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ABSTRACT: It was recently shown that multi-point conformal blocks in higher dimensional
conformal field theory can be considered as joint eigenfunctions for a system of commuting
differential operators. The latter arise as Hamiltonians of a Gaudin integrable system. In
this work we address the reduced fourth order differential operators that measure the choice
of 3-point tensor structures for all vertices of 3- and 4-dimensional comb channel conformal
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vertex operators as Hamiltonians of a crystallographic elliptic Calogero-Moser-Sutherland
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tensor fields. The results thereby also apply to comb channel vertices of 5- and 6-point
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1 Introduction

The N-point function of a fundamental field in a conformal field theory contains a tremendous
amount of dynamical information about the theory, more than any finite set of 4-point
functions could ever capture. Unfortunately, this information is difficult to extract, as is well
known from the study of 4-point functions. In general, the extraction is based on conformal
partial wave expansions wherein the constant coefficients are products of the dynamical
data that characterizes all operator products. For N = 4, the relevant partial waves (or
conformal blocks) are by now well understood through the work of Dolan and Osborn and
others, see in particular [1-14] and many references therein. For N > 4, similar powerful
results on conformal blocks do not yet exist, though there is some significant recent activity
in this area, see for example [15-28].

In [29] we initiated a novel, integrability based approach to multi-point conformal blocks.
It extends an idea that was advanced initially by Dolan and Osborn, namely to characterize
conformal blocks through a set of differential equations they satisfy. For 4-point blocks, these
differential equations are eigenvalue equations for the set of commuting Casimir differential
operators that measure the conformal weight and spin of the intermediate field. For a
higher number N of insertion points, the operators that measure the quantum numbers
of the N — 3 intermediate fields are still mutually commuting, but they do not suffice
to characterize the associated blocks. In fact, as one can easily see, the number of such
Casimir-like differential operators is strictly smaller than the number of cross ratios as soon
as N > 4 and the dimension d > 2. The challenge to complete the Casimir-like operators
into a full set of commuting differential operator was solved in [29, 30]. In these papers
we explained how to obtain the missing differential operators by taking limits of an N-site
Gaudin integrable system [31-33].

Let us note that the set of Casimir differential operators is defined by the choice of
the so-called OPE channel. We have displayed two such channels for the case of a scalar
6-point function in figure 1. The latter are referred to as comb and snowflake channel,
respectively. For d > 3, the comb channel admits 7 independent Casimir operators, while
the snowflake channel gives rise to 6. The different number is related to the fact that in the
snowflake channel all the three intermediate fields are Symmetric Traceless Tensors (STTs)
while in the comb channel one of the intermediate fields is a more general tensor. In both
cases, the number of independent Casimir operators is strictly smaller than the number
ne(N =6,d > 4) =9 of cross ratios, so the Casimir operators need to be supplemented by
two or three additional commuting operators. These can be constructed from the Gaudin
integrable model through a limit that is adapted to the OPE channel under consideration,
see [30] for details.

The relation between higher-dimensional conformal blocks and integrability first surfaced
in [34]. In that work it was pointed out that the Casimir operators which Dolan and Osborn
used to characterize and construct scalar 4-point blocks could be reinterpreted as eigenvalue
equations for the Hamiltonians of an integrable 2-particle hyperbolic Calogero-Moser-
Sutherland (CMS) model associated with the root system BC5. Later this observation was
derived more conceptually from the very definition of these blocks within the framework of
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Figure 1. OPE diagrams in the comb channel (left) and snowflake channel (right) for 6-point
correlators.

harmonic analysis on the conformal group, see [35-37]. Combining these previous results on
the relation between 4-point scalar conformal blocks and CMS integrable models with the
more recent insight on the relation with Gaudin integrable models implies that one can obtain
the BC5 hyperbolic CMS model through a reduction from a special case of the 4-site Gaudin
integrable model, a fact that has not been appreciated even among experts until recently.

The work we are about to describe extends this relation between Gaudin and CMS
integrable models to several 3-site Gaudin integrable models. More specifically, we consider
a 3-site Gaudin model for the conformal group. The 3-site model contains no non-trivial
parameters, except for the choice of representation at each puncture. Here we will consider
the Hamiltonian reduction of the full Gaudin model by the action of the conformal group
and we will select the representations at the punctures such that the reduced model has a
2-dimensional phase space. Our main claim is that for all choices of punctures for which
this is the case, the reduced model is an elliptic CMS model, namely the lemniscatic model
that was discovered in [38]. Translated back into the context of conformal field theory, this
implies that the conformal blocks for 3-point functions of spinning fields can be regarded as
wave functions of the lemniscatic CMS model. The statement holds whenever the spins are
chosen such that the 3-point function is characterized by a single cross ratio. This is the
case, for example, for 3-point functions of a scalar and two STTs in d > 3, as well as two
other cases to be described below.

The vertex operator we study in this work may be considered as one of the most
important new elements that our approach needs in order to analyze and eventually
construct multi-point comb channel blocks in 3 and 4D. Such blocks are joint eigenfunctions
of N — 4 mutually commuting operators of fourth order. In a full N-point function, they
act on all cross ratios. But upon taking OPE limits and reducing the N-point function
to any one of the N — 4 non-trivial vertices, one does recover the operator we study, i.e.
the lemniscatic CMS model. There is another way to think about this operator that was
advocated in [29]. Conformal blocks can be constructed through shadow integrals. Their
integrands require to pick the quantum numbers of the intermediate fields as well as some
tensor structure at each of the non-trivial vertices. There are many ways to select a basis
of such 3-point tensor structures. But for generic choices the resulting integral cannot
be characterized as a common eigenfunction of a complete set of commuting differential



operators. There is only one prescription that guarantees such a remarkable feature of the
integral, namely to work with a basis whose elements are eigenfunctions of the lemniscatic
CMS model. Therefore, solving the eigenvalue problem for this Hamiltonian, or rather
N — 4 copies thereof, determines a distinguished set of integrands for the shadow integrals
of comb channel blocks in 3D and 4D. Once this special choice is adopted, we can control
the corresponding integrals through the powerful methods of integrable systems, just like in
the case of 4-point blocks. The reduction from both OPE limits and shadow integrals are
explained in more detail in subsection 4.2. They highlight the key role that is played by the
lemniscatic CMS model in developing a theory of multi-point blocks, at least in the comb
channel of 3- and 4-dimensional conformal field theories.

Before we end this introduction, let us briefly outline the content of this paper. In the
next section we provide a more technical review of our previous work along with a detailed
summary of results. Section 3 is devoted to a construction of spinning 3-point functions in
the embedding space formalism. Such embedding space constructions go back to the 1970s,
see e.g. [39]. While they have been extended in recent years, in particular to go beyond
STTs [40-42], our treatment of tensor structures in 4-dimensional theories appears to be
new. For the readers’ convenience we have included a detailed comparison with the more
conventional twistor constructions in appendix A. With a universal treatment of 3-point
structures at hand, we can work out the fourth order vertex operators for all vertices that
admit a single cross ratio in one go, see section 4. Our results cover the vertex for one
scalar and two STT fields in d > 3 that was already announced in our letter [29], along with
two other types of vertices. For the example of the STT-STT-scalar vertex, we also explain
the precise relation between the (reduced) single variable vertex operators and the vertex
differential operators in multi-point functions constructed in [30], both through shadow
integrals and OPE limits. In section 4, it will take about two pages to spell out all the
coefficients of the vertex differential operator. A drastic simplification is then achieved
in section 5, where we rewrite the vertex operator as an element of some appropriate
deformation of a generalized Weyl algebra [43] associated with a Kleinian singularity [44-46].
This algebra depends on the dimension d and the spins of the fields, but not on their
conformal weights. The latter only enter the expression for the vertex operator. A crucial
step in this discussion is to realize that the 1-dimensional vertex systems come equipped with
a scalar product that happens to coincide with the scalar product that makes Gegenbauer
polynomials orthogonal. To make this paper somewhat self-contained, we include a detailed
derivation of the scalar product in appendix B. Section 6 then contains the map of the
vertex operators to Hamiltonians of the lemniscatic CMS model. The paper concludes with
a discussion and overview of subsequent steps, along with a list of open problems.

2 Review and summary of results

The purpose of this section is to provide a technical review of our earlier papers [29, 30].
Once equipped with the relevant notations background, we will then be able to spell out the
main new results of this paper. We proceed in three steps. In the first subsection we review
the counting of cross ratios for scalar correlation functions in general, and for spinning vertex



systems in particular cases. Next we sketch a group theoretic interpretation of the cross
ratios for the spinning vertex system. This will provide the link to the Gaudin integrable
model and the construction of vertex operators which we outline in the third subsection.

2.1 Cross ratios and single parameter vertices

In order to count cross ratios and identify those spinning vertex systems that possess one
single cross ratio we need a bit of notation. Given an OPE channel C(])VPE for some scalar
N-point function in d-dimensional conformal field theory, we enumerate internal lines by
Latin indices r = 1, ..., N — 3 and vertices by Greek indices p = 1,..., N — 2. External legs
are enumerated by ¢ = 1,..., N. OPE diagrams are (plane) trees and hence by cutting any
internal line with label r we separate the diagram into two disconnected pieces. Therefore,
any choice r of an internal line defines a partition of the external fields into two disjoint sets,

M:{l,...,N}:L«JUL«’Q. (21)
Similarly, any vertex p gives rise to a partition of N into three disjoint sets
MZIPJUIP,QUI,;;. (22)

The number of degrees of freedom a single vertex contributes depends on the spin of the three
fields involved, i.e. whether they are scalars, symmetric traceless tensors etc. While scalars
possess no vector indices, STTs carry a single set of such indices that are totally symmetric.
In dimensions higher than d = 3, one can have more complicated tensor fields that contain
several groups of symmetrized indices. We shall refer to the number of such groups as the
(spin) depth L of the tensor.! The depth of the intermediate fields grows with the number
of operator products that are required to construct them from scalars. More precisely, with
the notation introduced above, the depth of a link r in an OPE diagram is given by

L (Cpg, d) = L(L1,d), where L(I,d) = min(|I|, N — |I|, ranky) — 1. (2.3)

Here, rank, denotes the rank of the d-dimensional conformal algebra, i.e. the dimension of
its Cartan subalgebra. Let us now look at a particular vertex p in an OPE diagram in a d-
dimensional conformal field theory. We call the ordered set (L, 1, Ly 2, L, 3) of depths L, ;. of
the three adjacent legs with L,1 > L,2 > L, 3 the type of the vertex. This type determines
the number of degrees of freedom that are associated with p according to the formula

3 3
Nodop (COpr d) = nes (Z Loy +3, d) S Lop(Lpp+ 1) (2.4)
k=1 k=1

Here, ne, (M, d) counts the total number of independent cross ratios of a scalar M-point
function in d dimensions,
TM(M —3) M<d+2

ner(M,d) = ) . (2.5)
Md—5(d+2)(d+1) M>d+2

!Throughout this work we shall simply refer to L as the depth, not as the spin depth. In [29] we had
already defined the concept of depth 0 as 9 = L + 1. The spin depth we use here is the same concept, but
measured with respect to the SO(d) subgroup of the conformal group. In the following discussion, using L
rather than 9 often avoids shifts by one unit in formulas.
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(a) STT-STT-scalar (b) MST2-STT-scalar (¢) MST2-MST;-scalar

Figure 2. Vertices with an associated one-dimensional space of tensor structures. Single-lined legs
are scalars; double or triple lines correspond respectively to STT and MST5 representations. For the
type III vertex in figure 2c, the space is two-dimensional and reduces to one dimension only in d = 4.

As is well known, vertices p with two scalar legs do not contribute any degree of freedom,
i.e. Nygop =0 for L,1 =0 = L,2. Vertices for which none of the legs are scalar are easily
seen to have at least two degrees of freedom. Hence, vertices that possess a single degree
of freedom must necessarily have one scalar leg. Namely

I:(1,1,0) ford>3
(Lp,la Lp72,Lp,3) = 11 : (2, 1, 0) for d Z 4 . (26)
III: (2,2,0) ford=4

Let us note that in d > 4 the vertex of type III possesses two degrees of freedom. The
reduction to a single degree of freedom in d = 4 is exceptional. In standard terms, type
I vertices involve one scalar and two STTs, type II occur for one scalar, one STT and one
Mixed-Symmetry Tensor (MST) of depth L = 2 while type III contain one scalar and two
MSTs of depth L = 2. These three different types, depicted in figure 2, exhaust all those
vertices that can appear in the comb channel of scalar N-point functions in d =3 and d = 4
dimensions. By definition, all vertices in the comb channel have at least one external leg
which is scalar, i.e. has L = 0. Let us also note that for 5-point functions in any d the only
non-trivial vertex is of type I, which is included in our list. Similarly, for 6-point functions
in the comb channel one only needs vertices of type II. In this sense, the theory we are
about to describe addresses some of the vertices that are most relevant for applications.

The construction of the single conformal invariant X' that describes the vertices in our
list (2.6) from the coordinates and polarizations of the three individual fields, as well as the
parameterization of 3-point functions of the three types in terms of this cross ratio, will be
reviewed in the next section 3, see eqs. (3.17), (3.18) and (3.22). The precise embedding
of individual (single variable) vertex systems into a multi-point function is illustrated in
subsection 4.2 for the example of the type I vertex system and its relation with the vertex
in a scalar 5-point function.

2.2 Group theoretic reformulation of the vertex system

The main goal of our work is to characterize the three different types of vertices listed
in eq. (2.6) through some differential equation of fourth order. As we reviewed in the
introduction, scalar N-point blocks can be characterized as joint eigenfunctions of ne (N, d)



commuting Gaudin Hamiltonians. In an appropriate limit of parameters of the Gaudin
model, the Hamiltonians were shown to include all the Dolan-Osborn Casimir operators
that measure the weight and spin of intermediate fields. The embedding of these operators
into an N-site Gaudin model guarantees that the Casimir operators can be complemented
into a full set commuting differential operators, one for each cross ratio, and it provides
explicit expressions for the additional differential operators which can be associated with
the vertices of the OPE diagram and are thereby referred to as vertex differential operators.
The Gaudin model allows us to prepare the individual vertex systems, see [30]. In the
context of the present work, this is most easily described for the vertex of type III. The
4-dimensional conformal group G' = SO(1,5) possesses 15 generators. It has a number of
interesting subgroups. In our discussion, two of them play a particular role. The first one is
the parabolic subgroup P = (SO(1,1) x SO(4)) x R* that is generated by dilations, rotations
and special conformal transformations. The quotient G/P admits a transitive action of
translations and is therefore 4-dimensional. The representations that are associated with
scalar fields, i.e. representations of depth L = 0, can be realized on the sections of line
bundles over G/P. Another closely related realization of this representation is obtained on
the space of holomorphic sections in a bundle over the complexification G¢/FPc. It is the
latter version we shall adopt here. The second subgroup we need is the 9-dimensional Borel
subgroup Bc C Ge. In this case, the quotient G¢/Bc is a flag manifold and we can realize
any representation (of depth L = 2) on a space of holomorphic sections in a line bundle
over it. Given a vertex of type I, it is now natural to assign the following coset space,

M(2,2,0;d =4) = (Gc/Be x Ge/Bc x Ge/Pe) /Ge - (2.7)

Here, the complexified conformal group G¢ in the denominator acts diagonally from the left
on the three factors in the numerator. Note that the numerator has dimension 6+6+4 = 16.
So, once we divide by the 15-dimensional conformal group we end up with a 1-dimensional
quotient space. The coordinate X of this space is the unique degree of freedom that the vertex
of type III contributes. A triple product of coset spaces, such as the one in equation (2.7),
may be regarded as the configuration space of a 3-site Gaudin integrable system.

To treat other vertices we introduce the following family of subgroups Py, L =
0,...,ranky —1, of the complexified d-dimensional conformal group Gc,

Pyr =87 (8577 (- 84720 (8{72P(80c(d — 2L))) -+ ) ) € G = SOc(1,d +1).
(2.8)
Here, SQ(M) (H) C SO¢(M + 2) denotes a subgroup that is defined for any positive integer
M and any subgroup H C SO¢(M) as

(M)

Sy (H) = (SOc(2) x H) x CM € SO¢(M + 2)

where the carrier space C of the fundamental representation of H C SO¢ (M) is extended
to a representation of SO¢(2) x H by requiring that the elements of CM carry one unit of
50(2) charge. This also ensures that SéM)(H ) becomes a subgroup of SO¢(M + 2). We use
a very similar construction to build

S\ (H) = (SOc(1,1) x H) x €1



for any subgroup H C SOc(d). With Py, fully defined we note that the first member P
of this family is the parabolic subgroup P, = Pc while the last one with L = rank; —1
coincides with the Borel subgroup Py ank, —1 = Bc. One can thus realize the representation
of the conformal group that is associated to a tensor field of depth L on a line bundle over
the quotient G¢/ Py . The choice of the line bundle is determined by the weight and spin
of the field. With this notation, we can now define

M(Ll,LQ,Lg;d) = (G(c/PdJJ1 X Gc/Pde X G(C/Pd,Lg)/G(C . (2.9)

Is is easy to see that the dimension of this space coincides with the number of independent
conformal invariants that can be constructed from the insertion points and polarizations of
three fields of depth Ly, i.e.

3 3
dim(c (M(Ll,LQ, Lg; d)) = Ner (Z Lk + 3,d> - Z Lk(Lk + 1) . (2.10)
k=1 k=1

The space M is the configuration space of the integrable Gaudin model on the 3-punctured
sphere with punctures of depth L.

2.3 From Gaudin Hamiltonians to lemniscatic CMS models

The Gaudin Hamiltonians [31-33] provide a complete set of commuting higher order
differential operators on M. The construction of these operators has been reviewed
in [29, 30]. Here we shall content ourselves with a very brief review of the vertex system, see
section 2 of [30]. A key ingredient in the construction of the Gaudin model is its so-called
Lax matrix, whose components in the basis T'“ of the conformal Lie algebra are defined as

3 (k)

Lo(w) =)

k=1

—— (2.11)
where w is an auxiliary complex variable called the spectral parameter and we can fix the
three complex parameters wy to be w; = 0, wy = 1 and w3 = oo. The symbols ’B(k) denote
the first order differential operators that describe the action of the conformal algebra on
the three spinning primaries at the vertex or, equivalently, on the flag manifolds G'c/Py 1,
we introduced above. We have placed a superscript p on the Lax matrix to emphasize that
this is the matrix corresponding to the vertex p.

For any elementary symmetric invariant tensor x, of degree p on the conformal Lie
algebra, there is a corresponding w-dependent Gaudin Hamiltonian [31-33]. Here we choose
kp such that the Hamiltonian takes the form

Hﬁ,p)(w) = str (Egl(w) . ~£gp(z)> +..., (2.12)
where ... represent quantum corrections, involving a smaller number of components of the

Lax matrix. The construction involves a symmetrized trace prescription in some appropriate
representation, see [30] for details. The analysis in subsection 2.3 of [30] shows that for the
vertex systems in our list (2.6) there is only one such independent Hamiltonian and it is of



order p = 4. Indeed we have argued there that the lower order operators are trivial while
the higher order ones can be rewritten in terms of lower order operators. A non-trivial
operator can be extracted from the family (2.12) with p =4 as

D, = D)}y = str (T(l)T SUatys (3>) : (2.13)

For the single variable vertices listed in (2.6) the Gaudin model provides the single differential
operator of order four which depend on the conformal weights and spins of the three fields.
We will work it out explicitly for all three cases, see section 4. Our results extend the
formulas given in our earlier announcement [29] by including also the vertices of type II and
IIT which we had not calculated before. The results are a bit cumbersome to spell out at first.

In section 5 we will massage the answer and thereby pass to a much more compact alge-
braic formulation where we construct the Hamiltonian from the generators of a deformation
of some generalized Weyl algebra. The commutation relations of its three generators A, Af
and N depend on the spins of the fields, see egs. (5.17)—(5.20). In the limit of d = 3 this
algebra is actually well known in the literature on quiver varieties where it appears as a
generalized Weyl algebra or deformed/quantized Kleinian singularity of affine type As. Our
deformation to d # 3 can be seen to possess finite dimensional representations whenever the
spin quantum numbers are integers, and the dimension of these representations coincides
with the number of 3-point tensor structures. Once the algebra generated by A, AT and N is
introduced, the expression for the Hamiltonian can be stated in a single line, see eq. (5.22).
Obviously, this Hamiltonian does depend on the choice of conformal weights, unlike the
algebra it is a part of. In some sense, the formulas of section 5 provide the most compact
formulation of our vertex operators and we believe that similar formulations are likely to
exist for higher dimensional vertex systems. Nevertheless, for the main focus of the current
paper, the material of section 5 may be considered supplementary.

Section 6 contains the main new result of this paper: there we show that the vertex
operators for all three vertex systems listed in eq. (2.6) can be mapped to a CMS Hamiltonian,
namely the Hamiltonian for a crystallographic elliptic model that was originally discovered
by Etingof, Felder, Ma and Veselov about a decade ago, see [38]. This lemniscatic CMS
Hamiltonian is spelled out in equation (6.16). It is a fourth-order differential operator
in a single variable z. The relation between the cross ratio X of the vertex system and
the new elliptic variable z is stated in eq. (6.30). The map involves Weierstrass’ elliptic
function p(z). The lemniscatic Hamiltonian contains three non-trivial coefficient functions
gp(z) which are defined in eqgs. (6.17)-(6.19). These coefficient functions depend on 12
multiplicities m;, with i =1,...,4, and v = 0,1, 2, subject to the five constraints given
in eq. (6.9), such that there are only seven remaining independent parameters. These
determine the coupling constants in the coefficient functions g,(z) through eq. (6.36) and
egs. (6.20)—(6.22). For each of the three single variable vertex systems we determine the
parameters m; , in equations (6.36) and (6.37)—(6.44) (type I, II; for type II one sets ¢5 = 0)
and (6.48)—(6.55) (type III). We note that in cases I and II, the vertex Hamiltonians do
not exhaust the entire seven parameter family of lemniscatic models. In fact, for these two
cases the multiplicities satisfy the additional constraint (6.47) that reduces the number
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Figure 3. Young diagram associated with the representation labeled by integers Iy > 1o > --- > [,
where [, represents the length of the v-th row of the diagram.

of independent parameters to six. Only for vertices of type III are the parameters of the
lemniscatic model unrestricted.

