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ticles (defined by the Feynman ie prescription) and purely virtual particles (defined by the
fakeon prescription). The identities are derived by means of purely algebraic operations
and hold for every (multi)threshold separately and for arbitrary frequencies. Their major
significance is that they offer a deeper understanding on the problem of unitarity in quan-
tum field theory. In particular, they apply to “skeleton” diagrams, before integrating on
the space components of the loop momenta and the phase spaces. In turn, the skeleton
diagrams obey a spectral optical theorem, which gives the usual optical theorem for am-
plitudes, once the integrals on the space components of the loop momenta and the phase
spaces are restored. The fakeon prescription/projection is implemented by dropping the
thresholds that involve fakeon frequencies. We give examples at one loop (bubble, triangle,
box, pentagon and hexagon), two loops (triangle with “diagonal”, box with diagonal) and
arbitrarily many loops. We also derive formulas for the loop integrals with fakeons and
relate them to the known formulas for the loop integrals with physical particles.
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1 Introduction

Unitarity is a key requirement to claim that a quantum field theory has chances to be
fundamental, together with locality and renormalizability. Generically, locality and renor-
malizability can be phrased in simple terms: the Lagrangian should be polynomial in the
fields and their derivatives and obey the power counting criterion. Moreover, the theorem of
locality of counterterms shows that there is a nontrivial connection between renormalizabil-
ity and locality. Unitarity, on the other hand, still lacks an understanding in equally simple
terms. In this paper we overcome this drawback and extend the classical results [1-3, 5, 6]
in several directions.

We show that unitarity in quantum field theory can be reduced to a set of algebraic
identities, which do not require to integrate on the space components of the loop momenta,
or the phase spaces in cut diagrams, and hold for each physical threshold separately. The
key ingredient is a proper threshold decomposition, because different thresholds do not talk
to one another.

The gain in insight is important. Among the other things, we can identify the purely
virtual (off-shell) content of amplitudes and diagrams. We can switch from the Feynman
prescription to the fakeon prescription [7, 8] by simply dropping all the thresholds that
involve one or more frequencies associated with the legs that we want to quantize as
fakeons (that is to say, purely virtual particles). We can easily generalize the identities
to propagators with arbitrary residues and arbitrary frequencies, as well as vertices with
arbitrary derivative structures (as long as the classical Lagrangian stays Hermitian). We
can show that the spectral identities hold for thick fakeons as well (fakeons with finite
“widths” at the tree level!), which are typically originated by higher-derivative Lagrangians
and can be used to reformulate the Lee-Wick models [10-15] as models of particles and
fakeons [16, 17]. We can even introduce certain details of the experimental apparatus
without violating the spectral optical identities. For example, we can prove unitarity in
the presence of fakeons when the energy resolution of detectors is taken into account, as a
cutoff for the infrared divergences of massless fields [18-21]. It is also possible to include
the energy resolution of fakeons in a unitary way.

Purely virtual particles [22], or “fakeons”, can be used to formulate a consistent theory
of quantum gravity [7], which is experimentally testable thanks to its predictions in infla-
tionary cosmology [23]. More generally, they can be used to solve the problem of ghosts in
higher-derivatives theories. However, they can also be employed in collider physics [24] to
evade common constraints and offer new ways to solve discrepancies with data, as in the
problem of the muon anomalous magnetic moment [25].

Everything we do in this paper involves nothing more than purely algebraic opera-
tions. Despite some unavoidably lengthy expressions, the identities we write can be checked
straightforwardly. First, we integrate on the loop energies. This is the only integral we
need to do. We can view it as an algebraic operation as well, thanks to the residue theorem.
Then, we ignore the integrals on the space components of the loop momenta and the phase
spaces, i.e., work on the “skeleton” of the diagram. Third, we eliminate the pseudothresh-

'For a review, see [9].



olds, which are unphysical, because they involve differences of frequencies. Once we remain
with the physical thresholds, we proceed with the threshold decomposition, which provides
a separate optical identity for each threshold. Summing the identities associated with a
loop diagram, we derive the spectral optical theorem obeyed by its skeleton. Integrating
the spectral optical theorem on the space components of the loop momenta and the phase
spaces, we obtain the usual optical theorem for amplitudes, which proves unitarity.

Besides proving the identities and the spectral optical theorem for arbitrary diagrams,
we give a large number of examples that show how the threshold decomposition works.
Apart from the bubble and the triangle, which are relatively straightforward, we study the
box, the pentagon and the hexagon, at one loop. At two loops we study the triangle with
“diagonal” and the box with diagonal. These examples cover the needs of most calcula-
tions in high-energy physics phenomenology. Whole classes of diagrams with arbitrarily
many loops are included straightforwardly. The formulas we obtain for the loop integrals
with fakeons and physical particles can be related to the formulas of ordinary loop inte-
grals (defined by the Feynman prescription everywhere) and implemented in softwares like
FeynCalc, FormCalc, LoopTools and Package-X [26-32].

The paper is organized as follows. In section 2 we collect the basic definitions and
the strategy of the calculations. In sections 3, 4 and 5 we study the bubble diagram
(and its multibubble versions), the triangle diagram and the box diagram, respectively. In
section 6 we extend the results to classes of multiloop diagrams. In section 7 we study
the box diagram with diagonal. In section 8 we provide further insight into the algebraic
structure of the spectral optical identities and derive the formulas of the pentagon and
the hexagon. In section 9 we generalize the results to propagators with arbitrary residues.
In section 10 we extend the proof to diagrams with derivative vertices (integrands with
nontrivial numerators) and degenerate diagrams (diagrams with powers of identical prop-
agators or subdiagrams). In section 11 we generalize the proofs to propagators with thick
fakeons. In section 12 we show how to treat massless fields and their infrared divergences.
Section 13 contains the conclusions.

2 Definitions and strategy

In this section we collect the basic definitions we need and the strategy of the calculations.
Since the matter is technically involved, not all the subtleties we anticipate here can be
appreciated right away. Nevertheless, it is convenient to collect them in a dedicated place
to allow a quick back and forth, for a better understanding of the next sections.

Unitarity is the statement that the scattering matrix (S matrix) is unitary. Writing
S =1+44T, where T is the transition amplitude (and i7" is the sum of loop diagrams), we
can write the unitarity equation STS = 1 in the equivalent form

2ImT =TT, (2.1)

which is known as optical theorem. Proving unitarity, or the optical theorem, is crucial to
establish that a quantum field theory is consistent as a fundamental theory.



Figure 1. Marked diagrams and cut diagrams. The shadowed portion stands for T't, the unshad-
owed one for 7.

More powerful statements can be proved, in general, such as diagrammatic versions
of (2.1), which hold for each loop integral separately. They can be expressed as relations

G+G+> G.=0 (2.2)

among a given diagram G, its complex conjugate G and certain “cut diagrams” G.. The
cut diagrams are diagrams divided into two portions by a cut passing through a number
of propagators (which become “cut propagators”). One portion stands of the T' of (2.1)
and the other one (which is normally shadowed) stands for 7T. Like G and G, the cut
diagrams can be defined by means of diagrammatic rules, which, in addition to the ordinary
propagators and vertices, involve cut propagators, complex conjugate propagators and
complex conjugate vertices. The rules are given in subsection 2.2.

In ref. [33] it was shown that the diagrammatic version (2.2) of the optical theorem
can be derived algebraically and expressed by means of algebraic equations, which do not
require to integrate on the space components of the loop momenta or phases spaces.? In
this paper we exploit these properties to the fullest.

As in [33], it is convenient to denote the cut diagrams in “dual” form, by means of
marked and unmarked vertices. In figure 1 we show the relation between marked diagrams
and cut diagrams. In figure 2 we show the marked versions of the triangle diagram, up to
permutations of the vertices.

This convention allows us to identify the diagrams by means of simple “words”. Let
A, B, C, etc., label the unmarked vertices and A, B, C, etc., the marked vertices. The
propagators are segments. Segments like AB, BC, etc., are ordinary propagators, while
segments like AB, BC, etc., are complex conjugate propagators. Segments like AB, BC,
etc., are cut propagators with positive energies flowing from the vertices without the dot
to the vertices with the dot.

The loops are enclosed between parentheses. A one-loop (cut or uncut) diagram is a
“word” between parentheses, built with letters. For example: (AB) is the uncut bubble
diagram YO, where A denotes the left vertex and B is the right vertex. Then, (AB) denotes

2Some integrals on the loop space momenta of G and G appear as integrals on phase spaces in G.. They
are those interested by the cut propagators, which put the particles on shell. They stand for the contraction
between 7T and T of formula (2.1).
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Figure 2. Triangle uncut and cut diagrams (in marked notation).

the complex conjugate diagram, while (AB) denotes the cut diagram with positive energies
flowing from B to A and (AB) is the cut diagram with positive energies flowing from A to B.

Similarly, (ABC) is the uncut triangle diagram, (ABC) is its complex conjugate, (ABC)
is the cut diagram with positive energies flowing to A, etc.

Diagrams with more loops are denoted by means of products of one-loop words in
parentheses, repeating the vertices that belong to more loops. For example, the double
bubble YOOX is (AB)(BC), its conjugate is (AB)(BC), its cut versions are (AB)(BC),
(AB)(BC), etc.

The legs are labeled by numbers: the box diagram, which is concisely denoted by
(ABCD), can be denoted by (A1B2C3D4) in extended form, where 1 is the leg AB, 2
is the leg BC, 3 is the leg CD and 4 is the leg DA. Similarly, (AB)(BC) may stand for
(A1B2)(B3C4), etc. Different “words” may correspond to the same diagram, but this is
not going to cause trouble.

The diagrammatic optical theorem (2.2) is the statement that, given a diagram G,
the sum of all its marked versions (including G itself) vanishes. For example, in the case
of the triangle the sum of the diagrams shown in figure 2 plus the cyclic permutations of
the last two is equal to zero. Here we generalize the theorem to spectral optical identities,
which separately hold for each threshold. To achieve this result, we need to work out a
neat threshold decomposition of the “skeleton” diagrams, defined below.

In the first part of our investigation, we concentrate on the loop integrals defined by the
Feynman ie prescription everywhere. As soon as their threshold decomposition is worked
out, it is relatively straightforward to apply the fakeon prescription/projection to it.

We do not need to handle the ultraviolet divergences, but, for the sake of precision,
we understand that the loop integrals are defined by means of the dimensional regular-
ization [37-39] as follows: the integrals on the loop energies are defined by the residue
theorem, while the integrals on the space components of the loop momenta are defined as
the dimensionally regularized ones in D — 1 continued dimensions.

