+ Θ
(
zcut− 2k+

)
Θ
(
zcut− k−

)
Θ
(
k+ + k−− zcut

)
−Θ

(
k+− zcut

)
Θ(k+− k−)Θ

(
k−− zcut

)]
f(k+→0, k−) .
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These Θ-function constraints can be further massaged by noting that in any evaluation of
the cross section, we will be integrating over k+ and k−. With this in mind, consider the
first and third constraints on the limiting function f(k+ → 0, k−):∫

dk−
[
Θ
(
2k+−zcut

)
Θ
(
zcut−k−

)
Θ(k−−k+)−Θ

(
k+−zcut

)
Θ(k+−k−)Θ

(
k−−zcut

)]
=Θ

(
2k+−zcut

)
Θ
(
zcut−k+

)∫ zcut

k+
dk−−Θ

(
2k+−zcut

)
Θ
(
k+−zcut

)∫ k+

zcut
dk−

=Θ
(
2k+−zcut

)
Θ
(
zcut−k+

)∫ zcut

k+
dk−+Θ

(
2k+−zcut

)
Θ
(
k+−zcut

)∫ zcut

k+
dk−

=Θ
(
2k+−zcut

)∫ zcut

k+
dk− . (2.15)

Then, in the final line, there is no assumption made about the relative sizes of zcut and k+.
Therefore, the subtracted phase space constraints integrated over k− can be expressed as∫

dk−ΘSD,β = 0f(k+, k−) = Θ(zcut − 2k+)
∫ ∞
zcut−k+

dk−
[
f(k+, k−)− f(k+ → 0, k−)

]
(2.16)

+ Θ(2k+ − zcut)
∫ ∞
k+

dk−
[
f(k+, k−)− f(k+ → 0, k−)

]
+ Θ

(
2k+ − zcut

) ∫ zcut

k+
dk− f(k+ → 0, k−)

+ Θ(zcut − 2k+)
∫ zcut

zcut−k+
dk− f(k+ → 0, k−) .

3 Factorization about the cusp

From this leading-order description of a single gluon that probes the cusp of the soft drop
groomer, we would like to construct an all-orders factorization theorem that describes ar-
bitrary strongly-ordered soft and/or collinear radiation emitted from this configuration.
This initial configuration consists of a high-energy quark and anti-quark produced from
the collision and from which the event hemispheres are defined, and the emitted, resolved,
soft gluon which necessarily passes the grooming requirement in its hemisphere. For con-
creteness, we assume that the gluon is in the same hemisphere as the quark, but the
configuration when the gluon is in the anti-quark hemisphere will have the exact same
distribution. Unresolved collinear emissions can be emitted off of any of the quark, anti-
quark or resolved gluon with no grooming requirement enforced because they only lie at
small angle. Unresolved soft emissions can also lie in the angular region between the quark
and the resolved gluon and they, too, have no grooming requirement enforced because the
resolved gluon at wide angle already passed the groomer.

As discussed earlier, we make the assumption that there is only one resolved emission
off of the final state quark-anti-quark dipole that passes the groomer. As such, there can
be no resolved emissions that pass the groomer in the anti-quark’s hemisphere. Thus, all
emissions at wide angles in the anti-quark hemisphere must fail the grooming requirement.
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Further, emissions in the quark-gluon hemisphere that lie outside of their angular region
must also fail the groomer. Because we assume that zcut � 1, such emissions are necessarily
soft, and can be accounted for in the dynamics that are responsible for producing the
resolved gluon. This is similar to construction of the groomed resolved emission function
introduced in ref. [39]. With this understanding, any emissions in the anti-quark hemisphere
that pass the groomer are necessarily collinear to the anti-quark and therefore result in
a hierarchy between its groomed hemisphere mass ρ and the grooming parameter zcut,
ρ� zcut � 1. Such collinear emissions that are sensitive to both the grooming parameter
and the hemisphere mass are also low energy, and are described by a collinear-soft function,
as introduced in ref. [8].

As mentioned earlier, this restriction to resummation with a single resolved gluon
emission that passes the groomer is similar to techniques developed for resummation of
NGLs [34–37]. Specifically, to perform the factorization in this kinematic configuration,
in addition to the hemisphere masses, we also explicitly measure the momentum of the
resolved gluon. Soft drop acts non-trivially on the resolved gluon, effectively fixing its
energy to be of the order of a fraction zcut of the center-of-mass collision energy, and its
angle from the hard jet cores to be order-1. Thus, our factorization theorem presented
below successfully resums logarithms of the groomed hemisphere jet mass ρ, the grooming
parameter zcut, and the small energy of the resolved gluon. In what follows, we will
explicitly perform the resummation of these quantities to next-to-leading logarithmic (NLL)
accuracy through calculation of the anomalous dimensions of the factorization theorem
at one-loop. However, the final experimental measurement is exclusively the groomed
hemisphere mass, so we must integrate over the momentum of the resolved gluon. This
integration then renders the final accuracy of our calculation somewhat ambiguous, because
just measuring the groomed hemisphere mass alone does not isolate one resolved gluon.
This is true even at NLL accuracy, which corresponds to terms of the form αns logn ρ in the
cross section. However, there is a clear systematic procedure to improve the calculation,
and we will present the form of the factorization theorem for two resolved gluons in the
conclusions. Again, this same subtlety is present in calculations of NGLs in the ungroomed
hemisphere mass, and there is currently no known method to analytically resum completely
at NLL accuracy in one fell swoop with linear renormalization group equations.

With this understanding of the physical configuration we wish to describe, the proposed
factorization theorem for the cusp region of the soft drop groomed heavy hemisphere mass
with a single resolved emission in e+e− → hadrons events is

dσcusp

dρ
= 2H(Q2)

∫
dk+ dk− dρq dρg dρs δ

(
ρ− 4k+ − ρq − ρg − ρs

)
ΘSD (3.1)

× Hs(k+, k−, zcut) Jq(ρq) Jg(ρg)Sqq̄g(ρs)
∫
dτc dτsc Θ(ρ− τc − τsc) Jq̄(τc)SC(τsc) .

Here, we express the soft gluon’s energy in dimensionless light-cone coordinates with respect
to the center-of-mass energy Q. That is, its energy is expressed as

k0 = Q
k− + k+

2 , (3.2)
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Figure 1. Schematic illustration of factorization theorem for the cusp region of the groomer. Left:
the structure of the factorization theorem for the right hemisphere of the event on the Lund plane,
corresponding to the hemisphere with the resolved emission that passes the groomer. Right: a
physical representation of the event with the modes in the factorization theorem illustrated.

for example. ΘSD are the soft drop groomer phase space constraints from eq. (2.13) that
ensure that the resolved gluon passes the groomer and that the phase space region where it
is collinear to the quark is removed. The physical picture of the pieces in this factorization
theorem is shown in figure 1. In the right hemisphere, its mass is comparable to the
grooming parameter, ρ ∼ zcut, while in the left hemisphere its mass τ is parametrically
smaller than the grooming parameter, τ � zcut.

The functions that appear in the factorization theorem are illustrated on a Lund-like
plane [40] and in physical space in figure 1. On the Lund plane illustration, we have also
placed the phase space constraints from grooming and measuring the hemisphere mass
and note that functions of the factorization theorem are required at every vertex on that
figure, which is a general property for consistency of the factorization theorem. The various
functions in the factorization theorem are:

1. The hard function H(Q2) describes the production of the high-energy quark and
anti-quark in color-singlet collisions. At one-loop its expression is [41–44]

H(Q2) = 1 + αsCF
4π

(
−2 log2 µ

2

Q2 − 6 log µ2

Q2 − 16 + 7
3π

2
)
. (3.3)

2. The quark or anti-quark jet functions Jq and Jq̄ are the jet mass or thrust jet functions
because grooming does not affect hard collinear emissions. To one-loop with the
Laplace-conjugate mass ρ̃, the quark jet function is

J̃q(ρ̃) = 1 + αsCF
4π

(
2 log2 4µ2ρ̃

Q2 + 3 log 4µ2ρ̃

Q2 + 7− 2π2

3

)
. (3.4)

3. The soft-dropped collinear-soft function SC describes soft and collinear radiation that
both contributes to the hemisphere mass and is affected by the groomer. At one-loop
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in Laplace space its expression is [8]

S̃C(ρ̃) = 1 + αsCF
2π

− 2 + β

2(1 + β) log2 4µ2ρ̃2 1+β
2+β

Q2 z
2

2+β
cut

− π2

12
β(4 + 3β)

(2 + β)(1 + β)

 , (3.5)

4. The hard function for emission of the resolved gluon Hs(k+, k−, zcut) describes both
the resolved gluon and wide-angle emissions that fail the groomer. Its one-loop
anomalous dimensions are calculated in appendix A.1.

5. The soft function Sqq̄g describes emissions that lie in the angular region between the
resolved gluon and the quark. Its one-loop anomalous dimensions are calculated in
appendix A.2.