3 Three-point functions in embedding space

In our explicit construction of cross ratios and the calculation of the differential operators
we employ the embedding space formalism. Our presentation follows mostly [40], which has
advocated the usefulness of this formalism in the context of spinning correlators, though
restricted to STTs. More recently, this analysis was extended to mixed symmetry tensors,
see [41, 42]. The first subsection briefly reviews the construction of irreducible representations
of the conformal group in embedding space, including spinning representations of arbitrary
depth L. In the remaining two subsections we discuss the structure of 3-point functions for
the three cases listed in eq. (2.6). Vertices of type I and IT which exist for all sufficiently
high dimensions, are treated together in the second subsection. The case of type III which
is restricted to d = 4 dimensions requires special treatment in the third subsection. Our
construction of tensor structures and cross ratios for this case seems to be new even though
the construction of 3-point tensor structures has a long history, see e.g. [47, 48]. The use of
embedding space formalism and polarization variables gives rise to an elegant reformulation
that allows us to construct 3-point correlators easily, up to a function ¢ of conformal invariant
variables [29] that is not determined by conformal symmetry.

3.1 Tensor representations in embedding space

Tensor fields in d-dimensional CFT are irreducible representations of the so(1,d + 1) algebra
labeled by an so(1, 1) weight A, the conformal dimension, and an ordered set of s0(d) weights
l1 > lo > --- > 11, which we refer to as the spins of the representation. Focusing on bosonic
representations, we associate representations of so(d) with Young diagrams, where the
integers [, represent the length of the v-th row of the diagram as in figure 3.

More explicitly, these representations correspond to traceless tensors whose indices can
be grouped following the rows of the Young diagram, thereby making the symmetry of
permuting indices within those groups manifest

Fﬁ,...,lL(x)E F(agn (1)>m<a(L) (L))(x) . (3.1)

...all 1 ...alL



Note that one could equivalently focus, instead, on the columns of the Young diagram and
therefore make the antisymmetries of such indices manifest, as detailed in [41].

We denote a Mixed-Symmetry Tensor like (3.1) with L > 2 groups of symmetric indices
as MST, while for the single spin case L = 1 we use the standard terminology of Symmetric
Traceless Tensor (STT). For the computation of the vertex differential operators and their
map to elliptic CMS models we need only to consider the STT and MST5 cases. Finally, with
this notation, it is important to note that tensors of the form (3.1) do not form irreducible
representations when the dimension is even and the depth is maximal, i.e. d = 2L. The first
non-trivial case, d = 2L = 4 and [y = lo = 1, corresponds to a field strength F,; = —Fp,
with dual field strength xF := %eabch cd The latter are known to decompose into two
irreducible representations of SO(4): the self-dual part, xF' = F', and the anti-self-dual part,
xF = —F. The duality map  that distinguishes irreducible representations at L = d/2
can be generalized to any spins l1,...,[, and we will explain below how we project to the
irreducible self-dual and anti-self-dual subrepresentations in our formalism.

The main purpose of this subsection is to re-express the rather conventional description of
tensor fields and the associated representations in a way that simplifies explicit computations
and makes results more compact. This is achieved using the so-called embedding space
formalism and a generalized index-free notation using polarization variables.

The embedding space formalism realizes points on R? with a non-linear action of the
conformal group in terms of projective null rays that live in a (d+ 2)-dimensional Minkowski
space and admit a linear action of SO(1,d + 1). Given any field of conformal weight A, one
can use this relation to define the uplift

FP(z) - FP(X), {X erb X2 =0}, (3.2)

to a function on light-like vectors that is homogeneous of degree —A with respect to
rescalings of X,
FP(AX) = \2FP(X). (3.3)

For fields with spin, all physical space indices a get promoted to embedding space indices A.

The tensor (3.1) in physical space can be recovered from the tensor in embedding space by

contracting each index with a copy of the Jacobian %ﬁ: . In order to transform irreducibly

under the action of the conformal group, the uplifted fields possess a number of additional
properties. In particular, they are required to be transverse with respect to any index of
the tensor in embedding space,

)
XA A (X)=0, (3:4)
(Af)...Al(i)) A (AgL)mAz(i))

and traceless with respect to any pair of indices

A('M)A(,V> A
nt A FASU...A(-”)...A(.”),“AZ(L)(X) —0. 55
k3 7 L

Here, the capital letters A are vector indices in embedding space and (n4p) is the (d +
2)-dimensional Minkowski metric. The embedding space formalism relates conformal
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transformations of d-dimensional space to Lorentz transformations of the embedding space
coordinates,

Tap = XAOXLB - XB@XLA : (3.6)
When transforming tensor fields one needs to add additional terms that act on the tensor
indices. Instead of detailing these terms, however, we now want to explain how to get
rid of all the tensor indices. The idea is to encode the tensor components of the field as
coefficients of some polynomial in several variables. This has been known for a long time,
at least for STTs, see e.g. [39, 49]. The extension to more general mixed-symmetry tensors
of depth L > 1 comes in two variants, one that encodes the antisymmetrization between
different rows of a Young diagram with fermionic coordinates, see [41], and another that
instead encodes the symmetrization between different columns of a Young diagram with
bosonic coordinates, see [42]. Here we shall adopt the bosonic approach and introduce one

C%*+2 for every spin quantum number [, of the MST;

auxiliary polarization vector Z, €
these polarization vectors are contracted with the MST to form a polynomial in all of the

polarizations

A A AM A§1> AL A;L)
‘F‘ll,...,lL (X721’”.’ZL):F(Agl)_nAgl))“'(AﬁL)mAl(L))(X) (le Zl 1 ZLl ZL L .
1 L
(3.7)
The properties of tracelessness and transversality of the tensor F ( Agu)}(X ) are translated
into the conditions Z
X*=X-2,=2,-2Z,=0 (3.8)

for the coordinates. In addition, these new objects obey the following multiple homogeneity
condition for a field of conformal weight A and with spin labels ,,

FiyQoX AN Zu}) = AgBAT - NEFR (X, {Z,}). (3.9)

This extends the condition (3.3) and rephrases that fields with spin [, have a polynomial
dependence on Z,, with homogeneous degree [,,. Finally, the dependence on the polarizations
respects the following set of gauge invariance conditions

Fg, (X, {Zl, +BuoX + Y ﬁwzu}) =Fp (X, {Z}),  VYBueC.  (3.10)

p<v

In this formulation, the generators act on fields as derivations that include terms involving
polarizations next to the spacetime part (3.6),

75— (Ao B). (3.11)

0
Tag = XAaXiB + Z Zya
Before we conclude this brief presentation of embedding space for tensor fields, we want to
add a couple of comments. First, note that functions in the variables X, Z, can be assigned
a multi-degree that has L 4+ 1 components, one for the variable X and then one for each of
the L polarizations Z,. The assignment is such that a field F' with weight A and spins [,
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has degree [—A,l,...,lr]. This degree is measured by the independent rescalings of the
variables that we have introduced.

At this point, we have rephrased the concept of a tensor field of weight A and spin
[, in terms of functions F' of the variables (X, Z,) subject to the conditions (3.8). These
functions must satisfy the homogeneity conditions (3.9), as well as the gauge invariance
conditions (3.10). These two conditions ensure that the differential operators (3.11) give
rise to an irreducible representation of the conformal algebra. From now on, we will think
of tensor fields in terms of functions F(X, Z,). Let us note in passing that the homogeneity
conditions (3.9) can be continued to non-integer values of [,,.

It is also important to notice how the gauge invariance conditions (3.10) constrain the
way in which the variables Z, can appear in expressions that involve the field F ;1. In fact,
the only gauge invariant tensors that can be formed from (X, Z,) are linear combinations
or contractions of the wedge products (see also [42, eq. 27]):

v
oV =xa, Y 4. = (X AA ZM> : (3.12)
p=1 Ay Ay

Let us point out that the projective light ray contains d degrees of freedom. After imposing
transversality X - Z; = 0 and the gauge invariance (3.10), there remain d — 2 degrees of
freedom in the polarization Z;. Similarly, Z contains d — 4 degrees of freedom, etc. This
implies that the variable Zj, for tensor fields of maximal depth L = rank; —1 = d/2 in even
dimensions has no continuous physical degrees of freedom. In the reduction from embedding
space variables to gauge-invariant tensors, all C(©, ... CL=1 are fixed by X, ..., Z5_1,
while C(1) = ¢E=1 A Z; . Up to gauge equivalence, this implies that Span(Z) is fixed to
be one of two unique null directions in the complex plane orthogonal to Span(X, ..., Z_1).
To distinguish these two null directions, we can use the fact that C") is a (L + 1)-form in
C2(L+1) given by the wedge product of L + 1 mutually orthogonal null vectors, and must
therefore be either self-dual or anti-self-dual with respect to the Hodge star,

(L) 1 L)Apio.. A _ L ~(D)
*C A Ay T (711 T 1)!€A1..‘A2L+2C'( )AL 42 2042 — 44 CA1...AL+1' (3‘13)
The above condition separates the space of gauge equivalence classes of (X, Z1,...,2)

into two distinct SO(1,d + 1) orbits: the self-dual and the anti-self-dual one, according
to the eigenvalue in (3.13). Contracting a tensor with null vectors in the (anti-)self-
dual orbit projects said tensor to its (anti-)self-dual part, such that the restriction of
Flﬁ...,lL (X, Z1,...,7Z1) to one of these orbits defines an irreducible representation of so(1,d+
1). In subsection 3.3, we find a concrete parameterization of the two orbits for d =4 in a
gauge given by two iterated Poincaré patches. To our knowledge, this is the first time that
such irreducible representations are constructed directly in d = 4 embedding space.

All of these remarks on degrees of freedom match nicely with the construction of flag
manifolds that was outlined in the previous section. In particular, we see that physical
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degrees of freedom that reside in X, Z1, ..., Z, encode positions on the quotients?

SO(1,d+1)/(SO(1,1) x SO(d)) x RY,  SOc¢(d +2—2v)/(SO¢(2) x SOc¢(d — 2v)) x C=2¥

(3.14)
for v = 1,..., L, respectively, that appear as part of the flag manifold G¢/Py 1 (see
appendix B.3). The degrees we introduced above correspond to the transformation behavior
of the quotients under the action of SO(1,1) and the L subgroups SO¢(2) that split off
when we construct Py r..

3.2 Spinning 3-point functions in embedding space

We are now interested in those 3-point functions for which conformal symmetry leaves one
free parameter, i.e. the three configurations of spinning fields listed in eq. (2.6). These
correspond to the vertices for STT-STT-scalar in d > 3, MST9-STT-scalar in d > 4, and
MST9-MSTs-scalar in d = 4, respectively. In the section 4 we will actually address the
computation of the vertex operators for these three cases through a single computation
by passing through the 3-point function for MST>-MSTs-scalar in d > 4. From there, we
can then descend to the three cases we are interested in. As one can easily see, the vertex
of type (2,2,0) in d > 4 comes with two cross ratios and carries seven quantum numbers:
three conformal weights and four spin labels. In order to descend to the three types in the
list (2.6), we need to specialize the quantum numbers and restrict to a single cross ratio,
see below.
To simplify notation and avoid multiple indices, we will rename our variables from here
on as
ZEZl, WEZQ, lEll, EEZQ, (315)

and use Latin indices 7,7,k = 1,2,3 to run over the three points. For instance, the first
field ¢, 1,00 (X1, Z1,W1) has spins I3 > ¢; > 0 and depends on the coordinate X; and the
two polarization vectors Z; and Wy, and similarly for the fields ¢a, 1, ¢, (X2, Z2, W2) and
Pas (X3).

The first task now is to find which non-vanishing independent tensor structures can
be constructed from the gauge invariant quantities (3.12). This means building a set
of conformal invariants from the position variables X; and the polarizations Z;, W; that
generate functions of any degree in all of the seven variables, along with the two cross ratios.
The latter are conformal invariants of vanishing degree. To begin with, we have the scalar
products of position vectors

X12:X1-X2, X23:X2-X3, X31 :X3-X1. (316)

2The real form of SO(d + 2) corresponding to the Euclidean conformal group allows us to remove the
complexification for the first quotient, i.e. one can work with real X. This is because the parabolic subgroups
Py,1, admit a real form where the translation, special conformal and dilation generators are all real. On
the other hand, SOr(d) N Py, = SOr(d — 2L), so we cannot relate representations of SOgr(d) with reality
conditions on the Z,. The remaining quotients are associated instead with the complex polarizations Z,,
and the tensor fields are constrained to depend on them holomorphically. This can be understood as a
concrete realization of the Borel-Weil theorem for unitary representations of SOg(d).
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If we denote the multi-degree of a MSTo-MSTa-scalar vertex by [—Aq,l1,01;—Ag,lo,lo; —As],
these scalar products have degree degX12=1[1,0,0;1,0,0;0] etc. Next, it is customary to
introduce the following contractions of the two-forms with two position vectors

X3-(X1/\Z1)-X2

Xl-(XQ/\ZQ)-Xg
Xo3 ’ '

Vi=Vige= Xay

Vo=Vo13=

(3.17)

The two objects V; and V5 have degree degV; =[1,1,0;0,0,0;0] and degV> =10,0,0;1,1,0;0].
Another simple tensor structure is given by the contractions of the two-forms

1

H12:§<X1/\Zl)-(X2/\Z2). (318)
It has degree deg H12 =1[1,1,0;1,1,0;0]. The tensor structures we have introduced so far
do not depend on the polarizations W;, in contrast to the remaining three variables that
we will introduce now. These include the following contractions of a three-form with a

two-form and a vector,

1 1
Uiz = §(X1A21AWl)ABC(X2A22)ABX?,C, Uiz = §(X2/\ZQAW2)ABC(X1/\Zl)ABXgC7
(3.19)
and, finally, the contraction of the two three-forms
1
K12:g(Xl/\Zl/\Wl)'(XQ/\ZQ/\WQ). (320)
In the notation of [42], these MST, tensor structures correspond to Ujj, = Tfﬁ: and

K;; :Tm?g. The degrees of these three tensor structures are degUja3=[1,1,1;1,1,0;1],
degUs13=1[1,1,0;1,1,1;1] and deg K12 =11,1,1;1,1,1;0]. This concludes our list of building
blocks of tensor structures for the MSTo-MSTs-scalar vertex in d >4. For the reader’s
convenience we listed the tensor structures and their degrees in table 1.

As one can easily count, we have written nine independent tensor structures, the degrees
of which span the entire 7-dimensional space of multi-degrees. Since we know that the
MSTy-MSTs-scalar vertex admits two cross ratios, the tensor structures we introduced

indeed suffice to decompose the 3-point function in the following way

B103(Xi3 Zi, Wi) o= (Do (X1, 21, W1)Pg to (X2, Zo, Wa)da, (X)) = QY5208 (X, V)

(3.21)
where QlAl,llﬁ;l:?; is a prefactor that takes care of all homogeneity conditions (3.9), i.e. it is
a product of powers of tensor structures that matches the degree of the correlation function
on the left hand side. The function t(X,)) is a conformal invariant that depends on two
variables of vanishing degree,

Y Hyo _ X13X23V1Va K2
vy’ X19U123U213

(3.22)
Of course, the prefactor €2 is not uniquely fixed by the homogeneity condition simply because

it is possible to form objects of vanishing degree from the nine tensor structures. The
remaining freedom can be fixed by choosing not to employ Hi2 and Kjo in the construction
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of 2. This leaves us with a unique prefactor satisfying all of the required homogeneities in
(Xi7 Zi7 W’L)7

1 —b1 Aoy rlo—01—bo 7741 L2
A1,A2,A3 Vi Vs U123U213 (3 23)
lil2sla,le ™ A1+A9—Agtly+lo—b1—Cy  Ao+Az—Aj—lj+lo+li+ly  A3+A) Ao+l —lo+l1+Ly :
2 X p) X 2
12 23 31

After one has fixed 2, the remaining freedom in the 3-point function is normally taken
into account by expanding in a discrete set of 3-point tensor structures with vanishing
multi-degree. These are then combined with OPE coefficients to make up the full correlator.
The standard tensor structures, once homogenized, represent a basis for the space of t(X,)),
but this basis is of course not unique. As we have recalled in the introduction, it is one of
the key observations in [29] that a distinguished basis arises naturally from the study of
higher-point conformal blocks, as eigenfunctions of our new vertex differential operators.

Now that we have parametrized the MST9-MSTs-scalar vertex in terms of the function
t(X,Y) of two cross ratios, we need to explain how to descend to the three types of vertices
we are interested in. We will postpone the reduction to type III to subsection 3.3, and we
will address here types I and II that are the simplest to discuss. In these two cases, the
variable W2 does not appear because the spinning field ¢a, ;, ¢, is in an STT representation.
Therefore, we only have seven tensor structures whose degrees span a 6-dimensional space
of degrees. Consequently, there can be only one non-trivial cross ratio which is X. Since it
is impossible to construct the cross ratio ), the function ¢(X,)) cannot depend on it, and
therefore reduces to t(X).

Going to type I does not impose any further constraint on the remaining variable X.
Indeed, without a variable W7 it is not possible to construct the tensor structure Ujs3 so
that we remain with six tensor structures whose degrees span a 5-dimensional space of
degrees. The construction of X is not affected.

The upshot of all this discussion is very simple: for vertices of type I and II in our
list (2.6) the 3-point function assumes the form spelled out in eq. (3.21), but with a function
t that depends only on X and not on )Y,

(Dar01,0 (X1, 21, W) DA 1o t5=0(X2, Z2)dp, (X3)) = Qﬁh’ﬁé@ig (X), (3.24)

where the prefactor 2 is given in eq. (3.23) and for vertices of type I one imposes ¢; = 0.
Before we conclude this section, we want to carry our discussion of the function #(X)
one step further. So far we have not enforced spin labels to be integers so that our general
form (3.24) still applies to 3-point functions of objects with continuous spin. Now we would
like to explore the additional conditions that arise from the restriction to spins with integer
values. We already saw in subsection 3.1 that MSTs depend polynomially on the auxiliary
variables Z;. This rather basic fact constrains ¢(X) to live in a finite-dimensional space,
as one can infer from the definition (3.22) of the cross ratio X'. The tensor structures V;
that appear in its denominator each contain factors of Z;. Therefore, the highest power
of V; from the denominators of ¢(X) must not exceed the power of V; that appears in
the numerator of the prefactor (3.23) in order to ensure polynomial dependence on the Z
variables. This provides an upper bound on the exponent M of XM in a series expansion
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A1 Ay —Asg 1 Iy t1 4
Hyo 1 1 0 1 1 0 0
Kio 1 1 0 1 1 1 1
\%1 1 0 0 1 0 0 O
Vo 0 1 0 O 1 0 0
Upaz | 1 1 1 1 1 1 0
Usis 1 1 1 1 1 0 1

Table 1. Degrees of tensor structures of the MSTs-MSTs-scalar 3-point function in d > 4.

of t(X). Negative powers of X are not possible either, as these would produce the tensor
structure Hio in the denominator, which itself contains both Z; and Z5 but cannot be
compensated by the prefactor Q that does not contain His. In conclusion, ¢(X’) must be a
polynomial of order up to n, = min(ly — ¢1,lo — ¢1) if n; > 0, and it must vanish if n; < 0.
The set of all allowed functions #(X’) therefore spans an (n; + 1)-dimensional space of tensor
structures. For type III vertices, we will be able to write 3-point functions in the same form
as (3.24) with ¢5 # 0. However, this last discussion on the polynomiality of ¢(X) and the
space of tensor structures will be substantially different.

There is a slight twist to this story that is relevant for the STT-STT-scalar vertex in
d = 3. Note that all the tensor structures we have introduced so far are even under parity.
So all of the 3-point tensor structures that they generate are also parity even. But for the
type I vertex in d = 3, it is also possible to construct a parity-odd tensor structure given by

O¥) = eapcpp X XEXS 2P ZE (3.25)

Its degree in the 5-dimensional space of degrees for type I vertices is deg O123 = [1,1;1,1;1].
The square of this parity-odd tensor structure must be parity-even, and it can be expressed
in terms of tensor structures constructed above as

3)\ 2 X13Xo3
(O§2)3) o (11— X)X‘GQVQQTH :

(3.26)
We infer from this equation that parity-odd 3-point tensor structures contain factors of

(1 — X)X, generalizing the polynomial space of t(X) to also include these half-integer
powers. A similar analysis can be done for the type II vertex in d = 4. However one finds
no extension of the space of polynomials; we will describe this in the following subsection.

3.3 Embedding space construction in d = 4 dimensions

We now address the restriction of the 3-point function (3.21) to d = 4, thereby describing
vertices of type III. In going from d > 4 to d = 4, the number of independent cross-ratios
reduces from two to just one. One may think of this reduction in terms of a constraint that
is imposed on the variable ). The simplest way to understand the need of a reduction in
cross-ratio space is by observing that the embedding space for a theory in d = 4 dimensions

~16 —



is 6-dimensional, while the MST5-MSTs-scalar 3-point function described in the previous
subsection depends on seven vectors (X1, Z1, Wi, Xa, Z2, Wa, X3). Seven vectors in a six-
dimensional space must be linearly dependent, which is equivalent to the vanishing of the
determinant of their Gram matrix (matrix of scalar products). For the case at hand, the
Gram determinant is easily computed in terms of our tensor structures, and the vanishing
condition becomes

X1o UszUpas VAH(-1+ X))+ Y _
X13Xo3 ViVa X

0, (3.27)

with two solutions in cross-ratio space: Y = 0 and ) = 1/(1 — X). To understand the
reason why two different solutions appear and what each one means, we first need to explain
in more detail some properties of the embedding space representation of mixed-symmetry
tensors in d = 4.

