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ABSTRACT: The splitting processes of bremsstrahlung and pair production in a medium
are coherent over large distances in the very high energy limit, which leads to a suppression
known as the Landau-Pomeranchuk-Migdal (LPM) effect. We continue study of the case
when the coherence lengths of two consecutive splitting processes overlap (which is im-
portant for understanding corrections to standard treatments of the LPM effect in QCD),
avoiding soft-emission approximations. Previous work has computed overlap effects for
double splitting ¢ — gg — ggg. To make use of those results, one also needs calcula-
tions of related virtual loop corrections to single splitting g — gg in order to cancel severe
(power-law) infrared (IR) divergences. This paper provides calculations of nearly all such
processes involving gluons and discusses how to organize the results to demonstrate the
cancellation. In the soft emission limit, our results reproduce the known double-log be-
havior of earlier authors who worked in leading-log approximation. We also present a first
(albeit numerical and not yet analytic) investigation of sub-leading, single IR logarithms.
Ultraviolet divergences appearing in our calculations correctly renormalize the coupling ag
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1 Introduction

When passing through matter, high energy particles lose energy by showering, via the
splitting processes of hard bremsstrahlung and pair production. At very high energy,
the quantum mechanical duration of each splitting process, known as the formation time,
exceeds the mean free time for collisions with the medium, leading to a significant reduction
in the splitting rate known as the Landau-Pomeranchuk-Migdal (LPM) effect [1-3].! A
long-standing problem in field theory has been to understand how to implement this effect
in cases where the formation times of two consecutive splittings overlap. The goal of
this paper is to (i) present nearly complete results for the case of two overlapping gluon
splittings (e.g. ¢ — gg — ggg) and (ii) confirm that earlier leading-log results for these
effects [10-12] are reproduced by our more-complete results in the appropriate soft limit.
As a necessary step, we discuss how to combine the effects of overlapping real double
splitting (¢ — gg — ggg) with corresponding virtual corrections to single splitting (e.g.
g — 99* — g99* — gg) to cancel spurious infrared (IR) divergences. In our analysis
of virtual corrections, we will also verify that we reproduce the correct ultraviolet (UV)
renormalization and running of the QCD coupling oy associated with the high-energy vertex
for single splitting.

In this paper, we will present the formulas for the building blocks just discussed, but
we leave application of those formulas to later work. In particular, one of the ultimate
motivations [13] of our study is to eventually investigate whether the size of overlap effects
is small enough to justify a picture of parton showers, inside a quark-gluon plasma, as
composed of individual high-energy partons; or whether the splitting of high-energy par-
tons is so strongly-coupled that high-energy partons lose their individual identity, similar
to gauge-gravity duality studies [14—18] of energy loss. But, as will be discussed in our
conclusion, further work will be needed to answer that question.

As a technical matter, our calculations are organized [19] using Light-Cone Pertur-
bation Theory (LCPT) [20-22].? As we will explain below, the “nearly” in our claim of
“nearly complete results” refers to the fact that we have not yet calculated, for QCD,
contributions from diagrams that involve “instantaneous” interactions in Light-Cone Per-
turbation Theory. The effects of such diagrams have been numerically small in earlier
studies of overlap effects in QED [19], and they do not contribute to our check that our
results agree with earlier leading-log calculations. For these reasons, and because analysis
of the non-instantaneous diagrams is already complicated, we leave the calculation of in-
stantaneous diagrams for QCD to later work. For similar reasons, we also leave to later
work the effect of diagrams involving 4-gluon vertices, like those computed for real double
gluon splitting in ref. [24].

!The papers of Landau and Pomeranchuk [1, 2] are also available in English translation [4]. The gener-
alization to QCD was originally carried out by Baier, Dokshitzer, Mueller, Peigne, and Schiff [5-7] and by
Zakharov [8, 9] (BDMPS-Z).

2For readers not familiar with time-ordered LCPT who would like the simplest possible example of how it
reassuringly reproduces the results of ordinary Feynman diagram calculations, we recommend section 1.4.1
of Kovchegov and Levin’s monograph [23].



Xyyx Xyxy

+ conjugates
+ permutations of (x, y, 1-x-y)

Figure 1. “Crossed” time-ordered diagrams for the real double gluon splitting rate. Labeling of
diagrams (xyyZ, etc.) is as in ref. [25]. All lines in this and other figures represent high-energy
gluons.

XXyy

+ conjugates
+ relevant permutations

Figure 2. “Sequential” time-ordered diagrams for the real double gluon splitting rate [26].

We make a number of simplifying assumptions also made in the sequence of earlier
papers [19, 25-27] leading up to this work: we take the large- N, limit, assume that the
medium is thick compared to formation lengths, and use the multiple-scattering (§) approx-
imation appropriate to elastic scattering of high-energy partons from the (thick) medium.
All of these simplifications could be relaxed in the context of the underlying formalism
used for calculations,® but practical calculations would then be quite considerably harder;
so we focus on the simplest situation here.

1.1 The diagrams we compute

Previous work [25-27] has computed overlap effects for real double gluon splitting (¢ —
99 — ggg) depicted by the interference diagrams of figures 1 and 2. Each diagram is
time-ordered from left to right and has the following interpretation: the blue (upper) part
of the diagram represents a contribution to the amplitude for ¢ — ggg, the red (lower)
part represents a contribution to the conjugate amplitude, and the two together represent
a particular contribution to the rate. Only high-energy particle lines are shown explicitly,
but each such line is implicitly summed over an arbitrary number of interactions with
the medium, and the diagram is averaged over the statistical fluctuations of the medium.
See ref. [25] for details. For real double gluon splitting, we will refer to the longitudinal

3In particular, for a discussion of how one could in principle eliminate the large-N. approximation, see
refs. [28, 29].
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Figure 3. Time-ordered diagrams for the leading-order rate for single gluon splitting. [26].

momentum fractions of the three final-state gluons as z, y, and
z=1—z—vy (1.1)

relative to the initial gluon. Also, our nomenclature is that figures 1 and 2 are respectively
called “crossed” and “sequential” diagrams because of the way they are drawn.

For the case of sequential diagrams (figure 2), it is possible for the two consecutive
splittings to be arbitrarily far separated in time, in which case their formation times do
not overlap. The effect of overlapping formation times in this case is then determined by
subtracting from the sequential diagrams the corresponding results one would have gotten
by treating the two splittings as independent splittings. Details are given in ref. [26], along
with discussion of physical interpretation and application.? Whenever such a subtraction
needs to be made on a double-splitting differential rate dI', we will use the symbol A dI" to
refer to the subtracted version that isolates the effect of overlapping formation times.

In the limit that one of the three final-state gluons — say y — is soft, it was found [26]
that the overlap effect on real double splitting behaves parametrically as®

dT’ C2a2 [ §\?
[Ad:v i ~ $;36;; <§?> fory <z <z (1.2)

:| 9—999

As we'll review later, the y—3/2

behavior would lead to power-law infrared divergences in en-
ergy loss calculations. Very crudely analogous to what happens in vacuum bremsstrahlung
in QED, where there are (logarithmic) infrared divergences that cancel in inclusive calcu-
lations between real and virtual emissions, we need to supplement the real double emission
processes (¢ — ggg) by a calculation of corresponding virtual corrections to the single
emission process (g — gg) of figure 3. The virtual processes that we calculate in this paper
are shown in figure 4 (which we call Class I) and figure 5 (which we call Class II). There
are also cousins of the Class I diagrams generated by swapping the two final state gluons
(x — 1 — x), two examples of which are shown in figure 6. For Class II diagrams, such a
swap does not generate a new diagram.

In total, these sets of virtual diagrams include all one-loop virtual corrections to single
splitting except for processes involving instantaneous interactions or fundamental 4-gluon
vertices. As mentioned previously, we leave the latter for future work. A few exam-
ples are shown in figure 7. The “instantaneous” interactions (indicated by a propagator
crossed by a bar) are instantaneous in light-cone time and correspond to the exchange

“See in particular the discussion of section 1.1 of ref. [26].
®See section 1.4 of ref. [26] for a back-of-the-envelope explanation of why (1.2) is to be expected.



xyxy xXyy XXyy
+ conjugates

Figure 4. Class I one-loop virtual corrections to figure 3. As with previous figures, not all possible
time orderings of the diagrams have been shown explicitly but the missing orderings are all included
when one adds in the complex conjugates (“+ conjugates”) of the diagrams explicitly shown above.
Graphically, taking the conjugate flips a diagram about its horizontal axis while swapping the colors
red and blue.

y
()
AR () ' ()

yxyx yyxx yyxx xyyx
+ conjugates

Figure 5. Class II one-loop virtual corrections to figure 3.

of a longitudinally-polarized gluon in light-cone gauge. See ref. [19] for examples of such
diagrams evaluated in QED.

We should clarify that, physically, the power-law divergences of (1.2) as y — 0 are
not actually infinite. The scaling (1.2) depends on the ¢ approximation, which breaks
down when the soft gluon energy yFE becomes as small as the plasma temperature 7.6 In
the high-energy limit, however, the cancellation of such power-law contributions to shower
development, even if only a cancellation of contributions that are parametrically large in
energy rather than truly infinite, will be critical to extracting the relevant physics that
survives after the cancellation. In this paper, we will be able to ignore the far-infrared
physics (meaning scale T' < E) that regulates the power-law divergences and can simply
analyze the cancellation of power-law divergences in the context of the ¢ approximation
appropriate for the high-energy behavior.

5This will be discussed again later, in section 3.2.2.



Class I Diagrams Their x — 1—x Cousins
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Figure 6. Two examples of diagrams (right) generated by swapping the two final-state gluons in

Xyyx

Class I diagrams (left) from figure 4. The swap is equivalent to replacing x — 1 — z in the results
for Class I diagrams.

Figure 7. A few examples of diagrams involving either (i) instantaneous interactions via longitudi-
nal gluon exchange or (ii) fundamental 4-gluon vertices. Longitudinal gluon exchange is represented
by a vertical (i.e. instantaneous) line that is crossed by a black bar, following the diagrammatic
notation of Light-Cone Perturbation Theory.

1.2 Infrared divergences

We will later discuss the calculation of the differential rates

dl’ drl
o PEL PR
dx | yipe1 dz | e

[A dr (1.3)

dz dy} 9999
associated respectively with the real double emission diagrams of figure 1 plus figure 2, the
Class I virtual correction diagrams of figure 4, and the Class II virtual correction diagrams
of figure 5. But here we first preview some results concerning infrared divergences.

In the virtual diagrams of figures 4 and 5, the virtual loop longitudinal momentum
fraction y in the amplitude or conjugate amplitude needs to be integrated over, and it
will be convenient to introduce the notation [dI'/dx dylvirt1 and [dl'/dz dylvire11r for the
corresponding integrands of that y integration. Our calculations are performed in Light
Cone Perturbation Theory, in which every particle line (virtual as well as real) is restricted
to positive longitudinal momentum fraction. The structure of the Class I diagrams of
figure 4 then forces 0 < y < 1 — x, whereas the structure of the Class II diagrams of



figure 5 forces 0 < y < 1 instead. So, in our notation,

dr I-z dr dr 1 dr

I AL I Y - I KA LY.

dx | iyt 0 dz dy | vy dz | iyt 0 dx dy | yipe1r
(1.4)

We will later give detailed discussion of how infrared divergences appear in various

calculations associated with shower development, but a good starting point is to consider
the net rate [dI'/dz]ner at which all of the processes represented by figures 1-6 produce one
daughter of energy zF (plus any other daughters) from a particle of energy F, for a given

dr dr1©  rar1No
ary - _ db al 1.
%=z + %] (150

net

x. That’s given by

where the first term is the rate of the leading-order (LO) g — gg process of figure 3, and

where the next-to-leading-order (NLO) contribution is’

dar1NO g0 g plee dl
— = |— + = dy |A
dzx | o dzx 999 2 Jo dx dy 9999
1—x dl
= dy [A ] ) +(z—=1—-2
</0 dwdy virt I ( )

1 1—x
dr’ 1 dr’
+/ dy [A ] —|—/ dy [A ] . (1.5b)
0 drdy] e 2 Jo dzx dy 9—999

[See appendix B for more discussion.] The bars above LO and NLO in (1.5) are a technical

distinction that will be discussed later and can be ignored for now.

In the integrals above, some virtual or final particle has zero energy at both the lower
and upper limits of the y integrations, and so both limits are associated with infrared diver-
gences. In order to see how divergences behave, it is convenient to use symmetries and/or
change of integration variables to rewrite the integrals so that the infrared divergences of
[dT" /dx]NEO are associated only with y — 0 (for fixed non-zero z < 1). In particular, (1.5b)

can be rewritten [see appendix B for details] as

drNEo ( /M dT’ dT’
— = dy{[A } —i—[A ] })—i— x—1—zx
|:dx:|net 0 dx dy | iy dx dy | e 11 ( )
1—x
41 / ay [A dr ] (1.6)
2 Jo dz dy 9999

"Here and throughout, the terms leading-order and next-to-leading-order refer to expansion in the
as(@QL) associated with each splitting vertex for high-energy partons and not to the as(7") that controls
whether the quark-gluon plasma is strongly or weakly coupled.




and thence [appendix B

..

1/2
Tl = [ {enob< 5 e s a e < )

net

1/2
:/0 dy {v(x,y)@(y< 1_7”":) +U(1—x,y)6(y< %)+r(m,y)9(y< 1_796)},

where contributions from virtual and real double splitting processes appear in the respective

combinations
dI’ dar
v(x,y) = A] —I—[A ] )+ Yy z), 1.8a
(z:9) <[ da dy | g1 drdy | e ( ) ( )
dr
r(z,y) = [A } : (1.8b)
dx dy 9999

The O(---) in (1.7) represent unit step functions [@(true) = 1 and f(false) = 0], and they
just implement upper limits on the y integration. The advantage of using the 6 functions
is so that we can combine all the integrals: the integrals for the separate terms each
have power-law IR divergences, but whether or not those divergences cancel is now just a
question of the y — 0 behavior of the combined integrand of (1.7).

In the limit y — 0 for fixed x, the integrand of (1.7) approaches
U(l’,y)+U(1-l’,y)+T($,y) (19)

Using the symmetry of the g — ggg rate (1.8b) under permutations of z, y, and z = 1—z—vy,
we have r(x,y) =r(1 —x —y,y) ~ r(1 — z,y) for small y, and so (1.9) approaches

[v(z,y) + 3r(z,y)] + [z > 1 —a]. (1.10)

By (1.2), 7(z,y) ~ y~3/? for small 3, and so the integral of 7(z,y) in (1.7) has a power-law
IR divergence proportional to fo dy/ y3/2. From the full results for rates that we calculate

~3/2 behavior cancels in the combination v(z, y) + 37(z,y)

in this paper, we find that the y
appearing in (1.10). We also find that left behind after this cancellation is, at leading

logarithmic order,

_Caay m Wy

1.11
8t |dx y (1.11)

v(z,y) + 3r(z,y) ~

which generates an IR double log divergence when integrated over y. As we discuss later,
this result, applied to (1.7), exactly matches leading-log results derived earlier in the liter-
ature [10-12] and so provides a crucial check of our calculations.
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Figure 8. Full numerical results (circular data points) for the ratio (1.12) plotted vs. Iny for
the case x = 0.3. The blue straight line shows a line of slope —1 for comparison, showing that our
numerical results confirm the leading-log behavior (1.11).

Though it should be possible to extract (1.11) from our results analytically, so far we
have only checked numerically.® Figure 8 shows a plot of our full results for

v(z,y) + 5r(z,y)

Caos [@]LO 1
8w dx Yy

(1.12)

vs. Iny for a sample value of x. According to (1.11), the slope of (1.12) vs. Iny should
approach —1 as Iny — —oo, which we show in figure 8 by comparison to the straight line.
We hope in the future to also provide exact analytic results for single-log divergences that
are subleading to the double-log divergence. For now we only have numerical results for
those, which we present later with an examination of how well those numerical results fit
an educated guess for their analytic form.

1.3 Outline

The new diagrams needed for this paper are the virtual diagrams of figures 4 and 5. In the
next section, we discuss how we can avoid calculating any of these diagrams from scratch.
All of the ¢ — gg QCD virtual diagrams can be obtained by either (i) transformation from
known results for the ¢ — ggg QCD diagrams of figures 1 and 2 or (ii) by adapting the
known result for one QED virtual diagram.

8 Analytic extraction of double and single IR logs directly from our full rate formulas is complicated
because diagram by diagram the logs are subleading to the power-law IR divergences, and the latter are
already complicated to extract analytically from our results. Interested readers can see a painful example
in appendix E.5.



In section 3, we go into much more detail about how to organize IR divergences in
calculations related to energy loss. We also show that the double-log behavior (1.11) is
equivalent to earlier leading-log results.

Section 4 presents numerical results for sub-leading single-log divergences and shows
that the numerics fit very well, but not quite perfectly, a form one might guess based on
the physics of double-log divergences.

The formalism and calculations that have led to our results for rates have spanned
many papers, and one can reasonably worry about the possibility of error somewhere along
the way. Section 5 provides a compendium of several non-trivial cross-checks of our results.

Section 6 offers our conclusion and our outlook for what needs to be done in future
work. Appendix A contains a complete summary of all our final formulas for rates. Many
technical issues, derivations, and side investigations are left for the other appendices.

2 Method for computing diagrams

2.1 Symmetry factor conventions

Before discussing how to find formulas for differential rates, we should clarify some con-
ventions. Note each virtual diagram in figure 5, as well as the second row of figure 4, has
a loop in the amplitude (an all-blue loop) or conjugate amplitude (an all-red loop) that
should be associated with a diagrammatic loop symmetry factor of % Our convention in
this paper is that any such diagrammatic symmetry factor associated with an internal loop
is already included in the formula for what we call A dI'/dx dy in (1.4). Note that the loops
in the first row of figure 4 do not have an associated symmetry factor.

In contrast, we do not include any identical-particle final-state symmetry factors in
our formulas for differential rates. These must be included by hand whenever integrating
over the longitudinal momentum fractions of daughters if the integration region double-
counts final states. For example, the total rate for real double-splitting g — ggg is formally

1 1 11—z dr
ATy 499 = 3!/0 dx/o dy [Ad:ndy

because the integration region used above covers all 3! permutations of possible momentum

given by

L_)ggg (2.1)

fractions z, y, and z = 1 — x — y for the three daughter gluons. Similarly, for ¢ — gg
processes, formally

1 LO 1 NLO
o ! / dx [dw . ATNEO — L e [Adﬂ : (2.2)
0

999 — o1 T 999 — 9| dx
2! dz |, g 21 Jo dz |, g

We use the caveat “formally” because the total splitting rates I' and AI" above are infrared
divergent, but they provide simple examples for explaining our conventions.
2.2 Relating virtual diagrams to previous work

In the context of (large-N;) QED, ref. [19] showed how many diagrams needed for vir-
tual corrections to single splitting could be obtained from results for real double splitting

~10 -
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Figure 9. Relation of all but one Class I virtual diagram (figure 4) to real ¢ — ggg diagrams.
The black arrows indicate moving the latest-time (or earliest-time) vertex using a back-end (or
front-end) transformation [19].

via what were named back-end and front-end transformations. For the current context
of QCD, figures 9 and 10 depict diagrammatically how all but two of the Class I and II
virtual diagrams we need (figures 4 and 5) can be related to known results for crossed and
sequential g — ggg diagrams (figures 1 and 2) using back-end and front-end transforma-
tions, sometimes accompanied by switching the variable names x and y and/or complex
conjugation. Diagrammatically, a back-end transformation corresponds to taking the lat-
est-time splitting vertex in one of our rate diagrams and sliding it around the back end of
the diagram from the amplitude to the conjugate-amplitude or vice versa. Diagrammat-
ically, a front-end transformation corresponds to taking the earliest-time splitting vertex
and sliding it around the front end of the diagram.

In terms of formulas, the only effect of a back-end transformation is to introduce an
overall minus sign in the corresponding formula for dI'/dx dy [19]. So, for example, figure 9
tells us that

dar ar 1"
= — 2.
|:dCC dy:| YTy |:d1: dy_ TYTY ( 3)
and so
r o [ dr
2Re [d] = —/ dy 2Re d } . (2.4)
E - 0 Ldx dy | 4z,

- 11 -
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Figure 10. Relation of all but one Class II virtual diagram (figure 5) to real g — ggg diagrams
via front-end transformations.

Similarly,
r 1= r
2Re a = —/ dy < Replace x <> y in formula for 2 Re d . (2.5)
dx _— 0 dx dy oyJE

When making a back-end transformation, one may also have to include a loop symmetry
factor if the resulting virtual diagram has one, which the original ¢ — ggg processes do not.

