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between leptons and quarks. We also provide the matching between the EFT Wilson coef-
ficients and the widely used simplified quantum-mechanical approach, where new physics
is encoded in a set of production and detection NSI parameters. Finally, we discuss the
consistency conditions for the standard NSI approach to correctly reproduce the quantum
field theory result.

KeEYwoORDS: Effective Field Theories, Neutrino Physics

ARX1v EPRINT: 1910.02971

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2020)048


mailto:adam.falkowski@th.u-psud.fr
mailto:Martin.gonzalez@ific.uv.es
mailto:ztabrizi@vt.edu
https://arxiv.org/abs/1910.02971
https://doi.org/10.1007/JHEP11(2020)048

Contents

1 Introduction 1
2 Formalism 2
2.1 QFT description 2
2.2 QM-NSI description 3
3 Matching QFT and QM-NSI results 4
3.1 SM interactions 5
3.2 V-A interactions 6
3.3 General case 6
4 Application to specific processes 7
5 Oscillation probability 10
6 Muon decay 12
7 Discussions and conclusions 14
A Oscillations in QFT 15

1 Introduction

Precision measurements at low energies are sensitive probes of fundamental interactions
that complement collider searches. Neutrino oscillation experiments [1] are a specific class
thereof where one observes a characteristic oscillatory dependence of the neutrino detection
rate as a function of the neutrino energy F, and the distance between the neutrino source
and detector. The large body of oscillation data so far has established the existence of at
least three distinct neutrino states with different masses [2, 3], which is consistent with the
predictions of the Standard Model (SM) supplemented with dimension-5 terms leading to
Majorana masses for the SM neutrinos [4]. Within this paradigm, neutrino mass squared
differences and angles of the PMNS mixing matrix have been measured with good accuracy.
This opens the door to also probing and constraining new physics (NP), by which we mean
non-standard interactions (NSI) between neutrinos and matter that arise from physics
beyond the SM (BSM) [5-24]. To this end, however, one needs a map between fundamental
BSM parameters and observables in oscillation experiments. In this paper we construct
such a map for the EFT of SM degrees of freedom, in which NP modifies the charged-
current interactions between neutrinos, charged leptons, and quarks. This map makes
possible to understand the BSM implications of a given neutrino measurement, but also



to combine and compare the obtained bounds with other probes that are sensitive to the
same non-standard interactions (such as collider searches, u — ey, etc.).

We also discuss the consistency conditions for the widely used quantum-mechanical
(QM) approach, where New Physics is parametrized by a set of NSI production and detec-
tion parameters, to correctly reproduce the quantum field theory (QFT) result.

The paper has the following structure. In section 2, we discuss how to calculate
the differential rate of neutrino oscillation events, starting with a QFT with an arbitrary
field content and interaction Lagrangian. The result is encompassed in eq. (2.1), where
the rate is expressed by the amplitudes for production and detection of the neutrino.
This can be compared with the QM prescription to calculate the same observable, in
which the connection with the underlying physics of neutrino interactions is obscure. In
section 3, we introduce an EFT Lagrangian that describes interactions between neutrinos,
leptons, and quarks. The possible departure of these interactions from the SM predictions
is parameterized by a set of Wilson coefficients. The connection between these Wilson
coefficients and the rate formula in eq. (2.1) is made transparent by introducing process-
dependent production and detection coefficients. We also derive the matching between the
Wilson coefficients in the EFT, and the familiar NSI parameters in the QM description.
The matching is always possible at the linear order in the Wilson coefficients. However,
only if the production and detection coefficients satisfy a certain consistency condition,
that matching is valid beyond the linear order. In section 4 we calculate the production
and detection coefficients for several specific processes of relevance to current neutrino
experiments. We cover the cases of neutrinos produced in nuclear beta or pion decays,
and detected by inverse beta decay. The formulas for the neutrino oscillation probability
are collected in section 5. Section 6 is devoted to the discussion of NSI for neutrinos
produced in muon decay. The study of this process requires the introduction of 4-lepton
effective operators and introduces new features due to the presence of one neutrino and
one antineutrino. Finally, section 7 contains our concluding remarks.

2 Formalism

2.1 QFT description

Oscillation probability can be rigorously derived in the framework of quantum field theory.
Various derivations are available in the literature in the absence of NSI (see e.g. [25-27]).
Below we give an expression valid for completely general interactions between neutrinos and
matter. Consider neutrinos produced in the process S — X,v (e.g. beta decay of a nucleus
in a reactor, or pion decay), where X, is one or more body final states containing one
charged lepton £, = (e, pt, 7). Neutrinos are detected via the process v T — Y3 (e.g. inverse
beta decay), where again Y3 contains a charged lepton £g. The production and detection
can be described by QFT amplitudes ./\/lgk = M(S — X,v) and Mlﬁ)k = M1 — Yp),
where the index k labels neutrino mass eigenstates. The information about fundamental
parameters, is encoded in /\/lgk and /Vlgk, which should be then connected to observables.
For source (S) and target (T) states separated by a macroscopic distance L, the observable



is the differential rate of detected events per target particle R,g = ]\557{’&% given by