As we already anticipated at the end of section 3.1, the representations labeled by
Young diagrams that we considered so far are reducible in even dimensions when L = d/2,
and further decompose into irreducible self-dual and anti-self-dual representations. To see
this more concretely, let us write out the X and Z vectors in the following Poincaré patches,

X = (l,xz,x“) ,

Z = (0, 2x - Z,Zu) 2 = (17 _C-‘rc—aC-‘r?C—) )

(3.28)

where we use three pairs of coordinates (X4 1, X_1, X492, X9, X3, X_3) in which metric
given by ds? = —dX,1dX_1 + dX,2dX_o + dX,3dX_3. The variable W has been
introduced to parameterize the space of solutions to X - W = Z - W = W? = 0, quotiented
by the gauge and projective equivalence W ~ AW + aZ 4+ 3X. These conditions allow for
two independent solutions in a six-dimensional embedding space, namely

W =(0,2z - w,wH) wh = (0,—-(4+,0,1) or (3.29)

W =(02z -ww") w'=(0-C_1,0). (3.30)

It is easy to check that (X AZAW)=XANZAW,and (X AZAW)=-XANZAW. As
a result, W and W define two distinct orbits of the conformal group in embedding space,
and the restriction to the W or W orbit projects a spinning representation to its self-dual or
anti-self-dual part. To make the choice of orbit and duality explicit, we now slightly modify
the homogeneity conditions of (3.9): we redefine W and W to have opposite homogeneity
degree, such that £ > 0 denotes self-dual representations encoded by polynomials of order |¢|
in W, and ¢ < 0 denotes anti-self-dual representations encoded by polynomials of order |¢| in
W. To motivate this prescription, recall that the double cover of the Lorentzian conformal
group SO(2,4) by SU(2,2) defines a map from C* twistor fields to R** embedding space
fields. In the twistor formalism, it is customary to label representations by the positive
integers (7,7) that respectively count the number of indices transforming in the chiral
and anti-chiral representation of the SL¢(2) Lorentz subgroup.® Using the explicit map
from gauge invariant embedding space tensors to twistor space variables constructed in

3More specifically the double cover of the Lorentz subgroup SO(1,3) C SO(2,4).
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appendix A, our prescription to label self-dual and anti-self-dual representations is then
equivalent to the identification

l:w’ g:u, (3.31)

which is standard in the CFTy literature.

With the introduction of these two vectors W and W, the space of tensor structures
that one can construct changes dramatically. To see this, we begin by evaluating our
expression for the tensor structure K with W;, respectively W;, i = 1,2, taken from the
same Poincaré patch (3.29), respectively (3.30),

Kio = % (Xl/\Zl/\Wl)- (XQ/\ZQ/\WQ) =0= % (X1 VA /\Wl) . (XQ/\ZQ/\WQ) ZKiQ.
(3.32)
On the right hand side, we introduced the notation that barred indices 7 in tensors correspond
to occurrences of the variable W;, as opposed to W;. The vanishing of the tensor structures
K12 and Kys in d = 4 forces us to introduce new non-vanishing structures.*
It turns out that it is possible to construct two non-vanishing tensor structures by

mixing the self-dual and anti-self-dual Poincaré patches in the expression of Ko,

klﬁ = \/‘;‘ (Xl /\Zl/\Wl) . <X2/\ZQ/\W2) , km = \/; <X1/\Z1/\W1> '(XQ/\ZQ/\WQ) .
' ' (3.33)
We introduced square roots because it turns out that the arguments are perfect squares.
Therefore, even with inclusion of the square roots in the definition, k;5 and ki, are both
polynomials in the d-dimensional variables x;, z;. These two structures satisfy the following
relation

Let us also spell out the degrees of the two new tensor structures,

11111 1 11 1111
deghys = | ==, =12, =, —=; deghiy = | =, =, —=1=, =, =;0]. .
eg 12 2727272727 2707 eg 12 2727 272727270 (335)

In conclusion, we have now replaced the two tensor structures K19 and Hio of the previous

subsection by the two tensor structures k;5 and kiy. Furthermore, one can show that the
objects U;j3 can be decomposed into

Uiz = Uk3, U213 = Ukqy, (3.36)

with a new tensor structure U defined as

O = /X4 (X1 A 21 AWA) ae (Xa A Zo AW)PCP Xy (3.37)

The degree of U is given by

111111
O=|= = == = =:1| . :
deg 272727272a27 (338)

“If for no other reason than to write the 2-point function of fields with £ # 0.

~ 18 —



—AL Ay A5 Ll 4 0

kiz | 172 1/2 /2 1/2 1/2 —1/2
kip | 1/2 1/2 1/2 1/2 —-1/2 1/2
ool 12 1/2 1/2 1/2 1/2  1/2
5|12 1)2 1/2 1/2 —-1/2 —1/2

_ = O O

Table 2. Degrees of additional tensor structures of the MST5-MSTs-scalar 3-point function in d = 4.

The tensor structure U uses only W;. Of course, it is also possible to construct a similar
tensor structure U in terms of Wi as

0= \/XA (XA ZiATW) (XA 2o A WQ)BCD X5p (3.39)
3 ABC ’
with 11 111 1
degD = |-, 2 — =12 =, —= 4
egU |:2727 272727 27 :| (3 O)
In direct analogy with eq. (3.36) we also find that
Utgs = Ok, Usiz = Ok (3.41)

At this point we have nine basic tensor structures at our disposal, namely ki, k13,0 and
U in addition to X192, X3, X13, V1 and Va. Their degrees certainly span the 7-dimensional
space and in addition, we can construct the unique cross ratio X as

k1oky3
X = 2%. (3.42)

Finally, the nine fundamental tensor structures that we introduced satisfy one relation,
(X23V1)(X13V2) = XlgUU + 2k15k12X13X23 . (343)

For the reader’s convenience we listed these additional tensor structures and their degrees
in table 2.

Having introduced this new set of tensor structures for vertices of type III, we immedi-
ately see that the two solutions to the vanishing of the Gram determinant (3.27) in d =4
arise very naturally when trying to construct a second Y-like cross ratio. First, note that
the cross ratio ) introduced in eq. (3.22) vanishes when ¢; and /5 have the same sign,

_ X13Xa3V1Va Ky

Y, = 0= X13Xo3V1 Vo Kq5

X12U123U213 X12Ui93U313

=y, (3.44)

because of the property (3.32). On the other hand, when the fields have opposite duality,

one can only construct a cross ratio with the help of the non-vanishing tensor structures

k1o or ky3,

X13XosViVak?, 1 Xi13XosViVok?,
X12UtgsUns  1—X  X12Ui23Usg

Vo, = =V . (3.45)
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To compare with eq. (3.44), note that Kis = k?,. In evaluating the expressions for J_
and YV, _, we have used the relation (3.43) before inserting the definition (3.42) of the cross
ratio X'. In this sense, the second zero of the Gram determinant can be associated with
3-point functions in which the spins ¢; of the MSTs have opposite sign.

Keeping in mind that we are also allowed to have negative values of the spin ¢; in d = 4,
we can now write a generic 3-point function as in equation (3.24), but with the prefactor {2

given by
Li—[li|=e2|y la—[l1]|—[C2| 7 71| 7rll2]
A1,A2,A3 Vi Vs U5123U5213
ly,l2381 .02 — A1 +Ag—Agtiy o6 [ |lo]  Ag+Ag—Ay—ly+io+[l|+[la]  Az+A;—Ag+ly—lo+|4[+[lo]
3 2 3

12 X23 X31
(3.46)

instead of (3.23). In spelling out the new prefactor that is defined for arbitrary integer
values of ¢;, we have introduced the notation
sl = (3.47)
7 Ez <0
Note that, despite the presence of absolute values in (3.46), representations with any sign
of ¢; are allowed, as the possible presence of W; takes full care of negative homogeneity
degrees. Formula (3.46) is the main result of this subsection.

As in the previous subsection, we can use our expression for the 3-point function to
count the number of tensor structures when we impose spins to acquire integer values. In
order to do so, we need to expand (3.46) in terms of the tensor structures specific to d = 4,
in a form that depends specifically on the duality of the two MSTs involved. To distinguish
between those cases, we introduce the notation €25, ,,, where o; = 4+, — depending whether
the field 7 is in a self-dual or anti-self-dual representation respectively. Those prefactors
satisfy the relations Oy, = Q__ and Q,_ = Q__, where the bar operation exchanges
W; <+ W; for both i = 1,2; we can therefore focus on only the Q. and €, _ cases, as the
results in these cases can easily be translated to the other two cases.

In analyzing the first case, involving Q4 4, we can express the prefactor in terms of U,
k5 and ki, leading to the 3-point function

N Y PRI VAP A PN
14 v, @ Kok

HX) .

Q++t(X) - B1+Bo—Ag+ly+lg—|l1|=[la]  Ao+Az3—Aj—li+lo+|l1|+[la]  Az+A1—Ao+ly—lo+|g|+[lo]
2 2 2

X12 X23 X31 (3 48)

By requiring polynomial dependence on the variables Z;, W;, W; in this expression, it is
easy to see that ¢(X) must contain integer powers of the cross ratio (3.42), with exponents
that are bounded from above by the minimum exponent of the V; in the prefactor, and
bounded from below by the minimum exponent of the k;;. As a result, the function ¢(X)
must take the form

HX) =D cn ™, (3.49)
n
with the sum over exponents restricted by the inequalities

— min(|41], [€2]) < n < min(ly,l2) — [41] — [f2]. (3.50)
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In cases where ¢1 and ¢ have opposite sign, e.g. £1 > 0, {2 < 0 and the prefactor 4 _ is
used, the discussion is a bit different. Here we can use the relation (3.43) to eliminate one
of the tensor structures U or O from the prefactor and write the 3-point function as

I1—|e1|—|¢ lo—|l1]|—|€ —mi ==|€2|—min(|¢1],|¢2]) ; |£1|+]|¢ in(|01],¢
v €1 ]—| 2\‘/22 e =1E2lg5ler |—min(|e] |2 T k|121| €2] (ViVa — 2k1§k12)m1n(\ A

Aj+Ag—AgtlyFlg—|4|—[la]  Ag+Az—Aj—l+lo+[l|+]a]  Az+Aj—Ag+ly—lo+|y|+|42]
2 2 2

HX).

X min 81‘7‘62‘)
X X X 12 (‘
12 23 31 (X]';XQ’;)

In order to analyze the resulting constraints on the function ¢(X’), we shall think of ¢ as a

function of

ViVa

Requiring polynomial dependence on the polarization vectors, t is constrained to contain

1—Xx = (3.51)

integer powers of (1 — ) that are bounded from above by the minimum power of the V; as in
the previous case, and are bounded from below by the power of the factor (Vi V2 — 2k;5k15).
This can be written concretely as

HX) =D (1—x)", (3.52)

with the same constraint on the sum over exponents n that was spelled out in eq. (3.50).
Thus, in both cases, we have determined that the space of tensor structures ¢(X) has
dimension

min(ll, l2) — max(!€1|, MQD +1, (353)

which matches exactly the expected number from the representation theory of the conformal
group.

For the computation of the vertex operator in section 4, it will prove useful to spell out
an explicit relation between the prefactors €244 and Q4 _,

e =
[€2]——|€2]

(2((12—

—|ez]
X)) Qs (3.54)

In other words, the prefactor for one self-dual and one anti-self-dual field is related to the
one for two self-dual MSTs through a simple function of the cross ratio X, plus a change of
sign for the homogeneity of the field for which we are changing duality. This equation will
allow us to relate the vertex operator computed in one case to the other one, see eq. (4.6).

We now address the tensor structures that can be constructed with the use of a six-
dimensional Levi-Civita symbol for vertices of type II and III. Using only one W; or W;
vector, it is possible to construct the structures

—F
@ _ eapcper X XP X 2P ZFW] 05(;-1,1 = eapcperX{ XX ZPZFW,; . (3.55)

ij

These are however easily seen to be proportional to the U;j;j tensor structure

(09)" o WUe)? . (3.56)

sijk
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so that the vertex function ¢(X') is unaffected by the introduction of parity-odd tensor
structures for vertices of type II in d = 4. For vertices of type III we can also construct
parity odd tensors of the form

~ ~ —FE
0%) = eapcperXi X3 Z{ ZPWEWS O%) = eapcpprXi Xy 27 ZP Wi Wy, (3.57)

as well as their images under 1 <+ 1 and 2 « 2. However, these structures are once again
proportional to tensors that we have already introduced:
~(4)\2 2 d=4 ~(4)\2 2
(01) o (K12)* =0, (0%)) o< (K1) (3.58)
We can therefore conclude that structures of the type (3.55) or (3.57) do not extend the
space of t(X) for vertices of type II and III.

Before ending this section, we would like to point out that the construction of d = 4
3-point tensor structures in this section is the embedding space version of the twistor based
construction of tensor structures in [5, 50]. We describe in more detail in appendix A the
dictionary from embedding space variables to twistor variables and vice versa.

4 The single variable vertex operator

Having assembled all of the required background, including in particular a detailed discussion
of single variable 3-point functions of the form (3.24), we now move on to our central goal.
In this section, we work out the explicit expression for the action of our vertex differential
operators on the function #(X’) that multiplies the prefactors (3.23) or (3.46). Our strategy
is to obtain the results for all three sub-cases listed in eq. (2.6) by studying the MST5-
MSTs-scalar vertex in d > 4. Note that passing through this 2-variable vertex is just a
trick that allows us to shorten the discussion and avoid displaying multiple long expressions
for all different cases; using the same procedure described in this section, one can compute
the vertex operator in each individual case and easily verify that the answer is the same
as what is obtained by reduction of the more general vertex. The results of this section
should be seen as providing raw data that we will process in the subsequent sections. We
will also comment on the relation between our formulas and the vertex differential operator
of a 5-point function in d > 3, see [30]. To this end, we shall look at both shadow integrals
and OPE limits in the second subsection.

4.1 Construction of the reduced vertex operator

As we had argued in [29, 30], see also the review in section 2, there is a distinguished
basis for the vertex functions ¢ that is selected by solving the eigenvalue equations of some
commuting set of vertex differential operators. A full prescription of how to construct these
operators for 3-point vertices with sites of arbitrary depth L;, i = 1,2,3 was given in [30].
For the MSTy-MSTs-scalar vertex there are two such operators, one of order four and
the other of order six. When we descend from there to the single variable vertices in the
list (2.6) via the constraint )} = 0, the sixth order operator becomes dependent. Hence
to achieve our goals it is sufficient to work out the fourth order operator. The operator
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starts its existence as a differential operator on the space of coordinates and polarizations of
three fields. We use the embedding space constructions that were reviewed in the previous
section to write the operator

D, = Dﬁ:i’s — str (7(1)7(1)7(1)7(3)) (4.1)

in terms of the simple first order differential operators (3.11) encoding the action of the
conformal generators on the variables (X;, Z;, W;). Let us also recall that str stands for
symmetrized trace. The action of the differential operator (4.1) can be reduced to the
cross-ratio space of ¢(X’) by conjugation with the prefactor Qﬁ}/ﬁf;ﬁf, as is the case for

Casimir differential operators,

1
d,Aq,0,05 _ A1,A0,A
HY HX) =~ D (5200 H(X)) (4.2)
l1,l2301,02

By plugging egs. (3.11) and (4.1) in eq. (4.2), it is then possible to compute the action of
D;( in cross ratio space. To do this, we implemented the action of generators (3.11) in
Mathematica® and first obtained the conjugation with the prefactor expressed in terms of
scalar products of X;, Z;, W;. We then solved the expressions of the cross ratios (3.22) for
two scalar products, set ) = 0, and plugged these expressions in the conjugated differential
operator; due to conformal invariance all of the remaining scalar products drop out, and
one is left with a differential operator in one cross ratio of the form

4
H@AM) — po(x) + Z he(X)XT1(1 — X)1194, . (4.3)
q=1

Apart from a constant piece in ho(X'), all of the coefficients hy(X) are symmetric under
exchange of fields 1 +» 2, and we can therefore represent them as

d,Aq,0:,4; — (@A
ht () =4 X))+ (14 2). (4.4)
Finally, we write hg as
d,Aq 1,4 d,Aqli,4; ~(d,Aq0,0
hP A () = [P () 4+ (10 2)] Y. (45)

These coefficients take the following form:

xa(X)=-2,

x3(X)=—8X (l1—2(l1+1))+2A3+4l; —8(1 —d—8,

X2(X) = —4x? (ll (2l2—6£1—9)+6(1 (—l2+{1 +€2+3)+l%+7>

+X 21 (d—2A3—211 —4lp+1201 +18) +2¢1 (3d—6A3— 1212 +12¢1 + 13¢5+ 36)
d*—2d(A1—1)— Ag(d+4)+2A1 Ay +28]

5For an implementation of the code used to compute the fourth-order operator, see the supplementary
material attached to this publication.
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11 (—2A3 -1 — Iy +601 +2d+4) +41 (—2d+6A3+6ly— 50 —Tlo—16) —3d+ A2
—A1A2+%(—A3+2d+4)—2,
X1(X) = 8X3[—31103 —3lol3 + 1301 +130, — 61101 +4l1 1201 —6loly — 611 6oy +13 — 311 — 1312 +21112

+203 460903 +6(7+60901 +6¢1+1]

+x2 [zl (2d(d—Ag— A1) +4A1 Ay — Iy (d—2A35+24) +46; (d—2A5+1905+18)+36)
— 201 (2d*~215 (d+901+18)+(3d+37) o+ 1 (3d-+ 400+ 36)+ d-+ 613 +126 +36)
—d?+2dA (—lg+201 4205+ 1)+ Az (401 (d—2lo+301+305+1)+d) — 481,124,
+360 63 +120F (I — 01— 1)~ 281 A (461 +1) —12]

1
+5X [_2z1 (_zAl(d_zAg)—212(d+1041+3)+4el(d+1052+7)+d(d+6)+165%+4)

+201 (=241 (d+ A1 —405) ~4(d+T)la+ (5d+34) o +d(3d+4) +613+24)
+4Asl (d—ly+401) 420 (—(d—2) A1 +2dly— 205 (d+ Ay )+ (d—4)d+2A,)
4202 (5(d46) — 1619 +4202)+8d+2003 4212 (d — 4lo+ 601 +2) +AZ (d+44,—2)
— A (@401 (3d— Al + 60,476, +2) )|

1

1 [4A3 (—ll (d—|—2€1 —2)4—(1 (d—2l2+2€1 +4€2+2)+d—2)—2£% (d—4l1 —4[24—6)
+4(11 +l2—2) 2 (d—ll—lg) — 20901 (d—1611+14£1+10) —2(d—2) (ll (ll +l2—4)+2)
+2A2 (d+201+202—2) — A} (d+401 —2) —2A1 Ao (d+461 —2) —463]

1

o= (AI_AQ)(d—Al—A2)(d2—3d(A1+A2+A3+1)+3(A%+A%+A§))

(=)

(h—l2) (d+1i+1o—2) (P43 (~ Mg+l +1o-3) +3 (A3 +1F 20 +15—25+2) )

| — | —

5 (L) (d+ 1 +6—1) (@243 (—Ag+1+6-5)+3 (A3 + B 46+ —40+48)),

X0(X) =222 [y (—4B3 1+l (31 (1 +6o+1)+1) =261 (G+1) (261 +60,+1) )
+201 (62 (21 (=3l +201+3)+1)+ (1+1) (1 —12) (~la+€1+1)+30:.3)
+12 (—2l2 (201 +1)+13+261 (4 +2€2+1))}
+&( 20115 (d2 = d(A1+ D5 +1)+2(A1 A+ Ag 1)+ (d—285+140,46) +467)
—dA Il +26F (—d?+ Ay (d—209)+(d—2) A —30s (d— 205 +4) +d—8(3—2)
+2010y (= +2A1 (d— Ag) +(d—2)Ag +d—2) — 26 (d—2A5-+10(+4)
+1y (—l (ml (Ag—d)+26 (d+9@+8)+(d—1)d+16€%+2)

+201 (—A1 (d—209) — (d—2) Az +205 (d—2A3+6) 4 (d—1)d+2)
—2dA1lo+803 4207 (d—2A3+1405+6) + Agly (d+401 —2)+813(1)
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F2dA 12— 413 (0 +1) 0 — 404 — 212 (—212 (2014+1)+12+2¢; (£, +2£2+1))]

_hb
2X

1
+35 (601 (1 (@24 201 (Ag—d) — (d—2)As+201 (d—2A5+Tl>+2) +861 —2) ~(d-2) A}

(A§+4A3 (ll —€1)+2 (Al (Az—Al)—l-ll (lg —2fl)+€1 (—2l2 +4 +€2)+l%)>

—2(01 (d(d— A1 =1)+(d+6)l+2A1 Ag) —dA1 b+ 3 (d+1205+2) + 203
+ A (201 (d+201 460, —2) + (d—2)d) +2(d—2)(d—1) — 4301 )
—AZ(6A; (A —d)+(d—3)d)+dAs (6A1 (A —d)+(d—3)d)
613 (—dAg+ (d—6)d+AJ+4lyly — 13— 201 (£1+46>+1)+6)
—6A1((A1—Ay) ((d_Al) 2+A1A2> +213 (d— A1) 4215 ((d—2) (d—Ay) —dls)
+20y (A —d)+2d¢3)
+603 (A3 (—3d+A3+4)+205 (3d—10A3+5)+(d—2)(d+8) —2A1 (A1 —2A,)
+4ly (A3 —609—2)+412+1503)
+601 (215 (A1 (d—202)+(d—2) Az —5d+8)+(d—2) A3+2(d—3) Ay (d—Ay)
02 (241 (d—3A2)+ Az (~5d+2A3+10) +3(d—2)d—4A%)
—(d—2)dA3+2(d—3)I15—4d+8)
—12(d—2)1§ +1263 (—285 205 +8(,+5) — 611 + 601

From the operator above, it is easy to reduce to the vertex operators of type I and II: one has
simply to impose the corresponding ¢; = 0. For vertices of type III, where representations
labeled by Young diagrams are reducible, the reduction requires some further comments.
Let us note that the prefactor (3.46) for two self-dual fields (respectively two anti-self-dual
fields) acquires precisely the same form as the d > 4 one, modulo the replacement of
both second polarizations with their d = 4 counterparts W; (respectively W;), and the
replacement of the ¢; with their absolute values |/;|. This means that the computation
of the vertex operator for these cases will proceed in exactly the same way as in d > 4
up to the replacements described above. Furthermore, we observed with equation (3.44)
that the cross ratio ) vanishes in d = 4 when expressed only in terms of (anti-)self-dual
variables. We can therefore conclude that the vertex operator for two (anti-)self-dual fields
corresponds to (4.1) with ¢; — |¢;|, as we have already imposed ) = 0 in the computation
of the d > 4 vertex operator. If instead we wish to describe the type III vertex operator
with one self-dual and one anti-self-dual field, we can use our observation (3.54) relating
prefactors in the ¢,/ > 0 case to the ¢1f3 < 0 case. In particular, labeling the operator
with £1,05 > 0 as H = H,, and the operator for {1 > 0, {5 < 0 as H,_, we find that

d:4§Ai§li§Z ,—é X ].—X IEQ' d:4§Ai;li§£ 7( X 1_X _|£2‘
A=l |2|>_<(2)> HE |1|2>((2)> . (46)

and analogously for H_; with ¢; <+ f5. This concludes our construction of the vertex
differential operators for all three single variable cases listed in eq. (2.6).
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Having written out the results of our computations, let us add a few quick remarks and
observations. First of all, it is important to note that almost all terms have a polynomial
dependence on the cross ratio X. The only exception appears in our expression for xo(X),
which contains one term proportional to ¢1fsX~1. For vertices of type I and II, where
f5 = 0, this non-polynomial term is absent, while it remains present for vertices of type
ITI. For vertices of type I, the expression is equivalent to the one introduced in [29], up
to normalization and a constant shift. Let us stress again that our derivation is valid for
ly # 0 and for arbitrary dimension d > 4. As we shall show in section 6, the mapping
of our operator (4.3) to the elliptic CMS model of [38] also works for all cases, including
MST5-MSTs-scalar vertices d > 4 with kinematics reduced to ) = 0. Nevertheless, it turns
out that the map has significantly different features when it is applied beyond the list (2.6)
of single variable vertex systems, cf. section 6 and appendix C for a discussion. Our analysis
of the results in the next section will be restricted to the cases with ¢o = 0 which possess
polynomial coefficients.