Front-end transformations are more complicated. In the cases where it is an x emission
at the earliest vertex that is being moved between the amplitude and conjugate amplitude,
requiring the longitudinal momentum fractions of the lines of the diagrams to match up
requires replacing

(2.9, B) — (1=, 7= (1-2)E), (2.6)

where FE is the energy of the initial particle in the real or virtual double-splitting process.
See section 4.2 of ref. [19] for a more detailed discussion. There is also an overall nor-
malization factor associated with the transformation that, for our case here where all the

particles are gluons, amounts to”

dl'  front—end _(1 . .CL‘)_E ar
dx dy dx dy

with (z,y, E) —> ( Y - @E)} (2.7)

l—2" 1—2

in 4 — e spacetime dimensions. The overall factor (1 — )™ will be relevant because we will
use dimensional regularization to handle and renormalize UV divergences in our calculation.

9See appendix H of ref. [19], especially eqs. (H.13) and (H.14) there. In (H.13) of ref. [19] there was
additionally an overall factor of 2/NfAN. /Nw that arose because that front-end transformation related a
diagram with an initial electron to one with an initial photon, and the 2Nf./\/'e//\/’7 reflected the different
factors associated with averaging over initial flavors and helicities. In our case, the initial particle is always
a gluon, so no such adjustment is necessary. Also, eqs. (H.13) and (H.14) of ref. [19] do not have the overall
minus sign of our (2.7) above because they included a back-end transformation in addition to the front-
end transformation. Note that those equations have also implemented = < y in addition to the front-end
transformation (2.7) above.
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Figure 11. Relation to each other of the two virtual diagrams of figures 4 and 5 that are not
covered by the relations of figures 9 and 10.

Ye

Figure 12. A QED version [19] of the zyyZ diagram of figure 4.

We should note that there are a few additional subtleties in practically implementing front-
end transformations, which we leave to appendix D. As an example of (2.7), the relation
depicted by the first case of figure 10 gives

dl '
2Re [] =—11- x)_e/ dy <Replace x <> y in result of
yayz 0

dr’
2Re with substitution (2.7) ¢ ). (2.8)
dx dy oyTg

The overall factor of % is included because of the loop symmetry factor associated with the
(red) loop in the yzyz virtual diagram.

The only two virtual diagrams not covered by figures 9 and 10 are zyyz and zgyyz.
But these diagrams are related to each other by combined front-end and back-end trans-
formations, as depicted in figure 11. That means that transformations have given us a
short-cut for determining all virtual diagrams except for one, which we take to be xyyz.
Fortunately, the xyyx diagram has the same form as the QED diagram of figure 12 previ-
ously computed in ref. [19], and the QED result can be easily adapted to QCD. One just
needs to include QCD group factors associated with splitting vertices; use QCD instead
of QED Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) splitting functions; correctly
account for identical-particle symmetry factors; and use QCD rather than QED results
for the complex frequencies and normal modes associated with the ¢ approximation to the
propagation of the high-energy particles through the medium. Details of the conversion
are given in appendix D.4.

We give more detail on implementing the above methods in appendix D, and final
results for unrenormalized diagrams are given in appendix A [with oyen = 0 and opae = 1
in section A.3].
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2.3 UV divergences, renormalization, and running of oy

The virtual diagrams of figures 4 and 5 contain UV-divergent loops in the amplitude or
conjugate amplitude. It may seem surprising that most of them can be related via figures 9
and 10 to real double splitting (g — ggg) diagrams that involve only tree-level diagrams
in the amplitude and conjugate amplitude. This is possible because we are working with
time-ordered diagrams: individual time-ordered interferences of tree-level diagrams are UV-
divergent even though the sum of all the different time-orderings is not. See section 4.1 of
ref. [19] for more discussion of this point. In any case, the original calculations [25-27] of
the g — ggg diagrams of figures 1 and 2 discussed the UV divergence of each diagram and
showed that they indeed canceled.

The corresponding divergences of the virtual diagrams, however, will not cancel. In-
deed, they must conspire to produce the known renormalization of ag. Ref. [19] demon-
strated how this worked out for large- Ny QED, but the diagrammatics of renormalization
of the QCD coupling is a little more complicated. We will also encounter a well-known
annoyance of Light Cone Perturbation Theory (LCPT): individual diagrams will contain
mixed UV-IR divergences that only cancel when the diagrams are summed together.!?

2.3.1 UV and IR regulators

We use dimensional regularization in 4 — € spacetime dimensions for UV divergences. How-
ever, we use the letter d to refer to the number of transverse spatial dimensions

dEdJ_:2—6. (2.9)

For infrared divergences, we introduce a hard lower cut-off (p™)yin on light-cone mo-
mentum components p. Hard momentum cut-offs complicate gauge invariance, but this
is a fairly standard procedure in LCPT, since LCPT is formulated specifically in light-cone
gauge AT = 0. Note that p™ is invariant under any residual gauge transformation that pre-
serves light-cone gauge. It would of course be nicer to use a more generally gauge invariant

choice of infrared regulator, but that would lead to more complicated calculations.'!
We will write our IR cut-off on longitudinal momenta p™ as
(P )min = P76 (2.10)

where P is the longitudinal momentum of the initial particle in the double-splitting pro-
cess and § is an arbitrarily tiny positive number.'? For consistency of IR regularization of

OFor an example from calculations that are tangentially related to ours, see Beuf [30, 31] and Hénninen,
Lappi, and Paatelainen [32, 33] on next-to-leading-order deep inelastic scattering (NLO DIS). For a de-
scription of the similarities and differences of our problem and theirs, see appendix B of ref. [19]. For a
very early result on obtaining the correct renormalization of the QCD coupling with LCPT in the context
of vacuum diagrams, see ref. [34].

11p particular, one might imagine using dimensional regularization for the infrared as well as the ultra-
violet. Unfortunately, the dimensionally-regulated expansions in e that we currently have available [19, 27]
for the types of diagrams we need all made use of the fact that dimensional regularization was only needed
for the ultraviolet.

12 A technicality concerning orders of limits: one should take the UV regulator € — 0 before taking the
IR regulator § — 0. Taking § — 0 first would be equivalent to using dimensional regularization for the IR
as well as the UV, which is currently problematic for the reason given in footnote 11.
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the theory, this constraint must be applied to all particles in the process. For instance, in
a g — ggg process where PT splits into daughters with longitudinal momenta x P+, yP™,
and zPy, we require that the longitudinal momentum fractions z, y, and z all exceed 4.
(This automatically guarantees that internal particle lines in ¢ — ggg diagrams also have
pt > P*t4§.) In a virtual correction to g — gg where PT splits into x P and (1 — z)P™,
we must have z and 1 — x greater than §, but we must also impose that the momentum
fractions of internal virtual lines are greater than ¢ as well. We’ll see explicit examples be-
low. With this notation, the annoying mixed UV-IR divergences of LCPT are proportional
to € !Ind, which is the product of a logarithmic UV divergence ¢! and a logarithmic IR
divergence In 4.

2.3.2 Results for UV (including mixed UV-IR) divergences

We can read off the results for 1/e divergences from the complete results given in ap-
pendix A. However, we will take the opportunity to be a little more concrete here in the
main text by stepping through the calculation for one of the diagrams, but focusing on just
the UV-divergent (1/¢) terms. Then we’ll put the diagrams together to see the cancellation
of mixed UV-IR divergences and the appearance of the QCD beta function coefficient .

Consider the first NLO g — gg diagram (yzZy) in figure 9, which shows that diagram
related by back-end transformation to the ¢ — ggg diagram zyyz. The 1/e piece of the
latter can be taken from ref. [27] and is [see appendix B of the current paper for more
detail]

dar C? ag ) ]
[ } ~ A [(zQ sgnM)_1,2.1—2 + (i€2sgn M),(l,y)@,z]
TYYT

dx dy 8m2e
xzyz(1—z)(1—y)[(a+B)1—2)(1—y) + (@ +y)zy],  (2.11)
where
_ o j-iga (1 1 1 _
Qz‘l,l‘g,lg = \/ oF (l’l + ;2 + .’E3)7 M:vl,:vz,acg = _xlex?)Ev (212)

and («, 8,7) are functions of x and y that represent various combinations of the helicity-
dependent DGLAP splitting functions associated with the vertices in the diagram.!3 In this
section we use = to indicate that we are only keeping 1/e terms. Back-end transforming
the above expression and swapping x<>y, as indicated in figure 9, gives the corresponding
result for the virtual diagram yxZy:

2Re [dF} - Cios
— 472e

)
=) [ Ry 4191y o= - 201 -0)
X [(a+ 8)z(1 —x)(1 —y) + (a + v)xyz], (2.13a)

where we have taken 2Re(---) to include the conjugate diagram as well.

13Details of the definition of (o, 8,7) in terms of DGLAP splitting functions are given in sections 4.5
and 4.6 of ref. [25]. In order to make those definitions work with front-end transformations, one must
additionally include absolute value signs as discussed after eq. (A.23) of the current paper.
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Doing similar calculations for the other crossed Class I diagrams (the top line of fig-
ure 9), by using g — ggg results for zyyz and zyzy from ref. [27] and then transforming
as in figure 9, gives

ar Cﬁoﬂ 1-xz—46 . .
2Re [dx] Sy ~ - 47r2: /6 dy Re(ZQfl,y,lfy + ZQ_(l_x)7y7z)$yZ(1 —xz)(1—1y)
X[+ B)e(1-2)(1—y) + (B +ay(l—0)(1—y),  (213b)
[dl T C2 2 1—2z—§
2Re | — A A dy Re(iQ 1212 +1Q_(1_0) 0z 1—z)(1—
¢ LAdT | 3y 472e /5 y Re(iQ-101-0 + 00 (10) .2 )2y2(1 — 2)(1 — )
X [—(a+)zyz = (B+7)zy(l —2)(1 —y)], (2.13¢)
rdT ] C2a2 [l-o—d . '
2Re _%_ _— ~ = 4;‘;26 /6 dy Re(iQ-1 y1—y + Q- 121-2)2yz(1 —2)(1 —¥)

X [—(a+y)zyz — (B +7)zy(l —z)(1 —y)]. (2.13d)

Egs. (2.13) sum to

dl“] C%a2 lme=o
< SR 1aa) [ dyatya— )1 - )
|:d$ virt I crossed 272e o 1

X [(a+7)z4+ (B+7)(1—z)(1 —y)]. (2.14)

Since we are focused here just on the 1/e pieces above, the integral may be done using
the explicit d = 2 expressions (A.23) for («, 3,7). But the combination (o + )z + (8 +
v)(1 — z)(1 — y) appearing in (2.14) turns out to be dimension-independent in any case!
(See appendix C.)

Remember that for the crossed virtual diagrams, like all the Class I diagrams of figure 4,
taking x — 1 — = generates other distinct diagrams that need to be included as well. So,
do the y integral in (2.14), combine the result with  — 1 — x [as in (1.5b) or (1.9)], and
take the small-§ limit. This gives

T Lo
<[d] >+(x—> 1—2)~ [d} Caas -4 +2In(z(1-=2)) —6Iné], (2.15)
dx virt I crossed dx e

where [dl'/dz]"© is the leading-order single splitting result'*

LO
[fll;] = % P(z) Re(iQ-1,4,1-2) + O(¢) (2.16)

and P(z) is the DGLAP g — gg splitting function. A non-trivial feature of (2.15) is
that the y integration in (2.14), combined with the addition of z — 1 — z, gave a result
proportional to the P(z) in (2.16). This is what will later make possible the absorption
of 1/e divergences by renormalizing the ag in the leading-order result. For the time being,
however, note the unwanted mixed UV-IR divergence ¢ 11n4 in (2.15).

“The QCD version of the leading-order rate goes back to BDMPS [5-7] and Zakharov [8, 9]. For a
discussion of how the QED version in our notation matches up with the original QED result of Migdal [3],
see appendix C.4 of ref. [19].
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Now turn to the sequential virtual diagrams. The sum 2 Re[zyzy + xZyy + xxyy| of
non-virtual sequential g — ggg diagrams shown in figure 2 (together with their conjugates)
represents the sum of all time orderings of a tree-level process and so does not give any net
1/e divergence.'® So there will also be no divergence in its back-end transformation, which
figure 9 shows is equivalent to the sum 2 Re[zyzy + zZyy + xZyy| of three Class I sequential
virtual diagrams. Nor will there be any divergence to its front-end transformation followed
by the swap x <> y, corresponding by figure 10 to the sum 2 Re[yzyz +yyzz+yyxz] of three
Class II sequential diagrams. So none of these groups of diagrams generate a divergence.

What remains of figures 4 and 5 is the Class I virtual diagram zyyZz and the Class 11
virtual diagram xyyZ, which are related to each other via figure 11. As mentioned earlier,
the result for 2 Re[zyyz] can be converted from the known result [19] for the similar QED
diagram of figure 12. The UV-divergent 1/e piece of that QED result was'®

2 -z
(2.17)
The translation from a QED diagram to a QCD diagram is explained in our appendix D.4

2Re{

and gives

dr o 1-z—6 dy y
2Re || ~--=p Qsgn M) 1214 P
Re || =g P Rel0sen M) s [ ()

LO 1—2—6
_— [dr] ds / dy P( Y ) (2.18)
dx 2me Js 11—z 1—2x

Our IR cut-off § must now be included with the integration limits because, unlike QED,

LPM splitting rates are (non-integrably) infrared divergent in QCD. The sgn M factors are
included above because, even though M_1 ; 1, is positive for the zyyz diagram, this more
general form is consistent with the front-end transformation we are about to perform.

Since xyyx above is a Class I diagram, we need to also add in the other diagram that
is generated by x — 1 — x. Finally, the transformation of figure 11 gives the remaining
(Class II) diagram z75z.'" The sum of all three is

dar arto Qg 1=2=0 gy Y =0 dy Y 1=0

— S — P| — — P| = dy P
|:dx:|othervirt |:d£12':| 2me |:/5 -z <1—JJ> +/(5 €T <IL'> +/5 Y (y):|
dz

Adding (2.15) and (2.19) gives the total UV divergence from virtual corrections to

~
~

[ —2In(2(1 - 2)) + 61n4]. (2.19)

e

single splitting:

A@ NLO _qar LO 3ia. 2.20)
dz 9 - dx € '

15This is shown explicitly by summing the individually divergent time-order diagrams in eq. (5.20) of [27].

'8This can be obtained by expanding eq. (F.42) of ref. [19] in € and replacing 1. there by its definition
9e = Ye/(1 — z¢). There was an overall sign error in eq. (F.42) of the original published version of ref. [19],
which is treated correctly in the version above.

17 As discussed after eq. (A.5), one must include an absolute value sign in the definition of P(z) in order
to make it work with front-end transformations using our conventions.
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with
11Cx
=— . 2.21
Bo o (2.21)
The Sy above is the same coefficient that appears in the one-loop beta function for agy =

g% /4m:

dOzS . _(1ICA — 2Nf) Oé2
d(lnp) 67 s’

where Nt is the number of quark flavors. The N term does not appear in (2.21) because

(2.22)

we have not included quarks in our calculations, consistent with our choice to work in the
large- N, limit (for Ny fixed).

Note that the UV-IR mixed divergences have canceled between (2.15) and (2.19), as
well as the In(z(1 — x)) terms. These cancellations had to occur in order for the total
divergence of the virtual diagrams to be absorbed by usual QCD renormalization, as we’ll

now see.ls

2.3.3 Renormalization

Following ref. [19],' we find it simplest to implement renormalization in this calculation by
imagining that all diagrams have been calculated using the bare (unrenormalized) coupling
and then rewriting (as)pare in terms of (g)ren. For the MS-renormalization scheme, that’s

2
a;’are =a "+ %(agen)Q <€ — g + 111(471')) +0(ad). (2.23)
When expressed in terms of renormalized s, the 1/€ divergences should then cancel in the
combination?®

(2.24)

LO+NLO LO,bare NLO,bare
AT _parpiome r ar
dx dx dx

9g—99 9—99

through order o2. Since the leading-order [dT'/dz]"** is proportional to a2?™, (2.23) gives

S

dr’ LO,bare dl’ LO,ren 5004ren dr’ LO,ren 2
— = |— e B e - In(4 O(a?). 2.25
dx} sz] e Md< 7o+ In w>)+ (@), (225)

B There is something sloppy one might have tried in the preceding calculations that would have failed to
produce the correct UV divergences, which we mention here as a caution to others because we unthinkingly
tried it on our first attempt at this calculation. Suppose that we had set § to zero in all the integration
limits so that each IR-divergent integral we’ve done was divergent and ill-defined. Then suppose that in each
integral we scaled the integration variable y so that each integral was now from 0 to 1, e.g. f;iz dy f(y) —
(1-2) f01 dy f((1—2)y) and similarly for z — 1 —=. Now that the integration limits are the same, one could
add together all the integrands for all the diagrams. The combined integral would be convergent but does
not give the correct result (2.20). That’s because one can get any incorrect answer by manipulating sums of
ill-defined integrals. To properly regularize a theory, one must first independently define the cut-off on the
theory (in this case the IR cutoff on longitudinal momenta) and only then add up all diagrams calculated
with that cut-off.

1QSpeciﬁcally section 4.3.4 and footnote 26 of that reference. Our By here corresponds to 2N¢agn /37 in
QED.

*Though the [AdI'/dz];97 " defined in (2.24) is UV finite, it is power-law IR divergent. Only in
combination of the g — gg rates with ¢ — ggg rates, such as (1.5), are power-law IR divergences eliminated,
leaving double-log IR divergences.
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Note that, because it is multiplied by 2/e, we will need to use a d = 2 — € formula for
[dT'/dz]™© in the last term above, as indicated by the subscript. We can now use (2.25) to
regroup terms in (2.24) to write the LO+NLO g — gg rate in terms of MS renormalized
quantities as

(2.26)

|:Adri| LO+NLO B [df] LO,ren . |:Adrj| NLO,ren
dx 9—g9 dx dx R

with

2

dl NLO,ren dl’ NLO,bare ﬁoaren dr LO,ren
S A o
[ 999 g—99

d=2—c¢

One can see from (2.20) that the 1/e poles indeed cancel in this renormalized [AdI/dxz]N-©.
There are many equivalent ways to introduce the MS renormalization scale into the

renormalization procedure outlined above. Following ref. [19],2! we will introduce it by

bare
s

bare

ST, where «

writing the dimensionful bare g2/47 in 4 — € spacetime dimensions as u‘a
is the usual dimensionless coupling for 4 spacetime dimensions. As a result, every power
of ag in our unrenormalized calculations comes with a power of u¢ which, if multiplied by
a 1/e UV divergence and expanded in €, will generate the correct logarithms In p of the

renormalization scale in our results, as we detail next.

2.3.4 Organization of renormalized results

Formulas for the NLO g — gg rate are given in appendix A.3. Because of the fact that
multiple diagrams contribute to cancellation of 1/e poles in ways that are not particularly
simple diagram by diagram, we have organized our renormalized result for [d'/ dx]gNggfen
slightly differently than the QED case of ref. [19], in a way that we will explain here.
Also, we would like to write renormalized formulas in appendix A.3 in a way that
makes transparent the dependence on explicit renormalization scale logarithms In p. The
running (2.22) of ag, plus the fact that the leading-order rate is proportional to «ag, implies

that the renormalized NLO rate must have explicit p dependence

dx dx

g—99

dl’ NLO,ren dr’ LO
[A ] =— [} BoasInp+ - -- (2.28)

in order to cancel the implicit u dependence das/d(Inu) = Boa2 of as(u) from the LO
rate. In contrast, the NLO bare rate [A dI'/dz]Y59:;"* is proportional to (ufag)?, and so
its divergence (2.20) generates

NLO,bare LO LO LO

[Ail;:| :_#25|:Z.];:| BOOCS_‘_”.:_[Z;IU‘] BOOJS_2|:§1;:| ,80015111#4""-
9—99

(2.29)

The difference between the In p terms of (2.28) and (2.29) is made up by the last term of

the renormalization (2.27), as we’ll now make explicit while also keeping track of all O(e)

d=2 ¢ a=2 ¢

pieces of the conversion.