2.1 Skeletons

The only integrals we compute in this paper are those on the loop energies. Their evaluation
amounts to an algebraic operation, thanks to the residue theorem. If we drop the integrals
over the space components of the loop momenta (and the phase spaces, in cut diagrams),
as well as certain overall factors, we obtain the skeletons.



If G(p) denotes an ordinary loop integral (with all the propagators defined by the
Feynman ie prescription), the skeleton G* of G is defined by the formula

dD 1kl L1
G*(p, k 2.3
where p! = (eq, pq) are the external momenta (one for each internal leg), ki' = (kP k;) are
the loop momenta, L is the number of loops, [ is the number of internal legs and w, is the
frequency associated with the ath internal leg.

For example, the basic one-loop integrals

Pk & 1
= 2.4
G / 2m)P 2% (k= pa)? —m2 +ieq (24)

define the one—loop skeletons

2w, dk0 2w,
= | = 2.5
/ al (k —pa)? — m2 + i€, /2 l;[ kO —e4)? — w2 +ie,’ (2:5)
so that N
dP-1k 1 .
Gn = / (2m)D—1 (1_[1 2wa> A 20

where the frequencies are w, = \/(k — pa)? + m2.

Note that L momenta p, are redundant, since they can be eliminated by translating
the loop momenta. The redundant notation allows us to treat all the internal legs equally,
which is more convenient for the derivations of this paper.

Given complexified external momenta p, if the skeleton G*(p, k) is regular for every
values of the space components k; of the loop momenta within their integration domains,
then G(p) is analytic in p. The most important analytic region is the Euclidean one, where
the energies are imaginary.

The p domains where G(p) is not analytic are found by studying the singularities of
G*(p, k). Important domains of non analyticity are identified by inequalities of the form

2
2> () @)
acJ
where Pg is a linear combination of external momenta and .J is a subset of internal legs. The
right-hand side of this formula is an optical threshold, namely the minimum invariant mass
of a physical process where the external particles involved in Pg produce the internal parti-
cles of the subset .J, turning them from virtual to real.> These thresholds are called “opti-
cal”, because they contribute to the optical theorem. Other physical thresholds exist, which
do not participate in the optical theorem. They are called anomalous thresholds [34, 35].

3 A fakeon is purely virtual, i.e., it can never become real. If a leg of the set .J is defined as a fakeon (see
below for details), the threshold appearing on the right-hand side of (2.7) is not associated with a physical
process. It is associated with the mathematical violation of analyticity and other physical properties,
typical of fakeons, which we do not need to detail here. We may call it a “fake threshold” and say that it
is associated with a fake physical process.



After integrating on the loop energies, the skeletons are sums of terms that involve
denominators of the forms

Dphys =F+ Z Wa, Z~)pseudo =F+ Z Wa — Z Wh, (28)
acJ acJ beJ’
where @, = w, — i€, F is a linear combination of the external energies e. and .J, .J' are
nonempty subsets of internal legs. Defining

, (2.9)

D =D
) pseudo pseudo a0

Dphys = Dphys

€q—0

the zeros of Dy are associated with the physical thresholds, while the zeros of Dpseudo
are associated with the so-called pseudothresholds. The ie prescription on the loop energies
picks the right residues, which ultimately make the pseudothresholds cancel out.* To have
control on the pseudothresholds in the calculations, we must choose the infinitesimal widths
€, such that all the denominators Dpseudo have nonvanishing imaginary parts (otherwise
they are not well prescribed).

The linear combinations of energies and frequencies generated by the diagrammatics
have coefficients 0 and 1. This is guaranteed by the fact that an energy cannot flow into
the same line twice (assuming a “minimal” parametrization of the momenta, such that every
loop momentum k; appears in some leg a with momentum p, — k;). All the manipulations
we make in this paper involve linear combinations of the type just mentioned.

Moreover, the operations we make on skeletons are manifestly Lorentz invariant once
we resume the integrals over the space components of the loop momenta and the phase
spaces. The thresholds (2.7) emerge after such integrals. Since we work on skeletons here,
from now we understand that the words “singularity”, “threshold” and “pseudothreshold”
may also refer to the skeletons.

Not all types of G*(p,k) singularities can be generated, but only “diagrammatic”
ones. As said, the potential violations of analyticity occur when one or more skeleton
denominators vanish. Since the G*(p, k) denominators are originated by the diagrammatics,
it must be possible to express the singularities diagrammatically. This means that, if we
restore the integrals on the loop energies, the loop energies circulate in the diagram in the
way prescribed by the diagrammatics. In some manipulations, we may create contributions
with non diagrammatic singularities, which cancel out in the total. We give an example
of a non diagrammatic singularity in formula (2.24). We illustrate the cancellation of the
non diagrammatic singularities when we investigate the box (section 5) and the box with
diagonal (section 7).

The spectral optical theorem we are going to prove reads

G+G +> Gi=0, (2.10)

where G*, G* and G% are the skeletons associated with G, G and G., respectively. The
spectral optical identities are the threshold contributions to (2.10), which vanish separately.

4The physical reason why the denominators Dpscudo must disappear is that the differences of frequencies
contained in them would lead to processes plagued by instabilities.



2.2 Diagrammatic rules

It is convenient to think of each propagator as the sum of two separate contributions, one
for each pole:

e ,—>Z( Lo ) (2.11)
P4 —m= + i€ 2w \e—w+ie e+w—r1e
where p* = (e,p) and w = /p? + m2. The arrow means that we are ignoring contributions
that disappear when ¢ tends to zero. If we write all the propagators as shown on the right-
hand side of (2.11), we can expand the integrand of a diagram as a sum of terms where
each internal leg is associated with a unique pole. This is very convenient for the analysis
of this paper.

Since we work with skeleton diagrams, without integrating over the space compo-
nents of the loop momenta or phase spaces, we are free to multiply the propagators by
w-dependent overall factors. We choose such factors equal to 2w, to match the definition of
skeletons given above. The propagators and cut propagators of physical particles are then

p— i
Ce—wHie e+w—ie
p— i
- T edwtie e—w—ie
— —
— P omsetw), — P omse—w). (212

For definiteness, we assume that each unmarked vertex is equal to —i. Then, each
marked vertex is equal to ¢. In section 10 we show how to extend the results to derivative
vertices.

We consider connected, non necessarily one-particle irreducible (1PI) diagrams G. If G
is disconnected by cutting an internal line I, we say that I is a “link”. Inside cut diagrams
G we apply this definition to both sides of the cut separately. Thus, if one side of the cut
is disconnected when a certain leg is broken, we call that leg a link.

Now we give the basic diagrammatic rules for the internal legs that we want to define
as fakeons (denoted by “f”). The cut propagators must vanish:

—P _, P _, (2.13)
f f

The propagator of a link fakeon leg is just the Cauchy principal value P (which is the
classical limit of fakeon prescription [9]):

(link) : L:P( S )

e—w e+ w

f
o p— i i
(ink) : e f -—P<e+w —e_w). (2.14)

As for the other fakeon legs, the fakeon prescription will be implemented after deriving
the spectral optical identities of G*, by dropping the thresholds that involve frequencies w
associated with fakeon legs.



Note that it is incorrect to use (2.14) inside 1PI diagrams [22]. What we have to do,
instead, is apply the strategy explained in subsection 2.5.

2.3 Threshold decomposition

The crucial operation is the threshold decomposition of a diagram, which we briefly describe
here, leaving the details to next subsections.

After integrating on the loop energies by means of the residue theorem, we obtain the
skeletons. Then, we use certain algebraic manipulations to make all the pseudothresholds
Dyseudo = 0 disappear and only the physical thresholds Dyyys = 0 survive. At that point

we apply the decomposition '
1

i
e = Py @) (2.15)

and reorganize the results diagrammatically (see below).

Once these operations are completed, we obtain terms proportional § functions and
terms proportional to products of § functions. The terms proportional to one § function are
called single thresholds, while those proportional to a product of more ¢ functions are called
multithresholds. When we want to be more precise, we call the latter double thresholds,
triple thresholds, etc., or £ thresholds, where £ is the “level” of the threshold. The support
of the ¢ functions is the support of the threshold. Sometimes the word “threshold” is used
indistinctly for all of them. The “zero threshold” collects the contributions that contain
only principal values, which identify the purely virtual content of the diagram. The zeros
of the principal values are called “singularities”.

In the end, the threshold decomposition is the decomposition that properly organizes
and separates the independent thresholds and singularities. We stress again that they must
be physical (no Dpgendo can survive) and diagrammatic (because generated by diagrams).

The results of the decomposition are often collected in a table (see table 2 for the
triangle) with the following structure. The columns collect the contributions of the (cut
or uncut) skeleton diagrams shown at the top of them. The rows collect the contributions
of the different (multi)thresholds. The rows are ordered according to the threshold level,
from the zeroth level at the top to the highest level at the bottom. The smaller tables are
shown as equations, while the larger tables are displayed separately, on top of pages.

The spectral optical identities are the sums of the entries of the rows of a table.
They vanish separately, because each row corresponds to a different threshold and different
thresholds do not interfere with one another. The spectral optical theorem is obtained by
collecting all the entries of the table in the way explained below. The usual optical theorem
is obtained by integrating the spectral optical theorem (divided by 2w for every internal
leg) over the phase spaces and the space components of the loop momenta.

2.4 Identities for principal values

We show a simple application of the threshold decomposition just described, which gives
identities that are useful for the calculations of the paper. Consider the expression

-1
1 L 1 -
S(xl,...,xn):H;—Z H ; (le) . (2.16)
i=1 7 =1 \j=1,j#i "7 =1



If we sum the right-hand side with the least common denominator, we find zero. This
operation is legitimate only if the variables z; and their sum do not vanish. It is suffi-
cient to assume that they have nonvanishing imaginary parts o; (typically brought by the
infinitesimal widths €,) such that >I* ; o; # 0.

It is not legitimate to infer S(x1,...,x,) = 0 if the variables x; have real values, in
general. In particular, the principal value PS(z1,...,z,) may not vanish. To work out its
expression, we start from the identity

0=S(x1+i€r,...,oy + i€y), (2.17)

where the z; are now real and €; > 0 for every j. Expanding each term on the right-
hand side of (2.16) by means of (2.15), we can derive its threshold decomposition. The
lowest level of the decomposition is the principal value PS(x1,...,x,) and the highest level
involves only ¢ functions. It is easy to show that (2.17) gives an identity

n
PS(x1,...,2pn) = cnﬂnné(:m), (2.18)
i=1
where ¢, is a real constant. We can prove this statement iteratively in n. For n = 1
the identities (2.17) and (2.18) are trivial. Assuming that the statement holds for n = 7,
let us consider the case n = n + 1. It is easy to show that all the levels of the threshold
decomposition but the lowest and highest ones can be converted into products of § functions
by using identities (2.18) with n < 7. Thus, the lowest and highest levels must be related
by an identity (2.18) with n =7+ 1.
Note that, by reality, PS(z1,...,z,) = 0 for every odd n.
Among the identities (2.18), we mention the cases n = 2, 3,4, which will be useful in
the next sections. We find

1 1 1
P(‘ - )=—7T26x5y,
zy z(z+y) ylz+y) (x)d(y)
1 1 1 1 1
P[_(++)]=0, (2.19)
ryz rH+y+z\ry xz Yz
1 1 1 1 1 1 4
i e G ot me )| = T@NEIw),

A good exercise is to check the steps of the proof outlined above in these examples. It is
also straightforward to verify the identities (2.19) numerically, with the help of arbitrary
test functions ¢(x1,...,zy).

