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1 Introduction

Understanding the quark-gluon structure of the nucleon has been one of the most impor-
tant issues in hadronic physics. The nucleon light-cone wave function (LCWF) provides a
systematic way of examining it, since it is decomposed unequivocally by the Fock states
of quark-gluon degrees of freedom on the light cone [1–3]. This LCWF is derived by pro-
jecting the nucleon state on the Fock basis that consists of various partons, i.e., quark
(Q), antiquark (Q̄) and gluon (g). The LCWF is considered as a basic building block in
high-energy reactions. The 3Q Fock component of the LCWF arises as the most essential
one [4, 5] for the nucleon, whereas higher Fock states come next [6]. The LCWF in the
context of quantum chromodynamics (QCD) is deeply rooted in the factorization theorem.
It represents the soft part that is crucial in describing any high-energy processes. In gen-
eral, the nonperturbative observables such as generalized parton distributions (GPDs), the
parton distributions functions (PDFs), form factors (FF), and fragmentation functions are
formulated in terms of the hadronic matrix element of the non-local QCD operators, and
all these quantities can be in principle constructed based on the LCWFs. For example, the
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GPDs [7–11], the PDFs [2, 12–15] and the transverse momentum-dependent parton distri-
butions (TMDs) [5, 11, 16] are accessed by the overlap representations of the LCWFs. Es-
sential information on the LCWFs is contained in the distribution amplitudes (DAs), which
encode how the quarks inside a hadron carry the fraction of the longitudinal momentum
of the hadron. In this work, we want to investigate the DAs of the nucleon and ∆ isobar.

The DAs have been intensively developed so that one can investigate the elastic or
transition form factors at large momentum transfer for a meson [17–19] and a baryon [2, 3,
20, 21]. They are formally defined as a vacuum-to-baryon matrix element of a nonlocal op-
erator [3]. Since the contributions from the higher Fock components are power-suppressed,
they are less important at larger momentum transfer. The form factors can be approxi-
mated to the convolution of the hard kernel of an exclusive process with the involved DAs
from the leading Fock state. We want to mention that in the valence quark configura-
tion the leading-twist DAs are relevant to the LCWFs with the orbital angular momentum
Lz = 0, whereas the higher-twist ones are connected to those with both Lz = 0 and Lz 6= 0.

There has been a great number of theoretical works on the DAs. The dynamical
properties of the nucleon DAs were investigated by employing the QCD sum rules [22–29]
(see also reviews [3, 30]). The effects of explicit SU(3) symmetry breaking [27, 31] on the
hyperon DAs and those form factors were evaluated in refs. [27, 32–34]. The formalism
for the DAs of the baryon decuplet was first explored in the QCD sum rules and the
perturbative QCD predictions of the cross sections γγ → BB̄ were obtained in ref. [35]
(see also refs. [36–38]). The higher-twist DAs were systematically studied for the nucleon
in ref. [39] and were associated with the electromagnetic form factors in refs. [29, 40–42].
Lattice QCD also provides invaluable information on the baryon octet DAs [43–48]. The
proton and Roper DAs were studied in the framework of Dyson-Schwinger equations [49,
50]. Moreover, various phenomenological approaches [12, 51–57] have been developed, the
results from lattice QCD and QCD sum rule being taken into account.

In this paper, we aim at providing information on the nucleon and ∆ baryon DAs, and
the corresponding normalization constants to the leading-twist accuracy by employing the
chiral quark-soliton model (χQSM). The χQSM, motivated by large Nc QCD [58, 59], is a
pion mean-field theory. The presence of the Nc valence quarks creates the pion mean field,
which comes from the vacuum polarization of the Dirac continuum. The Nc valence quarks
are then self-consistently influenced by this pion mean field. As a result, a baryon appears
as a chiral soliton that consists of the Nc valence quarks bound by the pion mean field. The
χQSM has been developed [60–62], based on the QCD instanton vacuum [63, 64]. It respects
important properties of the low-energy QCD such as chiral symmetry and its spontaneous
breaking. The χQSM was successful in describing numerous low-energy properties of the
baryon [62, 65]. In addition, the time-dependent mean fields describing the moving soliton
with velocity v → 1 are obtained from the stationary mean fields by the Lorentz boost and
are applied to the nucleon PDFs [66–71] and GPDs [72, 73]. These PDFs and GPDs from
the χQSM comply with all general theorems and sum rules. In fact, the nucleon LCWF
was first derived in ref. [74] in this framework and its large-Nc features were studied in
refs. [75, 76]. Based on the baryon LCWFs from the model, various observables [11, 77–83]
were scrutinized by means of the overlap integrals. In this context, it is of great importance
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to examine the nucleon and ∆ baryon DAs, which yield yet another essential information
on the internal structures of the nucleon and ∆ baryon.

We sketch the present work as follows: in section 2 we briefly review the definition of the
nucleon DAs from the vacuum-to-nucleon matrix element of the trilocal QCD operator and
discuss the symmetry properties of the nucleon DAs. In section 3, the ∆ baryon DAs is also
derived in terms of the vacuum-to-∆ matrix element, and their symmetry properties are ex-
amined. The formalism for the LCWFs and DAs of the nucleon and ∆ baryon is constructed
within the framework of the χQSM in section 4. The numerical results are presented and
discussed in section 5. The final section 6 is devoted to summary and conclusions.

2 Nucleon distribution amplitudes

We start with a brief review on the general decomposition of the vacuum-to-nucleon matrix
element of the trilocal quark field operators. It involves 24 different invariant functions,
which was first investigated in ref. [39]. The matrix element of the three-quark operator
on the light cone reads

〈0|εijkui′α(a1n)[a1, a0]i′iuj
′

β (a2n)[a2, a0]j′jd
k′
γ (a3n)[a3, a0]k′k|N+(pN , λ)〉, (2.1)

where |N+(pN , λ)〉 stands for the proton state with its momentum pN (p2
N = M2

N ) and
helicity λ, respectively. The Greek letters α, β, γ denote the Dirac indices, whereas the
Latin ones i, j, k designate the color indices. n represents an arbitrary light-like vector
(n2 = 0) and ai is specified as the quark separation between quarks. In order to be a
gauge-invariant matrix element, the gauge connection [zi, z0] should be introduced:

[ai, a0] = P exp[ig(ai − a0)
∫ 1

0
dtnµA

µ(n[tai + (1− t)a0])], (2.2)

where P stands for the path-ordering. Since we choose the light-cone gauge n · A = 0,
however, the gauge connection becomes the identity. Considering the explicit Lorentz-
covariant parametrization with parity symmetry and the spin of the baryon taken into
account, we are able to sort out the 24 different invariant functions, which are reduced to
the three leading-twist ones:

4〈0|εijkuiα(a1n)ujβ(a2n)dkγ(a3n)|N+(pN , λ)〉

= fN

[
(/pNC)αβ(γ5N)γVN (ain · pN ) + (/pNγ5C)αβNγAN (ain · pN )

+ (iσµνpνNC)αβ(γµγ5N)γTN (ain · pN )
]
, (2.3)

where C is the charge conjugation matrix and σµν = i[γµ, γν ]/2. N is the nucleon spinor
that satisfies the Dirac equation, i.e., /pNN = MNN , and is normalized to be N̄N = 2MN .
fN is known to be the nucleon decay constant or the DA normalization constant, which
is identical to the value of the matrix element at the origin, given in eq. (2.3). The
dimensionless functions VN , AN and TN are the Lorentz scalars that depend on pN ·ai, and
are normalized to be

VN (0) = TN (0) = 1, AN (0) = 0. (2.4)
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In the leading-twist accuracy, the nucleon momentum pµN can be approximated to the light-
cone vector. The scalar functions F = VN (AN , TN ) can be defined in the momentum space
by the Fourier transforms:

F (xi)δ
(

1−
3∑
l=1

xl

)
= (n · pN )3

∫ 3∏
j=1

daj
(2π)3F (ain · pN ) exp

[
ixkak(n · pN )

]
,

F (ain · pN ) =
∫ 3∏

j=1
dxjδ

(
1−

3∑
l=1

xl

)
F (xi) exp

[
− ixkak(n · pN )

]
, (2.5)

where the variables xi denote the fractions of the baryon longitudinal momentum, carried
by the partons on the light cone. They satisfy

∑3
i=1 xi = 1 and 0 ≤ xi ≤ 1 by momentum

conservation. The DAs VN , AN , and TN (xi) are defined at a certain scale µ. For simplicity,
we suppress it.