6. The resolved gluon’s jet function Jg is essentially the same gluon jet function for jet
mass, but the scale at which it is evaluated is affected by the form of the measure-
ment here. The particular scale it is sensitive to is derived in appendix A.3 and its
expression to one-loop in Laplace space is

J̃g(ρ̃) = 1 + αs
2π

[
CA log2 4µ2ρ̃

(k+ + k−)Q2 + β0
2 log 4µ2ρ̃

(k+ + k−)Q2 +CA

(
67
18 −

π2

3

)
− 10

9 nfTR
]
.

(3.6)

As a demonstration of consistency of the factorization theorem, the anomalous dimensions
of all functions explicitly sum to 0, which is summarized in appendix B. We will also show
that the fixed-order expansion of this factorization theorem reproduces results for the cusp
at leading- and next-to-leading order in αs.

3.1 Non-perturbative corrections

The form of the convolution in the factorization theorem for the cusp region is slightly
different than what is usually present in factorization theorems for other additive observ-
ables, like thrust [45]. In more familiar cases, the value of the observable is set by the
sum of contributions from collinear and soft emissions, and no emissions means that the
observable value is 0. Resummation is responsible for pushing the observable distribution
away from 0. However, focusing on the cusp of the soft drop groomer requires that there is
a resolved emission that already pushes the observable value away from 0, so that ρ ∼ zcut.
Then, about that value, there are additional strongly-ordered soft and collinear emissions
that generate an observable value that differs from simply ρ = 4k+. In the factorization
theorem, we then sum over all possible configurations of emissions off of the resolved gluon
for which their total sum is the observed value ρ.

For the jet and soft functions in the factorization theorem, this sum extends to arbitrar-
ily low transverse momentum emissions; in particular, to emissions that are not described
perturbatively. Thus, at every value of ρ, the integral of the factorization theorem includes
contributions from non-perturbative emissions. To account for this non-perturbative con-
tribution, a dispersive approach could be used [46], in which the integral is divided into
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a perturbative and a non-perturbative regime. Then, an effective, non-perturbative value
of the coupling is used to model the contribution from the non-perturbative region, whose
value can be fit to data. We note that the transverse momentum of a soft, wide-angle
non-perturbative emission will be of order of the QCD scale ΛQCD ∼ 1GeV, and so the
non-perturbation contribution to the hemisphere mass will be on the order of

ρn-p ∼
ΛQCD
Q

. (3.7)

The grooming parameter is typically taken to be zcut ∼ 0.1 experimentally, so at a center-
of-mass collision energy of the Z pole (or higher), non-perturbative effects can shift the
distribution by ρn-p ∼ 0.01, or so. While much more work could go into determining the
form of these non-perturbative emissions, like along the lines of ref. [38], we leave that for
the future. Here, we will simply freeze the running of αs at µ = 1GeV to ensure that our
results are sensible, and focus on validating the perturbative resummation as described by
the factorization theorem.

4 Fixed-order expansion

With the factorization theorem for the cusp region of the groomer in hand, we can then
systematically expand it in powers of αs for validation. Here, we will show explicitly that
it correctly produces the expression for the cusp region at O(αs), and then demonstrate
how it captures the dominant terms in the ρ ∼ zcut � 1 limit at O(α2

s). For this section
to be self-contained, we repeat the factorization theorem for the cusp region here:
dσcusp

dρ
= 2H(Q2)

∫
dk+ dk− dρq dρg dρs δ

(
ρ− 4k+ − ρq − ρg − ρs

)
ΘSD (4.1)

× Hs(k+, k−, zcut) Jq(ρq) Jg(ρg)Sqq̄g(ρs)
∫
dτc dτsc Θ(ρ− τc − τsc) Jq̄(τc)Sc(τsc) .

4.1 Leading order

To determine the prediction of the factorization theorem at leading order, we note that the
soft gluon emission function Hs starts at O(αs):

H(0)
s (k+, k−) = αs

π
CF

1
k+k−

. (4.2)

Thus, to predict the distribution to O(αs), we set all other functions in the factorization
theorem to their tree-level expressions. Thus, we have

dσ(0),ρ∼zcut�1

dρ
= 2

∫
dk+ dk− δ

(
ρ− 4k+

)
ΘSDH

(0)
s (k+, k−) . (4.3)

Restricting to mMDT or soft drop grooming with β = 0, we can perform the integrals:

dσ(0),ρ∼zcut�1

dρ
= 2αsCF

π

1
ρ

[
Θ (2zcut − ρ)

∫ zcut

zcut− ρ4

dk−

k−
+ Θ (ρ− 2zcut)

∫ zcut

ρ
4

dk−

k−

]
(4.4)

= −2αsCF
π

1
ρ

[
Θ (2zcut − ρ) log

(
1− ρ

4zcut

)
+ Θ (ρ− 2zcut) log ρ

4zcut

]
.
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To describe the entire regime in which ρ, zcut � 1, this can be combined with the result
in the hierarchical limit ρ� zcut � 1, where

dσ(0),ρ�zcut�1

dρ
= −2αsCF

π

1
ρ

[3
4 + log zcut

]
. (4.5)

The complete differential cross section in the small ρ and zcut limit is then

dσ(0),ρ,zcut�1

dρ
= dσ(0),ρ∼zcut�1

dρ
+ dσ(0),ρ�zcut�1

dρ
(4.6)

= −2αsCF
π

1
ρ

[3
4 + Θ (2zcut − ρ) log

(
zcut −

ρ

4

)
+ Θ (ρ− 2zcut) log ρ4

]
.

This agrees with the explicit expansion of the leading-order cross section from ref. [19].

4.2 Next-to-leading order

At next-to-leading order, the other functions in the factorization theorem can contribute
non-trivially. The contribution to the differential cross section at O(α2

s) is

dσ(1),cusp

dρ
= 2

∫
dk+ dk− dρ′ δ

(
ρ− 4k+− ρ′

)
H(0)
s (k+, k−) ΘSD (4.7)

×
[
δ(ρ′)H(1)(Q2) + δ(ρ′) H

(1)
s (k+, k−, zcut)
H

(0)
s (k+, k−)

+ J (1)
q (ρ′) + J (1)

g (ρ′) +S
(1)
qq̄g(ρ′)

+ δ(ρ′)
∫ ρ

0
dτ
(
J

(1)
q̄ (τ) +S(1)

c (τ)
)]

.

All of the one-loop expressions for the functions in the factorization theorem were presented
in section 3 or are calculated in the appendices. While in principle everything is known to
completely evaluate these integrals, they quickly become extremely unwieldy. As a result,
we will restrict to the calculation of the contribution at O(α2

s) that is proportional to the
number of active quarks, nf . Also, as earlier, we will restrict to the mMDT groomer for
simplicity, but results for soft drop with any value of β can be obtained using the results
in the appendices.

4.2.1 nf channel

For NLL resummation, the only contributions to the nf color channel arise from terms
proportional to the β-function. The one-loop coefficient of the β-function is

β0 = 11
3 CA −

4
3TRnf . (4.8)

The only functions in the factorization theorem that have β-function dependence are the
resolved gluon emission function and the gluon’s jet function for which we have

H
(1)
s (k+, k−, zcut)
H

(0)
s (k+, k−)

⊃ −αs4πβ0 log µ2

Q2 , (4.9)

J (1)
g (ρ′) ⊃ αs

2πδ(ρ
′)β0

2 log 4µ2

(k+ + k−)Q2 −
αs
π

β0
4

( 1
ρ′

)
+
, (4.10)
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which are the expressions relevant for NLL accuracy. From the form of the logarithm in the
resolved gluon emission functionHs, we evaluate the coupling at the center-of-mass collision
energy, αs ≡ αs(Q). This will enable the simplest numerical comparison to EVENT2 later.
The contribution to the cross section in this color channel to this order is therefore

dσ(1),nf

dρ
(4.11)

= 8
3

(
αs
2π

)2
CFTRnf

∫
dk+

k+
dk−

k−
dρ′ δ(ρ− 4k+ − ρ′) ΘSD

(( 1
ρ′

)
+
− δ(ρ′) log 4

k+ + k−

)
.

The term with the δ(ρ′) factor is

−
∫
dk+

k+
dk−

k−
dρ′ δ(ρ− 4k+ − ρ′) ΘSD δ(ρ′) log 4

k+ + k−
(4.12)

= −1
ρ

[
−π

2

6 −
1
2 log2

(
zcut −

ρ

4

)
− log

(
zcut −

ρ

4

)
log 4

ρ
− 1

2 log2 4
ρ
− 1

2 log2 4
zcut

+1
2 log2

(
4

zcut − ρ
4

)
− Li2

(
1− 4zcut

ρ

)]
Θ(2zcut − ρ)

− 1
ρ

[
−π

2

12 −
1
2 log2 4

zcut
+ 1

2 log2 16
ρ

]
Θ(ρ− 2zcut) .