The reason why we cannot use common denominators in the expressions between
brackets and conclude that the total is zero is that common denominators worsen the
singularities. Even when the numerators are formally zero, the total can be nonvanishing.

The identities just found are useful to work out the correct threshold decomposition.
In particular, they allow us to remove all the spurious thresholds and singularities, which
are the non diagrammatic ones and those due to the denominators Dpgeudo. The identities
must be applied within the same 1PI diagram. Connected, non 1PI diagrams are treated
by viewing them as products of 1PI subdiagrams (see below).

,10,



2.5 Strategy

For future use, it is convenient to define

1 1 N
Ftlb — _ — Pab — 7) , Pab — Pab + Pba,
€q — €p — Wq — Wp €a — €p — Wq — Wy
Qab _ Pab —Pp 1 Qab _ Qab
€q — €p — Wg + wp’ Wa——Wa
A = 716(eq — €y — wa — wp), (2.20)

where we recall that w, are frequencies and &, = w, — i€,.
It is also useful to introduce some “smart” manipulations. A “smart” common denom-
inator identity is an identity of the form

ZCiHDij ZEl:CEH 5 (2.21)

where ¢; and ¢ are numerical coefficients and each Dij can be a Dphys or a Dpseudo.
Observe that each term of (2.21) has the same number n of denominators. Also recall that
all the manipulations we make involve linear combinations of energies and frequencies with
coefficients 0, +1 or —1. An example of (2.21) is the identity

F12 _ F13

= FUF (2.22)
€y —e3 + wa — w3

taken from (2.17) with n = 2.

If the left-hand side of (2.21) is generated by a diagram, with all the legs prescribed a
la Feynman, it is always possible to remove the denominators Dpseudo and obtain a sum of
terms like the right-hand side. This is a key property of the Feynman prescription on the
energies, which guarantees (perturbative) stability.

The strategy of the calculations is as follows. We assume, for simplicity, that G is one-
particle irreducible, the extension to connected, non 1PI diagrams being straightforward.

1) Start from the diagram G, prescribed a la Feynman.
2) Integrate on the loop energies by means of the residue theorem.

3) Use smart common-denominator identities (2.21) to remove all the denominators

Dpseudo and leave only denominators ﬁphys.
4) Perform the threshold decomposition as follows:

4.a) separate each fraction 1/ Bphys into its purely virtual part and its on-shell part
by means of (2.15);
4.b) use identities for principal values such as (2.19) to arrange the decomposition in

a proper diagrammatic form (see below for the meaning of this).

5) Perform the fakeon projection, by eliminating all the thresholds that involve fakeon
frequencies (which will be called “fakeon thresholds”).

— 11 —



Steps 1) to 4) lead to the spectral optical identities of the diagrams where each leg is
prescribed a la Feynman. If some legs are prescribed as fakeons, the identities reduce to a
proper subset, as per step 5).

The purely virtual content of a diagram is its level 0. It is associated with the diagram
where all the internal legs are fakeons. Away from the thresholds, it coincides with the
Euclidean version of the skeleton. It admits no nontrivial cuts.

Due to the diagrammatic structure mentioned in point 4.b), all the threshold con-
tributions (level > 1) are manifestly Lorentz invariant, once we integrate on the space
components of the loop momenta and the phase spaces. By subtraction, the purely virtual
part is also Lorentz invariant, although not manifestly.

The threshold decomposition also applies to cut diagrams. There, step 2) is simplified
by the presence of cut propagators, which fix some loop energies without the need to use
the residue theorem.

It remains to explain what we mean by step 4.b) and why it is always possible to
achieve the proper diagrammatic form it refers to.

2.6 Proper diagrammatic form and proper decomposition

Before defining the proper diagrammatic form of the threshold decomposition, we illustrate
the problem with two examples at one loop, level £ = 1: the product A2P32P34 which
does not have a proper diagrammatic form, and the product A'?P32P which does. If
we reinstate the loop energy k% leading to A2, we find

12p32p34 _ o2 dk° 0 1 !

A PP P/*(Sk 61—|—W1)(5(k €9 WQ)GS 10 5 €3 — €4 — W3 — 47
1253214 2 dko 0 1 1

ALZp32pld _ 7)/ e1+wi)o(k” —eg wg)es R — (2.23)

It is evident that the second line has a proper diagrammatic form, with the loop energy
circulating in every factor. In the first line, the 6 function of A'? cannot be used to modify
P34 The reason is that the skeleton A!2P32P34 has a non diagrammatic singularity,
obtained by combining the singularities of A'? and P34

€1 — €y —w) —wy = €3 —e4 —wg —wy = 0. (2.24)

Such a singularity is not present in the skeletons we want to decompose, since they are
originated by diagrams. This means that it must cancel with an opposite contribution
coming from some other source. In section 5 we show that indeed it does.

The manipulations advocated in step 4.b) remove contributions like A2P32P34 in favor
of contributions like A2P32P14. The importance of operation 4.b) will be appreciated
starting from the box (section 5), since the triangle is too simple in this respect.

The proper form of the threshold decomposition (proper decomposition, from now on)
of an L loop connected diagram (prescribed a la Feynman everywhere) is the product of
the proper decompositions of its 1PI ingredients. Vertices are considered 1PI irreducible
subdiagrams. A propagator with no vertices attached to it is viewed as an 1PI subdiagram
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as well. The proper decomposition of a tree diagram follows from the diagrammatic rules
of subsection 2.2 (every propagator being a link, in the sense explained there).

The proper decomposition of an L loop 1PI diagram is defined by induction. Consider
a 1PI skeleton diagram G7 with L loops and I internal legs. Let

I-L
s _ s
gr = Z 9N,
(=0

denote its threshold decomposition, organized into levels £. The £ = 0 contribution Qio is
the only one that truly has L loops, because every Gj , with ¢ > 1 carries at least one ¢
function, which effectively breaks the skeleton by interrupting an internal leg and setting
a condition on the external momenta. In the case of cut diagrams, the ¢ = 0 contribution
gio is absent.

The proper decomposition of an L-loop cut diagram is straightforward, because a cut
diagram is broken by the cuts into subdiagrams with smaller numbers of loops (whose
proper decompositions are already known by the inductive assumption).

The proper decomposition of an uncut diagram is determined as follows. The decom-
position of gge is known from the optical theorem for every odd £, because it must match
the decompositions of the cut diagrams. The decomposition of each gi( with even ¢ > 2
is worked out from the one of gzj_l by circumventing the singularities associated with
the principal values as demanded by the Feynman prescription (and paying attention to
the combinatorics, to avoid overcounting). There is no ambiguity in this, since identities
like (2.19) relate levels separated by an even number. Finally, the decomposition of Giols
determined by subtraction.

The proper diagrammatic form of the zeroth level Gf  is not known a priori, but
determined by the procedure itself. The reason is that the zeroth level is a sum of residues
where every loop energy k° can have different values: several spurious thresholds and
singularities (like the non diagrammatic ones and those due to the denominators Dpseudo)
mutually cancel, although it is not manifest that they do.

The proper diagrammatic form of the threshold decomposition always exists and is
unique. The skeleton singularities have a diagrammatic origin, so the non diagrammatic
singularities can only appear in the intermediate steps, especially due to the manipulations
of step 3), but must cancel out in the total. Moreover, the thresholds and singularities
must appear with the right coefficients to match the diagram G they are generated by.
When that happens, the thresholds are properly extracted from the zeroth level to the
levels £ > 1 and the zeroth level defines the purely virtual content of the diagram G.

3 Bubbles

In this section we study the (multi)bubble diagrams. Although they do not present partic-
ular difficulties, they are a useful guide through the more complex configurations we study
in the next sections.

The simple bubble diagram YOX with physical particles propagating in the internal
legs is denoted by (AB), or (A1B2). It gives the skeleton B3y = G5 of formula (2.5).
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Integrating on the loop energy k° by means of the residue theorem, we obtain
Big = —i (F12 - FE_) —i (F21 - F_%l_) , (3.1)

where Fil’_ = Fab

. While F'? and F?! have the form 1/ Dphys, F}FQ_ and F_%l_ have

Wa—>—Wq
the form 1/Dpgendo. As expected, the last two mutually cancel (with no need to use the

identities (2.21), in this case). In the end, we get

Bip = —i(F'2 4 F?1) = e 62)22i(ﬁ’1(;°flz)2 — (3.2)
Using the decomposition (2.15) for B3, which here reads
Fab = pab _ A, (3.3)
we find
Bip = —iP2 — A2 _ A% (3.4)

The conjugate diagram is Big = Bf\B. From the rules (2.12), the cut diagrams are
Big = 2A?! and By = 2A12 (orienting p; from A to B). Collecting everything together,
we obtain the table

Th\G | Big | By | Bis | Big
— | =P P2 0 0
Al2 -1 -1 0 2
A2l -1 -1 2 0

(3.5)

where “Th” stands for threshold and “G” stands for diagram. The thresholds are listed
vertically, while the diagrams are listed horizontally.

Let Cj; denote the entries of the table. A (cut or uncut) diagram G/ is the jth column
of the table (j > 1), by which we mean the sum

G; =Y CuCy, (3.6)
i>1
where (1 = 1. The spectral optical identities are “the rows of the table”, by which we
mean the identities
Rz‘ = Cil Z Cij = 0, (37)
7>1

for ¢ > 1. The spectral optical theorem

is the “sum of the entries” of (3.5), by which we mean the identity

Y Gi=)> CuCiy=0. (3.9)

j>1 i>15>1
Finally, the optical theorem is the integral of this identity, multiplied by 4wiws, over the
space components of the loop momentum.
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Th\G BZBC BSABC BZBC BZBC BZBC BZBC BZBC BZBC
— | =P | ipl2p3t | 0 0 0 0 0 0
A2 —p34 —p 0 0 0 | 2P% | 0 0
A2 —p3t —p3 | 2P | 0 0 0 0
A3 —p12 —p12 0 0 | 2p2 0 0 0

A43 _p12 —p12 0 0 0 0 0 P12
AZA34 i —i 0 0 —2i 2i 0 0
ALZAS i —i 0 —4i 0 2 0 2i
AZLA34 i —i —2i 0 —2i 0 44 0
AZIAS i —i —2i 0 0 0 0 2i

Table 1. Threshold decomposition of the double bubble.