Not all the three scalar functions are independent. Exchanging the first two quarks
and considering the properties of the transpose of the Dirac matrices in eq. (2.3), we find
that VN , TN are symmetric whereas AN becomes antisymmetric:

VN (x1, x2, x3) = VN (x2, x1, x3), AN (x1, x2, x3) = −AN (x2, x1, x3),
TN (x1, x2, x3) = TN (x2, x1, x3). (2.6)

In addition, we impose the requirement on the three coupled quarks to give an isospin 1/2
state for the nucleon, which yields the following relation

2TN (x1, x2, x3) = [V −A]N (x1, x3, x2) + [V −A]N (x2, x3, x1). (2.7)

Thus, we are able to express the nucleon DAs in terms of the single scalar function defined
as ϕN (x1, x2, x3) := [V − A]N (x1, x2, x3). In flavor SU(3) symmetry, the given relation is
valid for the baryon octet except for the isosinglet Λ baryon. Therefore, all the hyperon DAs
can be obtained by considering flavor SU(3) symmetry with the standard phase convention.

Suppressing the transverse-momentum dependence and considering only the S-wave
(Lz = 0) contribution related to the leading-twist DAs, one finds that eq. (2.3) is equivalent
to the given proton LCWF

|N+(pN , 1/2)〉 = fN

8
√

6

∫ [
dx√
x

]
3

[
[V −A]N (xi)|u↑u↓d↑〉+ [V +A]N (xi)|u↓u↑d↑〉

− TN (xi)|u↑u↑d↓〉
]
, (2.8)

where the integration measure and the three quark states are respectively defined as

∫ [
dx√
x

]
n

:=
∫  n∏

j=1

dxj√
xj

 δ(1−
n∑
l=1

xl

)
,

|fσ1gσ2hσ3〉 = εα1α2α3
√

6
a†α1fσ1

(p1)a†α2gσ2(p2)a†α3hσ3
(p3)|0〉. (2.9)
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The three-quark states carry the color (α = 1, 2, 3), flavor (f = 1, 2, 3 = u, d, s) and spin
projection (σ = 1, 2 =↑, ↓) indices. Here the nucleon state, with the quantum numbers
suppressed, is normalized as

〈N(p)|N(p′)〉 = 2p+(2π)3δ(p+ − p′+)δ(2)(p⊥ − p′⊥) (2.10)

with the light-cone momenta p± = (p0 ± pz)/
√

2.

3 ∆ baryon distribution amplitudes

We now examine the properties of the ∆-baryon DAs. The general decomposition of
the vacuum-to-∆ matrix element of the trilocal quark field operators has been derived in
ref. [35]. The general decomposition of the corresponding matrix element in the leading
twist is obtained to be

4〈0|εijkuiα(a1n)ujβ(a2n)ukγ(a3n)|∆++(p∆, λ)〉

= λ
1/2
∆

[
(γµC)αβ∆µ

γV∆(ain · p∆) + (γµγ5C)αβ(γ5∆µ)γA∆(ain · p∆)

− 1
2(iσµνC)αβ(γµ∆ν)γT∆(ain · p∆)

]
− f3/2

∆

[
(iσµνC)αβ

(
pµ∆ν − 1

2M∆γ
µ∆ν

)
γ
ϕ

3/2
∆ (ain · p∆)

]
, (3.1)

where ∆µ(p∆, λ) denotes the Rarita-Schwinger spinor that satisfies

(/p∆ −M∆)∆µ(p∆, λ) = 0, ∆̄µ∆µ = −2M∆, γµ∆µ(p, λ) = pµ∆∆µ(p∆, λ) = 0. (3.2)

f
1/2
∆ =

√
2/3λ1/2

∆ /M∆ and f3/2
∆ represent the ∆ baryon decay constants or the DA normal-

ization constants that is equivalent to the value of the vacuum-to-∆ matrix element at the
origin. The Lorentz scalar functions V∆, A∆, T∆ and ϕ3/2

∆ are therefore normalized to be

V∆(0) = T∆(0) = ϕ
3/2
∆ (0) = 1, A∆(0) = 0. (3.3)

The ∆ baryon DAs satisfy the following symmetries:

V∆(x1, x2, x3) = V∆(x2, x1, x3), A∆(x1, x2, x3) = −A∆(x2, x1, x3),
T∆(x1, x2, x3) = T∆(x2, x1, x3). (3.4)

and
T∆(x1, x2, x3) = [V −A]∆(x2, x3, x1). (3.5)

Note that ϕ3/2
∆ (x1, x2, x3) is found to be totally symmetric under the exchange of its vari-

ables. Using these symmetries, we can express the ∆ DAs in terms of the single DA
ϕ

1/2
∆ (x1, x2, x3) ≡ [V −A]∆(x1, x2, x3) for spin projection 1/2 and ϕ3/2

∆ (x1, x2, x3) for spin
projection 3/2. Suppressing again the representation of the transversal momentum, we
arrive at the ∆++ LCWF for λ = 3/2

|∆(p∆, 3/2)〉 = −
f

3/2
∆

24
√

3

∫ [
dx√
x

]
3

[
ϕ

3/2
∆ (xi)|u↑u↑u↑〉

]
, (3.6)
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and for λ = 1/2

|∆(p∆, 1/2)〉 = −
f

1/2
∆

24
√

6

∫ [
dx√
x

]
3

[
[V −A]∆(xi)|u↑u↓u↑〉+ [V +A]∆(xi)|u↓u↑u↑〉

+ T∆(xi)|u↑u↑u↓〉
]
. (3.7)

4 Light-cone wave function in the chiral quark-soliton model

The effective chiral Lagrangian [60, 62, 64] is expressed as

Leff = ψ(x)(i/∂ −MUγ5)ψ(x), (4.1)

where ψ and Uγ5 stand for the quark and chiral fields respectively. The M represents the
dynamical quark mass. In principle, the dynamical quark mass is originally the momentum-
dependent one, i.e. M(p) that can be derived from the zero-mode fermionic solution in the
QCD instanton vacuum [64, 84, 85]. This plays a role of the natural regulator for a quark
loop. In this work, we turn off the momentum dependence of the dynamical quark mass
for simplicity and introduce an explicit regularization scheme. We use the Pauli-Villars
method. The SU(2) chiral field is defined as:

Uγ5 = 1 + γ5
2 U + 1− γ5

2 U †, U = exp (iπa(x)τa), (4.2)

where πa(x) are the pseudo-Nambu-Goldstone (pNG) boson fields. The pNG field has a
hedgehog symmetry, which is the minimum generalization of spherical symmetry [86]:

π(x) = naP (r), with na = xa/|x|. (4.3)

The nucleon mass can be derived from the nucleon correlation function, which is de-
fined as

Π(T ) = 〈0|JN (T/2,0)J†N (−T/2,0)|0〉, (4.4)

where the JN is the Ioffe-type current carrying the quantum numbers of the nucleon

JN (t,x) = 1
Nc!