Recall that the prescription for the phase space constraints imposed by ΘSD is defined in
eq. (2.16). The integral with the +-function can be rearranged according to the bounds
imposed by the grooming phase space constraints, ΘSD:∫

dk−

k−
dρ′

ρ− ρ′
ΘSD

( 1
ρ′

)
+

(4.13)

=
∫

dρ′

ρ− ρ′
( 1
ρ′

)
+

[
− log

(
1− ρ− ρ′

4zcut

)
Θ(ρ− ρ′) Θ

(
ρ′ − (ρ− 2zcut)

)
+ log 4zcut

ρ− ρ′
Θ
(
(ρ− 2zcut)− ρ′

)]

=
∫

dρ′

ρ− ρ′
1
ρ′

[
− log

(
1− ρ− ρ′

4zcut

)
Θ(ρ− ρ′) Θ

(
ρ′ − (ρ− 2zcut)

)
Θ(ρ− 2zcut)

]

+
∫

0

dρ′

ρ− ρ′
( 1
ρ′

)
+

[
− log

(
1− ρ− ρ′

4zcut

)
Θ(ρ− ρ′) Θ (2zcut − ρ)

+ log 4zcut
ρ− ρ′

Θ
(
(ρ− 2zcut)− ρ′

)
Θ (ρ− 2zcut)

]
.

The first integral with no +-function is

−
∫

dρ′

ρ− ρ′
1
ρ′

log
(

1− ρ− ρ′

4zcut

)
Θ(ρ− ρ′) Θ

(
ρ′ − (ρ− 2zcut)

)
Θ(ρ− 2zcut) (4.14)

= 1
ρ

[
π2

12 + log 2 log 2zcut
ρ− 2zcut

+ Li2
(

1− ρ

4zcut

)
− Li2

(
2− ρ

2zcut

)]
Θ(ρ− 2zcut) .
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To continue and evaluate the integrals with explicit +-functions, use the definition of
the +-function, where ∫ 1

0
dρ′

( 1
ρ′

)
+

= 0 , (4.15)

and so ( 1
ρ′

)
+

= lim
ε→0

[ 1
ρ′

Θ(ρ′ − ε) + log ε δ(ρ′ − ε)
]
. (4.16)

Using this, the first integral with the +-function is

−
∫

0

dρ′

ρ− ρ′
( 1
ρ′

)
+

log
(

1− ρ− ρ′

4zcut

)
Θ(ρ− ρ′) Θ (2zcut − ρ) (4.17)

= 1
ρ

−π2

6 +
log2

(
1− ρ

4zcut

)
2 − log(4zcut − ρ) log

(
1− ρ

4zcut

)

+ Li2
(

ρ

4zcut

)
+ Li2

(
1− ρ

4zcut

)Θ(2zcut − ρ) .

The second integral with the +-function is∫
0

dρ′

ρ− ρ′
( 1
ρ′

)
+

log 4zcut
ρ− ρ′

Θ
(
(ρ− 2zcut)− ρ′

)
Θ (ρ− 2zcut) (4.18)

= 1
ρ

[
π2

6 + log2 2
2 + log 2 log

(
1− 2zcut

ρ

)
−

log2 4zcut
ρ

2 + log 4zcut
ρ

log ρ

− Li2
(2zcut

ρ

)]
Θ (ρ− 2zcut) .

Putting it all together, the complete contribution at O(α2
s) for the nf channel is:

(2π
αs

)2 ρ

CFTRnf

dσ(1),nf

dρ
(4.19)

= 8
3

[
1
2 log2

(
zcut−

ρ

4

)
+ log

(
zcut−

ρ

4

)
log 4

ρ
+ 1

2 log2 4
ρ

+ 1
2 log2 4

zcut
− 1

2 log2
(

4
zcut− ρ

4

)

+ 1
2 log2

(
1− ρ

4zcut

)
− log(4zcut− ρ) log

(
1− ρ

4zcut

)

+ Li2
(

1− 4zcut
ρ

)
+Li2

(
ρ

4zcut

)
+Li2

(
1− ρ

4zcut

)]
Θ(2zcut− ρ)

+ 8
3

[
π2

3 + log ρ
2

8 log zcut−
1
8 log2 128

ρ4 −
3
8 log2 2 +Li2

(
1− ρ

4zcut

)
−Li2

(
2− ρ

2zcut

)

− Li2
(2zcut

ρ

)]
Θ(ρ− 2zcut) .
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Figure 2. Comparison between the prediction from eq. (4.19) (left) and EVENT2 (right) of the
cusp region of the mMDT groomed heavy hemisphere mass in the nf channel at next-to-leading
order for various values of zcut. The contribution in the ρ� zcut � 1 limit has been removed.

This analytic expression for the cusp region can be directly compared to numerical
output of e+e− → qq̄g events at next-to-leading order from EVENT2 [47]. We gener-
ated about 1013 events with zcut values ranging down to 10−5 and measured the groomed
heavy hemisphere mass. Then, from the complete differential cross section, we subtract
the analytic expression for the ρ � zcut � 1 regime, whose expression can be found in
ref. [11]. The resulting distributions then only describe the cusp region ρ ∼ zcut, and larger
values of ρ and can be directly compared to the prediction of eq. (4.19). The results of
this comparison restricted to the nf channel are shown in figure 2. Excellent qualitative
agreement between our analytic calculation and EVENT2 is manifest in the cusp region
around ρ = 2zcut, for various values of zcut. In particular, the trend that the cross section
value at the cusp decreases as zcut decreases is exhibited in the analytic expression and
EVENT2. This can be directly compared. At the cusp, where ρ = 2zcut, the predicted
value of the differential cross section is(2π

αs

)2 ρ

CFTRnf

dσ(1),nf

dρ

∣∣∣∣∣
ρ=2zcut

= 2π2

9 − 16
3 log2 2 + 16

3 log 2 log zcut (4.20)

' −0.3692 + 3.6968 log zcut .

One can also extract the value from EVENT2, and the plot comparing them is shown in
figure 3. The slope of the prediction and EVENT2 agree extremely well, though there is a
constant offset. This is to be expected: there are terms at O(α2

s) in the nf channel that have
not been included in the factorization theorem, as they formally lie beyond NLL accuracy.
However, the dominant contribution has been captured in the factorization theorem to this
accuracy, and the residual difference is relatively small.

5 Resummation

Having validated our factorization theorem for the cusp region of the soft drop groomer,
we now present the expression for the groomed heavy hemisphere cross section at next-
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Figure 3. Comparison between the value of the nf channel of the O(α2
s) contribution to the

differential cross section for the mMDT groomed heavy hemisphere mass at the cusp location of
ρ = 2zcut from eq. (4.20) and EVENT2, as a function of zcut.

to-leading logarithmic accuracy (NLL), following the procedure explicitly presented in ap-
pendix F of ref. [8]. For compactness, we will only explicitly show the expression for soft
drop with β = 0 (mMDT grooming), but results for arbitrary grooming exponent are
presented in the appendices. We have

dσcusp,NLL

dρ
(5.1)

=2
∫
dk+dk−ΘSDΘ(ρ−4k+)αs(µHs)

π

CF
k+k−

1
ρ−4k+

×

Θ(µHs−µS)+Θ(µS−µHs)
(

1− k
+

k−

) 2CA
β0

log
αs(µHs )
αs(µS)


×exp

[
KH(µ,µH)+KJL(µ,µJL)+KJR(µ,µJR)+KSC (µ,µSC )+KJg (µ,µJg )

+KHs(µ,µHs)+KS(µ,µS)]

×

1+αs(µH)CF
4π

(
−2log2 µ

2
H

Q2 −6log µ
2
H

Q2

)
+αs(µJL)CF

4π

(
2∂2
ωJL

+3∂ωJL
)

+αs(µJR)CF
4π

(
2∂2
ωJR

+3∂ωJR
)
−αs(µSC )CF

2π ∂2
ωSC

+
αs(µJg )

2π

(
CA∂

2
ωJg

+ β0

2 ∂ωJg

)

+αs(µHs)
4π

(CF−CA)log2 (k+k−)
CA

CF−CA µ2
Hs

Q2z
2CF

CF−CA
cut

−

β0+
4CFA

(
k+

k−

)
π

+
4CAI

(
k+

k−

)
π

log
(k+k−)

CA
CF−CA µ2

Hs

Q2z
2CF

CF−CA
cut



+αs(µS)
4π

−(CF +CA)∂2
ωS+

4CFA
(
k+

k−

)
π

+
4CAI

(
k+

k−

)
π

−2CA log k+k−

(k−+k+)2

∂ωS

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×
(
µ2
H

Q2

)ωH(µ,µH)(4µ2
JL

Q2ρ

)ωJL (µ,µJL )( 4µ2
SC

Q2zcutρ

)ωSC (µ,µSC )(4µ2
JR

Q2
1

ρ−4k+

)ωJR (µ,µJR )

×

(
4µ2

Jg

(k++k−)Q2
1

ρ−4k+

)ωJg (µ,µJg )
 (k+k−)

CA
CF−CA µ2

Hs

Q2z
2CF

CF−CA
cut

ωHs (µ,µHs )(
16µ2

S

Q2
1

(ρ−4k+)2

)ωS(µ,µS)

×Γ(1−ωJL(µ,µJL)−ωSC (µ,µSC ))−1Γ
(
−ωJR(µ,µJR)−ωJg (µ,µJg )−2ωS(µ,µS)

)−1
.