With a fakeon in either internal leg, or in both, we denote the diagram by (AfB),
(AfBf), etc., depending on the case. We need to apply step 5) of subsection 2.5, which
amounts to drop the thresholds identified by A'? and A?!, since each of them contains at
least one fakeon frequency. The table loses the last two rows, so we obtain

Bf\fB = BZfo = —iPIQ’ BZ = B}

e = 1P (3.10)

No nontrivial cut diagram survives, in agreement with the rules of subsection 2.2.

The double bubble YO(OX is (AB)(BC), or (A1B2)(B3C4). Without the risk of confu-
sion, we just call it ABC in table 1, where we show its threshold decomposition.

With a fakeon in leg 1, we drop A'? and A?! everywhere and obtain

Th\G Bimc BZfBC Bich Bich
— | PP | PP | 0 0 -
A34 _pl2 _pl2 opl2 0 (3.11)
A43 _7512 _7312 0 27512

With fakeons in legs 1 and 2, we get the same. With a fakeon in leg 1 and one in leg
3, we obtain

Bimic = —iPPP*, Bj

S e = (PP (3.12)

We can repeat the derivation for the skeletons of multibubble diagrams YXOOOOCX.
The result is the product of the skeletons of the single bubbles, for all choices of physical
particles and fakeons.

In all cases, the sum (3.6) of each column equals the (cut or uncut) skeleton diagram
shown at the top of it. Moreover, the spectral optical identities are the sums (3.7) of the
rows. The spectral optical theorem is obtained by summing all the entries of the table as
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in (3.9). For example, for the double bubble diagram YO[COX we have

BZBC+BZBC+BZBC+BZBC+BZBC+B.SABC+BZBC+BZBC:0’ with no fakeons,
BimctBi et BametBime=0, with a fakeon in AB,
Bimpiot+Bi =0, with a fakeon in AB
and one in BC. (3.13)

The usual optical theorem is obtained by integrating the spectral optical theorem
(divided by 2w for every internal leg) over the space components of the loop momentum
or the phase spaces (in cut diagrams). For example, with a fakeon in AB, we obtain

Bamc + Bigge: + Bame T Bame = 0. (3.14)

The final outcome is that the single bubble diagram with one or two internal fakeons
is equal to 7 times the imaginary part of the usual bubble diagram:

)(5( = Xi)( = ¢ Im [)}X]. (3.15)

The nth multibubble diagram is the product of the single bubble diagrams it is made of,
times "~ 1. It is easy to check that the diagrammatics of cut and uncut diagrams, with or
without fakeons, agrees with the one stated in subsection 2.2.

4 Triangle

In this section we study the triangle diagram, denoted by (ABC), or (A1B2C3). Its skeleton
is 5o = GS, from formula (2.5). For convenience, we integrate on the loop energy k° by
averaging on the two ways to close the integration path at infinity and using the residue
theorem. Without using common denominators or other manipulations, the result can be

expanded as

Tipc = —iFaBc — iF1aBc — iF2aBC, (4.1)

where

Fapc = FR2ps 4 cycl + (e — —e),

1 1

Fiapc = 5512”3 + cycl + (e — —e), Foapc = —551131 + (e = —e), (4.2)

gabled _ Sleq — €p — Qg — Wpy, —€c + €4 + D¢ + D), Gabled _ - gablde ~ o .
Wp—>—Wp, We—>—We

Here, “cycl” refers to the cyclic permutations of 1, 2 and 3 and S(z,y) is defined in (2.16).

Because of identities like (2.17), both S%ld and $%l¢@ vanish. This is where the
operation (2.21) eliminates all the pseudothresholds and leaves the physical thresholds
only. We obtain

Tipc = —iFABC. (4.3)
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Th\G TXBc Tise | Tise | Tase | Tase | Tane | Tape | Tanc
— —iPaBc | iPaBC 0 0 0 0 0 0
A23 o2 o2 0 0 0 0 0 2021
A2 o _Q3 0 0 0 0 2013 0
A3l _o3 _ o3 0 0 0 2032 0 0
A32 o3l _odt 0 0 2031 0 0 0
A2l —o2 —O2 0 2023 0 0 0 0
Al3 _ol2 —012 | 202 0 0 0 0 0
AZAL i —i —2i 0 0 0 2i 0
AN i —i 0 —2i 0 0 2i
A3LA32 i —i 0 0 -2 | 2 0 0
A3IAZ i —i 0 —24 0 2i 0 0
AZA32 i —i 0 0 —2i 0 2i 0
AZBAL i —i —2i 0 0 0 0 2
Table 2. Threshold decomposition of the triangle.
With the help of (2.15), or (3.3), the threshold decomposition gives
Tipc = —iPapc — y  A®Q™ + % ST A®(A 4 AP, (4.4)

perms perms

where Papc = Fapc|p_,p and the sums are on {a,b,c} equal to the permutations of 1,

2 and 3. The conjugate diagram is T%.. = T Apc- The cut diagrams follow from the

ABC
diagrammatic rules of subsection 2.2. Orienting p; from B to A, we have

S :2A21(Q23—iA31—’iA23), Ts

e Sae = 2012(Q1 +iAB +iA®), (4.5)

the other ones being derived by cyclically permuting 1, 2 and 3. In the end, we obtain
table 2. The diagrams are given by the columns, as per (3.6).

The entries of the table are organized in a diagrammatic form, as per point 4.b) of
subsection 2.5. Indeed,

4K 5= ((k — pa)? — m2)5* (k= py)? — m)
o7 (k —pe)? —m?2 ’

ABQI — ABQD — 1670w, P / (4.6)

where 6% (p? — m?) = 0(£p°)d(p? — m?). As soon as we divide by S8w,wpw. and integrate
on the space components of the loop momentum, the result is Lorentz invariant.

The spectral optical identities are the rows (3.7) of table 2, which vanish separately.
The spectral optical theorem is obtained by summing all the entries of the table as in (3.9):

Tipc + Tipe + Tige T Tape + Tape + Tape + Tige T Tipe =0 (4.7)
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The usual optical theorem
Tac + Tipe + Tige + Tape + Tape + Tape + Tape T Tage =0 (4.8)

is obtained dividing (4.7) by 8wjwaows and integrating on the space components k of the
loop momentum. It is also evident that (4.7) and (4.8) agree with the diagrammatic rules
of subsection 2.2.

4.1 Fakeons

Now we study the fakeon prescription/projection. Assume that leg 1, which is the segment
AB, is a fakeon and the other two internal legs are physical particles. Then w; is a fakeon
frequency. According to step 5) of subsection 2.5, we must suppress all the thresholds
involving wi, i.e., the single thresholds proportional to A2, A?' A3 and A3!, and all the
double thresholds. So doing, we obtain

Timc = —iPapc — AP Q! — A% Q31 § e = 2072031,
T = iPanc - A5Q - a9, IR

and the table

TG | Time | TRme | Tame | Tamc
— | —iP P 0 0
1-ABC | tFABC (4‘10)
A23 _QQl —Q21 0 2Q21
A32 _Q31 —Q31 2Q31 0

As usual, the diagrams are the columns (3.6) of the table and the spectral optical identities
are the rows (3.7). The spectral optical theorem and the ordinary optical theorem are the
sums

Time + Tige + Tame T Time = 0,
Tamse + Tige + Tampe + Tame = 0. (4.11)

Again, these identities agree with the diagrammatic rules of section 2.2. In particular, since
the shadowed and unshadowed portions of the cut triangle are tree diagrams, the fakeon
propagator in AB is a link in T} s and T3 o SO it Is given by (2.14).

With two or three fakeons, we drop all the thresholds and obtain

Tipic = Tamice = —Papc = ilm[T{pc] — % > A®(AY 4 AP, (4.12)

perms

In this case, the skeleton diagram is purely imaginary, so no cut diagrams survive. The
result (4.12) encodes the purely virtual content of the triangle.

Formulas (4.9) and (4.12) can be used to relate the triangles with fakeons to the stan-
dard triangle, for possible implementations in softwares like FeynCalc, FormCalc, Loop-
Tools and Package-X [26-32].
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5 Box

In this section we study the box diagram G4, denoted by (ABCD), or (A1B2C3D4). We
consider its skeleton G and integrate on the loop energy kY. Then, we use smart identi-
ties (2.21) to make the pseudothresholds disappear, which we know to be possible because
they are not physical. The result of these operations is

GSA4BCD _ _% Z FabFacFad o 1 Z FabFachb —+ (6 — —6), (51)

perms perms

where the sums are evaluated for {a, b, ¢, d} ranging over the set of permutations of 1, 2, 3
and 4.

To derive the threshold decomposition, we first apply (2.15), or (3.3), and expand.
The terms proportional one § function, which are

1 1
T Z AabpacPad . Z Z (AabPaCdeb + PabAacde + PabPaCAdb) (52)

perms perms

plus (e — —e), mix single thresholds and triple thresholds, due to identities like (2.19). We
can separate the two types of contributions by fulfilling the proper diagrammatic require-
ment 4.b) of subsection 2.5. Consider, for example, the terms proportional to A2 (all the
others being treated the same way), which read

wig = *AIQ P137)14 +P32P42 + %(P14P32 +P14P34 +P32P34)
1
+§(P13P42+7)13P43+7)42P43) . (53)

Even if we restrict the sum between the square brackets to the support of the § function,
we can easily check that the expression does not have a proper diagrammatic form, as in
the first line of (2.23), because P3* and P*3 are unaffected by A'2. We can adjust wyy by
adding and subtracting

By = —A2 B (73147732 _ plapdt 73327334> + % (77137342 _ plapis _ 77427343” . (5.4)
Indeed, the sum

Wi + Wyp = —A12 (77137714 4+ p32pa2 | plap32 4 7;137342> — _A2Q13gl4
dk® 5 ((k — p1)> = m3) 6% ((k — po)* — m3)

2 (k —ps3)? —m3 (k — p4)? — m3

= 7327r2w1w2w3w473/ , (5.5)

has a proper diagrammatic form. On the other hand, it is easy to show, by means of
the first identity of formula (2.19), that the contribution we need to subtract is a triple
threshold: ) ]

gy = §A12A32A14 + §A12A42A13. (5.6)