εβ1...βNcΓ{f}JJ3,II3
Ψβ1f1(t,x) . . .ΨβNcfNc

(t,x). (4.5)

Here, the β1, · · · , βNc denote the color indices and Γ{f} is a matrix with spin-flavor indices
f . The J and I represent respectively the nucleon spin and isospin quantum numbers, and
J3 and I3 their third components, respectively. At the large Euclidean time separation,
i.e., T →∞, the correlation function yields the nucleon mass MN :

lim
T→∞

ΠN (T ) ∼ e−MNT , (4.6)

where it is evaluated by the functional integral over the quark fields. Since the functional in-
tegral over the chiral field cannot be carried out exactly, an approximation should be made.
In the limit of large Nc, we are able to use the saddle point approximation for the integral

– 6 –
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over U . In this approximation, one obtains the classical soliton mass by minimizing the
energy around the saddle point of the pion mean field, which describes the classical nucleon

δMN [U ]
δU

∣∣∣∣
U=Uc

= 0, (4.7)

and the quantum fluctuation of the pion field is suppressed by 1/Nc. Thus, we restrict
ourselves to the leading order of Nc. The self-consistent pionic configuration Uc(x) and the
classical soliton mass MN = 1.207 GeV were obtained in ref. [87], and the corresponding
results are well approximated by the given arctangent-type profile function

P (r) = 2 arctan
(
r2

0
r2

)
, r0 = 0.8

M
, M = 0.345 GeV, (4.8)

which is depicted in the left panel of figure 1. Note that the masses of the nucleon and ∆
baryon are degenerate at the classical level.

4.1 Baryon wave functions

To construct the baryon wave function, we need to calculate the finite-time evolution
operator with the definite boundary condition within the functional integral [88]. In the
large Nc limit, the wave function of the classical nucleon (soliton), completely factorized in
the color space, can be obtained by applying the finite-time evolution operator to any color
singlet state of the Nc valence quarks and by taking the finite time T to be infinity [74, 77]:

|Ψ〉 =
∏

color

∫
d3p

(2π)3F (p)a†(p)|Ω〉, (4.9)

where the vacuum wave function or Dirac sea |Ω〉 is given by the quark and anti-quark
creation operators

|Ω〉 = exp
[ ∑

color

∫
d3p

(2π)3
d3p′

(2π)3a
†(p)W (p,p′)b†(p′)

]
|0〉, (4.10)

with the quark-antiquark pair wave function W (p,p′)

W (p,p′) = −i

√
εε′

M2 ū(p)G(p, T,p′, T )v(p′). (4.11)

The ū and v denote the Dirac spinors normalized to be ūu = −v̄v = 1 and ε =
√
p2 +M2.

The creation and annihilation operators a†(b†) and a(b) for a quark (antiquark) satisfy the
usual anticommutation relation

{a(p′), a†(p)} = (2π)3δ(3)(p′ − p), {b(p′), b†(p)} = (2π)3δ(3)(p′ − p). (4.12)

The vacuum state can be annihilated as follows: a|0〉 = 0, b|0〉 = 0, 〈0|a† = 0, and 〈0|b† = 0.
The quark annihilation-creation operators carry the color α, flavor f and spin projection
σ indices, including the three-momentum p. However, we will suppress them except for
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the momentum from now on. The Green function in the presence of the pion mean field
in eq. (4.11) and its Fourier transform are defined as

G(p, T,p′, T ) :=
∫
d3xd3ye−ip·xe−ip

′·y G(x, T,y, T )

with (i/∂ −MUγ5)G(x, y) = δ(4)(x− y). (4.13)

F (p) denotes the valence quark wave function, defined as

F (p) =
∫

d3p′

(2π)3

√
M

ε′

[
ū(p)γ0ψlev(p)(2π)3δ(3)(p− p′)

−W (p,p′)v̄(p′)γ0ψlev(−p′)
]
, (4.14)

which consists of two parts: the first term corresponds to the discrete-level wave function
whereas the second term arises from the distortion of this wave function, which is exerted
by the vacuum wave function. In this work, the second term is ignored bacause of its
complexity. Note that its effects on observables were estimated in refs. [11, 74] in the
accuracy of the 3Q Fock component and yielded about 10 % contributions. The ψlev
stands for the discrete-level wave function, satisfying the Dirac equation in the presence of
the external chiral field with the eigenenergies Elev in the Kp = 0+ sector with K = I+J .
J and I denote the spin and isospin rotation generators, respectively. It is derived as

ψlev(r) =

 εjih(r)
−iεjk(σ · n)ikj(r)

 , {
h′ + hM sinP − j(M cosP + Elev) = 0

j′ + 2j/r − jM sinP − h(M cosP − Elev) = 0
,

(4.15)
where i = 1, 2 =↑, ↓ denotes the spin projection index and j = 1, 2 = u, d stands for
the isospin index. Inserting the self-consistent field (4.8) into eq. (4.15), one obtains the
eigenenergy Elev = 0.2 GeV and the discrete-level wave function ψlev(r) of the valence
quark, which is tightly bound by the self-consistent fields. In the nonrelativistic limit,
the upper component (L = 0) of the Dirac bispinor, h(r), is dominant whereas its lower
component (L = 1) j(r) ∼ 0 is suppressed. ψlev(p) in eq. (4.14) is the Fourier transform
of eq. (4.15). The discrete-level wave functions are plotted in the right panel of figure 1.

4.2 Quantization

The baryon wave function given in eq. (4.9) is still a classical one. While the quantum
fluctuations of the pion fields are completely ignored on account of the Nc counting, the
fluctuations in the direction of the translational and rotational zero modes should be con-
sidered in an exact manner. By this zero-mode quantization, we are able to construct the
baryon state that acquires the momentum conservation and the correct quantum num-
bers [60, 62, 64]. As a result, the quantized baryon wave function is given by

|Ψk(B)〉 =
∫
dRB∗k(R)ε

α1α2α3
√
Nc!

[
Nc∏
n=1

∫
d3pn
(2π)3R

fn
jn
F jnσn(pn)a†αnfnσn(pn)

]

× exp
(∫

d3p

(2π)3
d3p′

(2π)3a
†
αfσ(p)RfjW

jσ
j′σ′(p,p′)R†f

′

j′ b
†αf ′σ′(p′)

)
|0〉, (4.16)
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Figure 1. The left panel depicts the self-consistent profile function, approximated to the arctangent
one, as a function of r whereas the right panel draws the discrete-level wave functions h and j as a
function of r with the boundary condition h(0) = 1 imposed.

where k denotes the spin projection of the baryon state. The color (α = 1, 2, 3), flavor
(f = 1, 2, 3), isospin (j = 1, 2) and spin projection (σ = 1, 2) indices suppressed in eq. (4.9)
are explicitly restored.