NS 7zLAm
R. 5= E 2E, dllpr M dIl 2.1
*F = 39rL2mgmrE, — / P kMal/ DMﬁkM,Bl (2.1)

A compact derivation of this formula is presented in appendix A, where we also enumerate
its limitations. Above, Amkl mk ml2 is the mass squared difference between neutrino
eigenstates. The phase space elements dIIp and dIIp for the production and detection
processes are defined in the standard way: dII = (27‘3;f21E1 (277)32E 2m)26H (P — 3 ki),
where P is the total 4-momentum of the initial state and k; are the 4-momenta of the final
states. The production dIlp includes the neutrino phase space (d)% and we define dIlp/
via dllp = dllp/dE,. The amplitudes M p p describe the neutrino production and detection

processes, which we allow to be arbitrary. The [ sign in eq. (2.1) involves integration and
sum/average over all unobserved degrees of freedom, such as angular variables and spins.
Finally, complex conjugated amplitudes are denoted with a bar, Ngr are the number of
source/target particles, and mg are their masses. The derivation of eq. (2.1) assumes that
neutrinos are produced by a source at rest and are emitted isotropically; see eq. (A.17) for
a more general formula.

2
The rate in eq. (2.1) displays the famous oscillatory behavior via the exp ( LAmkl)
factor. In the absence of oscillations, rates would be calculated using the neutrino differ-
tial flux @, = s, 9o
ential flux ®o = ;75 77,
rate I'Y (with emission of £, and summed over neutrino mass eigenstates) and the detection

and the detection cross section at the target. The source decay

cross section O'BD (with emission of /3 and summed over neutrino mass eigenstates) can be
calculated by the usual means in QFT. We have

Ng Z P 2/ Z D2
05 = dIl ps dIl . 2.2
alp 3271 ngMTEV / g k |Mak‘ ’ l |Mﬂl’ ( )

One can define the v, — vg oscillation probability as the ratio of the rate of detected events
in eq. (2.1) to the no-oscillation expression in eq. (2.2), finding

LA'm

> ki e~ deP’M deD/\/l /\/l
deP’ Zk |M |2 deD Zl |M ’2

P.g =

(2.3)

This formula appears in ref. [28] in a slightly different form without explicit phase space
integration. Oscillation probability is an intuitive and widely employed concept, however
strictly speaking P, is not an observable. For this reason in this paper we work mainly with
the rate in eq. (2.1). Nonetheless, the oscillation probability is also discussed in section 5.

2.2 QM-NSI description

Neutrino oscillations are often described in a simple quantum mechanical setting. One
defines flavor states as linear combinations of mass eigenstates: |vo) = Y, Uak |Vk), where
U is the unitary PMNS mixing matrix. In this language, NSI effects are encoded in



parameters ezg [19, 29, 30], which are defined by the mismatch between pure flavor states
and neutrino states produced at the source and detected at the target, namely [9]:

€%)a e
gy = LD,y = oy LT

N s (2.4)

with the normalization N = \/[(1 + €5)(1 + € 1)]aa, N = /[(1 + €T (1 + €?)]gg. The
probability of |v3) oscillating into |Vg> is given by PO%M = ](Vg\ e~ ML |ysY |2 where the
Hamiltonian is Hg, = >, Uskm2 U, /(2E,) in the absence of matter effects in propagation.
In this approach, which we refer to as QM-NSI formalism, the event rate is given by [6]

RY' = oMM A (N N)? (2.5)
SM_SM i kAmhy . .
=@, 03 Ze B [2s| ok [Ts]au[Tdl e [Tal B »
k,l

where z;, = (14¢*)U* and xg = (14¢%)TU. For antineutrinos eq. (2.5) holds with U — U*.
Above, M and U%M are the incident flux and detection cross section calculated in the
absence of NSI. Normalization factors NN g cancel in the observable rate and thus one
could have omitted them altogether [6]; their only role is to ensure that P,3 < 1, that is it
can be interpreted as a probability.

Results from oscillation experiments are often presented or recast as constraints on
the NSI parameters ezg. However, the utility of the latter hinges on whether they can be
unambiguously connected to more fundamental parameters in a Lagrangian. Only after
such matching the coefficients ei’g determined in different experimental settings can be
meaningfully compared and combined. In the following we discuss this issue, and illustrate
it with physically relevant examples. We will define the conditions under which the NSI
parameters can indeed provide an adequate description of NP effects in neutrino oscillation.
Conversely, we will show examples where this is not the case.

3 Matching QFT and QM-NSI results

One could try to match the QM-NSI and QFT language starting from the definition in
eq. (2.4). This however would be problematic, as such concepts as neutrino flavor states
or production and detection states are murky in a QFT framework when general charged-
current neutrino interactions with matter are allowed. Therefore, we will follow a pragmatic
approach and match the observable rates predicted by the QFT (eq. (2.1)) and QM-NSI
frameworks (eq. (2.5)). This comparison will allow us to determine the map between the
NSI €54 and the Lagrangian parameters, or else conclude the map does not exist.