#1See in particular the discussion of eq. (F.31) of ref. [19].
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To start, we need the d = 2 — e dimensional result for the leading-order single splitting
process, which appears in (2.27). We'll find it convenient to write this as

LO
[df} =2Re [dl“] , (2.30a)
dx d=2—¢

where complex-valued [dl'/dz].z is the result for the 27 diagram of figure 3:22

dar B ueasd 14 d 21 6/2,
|:d:E:|§:v N 8 P(.’I?) B (2 + 4’ 4) M()QO ZQO
2
Qg . € Uy 2
=—P Qo [1+ =1 . 2.
5 ()i 0{ +3 n<MOQo> +O(e )] (2.30b)

Here B(z,y) = I'(z)'(y)/T'(xz + y) is the Euler Beta function; we use the short-hand
notations Qqy and My for

—igA 1 1 —i(l — x4 2?)da
Qo =0Q_ = 14— = 2.31
0 1,51?,1 T \/ 2E < +$+1—a}'> \/ 2$(1—$)E I ( 3 )

My=M_141 o =a2(l—2)E; (2.32)

and the DGLAP g — gg splitting function P(x), given by (A.5), is independent of dimen-
sion (see appendix C). Using (2.30), we rewrite the renormalized rate (2.27) as

NLO,ren NLO
[Adﬂ _ [dr] n [Adr] (2.33)
4% |5 s49 A2 | renlog dz ],
with
dr = dr s x(1—1x)
|:d$:| ren log = ~hoas Re <|:d$:| TT |:hl <QOEJ) +In <4 + V& (234)
d=2
and
NLO NLO,bare 5
[Aﬂ - [Adr} +26oas Re [ﬂ ] [1 +1In (“‘ﬂ . (235)
dx g—99g dx g—rgg dx az e QoF

The first term [dI'/dz]ren10g Of (2.33) contains the correct explicit In 1 dependence of (2.28).
The second term [dI'/dz]NC has, by virtue of (2.29), no net divergence 1/e and no net
explicit dependence on In p. In appendix A.3, we implement this combination (2.35) by

grouping all 1/e pieces of our unrenormalized calculations into the form

1 7w2
Obare (6 —l—ln <M>) (236)

Setting opare = 1 displays unrenormalized formulas for [dI'/dz]N"©. Setting opare = 0 in-
stead implements the combination [dT'/dz]N™© of (2.35) once all diagrams are summed over.

*28pecifically, eqgs. (3.1), (3.2) and (3.7) of ref. [27] give (2.30) above, except one needs to include the
factor of 1€ discussed previously. See also the QED version in eq. (F.44) of ref. [19].
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In this way, appendix A.3 simultaneously presents both bare and renormalized expressions
for NLO g — gg.
For later convenience, we find it useful to also define

drwe droren rgp
= = |2 + | (2.37)
Llg—gg L1999 L ] renlog
so that we can rewrite (2.26) as
dr LO+NLO dr LO dr NLO
[a] _ {] + [a] (2.38)
dx 939 dzx dzx 9—+gg

This is the meaning behind the notation we used back in (1.5). The notation is convenient
because, for our final renormalized g — ¢g results listed in appendix A, the notation distin-
guishes the parts [A dT'/ da;]m of our results that are expressed in terms of y integrals,??
like in (1.6), from the parts [dI'/dz]=C above that are not.

3 IR divergences in energy loss calculations

We now discuss in detail how the IR behavior of various measures of the development of
in-medium high-energy QCD parton showers depends only on the combination

_CAaS dr’ Lolniy (3.1)
8 y ’

v(z,y) + 3r(z,y) ~ o

of virtual and real diagrams introduced in (1.11), for which power-law IR divergences
cancel. In this section, &~ indicates an equality that is valid at leading-log order.

3.1 General shower evolution

We start by looking generally at the evolution of the distribution of partons in such a
shower. This will generalize, to NLO, similar methods that have been applied by Blaizot
et al. at leading order [35, 36].24

In what follows, let Ejy be the energy of the initial parton that starts the entire shower.
We will let ( E refer to the energy of some parton in the shower as the shower develops, and
we will refer to the distribution of shower partons in ¢ at time ¢ as N((, Eg,t). Formally,
the total number of partons remaining in the shower at time ¢ is then fol d¢ N(¢, Ep,t),
but this particular integral is IR divergent, not least because some fraction of the energy
of the shower will have come to a stop in the medium (¢ = 0) and thermalized by time
t. However, one may also use N((, Fy,t) to calculate IR-safe characteristics of the shower,
including N (¢, Fo, t) itself for fixed ¢ > 0.2

ZSpecifically, [A dl"/dx]m is given by (A.52) and the formulas following it with ohare = 0.

24Gee also earlier leading-order work by Jeon and Moore [37], which avoided the ¢ approximation and
treated the quark-gluon plasma as weakly coupled.

?5See the leading-order analysis of N (¢, Eo,t) in refs. [35, 36]. (Be aware that their analytic results depend
on approximating [dI'/dz]*° by something more tractable.) For a next-to-leading-order example, see the
related discussion of charge stopping distance and other moments of the charge stopping distribution for
large-Ny QED in appendix C of ref. [13].
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3.1.1 Basic evolution equation

The basic evolution equation to start with is (see appendix B for some more detail)?¢

0 . 1 dx dar’ CEy ¢
&N(Cv E07t) - _F(CEO) N(Cv E07t) + /C ? |:d$ (.I', :):):| et N (E’ E07t> ’ (32)
where T
o) .

refers to the net rate (1.5) to produce one daughter of energy xE (plus any other daughters)
via single splitting or overlapping double splitting from a parton of energy E. The total
splitting rate I' in the loss term is

1 /1 dr1-° dr1NEo 1 /1 -z dr
21 Jo dx dx 999 3 Jo 0 dx dy g—+ggg

where the 1/2! and 1/3! are the final-state identical particle factors for ¢ — gg and g — ggg.

The first and second terms in (3.2) are respectively loss and gain terms for N((, Ep,t).
The gain term corresponds to the rate for any higher-energy particle in the shower (energy
(Ep/x) to split and produce a daughter whose energy is (Ey. To keep formulas simple here
and throughout this discussion, we will not explicitly write the IR cut-off ¢ in integration
limits.

By comparing (3.4) to (1.5), note that

b [dr

I(E) # / dz [(x, E’)} (3.5)
0 dx net

because of the different combinatoric factors involved in how [dI'/dx]yet is defined. This is

related to the fact that (3.2) should not conserve the total number of partons: each g — gg

should add a parton, and each g — ggg should add two partons.?”

The various pieces that go into the calculation of the right-hand side of the evolution
equation (3.2) have various power-law IR divergences which cancel in the combination
of all the terms. We now focus on identifying those divergences and showing how to
reorganize (3.2) into an equivalent form where power-law IR divergences are eliminated
from the integrals that must be done.

26This equation is only meant to be valid for particle energies (F large compared to the temperature T of
the plasma. In the high-energy and infinite-medium limit that we are working in, the evolution of particles
in the shower whose energy has degraded to ~ T has a negligible (i.e. suppressed by a power of T'/E) effect
on questions about in-medium shower development and calculations of where the shower deposits its energy
into the plasma. See, for example, the discussions in refs. [38] and [35]. For discussion of some of the theory
issues that would be involved in going beyond this high-energy approximation for single-splitting processes,
see, as two examples, refs. [37] and [39].

2TOne way to see this clearly is to over-simplify the problem by pretending that splitting rates did not
depend on energy F, then integrate both sides of (3.2) over (, and rewrite fol d¢ f; dz/x = fol dx fol d¢
with ¢ = (/2. Formally, this would give ON /0t = +(Tg—sgg + 2 Al g gg9) N, where N is the total number
of partons in the shower and T'y_, 4y = I'"° + ATYEO . From the coefficients +1 and +2 of I'y_, 4, and
ATy, 44¢ in this expression, one can see explicitly the number of partons added by each type of process.

- 29 —



3.1.2 x — 0 or 1 divergences at leading order

To start, let’s ignore NLO corrections for a moment and look at the leading-order version
of (3.2):

) > Ldz [dr Lo
—N(C, Eg, t) ~ —T"O(CEy) N(C, Eo, t — | = (z, & N (&, Eo,t 3.6
T (¢, Eo, 1) (CEo) N(C, Eo, )+/< . [da: (567 x) <m, 0, ) (3.6)
with L
s 1 /Y [drte
oFE) == | de|—| . .
)= [ s |G (37)
The leading-order rate [dT'/dz]™© diverges as
arte 1
|:d{1j‘:| ~ W asx —0Qorl (38)

[see eq. (2.16) with ¢ = 0]. Up to logarithmic factors, this divergence is the same for
[dT'/dz]"© (2.37) as well. This means that the integral (3.7) that gives the total rate IO
generates power-law IR divergences from both the x+ — 0 and x — 1 parts of the integration
region. In contrast, the integral for the gain term in (3.6) runs from (>0 to 1 and so only
generates a divergence from the x — 1 behavior. That means that we cannot get rid of
the IR divergences simply by directly combining the integrands. However, if we first use

the identical final-particle symmetry z <+ 1 — z of [dT'/dz]X° to rewrite (3.7) as

IO () — /1 /12 da [;”;]LO (3.9)

then we can combine the loss and gain terms in (3.6) into

) 1 dr Lo .

—N((, Eo,t) ~ [ dxd — %(x, CEo)| N(¢ Eop,t)6(z>3)
0

ot
LO
+ [Zl; (33 CfO)} N (g,Eo,t) 9(“"50} (3.10)
Similar to (1.7), we have implemented the actual limits of integration here using step
functions 6(---) so that we may combine the integrands. Because of the 6 functions, the
integrand has no support for x — 0 and so no divergence associated with x — 0. Because
we have combined the integrands, however, one can see that the integrand behaves like
1/(1 — x)'/2 instead of 1/(1 — )32 (3.8) as x — 1 because of cancellation in that limit
between the loss and gain contributions. So the form (3.10) has the advantage that the
integral is completely convergent, and there are no IR divergences in this equation for any
given ¢ > 0.

3.1.3 y — 0 divergences at NLO

As discussed in section 1.2, ¢ — ggg and NLO g — gg processes generate power-law IR di-
vergences as the energy of the softest real or virtual gluon (whose longitudinal momentum
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Figure 13. The integration regions (shaded) for the various terms in (3.11) corresponding to
(a) Class I virtual diagrams, (b) their £ — 1 — 2 cousins, (c¢) Class II virtual diagrams, and (d)
g — ggg diagrams. The colored lines correspond to limits of the integration regions, which generate
IR divergences. See the caption of figure 15 for the distinction between the red vs. blue lines here.

fraction we often arrange to correspond to the letter y) goes to zero. We have already dis-
cussed how those power-law IR divergences cancel in the combination [A dI'/dz]NEO (1.7),
which is the combination that appears in the NLO contribution to the gain term in the
evolution equation (3.2). But the loss term involves a different combination I' (3.4) of real
and virtual diagrams, and so we must check that a similar cancellation occurs there.
Recalling that our NLO g — gg diagrams consist of our Class I diagrams (figure 4),
their £ — 1 — x cousins, and our class II diagrams (figure 5), the NLO contribution to the

total rate (3.4) is, in more detail,

1 1—z dr 1 dr
ATNO (B /m{(/ dy[A ] >+a:—>1—a: +/dy[A } }
( ) 2‘ dl‘ dy virt I ( ) 0 de‘ dy virt IT

11—z T
d:n / [ d ] . (3.11)
dz dy 9—999

[Compare and contrast to (1.5b).] Figure 13 shows the various integration regions corre-

sponding to the different terms above and the limits of integration producing IR divergences
(which is all of them).

We will now align the location of the IR divergences so that we can eventually combine
the different integrals and eliminate power-law divergences. First, note by change v — 1—x
of integration variables, the “(z — 1—x)” term in (3.11) gives the same result as the “virt I”
term. Second, simultaneously use the  — 1 — x and y — 1 — y symmetries of Class II
diagrams to divide the integration region of figure 13c in half diagonally, giving

/dw/”dy{[ ™ 22w )
dx dy virt I dx dy virt 11

1-z
dx/ dy [A} . (3.12)
Az dy ] 4,44

For the NLO g — gg contributions, we now divide the integration region into (i) 0 < y <

(1—x)/2 and (i) (1 —x)/2 < y < 1 —x and change integration variables y — z=1—x—y
in the latter, similar to the manipulations used earlier to obtain (1.7). For the ¢ — ggg
contributions, note that permutation symmetry for the three final daughters (z, y, z) implies
the integral over each of the six regions shown in figure 14 is the same. We can therefore
replace the integral over all six regions by three times the integral over the bottom two,
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Figure 14. Equivalent integration regions for ¢ — ggg corresponding to permutations of the

daughters (z,y, z). The common vertex of these regions is at (z,y,z) = (%, %, %)

1
y y .
% x 1 / x
(a,b,c) (d)

Figure 15. The integration regions in (3.14). The labels (a,b,c) and (d) correspond to the original
origin of these terms in figure 13. Colored lines again denote limits of integration associated with IR
divergences. Power-law divergences associated with the red lines above cancel each other in (3.14).
Blue line divergences only cancel when loss and gain terms are combined in (3.16¢). The origins of
the red vs. blue divergences here are depicted by the red vs. blue lines in figure 13.

depicted by the shaded region of figure 15d. [We will see later the advantage of integrating
over these two regions instead of reducing the integral to just one region.] Eq. (3.12) can
then be written as

- 1 1/2
ATNIO () — /O dx/o dy{v(g;,y)e(y <338) + gr(z,y) by < 2)0(y < 1535)},
(3.13)

with v and r defined as in (1.8). We will find it convenient to change integration variable
x — 1 — x in the first term and rewrite the equation as

_ 1 1/2
ATNO(B) = /0 dx/o dy{v(l —z,y)0(y<%)+ %r(:c,y)@(y <z)f(y< 121)}
(3.14)
The integration regions corresponding to the two terms in (3.14) are shown in figure 15,
where the only IR divergences correspond to y — 0 or z — 1.

The rationale for the last change was to convert x — 0 divergences into x — 1 di-
vergences (the blue line in figure 15), which we will later see then cancel similar x — 1
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divergences in the gain term of the evolution equation. For the moment, however, we focus
only on the y — 0 divergences of (3.14), depicted by the red lines in figure 15. In the limit
y — 0 (for fixed x), the integrand in (3.14) approaches

U(l - x,y) + %T(CL‘,y) = U(l - l',y) + %T(Zvy) = U(l - :Evy) + %T(l - xay)v (315)

where the first equality follows because g — g¢ggg is symmetric under permutations of
(z,y,z). The right-hand side of (3.15) is the same combination as (1.11) but with x —
1 — 2. In figure 8, we verified numerically that y~3/2 divergences (which generate power-
law IR divergences when integrated) indeed cancel in this combination, leaving behind the
double-log divergence shown in (1.11) [which happens to be symmetric under x — 1 — z].

Interested readers can find non-numerical information on how the y~3/2

divergences cancel
in appendix E.

One can now see why we did not replace the integral of r(z, y) over the two sub-regions
shown in figure 15 by, for example, twice the integral of just the left-hand sub-region
(x <y < z). If we had done the latter, there would be no r term for x > 1/2 and so
—3/2 divergence of v(1 — z,y) for z > 1/2. We had to be careful

how we organized things to achieve our goal that the y integral in (3.14) not generate a

nothing would cancel the y

power-law IR divergence for any value of x.

Next, we turn to our final goal for this section of showing that the integrals in the evo-
lution equation for N ((, Eo,t) can be arranged to directly avoid power-law IR divergences
for the entire integration over both x and y.

3.1.4 2z — 0 or 1 divergences at NLO

By using (1.7), (3.10), and (3.14) in the shower evolution equation (3.2), we can now
combine integrals to avoid all power-law divergences:

ON(C, o 1) = 8 + 8O (3.162)
where
_ 1 Lo
SO :/0 daj{— [;ﬂ;(x’CEO)] N (¢, Eo,t) 0 (z > 3)
d Lo 0
+ [d]; (az, C?)] N (%)E(bt) (x;()} (3.16Db)
and

SNLO _ /da:/l/Qdy{ [ (1— xy)@(y<§)+%r(m,y)0(y<x)9(y<v)}N(C,EO,t)

(3.16¢)

+[ (z,9) 0 (y<152) +v(1— xy)ﬁ(y<§)+T(x,y)9(y<1§””)]N<g,Eo,t)

We’ve previously seen that the LO piece SO is free of divergences. And we’ve seen that

the loss and gain terms of the NLO piece SNLO are each free of power-law divergences
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associated with y — 0 (with fixed ). Now consider divergences of SNLO associated with
the behavior of . The integrand in (3.16¢) has no support as z — 0 (fixed y). And for
x — 1 (fixed y), there is a cancellation between the loss and gain terms. So there is no
divergence of SNYO associated with 2 — 0 or z — 1.2

In summary, the only IR divergences coming from SNO are the uncanceled double-log
divergences associated with y — 0.

3.2 Absorbing double logs into ¢ and comparison with known results

Refs. [10-12] have previously performed leading-log calculations of overlap corrections and
shown that the double-log IR divergences can be absorbed into the medium parameter q.
We will now verify that the double-log piece of our results produces the same modifica-
tion [40] of q.

3.2.1 Double-log correction for [dl'/dx]pet
Let’s start with the relatively simple situation of the [dI'/dz]net introduced in section 1.2.
From the discussion of (1.7) through (1.11), the double-log divergence of the NLO contri-
bution to [dT'/dx]yet is given by’
drNEo . Caas [dl Lo /1/2d Iny Chaas
dx ~ 47 s Y y 8

In?§ 1
- n-é, (3.17)

net

where we have re-introduced our sharp IR cut-off §. Combining (3.17) with [d['/dz]net =
[dT" /dx]“© + [dT/dz]NEO gives

net
dr Caos . o ] [dD]©
= ~1 26| [—| . 3.18
]S 2 e19

Since [dT'/dx]"C « \/G/F [see (2.12) and (2.16)], the double-log correction above can be
absorbed at this order by replacing ¢ by

Caag

™

Goff = [1 + In? 5} q. (3.19)
The corresponding leading-log modification of ¢ from earlier literature [10-12, 40] is
usually expressed in the final form

Go (L) = [1 + 0‘570‘ In? <L>] g, (3.20)

s T0

where L is the thickness of the medium and 7y is taken to be of order the mean free path
for elastic scattering in the medium. In order to compare (3.19) and (3.20), we need to
translate.

28This statement relies on the observation that the various NLO g — gg differential rates making up

=3/2 as some parton with longitudinal momentum fraction s becomes soft,

v(z,y) diverge no faster than s

e.g. (1—x)7%? as & — 1. The cancellation between the gain and loss terms in (3.16c) reduces that by one

power, to (1 — z)~'/2, which is an integrable singularity and so generates no divergence for (3.16c).
2Note that (2.34) has no IR double log contribution, so the distinction between (LO,NLO) and (LO, NLO)

can be ignored for this discussion.
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Figure 16. The region of integration (3.23) giving rise to a double log in the ¢ approximation
with (a) no cut off, (b) the cut off At ~ 7y used in earlier literature, and (c) the IR regulator y ~
used in our calculations. See text for discussion.

First, for simplicity, we have been working in the infinite-medium approximation, which
assumes that the size of the medium is large compared to all relevant formation lengths.
Eq. (3.20) instead focuses on the phenomenologically often-relevant case where the width
L of the medium is < the formation time t¢,m (z) associated with the harder splitting .
One may convert at leading-log level by considering the boundary case where

L ~ tiorm (). (3.21)

Parametric substitutions like this inside the arguments of logarithms are adequate for a
leading-log analysis.

What remains is to translate between the use of two different types of cut-offs in (3.19)
and (3.20): § and 79. To understand the effect of the cut-offs, it is useful to review where
double logs come from in the ¢ approximation, at first ignoring the cut-offs altogether.
Parametrically, the IR double log arises from an integral of the form

B 52

over the integration region shown in figure 16a, given by3"

yE
qL

K At < tiorm () - (3.23a)

Using trorm(y) ~ /yE /G for small y, these inequalities can be equivalently expressed as a

range on y:
o aan? o o kAt (3.23b)

30Using (3.21) and torm (€) ~ +/EE/§ for small €, (3.23a) can be put in the form y/E/x§ < At < \/yE/§

presented in eq. (9.3) of ref. [25] for y < = < z. The equivalence, in turn, with notation used in some of
the original work on double logs in the NLO LPM effect is discussed in appendix F.1 of ref. [25].

~ 98 —



Now consider two different ways to evaluate the double logarithm (3.22). The first
method is to add a lower cut-off 7y on At, as in figure 16b. Using (3.23b), that’s

L (A GLAt/E L g(A I I
%/ d(t)/ dy:/ Mln() =l <> (3.24)
7o At (j(At)Q/E y 70 At At T0

Alternatively, adding a lower cut- off d on y as in figure 16¢, using (3.21), and assuming
r <1 5 so that parametrically tform(7) ~ \/2E/q, the double log (3.22) is regulated to

tform y) A E4 AL E4
/ dy/ d t / dyhl(q tform(y)>%/ dyln(\/5>:ilr12 <5)
yE/GL s Y yE s Y Yy x
(3.25)
When we extract just the double log dependence In26 on the parameter J, there is no

difference (for fixed z) at leading-log order between In?(§/z) and In?§. At that level,
comparison of (3.24) and (3.25) gives the leading-log translation

In? (L> — 21?0 (3.26)
70
between IR-regularization with 79 and 6. Applied to the standard double log result (3.20),
this translation exactly reproduces the double log behavior (3.19) of our own results.

We will return to the x dependence of (3.25) when we later examine sub-leading single-
log corrections in section 4.

Our § is simply a formal IR regulator. In contrast, there is a plausible physical reason
for using the elastic mean free path 79 as an IR regulator at the double log level: the ¢
approximation used throughout our discussion and earlier literature is a multiple-scattering
approximation that requires long time periods compared to the mean free time between
collisions. However, beyond leading-log order, the use of a 7y cut-off would be problematic
for full NLO calculations. In our calculations, a 79 cut-off would interfere with the correct
UV-renormalization of as, which comes from At — 0 (and small enough time scales that
even ¢-approximation propagators faithfully reproduce vacuum propagators). So in this
paper we have just chosen the formal IR regulator, §, that seemed most convenient for our
calculations.