The higher Fock components are generated by expanding the vacuum wave function |Ω〉
to the order of what we are interested in, i.e., |Ω〉 = eq̄q ∼ 1+ q̄q + . . .. Integration over the
rotation matrices Rfj projects the flavor state of all valence quarks and quark-antiquark
out of the vacuum wave function onto the spin-flavor state B∗(R), which describes the
baryon octet and decuplet. While this state can be expressed by the SU(3) Wigner D
functions [89], which is often evaluated in terms of the SU(3) Clebsch-Gordan coefficients,
it is more convenient to integrate over the Haar measure dR to obtain them. This method
has a great virtue that the symmetries of the quark wave functions are revealed naturally.
The explicit expressions of the baryon rotational wave functions are given in appendix A.
Note that the third row of the matrix Rfj , f = 3 makes it possible to pop up the strange
quarks both at the valence level and in the Dirac sea. The physical baryon state is then
decomposed into the Fock components:

|Ψk(B)〉 = |Ψ(3)k(B)〉+ |Ψ(5)k(B)〉+ . . . , (4.17)

where
〈Ψk(B)|Ψk(B)〉 = N (3) +N (5) . . . , 〈Ψ(n)k(B)|Ψ(n)k(B)〉 = N (n). (4.18)

The baryon state is normalized by the factor
√
N (3) +N (5) . . ., which ensures that it should

be normalized to be unity (4.18). In principle, while all possible higher Fock components
should be taken into account for normalization, it is not possible to consider them in
practice. Thus, we need to truncate the higher Fock states at a certain level. In this work,
we include the 3Q, and 5Q components.

4.3 Baryon light-cone wave functions

We are now in a position to derive the LCWFs for the baryon. The LCWF of the baryon is
defined on the light cone. While the stationary saddle-point solution Uc(x) corresponds to
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Figure 2. The two independent components f‖(z, |k⊥|) and f⊥(z, |k⊥|) are drawn on the light
cone.

the classical baryon at rest, it is necessary to construct the pion mean field that describes the
moving baryon, i.e., U(t,x), with its velocity v → 1. Since the effective chiral Lagrangian is
Lorentz invariant, it is straightforward to boost the baryon to the light cone. This means
that we can easily obtain the discrete-level wave function and the self-consistent mean
field on the light cone by the Lorentz boost. Taking the velocity v → 1, we derive the
valence-quark wave function

F jσ(z,p⊥) =

 kLf⊥(z, |k⊥|) f‖(z, |k⊥|)
−f‖(z, |k⊥|) kRf⊥(z, |k⊥|)

jσ ∣∣∣∣
kz=zMN−Elev,k⊥=p⊥

, (4.19)

with kR,L = kx ± iky. The two indenpendent functions f‖(z, |k⊥|) and f⊥(z, |k⊥|) are
written as

f‖(z, |k⊥|) =

√
MN

2π

(
h(k) + kzj(k)

|k|

)
, f⊥(z, |k⊥|) =

√
MN

2π
j(k)
|k|

. (4.20)

In figure 2, we illustrate f‖(z, |k⊥|) and f⊥(z, |k⊥|) on the light cone. Note that in the
nonrelativistic limit the function fNR

‖ is solely responsible for the valence-quark wave func-
tion F :

fNR
‖ (z, |k⊥|) =

√
MN

2π h(k), fNR
⊥ (z, |k⊥|) = 0. (4.21)

The creation and annihilation operators for the quarks satisfy the following anticom-
mutation relation

{a†σ(z,p⊥), aσ′(z′,p′⊥)} = δσσ′δ(z − z′)(2π)2δ(2)(p⊥ − p′⊥), (4.22)

so that the wave function is properly normalized. It is convenient to rescale the creation
operators to be aσ(z,p⊥) =

√
PN/2πaσ(p).

The pair wave functionW (p,p′) is expressed in terms of the finite-time Green function
at an equal time in the presence of the self-consistent pion field. The Green function is the
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Figure 3. Scalar (|q|Σ(q)) and pseudoscalar (|q|Π(q)) mean fields are illustrated by the dashed
and solid curves, respectively.

solution of eq. (4.13). The chiral field is decomposed into the scalar and pseudoscalar fields:

Uγ5 = 1 + Σ + iΠγ5, (4.23)

where Uγ5 is constrained on the chiral circle (Σ + 1)2 + Π2 = 1. These scalar and pseu-
doscalar fields in the momentum space are obtained by the Fourier transforms:

Π(q)jj′ =
∫
d3xe−iq·x(n · τ )jj′ sinP (r), Σ(q)jj′ =

∫
d3xe−iq·xδjj′(cosP (r)− 1) (4.24)

where the pseudoscalar field Π(q) is a purely imaginary and odd function, whereas the scalar
field Σ(q) is a real and even function. The explicit forms of these two fields are written as

Π(q)jj′ = i
(q · τ )jj′

|q|
Π(q), Π(q) = −

∫
d3x j1(qr) sinP (r),

Σ(q)jj′ = δjj′Σ(q), Σ(q) =
∫
d3x j0(qr)(cosP (r)− 1). (4.25)

Σ(q) and Π(q) are plotted in figure 3.
It is rather complicated to derive the quark-antiquark pair wave function W (p,p′)

exactly. Hence, we confine ourselves to the interpolation approximation for it. Note that
in the three limiting cases of the pion field, i.e., the small pion field P (r), the slowly
varying pion field, and fastly varying pion field, W (p,p′) becomes exact. Typically, the
error between the interpolation approximation and the exact calculation lies at most within
15 %. By taking v → 1, the quark-antiquark pair wave function (4.10) on the light cone is
then obtained to be

W jσ
j′σ′(q,y,Q⊥) = MNM

2π
Σj
j′(q)[M(2y−1)τ3 +Q⊥ ·τ⊥]σσ′ + iΠj

j′(q)[−M1+ iQ⊥×τ⊥]σσ′

Q2
⊥+M2 +y(1−y)q2 ,

(4.26)
with

y = z′

z + z′
, Q⊥ = zp′⊥ − z′p⊥

z + z′
, q = ((p+ p′)⊥,MN (z + z′)). (4.27)
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4.4 Fock components of the baryon light-cone wave functions

Various models for the baryon LCWFs mainly focus on the 3Q Fock component, which is a
rather crude approximation in reality. However, it was found in refs. [78, 81] that the higher
Fock components are nonnegligible and come into significant play in studying the various
features of the nucleon. The 5Q Fock component provides at least 20 % contribution to
observables. Thus, we will derive both the 3Q and 5Q wave functions for the baryon octet
and decuplet.

4.4.1 3Q Fock component

Expanding eq. (4.16) and taking its leading term, we derive the baryon LCWF of the 3Q
component

|Ψ(3)k(B)〉 = T (B)f1f2f3
j1j2j3,k

εα1α2α3
√
Nc!

Nc∏
n=1

∫
d3pn
(2π)3F

jnσn(pn)a†αnfnσn(pn)|0〉. (4.28)

Each of three valence quarks is rotated by the matrix Rfj and projected onto the spin-
flavor baryon state B∗(R) by integrating over R. The short-handed notation for this group
integral is defined as

T (B)f1f2f3
j1j2j3,k

:=
∫
dRB∗k(R)Rf1

j1
Rf2
j2
Rf3
j3
. (4.29)

We refer to refs. [78, 79, 81, 90] for details.
The normalization N (3) of the baryon LCWF from eq. (4.18) is obtained by contracting

the creation and annihilation operators, which is written as

N (3)(B) = 6T (B)f1f2f3
j1j2j3,k

T (B)j
′
1j

′
2j

′
3,k

f1f2f3

×
∫

[dp]nF j1σ1(p1)F j2σ2(p2)F j3σ3(p3)F †j′
1σ1

(p1)F †j′
2σ2

(p2)F †j′
3σ3

(p3), (4.30)

where the integration measure for nQ state is given by∫
[dp]n =

∫
dz1 · · · dzn δ

(
n∑
l=1

zl − 1
) ∫ ( n∏

i=1

d2pi⊥
(2π)2

)
(2π)2δ(2)

(
n∑
l=1
pl⊥

)
. (4.31)