4.2 Relation with vertex operator for 5-point functions

It is worth to pause our analysis of the single variable vertex operators for a moment and to
explain how this differential operator is related to the vertex operator for a 5-point function
in d > 3 that we worked out in [30]. As usual, we split the scalar 5-point function

(D1(X1)92(X2)d3(X3)ha(Xa)$5(X5)) = Q5 (X;) G(u;) (4.7)

into a function G of cross ratios and a prefactor €2 that accounts for the nontrivial covariance
law of the scalar fields under conformal transformations. The former can be further

decomposed into conformal blocks,
A12,A5,A
Glu)= > )\12a/\a3b;t)\b45¢gAfAb?la7;15;2) (ui), (4.8)
Aasla,Ap,lp,t

while the latter is given by

A1 —Ag Az Ay—As
Xo-X3 2 Xo-Xy 2 X3-X5 2
(A) o X1-X3 X2 X3 X3-X4
Q5 (Xl) - INEYN Az IVEYN (4'9)

(Xl . X2) 2 (X3 . X4) 2 (X4 . X5)#

For N =5 points in d > 3, one can construct five cross ratios. Two common sets of such
conformal invariant coordinates are denoted by z1, 21, 22, zo, w and u;, respectively. These
are obtained from the embedding space variables by the following relations

gy = K X)X Xo) o X)X Xs) g g
XX (XX T T (K Xe) (X Xy T
(X9 X3)(X4-X5)  _ (X2 X5)(X3-Xy) NV (1—3
uz = (X X3) (X5 Xs) =222, UL= (X5 Xs) (X3 Xs) =(1-22)(1-2), (4.10)
(X1-X5) (Xa-X3) (X3-X4) L L
us = (X;Xi)(Xj-Xi)(X;X:) =w(z1—21)(22—22)+(1—21—22)(1 - 21— 22).
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Since the OPE diagram for a 5-point function contains two internal fields of depth L =1,
i.e. two STTs, its blocks are characterized by four Casimir and one vertex operator. The
latter is of type I and it was constructed in [30] as a fourth order operator acting on the
five cross ratios.

One way to express the relation between this full vertex operator and the reduced 3-point
vertex operator we have of the previous subsection makes use of the shadow formalism [51].
Shadow integrals turn the graphical representation of a conformal block, such as that of
figure 1, into an integral formula. Just as in the case of Feynman integrals, the ‘shadow
integrand’ is built from relatively simple building blocks that are assigned to the links and
3-point vertices of the associated OPE diagram. For a scalar 5-point function, the only
non-trivial vertex is of type I. Within this subsection we label the two internal STT lines
that are attached to this vertex by a and b rather than 1 and 2, to distinguish them from
the external lines. The basic building block for the integrand of the shadow integral is
the 3-point function ® that was introduced in eq. (3.21). In the context of the 5-point
function, only two special cases of this formula appear. On the one hand, there are two
1-STT-2 scalar vertices @140 and Pys4 that are completely fixed by conformal symmetry, i.e.
where ¢t is trivial. On the other hand, there is the central vertex ®,3 of type I. With these

notations, the shadow integral for scalar 5-point blocks of weight A;,i =1,...,5 reads
(Aq,...,As) B
Vinadntatyity K10 X5) = (4.11)

=11 /dM(Xa,Xb,Za,Zb)qhm(Xth,X%Za)‘I’st(Xa,Xb,X?);Za,Zb)‘I)I;54(Xb,X57X4;Zb)-

s=a,b

Here the tilde on the indices of the first and third vertex means that we use eq. (3.21) for
two scalar legs but with A, and Ay replaced by d — A, and d — Ay, respectively. We have
placed a superscript ¢ on the vertex function of the central vertex to remind the reader that
this depends on a function t of the 3-point cross ratio. Integration is performed with the
conformal invariant measure du of the embedding space variables (B.37). After splitting off
the prefactor (4.9),

(A7) N (A12,A3,A45)
an Aty (Xi) = QX2 (s us) (4.12)

the shadow integral (4.11) gives rise to a finite conformal integral that defines the conformal
block 1 as a function of the five conformal invariant cross ratios u;. These integrals depend
on the choice of (Ag,l,), (Ap,1p) and the function ¢(X).

In [30] we constructed five differential equations for these blocks. Four of these are
given by the eigenvalue equations for the second and fourth order Casimir operators for the
intermediate channels,

12) = (T + T)pap (T + )P4 (4.13)

= (Ta+ Ta)iap) (Ta+ T)PY (4.14)
12) = (Ti + T2)ap) (T + T) ¢ <’r1 + Ta)iopy (Th + T2)1PY (4.15)
Diysy = (Ti + T5) ap (Ta + T)PN (T + Ta) oy (T + To)PY (4.16)
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Figure 4. Scalar five point function (left), which in the OPE limit of fields ¢; and ¢5 gets reduced
to the 4-point function with a spinning leg ¢, (center), and after a second OPE limit for fields ¢4
and ¢5 gets fully reduced to a type I vertex (right).

5-point conformal blocks are eigenfunctions of these four differential operators with eigenval-
ues determined by the conformal weights A,, Ay and the spins I, I of the two internal fields
a = (12) and b = (45) that appear in the operator products ¢1¢2 and ¢4¢s5, respectively.
The shadow integrals 1 for conformal 5-point blocks turn out to be eigenfunctions of the
following fifth differential operator

Dyt = (T + Tl (T + TP (T2 + Ty ()P (417)

if and only if the vertex functions t(X’) we use in the integrand to represent the central vertex
of the OPE diagram is an eigenfunction of the reduced vertex operator of the previous sub-
section, specialized to vertices of type . In this sense, the shadow integral intertwines the full
5-point vertex operator constructed explicitly in [30] with the reduced vertex operator above.

There is another way to relate the full 5-point operator with the reduced one for type
I vertices that employs OPE limits. In order to work out the reduction, we make use of
the OPE in the limit where fields (¢1, ¢2) and (¢4, ¢5) are taken to be colliding, and are
replaced with fields ¢, and ¢, whose conformal dimension and spin belongs to the tensor
product of their representations. The first step is to reduce the operators to act on a
spinning 4-point function, as in figure 4.

The OPE of the fields ¢; and ¢2 acquires schematically the form

D(X1)da(Xa) = e Co (XL Xa V.00 )0u(Y). (418)
Aala (X1 - Xo) 2

Plugging this into the left hand side of eq. (4.7) allows us to rewrite the equation as

AlﬁAQ,AaHa Cpo (X1, X2,Y,0v) (9a(Y)93(X3)Pa(X4)P5(X5))

D

Aa,la<(X1 - X9)

: A12,A3,A _ _
— Q5 (X;) > )\12a)\a3b;t/\b451/}((Ai?7Ab?l;J?jt))(7517217227Z2aw)> =0. (419)
Abullﬂt

The whole sum over weights A, and spins [, on the left hand side can only vanish if every
term vanishes separately. By considering the X; - X9 — 0 limit in this expression, we can
reproduce the pole on the first term only by imposing a specific leading behavior of the
conformal blocks in the second term. If by convention we pick z; to be the cross ratio that
vanishes for X; - Xo — 0 (otherwise we can simply rename variables z; <> z;) and take
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. A1+A
into account that the prefactor Q?l (X;) contains (X7 - X5) 2 * we can then deduce the

following behavior of the conformal blocks:

Aa—la

2 ¢(21522752,w) . (420)

w(zla 217 22, 225 ’UJ) 21'\’4)0 Z1
Imposing this leading behavior in the eigenvalue equations for the differential opera-
tors (4.13)—(4.17) allows to reduce the action of the differential operators to a 4-dimensional
subspace of cross ratios in the following way:

7Aa*la Aa*la
lim [21 2 D(Zl 2 ¢(21,Z2,Zg,w)>:| = EY(z1, 22, 22, w). (4.21)

zZ1—0

To complete the OPE limit, one needs to impose X5 — X7 which is of course stronger than
the condition X; - X5 = 0 we discussed up to now. Doing so requirs a bit of caution. One
subtlety is that the limit is quite sensitive to the set of cross ratios used to parameterize
the 5-point function. For example, if we had decided to work with the cross ratios wu;,
the complete OPE limit X; = X5 would have implied both us = 1 and us = uy4, thereby
overreducing the space of cross ratios. This issue is avoided in the {z;, z;, w} set of cross
ratios, provided that the limit is taken in the appropriate way. The correct way to address
this limit in coordinate space is to take X| = X, — €Z,, Xo = X, + €Z,, and then take
the € — 0 limit. Note how this step requires either Lorentzian signature or an analytic
continuation: given that we have already imposed the light-cone condition X - X5 = 0, the
variable Z, must satisfy the constraints 7, - X, = Z, - Z, = 0. The latter are the same
as the orthogonality and null constraints of an STT polarization vector, which explains
why we used the symbol Z, to parameterize the difference between X5 and X;. Following
this prescription, the ¢ — 0 limit in cross ratio space corresponds to taking the sole limit
z1 — 0, with 23, Zo being unaffected and w acquiring a dependence on the newly introduced
coordinate X, and spin variable Z,. In order to reproduce the correct eigenvalue for the
quadratic Casimir D(212) in the z; — 0 limit, the Euclidean conformal blocks must exhibit
leading behavior in z; of the type

Y(21, 29, 2o, w) T~ 24 Y(ze, Za, w). (4.22)

After these conjugations and limits, both the quadratic and quartic Casimirs associated to
the internal leg a = (12) are reduced to constants, and the remaining three operators

4,3
D(245) ’ ID?ALS) ) Dp,a3 (4'23)

characterize the spinning 4-point function that is shown in figure 4 (center). The latter
depends only on three cross ratios z2, z2, w, the spacetime dimension d, and the external data

Aa — Ag A5 - A4

_— T . 4.24
=2, S L (4.24)

It is straightforward to repeat the same procedure we just outlined for the leg b = (45) in

the remaining correlator, i.e. one can impose leading behaviors of the type

_ Ap—1 Ap+l Ay —l
ZQ‘)O_bb 0 b2b_b2b

P(22, 22, w) T~ Zy 2 (22, w) 22 2o Zo P(w) (4.25)
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to ensure that the quadratic and quartic Casimir of the internal leg b = (45) assume constant
values that are determined by the weight and spin of the intermediate field.
At the end of this procedure, one is left with a 3-point block of two STT’s and one scalar,

that is to say a vertex of type I, which is characterized by the sole vertex operator D3

p,a3
acting on the remaining cross ratio w. By replacing X5 = X, — €2, X4 = X} + € Z, and

taking ¢ — 0, we find the following expression for w in terms of the external 3-point data,

(X3 - Xa)(X3 - Xp) [(Xa - Zp)(Xp - Za) — (Xa - Xp)(Za - Zp)]

w=1-— .
(X3 Zp)(Xa - Xp) — (X3 Xp)(Xa - Z6)] [(Xs - Za)(Xa - Xp) — (X3 Xo) (X - Za)]
(4.26)
After further inspection, this expression can be identified with
Hab /
w=1l-—=1-4&", 4.27
Va,3b‘/b,a3 ( )

where the cross ratio X’ is equal to X’ with the replacement (1,2, 3) — (a, b, 3). The resulting
operator can be easily identified with the ¢; = o = 0 case of our general expression (4.3).

5 Vertex operator and generalized Weyl algebras

The Hamiltonians we constructed in our letter [29] and the extension discussed in the
previous section have nice properties, even though they may look a bit uninviting at
first. In this section we exhibit some of their underlying algebraic structure. This allows
us to recast the vertex operator into a one-line expression, somewhat analogous to the
harmonic oscillator that possesses a particularly simple representation in terms of creation
and annihilation operators. Here we define a generalized Weyl algebra with relatively simple
commutation relations and then build our vertex operators directly in terms of its generators.
An important role in our discussion is played by the scalar product of the vertex system.

5.1 Single variable vertices and the Gegenbauer scalar product

Functions on the configuration space M inherit a scalar product from the Haar measure on
the conformal group. This is the case in general, but in particular for the 1-dimensional
spaces we are dealing with in this paper. Working out this scalar product is straightforward
in principle, but a bit cumbersome in practice. Since we have not found the answer in
the literature, we included the full calculation in appendix B. The result is surprisingly
simple: it turns out that, when written in the variable s = 1 — 2X’, the group theoretic
scalar product on the configuration space M coincides with the Gegenbauer scalar product,

+1 01
(2 9agaey = | ds(l— %)M f(s) g(s) (5.1)
with the parameter « given by
d—3
a(d; 5,‘) =0+l + — (5.2)

In the following we shall implicitly assume that the parameters assume only those values
that appear in the context of our three single parameter vertices, i.e. for d = 3 we have
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£1 =0 = {5 while for d > 3 only ¢5 = 0. The only case for which ¢ can also be non-zero is

in d = 4. Gegenbauer polynomials CT({N)(S) provide an orthogonal basis for (—, —)4:

721722 T'(n 4 2a)(n + ) 5 (5.3)

(@) ola)y
(G, G ['(a) T(n+a+1)(n+1) ™"

m n

As one may check by explicit computation, our vertex differential operators H (@44 (x| )
are hermitian with respect to a Gegenbauer scalar product whenever the conformal weights
A; and the STT spins I; are analytically continued to satisfy,

Ay =d— A, li=2—d—1;, (5.4)

ie. (Ail) € (% + iR) X (2%6[ + iR), while (d;¥¢;) are kept as real parameters. Our goal
now is to compute the Hamiltonian in the basis of Gegenbauer polynomials. In doing so we
shall restrict to the case with d > 3 and ¢5 = 0, i.e. we exclude the somewhat special case
of d =4 with ¢ # 0 # {3 for which our Hamiltonian contains a non-polynomial term, see
comments at the end of the previous section. The computation of the Hamiltonian in the
Gegenbauer basis relies on its expression as

4
) = 3 (s) + 57 P (s)(1 = %) 101 (55)
q=1

where all h((f)(s) are polynomials of order at most 3 in s whenever ¢5 = 0. It proceeds with

the help of three well-known identities:

(S) the recursion relation of Gegenbauer polynomials

(n+1)C% + (n+ 20 — 1)C),

s-Cl) = n 2 o) , (5.6)
(D) the Gegenbauer differential equation in self-adjoint form,
Dy - C@) = (1 — s2)2729, (1 — s2)2120, - O = —n(n + 2a)C™ (5.7)
(©) and the first order differentiation operator
Do - O — (1 — $2)a, - Cl0) — (n+2a—1)(n+ 204)C'T(Loi)1 —n(n+ 1)07(3)1 58)

2(n+ a)
Using these building blocks (S),(D),(©), our Hamiltonians can be recast into the form

H( @A) — D02 + (k315 + k3o) Dadeo + (k‘2,282 + k218 + k270> Da
+ (k115 + k1,0) 0o + ko 25* + ko1s + koo, (5.9)
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where the coeflicients k; ; = k; j(d, A;, 1;, ;) are given by

k3,0 =2ivs3, k31 =2(v1+r2+a)+3,
k:g,g:7%4—7%—73?—21/11/2—2(&—1)(1/1—1—1/2)—a(l+3a)+?,

ka1 ==2717+iv3 2(11+1re+a)+3), koo= V%+V22+4ZV11/2+(4C¥+1)<1/1—|—I/2)+4a2+3,
k10=2(v1+va+a)y1y2+iy3 (—21/11/2—1—(2044—1)(1/1 +V2)—4a2+2a+2) , (5.10)
kuy = —2(ve+30) +(1-20) (B +13 + 4+ (1440) (i +vat+at 1) —a—2),

ko1 = 21119 (7172-1-1’73 (OH-;)) ) koo =—vive(v1i—1)(ra—1).

The parameters g, Vi are defined through
d .
Ak3:§+1’7k, k:172737 Vk::lk_el') k:1727 (511)

and a was introduced in eq. (5.2). Let us stress once again that the solution we have
displayed here applies to £ = 0 and d > 3. When ¢ # 0, the Hamiltonian contains
a non-polynomial term in h(()s)(s) which is proportional to (1 — s)~!. So, while it is in
principle possible to compute the action of the MST9-MSTs-scalar Hamiltonian in d = 4 on
Gegenbauer polynomials with o = (d—3)/2+£; + /3, it does not directly fit our Ansatz (5.9).

Plugging the identities (5.6), (5.7), (5.8) back into (5.9) one can obtain simple explicit

formulas for the matrix elements

ALt _ <Cr(r?)’H(d§Ai§li§£i) . C7(1a)>a
" (%), 5 a

(5.12)

One observes that these vanish whenever |n —m| > 2, so our Hamiltonian in the Gegenbauer
basis has non-vanishing matrix elements only close to the diagonal. In terms of the matrix
elements, the hermiticity property of the vertex differential operators reads

(@) ()
Cr), OV e

With our formulas (5.9) and (5.10) we have fulfilled our first promise, namely to write the
Hamiltonian in a much more compact form that fully replaces the two pages of formulas we
spelled out in the previous section.

5.2 A generalized Weyl algebra acting on tensor structures

We want to go one step further and write the vertex Hamiltonians in terms of the generators
of some Weyl-like algebraic structure that acts on Gegenbauer polynomials and hence on
3-point tensor structures. Our algebra contains three generators A, AT and N and it depends
on the parameters «, 1 and v which we introduced in egs. (5.2) and (5.11). When acting
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on Gegenbauer polynomials, these three operators are given by

NC@) .= nC@), (5.14)
(a) n -+ 200 — 1 (oc)
ACYY = (n+ v +2a)(n+ 12 + 20) ————C, 7/, (5.15)
n+ao
ATCW) = (n — v1)(n — 1) ntl Cr(ﬁr)l, (5.16)

n—+aoa

where eq. (5.15) applies to all n > 0, and AC(()a) = 0 when n = 0, i.e. the state C(ga) is
annihilated by the lowering operator A. Similarly, the action of the raising operator Af
vanishes if n = v or n = 1. Consequently, one can restrict the action of A, AT and N to the
finite dimensional subspace that is spanned by 07(104) for n =0,...,min(v1, ). This should
remind us of the space of 3-point tensor structures we discussed at the very end of section 3.
There we argued that the space of 3-point tensor structures has dimension n; + 1 with
n¢ = min ({1 — ¢1,la — ¢1) = min (v1,v2) in the case of o = 0, using the definition (5.11) of
vg. Therefore, the truncation of the action of A, AT and N to a finite dimensional subspace
of Gegenbauer polynomials we observe here is fully consistent with the finiteness of the
space of 3-point tensor structures, at least for d > 3. We will discuss the special case of
d = 3 below.

From the action on Gegenbauer polynomials it is possible to check that the operators
A, AT and N obey the following relations

[N, AT} = AT, (5.17)

[N, A]=—-A4, (5.18)

AAT = (](V]\:;l))(g\],v:jj)l) (N=v1)(N+2a+v1+1)(N —12)(N+2a+ve+1),  (5.19)
N(N+2a—-1)

AT A=

(Nta—D(Nta) (N+v1420)(N —v1—1)(N+v3+2a)(N—15—1).  (5.20)

We can use these to define a family of abstract algebras that depends parametrically on
a =L+ (d—3)/2 and v, = I — ¢1. This family comes equipped with an involutive
antiautomorphism (—)* defined by N* = N and A* = AT. It coincides with the adjoint
whenever d is real and the spins [; satisfy the relation (5.4) that is needed in order for our
vertex operators to be hermitian or, equivalently,

a=a, v=—-2a+1+wuv1), Vg =—2a+1+19). (5.21)

Having introduced the algebra generated by A, AT and N, the vertex operator H can now
be written as a rational combination of the generators of this algebra:

N -1 K AL
H(d7Aivli’ei) :BTB — P(N + Ol)2 + m + E(d7Ai’li7&)- (522)

Here, we defined the operators

(29172 + 93) (N + ), (5.23)

A Af

5 +i(2y172 —i3) (N + ), (5.24)
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and the two parameters

1
I:= Z(1+47%)(1 +473), (5.25)
K=wn+ao)(rn+a)(ri+a+1)(ra+a+1). (5.26)
The constant term E(@2iilii) is obtained by relating H(%A:kib) . 1 = h(()d;A“l“ei)(O) to the

action of A, AT, N on C(ga). In this way we find
E(d;Ai;li;ei) — héd;Ai;li;Ei)(O) _ Oé4 _ (1 + 21/1 + 21/2)0[3

1
+ a? (4 —i—’y% +722 —732, +uvi(v1+ 1)+ +1) +4V1V2)

—2rirpa — e(l + V).

This concludes the algebraic reformulation of our vertex Hamiltonians. It is remarkable
that the algebra only depends on the spins and dimension d, i.e. that all the dependence on
the conformal weights of the three fields resides in the Hamiltonian.

The case of d = 3, which implies /; = 0, requires additional consideration since in
this case one can also have odd-parity tensor structures, see our discussion at the end of
subsection 3.2. As we saw there, the STT-STT-scalar vertex in d = 3 is unique in that it
admits a total number

(min(vq,v2) + 1) + min(v1, v2) = min(2l; + 1,2l + 1) (5.27)

of 3-point tensor structures. A complete and orthogonal basis can be obtained from the
union of Chebyshev polynomials of the first and second kind,

{07(10)(S)}n:o,...,mm(zl,lz) ’ { vi1- 8207(11)(8)}

n=1,...,min(l1,l2) ’

The action of A, AT, N in d = 3, however, is more conveniently written in the Fourier basis

e where n = —min(ly,l3),.. ., +min(l1,ls) and the new variable 6 is related to our cross

ratio X by X = sin? g. In this case, the action of A, A" and N on the Fourier basis is
N ™ .= nel™?, Aten? .= (n—11)(n— lg)ei(”H)Q, Aem = (n—i—ll)(n—l—lg)ei(”*l)e.
It is easy to see that these operators satisfy the following polynomial relations
[V, Al = AT,
[N7 A] =-A ’
AAT = (N = 1)) (N = I)(N + 11 + 1)(N + 1y + 1),
ATA= (N =13 —1)(N — Iy — 1)(N +11)(N +1o).