In order to use IR-regulated results for NLO splitting rates, one must either compute
quantities that are IR-safe in the ¢ approximation or else make an appropriate matching
calculation for soft emission that takes into account how the QCD LPM effect turns off for
formation lengths < 9.

3.2.2 Physics scales: what if you wanted to take § more seriously?

Though we are simply taking ¢ as a formal IR cut-off for calculations involving the ¢
approximation, we should mention what the physics scales are where our ¢-based analysis
would break down if one used our results for calculations that were sensitive to the value
of . The situation is complicated because there are potentially two scales to consider,
indicated in figure 17. We have given parametric formulas for those scales for the case of a
weakly-coupled quark-gluon plasma. One may translate to a strongly-coupled quark-gluon
plasma, in both the figure and the discussion below, simply by erasing the factors of g.
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Figure 17. Parametric scales associated with various features of figure 16b. The expressions in
terms of 79, ¢ and L match those of the original work [40] on double log corrections to §.

Parametrically, the mean free time between (small-angle) elastic collisions with the
medium is 79 ~ 1/¢*T, and § is ~ g*T®. Using the limits (3.23b) on y, as well as (3.21)
and tom(x) ~ /TE/q, one then finds for At ~ 79 the corresponding soft gluon energies
yF indicated in the figure.

Our formalism breaks down for yE smaller than the lower limit yE ~ T because gluons
of energy T cannot be treated as high-energy compared to the plasma. Note that if one
correspondingly chose § ~ T'/ E without also constraining At, then the resulting double log
region would be larger than has been conventionally assumed in the literature. In contrast,
if one chose 6 ~ \/aT/E, corresponding to the other red line in figure 17, then one would
guarantee that At = 79 but the resulting double log region would be smaller than the one
used in the literature. There is no choice of § alone that corresponds to the traditional
shaded region of figure 17.

3.2.3 Double-log correction for shower evolution equation

The gain term of the shower evolution equation (3.2) depends only on the combination
[d'/dx] et Of rates, and so the same redefinition (3.19) will absorb the double logarithmic
divergence. One expects that this must also work for the loss term in (3.2), which depends
on the combination I', but we should make sure. Since we found that only y — 0 ultimately
contributes to the double logarithm in our later version (3.16) of the evolution equation,
we can focus on the y — 0 behavior of the NLO loss term for fixed x, which corresponds
to the y — 0 behavior of the integrand of (3.14) for ATNO. Using (3.15) and (1.11), the
double log generated by the y integration in (3.14) is

1 LO (1/2 1 LO
ATNLO _CAaS/ dx dr / dy Iny ~ CAO‘S/ d dr n2 5. (3.27)
8t Jo dz 5 ) 167 Jo dz
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Figure 18. An example of an interference between two different amplitudes for double splitting
g — g9 — ggg. The numbers show the energy fractions of gluons relative to the first gluon that
initiated the double-splitting process. The red follows the highest-energy daughter of each individual
g — gg process

When combined with the leading-order rate '™ given by (3.7), we have
1 [t Cras o | [T
I'~ — dr |1 In“d| |— 2
2!/0 v [ T " ] [dm} ’ (3:28)

which indeed involves the same correction to [dI'/dx]“©, and so to ¢, as (3.18).

3.3 Why not talk about dE/dL?

In the literature, it is common to discuss energy loss per unit length (dFE/dL) for a high-
energy particle. This makes sense only if one can unambiguously identify the original
particle after a process that has degraded its energy. For many applications of the LPM
effect, the energy loss occurs by radiation that is soft compared to the initial particle energy
E, and so one can identify the particle afterwards as the only one that still has very high
energy. In this paper, however, we have been focused on the case of a very thick medium
(thick compared to formation lengths). In that case, hard bremsstrahlung is an important
aspect of energy loss. If the two daughters of a splitting have comparable energies, it
becomes more difficult to say which is the successor of the original. For a double-splitting
process beginning with a quark, one can unambiguously (for large N.) choose to follow the
original quark. But, for processes that begin with g — gg, the distinction is less clear.

One possibility might be to formally define dE/dL for g— gg processes by always
following after each splitting the daughter gluon that has the highest energy of the two
daughters. Unfortunately, this procedure is ill-defined when analyzing the effect of overlap-
ping formation times on successive splittings. Consider the interference shown in figure 18
of two different amplitudes for double splitting ¢ — gg — ggg. For each amplitude, the
red gluon line shows which gluon we would follow by choosing the highest-energy daughter
of each individual g — gg splitting. The two amplitudes do not agree on which of the final
three gluons is the successor of the original gluon. That’s not a problem if the individual
splittings are well enough separated that the interference can be ignored, i.e. if formation
lengths for the individual splittings do not overlap. But since we are interested specifically
in calculating such interference, we have no natural way of defining which gluon to fol-
low. This is why we have avoided dF/dL and focused on more general measures of shower
evolution.

The above argument generalizes to g — ggg points made in ref. [13] about e — ve —
eee, ¢ — gq — qqq and ¢ — gq — ggq. However, in those cases, ref. [13] noted that
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dE/dL was nonetheless well-defined in the large Nf or N, limits respectively. In contrast,
the g — ggg interference shown in figure 18 is unsuppressed in the large- N, limit.

3.4 Similar power-law IR cancellations

LPM splitting rates and overlap corrections scale with energy like \/ﬁ , up to logarithms.
For situations where rates are proportional to a power E~" of energy, ref. [13] discusses
how to derive relatively simple formulas for the stopping distance of a shower, and more
generally formulas for various moments of the distribution of where the energy of the shower
is deposited. Those formulas can also be adapted to the case where the rates also have
single-logarithmic dependence £~% In E. This is adequate for analyzing stopping distances
for QED showers [13], but the application to QCD, which has double logs, is unclear. But
even for QCD, one can use those stopping length formulas as yet another context in which
to explore the cancellation of power-law IR divergences. See appendix F for that analysis.

4 IR single logarithms

4.1 Numerics

In (1.11) and section 3.2.1, we extracted the known IR double logarithm from the slope of
a straight-line fit to the small-y behavior of our full numerical results when plotted as

v(z,y) + 5r(z,y)

Cpos [40)10 1

(4.1)

dx

vs. Iny, as in figure 8. The sub-leading single-log behavior can be similarly found, for each
value of x, from the intercept of that straight-line fit. Specifically, refine (1.11) to include
single-log effects by writing

(4.2)

LO (Iny + s(x
v(z,y) + 3r(z,y) ~ _Caas [df] w

8t |dx Y

Here, the y~!Iny term generates the known double-log behavior o In?§ after integration
over ¥, and the new s(x)y~! term allows for additional single-log behavior oc Iné. Then
the combination (4.1) behaves at small y like

v(z,y) + 57(2,y)
2 0, ~ —(lny + s(x)) (4.3)

Y

Chas [dF]

81 dx

The right-hand side represents the straight line fit of figure 8, and the intercept of that fit at
Iny = 0 gives —s(x). Our numerical results for s(z) are shown by circles in figure 19. Note
that s(z) is not symmetric under x — 1 — x. That’s because we defined v(x,y) in (1.8a)
to contain Class I virtual diagrams but not their x — 1 — & cousins.

We do not have anything interesting to say about the precise shape of s(x) itself. But
we can get to something interesting if we note that our original discussion (1.11) of the
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Figure 19. The single-log coefficients s (circles) and 5 (diamonds) as a function of z. The

left-most and right-most data points are for z = 0.01 and « = 0.99, while all other data points are
evenly spaced at x = 0.05, 0.10, 0.15, ..., 0.85, 0.90, 0.95. For comparison, the dashed blue curve
shows the anticipated small-z behavior (4.9) with constant ¢ fit by (4.10), and the solid blue curve
shows the educated guess (4.12) for the full  dependence.

small-y behavior of v(z,y) + 4r(x,y) was in the context of [d'/dx]net, Where v(z,y) +
%r(x, y) appeared in the x <> 1 — 2 symmetric combination

v(z,y) + %T(a:,y)} + [m —1-— az] (4.4)

of (1.10). For this combination, the single log piece corresponds to twice the average

s(z)+s(1—x)
2

s(x)

(4.5)

of s(x) over z <» 1 — x. This §(x) is depicted by the diamonds in figure 19. And even
though we currently have only numerical results for s(x), we will be able to make some
interesting observations about its form by comparing our numerics to an educated guess
that we will discuss in a moment.

[dT/dx]pet, and thus §(x), also appears in our other discussions of IR behavior, such as
the gain term in the evolution equation (3.2) for the gluon distribution N (¢, Eo,t). The loss
term of that equation depends on the total rate I', which treats the two identical daughters
of g — gg processes x and 1 — x on an equal footing.?! So 5(x) is the relevant function
for single log divergences, regardless of the fact that we found it convenient to rewrite I'

31 As was true for [d'/dx dyues, the 7(x,y) contribution representing g — ggg is symmetric in & < z =
1 — 2 — y rather than = <> 1 — z, but the difference is unimportant in the y — 0 limit we are using to
extract IR divergences. More specifically, the difference between r(x,y) = r(1 — x — y,y) and (1 — z,y)
is parametrically smaller as y — 0 than the 1/y terms responsible for the single-log IR divergence under
discussion.

— 33 —



in (3.16) in a way that obscured the x +» 1 —z symmetry of g — gg so that we could make

more explicit the cancellation of power-law IR divergences.3?

4.2 Educated guess for form of 5(z)

Let’s now return to the issue of z dependence in the translation of the standard double
log result In?(L/7p) in (3.24) to the In?§ of our calculations in (3.25). Previously, when we
compared the two, we ignored the x dependence of the In?(§/z) in (3.25). Now keeping
track of that x dependence, the translation (3.26) becomes

In® (TLO) — 11n? (i) (4.6)

Here we assume x < 1—x, and the arguments of the double logarithms are only parametric
estimates. Rewrite the right-hand side of (4.6) as In> A with A ~ §/z. For 2 < 1, this
parametric relation suggests that A ~ #4/x for some proportionality constant #. So (4.6)
suggests that a more precise substitution for z < 1 would be

In? <7l_;> — $1n? <#2> =1im?s+ [ln (;) +1In #} Ino + (IR convergent).  (4.7)
Eq. (4.7) contains information about the small-z dependence of the coefficient of the sub-
leading, single IR-logarithm In .

In a moment, we will attempt to generalize to a guess of the behavior for all values of
x, but first let’s see how (4.6) compares to our numerics. Consider the logarithms arising
from a symmetrized § version of (4.2), whose integral over y would be proportional to

1 _
- /6dy (ny—l—ys(x)) = %ln2 d + 5(z)Ind + (IR convergent). (4.8)

Comparison of (4.7) with (4.8) suggests that

5(z) ~In (i) +c (y<z<l), (4.9)

where ¢ = In# is a constant that is not determined by this argument and must be fit to
our numerics. The dashed blue curve in figure 19 shows (4.9) with

c=9.0 (4.10)

on the graph of our full numerical results. The form (4.9) works well for small z.

To make an educated guess for the full x dependence of 5(x), we need to replace (4.9)
by something symmetric in x «» 1—2z. The formation time tgm, (), related to the harmonic
oscillator frequency Qg of (2.31) by

1 —ida 1 1
= 062 = S
@~ 1l ’ 5% ( Tt To w)

32If desired, one could achieve both goals by replacing the integrand in (3.16) by its average over x <> 1—zx.

, (4.11)
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Figure 20. Extraction via (4.13) of the z-dependence of the “constant” ¢ in the form (4.12)
for 5(x).

is symmetric in x <+ 1 — z and plays a major role in the LPM effect. So, even though
our arguments about double logs have only been parametric, let us see what happens if
we guess that the 1/z in (4.9) is arising from the small x behavior of (4.11), and so we
replace (4.9) by
1 1
s(e)=In| -1+ -+ —— . 4.12
5(x) n( +x+1—x>+c (4.12)

This guess is shown by the solid blue curve in figure 19.

4.3 How well does the educated guess work?

As the figure shows, (4.12) captures the 2 dependence of the single log coefficient §(x) very
well. However, it is not quite perfect. To see the discrepancies, one may use (4.2) together
with (4.12) to extract from our numerical results for v(z,y) + $r(z,y) the best choice c(z)
of ¢ for each individual value of x:

o) = lim %([U(ZL‘,]J)-F%T(:C,Z/)]—F[I‘H1—1’])_ ) AT
() = limy Gy (4]0 1 [l y+1< 1+m+1_x>}

(4.13)
If the guess (4.12) for the form of §(z) were exactly right, then ¢(x) would be an z-
independent constant. But figure 20 shows a small variation of our ¢(x) with z. Our
educated guess is a good approximation but appears not to be the entire story for under-
standing IR single logs. The variation of ¢(z) in figure 20 is the reason that we have not
bothered to determine the small-z value of ¢ in (4.9) to better precision than (4.10).
We should note that the value of ¢ will be IR-regularization scheme dependent. If
we had regulated the IR with a smooth cut-off at p™ ~ PT§ instead of a hard cut off, a
different value of ¢ would be needed to keep the physics the same on the right-hand side
of (4.8) with the different meaning of 4.
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5 Theorist error

The results presented in appendix A for overlap effects on double splitting calculations
represent the culmination of a very long series of calculations [19, 25-27] that required
addressing many subtle technical issues as well as many involved arguments computing
expansions in e for novel dimensionally-regulated quantities. In the absence of calculations
by an independent group using independent methods, a natural worry must be whether
somewhere our group might have made a mistake that would noticeably affect our final
results. We refer to this possibility as “theorist error,” in contrast to “theoretical error”
estimates of uncertainty arising from the approximations used.

Though we cannot absolutely guarantee the absence of theorist error, we think it useful
to list a number of cross-checks and features of our calculations. Some of these check our
treatment of technical subtleties of the calculation.

1. The power-law IR divergences computed for real and virtual diagrams in the ¢ approx-
imation cancel each other, as discussed in this paper. Sub-leading IR divergences,
which do not cancel, correctly reproduce the IR double log [40] known from pre-
vious, independent calculations [10-12] that analyzed overlap effects in leading-log

approximation.

2. Our calculation generates the correct 1/e UV divergences for the known renormaliza-
tion of ag. This includes the cancellation of mixed UV-IR divergences, which is one
of the subtleties of Light-Cone Perturbation Theory.

3. In the soft limit y < = < 1 of ¢ — ggg, crossed [25] and sequential [26] diagrams
give contributions to AT'/dx dy that behave like In(z/y)/xy?/2. But the logarithmic
enhancement of these 1 /xy?’/ 2 contributions cancels when all ¢ — ggg processes are
added together, reassuringly consistent with the Gunion-Bertsch picture presented in
appendix B of ref. [26]. When our formalism is applied instead to large- Ny QED [19],
the analogous logarithm does not cancel. In that case, its coefficient reassuringly
matches what one would expect from DGLAP-like arguments, as explained in sec-
tion 2.2.3 of ref. [19].

4. One of the technical subtleties of our methods has to do with identifying the cor-
rect branch to take for logarithms In C' of complex or negative numbers, which may
arise in dimensional regularization, for example, from the expansion of a C¢. See
section 4.6 and appendix H of ref. [27], as well as appendix H.1 of ref. [19], for ex-
amples where the determination of the appropriate branch requires care. Making a
mistake of £27¢ in the evaluation of a logarithm would generally have a significant
effect on our results. But we do have some consistency checks on such “m terms”
that result from the logarithm of the phases of complex numbers in our calculation.
One check is illustrated by appendix E, where m terms associated with individual
diagrams must all cancel as one part of the cancellation of IR power-law divergences.
A different, somewhat indirect cancellation test of 7 terms generated by dimensional
regularization is given in appendix D of ref. [27].
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5. Here is another test of an O(e) term in the expansion of dimensional regularization
of a UV-divergent diagram. Recall that both ¢ — ggg and NLO g — gg processes
have power-law IR divergences of the form |, sdy/ y?/2 ~ 6712 where the power law
y~3/2 matches a physical argument given in section LD of ref. [26]. In the calculation
of divergent diagrams, the UV-sensitive piece of the calculation is isolated into what
are called “pole” pieces in refs. [19, 25-27] and in appendix A. These pole pieces
are evaluated analytically with dimensional regularization and yield 1/e divergences
plus finite O(e") contributions. The remaining UV-insensitive contributions to the
diagrams are evaluated with numerical integration. For some of the crossed virtual
diagrams (top line of figure 4), both the O(e’) pole piece and the UV-insensitive
numerical integral®® turn out to have spurious IR divergences that are more IR di-
vergent than the power-law divergences we have discussed. However, they also turn
out to exactly cancel each other. For example, in appendix E.4, we show how the
integral associated with 2 Re(zyyz) has an unwanted [ dy/y* ~ 6! divergence from
y — 0 that is canceled by the O(e") piece of the UV-divergent pole term.?*

6 Conclusion

The results of this paper (combined with those of earlier papers) are the complete formulas
in appendix A for the effects of overlapping formation times associated with the various
g — ggg and g — gg processes of figures 1-5. But there are still missing pieces we need
before we can answer the qualitative question which motivates this work: are overlap effects
small enough that an in-medium shower can be treated as a collection of individual high-
energy partons, assuming one first absorbs potentially large double logarithms into the
effective value of ¢7

First, for a complete calculation, we will also need processes involving longitudinal
gluon exchange and direct 4-gluon vertices, such as in figure 7. The methods for computing
those diagrams are known, and so it should only take an investment of care and time to
include them.

More importantly, our results as given are double-log IR divergent. The known double-
log IR divergence can easily be subtracted away from our results and absorbed into the
effective value of ¢ reviewed in section 3.2.1. However, this potentially leaves behind a
sub-leading single-log IR divergence. We’ve seen from numerics that much of those single-
log divergences can also be absorbed into g by accounting for the x dependence of the
natural choice of scale for the double-log contribution to gef, but there remains a smaller
part of the single-log IR divergences that is not yet understood. In order to make progress
and understand the structure of the single logarithms, we hope in the future to extract

33In formulas, the pole piece of the crossed virtual diagrams corresponds to eq. (A.58) for Asf’rlflc. whereas
the UV-insensitive piece is the integral shown in (A.55). For more details on exactly how the pole piece is
defined, see appendix D.

34This is unrelated (as far as we know) to a different class of cases, where individual diagrams have
unwanted IR divergences that are only canceled by similar divergences of another diagram. See the two

pairs of fdz/25/2 divergences in table 1 in appendix E.
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analytic (as opposed to numerical) results for them from our full diagrammatic results.
We have also not yet determined whether diagrams involving longitudinal gluon exchange,
which have so far been left out, contribute to IR single logarithms.

It would be extremely helpful, both conceptually and as a check of our own work, if
someone can figure out a way to directly and independently compute the sub-leading single-
log IR divergences without going through the entire complicated and drawn-out process
that we have used to compute our full results.
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A Summary of rate formulas

In this appendix, we collect final results for the elements contributing to the leading-order
g — gg rate, its NLO corrections, and the g — ggg rate:

Lo p1NLO r
[d} | [Ad] | [A ! } | (A1)
dz L P dxdy | 569
Throughout this appendix, we define
z=1—a—y (A.2)

as in the main text.

We remind readers that in this paper we have not included diagrams involving 4-gluon
vertices or instantaneous interactions via longitudinal gauge boson exchange, such as the
examples of figure 7.

A.1 Leading-order splitting rate
A.1.1 d =2 transverse spatial dimensions
In our notation, the leading-order g — gg rate is

d£
dx

LO o
] = = P(x) Re(if) (A.3)

with

—igA 1 1 —i(1 — x4 2?)da
Op — B = A4
0 \/2E < +:U+1—:L‘> \/ 2z(1 —2)E (A.4)
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and the ¢ — ¢ DGLAP splitting function

1+a'+(1—a)!
z(1—x)

2(1 — x4 2%)?

Plw) = Ca z(1—z)

(A.5)

Here and throughout this paper, our P(x) is just the function above and does not include
the pieces of the usual DGLAP splitting function used to include the effect of virtual
diagrams. In particular, the 1/(1 — z) above is just the ordinary function 1/(1 — z) and
not the distribution 1/(1 — x)4, and our P(z) above does not contain a d-function term
0(1—x). When we need to deal with virtual diagrams in this paper, we will do so explicitly.

The absolute value signs in (A.5) may seem redundant since the absolute value is
taken of a quantity that is manifestly positive for 0 < & < 1. They are included so that our
definition of P(x) works with front-end transformations, for the same reasons described
after (A.23) below.

For the sake of later formulas for virtual corrections, it will be helpful to also express
the above result in terms of the xZ diagram of figure 3 as

[dr]-© dl
- —9 hainll A.
_d.l‘_ Re |:d$:|;ti ( 6)
with I
«
— =_=p ). A.
| =5 P@i (A7)

A.1.2 d=2-— ¢ transverse spatial dimensions

Equations (A.3) and (A.6) are all we need for the leading-order result for renormalized
calculations. However, for comparison with intermediate, unrenormalized results, the d =
2 — € version is given in (2.30).