Therefore, we move it down to level 3.
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The terms proportional to the product of two ¢ functions in (5.1), i.e.,
% Z AabAacPad + % Z (AabAac'de T PabA(chdb + Aabzp(chdb) (57)
perms perms

plus (e — —e), are all double thresholds, since there is no product of principal values
here that needs to be rearranged. For example, the terms proportional to A'?A!3 and
A2 A3 (the other possibilities being simple transformations of these), either vanish or can
be readily written in a proper diagrammatic form:

iAIZ AL <7314 + %7342 + ;7343) _ iA12A13Q14, %A12A34 (7314 + 7732) —0. (5.8)

Finally, the triple thresholds are G45cp|p ., ;a, from formula (5.1), plus the contri-
butions like (5.6) coming down from the terms proportional to one ¢ function.
5.1 Formulas
In the end, the threshold decomposition of the box skeleton diagram reads

. 1 J
G%BCD = —iPy — 5 Z AaanCQad—F% Z Aab(Aac+ ACb)Qad

perms perms

Jrl Z Aab(AacAad+Achdb)7 (59)

perms

where Py =i GSA4BCD‘ p_p - We obtain the table

Th\G | GXsep | Ginen | [Grsen | Camen | Gisen | 3Camen )
- —iPy Py 0 0 0 0
[ A12 ] —Q13Q14 —Q13Q14 0 2Q13Q14 0 0 (5‘10)
[ AQI ] o Q23 Q24 o Q23 Q24 2 Q23 924 O 0 0
[ A13 ] 7912@14 7912Q14 0 0 2Q12Ql4 0

where we have reported only the single thresholds. The contributions between brackets
must be summed over the cyclic permutations of 1, 2, 3, 4.
The complex conjugate diagram is G5, ... = Gicp. The decompositions of the cut

diagrams are

Gf’fBCD _ 2A12Q13914 +2ZA12 [A13QI4 +A14Q13 +A32Q14 +A4QQl3}
_9oAl2 'A13A14 +AMA3 L ATBA% +A32A42]
Gchb — 2ABQI2QM | 9;A13 [A14Q12 + ABQI2 _ A2l _ A12Q14}
+2A13 'A12A14 + Al4A24 + AZ3A43 + A42A43}
s4 ~s4 s4 12 A 14 A 34
Gasep = Gapen|,, > Gipep = 8ATATAT, (5.11)

up to cyclic permutations.
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Using (5.9) and (5.11), it is easy to check the spectral optical theorem

1
4 4 4 4 4 4
GiBcp + GSABCD + [GZBCD + GSABCD + GSABCD + iGsABCD + cycl} =0. (5.12)

The factor 1/2 avoids overcounting when the cyclic permutations are included. As usual,
the optical theorem

1
4 4 4 4 4 4 _
Gasop + Gipep + {GABCD +Gapen T Cagop T 5% aBep T Cyd} =0 (5.13)

is obtained by integrating on the space components of the loop momentum (after divid-
ing by 2w for every internal leg). Finally, the spectral optical identities are obtained by
separating the contributions of the various (multi)thresholds to (5.12).

5.2 Fakeons

When fakeons are present, we apply the fakeon prescription/projection mentioned in step
5) of subsection 2.5, which amounts to eliminating the contributions coming from the
thresholds that involve one or more fakeons. The spectral optical identities and the spectral
optical theorem continue to hold after these operations, since the thresholds do not interfere
with one another.
Concretely, with one fakeon in leg 4, we must suppress all the A% with a or b equal
to 4. From (5.9), the uncut diagram is given by
GSA4BCDf = —iPy— Z AaanCQaA + % Z Aab(Aac + ACb) Qa4’ (5‘14)
p(1,2,3) p(1,2,3)

where the sum is restricted to the permutations {a,b,c} of 1, 2 and 3. The nonvanishing
cut diagrams are

4 _ st 4 _oa120l4(0l3 | AI3 | -AB2
Gibepr = Gapenr es_e’ GRpepe = 287Q7(Q7 +iA™ +1A™),
4 _ A 4 oA28024(021 L A2l | Al3
Gipepr = Ghsenr|, , .+ Gapepe = 287Q7(Q7 +iAT +iA™),  (5.15)
4 _ oAIBOlA( 12 _ A28 _ cAl12 4 _ A
Gipepr = 2A7Q7(Q7 —iA™ —iA™), Gasepe = Gasent e’

It is easy to verify that these expressions satisfy the spectral optical theorem
s4 s4 s4 s4 s4 s4 s4 s4 _
Gasope+ Gigene T Gaseps T Gapene T Casepst Canenst Capens Gapens = 05 (5-16)

where Gf’fBCDf = GXLBCDf? and match the diagrammatics of section 2.2. The vanishing
cut diagrams are those that contain one cut fakeon propagator, which is identically zero
by (2.13), so they also agree with the diagrammatics.

With fakeons in 3 and 4 we have
GSA4BCfo = —iPy — Al2 Q13 Ql4 _ AZI Q23Q24, (517)
the nonvanishing cut diagrams being

4 _ Asd 4 _ oAl213 14
Giseme = Gapems ey’ Gipeme = 2A7Q Q™. (5.18)
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A\i/B
1

Figure 3. Multiloop diagrams with stacks of internal legs connecting vertices.

With fakeons in 2 and 4, we have

GfoCDf — Py — A13Q12Q1 _ A1 Q3203

4 _ sk 4 —9ABOI2pl4
GsABfCDf - GSABfCDf 6, GSABfCDf 2A Q Q (519)
Finally, with fakeons in three or four legs, we obtain
4 4 .
Gasiomt = Gamrems = —1Pa (5.20)

and no nontrivial cut diagram. This result encodes the purely virtual content of the box
diagram.

6 Simple multiloop diagrams

In this section we discuss a class of multiloop diagrams that can be treated straightforwardly
by generalizing the techniques applied in the previous sections. They are those with stacks
of internal legs connecting the same vertices, as shown in figure 3.

Formula (3.2) shows that, after the integral on the loop energy, the single bubble is
equivalent® to a propagator with energy equal to the total incoming energy and frequency
equal to the sum of the frequencies. This property iterates to arbitrary stacks of propaga-
tors. For example, consider the left two-loop diagram of figure 3, which is the bubble with
“diagonal”. It leads to the skeleton integral

qep _ [ / qu 2 2w Qw3 6.1)
kb L l—pz) —m? +ie (q+k+p3)2 —mi +iey’ '
where |1 = k, I3 = q. Using the residue theorem, we obtain
GsZD _2i(w1 +w2 + LU3) (62)

(e1+e2+e3)? — (w1 +wa+ws3)? +iler +ex+e3)

Again, the stack of propagators is equivalent to a single propagator, from the point of
view of the spectral optical theorem, with energy equal to the total incoming energy and
frequency equal to the sum of the frequencies, apart from an overall minus sign.

5 Apart from a minus sign, which can be easily handled as an overall factor in the spectral optical theorem.
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Figure 4. Triangle and box diagrams with “diagonals”.

Inside more complicated diagrams, we can replace the stack of propagators with a
single propagator, as just shown, and repeat the analyses of the previous sections. For
example, the triangle of figure 4 (triangle with “diagonal”) is the triangle of section 4 with

€1 — €1 + éy4, w1 — W1 + wy. (6.3)
The central diagram of figure 4 is the box of section 5 with
€1 — €1+ es, w1 — w1 + ws. (64)

It can be used to calculate the left diagram of figure 5, which contributes to the two-loop
correction to the self energy.

As far as the fakeon prescription is concerned, it is sufficient to have one fakeon leg in
the stack to convert the entire stack into a fakeon. The diagrammatics adapts coherently,
since it is impossible to cut a leg belonging to the stack without cutting the whole stack.

7 Box with diagonal

A more interesting two-loop diagram is the box with one diagonal, which we denote by G*7.

Referring to figure 4, it is identified by the “word” (ABD)(BCD), or, in extended notation,

(A2B3D1)(B5C4D3). Below, we just write ABCD. This diagram can be used, for example,

to evaluate the right diagram of figure 5, which is the second contribution to the two-loop

self energy. To cover the most general case, we attach external momenta to every vertex.
Choosing the p; orientations opposite to the arrows, the skeleton is

SA4BDCD B Z/ dk® 2ws3 2w; (7.1)

277 (q+Fk—p3)? —’I’)’L3—|—’L€3Z1245(l —pi)2 —m? +ie;’
where [y = lo = k, l4 = l5 = q. As usual, we first integrate on the loop energies by means
of the residue theorem. Then, we use the smart common-denominator identities (2.21) to

eliminate the pseudothresholds in favor of the physical thresholds. The result is

1
§Fb3chd +

1

GSA4BDCD — Z Fa3c [Fachd + %FabFa?)d + 5Fwa3d1{7b3c 7 (72)

s4D
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Figure 5. Two-loop corrections to the self energy.

where
1

Fabe — — (7.3)
€q — €p T+ €. — Wy — Wp — We
and the sum >, p is on {a,b} = p(1,2), {c,d} = p(4,5), where p(1,2), p(4,5) are the
permutations of 1,2 and 4,5, respectively, plus (e — —e).

To write the threshold decomposition, it is convenient to define

1 1

Qabc_'P< )
€a—€h € —Wqg—Wp—We €q—€t+e—Wetwy—we)’
A%e — mo(eq — €p + €c — Wq — Wy — We), Aabczwé(ea —ep+ e+ wg + wp + we).

(7.4)

As usual, the threshold decomposition is worked out by using (2.15) and writing the
various contributions in manifest diagrammatic forms by means of identities like (2.19).
The result is

s4D  _ _ .psiD 12 15 21
Gisop = —iPRpop—A " Paus| — A% P — AT P35 0y ses—er—un

—A54 7)123’63H€37647w4_ZAa3CQachd+iZAa3c(Aab ch+ QabAcd)
s4D s4D

e3—e3—e2—w2 e3z—e3—e5—ws

+%Z [Qa3cAabAcd+Aa3c(QabAa3d+Ab3Cch)}

s4D
+ZAa3c [AabAcd+1AabAa3d+1Ab3cAcd:| (75)
s4D 2 2
where PX“B%D =1 foéjCD‘F » and —iPya3, —iP345 are the purely virtual contents of the
—

triangle diagrams with legs 1,2,3 and 3,4,5, respectively (see section 4, formula (4.4)). The
decompositions of the cut diagrams are

_ 14

s4D o A21 s s4aD  __ ~s4D s4D  _ vs4D

GABCD = 2iA T345’63H€3*61*w1 ’ GABCD - GABCD es—e’ GABCD - GABCD‘2<_>5’
saD  _ qsap  |FA saD  _ FAsap |12 saD  _ FAsap |12

G aer G ar G o= G nar G iy Gt
ABCD — YABCD|g..5° ABCD — TABCD |45’ ABCD — YABCD |45
4D _ 9 A235/A21 _ A12 _ SA135\/A54 _ - A45 _ -A234 s4D  _ As4D

G\sop = 2477(Q iA iA)(Q iA iA=%), Gigen = Gapep o
4D _ 9 A135/A12 | A2l | sA235\/A54 _ A4S _ -A134 s4D  _ ~sdD

Gigop = 2A777(Q° +iA% +iA™)(Q iA iAT%), Gigen = Gisep el
s4D. _ 9 A2347A21 _ - A12 _ SA134\  A45 | AB4 | - A235 s4D  _ AsdD,

Ggep = 2A77°(Q iA PIAT)(Q™ A +iA?), Gigen = Gapen s
sAD 4 A21ABA 0235 _ iA235 _ A 134 sdD  _ AsAD

GABCD = 4ZA A (Q ZA ZA ), GABCD = GABCD e—)—e’ (76)
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where T3, is the triangle (4.4) with legs 3,4,5. The conjugate uncut diagram is G$*2. . =

~s4D
GABCD .