These relations agree with those we found in eqs. (5.17)—(5.19) above for the special choice
a =1+ (d—3)/2 = 0 relevant for vertices in d = 3, where ¢; = 0. In other words, we
have now shown that for d = 3, the algebra we have introduced above possesses a finite
dimensional representation on the space of Chebyshev polynomials of first and second kind.
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For a = 0 and a = 1, the algebra of A, AT and N is one special example of a larger
family of algebras of the form ATA = f(N), AAT = f(N + 1) that can be associated with
a polynomial f(N). Such families of algebras have been studied for a long time in the
mathematics literature, going back at least as early as [52, section 3|. The representation
theory of these algebras was studied in [53] and in [43], where the latter author first used
the term “generalized Weyl algebra”. It was then in [44] that these algebras were first
reformulated as non-commutative deformations of the Kleinian singularity of type A,_; when
f is a polynomial of degree n. Finally, using quiver theory, the authors of [45] generalized
this analysis to non-commutative deformations of the Kleinian singularities associated to
any finite subgroup of SL¢(2). In this context, the algebra with relations (5.28)—(5.31) is
thus called a generalized Weyl algebra or deformed Kleinian singularity of type As.

For ae # 0, 1, the relations (5.19) and (5.20) are no longer polynomial, at least not in
the way we wrote them. Nevertheless, they can be recast as an a-dependent family of
generalized Weyl algebras if we are willing to sacrifice the property A* = At. Indeed, any
rescaling of the operators A and AT by a rational function of N defines a homomorphism of
algebras.% In the case of eqs. (5.19) and (5.20), it is natural to take

(N+a)(N+a+1)

U = , V = AT s 532
(N + 1)(N + 2a) ( )

in which case the modified relations read
[N, V] =V, (5.33)
[N,U]|=-U, (5.34)
UV =(N-v)(N+uv1+2a+1)(N—-wv)(N+1ra+2a+1), (5.35)
VU =(N—-v1 —1)(N +v1 4+ 20)(N —vy — 1)(N + 15 + 2a) , (5.36)

and also define a generalized Weyl algebra of type As, but now with an extra deformation
parameter a.. In any given representation, the homomorphism A «+— U in (5.32) is bijective
if and only if —1, —a, —(a + 1), —2a ¢ Spec(V). This condition is indeed satisfied in the
Gegenbauer polynomial representations, where U is explicitly represented as

1 N
P e V>0, U-C®=0. (537)

U-C = (n+u +2a)(n+vs + 2a)
As a result, (A, AT, N) — (U,V, N) defines an isomorphism, and all vertex systems of type
I and IT are representations of the generalized A3 Weyl algebra with relations (5.33)—(5.36).

Our final comment in this subsection concerns the fact that our expression (5.22) for
the Hamiltonian depends on parameters only through the combinations «, v;,~;, at least up
to the constant term. It follows that (see appendix C for a further generalization)

H(GAGL,0) — pr(d420058i+6151—£150,0) + AE(d?Ai?l“Zl), (5.38)

SWe thank Pavel Etingof for pointing this out to us.
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where

frapesi - 2y S
—|—§ (—2a2+2(1/1—1/2—41/2)04—7%—}—7%—*y%—l—l/l(yl—i—l)—1/2(1/2+1)—33)€1
+1§6a2(1/2—1/1+17/4)+§04 (’Y%—’Y%+’Y§—V1(V1 +4)+V2(V2+5/2)+9)
+2 (%f—’Y§+7§—2V1(V1+1)+V2(V2+1)+g) :

Now, the a-deformed relations (5.19) and (5.20) of the generalized Weyl algebra coincide
with the d = 3 relations (5.30), (5.31) whenever @« = 0 or @ = 1. In the former case,
a=0 < (d,01) = (3,0). On the other hand, the latter case & = 1 can occur in two
situations,

(d.0) = (5,0), or (d,fl):(zl,;), (5.39)

in which case 1
Vv; = li, or Vv = ll - 5 5 (540)

and the two operators are the same up to a constant shift,
HE=5:8:1:00) (x 5) = H(d=4;Ai—$;li+%;§,0)(X,8X) +AE. (5.41)

In both of these cases, the Gegenbauer polynomials become Chebyshev polynomials of the
second kind {07(11)(S)}n:(),...,min(ll,lg)’ and the two vertex operators are related to the d = 3
operator by a similarity transformation,

1

H(d:*r’?Ai;li?OvO)(X’ Ox) = m

HESALAFD (x 920,/ X (1 — X))+ AE. (5.42)
In particular, the parity-even 3-point tensor structures of two STTs in d = 5, are equivalent
to the parity-odd 3-point tensor structures of two STTs in d = 3.

6 Map to the lemniscatic CMS model

In the previous section we have found quite an elegant reformulation of our vertex operators
that makes it seem a bit more tractable than the original formulas we displayed in section 4.
All this is somewhat similar to the Casimir operators of Dolan and Osborn, which appeared
a bit uninviting at first, but were found to possess interesting algebraic structure that led to
explicit solutions, in particular in even dimensions. In [34], it was discovered that the usual
Casimir operator can be mapped to another well studied operator, namely the Hamiltonian
of an integrable 2-particle CMS model. Here we establish a very similar statement for
the vertex operators. By explicit computations, these operators can be mapped to the
lemniscatic CMS model, a special case of the crystallographic elliptic CMS models found by
Etingof, Felder, Ma and Veselov [38]. We review this model in the first subsection before
constructing the map from our vertex differential operator. The third subsection contains a
complete identification of parameters.
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6.1 The elliptic Z/47Z CMS model

While our vertex system examples have received little attention, there has been much
discussion in similar cases of the relation between deformations of Kleinian singularities on
the one hand, and CMS models for the corresponding complex reflection group on the other
hand — see e.g. [54] for A,,_1, and [55] for the general case, both of which are based on [46].
Thus, the identification of our operator with a lemniscatic CMS model is less surprising
in light of the A3 singularity of section 5.2. That said, apart from A;, the only integrable
models explicitly studied in this particular context have so far always been rational. And
while the integrable systems in [56] include, amongst others, the compact sog(6) analogue
of our MST»-MSTs-scalar vertex in d = 4, the authors do not make the connection with
the elliptic integrable models of [38].

The elliptic CMS models associated with the complex reflection groups Z,, form a
family of quantum mechanical integrable systems with (complexified) coordinate on an
orbifold curve of the form

M=C/(Zp,x (Z&TL)), (6.1)

where Z ® 77 C C is a 2-dimensional lattice with elliptic modulus 7 in the upper half of the
complex plane, and elements of the group Z,, C SO(2) act on the lattice as a point group,
i.e. through rotations by angles ¢, = n/2mnm where n = 1,...,m. It is well known that
the only 2-dimensional lattices with a non-trivial point group Z,, appear for m = 2, 3,4, 6.
Apart from m = 2, the elliptic modulus 7 is also fixed so that spaces M of the form (6.1)
only appear for

(m,7) e {2} xCy, or  (m,7) € {3,e2™/3}U{4,i} U {6,e™/3}. (6.2)

In [38], the authors construct new integrable models on each of these curves, but only the
case 7 = i with group action of Z4 turns out to be relevant for us. In order to proceed, let
us write the associated curve (6.1) as the quotient of the so-called lemniscatic elliptic curve
E; by a Z, action,

M =E;/Zy, where E;=C/(Z®iZ)={2€Clz~z+1~z+i}. (6.3)

Here, the Z,4 action is the obvious one that is given by multiplication of z € Ej with any
fourth root of unity ¢ =1, i.e. z — (- z. Under this action, the lemniscatic curve E; has
four fixed points:

wo =0, ¢-0=0, (6.4)
wl:l;l’ 5.131:_12+1N1;i, (6.5)
wg::%, CZ.%:_%N%, (6.6)
Cg‘w2=w31=%7 CQ‘%:_%Név (6.7)

where ( € Z4 denotes the generating element ( = i, and the equivalence relation ~ identifies
points that are obtained from one another by lattice shifts. From the short computation in
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the second column we conclude that wg,w; are fixed points stabilized by the entire Z4, i.e.
they are fixed points of order 4, while ws,ws are fixed points of order 2 with a stabilizer
subgroup Zy C Z4. These last two fixed points are mapped to each other by the nontrivial
Z4 transformation on E;j. They thus give rise to the same point in the quotient M = E;/Zy.
We conclude that M has three (singular) orbifold points which we denote as

20 ‘—Wwp, 21 i—m W1, 29 =W Y Wws. (6.8)

At these points, the orbifold singularities are of orders 4,4, 2, respectively. The elliptic CMS
model associates to each of these singular points z,, v = 0,1, 2, a family of multiplicities
m; ., ¢ = 1,...,4 such that

4
me =6, vr=0,1,2, mi2+maogo = 1, m32 +my2 = 5. (69)
=1

Note that there is one relation among the four multiplicities we associate with the fixed
points of order four, while there are three relations among the four multiplicities that are
associated with the fixed point of order two. Given that there are three relations that
constrain the four multiplicities m; 2, it is often convenient to parametrize the solutions in
terms of a single parameter k£ which we define as

mio = k+1. (610)

The Hamiltonian Lgpyy of the lemniscatic CMS model has a relatively complicated
dependence on the multiplicities. On the other hand, it may be uniquely characterized by a
rather simple set of conditions: if we require that the Zs-invariant operator Lgpnmv (2, 0s)
takes the normalized form

Lepvy = 8;1 + O(ag) , (6.11)
then its dependence on the multiplicities is uniquely determined by the following set of
conditions

4

LEFMV(Za 82) . (Z — Zo)r = H(T — m@o) (Z — Zo)r_4 + (’)((z — Zo)r) s (6.12)
i=1

4

Lepav(2,0.) - (2= 21)" = [[(r = mia) (2 — 210) '+ O((z — 21)"),, (6.13)
i=1

4

LEFM\/(Z, 02) . (Z — ZQ)T = H(T — mi,g) (Z — ZQ)T_4 (6.14)
i=1
+ A —my2)(r —mag)(z — 22)" 2+ O((z — 22)"),

which we assume to hold for some constant A € C, in the neighborhood of the singular
points z = z,. In order to write the Hamiltonian explicitly over the full orbifold M, we
first introduce the Weierstrass elliptic function
1 1
— - __ — 6.15
=5+ Y (coem-aE) (615)

we(Z&iz)\{0}
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which is double-periodic by construction, p(z) = p(z+1) = p(z+1). Then the Hamiltonian
of the lemniscatic Z/4Z CMS model is given by [38, eq. 4.3]

2
Lepmv(z,0:) = 02+ > g{?(2)07, (6.16)
where
3
Z plz —wy), (6.17)
3

Z (z —wy), (6.18)

3
a7 (= Z v 92(2 — wy) + plws)(ao — a1)k(k + 1) (p(z — w2) — p(z —ws)).  (6.19)

The various coefficients (a,,by,c,) for v = 0, 1,2 are related to the multiplicities as [38,

Example 7.7]
ay, = —11+ Z M My (6.20)
1<i<j<4
1
b, = o 6+ Z Mi MMy | (6.21)
1<i<j<k<4
4
¢y =[] miwv, (6.22)
i=1

(a3,b3,c3) = (ag, b, c2) and the parameter k is k = m 2 — 1. Note that in eq. (6.17)-(6.19)
we are summing over the four fixed points (wp,w1,ws,ws) of the elliptic curve Ej, and that
we need (as, bs, c3) = (ag, ba, c2) to ensure the Zs-symmetry of the Hamiltonian.

6.2 Construction of the map

In order to recast our vertex operator H in the form (6.11) of the lemniscatic CMS
Hamiltonian, we need to find a change of variables from our cross-ratio X to a new variable
¢ and a ‘gauge transformation’ ©(X(¢)) such that

© 'HO = (const)d} + O(93) . (6.23)
Looking at the terms of order 3} and Of’v, we see that ¢ can be taken to solve the differential
equation
1
dp ()7 ,3 -3
— = X1(1-X X=0)=0 6.24
dX 4 4 ( ) 4 ’ ¢( ) ? ( )
and © must be of the form
@ _ @O Xll+1272(21+524)+A3+(17d)/2 (1 B X) ll+l272(él+224)7A3+(1+d)/2 7 (625)
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where ©¢ € C\{0} is an arbitrary multiplicative constant. The solution to eq. (6.24) is
proportional to the incomplete Beta function, which has the known analytic expression
(see [57, eq. 8.17.7])

_ i X 3 3 1
o) = [ avata-xyt - cobhE (3 55). (6.26)

If we now apply the Pfaff transformation of the Gauss hypergeometric function,
—a X
oF (a,b;;X) = (1= X) % F); a,c—b;c;m , (6.27)

the above function can be expressed in terms of the inverse arc length function for the
lemniscate curve (see [58, eq. 5]),

X 1 115 X X
X)=—— Fil-, - —— | = inl — . .2
o(X) (2(—1) o Fy <4’2’4’X—1> arcsinlemn (X—l) (6.28)

Using [58, eq. 21], the change of variables can be inverted to

x  sd? (¢>ﬂ,i)
Ve = . V2/ (6.29)

where sd(u, k) is one of the Jacobi elliptic functions. This can be equivalently expressed in

PN
PN

terms of the Weierstrass function p(z) defined in eq. (6.15),

p(ws)?

Y= @ — (2

¢ = plws) . (6.30)

To re-express the corresponding operator in the form (6.16) and solve the parameters
k,a,,b,,c, in eqgs. (6.17), (6.18), (6.19) for A;,l;,¢;,d, we made a symbolic computation
in Mathematica.” This symbolic computation specifically avoids the use of the special
functions JacobiSD and WeierstrassP that appear in egs. (6.29) and (6.30), because
Mathematica does not efficiently make use of the derivative and addition formulas of these
special functions. Instead, we only use the Hypergeometric2F1 in eq. (6.28) to compute
the coefficients g(()z), 952)7 géz) as functions of X'. More specifically, we start by determining
the three functions

W (X)) = H(X,0x) -1,

-1
WO (B(X)) = H(X,0x) - $(X) — p(X)S ($(X))
$(X)?2

X 2
WP (0(2) = B(x.00) - P50 o) - 28000
that are related to the g-coefficients by
95 (2()) = Pp(ws)* 8 (W) (6(X)) = 0p0 Bornv) . p=0,1,2, (6.31)

"The corresponding notebook can be found in the supplementary material of this publication.

40 —



where E}%ﬁi{f“m is the constant shift of the Hamiltonian given in appendix C.2. Following

eq. (6.30), it is easy to show that the g]E,Z) computed from H(X,0y) are algebraic functions
of p(z). Similarly, we can express each term in egs. (6.17), (6.18), (6.19) as a rational
function of p(z) using the addition formulas

s _ plws)?
plz—w) = =20 (6:32)
— o P2) — plws)
P ) =) T ol (0:33)
) = ofwa) P T p(ws)
Pl ) =) ol 034
and the derivative formula
0(2)? = 40(2) (p(2)? = p(w3)?) (6.35)

for the lemniscatic Weierstrass elliptic function. Following these identities, each of the
coefficient functions g]()z) in the Hamiltonian is the product of pg_z (p(ws)? — 92)§72 with
a polynomial function in p. We can then identify each polynomial coefficient expressed as a
function of k, a,, b,, ¢, with its expression in terms of A;,l;, ¢;,d to obtain the map from

spins and conformal dimensions to multiplicities.

6.3 CMS multiplicities from weights and spins

In all cases, the multiplicity associated to zo (see eq. (6.10)) can be computed from the spin
quantum numbers [y, [s as
1 1
k:ll—l2—§ or k:b—ll—i. (6.36)
Going from one choice to the other in eq. (6.36) is equivalent to the change of parameters
k — —(k + 1), which leaves the CMS Hamiltonian invariant. For the MST9-STT-scalar

(type II) vertex in all d > 3 we have
5—d

d—1

mao = 27 — (ll + lz) — A3z + 247, (6.38)
d—1

mao = —5— + (L +12) + A +2(A1 — Ag), (6.39)
d—1

myp=—5—+ (It +12) + Az —2(A1 — Ag), (6.40)

and
d—3

mi1 = —5 T — (ll + lg) + Ag — 20, (6.41)
d+1

mo1 = —? — (ll + lz) + Ag + 204, (6.42)
d+1

ma1 = -+ (i +12) — Az +2(A1 4+ Ag), (6.43)
7d—1

may = —5—+ (li +12) — Az = 2(A1 + Ay), (6.44)
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which also contains the particular case of type I with two spinning fields in d > 3 simply by
setting ¢1 = 0. It is easy to observe from eqs. (6.37)—(6.44) that

0 0 od
mi,y(d; Ai, li; fl) = mi,,/ <d + (5d, AZ + ?d,l d fl - 2) (645)
or equivalently
miy, (200 +3 — 2010 — 04 + 3 + 194, Lis vi + L5 £1) = function (o i3 v4) - (6.46)

2

This is a direct consequence of the observation made in eq. (5.38). We conclude that the
three weight and three spin labels along with the dimension d of the MSTs-STT-scalar
vertices do not exhaust the full 7-dimensional parameter space of the elliptic Z4 CMS model.
In fact, it is easy to see that the parameters are constrained by

mip — M2 = M1 — M2 . (6.47)

When specializing to d = 4, this last constraint defines the restriction of the generic MSTs-
MSTs-scalar (type III) vertex to the MST5-STT-scalar case. We have determined that the
full MST3-MSTs-scalar vertex in d = 4 yields the CMS multiplicities

Mo — g (I + 1) — Ag — 2001 — £), (6.48)
Mao — ; (I +1o) — Ag+ 2061 — £), (6.49)
Mo = g F (4 10) + As + 2(A — Ay), (6.50)
mag = o+ (l+1a) + Ag — 2(A1 — Ag), (6.51)
—_—_— g (h + o) + Ag — 2001 + £), (6.52)
——_— g (I + 1) + Ag + 201 + L), (6.53)
——— g F(h + 1) — Ay +2(A1 + As), (6.54)
My = el + (Ih + 1) — As —2(A1 4+ Ay). (6.55)

Let us note that this set of multiplicities does not satisfy any additional constraints. This
concludes our description of the precise relation between the vertex differential operators
for single variable vertices and the lemniscatic CMS model of [38]. We would like to finish
this section off with two additional comments.

Comments on algebraic integrability. The CMS operator is said to be algebraically
integrable if the multiplicities m;, defined by egs. (6.12), (6.13), (6.14) are integers (see [59,
Corollary 2.4]). In this case, according to [59, Theorem 2.5, a generic eigenfunction of
Lepyvy will take the form

4
z) = eP? M 6.56
¢A( ) g 9(2 751')7 ( )
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where 6(z) is the first Jacobi theta-function of the lemniscatic elliptic curve, and 3, 1, a1, . . .,
B4, a4 are certain parameters that can be solved in terms for the multiplicities and eigenvalue
A by writing the eigenvalue equation Lypyy 1y = Ay for (6.56) near the singular points
z = 29, 21, 29. We have determined above that all multiplicities are linear combinations of
the quantum numbers (A;;l; ¢;) and the dimension d, with coefficients in %Z. Therefore,
depending on whether d is odd or even, the vertex operator is algebraically integrable
when the quantum numbers [—A;;l;; ¢;] that define the representation at each point are
either integers or half-integers. This setup is equivalent to placing unitary irreducible
representations of the compact real form SOgr(d + 2) at each point (or the double cover
thereof). It would be interesting to explore the generalization of this result to non-integer
conformal weights.

CMS multiplicities for all vertex systems. As a final comment we want to rewrite
the relations between the CMS multiplicities and the weight and spin quantum numbers in
terms of the parameters that appeared in our discussion of the generalized Weyl algebra,
see previous section. Recall the parameters of the generalized Weyl algebra,

a:zg—{—fl—l—gg, v1 =10 —4¥0—¥{sy, vog =1lg— 01 — ¥o. (6.57)

To determine a universal formula for the CMS multiplicities of all 1-dimensional vertex
systems, we use the four extra parameters

d—5 ) d
B = 61 — 52 +—, Yi = —1 (Az — ) . (6.58)
2 2
The parameters ; had appeared in our construction of the Hamiltonian already, see
eq. (5.11). Only the parameter /3 is new. Of course, the map from spin quantum numbers
(li;¢;) to o, B,v1,v2 can be inverted as

3—d 3—d

l1:V1+a+T, lgzyg—l—a—i—T, (6.59)
4—d —p—1

0 = %’ l :%. (6.60)

If we insert these formulas into the expressions for multiplicities we listed above, these
become completely universal to all 1-dimensional vertex systems, i.e. they no longer depend
on type of the vertex (I, II, or III). Explicitly one finds

1 1
kzyl—yg—i, or k‘:VZ—Vl_i, (6.61)
and
1 .
mio = —5 — (1/1 + 1/2) —iy3 — 2a — 25, (6.62)
3
Mmoo = 2 + (v1 +10) — i3 — 20+ 20, (6.63)
5 . .
m30 = 5 + (v1 + v2) + i3 + 20+ 2i(71 — 72) (6.64)
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My = g + (v1 +v2) +iy3 + 2a — 2i(y1 — 2), (6.65)
mi = % — (11 + 12) +iv3 — 4o, (6.66)
ma1 = —% — (v1 +12) +iv3, (6.67)
msq = g + (v + o) — i3 4+ 2a+ 2i(y1 + 72), (6.68)
my = g + (11 +10) — i3 + 2a — 2i(y1 + 72) - (6.69)

In particular, the MST9-STT-scalar (type II) case in all d > 3 is obtained by imposing the
additional relation = o — 1, equivalent to o = 0.

7 Conclusion and outlook

In this work, we have constructed the fourth order differential equation that characterizes
all vertices of the three types listed in eq. (2.6), each of which appear in OPE diagrams of
scalar N-point functions in d-dimensional conformal field theory. These three cases cover
all vertices that contribute one degree of freedom, and that are therefore fully characterized
by one single differential equation. This equation has been worked out in section 4. It
was then reformulated very elegantly in section 5 as an eigenvalue equation for a special
Hamiltonian that resides in a generalized Weyl algebra. Finally, we mapped the operator
to the Hamiltonian of the lemniscatic elliptic CMS model of [38] in section 6.