A.1.3 LO rate

For some applications, we have found it convenient to group together the LO rate with the

dr*© [dr
|:Ad$:| " |:dCL‘:| ren log ’ <A8)

NLO renormalization logarithm as

LO
[ df]
dx

where [dI'/dx]ien1og is given by (A.50).

A.2 g — ggg rate

For the diagrams considered in this paper, we have

[A dl“} :[dF] +[A dl“} ’ (A.9)
dx dy 9—999 dx dy crossed dx dy seq

where the first term represents the crossed diagrams of figure 1 and the second term the

sequential diagrams of figure 2. A summary of the formulas for these rates appears in
appendix A of ref. [24]. We will also present them here (i) for convenient reference in this
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paper, especially since many of the new formulas we need are related, (ii) because some
minor modifications are needed [to (A.23) and (A.46) below] to make the formulas work
in a simple way with front-end transformations, (iii) because we’ve rewritten some old
formulas [such as (A.15)] in a way that makes clearer their relation to some new formulas
[such as (A.58)], and (iv) to include some notational definitions [such as (A.20) and (A.44)]
that were omitted from the summary in ref. [24].

A.2.1 Crossed diagrams

Here we collect the result for the crossed diagrams [25] as corrected by ref. [27]. A brief

summary of the interpretation of each piece below can be found in section VIII of ref. [25].
dar

[dfﬁ dy] crossed

= A(z,y) + A(z,y) + A(z, 2) (A.10)

Az, y) = AP (z, y) + /000 d(At) 2Re[B(z,y, At) + B(y,z, At)] (A.11)

B(z,y, At) = C({Zi}, o, 8,7, At) + C({z3}, B, a, v, At) + C({Zi}, 7, o, B, At)
- C(_17y7zax7a75777 At) + C(_(l - y)7 Y, 1- %3775704;% At)

—I—C(—y,—(l—y),x,l—m,’y,a,,@,At) (A12)
C=D-1lmD (A.13)
G—0

D(x1, o, w3, 24, 0, 8,77, At) =

C3% a2 M; M
3214 E2

X {(BYyYy + aY 5 Y5 ) lo + (a4 B+ 2v) Zys Iy

(—x1292314) Q40 csc(Q4 At) csc(Q_At)

+ [(a+ NV Y5 + (B +7)Yy5Yys] o — (o + 8+ 7)(Vys¥sls + YyYny4)}

(A.14)
ole C2 as
APle(g, ) = SA% a1 - 2)(1 )
Y[
X Re ( — i(Q—l,l—x,x + Q—(l—y),z,x + Q—1,1—y,y + Q—(l—m),z,y)
X {((a + B8)z(1 —2)(1 —y) + (a + 7)zyz) [ln (O—JW) - iﬂ}
+2(a—|—/3+’y):cyz}) (A.15)
472
IO (A16a)
(XyX? ng)
272 X2
L= —"—In|1-2 (A.16Db)
Xyy ( XyXy>
272 2 472
L="5MIn(1--2 |+ (A.16¢)
X5 ( XyXy> (Xy Xy — X75)
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4 X5

I3 = A.16d
Xp(Xy Xy — X7) ( )
42 X
I W A.16
YT X (X Xy — X2 (A.16e)
(iyy 2 _ (’M i 0) —ia; TR cot(Q AL o ! (A.17a)
<§y ?) _ (’MM > —ia ' T Qcot(Q At) a3t (A.17D)
ny yy = —ia; " Qesc(QAt) ay ! (A.17c)
Yyy Zyy
0= ( 0 > (A.18)
M; = z1x4(21 + 24) E, M = z3wy(x3 + 24)FE (A.19a)
iga (1 1 1 ZqA 1 1 1
R Ny (R L = LR Al
\/ 2F (wl +x4 1L'1+3;‘4> f \/ 2F < +x4 $3+1‘4> ( 9b)
ign (1 1 1 >
Q e (= — A.20
€1,62,€3 \/ oF (51 & & ( )
C3y Cy
ay = i (A.21)
Y (CE Cha
1 —IT3 —X9
= — 7 A.22
y (x1 + z4) ( Ty x1> 4 ( )
a — . y
i B O I = o e o R PR el
Y +
1-2z 11—y
x3y32(1 —y) x3y3z(1 —x)3
L ° Y
L) PP A -2 —y)| 23221 —2)(1 —y)
= * |
yA—o)(1-y)| [2°9°2°(1 —2)(1—y)
+ 11—z 1—y
+ |+
N xyz3(1 —y)3 xyz3(1 — x)3
z 1
A2
ey =P (=P | |zg (1 =P — g ] (8.23)
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Note that the (o, 8,7) used in the definition (A.12) of B are implicitly functions (A.46) of
the arguments x and y of B(x,y, At) [with z =1 — 2 — y|. This is important in formulas
such as (A.11), where in some terms those local arguments are replaced by other variables.

Eq. (A.23) gives («, 3,7) for d = 2. However, as explained in appendix C (which gives
the more general formulas for d = 2 — €), the d = 2 formulas for («, 3,7) are all that is
needed here in appendix A.

The absolute value signs in (A.23) may seem unnecessary since g — ggg processes
have parton longitudinal momentum fractions z, y, 2z, 1 — x, 1 — y all positive. The
advantage of including an absolute value sign around every such parton momentum fraction
[which is equivalent to the use of absolute value signs in (A.23)] is that they make front-
end transformations like (2.7) work in a simple way, despite the fact that the front-end
transformation replaces by a negative number.3?

The ¢ — 0 limit for the vacuum piece in (A.13) corresponds to taking all §2’s to zero
and so making the replacements

0 — 0, Qf — 0, Qcot(QAL) — (At) ', Qesc(QAL) — (A1, (A.24)
Q1 cse(QeAt) — (A7 (A.25)

where 1 is the identity matrix. For numerical evaluation, one must take care that the
above takes Xyy — 0 and so

272

L —0 I — .
1 3 2 XyX}—,

(A.26)

A.2.2 4-particle frequencies and normal modes

Here we collect formulas for the large-N. frequencies and normal modes associated with
4-particle propagation (section V.B of ref. [25]).

iga (11 1 1 1/2
Q- |-t L 1 LR (A.27)
A4F \x1 x99 X3 X4
1 1 1 1 x3 + x4)% + (21 + 24)?
PP SR O i 2 .2 (A.28)
€Ty x5 1‘3 Ty T1T2X3T4

€T 13 1 1 1 xI1
ct = N — -+ = + VA A.29
34 xr3+ x4\ 2N+ E [:):3 T + T4 + T3T2 ] ( 2)
1 1 1 T3
ot =" S e + VA A.29h
12 T + xT9 2N:|:E T €T3 + xIo + 14 ( )

Ny = —.%'11‘21’31’4(.%1 + :1:3)A + (x1x4 + l’gxg)(xll‘g + $3$4) v A (A.?)O)
35They are the QCD version of the absolute value signs used in eq. (A22) of ref. [19], which are discussed

in footnote 38 of ref. [19]. One could alternatively dispense with the absolute value signs in the QCD
case (A.23) above by noting that negating x in that formula would, without absolute value signs, simply
introduces a common overall minus sign in the values of («,8,7), which could be accounted for by modifying
the sign of the front-end transformation formula (2.7). We’ve chosen to introduce the absolute value signs,
however, so that our overall sign convention for front-end transformations will be the same as it was in the
QED case of ref. [19].
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A.2.3 Sequential diagrams

Here we collect the result for the sequential diagrams [26]. A brief summary of the inter-
pretation of each piece below can be found in section III of ref. [26]. Symbols such as Q4
or ay, which are written in the exact same notation as symbols defined above, are given by

their definitions above.
[ A dr
dx dy

] = Aseq(®,Y) + Aseq (2, Y) + Aseq(T; 2)
sequential

+~Aseq(y7x) +Aseq(y>z) +Aseq(z>$) (A 31)
A, ) = AL )+ [ d(88) [2Re(Buaa(a, 4, A1) + Py, A1) (432
0

Bseq(xa Y, At) = Cseq({:ii}v d) B; ’77 At) = Cseq(_]-; Y, 2, d7 67 :)/7 At) (A33)
Cieq = Dyeq — lim Dyeq (A.34)
G—0

Dseq(xlv xr2,X3,T4, d7 Ba ’77 At) =
3214 E?
{(ﬁyseqyseq I Ysequeq)Iseq +(a+ B +29) 2

(@ )Y (B )Y Y] 1

(—x1wox324) 240 csc(Q4At) esc(Q_At)

— (@4 B+ (Ve Yo + Yseququseq)} (A.35)
Fieq(z,y, At) = m [Re (i(2sgn M)gq) Re(At QP 5, s (Qu_g)my At))
+ Re(i(Qsgn M)(1_4)5,y) Re(At 02 .z CSC 2(Qp.a At))} (A.36)
AP () = — m Re[(i(Qsgn M)g o +i(Qsgn M)(1_s)p,) (1+5)] (A37)
h=- L - (A.38)
[ — [X;equeillﬂj Eeue (A.39a)
e = _)2(75; In (1 - %) (A.39b)
o (o SR
e Xffq[XieiZ; ;qu{l s (A.39d)
I = X Xyiiﬁy{ X (A.39)
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=2 I QI

(
[
[

X0y M0\ ot L (XY
yea gzea | = 0 o) iy Qcot(QAt)a, "~ = Yj Z};, , (A.40a)
X;eq Y;eq M0 . B -
yged Z;eq) = <‘ f ()‘ f 0) —i(ax ") T Qeot(QAL) (a7, (A.40b)
DG
T e | = —ia; ' T Qesc(QAt) (a5 ! (A.40c)
yX yX
Mfseq = 332:E3($2 + xg)E (A.41)
g 1 1 1
gpea _ [ _dda (11 A.42
f \/ 2F xI9 + I3 To + T3 ( )
Mg, =x(1—-2x)E (A.43)
iqa (1 1
Opr,=4]——= | = -1 A.44
B \/ 2E<x+1—m > (A44)
01
ay = (1 0> ay (A.45)
()
N zyz(1—x)8
L) leya(l—2)
+ -
1 z T Y
+| - + +
N z3y323(1—x)? z3y3(1—x)? y3z3(1—x)? 2323 (1—x)?
n i [ (1—z)? z xz
A 234323 23y3(1 — z)6 y3(1 — )6
Y gl
; A.46
+ x323(1 — )6 * 23(1 — )8 ] ( )

A comment similar to the one following (A.23) applies here to the dependence of (a, 3,7)

on the arguments z and y of Ageq.

A.3 NLO g — gg rate

section do double duty by introducing a variable

1, for renormalized results;
Oren =

0, for unrenormalized results,

— 44 —
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(A.47)



and its complement
Obare — 1-— Oren- (A48)

In the renormalized case (0yen = 1,0pare = 0), the ag in the leading-order splitting
rate (A.3) is MS-bar renormalized as with renormalization scale u, and we have chosen to
group all of the p-dependence of the NLO diagrams into the term shown explicitly in (A.50)
below, as discussed in section 2.3.4. In the unrenormalized case (0ren = 0, 0pare = 1), the
as in the leading-order splitting rate (A.3) is instead the bare ag, and we show the 1/e and
In i dependence of the NLO diagrams individually for each diagram.

Along the lines discussed in section 2.3.4, we write

NLO NLO
[A;lr] = |:A;ZF:| + Oren |:ZF:| (A49)
v 9—99 &z 9—99 T | ren log
with
dr dr 1 z(l —x)
dr| = asRe ol M aee) T , A.
|:d$:|renlog Ba Re<|:d$:|l‘£ |:H<QOE)+ n( 4 >+7E ( 50)
11Cxp
T A51
bo 6r ' ( )
and

NLO
{Adr] = ([Adr] ) +x—=1—2)+ [Adr}
dx g—gg dx virt I dx virt IT

I— dr 1 dr
= dy[A } >—|— r—1—x +/dy[A ] . (A.52
</0 drdy | e ( ) 0 dx dy | gipe1r ( )

In what follows, we will further subdivide Class I diagrams into what we call (Class

Ic) crossed virtual diagrams, given by the first row of figure 9 plus conjugates; (Class Is)
back-end sequential virtual diagrams, given by the remaining three diagrams of figure 9
plus conjugates; and 2 Re(xyyx), given by the last diagram of figure 4 plus conjugate:

dar ar dar ar
A = + A +2Re . (A.53)
dx dy virt I dx dy virt Ic dx dy virt Is dx dy TYYT

Similarly, we subdivide Class II diagrams into (Class IIs) front-end sequential virtual dia-

grams, given by the three diagrams of figure 10 plus conjugates; and 2 Re(xyyz), given by
the last diagram of figure 5 plus conjugate:

dar dl’ dl’
A = A 2R . A.54
|: dx dy:|virtII |: dx dy:|virtHs " © |:dx dy:|x ( )

yyzr

A.3.1 Crossed virtual diagrams

dl’ ole o0
] e+ [ a0 [Re(Bu(e 0 A0) - (Do)isiela,p. A1)
dx dy virt Ic 0
(A.55)
BVirtIC(xa Y, At) = _C(_17 x,z,Y,Q, 57’77 At) - C(_(l - x)a —Z, 1— Y,Y, 67 «, 7, At)

- C(_yv _(1 - y)vma 1- 3’3»%0%5, At) - C(l’,Z,y, _1777/870‘7At)
(A.56)
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Above, C' and (a, 8,7) are the same as (A.13) and (A.23) for ¢ — ggg crossed diagrams.

2

(D2)virt1c(At) = R [ng At csc?(Q At)]xzsz(l —z)(1—y)
[a+ 7z +(B+7)(1 —2)(1 —y)] (A.57)
2 2
A o) = A5 a1~ 2)(1 = ) Ref 1,00, | (4 (1~ 2)(1 — )

— (B + eyl =21 =) [In (=) — i)

2§+ eyl - 2)(1 - )]

+ Q1) 4,2 [((a+ﬁ)z(1—x)(1—y) + (Oz+7)xyz) [ln <m) — iw}

+2(a+ B+ v)xyz]

+iQ1e g [((a +Y)zyz + (B +)ey(l - 2)(1 - y))

X [4Ubare( + ln( )) +4 — ln(x2y2z(1 —xz)(1 - y)) — i?T:|

~2(a = B+ 2oz - 2-a+ S+ eyl - 2)1 )| | (A58)
Note: the shorthand notation g (A.4) used above is the same as the _; 51—, (A.20) also
appearing above, but we have used the latter to make explicit the similar structures of the

three terms in (A.58).

A.3.2 Sequential virtual diagrams

dl’ o

|:A dx dy:| virt Is B 2 [Aseq(x’ y) + Aseq(«xg Z)] (A59)
i =—3 1/2 = 1-z

[Adgc dy:|virtHs =—3(1—-y)" [Aseq(l T y> +Aseq(1 e )] (A.60)

Above, Agq is the same as (A.32) for sequential g — ggg diagrams. See appendix D.3 for
alternative ways to write (A.60) and for comments concerning the physical meaning of the
At integration variable of (A.32) in the context of (A.60).

A.3.3 2Re(zyyz)

) An AT An WAC) A.61
e [dxdy]xyyx 3 [ Avon{3) + Aoen 5,2 Ao
Apew (2, ) = AP%(2 4) + / d(At) 2 Re[Bnew(z, y, At)] (A.62)

0
Bnew(xa y’ At) = Dnew(_17y7 z? x’ a?B”V? At) (A63)
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Above, (a, 3,7) are the same as (A.46).

Dnew(xla T2, T3, 24, Q, 67 v, At) =
C2? 02 M2
_ % (—x1x2x3x4){Q+Q_ csc(4At) esc(Q_At)
™
X [(BYyneWYy“eW + "y?;l;/WYyr;fiw)IgeW + (2a + B+ ) Zgyr T
3 - new

(@ VY 4 (ot BT e B
_ (@ + B 4 ,.7) (?;;/W}/ynew I?r)levv + Yynewar;elW IZILIQW):|

~ (26 + B+ )22 DY (0 sgn MhAw} (464
In(2i2 At .
DSD (Q, At) = 272 [((At)g) — Q% At esc®(Q At)] (A.65)
. o2 P(z) P(1% . s
e Re{ (1258030 [~ (110 g )} o)
(A.66)

Here the I?®V are the same as the I,? of (A.39) except that the (X,Y, Z)%4 there are
replaced by

XneW YneW Xn/eW Yl'/leW _ |M|Q O . 1T 1
(Y};ew Zy}r}ew) = (Yéew ZEEQW) _< (1) i O> —iay Qcot(QAL)ay, (A.67a)

Xne})v Yne,w
e Zyrf'ew =-— ia;lTQ csc(Q At) a;l. (A.67b)
vy’

vy’

The M’s, s and a’s are as in section A.2.1 with (z1,x9,x3,24) set to (1,29, 23,24) =
(—1,y,2,2), and (Q,M)g = (2, M)_141-2. The only reason that the factors of sgn M
in (A.64) and (A.66) are necessary is to accommodate the transformation to 2 Re(zyyz)
below.

A.3.4 2Re(zyyz)

dr . _
2mo| 2 = )+ A1) (4.68)
_ - % d(At) _ =
_ Apole T y
AHGW(‘rv y) Anew (LL', y) + /0 (1 _ .%')1/2 2Re [Bnew ( —x) 1—x’ At>:| (A69)
2
— aS
AR (,y) = 55 Plz) P(y) (A.70)

2T

X Re{iQ_l,%l_I [—Ubare (% + 111(5()%)) + %ln(a:y(l—x)(l—y)) + %} }

See appendix D.5 for alternative ways to write (A.69) and for comments concerning the
physical meaning of the At integration variable.
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B More details on some formulas

Eq. (1.5b). As discussed in section 2.1, our differential rates do not contain final state
symmetry factors, which must then be included when integrating. The factor of 1/2 in
the last term of (1.5b) is an identical final-state particle factor for two (y, z) of the three
daughters (x,y, z). The factor is 1/2 instead of 1/3! because the question that defines our
[dl'/dz]net (what is the rate for ¢ — ggg where any one of the daughters has energy xF)
distinguishes the role of x, which is not integrated over, from the roles of y and z.

Eq. (1.6). To obtain this equation from (1.5b), split the integration region 0 < y < 1 for
[AT/dx dyvire1r into (1) 0 <y < 1—z and (ii) 1 — 2 < y < 1. Then use the symmetry of
Class IT diagrams under y — 1 — y (see figure 5) to change the latter to 0 < y < x.

Eq. (1.7). To obtain this equation from (1.6), split the integration region 0 <y < 1 — =z
into (i) 0 <y < (1 —x)/2and (ii) (1 —2)/2 <y < 1— z, and then make the change of
integration variable y — z =1 — « — y for the latter. Finally, note that [dI'/dx dylg— ¢4 is
symmetric under permutations of the three daughters, and so in particular under y < z.
By the way, given the constraints of the 6 functions, any upper limit > 1/2 could be used
for the integral signs in (1.7): we’ve chosen 1/2 just because that is the largest y for which
the integrand can be non-zero if one considers all possible values of .

Eq. (2.11). Eqgs. (4.36-37) of ref. [27] give that the 1/e piece of xyyZT is

2 2
(a0 + )22y
(i‘l + .f4)(i‘3 + .@4)
where (£1,22,23,24) = (—1,y,2,2) and (M,Q); = (M,Q)_121-, and (M,Q); =

(M,Q)_(1—y),z,-- Then expand (B.1) in € for d =2 —e.

X B3odiia (&1 + £4)% (83 + £4)? | (@ + B) — , (B.1)

1—y
Eq. (3.2). The type of convolution integral shown in the gain term is standard for any

type of splitting process. But to make our discussion self-contained, we note that its form
can be understood by initially writing the gain term as

/Cldgf/oldch(C—a:C') [g(x,C’Eo)] N({, Ep,t), (B.2)

net

where ('Ey > (Ej is the energy of a particle in the shower that decays into a daughter
carrying fraction x of the parent’s energy. The ¢ function requires that the daughter’s
energy x(’'Ey match the energy ( Ey we are looking for, and all possibilities for ¢’ and x are
integrated over. Using the ¢ function to do the ¢’ integral gives the gain term in (3.2).