In this expression, the exponential factors for function F expanded to NLL order are

KF (µ, µ0) = Ci
Γ0
2β2

0

[ 4π
αs(µ0)

(
log r + 1

r
− 1

)
+
(Γ1

Γ0
− β1
β0

)
(r − 1− log r)

]
− γ0

2β0
log r ,

(5.2)

where
r = αs(µ)

αs(µ0) .

The other exponential factors, again to NLL accuracy, are

ωF (µ, µ0) = −Ci
Γ0
2β0

[
log r + αs(µ0)

4π

(Γ1
Γ0
− β1
β0

)
(r − 1)

]
. (5.3)

In both of these expressions, the β-function, cusp anomalous dimension, and non-cusp
anomalous dimension are expressed as a series in αs and the coefficients of their series
appear in these factors. Specifically, the β-function is

β(αs) = µ
∂αs
∂µ

= −2αs
∞∑
n=0

βn

(
αs
4π

)n+1
. (5.4)

For NLL resummation, we need the β-function to two-loop order [48]. The first two coef-
ficients are

β0 = 11
3 CA −

4
3TRnf , (5.5)

β1 = 34
3 C

2
A − 4TRnf

(
CF + 5

3CA
)
.

The cusp anomalous dimension is

Γcusp =
∞∑
n=0

Γn
(
αs
4π

)n+1
. (5.6)

The first two coefficients of the cusp anomalous dimension are [49]:

Γ0 = 4 , (5.7)

Γ1 = 4CA
(

67
9 −

π2

3

)
− 80

9 TRnf .

Finally, the non-cusp anomalous dimension is

γ =
∞∑
n=0

γn

(
αs
4π

)n+1
. (5.8)
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Ci is the appropriate color factor for the function F appearing in the factorization theorem
and the non-cusp anomalous dimensions can be extracted from the results of appendix B.

The terms in the large square brackets of eq. (5.1) are the low-scale functions, ex-
panded to first-order in αs. Note that some of these terms have derivatives that act on the
appropriate ωF factor appearing later in the expression. In the results we present shortly,
we will not perform detailed analysis of scale variations as a measurement of uncertainty,
as our emphasis here is to just demonstrate that the factorization theorem describes the
cusp. With that understanding, we will evaluate this resummed expression with canonical
scales, for which the scales µF are selected such that the factors raised to the ωF powers
are unity. For example, the canonical scale of the soft function µS is

µS = (ρ− 4k+)Q
4 . (5.9)

Finally, we choose the renormalization scale µ = Q = mZ , corresponding to e+e− collisions
at the Z-pole and the choice which sets the hard function H(Q2) = 1. Additionally, we
do not attempt any sophisticated modeling of non-perturbative corrections at low scales.
To avoid the Landau pole of QCD, we freeze the value of αs when the scale at which
it is evaluated falls below 1GeV. This prescription does require using expressions for the
KF and ωF functions in the resummation result derived with a non-running coupling, as
described in appendix C.

With this prescription for making the plots that we show in the following, we also
note that for a center-of-mass collision energy at the Z-pole, the canonical scale of the
soft function is nearly non-perturbative itself. Around the cusp region, ρ − 4k+ . zcut
and so for typical values of zcut ∼ 0.1, the soft canonical scale is bounded above by a
couple of GeV. So, the plots that we will show for this resummation at the cusp are mostly
illustrative, rather than phenomenologically relevant. Nevertheless, potential future higher
energy e+e− colliders would enable using smaller values for zcut that are still dominated
by perturbative physics, and so this resummation of the cusp could be important.

The factor in the large square brackets on the third line of eq. (5.1) corresponds to
resummation in the limit where the resolved gluon approaches the hemisphere boundary,
when k− − k+ � k−. This factor,

Θ(µHs − µS) + Θ(µS − µHs)
(

1− k+

k−

) 2CA
β0

log
αs(µHs )
αs(µS)

suppresses collinear emissions off of the resolved gluon if they land in the other hemisphere
and correspond to a scale larger than that in that other hemisphere. These emissions and
the form of this term is precisely that described by the “dressed gluon approximation”
and the boundary soft modes of ref. [35], which has been used to resum non-global loga-
rithms [33]. The form of non-global contributions to the grooming cusp is a bit different
than how they arise in, say, just the traditional hemisphere mass, but their effect is es-
sentially identical. Emissions from the heavier hemisphere into the lighter hemisphere are
suppressed if those emissions would have parametrically affected the scale in the lighter
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Figure 4. Left: plots of the double-logarithmic resummed distribution eq. (5.10) about the cusp
for various values of αs. Also plotted is the leading-order distribution from eq. (4.4). Right:
comparison of the leading-order (LO), leading-order matched with ρ� zcut � 1 resummation, and
subsequently then matched with ρ ∼ zcut � 1 resummation.

hemisphere. However, in the groomed mass case at hand, the lighter hemisphere is not
directly contributing to the value of the observable. The calculation of this boundary factor
from our factorization theorem is presented in appendix B.1.

5.1 Double-logarithmic limit

This complete NLL-accurate expression is still extremely unwieldy, and we will only be
able to evaluate it numerically for making predictions later. So it is enlightening to ex-
pand it out, keeping only those terms that contribute at double-logarithmic accuracy with
fixed coupling. Performing this expansion, the differential cross section about the cusp
simplifies to

dσcusp,DL

dρ
(5.10)

= −2CF (CF + CA)α
2
s

π2

∫
dk+

k+
dk−

k−
log

(
ρ− 4k+)

ρ− 4k+ e−
αs
2π (CF+CA) log2(ρ−4k+) Θ(ρ− 4k+)ΘSD .

In this form, k− can be explicitly analytically integrated over, but we won’t do that here.
This expression explicitly demonstrates that resummation, even at this limited accuracy, is
responsible for smoothing out the δ-function that appears in the leading-order expression
for the cross section at the cusp, in eq. (4.3). Specifically, note that in the limit that
αs → 0, the exponential factor of ρ− 4k+ reduces to the δ-function:

lim
αs→0

[
−αs
π

(CF + CA) log
(
ρ− 4k+)

ρ− 4k+ e−
αs
2π (CF+CA) log2(ρ−4k+)

]
= δ(ρ− 4k+) . (5.11)

This limit can be directly observed in the resulting distribution from eq. (5.10). On
the left of figure 4, we have plotted the double-logarithmic resummed distribution with
different values of αs, and have divided out a factor of αs. For relatively large values of αs,
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the cusp is smoothed out and as αs decreases, the distribution approaches the leading-order
result, with a non-smooth cusp at ρ = 2zcut. Further, with this distribution around the
cusp region, we can match it with the leading, fixed-order distribution, as well as with the
leading-logarithmic resummed result in the limit where ρ � zcut � 1. In this limit, the
resummed distribution with fixed-coupling is [1, 2, 8]

dσρ�zcut�1,LL

dρ
= −2αsCF

π

1
ρ

(
log zcut + 3

4

)
e−2αs

π
CF (log zcut+ 3

4 ) log ρ . (5.12)

On the right of figure 4, we show the results of this matching, with the leading-order
(LO), LO matched with the ρ � zcut � 1 resummation, and then that matched with
the ρ ∼ zcut � 1 resummation. To match, we have simply added the results together
and subtracted their overlap, which is possible because all divergences at leading order in
the ρ � zcut � 1 limit are accounted for in the resummation. Note that the matched
result when the cusp resummation is included has a small, residual cusp around ρ = 2zcut.
This occurs because the precise location of the cusp at leading-order is actually at ρ =
2zcut − z2

cut [19]. As zcut decreases, this residual cusp also decreases, matching smoothly
onto the limiting location of ρ = 2zcut.

5.2 Matching with ρ � zcut � 1 factorization and fixed-order

With the complete expression for the resummed result for the groomed heavy hemisphere
mass distribution at next-to-leading logarithmic accuracy in hand, we are now in a position
to evaluate it and then match to fixed-order and resummed results in other phase space
regimes. To produce numerical results for the distribution of eq. (5.1), we use the Vegas
integration implementation in Cuba 4.2 [50]. Here we will just show some representative
plots and will not attempt an exhaustive presentation of dependence of the distribution on
parameters and collision energy. With this caveat, we restrict to collisions at the Z pole,
Q = 91.2GeV and fix zcut = 0.1. We first compare the NLL distribution about the cusp
to the leading- and next-to-leading fixed order results on the left of figure 5. The leading-
order distribution was calculated analytically in ref. [19], and the next-to-leading order
distribution was calculated with EVENT2 [47] with the ρ � zcut � 1 limit subtracted.
For the resummed result, we present three distributions corresponding to canonical scale
choices as described earlier, and then distributions whose scale of the soft function is varied
up and down by a factor of 2 (lighter on the plot). The most striking difference between
fixed-order and resummed results is the location of the peak, with the resummed results
peaking at very large values of ρ. As αs increases, this cusp distribution moves right to
larger values of ρ and, for Q = 91.2GeV and zcut = 0.1, the canonical scale of the soft
function is barely perturbative. So, in these collisions, all-orders resummation of the cusp
is likely not relevant. However, as the collision energy increases, soft emissions that smear
the cusp become more and more perturbative, and so resummation may be important for
future e+e− colliders. We present plots of the resummation at the cusp in 1TeV e+e−

collisions in appendix D.
In the plot on the right of figure 5, we present the complete groomed heavy hemisphere

distribution calculated at various accuracies. On this plot, the leading- and next-to-leading
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Figure 5. Plots comparing the NLL resummation of the cusp region eq. (5.1) to other calculations.
Left: comparison of the cusp resummation to the cusp at leading- and next-to-leading fixed order.
The darker NLL distribution uses canonical scales, while the lighter curves to the left (right) vary
the scale of the soft function up (down) by a factor of 2. Right: comparison of the full groomed
heavy hemisphere mass distribution at fixed-order and matched to resummed results. Again, the
lighter curves correspond to variation of the soft scale in the NLL cusp resummation up or down
by a factor of 2.