The spectral optical theorem reads
4D 4D 4D 4D 4D 4D 4D 4D 4D
Gisep T Gapen T Gapep T Gagen T Gagen T Gipen T Ganen T Gasen T Casep (77
s4D s4D s4D s4D s4D s4D s4D _
+Gien T Gasep T Gasen T Ganen T Cason T Gasep T Ganen = 0
and can be easily verified. The spectral optical identities are the various threshold contri-
butions to this equality, which vanish separately.

7.1 Fakeons

The fakeon projections can now be implemented straightforwardly. If leg 1, which is the
segment DA, is a fakeon, we suppress all the contributions proportional to A%, A% and
A% wwhenever a, b or ¢ are equal to 1. Denoting this case by fABCD, the uncut diagram is

GiABep = —iPRBED — AP (Pi2sleyyey—eswy — 1A1Q%) — APIQH(QT —iA®)
A (Pisale, o oo — IATHQ) — ABG2 (I _ A2
LA Q2L _ Ay L A (2G5 _ ALY, (7.8)

: s4D s4D s4D s4D s4D s4D s4D

The cut diagrams Gyip.p, Gragen Giapen Ciasen Ciasepr Cianenr Ciapep 2nd
Gfﬁgcb disappear altogether. This is consistent with the diagrammatics of the fakeon
prescription, since those diagrams contain a cut fakeon leg and by (2.13) the cut fakeon

propagator vanishes. The surviving cut diagrams are

Gianep = 287! (Pizs|

AP _ AT
Giapop = 208%(Pras| +iIABIQ 4 AT, (7.9)

G?ﬁch —_ 2A235 Q21(Q54 o iA45 o ,L-A234)’ G?il]_DD,CD — 2A235 Q21(Q54 + iA54 + iA234),

GfﬁgCD — 2A234 QZl(Q45 + iA54 + iA235), G?igc]) _ 2A234 QQl(Q45 - Z'A45 o iA235),

e3—e3—e4—Ww4

€3—e3—€e5—Ws

It is easy to show that these formulas also follow from the diagrammatic rules given in
subsection 2.2. In particular, the fakeon propagator of every link agrees with (2.14).

The spectral optical theorem reads

s4D s4D s4D s4D s4D s4D s4D s4D o
Giasop +Grapen T Giapep T Grasen T Ciabep + Graen T Ciasen T Grapen = 05 (7.10)

where GfigCD = éfﬁgCD, and can be verified straightforwardly.
If leg 3 is a fakeon, we denote the diagram by AB|f|CD. We have

4D . 4D 12 45
GaBifcp = —iPipep — A Paas| — A" Py

e3—e3—e2—w2

— AP Pyog]

e3—e3—e5—Wws

i a3c A ab A cd
+ = APA 7.11
5 5421:3 Q (7.11)

— A2 Py

e3—e3z—e]—wi €3—re3—e4—W4
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and G¥*P = G‘Z‘L}-ﬁ fCD" The nonvanishing cut diagrams are

ABIf|CD
s4D _ 21 - A 45 1234 - A b4 1235
GAB\f|CD =24 (,P345’63ﬁ63*61*w1 —IAT QT —IAYQ )’
s4D _ 12 - A 54 1135 - A 45 1134 s4D — A: A 21 A D4 1235
GAB‘f|CD_2A (7)345|63—>63—62—w2+/LA Q +ZA Q ), GAB|f|CD_4ZA A Q N
s4D _ 54 - A 12 1135 - A 21 1235 s4D _ - A 12 A 45 1134
GAB\f|CD =2A (Pl23|63—>63—84—w4 —iATQ —1ATQ )a GAB|f|CD =—4iAATQ ,
s4D _ 45 A21 1234 | -A12 134
Gifon = 287 (P123le, ey —eg—wy TIAT Q7 HIAFQ™), (7.12)

which agree with the diagrammatic rules of the fakeon prescription.
The spectral optical theorem reads
G8A4BDIfICD + GSA4]3D|f|CD + GféfﬂCD + GZ41'3[|)f\CD + GZ%\JﬂCD + Gf&gﬂcb + G?BD|f|CD + GSA4]3D|f|CD =0.
(7.13)
The other possibilities of distributing fakeons in the internal legs can be treated sim-
ilarly. The case where all the internal legs are fakeons gives the purely virtual content of
the box with diagonal, which is

s4D _ -sdD
GABCD = —1PxBCD- (7.14)
purely virtual

8 Further insight into the algebraic structure of the spectral optical iden-
tities

In this section we provide more insight into the algebraic structure of the spectral optical
identities and work out formulas for more complicated diagrams, like the pentagon and the
hexagon.

It is useful to introduce a few definitions, such as

N N—-1
Iy = Z H FY% 4 (e — —e), JN = z:FaNaN*1 H FY% 4 (e — —e),
PN k=2 PN k=2
KN _ Z [0102 [pasaz [pazaq [pasaa (6 N —6), (81)

PN

where py denotes the permutations of {a;---an}.
The triangle, box, pentagon and hexagon diagrams of figure 6 give

5 Z s 'L 3 L — 'l
Gi= gl =g (e gh). G g4 2Ks),
GE = _é (I + 5J6 + 5X¢ + 10Y5) , 8.2)

where

XG —_ ZFabFacFadFedFef+(e_>_e)’ YG:ZFabFacFadFEdec—F(e—)—e),

PN PN
Zg =Y FUFCFYFIRid 4 (e — —e),  Zs+ Ko = 2Ys. (8.3)
PN
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Figure 6. One-loop diagrams and their snowflake versions.

The various contributions can be represented by means of the “snowflake diagrams”
shown in figure 6, where each leg is an F® and the vertices are repeated indices. Oriented
legs can be used to distinguish F% from F®.

In general, the multithresholds can be expressed in more than one equivalent ways.
This fact leads to nontrivial identities, such as the last of (8.3) and

F12F13F43 + F12F42F43 o F12F13F42 _ F13F42F43 — O (84)

Now we show that the threshold decomposition and the fakeon projection are not affected
by this.

Step 4.b) of subsection 2.5 tells us how to arrange the levels £ > 1 of the decomposition.
The proper diagrammatic structure of the ¢ = 0 sector, instead, is defined by the procedure
itself. The threshold decomposition of (8.4) gives the second identity of (2.19) at level 0,
that is to say,

P127)137343 + 7)1273427343 o 731273137342 o 731373427)43 =0. (85)

If we add the left-hand side to the purely virtual part of the box diagram, we change
its form, but not its value, because the right-hand side of (8.5) vanishes identically. For
the same reason, no remnants drop to the higher levels. Similar arguments apply to the
identity of (8.3) for the hexagon diagram.

A source of worry could come from the other identities of (2.19), where the right-hand
side is nonvanishing and different levels can mix. Those identities, however, require an odd
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number of internal legs (triangle, pentagon, etc.), i.e., products of an even number of F,
This makes relations like (8.4) unavailable: it is impossible to arrange the product of an
even number of F% without involving pseudothresholds, which have disappeared after step
3) of subsection 2.5. In the end, the threshold decomposition is unambiguous.

We conclude by discussing the algebraic structure of the cut diagrams. In the case of
the triangle, the key identities are

af —af=(a—a)f+a(B—p)=alf-p)+(a-a)s, (8.6)

where a and § are arbitrary complex numbers and &, /3 are their complex conjugates.
Choosing, e.g., & = F'? and = F'3 and multiplying by a further factor —i, we get, from
the first equality,

o Z~F12F13 + iF12F13 _ —2A12F13 o 2F12A13. (87)

The differences o — & and 3 — 3 give the ¢ functions belonging to the cut propagators. The
application of identities like these to (4.3) gives a different procedure to obtain the spectral
optical identities of the triangle, collected in table 2.

In the case of the box, we can manipulate (5.1) by means of identities like

affy —afy = (a—a@)By+a(B - v+
= aB(y—7) +a(B - B)y+ (« — a)By

= a(B =By + (a—a)By +

n

= (a—a)fy+a(f-B)y tla-)B-Ply-7) (83

and then apply the threshold decomposition. Note that the last identity involves cut
s4

ABCD)-

We can proceed similarly for the pentagon and the hexagon, as well as for the multiloop

diagrams with two marked and two unmarked vertices (such as G

diagrams. Identities like (8.6) and (8.8) can be used to provide alternative proofs of the
optical theorem (via its spectral version and the spectral optical identities).

In the end, the algebraic structure of the spectral optical identities is encoded in simple
relations such as (8.6) and (8.8). The counterpart of this simplicity is a lengthier diagram-
matics, in the sense that each ordinary diagram is expanded into the sum of numerous
“snowflake” diagrams, as shown in figure 6.

9 Generalization to propagators with arbitrary real residues

In this section we generalize the spectral optical identities to propagators with arbitrary
real residues at the poles. This allows us to treat particles and antiparticles asymmetrically
and shows that the identities do not rely on Lorentz invariance, nor the CPT theorem.
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Define the propagators

p— B i§ i
T e—wdhie etw—ie
p— - i¢ i€
- T etwtie e—w—ie
_>
op— = (2m)¢0(e + w), oi = (2m)&(e — w). (9.1)

instead of (2.12), where £ and ( are arbitrary real numbers.
For the threshold decompositions, it is convenient to introduce the quantities

& pab _ p &
ea—eb_@a_fbb7 ea_eb_wa_wb7

Q¥ =pb — P— . Ebw o AY = 7¢o&p0(eq — €5 — wa — wp), (9.2)

Fab —

instead of (2.20). In the formulas of this section it is understood that every expression
must be expanded and, after the expansion, every power of £, with the same index a must
be turned into &,. The same must be done for the powers of (,. For example, A% A% is a
double § function multiplied by m2(,&&,, instead of m2¢2&,€.. With these conventions, it
is easy to show that formula (5.1) for the box skeleton turns into

Gibep = —= 3 GFPFeF L N ¢ GF P FCF® 4 (e = —e,6 5 ¢). (9.3)
6 4
perms perms
Moreover, the threshold decompositions (5.9) and (5.11) remain formally the same, like all
the other formulas of section 5, including those referring to the fakeon prescription.
The example of the box illustrates how to proceed for every diagram, when we want
to treat propagators with arbitrary real residues.