Here F (pi) := F (zi,pi⊥) denote the quark wave functions. To compute N (3)(B), it is
convenient to introduce the probability distribution Φ(z, q⊥). It also helps to compute
the normalization for the 5Q component and physical observables. Moreover, Φ(z, q⊥)
provides information on how the valence quarks leave the longitudinal momentum fraction
of the baryon and transverse momentum to the quark-antiquark pair wave function. Thus,
it is given as a function of the longitudinal momentum fraction z = qz/MN and transverse
momentum q⊥:

Φ(z, q⊥) =
∫
dz1dz2dz3 δ

( 3∑
l=1

zl + z − 1
)∫ ( 3∏

i=1

d2pi⊥
(2π)2

)

× (2π)2δ(2)
( 3∑
l=1
pl⊥ + q⊥

)
D(p1,p2,p3), (4.32)
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Figure 4. The left (right) panel depicts the probability distribution Φ(x, q⊥) that the valence
quarks leave the longitudinal momentum fraction z of the baryon momentum and transverse mo-
mentum q⊥ to the quark-antiquark pair wave functions in the case of the non-relativistic (relativis-
tic) picture.

where D(p1,p2,p3) is defined as

D(p1,p2,p3) :=
[
f2
‖ (p1)+p1Rp1Lf

2
⊥(p1)

][
f2
‖ (p2)+p2Rp2Lf

2
⊥(p2)

][
f2
‖ (p3)+p3Rp3Lf

2
⊥(p3)

]
(4.33)

with the discrete-level wave functions f⊥,‖(pi) := f⊥,‖(zi, |pi⊥|). In the non-relativistic
limit, D(p1,p2,p3) is reduced to

DNR(p1,p2,p3) =
[
fNR
‖ (p1)fNR

‖ (p2)fNR
‖ (p3)

]2
. (4.34)

Since in the 3Q wave function there is no additional quark-antiquark pair, the normal-
ization is thus proportional to Φ(0, 0):

N (3)(B8) = 3
2Φ(0, 0), N (3)

1/2(B10) = N (3)
3/2(B10) = 3

5Φ(0, 0). (4.35)

Note that the normalization of the discrete-level wave functions f⊥ and f‖ are arbitrary.
We choose it to be Φ(0, 0) = 1. The corresponding results for the probability distribution
are plotted in figure 4 for both the non-relativistic and relativistic cases.

4.4.2 5Q Fock component

We now compute the 5Q Fock component of the baryon LCWF. Note that it has an
important contribution to various baryonic observables, e.g., the axial charge gA, the DA
normalization constant fN , and so on. Expanding eq. (4.16) to the linear order in the QQ̄
pair, we obtain the 5Q Fock component of the baryon LCWF:

|Ψ(5)k(B)〉 = T (B)f1f2f3f4,j5
j1j2j3j4,f5,k

εα1α2α3
√
Nc!

[
Nc∏
n=1

∫
d3pn
(2π)3F

jnσn(pn)a†αnfnσn(pn)
]

×
∫ ( 5∏

i=4

d3pi
(2π)3

)
a†α4f4σ4

(p4)δα4
α5W

j4σ4
j5σ5

(p4,p5)b†α5f5σ5(p5)|0〉, (4.36)
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where the indices with 1, 2, 3 represent the valence quarks, whereas those with 4, 5 stand
for the quark and antiquark of QQ̄ pair, respectively. The color indices (1,2,3) for the
valence quarks are antisymmetric and those for the quark-antiquark pair (4,5) become a
color singlet. The group integral over the valence quarks and QQ̄-pair rotation matrices
with the spin-flavor state B∗k is expressed as

T (B)f1f2f3f4,j5
j1j2j3j4,f5,k

:=
∫
dRB∗k(R)Rf1

j1
Rf2
j2
Rf3
j3
Rf4
j4
R†j5f5

. (4.37)

The normalization constant N (5) is obtained by contracting the creation and annihila-
tion operators for the valence quarks and QQ̄ pair. In the presence of the quark-antiquark
creation operators, two additional contractions (exchange and direct contributions) are
allowed. So, we get the following general expression for the normalization of the 5Q com-
ponent:

N (5)(B) = 18T (B)f1f2f3f4,j5
j1j2j3j4,f5,k

T (B)j
′
1j

′
2j

′
3j

′
4,f5,k

f1f2g3g4,j′
5

∫
[dp]5

× F j1σ1(p1)F j2σ2(p2)F j3σ3(p3)W j4σ4
j5σ5

F †j′
1σ1

(p1)F †j′
2σ2

(p2)

×
[
F †j′

3σ3
(p3)W †j

′
5σ5

j′
4σ4

(p4,p5)δg3
f3
δg4
f4
− F †j′

3σ4
(p4)W †j

′
5σ5

j′
4σ3

(p3,p5)δg3
f4
δg4
f3

]
(4.38)

with the integration measure defined in eq. (4.31). The first and second terms in the
bracket are called the direct and exchange contributions, respectively. Since it was found
that the exchange contributions to the normalization N (5) are negligibly small as shown in
refs. [79, 90], we ignore them. Note that in the case of the direct contributions the QQ̄-pair
momenta are almost decoupled from the valence quark momenta. Thus, we can define the
following function with the valence quarks and QQ̄ pair factorized:

KJ := M2

2π

∫
d3q

(2π)3 Φ
(
qz
MN

, q⊥

)
θ(qz)qzGJ(qz, q⊥), (4.39)

where GJ are quark-antiquark probability distributions with J = ππ, σσ, and 33, which
arises from the quark-antiquark loops:

Gσσ(qz,q⊥) = Σ2(q)
∫ 1

0
dy

∫
d2Q⊥
(2π)2

 M2(2y−1)2 +Q2
⊥(

Q2
⊥+M2 +y(1−y)q2

)2 −(M−MPV)

 ,
Gππ(qz,q⊥) = Π2(q)

∫ 1

0
dy

∫
d2Q⊥
(2π)2

 M2 +Q2
⊥(

Q2
⊥+M2 +y(1−y)q2

)2 −(M−MPV)

 , (4.40)

G33(qz,q⊥) = q2
z

q2 Π2(q)
∫ 1

0
dy

∫
d2Q⊥
(2π)2

 M2 +Q2
⊥(

Q2
⊥+M2 +y(1−y)q2

)2 −(M−MPV)

 .
Since GJ are divergent logarithmically, we introduce the Pauli-Villars regulator to tame
them. After some straightforward manipulations, one arrives at the baryon normalization
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constant N (5) expressed in terms of KJ

N (5)(B8) = 3
10(11Kππ + 23Kσσ),

N (5)
1/2(B10) = 3

20(11Kππ + 6K33 + 17Kσσ),

N (5)
3/2(B10) = 3

20(15Kππ − 6K33 + 17Kσσ). (4.41)

4.5 Distribution amplitudes

So far, we have defined the baryon LCWF normalized to be unity in the instant form for
simplicity. However, it is more convenient to introduce the LCWF given as a function
of the light-cone variables, since it can be directly applied to many baryonic observables
such as the electromagnetic form factors of the nucleon [2, 3]. Thus, we reexpress it in the
covariantly normalized form in terms of the light-cone variables, keeping the physics intact:

|N(pN , λ)〉 = cR,Jz0 T (B)fghj1j2j3,k

∫ [
dx√
x

]
3

×
∫

[dk⊥]3F j1σ1(k1)F j2σ2(k2)F j3σ3(k3)|fσ1gσ2hσ3〉, (4.42)

where the fermion states are normalized to be eqs. (2.9) and (2.10) and the normalization
of the LCWF is expressed as

cR,Jz0 =

√
(4π)2

N (3) +N (5) . . .
. (4.43)

The well-known abbreviated notations of the integration measures are adopted as follows:

∫ [
dx√
x

]
n

:=
∫  n∏

j=1

dxj√
xj

 δ(1−
n∑
l=1

xl

)
,

∫
[dk⊥]n :=

∫  n∏
j=1

dkj⊥
2(2π)3

 2(2π)3δ(2)
(

n∑
l=1
kl⊥

)
. (4.44)

Applying the three quark field operators to the baryon LCWF (4.42) in eq. (2.3), one can
extract respectively the DAs for the nucleon and ∆ baryon

fNϕN = 24
√

6c8,1/2
0

∫
[dk⊥]T 112

j1j2j3,1F
j11(k1)F j22(k2)F j31(k3),

f
1/2
∆ ϕ

1/2
∆ = −24

√
6c10,1/2

0

∫
[dk⊥]T 111

j1j2j3,1F
j11(k1)F j22(k2)F j31(k3),

f
3/2
∆ ϕ

3/2
∆ = −24

√
3c10,3/2

0

∫
[dk⊥]T 111

j1j2j3,1F
j11(k1)F j21(k2)F j31(k3). (4.45)
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Summing over the isospin indices, we obtain the explicit expressions for the DAs

fNϕN = 4
√

3c8,1/2
0

∫
[dk⊥]

[
f‖(k1)f‖(k2)f‖(k3)

− k1Lk2Rf⊥(k1)f⊥(k2)f‖(k3) + 2k3Lk2Rf⊥(k3)f⊥(k2)f‖(k1)
]
,

f
1/2
∆ ϕ

1/2
∆ = − 24√

5
c

10,1/2
0

∫
[dk⊥]

[
f‖(k1)f‖(k2)f‖(k3)

− k1Lk2Rf⊥(k1)f⊥(k2)f‖(k3)− k3Lk2Rf⊥(k3)f⊥(k2)f‖(k1)
]
,

f
3/2
∆ ϕ

3/2
∆ = 12

√
6
5c

10,3/2
0

∫
[dk⊥]

[
f‖(k1)f‖(k2)f‖(k3)

]
. (4.46)

If the LCWF is normalized to the 3Q components in the non-relativistic limit, then the
normalization constants f (3)

N , f
1/2,(3)
∆ , f

3/2,(3)
∆ become

∣∣∣∣f1/2,(3)
∆

f
(3)
N

∣∣∣∣ =
√

6,
∣∣∣∣f3/2,(3)

∆

f
(3)
N

∣∣∣∣ = 3,
∣∣∣∣f1/2,(3)

∆

f
3/2,(3)
∆

∣∣∣∣ =
√

2
3 . (4.47)

The expressions for the distribution amplitudes A, V and T are listed in appendix B.

5 Numerical results and discussion

To compute the baryon LCWFs, we have to fix the parameters of the χQSM. The Pauli-
Villars cutoff mass is fixed to be MPV = 557 MeV by reproducing the pion decay con-
stant Fπ = 93 MeV. As mentioned previously, the dynamical quark mass M is originally
momentum-dependent, which comes from the instanton zero mode. Using the standard
values for the instanton ensemble, i.e. the instanton density N/V = (1 fm)−1 and the av-
erage size of the instanton ρ = 1

3 fm, one obtains M = M(0) = 345 MeV at the zero quark
virtuality. We will use this value in this work. By putting all the obtained functions into
eq. (4.39), the numerical results for Kππ, Kσσ and K33 are evaluated to be

KNR
σσ = 0.059, KNR

ππ = 0.128, KNR
33 = 0.077,

Kσσ = 0.029, Kππ = 0.075, K33 = 0.041. (5.1)

Employing these results, we determine the non-relativistic and relativistic normalizations
for both the baryon octet and decuplet

N (5)(B8) = 0.45, N (5)
1/2(B10) = 0.23, N (5)

3/2(B10) = 0.21. (5.2)

We list in table 1 each contribution of the 3Q and 5Q components respectively to the
normalization constant for the baryon octet and decuplet in the nonrelativistic case. In
table 2, we list them in the relativistic case. As shown in tables 1 and 2, the contribution
from the 5Q Fock component to the normalization constant is sizable. When we consider
the relativistic case, the fractions of the 5Q Fock component are reduced by about 10 %.
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BR,Jz 3Q ≡ N (3)
Jz

(BR)

N (3)
Jz

(BR)+N (5)
Jz

(BR)
5Q ≡ N (5)

Jz
(BR)

N (3)
Jz

(BR)+N (5)
Jz

(BR)

B8,1/2 64% 36%

B10,1/2 58% 42%

B10,3/2 62% 38%

Table 1. 3Q and 5Q fractions of the normalization constants for the baryon octet and decuplet in
the nonrelativistic case. R stands for the SU(3) representation of the baryon multiplet. The spin
projection of the corresponding baryon multiplet is denoted by Jz.

BR,Jz 3Q ≡ N (3)
Jz

(BR)

N (3)
Jz

(BR)+N (5)
Jz

(BR)
5Q ≡ N (5)

Jz
(BR)

N (3)
Jz

(BR)+N (5)
Jz

(BR)

B8,1/2 77% 23%

B10,1/2 72% 28%

B10,3/2 74% 26%

Table 2. 3Q and 5Q fractions of the normalization constants for the baryon octet and decuplet
in the relativistic case. R stands for the SU(3) representation of the baryon multiplet. The spin
projection of the corresponding baryon multiplet is denoted by Jz.

Figure 5. Nucleon distribution amplitudes in the non-relativistic (left panel) and relativistic (right
panel) cases, given as functions of z1 and z2.

This indicates that it is crucial to consider both the 5Q Fock component and the relativistic
corrections in the baryon LCWFs. The normalization constants of the 3Q and 5Q Fock
components have significant physical implications: the amount of each component directly
yields information on how much the quarks inside a baryon carry the fraction of the baryon
longitudinal momentum. For example, the 3Q quarks inside the nucleon carry 77 % of the
nucleon momentum in the relativistic case.

– 17 –



J
H
E
P
1
1
(
2
0
2
1
)
0
3
9

In figure 5, we draw the numerical results for the nucleon DAs ϕN (z1, z2) ≡
ϕN (z1, z2, 1− z1 − z2) in both the nonrelativistic (left panel) and relativistic (right panel)
cases. The decomposed results for F (z1, z2) are presented in appendix B. As shown in
eq. (2.6), the ϕN consists of both the symmetric V (z1, z2, z3) and antisymmetric A(z1, z2, z3)
parts under the exchange z1 ↔ z2. From eq. (4.46), we see that the antisymmetric part of
the nucleon DA originates from the relativistic corrections, which implies that the nucleon
DA ϕNR

N (z1, z2) becomes symmetric in the nonrelativistic limit when the exchange z1 ↔ z2
is considered, i.e., A(z1, z2) = 0. On the other hand, the antisymmetric DA A(z1, z2) comes
into play in the relativistic case, so that the configuration of the nucleon DA is distorted
from the symmetric shape. However, since the antisymmetric DA contributes only weakly
to the nucleon DA (less than 5 %), ϕN turns out almost symmetric. Interestingly, these
results are rather close to that of the asymptotic nucleon DA, ϕasy

N = 120z1z2z3. The
present results are consistent with those from the lattice QCD [43–48]. Note that the QCD
sum rules [22, 24, 26, 27] give rather asymmetric forms of the nucleon DA.