order distributions are presented, as well as the NLL resummed distribution in the ρ �
zcut � 1 limit [8] matched to leading-order. Further, we also match this distribution with
our NLL resummation of the cusp region. For both of these matched distributions, we have
simply added the fixed-order and resummed results, and then subtracted their overlap. The
NLL resummation at the cusp only smoothes out the region around the cusp itself, and has
no effect on the distribution in the regime where ρ� zcut. As observed earlier, because of
the very low scale of the soft function, the cusp resummation pushes this region to much
larger values of ρ.

6 Conclusions

In this paper, we have established an all-orders factorization theorem for groomed observ-
ables in the region of phase space where the scale set by the groomer is comparable to
the scale set by the observable. We focused on validation of the factorization theorem as
describing strongly-ordered soft and collinear emissions off of the leading particles in the
jets produced in e+e− collisions. Phenomenologically, this resummation would likely only
be useful and necessary at future lepton colliders whose center-of-mass energies could far
exceed the Z pole. Nevertheless, the smearing and softening of the cusp at fixed-order by
all-order physics is clearly demonstrated, and we look forward to its application in a wide
range of groomed jet analyses.

One obvious point of extension of our factorization theorem is to account for more than
just one resolved emission that passes the jet groomer. As mentioned earlier, the form of
this cusp factorization theorem is similar to the resummation of non-global logarithms, in
which there is no explicit measurement performed that establishes the number of resolved
emissions. Thus, one needs to sum over all mutually-exclusive number of resolved emis-
sions and ensure that all degenerate limits are appropriately subtracted. For example, the
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schematic form of the cross section contribution to the cusp region from two resolved soft
emissions in one hemisphere would be
dσcusp, 2 emits

dρ
(6.1)

= 2H(Q2)
∑
1,2

∫
d~k1 d~k2 dρq dρ1 dρ2 dρs δ

(
ρ− 4k+

1 − 4k+
2 − ρq − ρ2 − ρ2 − ρs

)
ΘSD

× Hs(~k1, ~k2, zcut) Jq(ρq) J1(ρ1) J2(ρ2)Sqq̄12(ρs)
∫
dτc dτsc Θ(ρ− τc − τsc) Jq̄(τc)SC(τsc) .

Now, with two resolved emissions, 1 and 2, in the hemisphere, we need jet functions for
both of them and to sum over their possible flavors. The soft drop phase space constraints
ΘSD now are very complicated and all possible collinear limits of the two resolved emissions
must be explicitly subtracted. Additionally, the two resolved emissions could be in different
hemispheres, which adds further complications. Such a factorization theorem would first
contribute at O(α2

s) order and so would be a subleading contribution to resummation at
the cusp. Nevertheless, to push the resummation of the cusp region to higher precision
would require inclusion of contributions of this form.

A perhaps more relevant extension of our results here would be to jets produced at
hadron colliders; specifically, jets defined through an algorithm with a fixed jet radius R.
Much of the structure of our factorization theorem would simply transfer, but, as with any
analysis of jets in hadron collisions, the radiation outside of the jet is more challenging to
control and contain. Potentially event grooming along the lines of that proposed in ref. [51]
could help control out-of-jet radiation. Additionally, jets at hadron colliders typically have a
relatively small jet radius, like R ∼ 0.4, and to good approximation that could be assumed
to be parametrically smaller than 1. Understanding the cusp region of jet groomers at
hadron colliders may therefore require resummation of the observable, zcut, and the jet
radius R. Further, because jets in hadron collisions can be either quark or gluon flavored,
this introduces non-global contributions that affect the relative flavor fractions in the jet
sample [8]. While more scales potentially means a more complicated factorization theorem
or resummation structure, such an analysis could be directly compared to data that has
already been collected and further improve our theoretical understanding of jets.
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A Anomalous dimension calculations

To calculate these anomalous dimensions, we use dimensional regularization where d =
4− 2ε to render all phase space integrals finite and use modified minimal subtraction MS
to eliminate terms with Euler-Mascheroni constants.
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A.1 Hard function for resolved gluon emission

The tree-level “hard” function for soft, wide-angle emission is

H(0)
s (k+, k−) = αs

π
CF

1
k+k−

. (A.1)

At one-loop, its expression is [52, 53]

H(1)
s (k+, k−) = −αs

π
CF

1
k+k−

αsCA
4π

(
log2 µ2

k+k−Q2 −
5π2

6

)
. (A.2)

Because it starts at O(αs), its non-cusp anomalous dimension is proportional to the β-
function:

γ
(0)
Hs

= −αs2πβ0 . (A.3)

In addition to this virtual contribution to the anomalous dimension, with grooming it
is also possible to that a real emission is groomed away. In general, it might seem like we
would have to use a correlated emission matrix element to describe the system in which
one soft emission passes the groomer and one soft emission fails the groomer. However,
we restrict our accuracy to NLL, and the groomer forbids these two soft emissions from
being collinear to one another because if they were, they would just be clustered together
and pass the groomer. So, the only divergences that are possible from which one-loop
anomalous dimensions can be calculated are either when the emission that fails the groomer
is parametrically lower energy than that which passes, and/or when the emission that fails
is collinear to the anti-quark in the lighter hemisphere. In either of these cases, the matrix
element that describes such a configuration factorizes and is uncorrelated with the emission
that passes. For calculation beyond NLL, we would need the two-emission correlated matrix
element, as that would affect the low-scale constants in this hard function.

With this understanding, the contribution to the hard function with grooming from
the dipole ij is

Hij = −g2µ2εTi ·Tj

∫
ddk

(2π)d
ni ·nj

(ni · k)(nj · k) 2πδ(k2)Θ(k0) (A.4)

×
[
Θ(k−− k+)Θ(k ·ng − k0ng ·nq)Θ(k ·nq − k0ng ·nq)Θ

(
zcut

Q

2

[
2n · k
k0

]β/2
− k0

)

+ Θ(k+− k−) Θ
(
zcut

Q

2

[
2 n̄ · k
k0

]β/2
− k0

)]

= −αs
π
µ2εTi ·Tj

(4π)ε
π1/2Γ(1/2− ε)

∫ ∞
0

dk⊥ k
−1−2ε
⊥

∫ ∞
−∞

dη

∫ π

0
dφ sin−2ε φ

ni ·nj
(ni · k)(nj · k)

×

Θ(η)Θ
(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
)

Θ

zcut
Q

2

[
2 e−η

cosh η

]β/2
− k⊥ cosh η


+ Θ(−η) Θ

(
zcut

Q

2

[
2 eη

cosh η

]β/2
− k⊥ cosh η

) .
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Scaleless integrals have been explicitly removed. Also, in the matrix element, the factors
(ni · k)(nj · k) have already had their dimensions through k⊥ pulled out and made explicit
in the factor k−1−2ε

⊥ . The phase space constraints here describe a parametrically soft gluon
emitted off of the qq̄g final state that correspondingly fails the grooming algorithm and is
not clustered with the resolved gluon that passes the groomer.

The integral over k⊥ can therefore be done and one finds

Hij = αs
π

Ti ·Tj
1

π1/2Γ(1/2− ε)

(
µ

2βzcutQ

)2ε ∫ ∞
0

dη
e−2εη

2ε (1 + e2η)2ε+βε
∫ π

0
dφ sin−2ε φ

× ni · nj
(ni · k)(nj · k)

[
Θ
(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
)

+ 1
]
. (A.5)

For the color-matrix dot products, recall that for e+e− → qq̄g we have

Tq ·Tq̄ = CA
2 − CF , Tq ·Tg = −CA2 , Tq̄ ·Tg = −CA2 . (A.6)

A.1.1 CF color structure

The CF color channel hard function is

HCF = −2αs
π
CF

1
π1/2Γ(1/2− ε)

(
µ

2βzcutQ

)2ε ∫ ∞
0

dη
e−2εη

2ε (1 + e2η)2ε+βε
∫ π

0
dφ sin−2ε φ

×
[
Θ
(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
)

+ 1
]
. (A.7)

For the part of the integral with non-trivial phase space constraints, there is no collinear
divergence. Therefore, to evaluate the anomalous dimensions, we can everywhere set ε = 0
in the integrand, only maintaining the 1/(2ε) factor. That is, we have the integral

A (θ) ≡
∫ ∞

0
dη

∫ π

0
dφΘ

(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
)

(A.8)

=
(
π − cos−1

(
tan θ

2
tan θ

))
log

(
cot θ2

)
− cos−1

(
tan θ

2
tan θ

)
log tan θ

2

− 1
2 ImLi2

−e−2i cos−1

(
tan θ2
tan θ

)
+ Θ(tan θ − 1)

(1
2 ImLi2

(
−e−2i cos−1(cot θ)

)
+ cos−1 (cot θ) log tan θ

2

)
.