Eq. (E.18). The desired integral is convergent, but it will be useful to integrate the two
terms separately. We must introduce a regulator to split up the integration because the

integral of each term by itself is divergent. So consider the more general convergent integral
— > € ]' 1
fle) = ; dr t R In(ar) (B.3)

sh? 7
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and follow logic similar to dimensional regularization. By scaling arguments, similar to
dimensional regularization, the integral of any power must be zero. For example,

o
d
/ 0, (B.4)
o T
and then differentiating this result with respect to e gives
(e.9]
d
/ 727——5 InT — 0. (B.5)
0 T
Writing In(a7) =Ina + In7, (B.4) and (B.5) then give
 dr
/0 o In(at) — 0, (B.6)

and so the first term in (B.3) integrates to zero with this regularization. We are left with

«©  rln(ar

fle) = —/ dr # . (B.7)
0 sh®r

Consider € > 1 (for which this integral is convergent), and then later analytically continue

to € = 0. We can rewrite (B.7) as

(6) = foe) a + o) (B.5)
with
foley == [ adr I (B.9)
From eq. (3.527.1) of Gradshteyn and Ryzhik [41],3
fole) = =2""T(1 4+ €) ¢((e) = 1+ (In7 — yg)e + O(?), (B.10)

where ¢ is the Riemann zeta function. Eq. (B.8) then gives the desired result for our
original integral by taking the limit ¢ = 0. To calm any doubts about this derivation, one
may simply check the answer numerically.

Eq. (E.28). Following the technique used above, consider the final integral in (E.28) as

© 1 1—e 27 T
= dr ¢ | =1 . B.11
9(€) /0 T [7’2 . ( 2T ) * sinh? 7':| ( )

Writing In((1 — e™27)/27) = In(1 — ") — In(27), the integral of 7¢~?In(27) vanishes as
in (B.6). Expanding In(1 — e~27) in powers of ¢~27 and integrating term by term,

a special case of

/00 dr 772 In(1 — 6_27) = —21~¢ [le—1)¢(e) = _% —Inm+9 -1+ 0(¢).  (B.12)
0

360ne may obtain this result by hand by integrating once by parts to turn 7¢/sh?(7) into er“~! cthr.
Then expand cth7 = (" +e"7)/(e”" —e™7) = 1+2e2" +2¢™*" 4 ... and integrate term by term, treating
the first term [ 77" as zero (similar to dimensional regularization). [Alternatively, one could put in a
large-7 cut-off Tmax, and then fOT“‘a" 7¢71 would cancel the previously-ignored boundary terms from the

integration by parts in the limit Tmax — 00.]
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Adapting (B.10),

e’} 1+€ 1
/ AT~ =27 T2+ ) ((1+€) = - —In2+1+0(e). (B.13)
0 sh” 1 €

Putting everything together and then setting ¢ = 0 gives

> 1 1—e 27 T
dr | =1 = —|In(27) — B.14
/0 T [7'2 n( 2T ) + sinh27] [n( ™) ny]’ ( )

as used in (E.28).

C (a,83,7) in d = 2 — € dimensions

Egs. (A.23) and (A.46) present d = 2 results from refs. [25] and [26] for (o, 3,7) and
(@, 3,7), which are various combinations of helicity-dependent DGLAP splitting functions
that arise in calculations of ¢ — ggg diagrams. However, in this paper, we use these same
quantities in the calculation of virtual diagrams for ¢ — gg, which are UV-divergent. So
one might expect that when an « or 8 or vy is multiplied by a divergent 1/e, then we need to
know the O(e) corrections to (a, 8,7) in order to calculate the finite pieces of our g — gg
virtual diagrams, similar to what happens for QED in ref. [19].37 In this appendix, we
present d = 2 — € results for (o, 3,7) and (@, 3,7). However, we will see that, in the final
results of appendix A, («,3,7) and (&, 3,7) only appear in combinations where the O(e)
pieces cancel, and so the original d = 2 results are all that are actually needed there.

The first important fact is that the helicity-averaged ¢ — gg DGLAP splitting function
P(z) given in (A.5) does not depend at all on dimension and so has no O(e) correction.
[See, for example, eq. (17) of ref. [42], which one may verify independently.] This lack
of dependence on dimension is special to helicity-averaged g — gg splitting. Splittings
involving quarks do depend on dimension, but we do not consider those in the large- N,
limit of gluon-initiated showers considered in this paper.

For the particular combinations of helicity-dependent splitting functions that we need,
we found it easiest to do the calculation from scratch. The helicity basis is unwieldy in
general dimensions since there are no longer simply two helicities 4+, and we find it simpler
to do the calculation in a basis of linear polarizations. Other than that, we will follow the
same notation and normalization conventions and derivations that were used for the d = 2
case in sections 4.5 and 4.6 of ref. [25]. (See also appendix C of ref. [25].)

Following ref. [25], we write our splitting vertex matrix elements in the form

9TE%Pissjin
—
(pj, Pr|0H|pi) = 9T isji - P = 22%—3/2 - Pjg, (C.1)
where
Pji = xppj — 5Pk (C.2)

and the p’s represent transverse momentum, with p; = p; + px. The T, factor above
implicitly depends on the polarization, longitudinal momentum fractions, and color states

37Specifically, see the discussion at the end of appendix F.3 of ref. [19].
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of the parent ¢ and daughters j, k. The color factor is the 1;“2}% above, which is —i fe¢ for
g— g9

One may then extract the splitting functions P;_,;; from the corresponding matrix
elements in the nearly-collinear limit, and it’s easiest to do this by temporarily choosing
the axes so that the parent has transverse momentum zero: p; = 0 above. Then define
q = p; = —pg. One can calculate that the matrix element M for the three-gluon interaction
is given by

0 ) 1) 0 1)
iMye = 2gf“bc 4qKO1J — K+ qJOKI _ 2gfabcxi dKO1J  4I9JK i qJjOKI . (C.S)
&k & Tk T x;

Here, capital roman letters I, J, K run over 1,2,--- ,d = 2—¢ and index a basis for the (lin-

ear) transverse polarization states of the particles i, j, k. §; = xj/x; and &, = x/x; are the
longitudinal momentum fractions of the two daughters relative to their immediate parent
in g = gg. The x’s are longitudinal momentum fractions of the various particles in this one
particular g — gg splitting relative to the original particle that initiated the entire double
splitting process. In the nearly-collinear limit relevant to high-energy bremsstrahlung, the
energies of the particles in this g — gg splitting are then (E;, E;, Ey) = (4, zj, z) E, where
FE is the energy of the original particle that initiated the double-splitting process. We bring
this up in order to match conventions with the analysis in ref. [25]. That analysis used
non-relativistic normalization of states, and so the desired matrix element is related to the
more conventional M, above by

< . |5H| > _ Mrel _ Mrel
P PR = OB P 2B, 1RRE) ~ (wiwer) P(RE)?
_ _igfabc
= o) Pz an B [wizjqidrs — vjarqrdsk + xkwiqidkr] . (CA)
i j

With our temporary convention that p; = 0, we have Pj, = (z; + 2;)q = x;q. Then
comparison of (C.1) with (C.4) gives the components of P;_, ;. to be

n V2
i—jk — (

W [:Uixj(SUénK — :rjxkd];(dn] + xkxi(SK[dnJ] . (C5)

In this appendix, we will assume that all the (x;,2;,x) are positive and will not bother
with the absolute value signs that were included in (A.23) to be consistent with front-end
transformations.

We can now use (C.5) in the definition of the combinations («, 3,7) in eqgs. (4.37-38)
of ref. [25], which is

a(w,y) 6™ 0™ + B(x,y) OO 4 y(x, y) 67O

1 _ _ %
=4 Z Z [ZP}J—JZJX (1—-y— 21 P, (1—1- ZJ,y)}

Ii valsz I

X {ZP}Z_Hsz(l —x = z,y) ”P}?_)IJX(I —1 fm,x)}. (C.6)
I
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[Here, we’ve indexed the possible linear polarization states using the letter I, whereas in
ref. [25] the helicity basis was used, indicated by the letter h there.] Plugging (C.5) into the
right-hand side of (C.6) and doing all the sums over polarization indices for d transverse
dimensions, we can then extract from (C.6) the results for («, 3,7). For d = 2, the results
are given in (A.23) here and were originally presented in ref. [25]. For general d, we find

16(d — 2)

G T (= a2 -y (€7
B = Ba=a + dw?yzzlf((ld__;))( 5 (C.7b)
V= Yd=2 — dmy22(116(_d$—)22()1 —y)2 (C.7c)
The (d — 2)/d terms above cancel in the combination
(a+7)z+ B+ —-2)(1-y), (C.8)

which is the only combination that appears multiplying a UV-divergent 1/€ in our results
summarized in appendix A [see (A.58)]. For that reason, there is no problem with just
using the d = 2 values (A.23) in appendix A.

A similar procedure determines (@&, 3,7%), which are defined by egs. (E.2,E.3) of ref. [26]

as
@(%,y) 57’marﬁm 4 B(x?y) 5ﬁm(5nm _’_;y(x’y) 5ﬁm5nm
1 n . *
= g Z Z |:Z Pjﬁfz,ly (]' —T— Z’y) P[i*)fij (1 —1- LU,LL'):|
I Icdy, I, T
X [Z Pt (L—2 = 2y) Prl (1—1- m)] (C.9)
I
This gives
a = Qd=2, (C.10a)
_ 4d )
f= zyz(1—z)8 ) (C.10Db)
ST et L e (C.10¢)

22y222(1 — x)* + da?y?22(1 — x)2’

One can check that these results satisfy the QCD version of the identity of eq. (F32) of
ref. [19]:38

P (x) p(d)(%)
Chax2y?22(1 —x)3’

remembering that for the case of g — gg, the polarization-averaged splitting functions

a+gB+3iy= (C.11)

P)(zx) do not in fact depend on dimension d.

38This identity was first given in the earlier paper ref. [27] eq. (5.17) but had to be corrected as discussed
in ref. [19] appendix F.3.
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In our summary of results in appendix A, (@, /3,7) either appear in formulas where
there are no UV-divergent 1/e factors, or else only appear implicitly in d-independent
combinations like P(x) P(---) in (A.66) and (A.70). So the general-d formulas (C.10) are

not necessary for our results.

D Details on transforming previous work to NLO g — gg diagrams

In this appendix, we give more detail about computing NLO g — gg diagrams. Since many
of those diagrams are transformations of g — ggg diagrams, we start with the latter.

D.1 Prelude: g — ggg crossed diagrams

Though previous work [25, 27] has calculated g — ggg processes with dimensional regu-
larization, those calculations were complete only for sums of crossed diagrams for which
UV divergences 1/e canceled (as they must for tree-level processes). The transformations
to virtual crossed diagrams in figure 9 do not involve such UV-canceling collections of
g — ggg diagrams, and so we now need complete results for individual g — ggg crossed
diagrams. Consistently combining calculations of UV divergences with finite numerical in-
tegrals requires going slightly beyond what was done in ref. [27], and here we will organize
the calculation using the methods developed in ref. [19].

In our calculations, UV divergences arise as At — 0 divergences of single integrals
Jo° d(At) F(At) of some function F(At). The full integrals are complicated enough that
we do not know how to do them analytically. As explained in section 4.3.2 of ref. [19], our
method for isolating the UV divergences and combining them with numerical integration
is to rewrite

/ T d(AY) Fy(A) = lim [ / " d(A) Fy(A) + /  d(Ad) Da(AY)
0 0 a

“ 9
a—0

+ [ aan [0 - paan)] + o) (D)

where Fy(At) is the integrand in dimensional regularization for d = 2 — € transverse spatial
dimensions. Above, Dy(At) is any convenient function that

e matches the divergence of Fy(At) as At — 0;
e falls off fast enough as At— 0o so that [ d(At) Dy(At) will converge for non-zero a;
e is simple enough that faoo d(At) Dy(At) can be performed analytically.

The last integral in (D.1) is convergent and can be performed numerically. The first term
can be found analytically by simplifying the otherwise complicated integrand Fy(At) by
expanding it in small At. The scare quotes around the limit “a—0” in (D.1) mean that
a — 0 should be taken after the ¢ — 0 limit. The exact choice of Dy does not matter: the
total (D.1) will be the same.
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Let’s focus on the zyyz diagram in figure 1. The d = 2 integrand for 2 Re(zyyz),
corresponding to F»(At) above, can be taken from ref. [25] and corresponds to a piece of
our egs. (A.11)—(A.12):

FQ(At) :QReC(_layaz7x7a7/3777At>v (D2)

with C given by (A.13)—(A.14). The small At behavior of this result is given by eq. (5.46)
of ref. [25] as

iC3a?
1672 At

Fy(At) ~ 2 Re{ (Qi sgn M; + Q¢ sgn Mf)

D A% a A N2ra o a (o + 7y)Zaidy
X $10adda(@ 4 20 (s + 8" (04 B) = F Ty E T 9%4)} } 2

where

(@17£27'@37~§74) = (—1,y,2,.’1)). (D4)

Following similar choices made in ref. [19], we could now take Ds(At) to be, for example,
the right-hand side of (D.3) with the replacements>’

% — Q3 At csc?(QAL), (D.5)

which has the same small-At behavior but falls off faster as At — oco. However, for the
presentation in this paper, it will be less cumbersome to just wait until we have assembled
all the other elements for the sum of crossed virtual diagrams and then choose a single
overall Dy appropriate to that sum.

The information about 2Re(zyyz) we will keep track of for now is (i) the d = 2
formula (D.2) for its integrand and (ii) the first integral in (D.1), which integrates over
small times. The latter, dimensionally-regulated integral is given by ref. [27]:4°

Jr 1At<a)]
dz dy }

Jr 1(At<a)l2]
dz dy }

2
Re [ dx dy

:QRe[ —|—2Re[ (D.6)

zYyyzT TYyyxT TYyyxT

39This is what we do to obtain the diagram-by-diagram numerical results that were used to determine
the non-boldface entries of table 1.

408pecifically, see eqgs. (4.36) and (4.37) of ref. [27], except that the latter must be multiplied by (u/E)>",
as discussed in appendix F.3 of ref. [19].
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with

ar At<o _ CRa pha , a2 | ¢ d/2
= ; +l +c1 [(zQi sgn M;)% = 4 (i€ sgn M) ]

drdy |, mm 1671'2 E’2
W25 A2 (a N \20 4 N (a+ )22y
X ${To8584(21 + 24) (23 + 24)° [(a+ B) — (1 + 20)(3s + 51)
(D.7)
Jr 1At<o] i3 ) S
{daz dy] o = 1({;7 [Q sgn M; + Q¢ sgn Mf]x T9 %:1;4(:51 + 24)2(23 + 34)?
(4 7)Zady } A
X + 8) — — — - 1 -2
{ [(a 2 (&1 + 24) (23 + 24) nl@rfatsta) =2y
_ Q(Oé + 7)@2‘1‘4 } (D 8)
(Z1 + Z4)(Z3 + Z4) )
(up to terms that vanish as € — 0), and
c1 =1+ In(27?). (D.9)

As discussed in section 6 of ref. [25], the other crossed g — ggg diagrams can be
obtained by various substitutions:
TYyT — cyyT : (&1, o, T3, T4) — (—(1 —y),—y, 1 — l’,l‘) and o < f, (D.10a)
TYYT — TYTY : ('%17'%27‘%37‘%4) — (_ya _(1 - y)vx7 1- 1’) and (CY,/B,")/) ANe (’Ya OZ,B),
(D.10b)

where the changes to (Z1, T2, 3, 4) are also applied to our formulas (A.19) defining (2, M);
and (2, M)s.

D.2 Crossed virtual diagrams

We now obtain results for the crossed virtual diagrams from the preceding expressions by
using the transformations of figure 9.

D.2.1 (At <a)[l] terms

Let’s first focus on the “(At < a)[1]” terms, which trace back to (D.7), using (D.10) when
relevant. We find

At<all]
2Re dt =
dx dy virt Ic
C3a? pra
T Ra2 zyz(1—z)(1 —y)Re { { +In ( 2 ) + Cl] (Hyozy + Hyzoy + Hayzy + Hyayz)
—4Hypyz In(1 — y)}, (D.11)
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where the contributions from individual diagrams (in some cases complex conjugated) are

Hyazy = [(iQ0-15,1-9)"% + (1010 ,2)?] [(@ + B)2(1 = 2)(1 —y) + (a +7)yz],

(D.12a)
Hyixy = [(iQ—LyJ—y)d/Q + (iQf(lf‘r),y,z)d/ﬂ
X [=(a+B)z(1—z)(1—y) + (B+7)zy(l —z)(1 —y)], (D.12b)
Hayey = [(19-10,1-2) "% + (19 (12 5.2)7*] [~(@ + 2)wyz — (B+7)zy(1 — 2)(1 - y)],
(D.12¢)
Hyoyz = [(19-1,4,1-)"* + (19— 101-0)"?] [~ (a + 7)zyz — (B +7)zy(l — 2)(1 - y)].
(D.12d)

The 1/¢ pieces of these formulas are the divergences (2.13) presented in the main text. The
subscript “virt Ic” in (D.11) stands for “virtual crossed diagrams” (which are all a type of
Class I diagram), as in (A.53).

The yxyz is a little different from the other diagrams above because it is the only
one that involves a front-end transformation. Figure 9 shows that 2Re(yzyz) is given
by a front-end transformation of 2Re(zyzy) followed by x <> y. The initial front-end
transformation (2.7) takes

l—z' 1—=x

(2,9, E) —> <‘x Y a- @E). (D.13)
One can check from the explicit formulas (A.23) for (o, 3,) that this transformation maps

(a71877) — (1 - x)10(670577)' (D14)

We have used this plus the fact that («,3,7) are symmetric under = <« y in deriv-
ing (D.12d).

The other special feature of the front-end transformation (2.7) is that it introduces
an overall factor of (1 — x)~¢. To see what happens to this, focus on the factor [2/e +
In(p*a/E?) + ¢1] in (D.7) for zyyz. By (D.10b), this factor is the same for zyZy. The
front-end transformation (D.13) of E together with the overall front-end transformation

factor (1 — x)~¢, followed by the switch of variables x <> y, then takes

Zen(t)va] —a-n Pon () val

_ [i +n (‘gg) + 01} —4ln(1— y) + O(e). (D.15)

The extra —4In(1—y) term above is responsible for the last term in (D.11), and we will see

later that it conspires in a natural way with similar logarithms in the “(At<a)[2]” piece of
2Re(yzyz) that we will derive from (D.8).
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When the four terms (D.12) are added together in (D.11), all but the two
(z’Q_LLl_m)d/ 2 terms cancel in pairs. Expanding those in €, we find

|: dr’ :| At<al[l]

virt Ic

~ayz(1 —z)(1—y)
x R i e +c1| i | [(a+v)zyz + (B +7)zy(1 — 2)(1 —y)]
e c FONOE c1| 8 | [(a+v)zyz y)xy T Y
+2Hy5, 2 In(1 — y)}, (D-16)
where Qo =0 _1 4 1-5.

D.2.2 (At <a)[2] terms

Similarly combining (D.8), (D.10) and figure 9, we find the remaining contributions from
the dimensionally-regulated integration over At < a are

dr’ At<al2] Cz ag P P L
2Re [dw dy] = gael-a)-y) Re{<H§m’ + Hipy?) In(e™ " ay2)
d= d= d=
+ (HED + HO D) In(ey(1 - 2)(1 - y)) —4HE2 In(1 - y)
+ hya::i:y + hy:i:cy + h:i"y;ry + hywya‘:}v (D'17)
with
hyazy = (IQ01y1—y +1Q_(1_0)4..) [-272(1 — 2)(1 — y) + 2(a + 7)zyz], (D.18a)
hyzay = (IQ-1y1—y +iQ_1_3)4..)[272(1 — 2)(1 —y) + 2(8 +7)zy(1 — 2)(1 — )],
(D.18b)
hayey = (1Q-1,2,1—2 + iQ—(l—x),y,z) [2Baryz —2(B8+v)zy(1 —x)(1 — y)], (D.18c¢)
hyayz = (IQ-1y1—y +1Q—121-2) [2azy(1 — 2)(1 — y) — 2(a + 7)zyz]. (D.18d)

The individual contributions from each diagram to (D.17) can be identified by the sub-

scripts. The phase e™*™ in a logarithm should be interpreted as

In(e""zyz) = In(xyz) — i, (D.19)
and the selection of this branch cut is explained in section 4.6 of ref. [27].

D.2.3 Dy(At)

We are now in a position to choose Dy(At) of (D.1) for the entire sum of crossed virtual
diagrams. The 1/e divergence in (D.16) represents the dimensional regularization of a
At — 0 divergent integral [i' d(At)/(At). We may use this as a convenient short-cut to
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read off the At — 0 behavior of the integrand from (D.16), using the observation of eq.
(4.35) of ref [27] that the regulated UV divergence is

*d(At) 2
/0 (A2~ E—Flna—f—O(e). (D.20)
From the 1/e terms of (D.16), we then see that the small At behavior Fy(At) of the d = 2

integrand for the sum of virtual crossed diagrams is

2 2 :
A a1 — a)(1 — ) 2
(Alternatively, one could explicitly extract the At — 0 behavior of each diagram and add
them up to get the same answer.) Applying the replacement (D.5) to (D.21) yields our
choice of Dy, given in (A.57).