We want to stress that the present model is valid only in the region zNc ∼ 1. This
means that the approximation used here brings about the non-zero values of the DAs at
the endpoints z = 0 and z = 1. Since at z = 0 the virtuality of the partons inside a nucleon
becomes very large, the constant dynamical quark mass is no longer plausible. Thus, it
is inevitable to use the momentum-dependent dynamical quark mass M(p) to explain the
endpoint behavior of the baryon DAs. As pointed out in ref. [66], the baryon mass is very
large in the large Nc limit (MB ∼ Nc), so that the recoil effects of the baryon are neglected.
This implies that the baryon DAs may not vanish at z = 1. Moreover, when the partons are
very virtual, the gluons start to radiate and will affect the DAs considerably, the Sudakov
form factors should be included in the DAs. These were neglected here [72, 74]. One faces
the same problem in the calculation of the structure functions [66, 68].

In figure 6, we draw the results for the ∆ baryon DAs with the spin projection 1/2
and 3/2 in non-relativistic and relativistic cases. The main features are similar to those of
the nucleon shown in figure 5. The ∆ DAs ϕ1/2,NR

∆ , ϕ
3/2,NR
∆ become naturally identical to

that ϕNR
N of the nucleon. The present results for the ∆ baryon DAs are also close to the

asymptotic DA and are consistent with those from the QCD sum rules [35].
The baryon decay constants or the DA normalization constants, fN , f1/2

∆ and f
3/2
∆ ,

contain essential information on the baryon DAs, which were defined in eqs. (2.3) and (3.1).
We list in table 3 the numerical results for both the 3Q and 3Q + 5Q contributions to
them in the nonrelativistic and relativistic cases. Interestingly, in the nonrelativistic limit,
we have derived the relations between the DA normalization constants for the nucleon
and ∆ baryon given in eq. (4.47). The numerical results listed in table 3 satisfy these
relations. Moreover, we find that both the 5Q component and the relativistic corrections
are significant to determine the DA normalization constants.

These normalization constants are scale-dependent as mentioned already. The scale
of the present model can be related to the average size of the instanton, of which the
value is ρ ∼ 0.33 fm. So, we will approximately take µ2

0 ∼ 0.36 GeV2 as the scale of the
χQSM [85, 91, 92]. To compare the present results with those from other works, one has
to match the scale by using the renormalization group equation for the DA normalization
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cases.

Non-relativistic Relativistic

fB 3Q 3Q+ 5Q 3Q 3Q+ 5Q

|fN | 6.2 5.0 4.8 4.2

|f1/2
∆ | 15.2 11.6 14.9 12.7

|f3/2
∆ | 18.7 14.7 15.5 13.4

Table 3. Non-relativistic and relativisic DA normalizations of the nucleon and ∆ baryon in units
of 10−3 GeV2.
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constants fN , f1/2
∆ and f3/2

∆ . The one-loop evolution of them is derived in refs. [2, 36]

fB(µ2) = fB(µ2
0)
(
αs(µ2)
αs(µ2

0)

)γ0

, (5.3)

where the anomalous dimension γ0 = 2/(3β0) is given by refs. [2, 93, 94] with the beta
function β0 = 11 − 2nf/3 for the strong coupling constant αs(µ2). Being evolved to a
high normalization point, for example, µ = 2 GeV, the DA normalization constants are
respectively found to be

|fN | = 3.9× 10−3 GeV2, |f1/2
∆ | = 11.7× 10−3 GeV2, |f3/2

∆ | = 12.3× 10−3 GeV2. (5.4)

Though we take µ2
0 ∼ 0.36 GeV2 as the scale of the present model, this is not uniquely

determined. In fact, it depends on a parameter varied in the variational estimate of bulk
properties of the instanton medium. In refs. [85, 91, 92] the scale of the χQSM was
estimated to be µ0 = (0.6 − 1.4) GeV with the parameter varied. Owing to the weak
dependence of the DA normalization constants on the scale evolution, the corresponding
error lies within around 5 %. So, µ2

0 = 0.36 GeV2 is a reasonable choice.
In refs. [79, 81, 90], the DA normalization constant for the nucleon from the 7Q con-

tribution N (7) was investigated. Though we do not evaluate them explicitly, we use the
value obtained in refs. [79, 81, 90] and estimate fN at µ = 2 GeV:

|fN | ' 3.7× 10−3GeV2 (3Q+ 5Q+ 7Q). (5.5)

We then expect that further higher Fock contributions are suppressed. This value was
first introduced and estimated in the QCD sum rules [22, 24, 26, 27, 35], where |fN |
was estimated to be |fN (µ ' 1 GeV)| ' 5.0 × 10−3 GeV2 [35]. This value is rather large
compared with the present result. Recently, however, it was obtained from the lattice
QCD [48] as follows: |fN (µ = 2 GeV)| = 3.54+6

−4 × 10−3 GeV2. The present result given
in eq. (5.5) is in good agreement with this lattice data. For the ∆ baryon, the QCD sum
rules [35] yield the following results: |f1/2

∆ (µ ' 1 GeV)| = (12 ± 0.2) × 10−3 GeV2 and
|f3/2

∆ (µ ' 1 GeV)| = 14× 10−3 GeV2, which are consistent with the present ones.

6 Summary and conclusions

In the present work, we aimed at providing the leading-twist distribution amplitudes of
the nucleon and ∆ baryon and their normalization constants fN , f1/2

∆ and f
3/2
∆ within

the chiral quark-soliton model. We first defined the distribution amplitudes by means
of the vacuum-to-baryon matrix elements of trilocal QCD operators. The leading-twist
distribution amplitudes are related to the light-cone wave functions with the orbital angular
momentum Lz = 0 involved in the valence three-quark Fock component. In the chiral
quark-soliton model, the explicit light-cone wave functions of the baryon octet and decuplet
are derived, which consist of the valence quark and quark-antiquark (pair) wave functions.
Expanding the vacuum wave function or the Dirac sea, we were able to construct the
light-cone wave function for the higher Fock components, i.e, 3, 5, 7. . . -wave functions. As
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pointed out in refs. [78, 81], it turned out that the five-quark contributions significantly
contribute to the normalization for the baryon light-cone wave functions and are found to
be ∼ 15%. Having included the five-quark contributions, we estimated the distribution
amplitudes of the nucleon and ∆ baryon. The nucleon distribution amplitude ϕN is found
to be almost symmetric under the exchange of the first two arguments, which is consistent
with the recent results from the lattice QCD [46, 48]. Interestingly, the normalization
constants for the proton distribution amplitude are obtained to be |fN (µ = 2 GeV)| = 3.7×
10−3 GeV2, which is very close to the lattice data, fN (µ ∼ 2 GeV) = 3.54× 10−3 GeV2 [48].
The distribution amplitudes of the ∆ baryon ϕ

1/2
∆ and ϕ

3/2
∆ are respectively found to be

almost and totally symmetric, and their normalization constants are respectively obtained
to be |f1/2

∆ (µ = 2 GeV)| = 11.7 × 10−3 GeV2 and |f3/2
∆ (µ = 2 GeV)| = 12.3 × 10−3 GeV2.

We anticipate that the results from the lattice QCD or several theoretical approaches for
the ∆ baryon distribution amplitudes will soon come out.