With the identification that

tan θ2 =

√
k+

k−
, tan θ = 2

√
k+k−

k− − k+ , (A.9)
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this integral can be equivalently expressed as

A

(
k+

k−

)
= 1

2

(
π − cos−1

(
k− − k+

2k−

))
log

(
k−

k+

)
− cos−1

(
k− − k+

2k−

)
log
√
k+k−

k− − k+

− 1
2 ImLi2

(
−e
−2i cos−1

(
k−−k+

2k−

))

+ Θ
(
2
√
k+k− − (k− − k+)

)
×
(

1
2 ImLi2

(
−e
−2i cos−1

(
k−−k+

2
√
k+k−

))
+ cos−1

(
k− − k+

2
√
k+k−

)
log
√
k+k−

k− − k+

)
.

(A.10)

The part of the hard function with trivial phase space constraints simply integrates to∫ ∞
0

dη
e−2εη

2ε (1 + e2η)2ε+βε
∫ π

0
dφ sin−2ε φ = − π

4(1 + β)ε2 −
π

ε

log 2
2(1 + β) . (A.11)

Then, the contribution to the hard function’s anomalous dimension from dropping soft,
wide-angle particles in the CF channel is

γ
(0)
HCF

= 2αsCF
π

 1
1 + β

log µ

2βzcutQ
−
A
(
k+

k−

)
π

 . (A.12)

A.1.2 CA color structure

The CA channel hard function is

HCA = −2αsCA
π

1
π1/2Γ(1/2− ε)

(
µ2

4βz2
cutQ

2

)ε ∫ ∞
0

dη
e−2εη

2ε (1 + e2η)2ε+βε
∫ π

0
dφ sin−2ε φ

(A.13)

×

cosφΘ (e−η − tan θ cosφ) Θ
(
cot θ2 − eη

)
eη tan θ

2 + e−η cot θ2 − 2 cosφ
+ cosφ
e−η tan θ

2 + eη cot θ2 − 2 cosφ

 .
We have written this expression so that the pseudorapidity lies in 0 ≤ η < ∞. The
two terms in the square brackets correspond to the matrix element times the phase space
constraints in the right and left hemispheres, respectively, which is why the sign of η in
those terms differs. By color conservation and phase space constraints, the explicit integrals
are completely finite, so we can set ε = 0 in all of the regulator terms. We then have

HCA = −αsCA
π2

1
ε

(
µ2

4βz2
cutQ

2

)ε ∫ ∞
0

dη

∫ π

0
dφ (A.14)

×

cosφΘ (e−η − tan θ cosφ) Θ
(
cot θ2 − eη

)
eη tan θ

2 + e−η cot θ2 − 2 cosφ
+ cosφ
e−η tan θ

2 + eη cot θ2 − 2 cosφ

 .
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Focusing first on the second term, with no phase space restrictions, we can just do this
integral and find∫ ∞

0
dη

∫ π

0
dφ

cosφ
e−η tan θ

2 + eη cot θ2 − 2 cosφ
= π

2 log
cos2 θ

2
cos θ . (A.15)

The first integral is much more challenging. With the change of variables z = e−η, it
can be written over a compact domain as

I(θ) ≡
∫ 1

0
dz

∫ π

0
dφ

cosφ
tan θ

2 + z2 cot θ2 − 2z cosφ
Θ (z − tan θ cosφ) Θ

(
z − tan θ2

)
. (A.16)

Note that

tan θ2 =

√
k+

k−
, tan θ = 2

√
k+k−

k− − k+ . (A.17)

This integral can also be expressed as

I

(
k+

k−

)
≡
∫ 1

0
dz

∫ π

0
dφ

cosφ√
k+

k− + z2
√

k−

k+ − 2z cosφ
Θ
(
z− 2

√
k+k−

k−− k+ cosφ
)

Θ

z−
√
k+

k−

 .

(A.18)

To very good approximation, we find that this integral can be expressed as:

I

(
k+

k−

)
' 0.160− 1.544k

+

k−
+ 0.332

√
1.142− 10.873k

+

k−
+ 27.192

(
k+

k−

)2
, (A.19)

which is the equation for a hyperbola. We will use this approximation in the evaluation of
the cross section.

The contribution to the hard function’s anomalous dimension from this color channel
is thus

γ
(0)
HCA

= −2αsCA
π

I
(
k+

k−

)
π

+ 1
2 log

cos2 θ
2

cos θ

 . (A.20)

A.2 Global soft function

Once the resolved gluon passes the groomer, all emissions that lie at smaller angle between
that gluon and the hard (anti-)quark in the hemisphere pass the groomer with no con-
straints. These emissions are described by a soft function and can be emitted off of any of
the dipoles in the final state. These emissions push the heavy hemisphere mass larger than
just the contribution from the resolved gluon and to isolate their contribution, we consider
the change in the mass:

∆m2 = 2pq · (p′g + ps − pg) . (A.21)

Here, pg is the gluon momentum without the additional soft emission and p′g is in the
presence of the additional soft emission. Because the soft drop algorithm employs Cam-
bridge/Aachen clustering, we define the four vector p′g in the following way. If the angle
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between the soft emission and the quark is less than to the gluon, we cluster the soft par-
ticle with the quark, and so we set p′g = pg. On the other hand, if the angle from the soft
particle to the gluon is less than the angle to the quark, we need p′g to recoil appropriately
in absorbing the soft emission.

To construct the observable in this second case, we set

pg = (Eg, 0, 0, Eg) , (A.22)

so that the quark momentum in this frame is

pq = Eq(1,− sin θg, 0,− cos θg) . (A.23)

The soft particle momentum is on-shell, but otherwise arbitrary:

ps = Es(1, sin θ cosφ, sin θ sinφ, cos θ) . (A.24)

Then, for the clustered momentum p′g + ps to point in the same direction as pg, we must
have that

p′g = (E′g,−Es sin θ cosφ,−Es sin θ sinφ,Eg − Es cos θ) . (A.25)

Demanding that p′g is on-shell then fixes its energy to be

E′g =
√
E2
g − 2EgEs cos θ + E2

s ' Eg − 2Es cos θ , (A.26)

where we have expanded to first-order in Es/Eg. Then, if the soft emission is closer to the
gluon than the quark, the effect on the hemisphere mass is

∆m2 → 2pq · (p′g + ps − pg) = 2EqEs(1− cos θsg) . (A.27)

That is, the effect of a soft emission on the hemisphere jet mass with Cambridge/Aachen
clustering is

ρs = ∆m2

E2
q

= Θ(θsg − θsq)
4Es(1− cos θsq)

Q
+ Θ(θsq − θsg)

4Es(1− cos θsg)
Q

. (A.28)

Here, θsq and θsg are the angles between the soft emission and the quark or resolved gluon
in the hemisphere, respectively.

A.2.1 Calculation

The contribution to the soft function Sqq̄g(ρs, τs) from the dipole ij is

Sij = −g2µ2εTi ·Tj

∫
ddk

(2π)d
ni ·nj

(ni · k)(nj · k) 2πδ(k2)Θ(k0)Θ(k−− k+) (A.29)

×
[
1−Θ(k ·ng − k0ng ·nq)Θ(k+− k0ng ·nq)

] [
Θ(ng · k− k+) δ

(
ρs−

4k+

Q

)
+ Θ(k+− k ·ng) δ

(
ρs−

4k ·ng
Q

)]
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= −αs
π
µ2εTi ·Tj

(4π)ε
π1/2Γ(1/2− ε)

∫ ∞
0

dk⊥ k
−1−2ε
⊥

∫ ∞
0

dη

∫ 2π

0
dφ sin−2ε φ

ni ·nj
(ni · k)(nj · k)

×
[
1−Θ

(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η

)]
×
[
Θ
(

sinh η− cot θg2 cosφ
)
δ

(
ρs−

4k⊥e−η
Q

)
+Θ

(
cot θg2 cosφ− sinh η

)
δ

(
ρs−

4k⊥e−η
Q

(
e2η sin2 θg

2 + cos2 θg
2 − e

η sin θg cosφ
))]

.