10 Diagrams with nontrivial numerators and degenerate diagrams

So far, we have considered diagrams generated by vertices that do not carry derivatives.
Derivative vertices bring nontrivial numerators into the integrands. The Passarino-Veltman
reduction allows us to convert one-loop diagrams with arbitrary numerators into linear com-
binations of diagrams with unit numerators [36]. However, it does not work for arbitrary
diagrams. In particular, it may fail with more loops.

The versatility of the spectral optical identities provides a more powerful way out.
Recall that every identity holds without integrating on the space components k; of the
loop momenta. This means that the functions of k; can be factored out. A nontrivial
numerator in a loop integral is a tensorial polynomial N (p, k) of the external momenta p
and the loop momenta k. Let us expand it as a sum of monomials

112 T+ (10.1)
J l

Since we can factor out the components of p and every space components of k, we just
need to pay attention to the loop energies k:lo. They can be used to simplify the poles of
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the propagators (2.12) and reduce the integral to a sum of integrals with fewer internal
legs and /or fewer loop energies in the numerators.®

Inside the integrals obtained this way, we may not find the propagators (2.12)
and (2.14), since the poles at e = +w need not appear in those combinations. Yet, we
can use the generalization of the previous section, since formulas (9.1) with appropriate
choices of £ or ( suit every case.

Iterating this procedure, we reduce to a linear combination of spectral optical identities
of the types already considered. This proves that they hold for derivative vertices and
diagrams with arbitrary numerators.

Another important point is that the identities derived so far have are valid under a
tacit “non-coincidence” assumption, which means that the thresholds are all distinct. The
simplest way to fulfill this requirement is to imagine that the propagators have nonvanish-
ing, different masses m;, such that the sums ;. ; m; are all different, for every subset J
of internal legs.” Another possibility is to assume, as we have done so far, that each vertex
carries an external leg, equipped with an independent external momentum. For example,
instead of the double bubble YOCX, where the central vertex is attached to internal legs
only, we take YO[OX, with additional external legs stemming from the central vertex.

Yet, in many physical situations identical propagators appear, as in the left diagram
of figure 5, and identical thresholds. The square of a propagator defined by the Feynman
prescription is well defined. What about the threshold decomposition and the fakeon
prescription? The square of the Cauchy principal value is ill-defined and so is the square
of a Dirac § function.

The way out is to use a “coincidence splitting method” (which works for powers of the
Feynman propagator as well). In other words, we view coinciding thresholds as the limits
of distinct thresholds, obtained in the ways described above (i.e., by inserting fictitious,
small mass differences or equipping the vertices with additional external legs flowing in
small momenta). For example, we can view the left diagram of figure 5 as a limit of the
middle diagram of figure 4.

Then, arbitrary powers of the Cauchy principal value are well defined, since [40]

i PT] _ eyt (10.2)

e—0 i=1 x — ec; n! dz" =z

where ¢; are distinct numbers. The coincidence splitting method trivializes the powers of

a 0 function:

lim [T 8(x — ec;) = 0. (10.3)

e—0 1=

STf the power of some loop energy k° is large enough, remnants with no k-dependent denominators can
survive. These contributions can be dropped. If the surviving power of k° is odd, they vanish by symmetric
integration. If the surviving power of k" is even, they are killed by the dimensional regularization, since
they give integrals of polynomials of k in de/(Qﬂ')D.

"To prove the optical theorem in the presence of massless fields, it is convenient to equip them with
small, fictitious masses, otherwise the asymptotic states of other particles (e.g., the electron in QED) are
ill defined. The non coincidence assumption can be fulfilled using the fictitious masses. The massless limit
is studied after taking care of the infrared divergences (see section 12).
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The Feynman prescription generates products of delta functions times principal values, but
only in well-defined combinations such as

lim (5(x —€cy) n o(x — 602))

e—0 T — €Co Ir — €Cq

— lim d(x —ec1) — 0(x — eca) _
e—0 6(01 — CQ)

—&'(z). (10.4)

The fakeon prescription leaves or drops both contributions appearing on the left-hand side,
so it is also well defined.

11 Thick fakeons

In this section we generalize the identities to complex fakeon frequencies and study the
thick fakeons, which have nonvanishing widths at the tree level. An example is offered by
a propagator of the form

2iM? B 1 1
(p2 — pu2)2 + M4 Top2— 2 — M2 p?— 2 4iM?%’

(11.1)
where, as usual, p* = (e, p). We can view it as the difference Pipicx — Pipick, where

Pihick = — — 11.2
thick = 90 (e—Q e+9> (11.2)

and Q = /p?+ u? —iM?2. The propagator Py is of the type already studied, apart
from two features: the complex frequency 2 and the overall factor i/(212).

More generally, the typical propagator of thick fakeons reads

C B c*
P2 — 2 —iM2  p2 — 2 + iM?2

= C*Pinick — CPrnick, (11.3)

where C' is a complex number. Another interesting example is

i(p* — 1) _i( 1 . 1
(p2_,u2)2+M4 2 pQ—MQ—iM2 p2_N2+iM2

i _
) = _§<Pthick + Pihick). (11.4)

Although (11.3) and (11.4) cannot be obtained from a local Lagrangian, they can be used
to include certain limitations due to the experimental apparatus, like the energy resolution
around the “fakeon peak”.

We show that the spectral optical identities for diagrams involving propagators
like (11.1), (11.3) and (11.4) can be derived as (complex) linear combinations of (the
complexified versions of) the identities derived in the previous sections.

Typically, propagators like (11.1) appear in higher-derivative theories. Examples are
the Lee-Wick (LW) models [10, 12-15]. It is worth to emphasize, though, that the LW
models do not have fakeons, but unstable ghosts, which are not really out of the physical
spectrum (in the same way as the muon is not out of the physical spectrum of the standard
model). The LW ghosts can be dropped from the spectrum only in an effective field theory
approach, if they have relatively large decay widths.

Instead, fakeons are eradicated from the theory at the fundamental level (and therefore,
at all energies). Due to this, they do not need to decay. For example, in the models

— 31 —



of [24], which have a Zy symmetric fakeon sector, they have indentically vanishing widths.
Moreover, fakeons do not need higher derivatives, nor negative residues in front of their
propagators. What makes all this possible is the fakeon projection, which is consistent only
if we adopt the fakeon quantization prescription.®

As shown by Piva and the current author in [16, 17], it is possible to reformulate the
Lee-Wick models, and a variety of other higher-derivative theories, by converting them
into theories of particles and thick fakeons. This is one reason why it is interesting to
generalize the results of the previous sections to this type of fakeons. Other reasons will
be mentioned soon.

The generalization proceeds as follows. Consider a diagram G involving only real
frequencies. Assume, for definiteness, that the legs 1 and 2 are fakeons® and complete the
strategy outlined in subsection 2.5. Steps 1-4) give the spectral optical identities of the
Feynman version of G (where all the internal legs are prescribed a la Feynman). After
that, we apply the fakeon prescription/projection of step 5).

Once these operations are concluded, we obtain the identities we start from to make
the complexification. We write them as

fw)+ fw) + ) felw) =0, (11.5)
c
where w is the frequency we want to complexify and f(w), f(w) and f.(w) are the contribu-
tions of the diagram itself, its complex conjugate and the cut diagrams, respectively. Note
that, after step 5), the thresholds do not involve fakeon frequencies any longer. This is
crucial, because it would make no sense to complexify frequencies that appear inside delta
functions.

We first consider the complexification w — € of the frequency w associated with leg 1.
Since (11.5) holds for arbitrary w (and w does not enter the § functions), we can replace it
everywhere by the complex €2. The principal values may sound redundant, at this stage,
but we keep them anyway, for reasons that become clear below. Let us also multiply by a
complex factor K. This gives the relation

Kf(Q)+Kf(Q)+> Kfe(2) =0 (11.6)

with one caveat: the complex conjugation in f(£) acts on the function f, but not its
variable Q. This means that (11.6) cannot be interpreted as the spectral optical identity
of the diagram with complexified frequencies, since K f| () is not the complex conjugate
of K f(€2). Indeed, a propagator with complex frequencies cannot come from a Hermitian
theory, so it cannot lead to an optical theorem.

A second identity can be obtained from (11.5) by replacing w everywhere with Q and
multiplying by K:

KF(Q)+Kf(Q)+ Y Kfu(@) =o. (1L.7)

8In this paper, these two operations are condensed into a unique operation, which is step 5) of subsec-
tion 2.5.

9We need two fakeons to highlight properties that are not visible with just one. The generalization from
two to an arbitrary number is then straightforward.
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Summing (11.6) and (11.7), we get
[KF(@Q) + Kf(Q)] + [KFQ) + KF©@)] + 3 [Kf(9) + K f(2)] =0, (11.8)

which is the desired identity. We want to show that the first bracket is the diagram with
the propagator
21KQ  2iKQ
ez — 02 * e2 — 02

(11.9)

in leg 1, the second bracket is the complex conjugate diagram and the sum collects the
contributions of the cut diagrams. We go through the steps 1-5) of subsection 2.5 once
again and generalize them to the case at hand. When we do so, we understand that leg 2
has been treated in a similar way. We distinguish the frequencies of the two fakeon legs by
means of the subscripts 1 and 2.

Let us start from step 2). Recalling how the residue theorem is applied to get to (11.5),
we recognize that the integral on the loop energies with the propagator (11.9) must be
performed along the LW integration path (see [15] or [16] for details), which is, by definition,
the path that picks the residues we need.!?

Moving to step 3), we need identities like (2.21) to eliminate the denominators Dpseudo-
Those manipulations are legitimate only if the denominators never vanish, which is not
guaranteed by a nonvanishing M. Indeed, we may find fractions like'!

1
E—Ql—QQ—FiE’

(11.10)

where E' is a linear combination of energies and possibly (real) frequencies. The denomi-
nator of (11.10) is singular in extended regions that may intersect the Minkowskian region
(which is the real subspace Pr of the space Puyt of the complexified external momenta), as
can be seen in the bubble diagram studied in ref. [16] (see also [8] and [13]). In particular,
this may happen when the legs 1 and 2 propagate the same particle (same p and same M).
The ie does not help and can be ignored here.