As we have pointed out before, comb channel OPE diagrams in d = 3 and d = 4
dimensions contain vertices with at most one degree of freedom, so the theory we developed
here exhausts all those vertices. Obviously, it would be very interesting to extend the
analysis we carried out here to vertices with a higher number of degrees of freedom, such as
e.g. the central vertex of the snowflake channel for a N = 6-point function in d = 3, or the
(comb channel) vertices of type (2,2,0) in d > 4, to name just two examples. It is certainly
possible to compute these operators in the same way as we did in section 4. However, in
these more general cases, one will have to work with multiple independent cross ratios and
higher order Gaudin Hamiltonians. We believe that the elegant reformulation in terms of
generalized Weyl algebras outlined here for the single variable case can be extended to the
multi-variable context. Whether the associated Hamiltonians can be mapped to a CMS
type system remains an interesting question for future research.

As we explained in the introduction, the vertex operators studied here appear within the
full set of differential equations that characterize a scalar N-point function by taking OPE
limits on all the three branches attached to a given vertex of the OPE diagram. The limiting
procedure eliminates all but one of the cross ratios. Within the original multi-variable
system, the vertex differential operators act on all of the cross ratios, whereas the single
variable operators we have constructed here emerge only after taking the OPE limit. An
example of the full vertex operator for the central vertex of a scalar 5-point function was
constructed in [30], and we have checked that the single variable operator described above
for vertices of type I indeed arises in the OPE limits. For the other two cases in our list (2.6),
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the simplest realization as OPE limits involves scalar N-point functions with N =6, d > 4
and N =7, d = 4, respectively. Even though the full vertex operators in these cases have
not been constructed, we were able to obtain explicit expressions in the OPE limit.

In addition to vertices, OPE diagrams contain another important element, namely the
links that represent the exchange of intermediate primaries. One can prepare the differential
operators at an individual link much in the same way as for the vertices by taking OPE
limits at all branches surrounding said link. The resulting differential operators are expected
to include the Casimir operators for spinning 4-point blocks. We have verified this in a few
examples and shall present a more general theory in a forthcoming paper.

While the solution theory for Casimir equations of spinning 4-point functions is
sufficiently well understood, at least for applications to the conformal bootstrap, see
e.g. 4,9, 12, 35, 36, 60], very little is known so far about the vertex systems. For the single
variable vertices we analyzed in this paper we will address the solution theory in future
research. In this context, it may be interesting to note that crystallographic elliptic CMS
models have made a recent equally unexpected appearance in the context of Seiberg-Witten
theory for N' = 2 supersymmetric gauge theory [61]. For the lemniscatic model we described
above, a gauge theory realization has also been announced.

Once the solution theory for the ‘local’ vertex systems is well under control, one can
also hope to build up ‘global’ solutions for the full problem of scalar N-point functions.
We have started to explore this in the light-cone limit, where the link (Casimir) operators
simplify drastically, with very promising first results. In fact, it seems likely that multi-point
blocks in the light-cone limit can be accessed with little additional effort. Such blocks
have featured recently in [62]. Outside the light-cone limit, the powerful tools of integrable
systems, and in particular the method of separation of variables [63, 64], may become
relevant. Applications of this method to higher dimensional conformal field theories would
require its extension to higher rank algebras: this was initiated in [65, 66], and has been the
subject of many further developments in the past few years [67-69] (see [70-74] for some
of the most recent works and references therein). While there are still some steps left to
carry out before our new approach can fully materialize into computational algorithms for
multi-point conformal blocks, a clear path is emerging.
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A  Map from soc(6) embedding space to slc(4) twistors

We use indices A, B,C = 0,...,5 to label an orthonormal basis in the fundamental repre-
sentation of soc(6), and a,b,c = 1,2, 3,4 to label a basis in the fundamental representation
of slc(4). We saw that irreducible representations of soc(6) are sections of a line bundle
over the space of isotropic flags in C°

Span(X) C Span(X, Z) C Span(X, Z, W) = Span(X, Z,W)* c Span(X, Z)* c Span(X)* c C°,

(A.1)

where V1 is the orthogonal complement of the vector subspace V C C® with respect to the

6-dimensional metric (n4p). These sections are equivalent to certain functions F(X, Z, W)

of three vectors in C% that are null and mutually orthogonal with respect to the Minkowski
metric,

X2=Z7?=W?=X-Z=X-W=2Z-W=0. (A.2)

Said functions must be homogeneous of fixed multi-degree, and invariant under the gauge
transformations that preserve the isotropic flag,

F(X,Z 4 10X, W + oo X + o1 Z) = F(X,Z,W). (A.3)

Depending on the choice of real form of soc(6) (or equivalently the signature of (nap)), as
well as the choice of representation, one must either apply reality conditions on some of
the X, Z, W or impose that F' is holomorphic in some of the X, Z, W variables. For the
reflection positive and integer spin representations of CFT4, X is real and F' is holomorphic
in Z,W € CS. In this case, the space of vectors (X, Z, W) € RS x (C%)? satisfying (A.2) is
informally known as embedding space. The gauge constraints can be explicitly solved by a
change of variables

cV=x, V) i=(XAZ)ap,  CFei=(XANZAW)age, (A.4)

such that F(X,Z, W) = F'(C©,CcM, C®) for some function F’.
Similarly, irreducible representations of slc(4) are sections of a line bundle over the
space of flags in C,

Span(Y;) C Span(Y7,Ys) C Span(Yy, Ys, ¥3) € C. (A.5)

This is equivalent to functions W(Yj,Ys,Y3) of three (arbitrary) vectors in C* Said
functions must also be homogeneous of fixed multi-degree, and invariant under the gauge
transformations that preserve the flag,

U(Y1,Ys + e Y1, W +c31Y1 + c32Y2) = U(Y7, Yo, Y3). (A.6)

Once again, the gauge constraints can be explicitly solved by the change of variables to

gauge-invariant tensors

Sa = }/1(17 Xap = (Yl A }/Z)abv Sabc = (Yl ANYa A }/3)0,667 (A7)
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such that W(Yy,Ys,Ys) = ¥/(S, X, S) for some function ¥. The gauge invariant, anti-
symmetric, and su(2, 2)-covariant tensors (S, X, S) are known as twistor variables in the
physics literature. Similarly to the previous case, reality conditions on Y7, Ys, Y3 or holo-
morphicity conditions on ¥ are required to realize irreducible representations of real forms
of slc(4). In particular, the reflection positive and half-integer spin representations of CFTy
are realized by imposing that Xy is real and ¥’ is a holomorphic function of S and S.
This follows from the fact that SU(2,2) is the double cover of the Lorentzian conformal
group SO(2,4).

More generally, as soc(6) = slc(4), representations of the latter can be mapped to
representations of the former. As a result, there exists a map from homogeneous, gauge-
invariant functions on soc(6) embedding space to homogeneous functions of the twistor
variables (A.7). This translates into a map from the gauge-invariant tensors (A.4) in C% to
the gauge-invariant tensors (A.7) in C*. To determine explicit expressions, we make use of
the chiral I-matrices '/ defined for example in [5, appendix B]. If M“5 € s0¢(6), then
there exists L,” € slc(4) such that

MASTE = [ c14 + 1,174, (A.8)

These I'-matrices are anti-symmetric, such that we can define their duals with respect to

the 4-dimensional e-tensor,
1 A
ieabcdrab : (A.9)

The fundamental identities of the I-matrices can also be found in [5, appendix B]. The

f\Aab —

Clifford relations are
A pBebpd — _opABsa (A.10)

while the contraction identity is
14Tl hy = 2eabed - (A.11)

The map from gauge-invariant tensors in so(1,5) embedding space to twistor variables is
then given by

1 _
SUSSTNES ) (A12)
1 - _
CV) = (XA Z)ap = —=ST 4TS, | A3
AB ( )AB \/5 Aabl B ( )
1 _ _
CP=(XNZAW)ape = ——=SaTWT gl Sy, (A.14)
2v2
~(2)  _ 1 _ 1 Qa mbe Qd A
22
Here, we defined the dual tensors
_ 1 - - 1
S¢ = geadeSde, X .= §€adeXcd- (A.16)

We can now summarize our nomenclature for various spinning representations of maximal
spin depth in d = 4:
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o we call a self-dual (respectively anti-self-dual) representation any function on embed-
ding space that is a homogeneous polynomial of order ¢ € Z; in W (respectively a
polynomial of order —¢ € Z, in W). In twistor space, we see that these representations
correspond to homogeneous polynomials of order j € 2Z, in S and j € 2Z, with
j > 7 (respectively j < 7).

o We call a chiral (respectively anti-chiral) representation any function on twistor space
that is a polynomial of order j € Z, in S (respectively 7 € Z, in S) with 7 = 0
(respectively 7 = 0). In cases where j (respectively 7) is an even integer, these coincide
with the self-dual (respectively anti-self-dual) parts of so(4) representations with
rectangular Young tableaux of height hy = --- = by = 2 and length [ = ¢ = j/2
(respectively | = —¢ = 7/2).

With this map, it is easy to directly relate the MSTo-MSTs-scalar tensor structures in
50(1,5) embedding space with those of twistor space:

X Xj= i)‘(ﬁbxjab = —%tr X X;, (A.17)
XipVijk = SiX; XS (A.18)

(kz)? = (5:8;)° (A.19)

Giip = (SiXiS;)? (A.20)

U7 = (SiXxS))*. (A.21)

It is important to note that the squared tensor structures on the left hand side of (A.19),

(A.20), (A.21) are also perfect squares of soc(6) embedding space variables. This means
that we can compute 3-point functions of any half-integer spin fields in our formalism.

B Comments on scalar products and unitarity

B.1 Integral formula for the SO(d 4+ 2)-invariant scalar product

Consider an arbitrary finite-dimensional and irreducible representation of so(d + 2), labeled
by a Young tableau with row lengths —A >1; > --- > [y, L := rank(so(d)). The latter can
be represented as a tensor on C4+2,

F

— ) _
A0 AQAD A0 4B g = Fay, AT =1..,d+2, (B.1)
- 1 L

satisfying the same (anti)-symmetry and tracelessness conditions as in subsection 3.1. By
contracting the first family of indices with a null polarization vector X € C42 X2 =0,

F X) = x4 xA%F B.2
A, {4y (X) = o A AQLAD. 4D, AP 4D (B-2)
these [-A,l1,...,11] tensors are equivalent to transverse [l1,...,[1] tensor-valued homoge-
neous functions on the complex light-cone in C4*+2:
—A AW
Faqay, (MoX) =" Fa 4y, (X)), X% Fara,(X)=0, (B.3)
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with the gauge equivalence relation

FA,{A}L(X)NFA,{A}L(X)+C (X)XA(j)7 (B4)

(A (AP

valid for any transverse [l1,...,l; —1,...,11]- tensor valued function X — C(X) of homo-
geneity —A — 1. The SO(d + 2)-invariant scalar product of two irreducible tensors is given
by the contraction of indices,

Ll N
§UBB Y TT T 6572 (B.5)
j=0i=1

(F,G) = F{A}L+15{AA/}L+1 Ga

Yot

A result of Bargmann and Todorov (cf. [49], Proposition 4.1) recasts this scalar product as

an integral over C%+2:

(FasGa) = [ " 2X0(X3)a" 28X pusa(X - X) PV Wi, GEP ().
(B.6)
The measure is given by

8

Pd+2(t) = Wti(dim/‘llf(d_g)/g(Q\/%) , (B?)

where K(s) is the modified Bessel function of the second kind, while to ensure gauge
invariance, the indices are contracted with the tensor

X,X L %X XX XaXp
Wiy, = ITIW 00 Wag =das - % x (B.8)
j=0i=1 i i
satisfying . )
XAW G =0=w 5 xP. (B.9)

While there are other integral formulas for SO(d 4 2)-invariant scalar products (e.g. in [5]),
the Bargmann-Todorov scalar product ensures that the adjoint of the X4 operator is the
so-called Thomas-Todorov operator,

i)
XL:DA:<XB +

d) 0 1 0?
OXB 2

gxA %A 0XBoXpy ' (B.10)

We would now like to reduce the integral formula (B.6) to the Poincaré patch,

2-1 2?+1
XAXT z) = XT\A(2), Xt o= X X2, X(x) = (J: ,ix + ,—x“) .

2 2
(B.11)
First, the measure is modified as
. . d~
d+2y _ 1 2 +/y+\d—13d dr2y _ 1 2\ 1%+ v+ d—ldi
4oy = 2d<X JAXF(X )ty dTHX = 2d(X ) dX*(XH) 1 (B.12)
where 7% := —7%/%? is the generalized antipode of % on C?U{oc}. Next, the scalar product
in the measure is expressible as
_ 1 2(x — :76)2
X = S x4
XX =g |xt (B.13)

— 49 —



Finally, the fields can be rewritten as

() = (XS @eli@), )= D@, By
and
L0 = (0280 () el (55) ~ @020 () i@ e @),

(B.15)
where “~” denotes gauge equivalence, I (z) := o) — 2x%xp/ 22, and the C%*2 contraction of
the e-tensors with the W-tensors yields

e BWiE P () = Iu(@ — ). (B.16)

Putting all of these changes of variables together yields

1 5|y 2d-A-1) , d%F | X+ (@ — 7)?
<FA7GA> 4 C><(Cdd X ‘X ’ d%x ~2d Pd+2 T

757 (5) 12 @) Ty, (o~ 990 @),

The integral over X T is factorized by the change of variables

o o Xt - a)? ( . 2) 23
t=X-X = 5o . d (X ‘ = j)th, (B.17)
and the adjoint naturally appears as
a — a b
(P () =222 1l 0 (). (B.18)

such that

d— A d.T d~
(Fa,Gp) = {2 / A2t )}/Cd (l_ix)d%M(fg){a}L(j>I{ab}L<j—x)ggj}L(Jj)-

The t-integral is computed using [57, eq. 10.43.19],

/0 dss* 1K, (s) = 2*7 T <M ; V) r <M ;— V) , YRe(p) > |Re(v)], (B.19)
and the final result can be concisely written as
A oy Haby (2 —2) g
(FasGa) = NP [ atoa’s (7)1 h(x)éhmg{ ha), (B.20)

where the normalization is

21-AT(d+2 - 2A)T(d+1—A)
md ['(d/2)

N (B.21)
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B.2 Generalizations to different real forms of soc(d + 2)

In contrast with standard tensor contraction, formula (B.20) has the advantage of gen-
eralizing to infinite-dimensional unitary representations of SO(1,d + 1) and SO(2,d) by
changing the domain of integration of x and re-applying the same algebraic manipulations
of section B.1. We distinguish three cases:

(2,d). If X = Fpp4;,(X), A € Ry denotes a reflection-positive representation of
SO(1,d+1) (i.e. a unitary representation of SO(2,d)), then we replace (B.20) by an integral
over two independent variables 2%, #* € R"¥~! in d-dimensional Minkowski space. In this
context, the scalar product is conventionally recast as

(FaGa) =N [ ataSCOUO @3, o0 @), (B22)

where S(_Q’Ad) is the well-known (non-normalized) shadow transform,

@A) p{ade () - Ty, (@ = 2) L,
SEPU = [t e @), (B.23)

consisting of a non-local integral transform mapping a primary of conformal dimension A

to a primary of conformal dimension d — A.

(L,d+1). If X = Fpqa,(X), A€ g + iR, denotes principal series representations
of SO(1,d + 1), then we replace (B.20) by an integral over two independent variables
2%, %% € R? in d-dimensional Euclidean space. Once again, we can re-express the analytic
continuation of (B.20) in terms of the Euclidean shadow transform

SULTI () = Rdd“(ff”_};() @) (B.24)

s
This integral transform is known as a Knapp-Stein intertwining operator [39] between the
principal series representation of weight A, and the principal series representation of weight
A = d — A. On the other hand, if fa transforms in a principal series representation of
weight A, then fa will transform in a principal series representation of weight A. We can
thus obtain the scalar product between principal series representations by replacing the

shadow transform with complex conjugation, i.e.
d
(FasGa) = NGP [ ata (107 ) by, 98 (), (.25)

(d+2)

where ¢, is some normalization.

(0,d + 2). Back to unitary representations of the compact real form, where —A € Zx,
we can make the change of coordinates from antipode & back complex conjugate x and
rewrite (B.20) as

Pl (@) Iy, (2 + 222) I (2) g1 ()
(1+2z- &+ 22z2)d-4

(Fa,Ga) = N1&2 / dz dz (B.26)
cd

~ 51 —



It is known (see e.g. [75, eq. 2.48]), that the denominator in (B.26) appears in the Kéhler
potential

K(z,z):= log(l +2x-z+ xQ:EZ) (B.27)

of the Grassmannian
GI‘(Q, d—+ 2) = SO]R(d + 2)/HR, Hp = SOR(Q) X SOR(d), (B28)

which is not only a Kéhler manifold, but also a Hermitian symmetric space. A more succinct
formula for this scalar product is then given by

(Fa,Ga) = N /G (2M)(aé/cwemfg“h(ge)f{ab}L(aimf{{j}%f(x)ggh(z), (B.29)

where 9, 0 denote the holomorphic and anti-holomorphic exterior derivatives on the complex
manifold Gr(2,d + 2). The above formula does not lend itself well to direct computation.
Instead, for practical purposes, we will introduce a compact analogue of the shadow
transform, defined as

aa 8L 1)y, (o) i= [ Q) XA F (@)1, GIOTLE @), (B30

where |- denotes integration of anti-holomorphic top forms in the Dolbeault cohomology
of Gr(2,d + 2), such that d"z S(_O’AdH) [fT{e}e () is a holomorphic top form. We will now

determine the image of the finite-dimensional representation [—A,l;,...,[l1] of SOgr(d + 2)
under the compact shadow transform.

First, if we denote the action of the conformal generators on a [l1,...,I1] tensor-valued
field fa (z) as 748 (2, 0q), then the highest and lowest weight vectors of the representation
[—A,l1,...,11] with respect to the first Cartan element are given by

KMy =0 <= fa(z) =2 2 (a)v, Well,.... 1],
PI(LA)fA:O <:>fA(l‘):V, VVE[ll,...,lL].

Inserting both of these expressions for fia}L in (B.30), it is easy to deduce how

d?z S(_OZHQ) [fT](x) transforms under the left action of Hg on Gr(2,d + 2) (the latter are
defined in (B.28)). Combining these Hg-covariance properties with the holomorphicity
constraint is enough to determine, up to normalization, the image of the highest and lowest
weights under the compact shadow transform:

S ] @) x (@)@, SO | (622 @) | (@) o (67 EAST
Next, we know that all other states in the representation [—A,ly,...,[;] are given by the

repeated action of either PLA) or KLA) on either the highest weight vectors z=22I(z)v or

the lowest weight vectors v respectively, until the opposite weights are reached. Integrating
by parts the action of conformal generators in (B.30), we can deduce that the compact
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shadow transform continues to satisfy the interwining property,

0,d+2 T d+2 _
SO (K(Mfa ) ] () = —S"L? |£l] ()P,
d+2 T 0,d+2 _

S | (Pfa) ] (z) = =SS [£l] (@)K (2.
This allows us to compute the compact shadow transform of any vector in [—A,lq,...,11]
from the shadow transform of the highest/lowest weights determined above. The compact
shadow transform thus maps the space of [l1,...,[1]-tensor valued polynomials in z with
z%0, = diag(—d,...,—d + 2A) to a finite dimensional space of [l1,...,[1]-tensor valued
rational functions of x with %0, = diag(—d, ..., —d + 2A). Both spaces are meromorphic

functions in x%, and they are paired together with scalar product
_ as(d+2) d..q0,d+2) [ o4 {a}r
(FasGa) = NG [ atasU ] @l @By
Note that the integration domain, S' x S92 is isomorphic to the Hg-orbit of any non-zero
point in Gr(2,d + 2).

B.3 Iterated integration over Poincaré patches

For each of the L remaining Cartan generators in soc(d + 2), we can repeat the procedure
in section B.1 to write the scalar product of the representation [—A,ly,...,[z] as iterated
integrals over coordinates x, Y1, ..., Y.y Vmax < L. Having discussed the analytic contin-
uations of the integral formula for all relevant real forms of soc(d + 2), we will make the
representative choice

(T, Y1y - s Yoar) € RE X CF72 5 oo 5 €4 2Vmax (B.32)
which are local coordinates on the flag manifolds

SO(1,d+1)/(SO(1,1) x SO(d)) x Y, SO¢(d+2—2v)/(SOc(2) x SO¢(d — 2v)) x C4=2 |

(B.33)
for v =1,..., Vmax. At the STT level (vpax = 1) we introduce null polarization vectors in
C? and write

R
Fanfaps(#:21) 3= a4 mo o0 (@2 ot (B34)
Then, applying the reduction to the C%~2 Poincaré patch of z € C¢,
A d-1 | :.d yi—1 yi+1
Za(ZJrayl) = Z+¢1 (y1)7 Z+ =27 +iz ) wl(x) = 2 7i 2 7_y? ) (B35)

such that

a — a awa
Fatuta) (02) = GO o @ o)e (00, hlm) = 5atn), (B30)
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yields

(Fa,Ga) = NN dde d9-2y,
Rix (St xSd—3)

0,d 1,d+1
12D 0 STV Tays o (@ 91) g7 (@) (B.37)

The above choice of domain then corresponds to a principal series representation of SO(1,d+

1). Another choice relevant for CFT corresponds to representations where l; € % + iR

is on the principal series of the SO(1,d — 1) subgroup of SO(2,d). Such representations

are known as light-ray operators in the CFT literature [76]. The scalar product for such

representatlons can then be obtained by replacing S( ) Sl(ll’dfl), St x §4=3 5 Rd-2
n (B.37).