Scaleless integrals have been explicitly removed. In particular, because soft emissions that
are clustered in the groomed jet have no energy requirement on them, all integrals for
emissions that land outside the clustered region are scaleless. Also, in the matrix element,
the factors (ni · k)(nj · k) have already had their dimensions through k⊥ pulled out and
made explicit in the factor k−1−2ε

⊥ . The integral over k⊥ can therefore be done and one
finds

Sij = −αs
π

Ti ·Tj
1

π1/2Γ(1/2− ε)

(4µ
Q

)2ε
ρ−1−2ε
s

∫ ∞
0

dη e−2εη
∫ π

0
dφ sin−2ε φ

ni ·nj
(ni · k)(nj · k)

× Θ(η)
[
Θ
(
tan θ cosφ− e−η

)
+ Θ

(
e−η − tan θ cosφ

)
Θ
(
eη − cot θ2

)]
(A.30)

×
[
Θ
(

sinh η− cot θg2 cosφ
)

+Θ
(

cot θg2 cosφ− sinh η
) (

e2η sin2 θg
2 + cos2 θg

2 − e
η sin θg cosφ

)2ε]
.

A.2.2 CF color channel

The CF color channel soft function is

SCF = 2αs
π
CF

1
π1/2Γ(1/2− ε)

(4µ
Q

)2ε
ρ−1−2ε
s

∫ ∞
0

dη e−2εη
∫ π

0
dφ sin−2ε φ (A.31)

×
(

1−Θ
(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
))

×
[
Θ
(

sinh η − cot θg2 cosφ
)

+Θ
(

cot θg2 cosφ− sinh η
) (

e2η sin2 θg
2 + cos2 θg

2 − e
η sin θg cosφ

)2ε]
.

Naively, this expression for the soft function is extremely complicated, due to the non-
trivial phase space constraints from reclustering. However, in the CF color channel, there
is only a collinear singularity in the matrix element when η →∞, so for calculation of the
anomalous dimension, we can set ε = 0 for the term in the brackets. We will do this for
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which the soft function reduces to

SCF = 2αs
π
CF

1
π1/2Γ(1/2− ε)

(4µ
Q

)2ε
ρ−1−2ε
s

∫ ∞
0

dη e−2εη
∫ π

0
dφ sin−2ε φ (A.32)

×
(

1−Θ
(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
))

.

The non-trivial angular phase space constraints are exactly the same as that for the
hard function Hs. So, in that term, we can set ε = 0 and use the earlier result that∫ ∞

0
dη

∫ π

0
dφΘ

(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
)

(A.33)

=
(
π − cos−1

(
tan θ

2
tan θ

))
log

(
cot θ2

)
− cos−1

(
tan θ

2
tan θ

)
log tan θ

2

− 1
2 ImLi2

−e−2i cos−1

(
tan θ2
tan θ

)
+ Θ(tan θ − 1)

(1
2 ImLi2

(
−e−2i cos−1(cot θ)

)
+ cos−1 (cot θ) log tan θ

2

)
.

The term with no phase space constraints can easily be integrated and expanded in ε:∫ ∞
0

dη e−2εη
∫ π

0
dφ sin−2ε φ = π

2ε + π log 2 . (A.34)

Then, the CF channel contribution to the Laplace-space soft function’s anomalous
dimensions are

γ
(0)
SCF

= 2αsCF
π

− log 4ρ̃µ
Q

+
A
(
k+

k−

)
π

 . (A.35)

A.2.3 CA color channel

In the CA color channel, the emission matrix elements can be summed together to produce
the soft function

SCA = 2αs
π
CA

1
π1/2Γ(1/2− ε)

(
16µ2

Q2

)ε
ρ−1−2ε
s

∫ ∞
0

dη e−2εη
∫ π

0
dφ sin−2ε φ (A.36)

× cosφ
eη tan θ

2 + e−η cot θ2 − 2 cosφ

(
1−Θ

(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
))

×
[
Θ
(

sinh η − 2 cot θ2 cosφ
)

+Θ
(

2 cot θ2 cosφ− sinh η
) (

e2η sin2 θ

2 + cos2 θ

2 − e
η sin θ cosφ

)2ε]
.

Just as we did in the CF channel, this expression can be simplified for the purpose of
calculating anomalous dimensions. In the CA channel, there is only a collinear singularity
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when the soft emission becomes close to the gluon, so we can pull out the factor that is
raised to the ε power that regulates the gluon collinear divergence in brackets, and then
set ε = 0 in the brackets. The soft function then simplifies to

SCA = 2αs
π
CA

2−2ε

π1/2Γ(1/2− ε)

(
16µ2

Q2

)ε
ρ−1−2ε
s

∫ ∞
0

dη

∫ π

0
dφ sin−2ε φ sin2ε θg (A.37)

×
(

1−Θ
(
e−η − tan θ cosφ

)
Θ
(

cot θ2 − e
η
))

× cosφ
(
eη tan θg2 + e−η cot θg2 − 2 cosφ

)−1+2ε
.

The integral with non-trivial phase space constraints is completely finite, and so we
can set ε = 0 in that term for calculating the anomalous dimensions. The integral that
remains is simply the I

(
k+

k−

)
integral identified in the calculation of the hard function. For

the integral with no phase space constraints, we change variables to

x = cosφ (A.38)

so the integral becomes

sin2ε θ

∫ ∞
0

dη

∫ 1

−1
dx
(
1− x2

)− 1
2−ε x

(
eη tan θ2 + e−η cot θ2 − 2x

)−1+2ε
(A.39)

= sin2ε θ
2
√
πΓ
(

3
2 − ε

)
Γ(2− ε)

∫ ∞
tan θ

2

dy |1− y|−1+2ε (1 + y)−1+2ε y1−2ε
(
1 + y2

)−1

× 2F1

(
1
2 , 1, 2− ε,

4y2

(1 + y2)2

)
.

Now, we can separate this integral into two regions: y ∈
[
tan θ

2 , 1
]
and y ∈ [1,∞).

First, considering the interval y ∈ [1,∞), we make the change of variables

z = 1− 1
y
, (A.40)

so that we have the integral

sin2ε θ
2
√
πΓ
(

3
2 − ε

)
Γ(2− ε)

∫ 1

0
dz z−1+2ε (1− z)1−2ε (2− z)−1+2ε

(
1 + (1− z)2

)−1
(A.41)

× 2F1

(
1
2 , 1, 2− ε,

4(1− z)2

(1 + (1− z)2)2

)
.

Now, we use the +-function expansion for the first factor in the integrand:

z−1+2ε = 1
2εδ(z) +

(1
z

)
+

+ · · · . (A.42)

We then find that this integral evaluates to

[1,∞) = π

4ε + π

2 log(2 sin θ) . (A.43)
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Now, we can tackle the other region. We change variables to

z = 1− y
1− tan θ

2
, (A.44)

so that we have the integral

2
√
πΓ
(

3
2 − ε

)
Γ(2− ε)

(
1− tan θ2

)2ε
sin2ε θ

∫ 1

0
dz z−1+2ε

(
2−

(
1− tan θ2

)
z

)−1+2ε
(A.45)

×

(
1−

(
1− tan θ

2

)
z
)1−2ε

1 +
(
1−

(
1− tan θ

2

)
z
)2 2F1

1
2 , 1, 2− ε;

4
(
1−

(
1− tan θ

2

)
z
)2

(
1 +

(
1−

(
1− tan θ

2

)
z
)2
)2

 .

Doing the standard +-function expansion, we then find that this integral is[
tan θ2 , 1

]
= π

4ε + π

2 log(2 sin θ) + π

2 log
(

1− tan2 θ

2

)
. (A.46)

Putting it all together, we find that∫ ∞
0

dη e−2εη
∫ π

0
dφ sin−2ε φ

cosφ
eη tan θ

2 + e−η cot θ2 − 2 cosφ
= π

2ε + π

2 log (8 cos θ(1− cos θ)) .

(A.47)

With this result, the CA channel contribution to the soft function anomalous dimension
is then

γSCA = 2αsCA
π

− log 4ρ̃µ
Q
− 1

2 log (1− cos θ) cos θ
2 +

I
(
k+

k−

)
π

 . (A.48)

A.3 Resolved gluon jet function

To leading-order, the resolved gluon that passes the groomer is massless, and its contri-
bution to the hemisphere mass comes exclusively from its energy and relative angle to the
hard quark. At higher-orders, the resolved gluon acquires a mass due to its own collinear
splitting, and this will affect the hemisphere mass. The contribution to the hemisphere jet
mass from a collinear splitting of the soft gluon can be calculated as follows. We first say
that the gluon splits into two collinear particles, 1 and 2. In the exactly collinear limit,
these two particles’ momenta just sum to the momentum of the gluon, pg, so the new
contribution to the hemisphere jet mass comes from their non-trivial splitting angle. To
leading power in the energy of the soft gluon, the new contribution to the hemisphere mass
from the collinear splitting is

ρ = ∆m2

E2
J

≡ 2n · (p1 + p2 − pg)
EJ

, (A.49)

where pg is the momentum of the gluon, 1 and 2 are its splitting products, and n is the light-
like direction of the hard quark. In the collinear limit, we assume that the daughter particles
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1 and 2 conserve the gluons’ three-momentum; that is, collinear splittings do not affect the
jet direction. Further, the splitting products have a uniform azimuthal distribution about
the gluon direction, so we can put their momentum in whatever direction is convenient.
We therefore express the momenta as

pg = (Eg, 0, 0, Eg) , (A.50)
p1 = (E1, px, 0, zEg) , (A.51)
p2 = (E2,−px, 0, (1− z)Eg) . (A.52)