The nucleon and ∆ baryon light-cone wave functions obtained from the present work
can be applied to the study of the electromagnetic and mechanical properties of the nucleon
and ∆. Since the electromagnetic and gravitational form factors can be directly derived
from the light-cone wave functions, we can immediately get access to the transverse charge
densities for the nucleon and ∆ baryon. More importantly, the mechanical properties of
both the nucleon and ∆ with the stability conditions can be scrutinized by using the present
results, since they provide essential information on how the nucleon [95–99] and ∆ [100–102]
are shaped physically. On the other hand, it is also of great importance to investigate the
baryon light-cone wave functions with the momentum-dependent dynamical quark mass
obtained from the instanton vacuum. This will make the baryon light-cone wave functions
to satisfy the correct endpoint behavior. Recently, the chiral quark-soliton model or the
pion mean-field approach has been successfully extended to the description of singly heavy
baryons [103–115]. Thus, it is of great interest to study the light-cone wave functions of
the singly heavy baryons. The corresponding studies are under way.
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A Baryon rotational wave functions

The wave functions for the baryon octet are generically expressed as mixed tensors, P gf ,
whereas those for the baryon decuplet as symmetric ones, Df1f2f3 with three quark indices.
This means that the Wigner D functions for the baryon octet and decuplet can be expressed
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as follows:

[D(8,1/2)∗(R)]gf,k ∼ εklR
†l
f R

g
3,

[D(10,3/2)∗(R)]g{f1f2f3},{k1k2k3} ∼ εk′
1k1εk′

2k2εk′
3k3R

†k′
1

f1
R
†k′

2
f2
R
†k′

3
f3
|{f1f2f3}, (A.1)

where εkl stands for the antisymmetric tensor. The k = 1 means the spin-up baryon state,
whereas k = 2 represents the spin-down state. The wave functions for the baryon decuplet
are fully symmetrized in the flavor {f1f2f3} and spin projection {k1k2k3} indices. The
flavor part of the baryon octet are explicitly written as [116]:

P 3
1 = N+, P 3

2 = N0, P 2
1 = Σ+, P 1

2 = Σ−,

P 1
1 = 1√

2
Σ0 + 1√

6
Λ0, P 2

2 = − 1√
2

Σ0 + 1√
6

Λ0,

P 3
3 = −

√
2
3Λ0, P 2

3 = Ξ0, P 1
3 = −Ξ−, (A.2)

and that of the decuplet D{f1f2f3} are given as

D111 =
√

6∆++, D112 =
√

2∆+, D122 =
√

2∆0, D222 =
√

6∆−,
D113 =

√
2Σ∗+, D123 = −Σ∗0, D223 = −

√
2Σ∗−, D133 =

√
2Ξ∗0,

D233 =
√

2Ξ∗−, D333 = −
√

6Ω−. (A.3)

The prefactors for the wave functions are determined by normalizing the rotational wave
functions ∫

dRB∗spin(R)Bspin(R) = 1. (A.4)

For example, the nucleon state is explcitly expressed as

N+∗
k (R) =

√
8εklR†l1 R3

3, N0∗
k (R) =

√
8εklR†l2 R3

3, (A.5)

whereas the ∆ baryon with spin projection 3/2 (↑↑↑) and 1/2 (↑) are written as

∆++∗
↑↑↑ (R) =

√
10R†21 R

†2
1 R

†2
1 , ∆+∗

↑↑↑(R) =
√

30R†21 R
†2
1 R

†2
2 ,

∆++∗
↑ (R) =

√
30R†21 R

†2
1 R

†1
1 , ∆+∗

↑ (R) =
√

10(R†21 R
†2
1 R

†1
2 + 2R†22 R

†2
1 R

†1
1 ). (A.6)

For different spin projections, the integral becomes zero. The rotational wave functions
belonging to different baryons satisfy the orthogonality.
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B Distribution amplitudes

The distribution amplitudes are listed for the nucleon

fNTN = −12
√

6c8,1/2
0

∫
[dk⊥]T 112

j1j2j3,1F
j11(p1)F j21(p2)F j32(p3),

fNVN = 12
√

6c8,1/2
0

∫
[dk⊥]T 112

j1j2j3,1

[
F j12(p1)F j21(p2)F j31(p3)

+ F j11(p1)F j22(p2)F j31(p3)
]
,

fNAN = 12
√

6c8,1/2
0

∫
[dk⊥]T 112

j1j2j3,1

[
F j12(p1)F j21(p2)F j31(p3)

− F j11(p1)F j22(p2)F j31(p3)
]
, (B.1)

and for the ∆ baryon

f
1/2
∆ T∆ = −12

√
6c10,1/2

0

∫
[dk⊥]T 111

j1j2j3,1F
j11(p1)F j21(p2)F j32(p3),

f
1/2
∆ V∆ = −12

√
6c10,1/2

0

∫
[dk⊥]T 111

j1j2j3,1

[
F j12(p1)F j21(p2)F j31(p3)

+ F j11(p1)F j22(p2)F j31(p3)
]
,

f
1/2
∆ A∆ = −12

√
6c10,1/2

0

∫
[dk⊥]T 111

j1j2j3,1

[
F j12(p1)F j21(p2)F j31(p3)

− F j11(p1)F j22(p2)F j31(p3)
]
, (B.2)

By summing over the isospin indices, we obtain the explicit expressions of the distribution
amplitudes for the nucleon

fNTN = 2
√

3c8,1/2
0

∫
[dk⊥]

[
2f‖(k1)f‖(k2)f‖(k3)

+ k1Lk3Rf⊥(k1)f⊥(k3)f‖(k2) + k2Lk3Rf⊥(k2)f⊥(k3)f‖(k1)
]
,

fNVN = 2
√

3c8,1/2
0

∫
[dk⊥]

[
2f‖(k1)f‖(k2)f‖(k3)

− k2Lk1Rf⊥(k2)f⊥(k1)f‖(k3) + k1Lk2Rf⊥(k1)f⊥(k2)f‖(k3)

+ 2k3Lk1Rf⊥(k3)f⊥(k1)f‖(k2) + 2k3Lk2Rf⊥(k3)f⊥(k2)f‖(k1)
]
,

fNAN = 2
√

3c8,1/2
0

∫
[dk⊥]

[
− k2Lk1Rf⊥(k2)f⊥(k1)f‖(k3)

+ k1Lk2Rf⊥(k1)f⊥(k2)f‖(k3) + 2k3Lk1Rf⊥(k3)f⊥(k1)f‖(k2)

− 2k3Lk2Rf⊥(k3)f⊥(k2)f‖(k1)
]
, (B.3)
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Figure 7. Nucleon distribution amplitudes TN , VN and AN .

and for the ∆ baryon

f
1/2
∆ T∆ = − 12√

5
c

10,1/2
0

∫
[dk⊥]

[
f‖(k1)f‖(k2)f‖(k3)

+ k1Lk3Rf⊥(k1)f⊥(k3)f‖(k2) + k2Lk3Rf⊥(k2)f⊥(k3)f‖(k1)
]
,

f
1/2
∆ V∆ = − 12√

5
c

10,1/2
0

∫
[dk⊥]

[
2f‖(k1)f‖(k2)f‖(k3)

− k2Lk1Rf⊥(k2)f⊥(k1)f‖(k3)− k1Lk2Rf⊥(k1)f⊥(k2)f‖(k3)

− k3Lk1Rf⊥(k3)f⊥(k1)f‖(k2)− k3Lk2Rf⊥(k3)f⊥(k2)f‖(k1)
]
,

f
1/2
∆ A∆ = 12√

5
c

10,1/2
0

∫
[dk⊥]

[
k2Lk1Rf⊥(k2)f⊥(k1)f‖(k3)

− k1Lk2Rf⊥(k1)f⊥(k2)f‖(k3) + k3Lk1Rf⊥(k3)f⊥(k1)f‖(k2)

− k3Lk2Rf⊥(k3)f⊥(k2)f‖(k1)
]
. (B.4)
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Figure 8. ∆ baryon distribution amplitudes T∆, V∆ and A∆.

In figure 7, the decomposed distribution amplitudes of the nucleon are shown. The an-
tisymmetric distribution amplitude AN is numerically rather small compared with the
symmetric ones VN and TN .

In figure 8, the decomposed distribution amplitudes of the ∆ baryon are shown. The
antisymmetric distribution amplitude A∆ is numerically rather small compared with the
symmetric ones V∆ and T∆.
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