(@ +zyz+ (B+y)zy(l —z)(1—y)].  (D.21)

One of the terms we need in our split (D.1) of analytic vs. numerical integration is an
analytic integral of Dy(At). Integrating (A.57) using

/OO d(At) Q? Atese®(Q At) = —Q[In(2iQa) — 1] + O(a) (D.22)

for small a, and combining with (D.16) and (D.17), gives a result for what we call

AP (2,y) = Tim [ / " d(AL) Fy(A) + /  d(A) Da(Al) (D.23)
0 a

“a—0"

virt Ic

for this aspect of the sum of virtual crossed diagrams. Our result for Asfrltelc is given
n (A.58).

D.2.4  F(Ab)

From (D.2) for 2Re(xyyz), combined with (D.10) to get other crossed g — ggg diagrams,
combined with figure 9 to relate them to crossed virtual diagrams, we have

[FQ At ]vlrt Ic —
2Re(~C(~1, 2, 2,0, 8,7, At) — C(~(12), 2,1~ 1,9, 5, 0,7, Ar)
- C(~y,— yx, 1 —x,y, o, B, At)

One can simplify the last —C' term. Using (D.14) and the fact that every term in the
formulas (A.13), (A.14) determining C is proportional to one of (a,,7), the last term
in (D.24) is equivalent to
— (1 — )10 _x __z _ .y _1
(1 =9)°[0 (%~ iy iy A )| (D)

From (A.13) and (A.14) [and keeping track of all E’s hidden inside of definitions of {’s
and M’s and thence inside (X,Y, Z)’s and I’s|, one may verify the scaling property that

[C(A.Tl,)\l’g,)\$3,)\l’4,0¢,6,’7,At)]E_)E/)\ )‘1 C(x17x27x37$47a7/377)' (D26)
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So (D.25) may be rewritten as
- C(—$,—Z, _y7177767a7At)' (D27)

Since we take 2Re(---) in (D.24), we may replace the above by its complex conjugate. In
our formalism, conjugating diagrams is equivalent to negating the values of all the z;, and
so the conjugate of (D.27) is —C(z, z,y, —1,7, B, o, At). This is the version we have used
for our final rewriting of (D.24), which is presented as 2 Re Byirt1c in egs. (A.55) and (A.56).
Following (D.1), this (F%)virt1c = 2 Re Byirt1c is combined with (D2)yirt 1 and Asﬁltelc (D.23)
to give our final total result (A.55) for the crossed virtual diagrams.

D.3 Sequential virtual diagrams

The sum of Class I sequential virtual diagrams (zyzy, zZyy, and xzyy from figure 4 plus
conjugates) are, by figure 9, just the back-end transformation of the sum of the three
g — ggg sequential diagrams shown in the first line of figure 2 plus conjugates. The latter,
computed previously [26], is Ageq (2, y) + Aseq(, 2) with Ageq given by (A.59), where the
separate terms Ageq (2, y) and Ageq(z, 2) correspond to two different large- N, color routings

4L The back-end transformation just introduces an overall minus sign,

of the diagrams.
and we must include a loop symmetry factor of % for the amplitude (blue) or conjugate

amplitude (red) loops in the resulting virtual diagrams, giving
— 2 [Aseq(z,y) + Aseq(z, 2)]. (D.28)

This result is summarized in (A.59).

Similarly, as depicted in figure 10, a front-end transformation of Aseq(z, y) + Aseq (2, 2)
followed by z<»y gives the sum 2 Re[gzyz +yyzz +yyxz] of three Class II sequential virtual
diagrams:

b [ A (2 155) + A (2501 (D.29)

Since rates for all of these processes (as well as for leading-order ¢ — gg) ultimately depend
2

ﬂ E—(1—-y)E

on ¢ and E as \/¢/E, we can rewrite (D.29) as?

_ %(1 _ y)fl/Z |:-’4seq (%7 ﬁ) 4 _Aseq (%7 %)} (D.30)

This is the result summarized in (A.60).

A small advantage of (D.30) over (D.29) for numerical work is that one may work
throughout in units where § = 1 and £ = 1 to get numerical results for rates in units
of \/ﬁ Alternatively, one could implement the original (D.29) by making E itself an
additional argument of all the functions in section A.2.3.

For analytic work, there is a potential conceptual confusion associated with (D.30)
concerning the meaning of the integration variable At in the definition (A.32) of Ageq. In all
the previous discussion in this paper, At has represented the difference in time between the

“1See section 2.2.1 of ref. [26].
“2Note that, unlike (D.15), we do not need the overall (1 — y)~¢ factor arising from the front-end trans-
formation. That’s because Aseq is finite as € — 0.
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middle two splitting vertices of interference diagrams like figures 1, 2, 4, and 5. However, if
one steps through in mathematical detail how the explicit formulas of section A.2.3 produce
equivalence of (D.29) and (D.30), one finds that At = (1 —y)~Y/2At, where At represents
the time integration variable associated here with the formula for (D.30). In terms of our
earlier scaling argument for (D.30) from (D.29), which bypassed looking at details of the
formulas for Ageq, this rescaling of the meaning of the At integration variable reflects the
fact that formation times scale like y/E/q.

Finally, we mention that (D.14) showed how the combinations (a,3,7) of helicity-
dependent DGLAP splitting functions mapped into each other under front-end trans-
formation, but there is no similar relation for the combinations (@, 3,7) that appear in
formulas like (A.33) for sequential diagrams. But we have checked that front-end transfor-
mation (D.13) takes

(@8,9) — (1 -2)"(a,5,7), (D.31)
where (a, ﬁ: ,7) are the combinations of splitting functions that would be obtained by directly
evaluating front-end sequential virtual diagrams instead of using our short-cut method of
front-end transforming previously known g — ggg sequential diagrams. In detail, (D.31)
gives (@, 3,7) in terms of eqs. (A.46) for (a, 3,7) as

a(z,y) = (1—x)71° @(%, ﬁ)j etc. (D.32)
Unlike (a, 3,7), the (@, 3, 7) turn out to be symmetric in x>y and so are unaffected by that
step of the transformation of ¢ — ggg diagrams into Class II sequential virtual diagrams
in figure 10.

D.4 2Re(xyyz)

As mentioned in the main text, we can obtain the result for the xyyz diagram of figure 4
by adapting the results [19] for the similar QED diagram of figure 12. To go from QED to
QCD, we need the following modifications.

e To account for QCD group factors at the vertices, we need to replace Nia?2,, —
d;lag tr(TYTRTRTE) = C%a2 overall. However, there are two different large- N,
color routings of the QCD diagram, similar to the discussion of color routings of
sequential diagrams in section 2.2.1 of ref. [26]. So the overall C3a2 corresponds to
a factor of %Ciozg per large- N, color routing.

e P._,. and P, are both replaced by P,_,4,/Ca, where the Cy is taken out because
each Cp in a Py, is already explicitly accounted for in the Nea?, — C3a? trans-
lation above. Similarly, one should use the (gluonic) QCD formulas of (A.46) for the
combinations (&, 3,%) of helicity-dependent splitting functions that are needed for
this diagram. (See appendix C for an explanation of why d = 2 — € versions are not
needed.)

e Unlike the electron self-energy loop in figure 12, the corresponding gluon self-energy
loop comes with a loop symmetry factor of %
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e Use the (gluonic) QCD formulas of appendix A.2 for complex frequencies 2 and
matrices a of normal modes.

e Unlike QED, €_ 1is non-zero, and so, for example, prefactors such as
Q4 csc(24At)/At in the QED calculation will revert to the more general form
Q4 csc(Qy At) Q_ csc(2- At) in the QCD calculation.

Let Apew(x,y) represent a single color routing not including the loop symmetry factor
%. By the same arguments given in section 2.2.1 of ref. [26], the two color routings are

related by y <> z, and so

dar
dx dy

2Re [ ] = %[Anew(x,y) + Anew(z, 2)], (D.33)

which is (A.61). For Apew, we can then copy various formulas from ref. [19] with Nragy —
$C2a? and other modifications listed above. The [dl'/dx. dye}gl;)%raaed) of eq. (A.43) of
ref. [19] corresponds to the [ d(At) [Fo(At) —Dy(At)] of our (D.1) and translates to what
we call [~ d(At) 2Re[Byew(2,y, At)] in our (A.62)-(A.65).

All that remains is the pole piece, which we will package a little differently in this
paper than in ref. [19]. Similar to our analysis of crossed virtual diagrams, the pole piece
corresponds to the [ d(At) Fy(At)+ [ Dy(At) term in (D.1). The QCD formula we need

can be obtained by starting from eq. (F.42) of ref. [19] for QED:*3

ar 1 (At<a) ar 12
“lim” { } + [ ]
a—0 dxe TYYT d$€ TYYT
_ <u> ANiofy 1o (1, gy POe(we) /1 dy, Pi0ee)
- d+2-2d 2 4 €/2 € €/2
E ) 2d+2x xe/ (1 —z¢)€ Jo [ne(l — \)e)] /

- 2
x 2m%iQd—1 [— < — g+ 1n(47r)> +4In2+3In7 — 1] + O(e), (D.34)
€

where 9. = y./(1 — z.). Here we also adopt the shorthand notation of ref. [19] that
Q = Qsgn M. (D.35)

In the QED case, it was possible to explicitly perform the integral over y. above to get
the pole piece of [dI'/ dx]g[;yy;;;.44 For the QCD translation, the corresponding y integral will
be IR divergent because, unlike Py_,.(1), gluon splitting P, (1) diverges in the soft limit
n — 0. We could do the integral explicitly using our IR regulator §, but, for our various
discussions of cancellations of QCD power-law IR divergences in this paper, it has been
very useful to work in terms of dI'/dx dy for virtual diagrams instead of directly with the

“3Here we have accounted for an overall sign error that appeared in the original published version of eq.
(F.42) in ref. [19].

4411 the QED case, the pole piece of [dT'/dx]zyyz corresponds to everything other than the subtracted
term in eq. (A.41) of ref. [19].
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IR-regulated dI'/dx for each diagram. So we’ll instead translate the unintegrated version

of (D.34),
1. |: dr :| (At<a) N |: dF :| (DZ)
im
“aso” dxe dye TyyT d.ﬁUe dye TYYT
€ d d
_ ( u? ) dN;o2, 1 P9, () 1 P9, (ne)
E ] 2d+272d 2 "4 $Z/2(1 —2)¢ (1 — z) [Ue(l . Ue)]6/2
_ 2
x 2m%iQd—1 [— (f —vg + ln(47r)> +4In2+3ln7w — 1} + O(e), (D.36)
€
from QED to

APole _ &2 € L“g ) (l N é) pld) () 1 P(d)(‘))
TYYyxT E 2d+32d 2 4 $6/2(1 _ $)6 (1 _ l‘) [U(l — U)]G/Q

~ 2
x 27m%iQd—1 [ - < — Vg + 1n(471')> +4In2+3ln7w — 1] + O(e) (D.37)
€
for QCD. Q; for the QCD diagram is equal to Q9 = Q2_1 4 1—5. Now (i) use the fact that

the g — gg splitting function P(z) is independent of dimension (see appendix C), (ii) fully
expand the above in € and drop terms that vanish as ¢ — 0, and (iii) use y = y/(1 — z).

This gives
o2 P(x)P(i%) _ 2
Agzg}(:p,y) = 47:2 — . _; 2 Qo [—% —1In (7572(515) + %ln(:z:yz)} (D.38)

Taking 2Re(- - - ) to add in the conjugate diagram gives what we call AR%S in (A.66).

D.5 2Re(xyyz)

We obtain 2 Re(zyyz) from 2 Re(xyyz) by combined front-end and back-end transformation
as depicted in figure 11. The non-pole (subtracted) piece [;° d(At) 2 Re Byew(2,y, At) of
2Re(xyyz) transforms to

/O ~ d(At) 2Re [Bnew (% L At)} . (D.39)

For the same reasons as described for Ageq in (D.30), the above can be rewritten as

[ G 2 B (2. 80) ] (040

1—2)1/2 -z T-a’

This result appears as the integral in (A.69). Here we have called the integration variable
At instead of At for reasons similar to those described in section D.3, but here the relation is

At = (1—2z)"2A¢ (D.41)

For the pole piece, we could do the same thing, but we prefer to do the transformation
by hand in order to be careful about issues concerning branch cuts. Using figure 11, the
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pole piece (D.38) for xyyz transforms to

ole —e€ 043 -k u? —zy(1— :
AR () = (1=2)~ 5 P(@) P(y){—zﬂo -1 - (g + S ()] }

_ 4“32 P() P(y) i -1 — (=35 ) + $n(—ay(1 —2)(1 - y)) | (D.42)

7

The arguments of the above logarithms have minus signs, and we need to decide which
branch of the logarithms they land us on. The QED discussion given in appendix H.1 of
ref. [19] applies equally well here. That discussion tracks the origin of the complex phases
in direct calculations of what we would call here xgyZ relative to xyyZ. The result is that
the zyyz diagram should have a phase of i% relative to the xyyz diagram, which means
+i7¢ since the discussion did not keep track of overall signs. Since

A=

- (D.43)

this means that the branch-cut ambiguity in (D.42) resolves as

2

AP (5 ) = 407‘:2 P(z) P(y) i [—g _ ln(&%) +in(ay(l—2)(1—y) + g] (D.44)

Finally, taking 2Re(- - - ) of (D.44) gives what we call AR in (A.70).

There are alternative ways one could write our result for 2 Re(zyyz) that may be
useful for some purposes. If one wants a formula in terms of the actual duration At of the
self-energy bubble, one can make the change of variables (D.41) in (A.69) to write

_ © d(At
Ao () = A2, ) + / (AD)
0

(1—x)

2Re[Bnew(—1’ y (1—93)—1/2&)] (D.45)

l—2x’ 1—x?

Alternatively, going back to (D.39), one could use (D.31) and scaling arguments similar
to (D.24)—(D.26) to write (A.69) as

Apew(,y) :Aggﬁg(x,yn/ d(At)2Re[Dyew (1 — 1, —y, —(1—y), 2, &, 3,7, At)]. (D.46)
0

We have checked that this is the form one would get by directly evaluating the xyyz
diagram using our methods [19, 25-27] instead of taking our shortcut of front- and back-
end transforming the zyyr diagram.

E Power-law IR divergences diagram by diagram
In the main text, we merely demonstrated numerically that power-law IR divergences cancel

to leave a double log divergence. In this appendix, we give detailed diagram-by-diagram
information on the size of power-law divergences and give (with caveats) analytic formulas.
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g — ggg Real Diagrams:

crossed (a minimal subset):
2Re(yzzy) +2:0:+ (G—F) +20;+ (G—F) (Ba) 0;+15+D
2 Re(yzay) +2;0;+ (G + %) ~ 2782 10 041+ (D+E)
2Re(zyzy) 2;0;— (G+3) ~ 2702 —2;0;— (G+ 1)
sum 2 Re(yzzy + zyTy) —2:41;—X

sequential: one color routing of 2 Re(zyZy + xTyy + xThy)

Aseq(,y) 0;-1;—(D-%) 0;-1;—(D-%) 0; -1 —(D—-1%)
Virtual Diagrams (Class I):
crossed:
2 Re(yxzy) 2,0;— (G-%) -20;—(G-%) 0;-1;—-D
2Re(yzy) 2,0, - (G+ %) ~ z75/2 0;—1;— (D+3%)
2 Re(zyzy) +2;0; + (G + %) ~ 2752 +2:0; + (G + %)
2 Re(yayz) +2,0:+ (G=5)  (on) G+L+D 420+ (G- 5)
sum 2 Re (yZzy + Tyxy) +2;—-1;+X
back-end sequential:
=3[ Asea(®,9) + Aseq (@, ) 0L+ (D=F) 0:+L+(D=F)  0:4L+ (D7)
virtual zyyz:
2 Re(zyyz) %g 0;—1;~D im; 0;~1;—D 2,0, (G — )
Virtual Diagrams (Class II):
front-end sequential:
see eq. (A.60) 0;+1;+ (D+3r) ~ 20 0;+1;+ (D—7)
virtual zyyz:
2Re(egpz)  * Y 01— (D+ %) 20 (Gt )

Table 1. The limiting behaviors of different diagrams. Format explained in the text.

E.1 Individual results

The diagram-by-diagram power-law divergences are given in table 1, which requires a bit
of explanation about why only a subset of diagrams are included, the notation used in the
table, and how to combine the various cases shown to see the cancellation of power-law
divergences.

An entry of the form “T'; U; V” means that the limiting behavior of the unrenormalized
result is

M?(fii%z\/% [T C +1n <(q;‘;)1/2>> + 10U In(small) + V(€) (E.1)
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where “small” is the variable that is going to zero (e.g. y), and ¢ is either of the two other
variables, which are being held fixed (e.g. £ = x fixed as y — 0, causing z — 1 — x). All of
the limits shown in the table turn out to be symmetric under ¢ — 1 — £.%5 The function
designations V' in the table are bolded if we’ve worked them out analytically and not just
numerically. Those that are not bolded indicate cases where we have not taken the time
to derive an analytic result but have instead extracted the function V' with numerics to
roughly 5 digit precision for the specific case € = 0.3 and noticed that V is numerically the
same as a bolded case. The functions V listed in the table include

D) =1m (% + e - 1) +In(27) — e, (E.2)
G)=-In(¢(1—¢) +2mm2+3In7T — 7. (E.3)

For X (&), we have not yet derived an analytic formula. At the moment, we only know that
in leading-log approximation for small < & < 1 (or, symmetrically, for small < 1-¢ < 1),
it is

X () ~—3Inf[¢(1-9)]. (E.4)

Some individual entries are more divergent than the (small)~3/2 of (E.1), but these
more severe divergences cancel between pairs of diagrams, leaving behind a net (small)_3/ 2
divergence. For example, the z — 0 limit of 2 Re(yzzy) and 2 Re(zyzy) are marked in the

table as each diverging like (small)~%/2

, but we give a separate line in the table showing
the net divergence of their sum.

The table explicitly shows as “+""" all contributions that arise from logs of complex
phases, which are commented on in section 5.

The annotations (A1), (B3), etc. on some entries are just comments to connect to the
soft limits of those diagrams considered in previous leading-log analyses of overlap effects.

See section E.3 below for an explanation.

E.2 Assembling y — 0 limit of v(z,y) + 3r(z,y)

In the table, we have entries for only three of the crossed g — ggg diagrams (plus their
conjugates). The full set of crossed ¢ — ggg diagrams (figure 1) consists of these three
entries plus all possible permutations of the three daughters (z,y, z). But those other cases
can be read off from permutations of what is included in the table. For instance, the y — 0
limit of 2 Re(xyyx), which is not listed in the table, corresponds by permutation symmetry
to the z — 0 limit of 2 Re(yxZy), which is listed. We have chosen yzzy, yzxy, and zyZy to
be our three representative entries in the table in order to highlight their direct back-end
relation to the virtual-diagram table entries for yxzy, yray, and Tyxy: the corresponding
rows of the table are just the negative of each other.

The single table entry for g — ggg sequential diagrams shows the Ageq of (A.32). As
discussed in ref. [26], this corresponds to one of two large-N. color routings for the sum of

45This is a special feature of the power-law IR divergences. There is no similar diagram-by-diagram
& — 1 — £ symmetry for the IR log divergences, as demonstrated by the lack of such symmetry for the
circles in figure 19.
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the three diagrams shown explicitly in the top line of figure 2 (plus their conjugates). The
complete set of sequential diagrams and color routings corresponds [26] to summing Ageq
over all possible permutations of (x,y, z), as made explicit in (A.31).

The total differential rate r(z,y) for g — ggg (1.8b) corresponds to the sum over all
six permutations of the table entries discussed above. Because of the relationship between
limits of those permutations, the y — 0 limit of r(x, y) is then twice the sum of the results
listed in all three columns y — 0, z — 0, and x — 0 of the subset of ¢ — ggg results given
in the table. Adding the g — ggg table entries together then gives

alP(z) /4
ir(z,y) ~ [0;0;G—D—X—Z] :CASP()\/% [G(z) — D(z) — X(z) — %] . (E5)

y—0 4r2qp3/2

Now turn to the virtual diagrams listed in the table. The Class I virtual crossed
diagrams in the table correspond to all of the virtual crossed diagrams (top line of figure 4
plus conjugates) — there are no permutations to add. The Class I and Class II virtual
sequential diagrams are related by back-end and front-end transformation to the g — ggg
sequential diagrams discussed above. See section D.3 for a discussion. Again there are
no permutations to add, and the same is true for the remaining virtual diagram entries
2Re(zyyz) and 2 Re(xyyz).

Because of the addition of “(y <> z)” in the definition (1.8a) of v(x,y), the y — 0 limit
of v(x,y) will sum both the y — 0 and z — 0 (but not x — 0) columns of the virtual
diagram entries of the table, with result“

o(zy) = [0;0; =G+ D+ X + 7], (E.6)

which is the negative of (E.5). This is in detail how power-law IR divergences cancel in
the combination v(z,y) 4+ 37 (x,y) presented in (1.11).

Note that we never made use of the x — 0 column for the virtual diagrams. Those
entries do not add to zero. These divergences (and the related 1 — x — 0 divergences for
class II diagrams) correspond to the blue lines in figure 13. They do not cause divergences
in the applications we have discussed for the reasons described in section 3.1.4.