Here, z is the fraction of the gluon’s z-momentum that particle 1 takes away. In this frame,
note that the vector n is

n = (1,− sin θg, 0,− cos θg) . (A.53)

To lowest order in the splitting angle θ, transverse momentum px is just

px = z(1− z)Egθ . (A.54)

So, to put particles 1 and 2 on-shell, we must have that

E1 =
√
z2E2

g + z2(1− z)2E2
gθ

2 ' zEg + z(1− z)2θ2

2 Eg , (A.55)

E2 =
√

(1− z)2E2
g + z2(1− z)2E2

gθ
2 ' (1− z)Eg + z2(1− z)θ2

2 Eg . (A.56)

Then, the difference of energies before and after the splitting is

E1 + E2 − Eg '
z(1− z)θ2

2 Eg . (A.57)

It then follows that the contribution to the hemisphere mass is

ρ = Eg
EJ

z(1− z)θ2 . (A.58)

The standard jet function mass expression is just ρ = z(1−z)θ2, so all one needs to do
to calculate this jet function is make a change of argument to the logarithms that accounts
for the small value of the gluon energy fraction. In dimensionless light-cone coordinates,
we express the energy of the gluon as

Eg = (k− + k+)EJ = k− + k+

2 Q . (A.59)

Then, the new contribution to the hemisphere mass with light-cone coordinates is

ρ = (k− + k+)z(1− z)θ2 . (A.60)

With the rescaling of both the expression for the jet mass ρ and of the jet energy Eg, the
one-loop Laplace-space soft gluon jet function is then

J̃g(ν) = 1 + αs
2π

[
CA log2 4µ2ν

(k+ + k−)Q2 + β0
2 log 4µ2ν

(k+ + k−)Q2 +CA

(
67
18 −

π2

3

)
− 10

9 nfTR
]
.

(A.61)
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B Summary of anomalous dimensions

Here we summarize the one-loop anomalous dimensions of the functions in the factorization
theorem of the soft drop grooming cusp. The anomalous dimensions are presented in
Laplace space, with ρ̃ and τ̃ the Laplace-conjugates of the heavy and light hemisphere
masses, respectively. Further, we restrict to soft drop with β = 0 or the modified mass
drop tagger groomer for simplicity, but the general results for the one-loop functions with
arbitrary β are presented elsewhere in this paper.

γH = −2αsCF
π

(
log µ2

Q2 + 3
2

)
, (B.1)

γJL = 2αsCF
π

(
log 4τ̃µ2

Q2 + 3
4

)
, (B.2)

γSC = −2αsCF
π

log 4τ̃µ2

zcutQ2 , (B.3)

γJH = 2αsCF
π

(
log 4ρ̃µ2

Q2 + 3
4

)
, (B.4)

γJg = 2αs
π

(
CA log 4ρ̃µ2

(k+ + k−)Q2 + β0
4

)
, (B.5)

γHs = −2αs
π

CA
2 log µ2

k+k−Q2 + β0
4 − CF log µ

zcutQ
+ CF

A
(
k+

k−

)
π

+ CA
I
(
k+

k−

)
π

(B.6)

+ CA
2 log k−

k− − k+

 ,

γS = 2αs
π

−(CF + CA) log 4ρ̃µ
Q
− CA

2 log k
+(k− − k+)
(k+ + k−)2 + CF

A
(
k+

k−

)
π

+ CA
I
(
k+

k−

)
π

 .

(B.7)

The integrals A
(
k+

k−

)
and I

(
k+

k−

)
are defined in eq. (A.10) and eq. (A.19), respectively.

These anomalous dimensions sum to 0, demonstrating consistency of the factorization.

B.1 Anomalous dimensions with boundary factorization

For generic momenta of the resolved gluon, where k+ ∼ k−, the anomalous dimensions
presented above do indeed describe the cusp region of the groomed mass distribution.
However, this also includes the region in which k− − k+ � k−, when the resolved gluon
approaches the hemisphere boundary. In this limit, the collinear emissions off of the gluon
may leak into the other hemisphere. Measurement constraints are imposed on emissions
in each hemisphere, either corresponding to the heavy hemisphere mass or failing the
grooming constraint, and if there is a hierarchy between these scales that can lead to large
logarithms that must be resummed. In particular, the resolved gluon’s hard function Hs
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and the soft function S each have logarithms of the angle of the resolved gluon to the
hemisphere boundary. When k− − k+ � k−, these logarithms in the non-cusp anomalous
dimensions themselves become large, and the functions must be refactorized to properly
account for them.

This particular refactorization in this limit is exactly identical to the “dressed gluon
approximation” presented in ref. [35]. The anomalous dimensions for emissions in and out
of the heavy hemisphere when the resolved gluon is near the boundary are, respectively,

γin = −αsCA
π

log k
− − k+

k−
, (B.8)

γout = αsCA
π

log k
− − k+

k−
. (B.9)

Because these anomalous dimensions arise from the soft function S or the resolved gluon’s
hard function Hs, their corresponding scales are set by these functions. The new anomalous
dimensions of Hs and S with this refactorization are

γHs = −2αs
π

CA
2 log µ2

k+k−Q2 + β0
4 − CF log µ

zcutQ
+ CF

A
(
k+

k−

)
π

+ CA
I
(
k+

k−

)
π

 ,

(B.10)

γS = 2αs
π

−(CF + CA) log 4ρ̃µ
Q
− CA

2 log k+k−

(k+ + k−)2 + CF
A
(
k+

k−

)
π

+ CA
I
(
k+

k−

)
π

 .

(B.11)

These anomalous dimensions are then finite and well-defined for the entire phase space
where k+ ∼ k−.

The in- and out-of-hemisphere anomalous dimensions can be used to solve the corre-
sponding renormalization group evolution equations at NLL accuracy. We have:

Sin(µ) =
(

1− k+

k−

) 2CA
β0

log αs(µ)
αs(µS)

, (B.12)

Sout(µ) =
(

1− k+

k−

)− 2CA
β0

log αs(µ)
αs(µHs )

, (B.13)

where µ is the arbitrary renormalization scale and µS and µHs are the scales for the
appropriate functions. Their product is independent of the renormalization scale µ, and
therefore is just a multiplicative factor to the cross section:

Sin(µ)Sout(µ) =
(

1− k+

k−

) 2CA
β0

log
αs(µHs )
αs(µS)

. (B.14)

When included in the calculation of the cross section, this term will only contribute if it
is raised to a positive exponent, corresponding to a suppression factor. Thus, inclusion of
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this boundary term in the cross section takes the form:

Boundary Factor = Θ(µHs − µS) + Θ(µS − µHs)
(

1− k+

k−

) 2CA
β0

log
αs(µHs )
αs(µS)

. (B.15)

That is, if µS > µHs , a soft emission in the phase space region selected by the groomer would
itself pass the groomer, which would be problematic for the hemisphere with no resolved
emissions. Such configurations should therefore be suppressed. By contrast, if µS < µHs
then a soft emission in the groomed phase space region would not have passed the groomer
on its own, which then does not affect the hemisphere with no resolved emissions. It is this
factor in eq. (B.15) that we include in the expression for NLL resummation of the cusp
region of the groomer.

C Fixed-coupling expressions for cusp resummation

To account for the freezing of αs below 1GeV, we can expand the K and ω functions in
the limit that β(αS) → 0. Freezing the coupling at the scale µ0, we first substitute the
standard 1-loop expression for the running coupling,

αs(µ) = αs(µ0)
1 + αs(µ0)

2π β0 log µ
µ0

, (C.1)

and then take β0 → 0 in the end. At NLL order, the K function from eq. (5.2) becomes

K(µ, µ0) = αs
4π

[
Ci

(
Γ0 + Γ1

αs
4π

)
log2 µ

µ0
+ γ0 log µ

µ0

]
, (C.2)

while the ω function from eq. (5.3) becomes

ω(µ, µ0) = Ci
αs
4π

[
Γ0 + αs

4πΓ1

]
log µ

µ0
. (C.3)

D The cusp for 1 TeV collisions

In this appendix, we present plots of the NLL distribution of the cusp, eq. (5.1), for e+e−

collisions at 1TeV. The differential cross section at the cusp is shown in figure 6, compared
to the leading-order and next-to-leading order distribution about the cusp (i.e., with the
limit ρ � zcut � 1 subtracted). The lighter curves on the plot represent the variation
of the scale of the soft function in the factorization theorem. Now, at higher energies,
scale variation mostly just affects the normalization of the cusp, and has little effect on its
location. Additionally, the location of the cusp in the NLL distribution is much closer to
the cusp at fixed order than in the distributions at the Z pole, but, importantly, is still
shifted a bit to the right, toward values of ρ above the location of the cusp at leading
order, ρcusp = 2zcut.
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Figure 6. Comparison of the NLL cusp resummation to the cusp at leading- and next-to-leading
fixed order in e+e− collisions at 1TeV. The darker NLL distribution uses canonical scales, while
the lighter curves below (above) vary the scale of the soft function up (down) by a factor of 2.
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