For the remaining spins lo,...,lr, the only physically relevant reality condition is
lo,...lp, € Z>o and y2,...,yr as in (B.32). Omitting the domain of integration over
R x [TL_,(S' x §%=2=1)  the integral formula of the scalar product at maximal depth is
given by

(Fa,Ga) = N3 / ddded 2y SCady | Fh ] @ w0 9a 0@ w}),

(B.38)
where
d+2) (d+2) 5 A(d d+2-2L 0,d+2—2L 0,d 1,d+1
Ny = NN NP0 S aqy =S, Vo 080D o gt
(B.39)

B.4 Application to the scalar products of 3-point vertex systems

3-point functions are invariants in the tensor product of three irreducible unitary represen-
tations of SO(2,d), from which they naturally inherit a SO(2, d)-invariant scalar product.
In the notation of section 2, this takes the form

3
(&, = HM_Ai§li§ei] /dd$dd_2y1idd_4y2l
=1

é)sdz,lz,g ] o,

=1

where we have suppressed the dependence of Q2 and ¢ on the quantum numbers [—A;; [;; ¢;]
for convenience. The subscript “H” in (—, —)y stands for “Haar”, because this formula for
the scalar product can be understood as descending from the scalar product on G x G x G
defined by the Haar measure. In the conformal partial wave literature, it has now become
common practice to analytically continue the conformal weights A from the physical region
A € R>g to the domain of the SO(1,d + 1) principal series representations, A & g + iR.
For similar reasons, it will be useful to analytically continue the STT spins from the
physical region l; € Z>¢ to the domain of the SO(1,d — 1) principal series representations,
l; € 52 +iR. In these regions, we can replace the shadow transforms in the scalar product
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with complex conjugation. In particular, for the STT-STT-scalar system (vertices of type
I), this allows us to write the scalar product as

(t,t) e = N_au ’ d?zy dley d%zs d? 2y, A9 2y, (wiw) ¢t (B.40)
(Rd)JX(Rd—Q)Q

where we defined

3 2
Q) (X35 2) = T[S T @) (@) (BA1)
i=1 i=1
and o
NICR R e NI (ORISR (B.42)
Note that t' = £ because of the conformal invariance of X'. To reduce (—, —)y to an integral

over cross-ratio space, we need to factorize the global SO(1,d + 1) symmetry acting on the
integration variables x1, xo, x5 € R? and 41,92 € S' x S%73. This can be achieved either
by applying the Faddeev-Popov method to a given conformal frame (passive picture), or
by directly reducing the integration variables to the cross-ratio via conformally covariant
changes of variables (active picture). We will adopt the latter approach.

First, let us decompose the prefactor w(2iti) ag

W (25) 1= | Xaz || X31.0]22 | X12:3] %2, (B.44)
wili) (21, ;) = (Nags1 - 1) (Nogy1 - I(z12)12)" (B.45)
where
X fh— ol Xbg— O Ny ik (B.46)
sk = Tik/Tip — Tjk/ T gk = T3 .3 ik 1= ; '
v WSSk IRk i3k xzzkx?k Y | Xijk|

y2—1 .y2+1 al s . . . d—2
and ; = Y1(y;) = | “5—,i%5—, —y§* | is the projective null vector in C defined above.

Now, because A; = d — A, on the principal series, the prefactors in the integral simplify to

W (AN = WD WER) = |15~ zos| |31 |, (B.47)
Wil (W) = Wl w@=471) = (Nogiq - p1)? 4 (Nagy1 - I(z12)102)> % (B.48)

In the second line, we used the transformation properties of (z;,y;) under simultaneous
SO(2,d) and SO(1,d — 1) inversion,

(i, y1) = (zifxf, —1(zi) - yi/y7)
If(wij) = T (@a) I5(2i) I (25) |
N'L};k = Ig(xk)Nl},k )

2, 1,

P —yR I (i)Y
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We can then re-express the measure coming from the z; € R? as

3 d.. id.. 1d
d%x1d%xed®xs
H d%z; (wSCwSTC) = 7 - !
i=1 |l‘12| |$23| ’$31’
d4Xs.
d _ 23:1
=d xldd 211 ;
| X231

= ddxlddxglldlog |X23;1|dd_1N23;1 s

where d%~! N denotes the measure of the (d—1)-sphere in R?. Recall that in 2%, y®-variables,
the cross-ratio takes the form

1 - () )ibo
(Nasi1 - 1) (Nazg1 - (g )iba)

Since I(x) is independent of |z|, the non-compact moduli of the z;-integrals fully factorize to

1
X= (B.49)

1SO(1,d + 1)]

So@] (B.50)

d d,.—1
/ d Jfld Loy d10g|X23;1| =
RixRIXR 4

where |G| denotes the volume of G. Here, we understand d%z1d?zy;' dlog | X23.1| as integrals
over translations, SCTs, and dilations respectively. Next, we change isospin variables to

A7 2y1d 2y (wepwly) = A9 2y1d " Pyan (Nagi - ¥1)° " (Nag1 - 02,1)° 74,

where ya.1 := I(x5;') - y2 and Y51 = ¥ (y2;1), such that

1 g,
X == V1 Yo . (B.51)
2 (Naz;1 - 1) (Nazi1 - 2;1)
As we have now eliminated all ambiguity, let us denote Nj5, = N® € Sa=1. We

can always find a rotation matrix Ay € SO(d) such that N = (Ay)%68%, where if
Y(y) = (y22_1,iy22+1, —y"‘), then e; := (0,0, d¢). We can thereby absorb any appearance

of N in the integrand as the action of A&l on 1, Pa.1, i.e.

(Nag - 101)2 H(Nagyy - thoa)? 4 = (ex - Ajtepn)> 4 (er - Aytepan )%,
y_1 (Ay'¢1) - (Ay'a)
2 (ex - AR 1) (er - AR )|

Now, recall that ¢*(y) = Zz—i, for some null vector z € C%, so that

-1
AN - (y) = (AZZ+Z)+¢(AN1 "y). (B.52)

As we know from CFT, linearity of the A-action in C? embedding space ensures that (AIZ f)

is a function of y, and it is determined by the Jacobian of the action of AR,I ony € C42,

1

d—2

(Ay'2)*
Z+

O(AN - y)

det
e dy

(B.53)
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It is precisely for this reason that we can write

2-d
4?2y (W) = d%2y |det 6(A§;'y) = d92(AN ). (B.54)
If we define ) := AN' -1, ¥h := Ay - yo, and
e =y, vy e =yt (B.55)
this yields
A7 2y1d 2y, (wspW;fp) = d/d_2y/1dd/_2yé  X=- L yé)ajaﬁ(%i — - (B56)
(1) 2(yg )42 Ay ) (y2)

Having eliminated the dependence on N = Nag3.1, we can then factorize the integral over

S s 1SO(d)|
d91N = |gd-1| = 22\ B.
/Sd—l ‘S ’ |ISO(d — 1) (B.57)

To reach this point, we have exclusively made changes of variables given by conformal
transformations. In summary, we have simplified the scalar product to

N SO(1,d
(t8) = il_[lN[(—dZi)u W (B.58)
d—2 d—2
/(Rd2)2 Wt(?f(yi)) (X (i) - (B.59)
1 2

From the Faddeev-Popov perspective, this expression is equivalent to the partial gauge fixing
(27, 25, 25%) = (0,0F, 00) , (B.60)

with a residual SO(1,d — 2) symmetry on the a = 2,...,d plane remaining. To get a
better intuition of the kinematics at hand, it is worth noting that (B.59) is equivalent
to the conformal invariant pairing of scalar 2-point functions in (d — 2)-dimensional Eu-
clidean boundary CFT, with boundary at yll =0 (see section B.5 for further details). To
obtain a scalar product with discrete orthonormal basis, we will restrict the domain of
(y1,y2) from (Ry x R¥=3)2 to a SO(1,d — 2)-invariant submanifold for which the image
of (y1,y2) — X(y1,y2) is a compact domain. To find this restriction, we can write the
cross-ratio in manifestly SO(1, d — 2)-invariant form as

(y2 — Py1)* + (y2 — 11)?
(y2 — Py1)? — (y2 — 1)’

s=1-2X = (B.61)

where Py := —ylle; +y* maps a point in half-space to its mirror image. Since P commutes
with conformal transformations that preserve the boundary, both (y2 —y1)? and (y2 — Py)?
are SO(1,d — 2)-invariant. Thus, the restriction of these conformal invariants to

(yo—y1)? <0, (y2—Py)?>>0=|s| <1, (B.62)

— 57 —



defines an invariant submanifold where s is bounded. Note that this requires a continuation
to the (d — 2)-dimensional Minkowski metric, with respect to which y2 and y; are then
timelike separated. To proceed further, we act with SO(1,d — 2) transformations on y;:

1 Yi — ?/1L
Yi = Yi — Y — = yr, (B.63)
Y1
which maps a generic pair of isospins to the gauge
8 — (W)* _ a-
ye=op, g B gae (B.64)
Y1

On the domain (B.62), y3 is a spacelike vector and can be parameterized as
Yy =eY (cosh ¢ e1 + sinh qbnl) , (B.65)

where nt € H" ! is the two-sheeted hyperboloid of unit timelike vectors in RU"~1. With
these variables, we can write the cross-ratio as

cosh ¢

— 1 < cosh? 1) < cosh? ¢. .
cosh & < cosh” ¢ < cosh” ¢ (B.66)

s=1-2X =

Now, it’s easy to transform the measure to

d9=2y;d 92y, _ dd_zyldygdd_?’yi
(y)d=2(yh) 22 (y])d=2(y))d-2
a2y, (v /) 42y /)

(y])d-2 (b /yl)d-2
_ Ay dty

D )

This factorizes the y; measure, leading to another normalization that corresponds to the

Vhs :/ dme_d/ dd_3y.
0 Rd-3

Next, applying the parameterization (B.64) to y3, we get

volume of half-space,

A2 d (ew) (e¥)43dpsinh?* ¢ d9—*n "+
<y;H)d—2 (e¢)d*2 COShdiQ ¢
= d¢p d(cosh ¢) cosh? ¢ ¢ sinh? =5 ¢ d4~*nt

d h2 2—-d d—>5
= d(s cosh ¢) (COS ¢) (cosh? )7 (cosh®? ¢ — 1) 7 d?4nt

/42 cosh?é — 1 2 cosh ¢

1
= Sd" it 173 (1— )" 2ds (1 — s2)* 2,

_ cosh? ¢ — cosh? 1)
B cosh? ¢ — 1

€ [0,1].
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The t-integral yields

/ dtt3(1—1)"2 = (F( 1)/2)\/7?, (B.67)

and the unit vector d*~*n' integrates to an extra ’H d_4' volume. Putting everything back
together, we obtain

\FH (d+2) [SO(1,d + 1)]|SO(1,d — 5)| T'(aw — 1/2)
Moy Ve “ 0@ -1)[50[d -5 Ta)

+1
ds (1 — s%)>~

) (50 (52). o

We have thus proven that for the STT-STT-scalar vertex, the scalar product descending

{t,t')u

M\»—l

from the Haar measure coincides, up to normalization, with the Gegenbauer scalar product,
{t, g o (t,)q. (B.69)

For a space of functions with the appropriate boundary conditions at X = 0,1 <— s =
—1,+1, the hermiticity constraint of the 2-STT vertex operator (4.3) relative to this scalar
product is then given by

H(dQAiéli) (X, 82‘() — héd;d—Ai;2—d—li)(X) +

4
S (X = X)X (1L - &) RS (),
qg=1
(B.70)
where o = % in this case. In principle, one could obtain the generalization of this scalar

product to MSTy-STT-scalar, and MSTo-MSTs-scalar in d = 4 by direct computation,
using the scalar product on arbitrary spinning primaries that was derived in the previous
section. However, given the full expression of the vertex Hamiltonian, we can instead make
a simple self-adjointness ansatz for a modified Gegenbauer scalar product,

H(d§Ai§li;£i)(X7aX) L héd;d—Aiﬁ—d—li;fi)(X) +
4
Z(_)q[x(l —X)]%_aé?}[)((l . X)]a—i-l——h(dd A;;2—d— lZ,Z)(X)'
=1
(B.71)

For the values of (d; A;;1;; ¢;) where the vertex system is 1-dimensional, this ansatz is valid
if and only if « = 1 + l5 + d—g?’.

B.5 Relationship with boundary and projective space in CFT4_»o

Consider once again two ST'Ts and one scalar field in d dimensions, and define

Op, 1, (X, Z;) = (Xj)iAi(I)Ai,li(xiazi)v (B.72)
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as well as

_ _ —Ags Xo3.
Que(w1, 22, 3) = [ Xaga| [ Xaro| 22| Xsh,| o= B (B.73)
’ | X231
Then a general 3-point function of such representations is given by
QNP 1, (1, 21) Py 1y (02, 22)Pay (w3)) = (N - 21)" (N - 291)2 (X)), (B.74)
where
X 1231 (B.75)

- 2(N‘ 21)(N . 22;1) '

The right hand side of eq. (B.74) takes the exact same form as the 2-point function of
two scalars with conformal dimensions (—{1,—l2) in (d — 2)-dimensional boundary CFT
with X = —¢ when N? = 1, or (d — 2)-dimensional projective space CFT with X = 5
when N? = —1. Using this kinematic equivalence, we could have directly obtained the
Gegenbauer formula for the scalar product from [77, eq. 4.10], by continuing £ = —X € [0, 00)
to & € [—1,0]. However, in this correspondence, the CFT;_5 embedding space vectors
P € RM1 are replaced with complex null vectors z € C%, and there is no reality condition to
distinguish projective space kinematics and bCFT kinematics in the case of finite dimensional
representations of the rotation/Lorentz group. That being said, in Lorentzian signature, we
expect our setup to coincide with the kinematics of Euclidean projective space CFT after
analytically continuing to principal series representations of the SO(1,d — 1) subgroup.

C The d-deformation of the MST,;-MST,-scalar vertex operator

C.1 Comparison with one-dimensional vertex systems

For all combinations of (d; A;;1;;¢;) that yield one-dimensional vertex systems, the Hamil-
tonian can be written as

H(dAGlG) — frOiviasB) 4 AE(W”“O‘?B;C[), (C.1)

where (Ag;1;;0;) <> (vi; V455 05 B) is the d-dependent bijection of seven parameters defined in
subsection 6.3, and AE(i#i:%8:d) jg a constant energy shift determined by

AE — Egpmy = Lepny — H, (C.2)
with Eé%ﬁ{}g“d) given in C.2. Even for the two-dimensional vertex systems d > 4, {1, # 0,
we can obtain a d-dependent, MST9-MSTs-scalar Hamiltonian for a one-dimensional system
by restricting to the ) = 0 plane:

H(d>4;A¢;li;€1,42)(X7 dy) = H(d>4§Ai§li§glgz2)(‘){7 Y =0,0x,0y=0). (C.3)

This d-deformation of the MST-MSTs-scalar operator is qualitatively different from the
d =4 or /5 = 0 cases for several reasons:
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1)

(d>44:0:6,62) in (C.5) as an elliptic

First, while we can still write the whole operator H
CMS Hamiltonian, two of its multiplicities will no longer be linear in the quantum

numbers — instead

7—d d—4\? d—4
m1,0:2—(l1+12)—A3—2\/<51+2) + 205 (2—€1> —i—ﬁ%,

mog = ———(l1 +12) — Az +2

d—4\? d—4
5 (514—) +2€2<—€1>+€%;

2 2

and the remaining multiplicities are
k(d; Aislis by, o) = k(d; Ag;1i544,0),
M (d; Ayl 01, 02) = my , (d; Ags 1 014+-£2,0),  (4,v) € {3,4} x{0}U{1,2,3,4} x {1}.

Second, there is no choice of a such that H(@>%48lit1.62) jg hermitian with respect to
the Gegenbauer scalar product (—, —)4, nor any scalar product with a measure of the
form xX%(1— X)°, X €[0,1].

It goes hand in hand with reason (1) that H(@>%2:i:61.62#0) wil] now exhibit an explicit
dependence on dimension after the reparametrization (A;;l;;4;) <> (vi; vi; «; 5), i.e.

H(@>85061500,27#0) _ fr(d>divi;visasB) (C.4)
In fact, the generalization of (C.1) to H(@>%8:li61,67#0) j5 given by
H(GAlit) — Fhivses) L(d—4)(a— B — l)HéZ?”“O”ﬁ)(X, Ox) + AEEaHd) (0 5)
where

H (X, 02) =42 (1- X)20%
+2(1-X) [(r1+1v2—1)X — (v1 +r2+1) —2a—2iy3] Ox +4v1 10X

1 2 . 2
+H (4(71—72) +(2042iy3+ 201 +212+-3) ) ,
is the d # 4 deformation, and AE(i#iiid>4) ig also a constant obtained from

AE — EEFMV = LEFMV — ﬁ — (d — 4)(a — 5 — 1)Hdef- (CG)

C.2 The constant shift for the CMS operator

In section 6 (more specifically eq. (6.31)), we determined the Hamiltonian of all one-

dimensional vertex systems in terms of the CMS operator Lrpymy up to a constant shift

Egpmy. This was generalized in the previous section to H(d¢4?A“li?éi¢O)(X,y = 0,0y,

0y = 0) with generalized CMS multiplities that are no longer linear in the dimension and

quantum numbers. In all of these cases, the constant shift in the Hamiltonian is given by

HEAE0 (X, 0) = Ly (X, 0x) + EEA), (c.7)
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To write out Egpzmy explicitly, we make use of the previous change of variables to (v;; v4; «, 5)
and expand the dimension around d =4, 8 =0, and o =0, i.e.

3
d:=4+2¢, Egpmy = Z 5mEEFMVv EIEJHI;L%\/IV = Z ﬁnEI(EnI;Mn{/’ EFMV = Z apEggl\%
n=0

The simplest coefficients are at the highest order in each of the three expansion parameters,

4 3 64(5 — Oé) — 1856 29
EészV = —128/3, EEF)MV = 3 ) E](EFI\BIV =32,
1,3 0,0,4 0,3
E}(EFI\BIV = E](SFM\)/ = —16, El(amalv =8(1 - 2a).

The next highest order terms are also relatively simple,

64(a— 3ivy3)+896
gy 1373” , EUR = 16(2iys+a—2), Bl =16(15+61, —2us),
B0 — (14801 —8uy), B8 — 801, — 1761, — 16iy3—64.
We can then write all terms at O(e, ) as
12
BUY =561 (m - - 1) + 8un(va + 4o+ 1) + 161110 + 8(477 — 493 +3)
688 230
— 16iy3(v1 + v2 — 2a0) + 704 —16a% + N

The remaining terms that fit on one line are

1120
B — 1607 (201 — 1)+ 1602 (2054 1) + 16173+ 32(12 — 12 +72) + ——

3
3 347
E}EOF&O\),—28V1(1/1+1)—41/2(1/2+1)—81/11/2+81'y3 <V1—|—l/2+2> 472 4-16(~3 7%)—7

31
E}E:%?v[z\), = 6019 <V2+15> —124v1 (v1+1)+88v1 v +4iy3 (1 — 211 —214) +607§ —32(7%+722)+183.

Finally, we have

1208 1928
3 278
+ 16i73 <V1 + v+ 2) — 8v2 4+ 32(72 —~43) — =
856 616
El(*llF(l)\/IO\)/ —3Y vi(vi+1) = ?V2(V2 +1) + 161114

. 3 616 5, 544 5, 928 , 4874
+ 16iy3 {11 + vz — 53) T 3BT T g T g
EO2 =160 (—a+ vy + vy +ivs +2) + 1201 (1 + 1) + 1209(vy + 1) + 8110

+ 4iy3(2v1 + 2v5 + 3) + 59,
along with
(0,0,1) 3 2 2
Eppnvv = 1613 — 24003 + 5202 — 36407

2168 1352 .
+48v1v9 (V1 +12+104)+ 3 vi— 3 vo+4iy3(342v1+219)
899
443 (1342811 —4v) +77 (3211 — 9612) — 3273 (14311 — 1) +64iy1 7273+ ——,

3
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and

0,0,0) 1084 , _ 724 1276

EOOY) — 4t — 600} + 803 — 12003 + 240213 + ——— 12 — 1 (o + 1)+ 28 s + 5

Op

3 3
1671723 (1 + 201 +20m) — 298 — 6472 (72 —~2)

751
— vg <3 + 567% — 87% — 521/12 — 5611 + 81 —8rivg+ 121/22)

1330
_,-Y% (3 + 561/22 — 8V% +40v9 — 2411 — 1614 VQ)

766
43 (3 + 812 — 567 + 2415 — 4001 4 161 1/2) .

en Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

Re
1]

[10]

[11]

[12]

[13]

ferences

F.A. Dolan and H. Osborn, Conformal four point functions and the operator product
expansion, Nucl. Phys. B 599 (2001) 459 [hep-th/0011040] [INSPIRE].

F.A. Dolan and H. Osborn, Conformal partial waves and the operator product expansion, Nucl.
Phys. B 678 (2004) 491 [hep-th/0309180] [INSPIRE].

F.A. Dolan and H. Osborn, Conformal Partial Waves: Further Mathematical Results,
arXiv:1108.6194 [INSPIRE].

M.S. Costa, J. Penedones, D. Poland and S. Rychkov, Spinning Conformal Blocks, JHEP 11
(2011) 154 [arXiv:1109.6321] [INSPIRE].

D. Simmons-Duffin, Projectors, Shadows, and Conformal Blocks, JHEP 04 (2014) 146
[arXiv:1204.3894] [INSPIRE].

M. Hogervorst and S. Rychkov, Radial Coordinates for Conformal Blocks, Phys. Rev. D 87
(2013) 106004 [arXiv:1303.1111] NSPIRE].

J. Penedones, E. Trevisani and M. Yamazaki, Recursion Relations for Conformal Blocks,
JHEP 09 (2016) 070 [arXiv:1509.00428] [INSPIRE].

A. Castedo Echeverri, E. Elkhidir, D. Karateev and M. Serone, Deconstructing Conformal
Blocks in 4D CFT, JHEP 08 (2015) 101 [arXiv:1505.03750] [INSPIRE].

A. Castedo Echeverri, E. Elkhidir, D. Karateev and M. Serone, Seed Conformal Blocks in 4D
CFT, JHEP 02 (2016) 183 [arXiv:1601.05325] [INSPIRE].

M.S. Costa, T. Hansen, J. Penedones and E. Trevisani, Projectors and seed conformal blocks
for traceless mized-symmetry tensors, JHEP 07 (2016) 018 [arXiv:1603.05551] [INSPIRE].

M. Isachenkov and V. Schomerus, Integrability of conformal blocks. Part I.
Calogero-Sutherland scattering theory, JHEP 07 (2018) 180 [arXiv:1711.06609] [INSPIRE].

D. Karateev, P. Kravchuk and D. Simmons-Duffin, Weight Shifting Operators and Conformal
Blocks, JHEP 02 (2018) 081 [arXiv:1706.07813] [INSPIRE].

R.S. Erramilli, L.V. Tliesiu and P. Kravchuk, Recursion relation for general 3d blocks, JHEP
12 (2019) 116 [arXiv:1907.11247] [NSPIRE].