E.3 The diagrams responsible for double logs in earlier papers

The diagrams that were analyzed in earlier papers [10-12] that found the IR double log-
arithm correspond to the subset of 9 diagrams (A1, A2, ..., C3)*" depicted by figure 21,
where y represents the softest gluon in the process. Here we comment on why our IR
power-law divergences were absent in their analysis.

The y — 0 limit of each of these diagrams corresponds to the entries of table 1 cor-
respondingly marked (A1), (A2), etc. Some entries in the table correspond to more than

“6The contributions of just Class I diagrams or just Class I diagrams to (E.6) are [0;0; -G + D + X]
and [0;0; 4-7] respectively.

4TThis naming convention for these diagrams can be made to agree with that used by ref. [10] if our
names zF and yE for gluon energies are translated to their 2F and w’. In their notation, ref. [10] works
mostly in the limit w’ < w=(1-2)E<K E.
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3

Figure 21. Double-log diagrams. The labels A, B, C, 1, 2, and 3 for where the soft y gluon might
connect the three harder gluons are provided for the sake of later naming individual diagrams.
The green color of the soft gluon line is used to indicate that the line could be either blue or red
depending on how it is connected. (See figures 22 and 24, for example).

1 2 3
A 0;-2;-2D 0;+1;+D 0;+1;+D
B 0;+1;+D 0;-2;-2D 0;+1;+D

C 0;+L+(D+3%) 0;+4L,+(D+3) 0;-2,-2(D+3)

Table 2. The power-law IR divergences of diagrams Al, A2, --., C3 extracted from table 1.

one of these diagrams: for example, the x — 0 limit of 2 Re(yxzy) is listed as both (A3)
and (B3). That’s because permutation symmetries relate this to the y — 0 limit of both
A3 = zyyz and B3 = zygyz. In other places, an entry may be listed as giving only half
of the corresponding contribution. For example, the table entries for both the y — 0 and
z — 0 limits of 2Re(zyyx) are listed as half of the y — 0 limit of (Al). That’s just a
combinatoric issue arising from our labeling the two internal lines of the gluon self-energy
loop in the zyyz diagram in figure 4 as y and z = 1 — x — y, and in our table there are
divergences associated with either becoming soft. In figure 21, however, y is by definition
whichever one of the two is softest.

The resulting y — 0 divergences for the diagrams of figure 21 are collected in table 2.

Each row of table 2 sums to zero. Consider, for example, the sum A1+ A2+ A3 shown
in figure 22. The reason for this cancellation is that the diagrams are identical except
for which line the blue y — 0 gluon couples to on the right-hand side, and so the sum is
proportional to the sum of those couplings, shown in figure 23. Because the three hard
particles form a color singlet on the right-hand side of this diagram, the coupling of the
small-y gluon to the collection of all three will be suppressed compared to its coupling to
any individual particle, which is why the leading IR behavior (the power-law divergences)
cancel among these diagrams.

In contrast, it’s interesting to note that the columns of table 2 do not sum individually
to zero. Consider, for example, the sum Al + B1 + C1 shown in figure 24. They differ not
only by which line the y — 0 gluon couples to on the left-hand side of each diagram but
also by whether the y — 0 gluon corresponds to a particle propagating in the amplitude
(blue line) or conjugate amplitude (red line), which changes the overall time evolution of
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y=>0 y=>0 y>0 y=0
3
(A1) (A2) (A3)

Figure 22. An example Al 4+ A2 + A3 of three diagrams whose power-law small-y behaviors
cancel.

o

b L bbb

Figure 23. Diagram elements whose leading y — 0 behaviors cancel in the small-y limit.

l(/QQ(JQQQQOJ

y=0

=0 =0 y=0
(FO - + +

(A1) (B1) (&3]

Figure 24. An example Al + B1 + C1 of three diagrams whose leading small-y behaviors do not
cancel.

the diagram. For this reason, one cannot simply factorize out the sum over vertex couplings
as we did for A1+ A2 + A3, and so there is no reason for this particular sum of diagrams
to be suppressed.

Regardless, the cancellation of each row of table 2 is sufficient to guarantee that there
will be no power-law IR divergences in the sum of all nine diagrams of figure 21, which is
why earlier leading-log analyses did not need to address such divergences.

E.4 Derivation of D(§)

Here we will give an example of the derivation of one of the boldfaced D’s in table 1. We
will focus on the entry for the z — 0 limit of 2 Re(yzZy). This is the same, by permutation,
as the y — 0 limit of 2 Re(xyyz), to which we now turn since zyyz is the canonical crossed
diagram presented in earlier work [25, 27].

E.4.1 Spurious y? divergence of 2 Re(zyyz)
Let’s look first at the At integral associated with the xyyZ diagram, which is the term

/OO d(At) 2Re [C’(—l, Y, 2, T, 0 3,7, At)] (E.7)
0
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of (A.11) and (A.12), where C is given by (A.13) in terms of the D of (A.14). One finds that
the integral is dominated by At ~ y for small 3.*® An analytic analysis of the integrand
for At ~y — 0 yields*®

D(—l,y,z,:z:,a,ﬁ,y) 2Dapprox (ES)
with

_ Crd?P(z)
Dapprox - _W

2i00(1 — z) At\ "
1n(1xy +2¢90At>+<1+w> . (E9)

- xy

where Qg = Q_1,1-, as in (2.31). Subtracting the vacuum (¢ — 0 and so g — 0) gives
C(_la Y, 2, Z,,Q, B, 7) = Capprox with

_ Cad?P(a) 2iQ0(1 — x) At 2iQ0(1 — z) At !
Capprox——W ln 1+— + 1+— —1 .

Yy zy
(E.10)
One can rewrite the above as a total divergence,
2iQ (1—z) At
Copprox = CACEP@) _d_ |1 (10 2) (E.11)
APPIOR T 4m2y d(At) At ’ '
and so do the integral and then take 2Re(---) to find the leading y — 0 behavior
> CaaZ(1 —z) P(x) _
/0 d(At) 2Re Capprox = — - o Re(i€) (E.12)

of the At integral for 2 Re(zyyz). This is a y~2 divergence, which would dominate over the
y~3/2 divergences of table 1 except that (E.12) exactly cancels the y — 0 limit of the pole
term for 2 Re(zyyz). This pole term [27] represents the portion of AP°'® (A.15) attributable
to that diagram. The piece of the pole term responsible for the y~2 divergence is 2 Re(- - - )
of the —2v term in (D.8).

So we need not worry about the canceling y~2 divergences except that (E.10) hides a

sub-leading y~3/2

divergence of the integral. (Such cancellations make us wonder whether
there is some more elegant analysis of diagrams that would give simpler formulas that more

directly reveal the physics of the y — 0 limit.)

48 A quick, initial way to figure out the scaling of the dominant contribution is to make a numerical
log-linear plot of At times the integrand vs. At for two extremely small values of y and see how the most
prominent feature of the plot scales with y. Because of large round-off error associated with delicate subtrac-
tive cancellations in our formulas for small A¢, we found this method requires using much higher precision
numerics than standard machine precision in order to get good results for the integrand at extremely small
value of y and At.

“9In particular, D is dominated for At ~ y by the 2vZ,5 11 and vY,;Y,5 T2 terms of (A.14); these (XY, Z)
are individually given by the 1/At terms shown in eq. (D.2) of ref. [25], but the combination Xy Xy — X2 ~

vy —
2 : —z
—I(y]g%E [1 + 2190(;1/ )At}; Iy ~ Ip; and v >~ 2P(:E)/:L‘2(1 — w)3y3CA.
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E.4.2 The surviving y /2 divergence

The contributions 2 Re(C' — Capprox) to the At integrand that are not accounted for by

1/2_ Physically, this corresponds to At ~

2Re Capprox above are dominated®® by At ~ y
ttorm (y), where torm (y) is the formation time associated with bremsstrahlung of a soft y
gluon.

Repeating the analysis of the small-y expansion of D but now for At ~ y'/2 instead of

At ~ y, we find®!

2
p~ G2 P@) o (o AnR (i, AL, (E.13)
42y
where
_ [ —iga
Q, = \/; . (E.14)

Comparing to the already-accounted-for Dapprox of (E.9), and remembering that now
At ~ y1/2’

D ~ Dapprox +6C (E15)
with Cra @
rol P(x 9 1 ‘
=i, vl : 1
oC iy ([Qy csc(€2y At)] (At)2> n(2iQ At) (E.16)

We've called it 6C instead of §D because it already vanishes in the vacuum limit ¢ — 0,
which takes both €, and €2y above to zero. So the vacuum subtraction has no effect on
this contribution to D.

The y~3/2 divergence of 2Re(zyyz) will now come from taking the integral over At
of 2RedC. By changing integration variable to 7 = i€}, At, which runs from 0 to e/ 400,
and then arguing that one can safely add a contour at infinity to deform the integral to be
from 0 to +00, one gets

2Re [dxdyLny—%QyRe ZQy/O dr R In Qin . (EA7)

The integral formula®?

/0°° dr (12 - 12> In(ar) = In(ra) — g (E.18)

T sh®r

dl Cpa? P(x) . 2m Qg
2 ~ =5 7 Q, |1 — . E.1l
Re [dx dy} . oy Re (i, |In a, Ve (E.19)

500One may use the same method as footnote 48.
*Not much changes from the previous derivation for At ~ y except that (i) some of the terms that

then gives

were important for At ~ y can be ignored for At ~ y/?, and (ii) it is no longer possible to take the
small-A¢ approximation to Q4 csc(Q4 At) when calculating Zyy. In particular, we find that Q4 is of order
the inverse y-formation time for small y, so that Q4 At < 1 for the previous case At ~ y but Q4 At ~ 1
for the At ~ y'/? case here. This point only matters for Zyg since we find that the small-y limits of the

relevant (X,Y)’s are not sensitive to Q4 csc(Q4+At).
®2See appendix B for (E.18).
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In the style of (E.1), this is

Caa2P(z) [4a 1

with D(§) determined in this derivation to be (E.2). Permuting x <> y in (E.20) gives the
entry in table 1 for 2 Re(yxzy) as z — 0.

E.5 Derivation of G(¢)

Now we give an example of the derivation of one of the boldfaced G’s in table 1. We focus
on the entry for the y — 0 limit of 2 Re(yzZy), which by permutation is the z — 0 limit of
the same canonical crossed diagram 2 Re(zyyz) analyzed in the previous subsection.

E.5.1 Spurious z~°/2? divergence of 2 Re(zyyz)

Similar to the y — 0 limit of 2 Re(xyyz) studied in section E.4, the At integral (E.7) also
generates a spurious dominant divergence in the x — 0 limit. In this case, the integral is
dominated by At ~ z3/2, for which®?

Cra P(y) xy . 210, (1 —y) At -1
Dapprox = — ks 20, At ) + (14 252" YA (g
appro A2z (At)? " 1—y ta T Ty ( )
where
—iqA
Q. = E.22
2z F ( )

is the small-z limit of 2. Correspondingly,

In (1 N 2iQ.(1 —y) At> N <1 N 2iQ,(1 —y) At) .
Ty Y

o _Cadf P(y)
APPrOT = T (AL

2104 (1—y) At
_caazpy) a0+ s,
A2z d(At) At ’

—5/2 contribution to the At integral, which is canceled

When integrated, this generates an x
by a similar contribution from the pole term. The relevant piece of the pole term again

comes from the —2v term in (D.8).

E.5.2 The surviving z—%/2 divergence

In this case, the dominant contribution to 2 Re[C' — Capprox] comes from two places. One
is At ~ 21/2, which physically corresponds to At ~ ttorm(2z). The other is sub-leading
corrections to the At ~ 23/2 region we just analyzed above.

Let’s start with At ~ z'/2. In this region, we find

Caa2 P(y)

~ _ JAYs L \F) o —2iQ, At

_ X2 ~ _zty(-y)E? [1 4 2% (1-y) At]

3The situation is similar to footnote 49 except that here X, Xy i (An? v

and v ~ 2P(y) /y*(1 — y)*x3Ca.
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The difference of this with the already-accounted-for D,pprox of (E.21) is

CAa2 P(y) 1— efZiQI At
~— - 1 E.2
OC(atnarr2) an2z (A2 T\ 200, At (E-25)
Taking At — 0 above, 2Re(dC') diverges as
Caa? P(y) .
2Re 5C(Ath1/2) ~ m R,e(ZQI), (E26)

and so we cannot simply integrate 2 Re C to find the result we are interested in. In general,
the 1/At divergence of individual diagrams is what created the need for analyzing what
we call pole terms of diagrams. In the current case, this divergence shows up at an order
in x that makes it relevant to the integral of 2 Re dC. We will need to subtract out the
1/At divergence to get a convergent integral and then add the subtraction back in as part
of the pole term, as in (D.1). Following (D.5), at this order in x we will choose

_ Cacg P(y)

Dy =~ Re[iQ3 At csc?®(Q, At)], (E.27)

2m2a

whose At — 0 behavior matches (E.26). Eq. (E.27) is the same as taking the small-z
limit of applying (D.5) to the more general small-At result (D.3) for 2 Re(zyyz). Defining
T = 1), At, the integral we want is

dl—\ (AtN$1/2) o0
2R o~ dt |2Re(0C -D
Nyl = [ EReC ) P
Caal P(y) ‘ o 1 1—e 2" T
~ _AS W) Rei,) [ dr |1
22y (i )/0 Tl 27 * sinh? 7
Cpra? P(y) .
~ 2;72$ Re(i€2) [In(27) — ~g]. (E.28)

(See appendix B for the last integral.)
Now turn back to At ~ z3/2. Carrying out the expansion of D to next order in z
(including the size of At in the counting of order), we find®*

Cia? v

D(Am~x3/2) = Q772 (wyz)g(l - .’L')(l - y) (At)g
= ryR (1 —2iQ, At) 9
x[(1+§)1n<(1_$)(1_y)>+ B [1+0(z%)], (E.29)
where
_ _ i, At _(Q.AL)? - xy

54We will not list intermediate steps here except to mention, as a checkpoint, that

B zyzF3

2
Xy Xy — Xyi’ = (At)2

14 2+ & HiAt — &1 (QQAY?] [1+0(2?)],

which at leading order in z matches the simpler formula of footnote 53.
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Note that Ry is O(1), but R and £ are O(z) and so small. We could have more thoroughly
written out the x expansion of what is shown explicitly in (E.29), but keeping it in its
current form will be convenient. For example, not explicitly expanding v (A.23) will make
it simpler to see what parts of this calculation eventually cancel with the pole terms at this
order in z. Subtracting the vacuum limit from (E.29) gives
2 2
Claremny == o3 (29221 = )1 = 1) 3

_ 1-2i0, A
x (1+g)1nR+(ZRt)

—1| [1+0(z?)]. (E.31)

At leading order in z, this reproduces (E.23), but (E.31) correctly accounts for the next
order in x as well. At that order, Dy (E.27) is relevant, and its subtraction must be
included as well, in order for the At — 0 integration to converge. It’s convenient to use

the leading-order conversion®”
CRal 2 Cacf P(y)
A2 (zyz) (1 —z)(1 —y)y = oty [1+O(x)] (E.32)
to rewrite (E.27) as
02 OéQ
Dy ~ 4A 5 (zyz)*(1 — 2)(1 — y)y Re[iQ3 At csc®(Q, At)] . (E.33)
™

[The leading-order conversion is adequate because Ds is already a sub-leading effect to our
calculation of [ d(At) 2Re(C — Ds).] For At ~ x3/2 the argument of the csc is small, so
we may approximate

C3a?

Dy ~ 2 Ast (zy2)?(1 — 2)(1 — )y Re(iQ,) (E.34)

This matches the 1/At¢ divergent behavior of 2Re(Ca,y3/2)), as Dy should. It is also
convenient to switch from the At variable, which is O(2%/2) in (E.31), to the O(1) variable

12, At

T = : (E.35)
in terms of which
d(At) [2 Re(C(Ax~x3/2)) - Dg] ~
CQ 2
- A5 ()’ —a) (1 -y
iy dr . - (1—2¢7) e
x [1+0(8%)]. (E-36)

®We’ve used the leading-order relation v ~ 2P(y)/y*(1 — y)*2*Ca of footnote 53.
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Expansion in z is now equivalent to expansion in £&. Expanding explicitly to NLO in &, we
find that we can rewrite the argument of Re above as

Qe d [ (14§ _ %

—d — |———=In(1 . E.37

Txdr[ T ( +T)+(1+%) ( )

Integration then gives

2Re [dxdy

~ / d(At) [2Re(c(mw3/2)) — Dy
0

(72(12 . 1
A% (a1 - 0)(1 - )y Re(i) <5 n 2> (E.38)

TYYT

through O(z=3/2).

The last element we need is to extend analysis of the O(z~%/2) pole terms to O(z~3/2).
Since we have had to make the Dy subtraction above, we also need to add the Dy term back
to the pole terms as in (D.1). Using (E.33) and 2Re(---) of (D.6)—(D.8), and expanding
in z, we find

dr (At<a) 0
Jim 2R [ - dy] + [ aan Doty p =

TYYT
C3a?
s () (1= o)1 =)y
R 1 2 /Lz —iT ;
x Re E_—I—E—i—an 05 —In(e"zyz)+ 2+ 2In7| iy ¢ . (E.39)

Adding this to the two contributions (E.28) and (E.38) from [ d(At) 2Re[C' — Dy, we see
once again that the leading-order contributions (represented here by the 1/£ terms) cancel,
now leaving the O(z~3/2) result

dr C2 a2 2 u? .
2 ~ —AS (1 —z)(1 - = +21 —In(e™""
Re [dx dy:|1;yyx 2 (xyz)*(1 —x)(1 —y)y Re{ L +21In <ZQ$E> n(e "zryz)
+In2+3nw —'yE} zQx} (E.40)
Since the 0(33*5/ 2) pieces have canceled, we may now use leading-order expressions for z
and v to get
dr CaaZ P(y) 2 1 i
2R ~ —5- %2 Req |- +21 —1 Try(l —
¢ [dm dyLny 22y “Ule e Q. E n(e 7y y))
+1n2+31n7r—’yE]iQx}. (E.41)
In the style of (E.1), this is
CacZP(y) [da 1 p
— == 12 -+ In| ——— -z E.42
e \ B RPN +Gy) — 5 (E.42)
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with G(&) determined in this derivation to be (E.3). Permuting x <> y in (E.42) gives the
entry in table 1 for 2 Re(yzzy) as y — 0.

This has been a complicated derivation of G(§). Reassuringly, one can confirm the
final answer numerically by comparing to the soft limit of our full numerical results for the
diagram.

F Power-law IR cancellations in stopping distance formulas

Consider moments (¢") of the energy-weighted distribution in distance ¢ of where energy
is deposited by a shower that stops in the medium. Imagine also that splitting rates dI'
scale with energy F as some power E™", even though that is not precisely true for NLO
rates because of the double-log dependence in QCD. Applied to our case of purely gluonic
showers, egs. (A10) and (A12-A14) of ref. [13] give the recursion relation

(") = , (F.1)

where

1 [t 4T
My = /0 dx —97299 1-— i (1-— x)”"”]

1 / dly, 1 1 1
i dx dy 9—999 1—zx +nv y +nu > +nv (F.2
3! Jy<i—a dx dy [ } )
and z =1 — x — y in this presentation. Above
{=E", dl = EY dT, (F.3)

and we do not notationally distinguish dI" vs. A dI". We now show that (F.2) can be written
in terms of the r(z,y) and v(z,y) defined in the main text and has the same organization
for the cancellation of power-law IR divergences.

Using the final-state permutation symmetries of (x,1 — z) for ¢ — gg and of (z,y, 2)
for g — ggg, (F.2) can be rewritten as

dr 1 drl
M(n — / dx g%gg 21,1—}-711/]_'_/ dz dy 97999 [1 3 1+n1/] (F4)
31 )yt s dz dy

and thence

- (' |dl o
M(n)—r—/0 dx [dx] at (F.5)
net

where I" and [dI"/dz]yet are given by (3.4) and (1.5), here scaled by (F.3). The form (F.5) is
somewhat similar to the right-hand side of (3.2). One may then mirror the steps from (3.2)
0 (3.16) to obtain

M(n) = SO 4 §NLO (F.6a)
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where

! ar]™° i)™
= /o dm{ [dm] 0(z>3)— [d:c] me’} (F.6Db)

$0 = ["ar [T o120 < 2) + Brr) oty <00 0 < 17

and

~ @y 0 (y < 52) + ol -2, 0 (y < §) + (2,10 (y < ?)}mlw}.
(F.6¢)

Similar to (3.16¢), the integrand in (F.6¢) has no support for y — 1 (with fixed x), and
power-law divergences cancel as y — 0. Unlike (3.16¢), the integrand in (F.6c) has support
as  — 0. However, the terms that have such support are suppressed by the z!*™ factor
and so do not generate a divergent x integration.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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