The point is that, as shown in [16], the LW integration path is an incomplete prescrip-
tion. We need to complete it by deforming the integration domain on the space components
of the loop momenta. The domain deformation generates Cauchy principal values inside
the integrals [8, 16]. Since the spectral optical identities concern the integrands, they
formally do not change.

The algebraic manipulations that remove f)pseudo are legitimate in the Euclidean region
of Py, which extends to the Minkowskian subregion below each threshold: there the
denominators of the integrands never vanish. The other regions are reached from the
Euclidean one either analytically (if we need to cross a physical threshold or a fakeon

10T hick fakeons and LW decaying ghosts have the LW integration path in common, although they differ
in the rest. The reason is that, as far as the integrals on the loop energies are concerned, the Feynman
integration path, the integration path following from the Wick rotation and the LW integration path are
all the same thing.

"This is the part of the argument where we need at least 2 fakeons.
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threshold that does not fall on Pg) or by means of the domain deformation (if we need to
cross a fakeon threshold that falls on Pg).

Recapitulating, step 3) of subsection 2.5 is performed in the Euclidean region. As far
as step 4) is concerned, we move from the Minkowskian subregion that lies below each
threshold to the regions above the thresholds, reaching them one by one, in all directions.

When the threshold involves fakeon frequencies and falls on Pgr, we proceed by means
of the domain deformation, which incorporates also the fakeon projection of step 5). When
the threshold is physical (i.e., it involves no fakeon frequencies), we apply the threshold
decomposition as before. Finally, when the threshold involves fakeon frequencies and does
not fall on Pg, it is not a true threshold (precisely because it is located away from Pg), so
it poses no obstacle.

Next, we apply the manipulations of point 4.b) and finally step 5). Formally, the
manipulations of step 4.b) remain the same, since the domain deformation, as recalled
above, generates principal values inside the integrals on the space components of the loop
momenta. To leave the previous formulas the same, it is convenient to extend the meaning
of the principal value sign P to include the operations just described.

In the end, we get exactly (11.8). The procedure just outlined returns the correct
diagram, as well as its complex conjugate and the cut diagrams. So doing, we have spectral
optical identities for theories of particles and fakeons of all types.

The coincidence splitting method is also required in the presence of thick fakeons, to
deal with powers of fractions like (11.10): since the domain deformation may generate
principal values, powers of those may appear in involved diagrams.

If some situations it may be necessary to take into account the effects of the experi-
mental apparatus on fakeons, like the energy resolution AFE of the processes mediated by
them. We can achieve this goal by turning an ordinary fakeon into a thick one, switching
to a propagator of type (11.4) with M = AFE. Similarly, we can turn a thick fakeon into
a thicker one by increasing M. Since AFE does not enter the Lagrangian, it can have a
different impact on different thresholds, which means that we can have a different AF in
each level of the threshold decomposition of a diagram and each spectral optical identity
(as long it is the same throughout the identity). Assuming an “optimized” experimental
situation, we can take a nonzero AFE only in the thresholds that concern the experiment
we are making. For example, if we are studying the production of a p*pu~ pair and the
theory includes a fakeon channel f. mediating that production, we just need AFE in the
contributions interested by f.. Anywhere else, we can keep AE = 0 and use the coincidence
splitting method, when needed. The spectral optical theorem continues to hold at AE # 0.

Note that it is nontrivial to be able to include the energy resolution without violating
the optical theorem. The interaction with the experimental apparatus is not required to
be unitary, since the system can no longer be viewed as an isolated one.

12 Massless fields and infrared divergences

In this section we explain how to handle the threshold decomposition and the fakeon
prescription in the presence of massless fields.

— 34 —



Massless fields are responsible for infrared divergences in scattering amplitudes [18—
21]. The divergences only appear on shell, when we integrate on the space components
of the loop momenta and the phase spaces. To identify potential sources of divergences,
we study the infrared behaviors of the skeletons. We first discuss the issue with physical
particles only, then include fakeons. For definiteness, we assume that the massless fields
are photons. Collinear gluons and gravitons can be treated the same way (with angular
resolutions and other types of resolutions, in addition to the energy resolutions).

The diagram G and its conjugate G are well defined, since they are off-shell, but the
cut diagrams G, may not be separately well defined, since the cuts put various particles
on shell. The cancellation of the infrared divergences in the sum

Y Ge=-G-G (12.1)

is due to the usual compensation between soft and virtual photons. We can regulate each
G by equipping the photons with small fictitious masses m. Then we obtain the identity

3" Gelm) = ~G(m) — G(m), (12.2)

with self-evident notation.

The energy resolution AFr of the detectors can be taken into account to make the
limits m — 0 well defined. If a cut diagram G.(m) involves the integral on the phase space
of a given photon ~, with momentum k, and mass m., we write it as G5 (m) + G (m),
where G (m) is the integral on |k,| < AEg and G7 (m) is the integral on |[k,| > AFER.
If the leg 7 is uncut in G.(m), we take GS(m) = G.(m) and G (m) = 0. By construction,
G (m) has a well-defined limit m., — 0. We obtain

G(m)+G(m)+ > _GZ(m)+>_Gs(m) =0. (12.3)

In the presence of massless fields, we cannot imagine the asymptotic state of a particle
(such as the electron) as just made of the particle itself. We have to think of it as made
of the particle and a cloud of soft photons radiated by it. Guided by this, we can attach
G5 (m) to some other G5(m) and reorganize the last sum of (12.3) into a sum of terms
with well-defined limits m. — 0. We can also view the last sum as a unique, convergent
contribution. We repeat this construction for all the photons. At the end, the limit where
the photons become massless gives the optical theorem in the presence of massless fields.

Now, consider the case of massless fields g in the presence of fakeons. The fields ¢q
themselves must be physical (not fakeons). Indeed, massless fakeons are excluded, because
they violate causality at arbitrarily large distances (instead of just microcausality, see for
example [9]). As before, we equip each ¢y with a small fictitious mass m. In the massless
limit m — 0, some (multi)thresholds A; that are distinct at m # 0 may tend to the same
threshold A for low g energies.'? This means that the A; can interfere with one another

12For example, consider the second diagram of figure 5 with ¢ in the vertical internal line and identical
massive fields in the other internal lines. We can view this case as the third diagram of figure 4 with
m1 = ma = ma = ms, m3z = 0 and p3 = p1 + pa = p2 + ps. Then it easy to check that A% ~ A for low
o energies (w3 =~ 0).
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after the massless limit, even if they do not interfere before. In section 10 we have shown
that the limit of coinciding thresholds is regular, because it allows us to define powers of
principal values and ¢ functions.'?

We know that the starting uncut diagram G (defined by the Feynman prescription
everywhere) does not have infrared divergences. This is enough to guarantee that the
every threshold Ag of its threshold decomposition is separately convergent. The reason is
that the potentially divergent behaviors of different levels cannot compensate one another,
for example through identities such as (2.19). Indeed, the infrared divergences, like the
ultraviolet ones, are due to power counting behaviors of the integrands and do not have
imaginary parts. Without imaginary parts, they cannot propagate to lower or higher levels.

Thus, the compensations must occur among the contributions of the same level. Ulti-
mately, they occur within the same threshold Ay, because each threshold is independent.

What happens can be described as follows. We know that Ay can come from different
thresholds A; of the m # 0 diagram G(m). Each A; can separately have infrared diver-
gences in the limit m — 0. However, G is free of them, so the infrared divergences due to
A; must cancel out in Ag.

Moreover, if Ag contains a fakeon frequency, all the thresholds A; it comes from contain
fakeon frequencies: since the massless field ¢q is not a fakeon, it cannot change the nature
(physical vs fake) of the thresholds it enters. If two thresholds A; tend to coincide for low
o energies in the m — 0 limit, they must either be both physical or both fake. Therefore,
the cancellation of infrared divergences survives the fakeon prescription/projection and the
limit m — 0, as we wished to show. The optical theorem, in the form explained above,
continues to hold.

The cancellation need not occur if the massless field is a fakeon. The argument just
given cannot guarantee that all the A; are treated the same by the fakeon projection in
that case.

13 Conclusions

We have shown that the whole unitarity problem in quantum field theory can be reduced
to a set of algebraic identities, which do not require to integrate on the space components
of the loop momenta, or the phase spaces in cut diagrams, and hold for each threshold
separately, for diagrams with arbitrary derivative vertices (as long as the Lagrangian of the
theory is Hermitian) and for propagators with arbitrary residues, masses and frequencies.

The key ingredient is a proper threshold decomposition, since different thresholds do
not interfere with one another. First, we integrate on the loop energies by means of the
residue theorem, which is an algebraic operation. Second, we ignore the integrals on the
space components of the loop momenta or phase spaces and work on the skeleton of the
diagram. Third, we eliminate the pseudothresholds, which are unphysical, because they
involve differences of frequencies. Fourth, we perform the threshold decomposition, which

BThere, we had powers of principal values and & functions with the same momenta. In the case of
coinciding thresholds due to the massless limit m — 0, the powers originate from different loops. The extra
loop integrals have further smearing effects.
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provides a separate optical identity for each (multi)threshold. Fifth, we drop the thresholds
involving frequencies associated with the legs that we want to quantize as fakeons.

The threshold decomposition must be done with due care. For example, it is not known
a priori how to extract the purely virtual content of a diagram, which is defined by the
procedure itself.

The gain in insight is important. The spectral optical identities hold for thick as well
as non thick fakeons, with arbitrary residues on the poles of the propagators. We can treat
massless physical fields and even introduce certain details of the experimental apparatus,
like the energy resolution around the fakeon peak, without violating the identities and,
ultimately, unitarity. In the whole analysis we never need to make a single non algebraic
operation.

Summing the spectral optical identities associated with a loop diagram, we derive the
spectral optical theorem obeyed by its skeleton. As soon as we resume the integrals on the
space components of the loop momenta and the phase spaces, we obtain the usual optical
theorem for amplitudes.

We have given explicit examples to show how the threshold decomposition works and
how the spectral optical identities are derived. At one loop we have analyzed the bubble, the
triangle, the box, the pentagon and the hexagon. At two loops we have studied the triangle
with “diagonal” and the box with diagonal. Whole classes of diagrams with arbitrarily
many loops are included straightforwardly. The calculations provide formulas for the loop
integrals with fakeons and relate them to the known formulas for the loop integrals with
physical particles. It is possible to use the results of this paper to implement the fakeon
prescription in softwares like FeynCalc, FormCalc, LoopTools and Package-X.

Finally, the strategy we have elaborated also provides a general proof of the identities
for arbitrary diagrams.
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