— 63 —


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/S0550-3213(01)00013-X
https://arxiv.org/abs/hep-th/0011040
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0011040
https://doi.org/10.1016/j.nuclphysb.2003.11.016
https://doi.org/10.1016/j.nuclphysb.2003.11.016
https://arxiv.org/abs/hep-th/0309180
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0309180
https://arxiv.org/abs/1108.6194
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1108.6194
https://doi.org/10.1007/JHEP11(2011)154
https://doi.org/10.1007/JHEP11(2011)154
https://arxiv.org/abs/1109.6321
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1109.6321
https://doi.org/10.1007/JHEP04(2014)146
https://arxiv.org/abs/1204.3894
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1204.3894
https://doi.org/10.1103/PhysRevD.87.106004
https://doi.org/10.1103/PhysRevD.87.106004
https://arxiv.org/abs/1303.1111
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1303.1111
https://doi.org/10.1007/JHEP09(2016)070
https://arxiv.org/abs/1509.00428
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1509.00428
https://doi.org/10.1007/JHEP08(2015)101
https://arxiv.org/abs/1505.03750
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1505.03750
https://doi.org/10.1007/JHEP02(2016)183
https://arxiv.org/abs/1601.05325
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.05325
https://doi.org/10.1007/JHEP07(2016)018
https://arxiv.org/abs/1603.05551
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1603.05551
https://doi.org/10.1007/JHEP07(2018)180
https://arxiv.org/abs/1711.06609
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.06609
https://doi.org/10.1007/JHEP02(2018)081
https://arxiv.org/abs/1706.07813
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1706.07813
https://doi.org/10.1007/JHEP12(2019)116
https://doi.org/10.1007/JHEP12(2019)116
https://arxiv.org/abs/1907.11247
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.11247

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

J.-F. Fortin, W.-J. Ma, V. Prilepina and W. Skiba, Efficient rules for all conformal blocks,
JHEP 11 (2021) 052 [arXiv:2002.09007] [INSPIRE].

V. Rosenhaus, Multipoint Conformal Blocks in the Comb Channel, JHEP 02 (2019) 142
[arXiv:1810.03244] NSPIRE].

S. Parikh, Holographic dual of the five-point conformal block, JHEP 05 (2019) 051
[arXiv:1901.01267] INSPIRE].

J.-F. Fortin and W. Skiba, New methods for conformal correlation functions, JHEP 06 (2020)
028 [arXiv:1905.00434] [INSPIRE].

S. Parikh, A multipoint conformal block chain in d dimensions, JHEP 05 (2020) 120
[arXiv:1911.09190] [INSPIRE].

J.-F. Fortin, W. Ma and W. Skiba, Higher-Point Conformal Blocks in the Comb Channel,
JHEP 07 (2020) 213 [arXiv:1911.11046] [NSPIRE].

N. Irges, F. Koutroulis and D. Theofilopoulos, The conformal N-point scalar correlator in
coordinate space, arXiv:2001.07171 [INSPIRE].

J.-F. Fortin, W.-J. Ma and W. Skiba, Siz-point conformal blocks in the snowflake channel,
JHEP 11 (2020) 147 [arXiv:2004.02824] [INSPIRE].

A. Pal and K. Ray, Conformal Correlation functions in four dimensions from Quaternionic
Lauricella system, Nucl. Phys. B 968 (2021) 115433 [arXiv:2005.12523] [INSPIRE].

J.-F. Fortin, W.-J. Ma and W. Skiba, Seven-point conformal blocks in the extended snowflake
channel and beyond, Phys. Rev. D 102 (2020) 125007 [arXiv:2006.13964| [INSPIRE].

S. Hoback and S. Parikh, Towards Feynman rules for conformal blocks, JHEP 01 (2021) 005
[arXiv:2006.14736] INSPIRE].

V. Gongalves, R. Pereira and X. Zhou, 20’ Five-Point Function from AdSs x S® Supergravity,
JHEP 10 (2019) 247 [arXiv:1906.05305] [INSPIRE].

T. Anous and F.M. Haehl, On the Virasoro siz-point identity block and chaos, JHEP 08 (2020)
002 [arXiv:2005.06440] NSPIRE).

J.-F. Fortin, W.-J. Ma and W. Skiba, All Global One- and Two-Dimensional Higher-Point
Conformal Blocks, arXiv:2009.07674 [INSPIRE].

D. Poland and V. Prilepina, Recursion relations for 5-point conformal blocks, JHEP 10 (2021)
160 [arXiv:2103.12092] [INSPIRE].

I. Buric, S. Lacroix, J.A. Mann, L. Quintavalle and V. Schomerus, From Gaudin Integrable
Models to d-dimensional Multipoint Conformal Blocks, Phys. Rev. Lett. 126 (2021) 021602
[arXiv:2009.11882] [iNSPIRE].

I. Buric, S. Lacroix, J.A. Mann, L. Quintavalle and V. Schomerus, Gaudin models and
multipoint conformal blocks: general theory, JHEP 10 (2021) 139 [arXiv:2105.00021]
[INSPIRE].

M. Gaudin, Diagonalisation d’une classe d’hamiltoniens de spin, J. Phys. (France) 37 (1976)
1087.

M. Gaudin, La fonction d’onde de Bethe, Masson (1983).

B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and correlation
functions at the critical level, Commun. Math. Phys. 166 (1994) 27 [hep-th/9402022]
[INSPIRE].

— 64 —


https://doi.org/10.1007/JHEP11(2021)052
https://arxiv.org/abs/2002.09007
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.09007
https://doi.org/10.1007/JHEP02(2019)142
https://arxiv.org/abs/1810.03244
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.03244
https://doi.org/10.1007/JHEP05(2019)051
https://arxiv.org/abs/1901.01267
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1901.01267
https://doi.org/10.1007/JHEP06(2020)028
https://doi.org/10.1007/JHEP06(2020)028
https://arxiv.org/abs/1905.00434
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.00434
https://doi.org/10.1007/JHEP05(2020)120
https://arxiv.org/abs/1911.09190
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.09190
https://doi.org/10.1007/JHEP07(2020)213
https://arxiv.org/abs/1911.11046
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.11046
https://arxiv.org/abs/2001.07171
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2001.07171
https://doi.org/10.1007/JHEP11(2020)147
https://arxiv.org/abs/2004.02824
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2004.02824
https://doi.org/10.1016/j.nuclphysb.2021.115433
https://arxiv.org/abs/2005.12523
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.12523
https://doi.org/10.1103/PhysRevD.102.125007
https://arxiv.org/abs/2006.13964
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.13964
https://doi.org/10.1007/JHEP01(2021)005
https://arxiv.org/abs/2006.14736
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.14736
https://doi.org/10.1007/JHEP10(2019)247
https://arxiv.org/abs/1906.05305
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.05305
https://doi.org/10.1007/JHEP08(2020)002
https://doi.org/10.1007/JHEP08(2020)002
https://arxiv.org/abs/2005.06440
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2005.06440
https://arxiv.org/abs/2009.07674
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.07674
https://doi.org/10.1007/JHEP10(2021)160
https://doi.org/10.1007/JHEP10(2021)160
https://arxiv.org/abs/2103.12092
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.12092
https://doi.org/10.1103/PhysRevLett.126.021602
https://arxiv.org/abs/2009.11882
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.11882
https://doi.org/10.1007/JHEP10(2021)139
https://arxiv.org/abs/2105.00021
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2105.00021
https://doi.org/10.1051/jphys:0197600370100108700
https://doi.org/10.1051/jphys:0197600370100108700
https://doi.org/10.1007/BF02099300
https://arxiv.org/abs/hep-th/9402022
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9402022

[34]

[35]

[36]

[37]

[38]

[39]

[47]

(48]

[49]

M. Isachenkov and V. Schomerus, Superintegrability of d-dimensional Conformal Blocks, Phys.
Rev. Lett. 117 (2016) 071602 [arXiv:1602.01858] [INSPIRE].

V. Schomerus, E. Sobko and M. Isachenkov, Harmony of Spinning Conformal Blocks, JHEP
03 (2017) 085 [arXiv:1612.02479] INSPIRE].

V. Schomerus and E. Sobko, From Spinning Conformal Blocks to Matriz Calogero-Sutherland
Models, JHEP 04 (2018) 052 [arXiv:1711.02022] [INSPIRE].

M. Isachenkov, P. Liendo, Y. Linke and V. Schomerus, Calogero-Sutherland Approach to
Defect Blocks, JHEP 10 (2018) 204 [arXiv:1806.09703] [INSPIRE].

P. Etingof, G. Felder, X. Ma and A. Veselov, On elliptic Calogero-Moser systems for complex
crystallographic reflection groups, J. Algebra 329 (2011) 107 [arXiv:1003.4689]. [Erratum
2.14 http:/ /www-math.mit.edu/~etingof/errorsinpapers.pdf].

V.K. Dobrev, G. Mack, V.B. Petkova, S.G. Petrova and I.T. Todorov, Harmonic Analysis on
the n-Dimensional Lorentz Group and Its Application to Conformal Quantum Field Theory,
Lect. Notes Phys. 63 (1977) 1 [INSPIRE].

M.S. Costa, J. Penedones, D. Poland and S. Rychkov, Spinning Conformal Correlators, JHEP
11 (2011) 071 [arXiv:1107.3554] INSPIRE].

M.S. Costa and T. Hansen, Conformal correlators of mized-symmetry tensors, JHEP 02
(2015) 151 [arXiv:1411.7351] [INSPIRE].

E. Lauria, M. Meineri and E. Trevisani, Spinning operators and defects in conformal field
theory, JHEP 08 (2019) 066 [arXiv:1807.02522] [iNSPIRE].

V.V. Bavula, Generalized Weyl algebras and their representations, Alg. Anal. 4 (1992) 75.

T.J. Hodges, Noncommutative deformations of type-A Kleinian singularities, J. Algebra 161
(1993) 271.

W. Crawley-Boevey and M.P. Holland, Noncommutative deformations of Kleinian
singularities, Duke Math. J. 92 (1998) 605.

M.P. Holland, Quantization of the Marsden- Weinstein reduction for extended Dynkin quivers,
Ann. Sci. Ec. Norm. Supér. 32 (1999) 813.

G. Mack, Convergence of Operator Product Fxpansions on the Vacuum in Conformal Invariant
Quantum Field Theory, Commun. Math. Phys. 53 (1977) 155 INSPIRE].

H. Osborn and A.C. Petkou, Implications of conformal invariance in field theories for general
dimensions, Annals Phys. 231 (1994) 311 [hep-th/9307010] [INSPIRE].

V. Bargmann and I.T. Todorov, Spaces of Analytic Functions on a Complex Cone as Carries
for the Symmetric Tensor Representations of SO(N), J. Math. Phys. 18 (1977) 1141 [nSPIRE].

E. Elkhidir, D. Karateev and M. Serone, General Three-Point Functions in 4D CFT, JHEP
01 (2015) 133 [arXiv:1412.1796] [INSPIRE].

S. Ferrara, A.F. Grillo, G. Parisi and R. Gatto, The shadow operator formalism for conformal
algebra. Vacuum expectation values and operator products, Lett. Nuovo Cim. 4S2 (1972) 115
[INSPIRE].

A. Joseph, A generalization of Quillen’s lemma and its application to the Weyl algebras, Israel
J. Math. 28 (1977) 177.

S.P. Smith, A Class of Algebras Similar to the Enveloping Algebra of s1(2), Trans. Am. Math.
Soc. 322 (1990) 285.

— 65 —


https://doi.org/10.1103/PhysRevLett.117.071602
https://doi.org/10.1103/PhysRevLett.117.071602
https://arxiv.org/abs/1602.01858
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1602.01858
https://doi.org/10.1007/JHEP03(2017)085
https://doi.org/10.1007/JHEP03(2017)085
https://arxiv.org/abs/1612.02479
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1612.02479
https://doi.org/10.1007/JHEP04(2018)052
https://arxiv.org/abs/1711.02022
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.02022
https://doi.org/10.1007/JHEP10(2018)204
https://arxiv.org/abs/1806.09703
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.09703
https://doi.org/10.1016/j.jalgebra.2010.04.011
https://arxiv.org/abs/1003.4689
http://www-math.mit.edu/~etingof/errorsinpapers.pdf
https://doi.org/10.1007/BFb0009678
https://inspirehep.net/search?p=find+J%20%22Lect.Notes%20Phys.%2C63%2C1%22
https://doi.org/10.1007/JHEP11(2011)071
https://doi.org/10.1007/JHEP11(2011)071
https://arxiv.org/abs/1107.3554
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1107.3554
https://doi.org/10.1007/JHEP02(2015)151
https://doi.org/10.1007/JHEP02(2015)151
https://arxiv.org/abs/1411.7351
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1411.7351
https://doi.org/10.1007/JHEP08(2019)066
https://arxiv.org/abs/1807.02522
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.02522
https://doi.org/10.1006/jabr.1993.1219
https://doi.org/10.1006/jabr.1993.1219
https://doi.org/10.1215/S0012-7094-98-09218-3
https://doi.org/10.1016/S0012-9593(00)87719-8
https://doi.org/10.1007/BF01609130
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C53%2C155%22
https://doi.org/10.1006/aphy.1994.1045
https://arxiv.org/abs/hep-th/9307010
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9307010
https://doi.org/10.1063/1.523383
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C18%2C1141%22
https://doi.org/10.1007/JHEP01(2015)133
https://doi.org/10.1007/JHEP01(2015)133
https://arxiv.org/abs/1412.1796
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1412.1796
https://doi.org/10.1007/BF02907130
https://inspirehep.net/search?p=find+J%20%22Lett.Nuovo%20Cim.%2C4S2%2C115%22
https://doi.org/10.1007/BF02759808
https://doi.org/10.1007/BF02759808
https://doi.org/10.2307/2001532
https://doi.org/10.2307/2001532

[54]

[55]

A. Oblomkov, Deformed Harish-Chandra homomorphism for the cyclic quiver, Math. Res. Lett.
14 (2007) 359, [math/0504395].

P. Etingof, W.L. Gan, V. Ginzburg and A. Oblomkov, Harish-Chandra homomorphisms and
symplectic reflection algebras for wreath-products, Publ. Math. 105 (2007) 91, [math/0511489].

P. Etingof, S. Loktev, A. Oblomkov and L. Rybnikov, A Lie-theoretic construction of spherical
symplectic reflection algebras, Transform. Groups 13 (2008) 541, [arXiv:0801.2339].

F.W.J. Olver et al., NIST Digital Library of Mathematical Functions, http://dlmf.nist.gov/.

E.W. Weisstein, Lemniscate Function, from MathWorld — a Wolfram Web Resource,
https://mathworld.wolfram.com/LemniscateFunction.html.

P. Etingof and E. Rains, On algebraically integrable differential operators on an elliptic curve,
SIGMA 7 (2011) 062 [arXiv:1011.6410].

L. Iliesiu, F. Kos, D. Poland, S.S. Pufu, D. Simmons-Duffin and R. Yacoby, Fermion-Scalar
Conformal Blocks, JHEP 04 (2016) 074 [arXiv:1511.01497] [inSPIRE].

P. Argyres, O. Chalykh and Y. Lii, Inozemtsev System as Seiberg- Witten Integrable system,
JHEP 05 (2021) 051 [arXiv:2101.04505] [iNSPIRE].

C. Bercini, V. Gongalves and P. Vieira, Light-Cone Bootstrap of Higher Point Functions and
Wilson Loop Duality, Phys. Rev. Lett. 126 (2021) 121603 [arXiv:2008.10407] INSPIRE].

E.K. Sklyanin, Separation of variables in the Gaudin model, Zap. Nauchn. Semin. 164 (1987)
151 [INSPIRE].

E.K. Sklyanin, Separation of variables — new trends, Prog. Theor. Phys. Suppl. 118 (1995) 35
[s0lv-int/9504001] [iNSPIRE].

E.K. Sklyanin, Separation of variables in the quantum integrable models related to the Yangian
Y [sl(3)], Zap. Nauchn. Semin. 205 (1993) 166 [hep-th/9212076] [INSPIRE].

F.A. Smirnov, Separation of variables for quantum integrable models related to Uq(glN),
math-ph/0109013.

N. Gromov, F. Levkovich-Maslyuk and G. Sizov, New Construction of Eigenstates and
Separation of Variables for SU(N) Quantum Spin Chains, JHEP 09 (2017) 111
[arXiv:1610.08032] [INSPIRE].

J.M. Maillet and G. Niccoli, On quantum separation of variables, J. Math. Phys. 59 (2018)
091417 [arXiv:1807.11572] [NSPIRE].

P. Ryan and D. Volin, Separated variables and wave functions for rational gl(N) spin chains in
the companion twist frame, J. Math. Phys. 60 (2019) 032701 [arXiv:1810.10996] [INSPIRE].

P. Ryan and D. Volin, Separation of Variables for Rational gl(n) Spin Chains in Any Compact
Representation, via Fusion, Embedding Morphism and Backlund Flow, Commun. Math. Phys.
383 (2021) 311 [arXiv:2002.12341] [INSPIRE].

J.M. Maillet, G. Niccoli and L. Vignoli, On Scalar Products in Higher Rank Quantum
Separation of Variables, SciPost Phys. 9 (2020) 086 [arXiv:2003.04281] INSPIRE].

S. Derkachov and E. Olivucci, Ezactly solvable single-trace four point correlators in x CFTy,
JHEP 02 (2021) 146 [arXiv:2007.15049] [INSPIRE].

N. Gromov, F. Levkovich-Maslyuk and P. Ryan, Determinant form of correlators in high rank
integrable spin chains via separation of variables, JHEP 05 (2021) 169 [arXiv:2011.08229]
[INSPIRE].

— 66 —


https://doi.org/10.4310/MRL.2007.v14.n3.a1
https://doi.org/10.4310/MRL.2007.v14.n3.a1
https://arxiv.org/abs/math/0504395
https://doi.org/10.1007/s10240-007-0005-9
https://arxiv.org/abs/math/0511489
https://doi.org/10.1007/s00031-008-9035-8
https://arxiv.org/abs/0801.2339
http://dlmf.nist.gov/
https://mathworld.wolfram.com/LemniscateFunction.html
https://doi.org/10.3842/SIGMA.2011.062
https://arxiv.org/abs/1011.6410
https://doi.org/10.1007/JHEP04(2016)074
https://arxiv.org/abs/1511.01497
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1511.01497
https://doi.org/10.1007/JHEP05(2021)051
https://arxiv.org/abs/2101.04505
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.04505
https://doi.org/10.1103/PhysRevLett.126.121603
https://arxiv.org/abs/2008.10407
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.10407
https://doi.org/10.1007/BF01840429
https://doi.org/10.1007/BF01840429
https://inspirehep.net/search?p=find+J%20%22Zap.Nauchn.Semin.%2C164%2C151%22
https://doi.org/10.1143/PTPS.118.35
https://arxiv.org/abs/solv-int/9504001
https://inspirehep.net/search?p=find+J%20%22Prog.Theor.Phys.Suppl.%2C118%2C35%22
https://doi.org/10.1007/BF02362784
https://arxiv.org/abs/hep-th/9212076
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9212076
https://arxiv.org/abs/math-ph/0109013
https://doi.org/10.1007/JHEP09(2017)111
https://arxiv.org/abs/1610.08032
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1610.08032
https://doi.org/10.1063/1.5050989
https://doi.org/10.1063/1.5050989
https://arxiv.org/abs/1807.11572
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1807.11572
https://doi.org/10.1063/1.5085387
https://arxiv.org/abs/1810.10996
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.10996
https://doi.org/10.1007/s00220-021-03990-7
https://doi.org/10.1007/s00220-021-03990-7
https://arxiv.org/abs/2002.12341
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.12341
https://doi.org/10.21468/SciPostPhys.9.6.086
https://arxiv.org/abs/2003.04281
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.04281
https://doi.org/10.1007/JHEP02(2021)146
https://arxiv.org/abs/2007.15049
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.15049
https://doi.org/10.1007/JHEP05(2021)169
https://arxiv.org/abs/2011.08229
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2011.08229

[74] A. Cavaglia, N. Gromov and F. Levkovich-Maslyuk, Separation of variables in AdS/CFT:
functional approach for the fishnet CFT, JHEP 06 (2021) 131 [arXiv:2103.15800] [INSPIRE].

[75] F. Delduc and G. Valent, Classical and Quantum Structure of the Compact Kihlerian o
Models, Nucl. Phys. B 253 (1985) 494 [INSPIRE].

[76] P. Kravchuk and D. Simmons-Duffin, Light-ray operators in conformal field theory, JHEP 11
(2018) 102 [arXiv:1805.00098] [INSPIRE].

[77] D. Mazic, L. Rastelli and X. Zhou, An analytic approach to BCFTy, JHEP 12 (2019) 004
[arXiv:1812.09314] [INSPIRE].

— 67 —


https://doi.org/10.1007/JHEP06(2021)131
https://arxiv.org/abs/2103.15800
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.15800
https://doi.org/10.1016/0550-3213(85)90544-9
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB253%2C494%22
https://doi.org/10.1007/JHEP11(2018)102
https://doi.org/10.1007/JHEP11(2018)102
https://arxiv.org/abs/1805.00098
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1805.00098
https://doi.org/10.1007/JHEP12(2019)004
https://arxiv.org/abs/1812.09314
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1812.09314

	Introduction
	Review and summary of results
	Cross ratios and single parameter vertices
	Group theoretic reformulation of the vertex system
	From Gaudin Hamiltonians to lemniscatic CMS models

	Three-point functions in embedding space
	Tensor representations in embedding space
	Spinning 3-point functions in embedding space
	Embedding space construction in d = 4 dimensions

	The single variable vertex operator
	Construction of the reduced vertex operator
	Relation with vertex operator for 5-point functions

	Vertex operator and generalized Weyl algebras
	Single variable vertices and the Gegenbauer scalar product
	A generalized Weyl algebra acting on tensor structures

	Map to the lemniscatic CMS model
	The elliptic Z/4Z CMS model
	Construction of the map
	CMS multiplicities from weights and spins

	Conclusion and outlook
	Map from so(6;C) embedding space to sl(4;C) twistors
	Comments on scalar products and unitarity
	Integral formula for the SO(d+2)-invariant scalar product
	Generalizations to different real forms of so(d+2;C)
	Iterated integration over Poincaré patches
	Application to the scalar products of 3-point vertex systems
	Relationship with boundary and projective space in CFT in (d-2)

	The d-deformation of the MST2-MST2-scalar vertex operator
	Comparison with one-dimensional vertex systems
	The constant shift for the CMS operator