Thus, in this paper we focus on NP in charged-current interactions between neutrino
and matter. The theory framework we consider is the EFT of the SM degrees of freedom at
the energy scale p =~ 2 GeV, in which lepton-number conserving NP modifies the effective
4-fermion interactions between leptons and quarks. Extensions to other theories and in-
teractions are straightforward using our approach. For example, introducing right-handed



neutrinos interacting with matter or additional sterile neutrinos mixing with the active
ones, would not bring any qualitative change to the formalism.

At leading order in our EFT neutrino interactions with matter can be parametrized
by the Lagrangian (see e.g. ref. [31])

2V, ~
Lo~ Uzd{ 1+ eL]aﬁ (uy" Prd)(bayuPLyg)

+ler]ap (" Prd) Loy, PLvg)

+ 5leslas(8) (TaPLvs) = 3 [eplas(@954) (o Prvs)

+ %[GT]ag(ao“”PLd) (baouwPrLvg) + h.c.} : (3.1)
where v = (V2Gr)~/? ~ 246 GeV, V,4 is a CKM matrix element, o/ = i[y*,~4*]/2, and
Prr = (1F75)/2. The quarks u, d, and charged leptons /, are in the basis where their ki-
netic and mass terms are diagonal. For neutrino fields kinetic terms are diagonal but mass
terms are not, thus v, are connected to mass eigenstates by the unitary PMNS rotation
Vo = Y UakVk. In this EFT the effects of NP are parametrized by the Wilson coefficients
[ex]ap, which encode new interactions between quarks and leptons mediated by BSM par-
ticles heavier than ~ 2 GeV. For example, non-zero er can arise in left-right symmetric
models due to the Wg boson coupling to right-handed quarks and mixing with the SM
W*, while non-zero es,p,r are generally predicted in leptoquarks models. More generally,
ex can be connected to parameters of the weak-scale EFT, known as the SMEFT [31-33].
The constraints obtained from neutrino oscillations may have an impact on these broad
classes of models.

We remark that, in the EFT below the weak scale where charged and neutral leptons
are not collected into doublets, nothing distinguishes the basis of v, in eq. (3.1) as soon as
ler]ap # 0. Unitary rotations vo — Vv, transform the Lagrangian into an equivalent basis
with NP parameters rotated as dx 1 + ex — (0x,1 + €x)V, and the neutrino mass matrix
rotated by M, — VT M, V. Physics of course cannot depend on which basis we work with.
We will see that observable rates will be invariant under such rotations of e¢x accompanied
by rotating the PMNS matrix U — V1U.

3.1 SM interactions

To warm up, let us first calculate the event rate in the limit of the SM interactions, which
corresponds to setting all ex = 0. In this case, which was studied in ref. [25], the amplitudes
can be decomposed as:

Mgk = U;kApv Mgk - UakAg . (32)

The functions AILD’D are independent of the neutrino mass index k£ up to negligible correc-
tions, whereas they do depend on the charged-lepton flavor index « (which we omit to ease
the notation). They also depend on the kinematic and spin variables in the production
and detection processes, and they appear in the observables integrated/averaged over by



[ dllp: p. All in all the rate in eq. (2.1) can be written as

Roc,B _(I)EM MZ *’L 2Eu kUalUﬂkUﬁla (33)

where the SM flux and cross-section are given by

oM _ Ns [dlp| A7 SSM _ deD|A€\2.
@ Smgrl2 = P 4FE, mr

(3.4)

Exactly the same result is obtained from eq. (2.5) in the limit eZ’g =0.

3.2 V-A interactions

A less trivial example is when NP enters only via V-A interactions: [er]os # 0 [5, 6, 34, 35].
In this case the detection/production amplitudes decompose as

ME = [+ en)ULLAY . MDP =1+ er)U]an AP . (3.5)
We obtain
V A SM ;SM —iLAm%l * *
Ryg™ = ®a 93 Z e 2B [wL]ak[xL]al [xL]Bk [JUL]m ) (3.6)
k,l

where x;, = (1 4+ €)U. In fact, the quantity zz is equivalent to a “non-unitary mixing
matrix”, an approach that has been studied in the neutrino literature [6, 35-37]. The
same result is obtained in the QM-NSI approach from eq. (2.5) when NSI parameters are
mapped to the Lagrangian parameters as [35]:

V-A: €ap = l€Llag e%a = [er]ap- (3.7)

In the V-A case the map between NSI and Lagrangian parameters is well-defined, unam-
biguous, and simple.

3.3 General case

For general NP interactions in eq. (3.1), the production and detection amplitudes can be
decomposed as

Mak = kAL + Z 6XU akAXv

X

The sum above goes over all types of interactions in eq. (3.1): X = L, R,S,P,T. We
stress that A?D will typically have completely different dependence on kinematic and spin
variables for different X. Plugging this decomposition into eq. (2.1) we obtain

LAmZ,
Rop = QDEMJ%M Ze_l 2By (3.9)
k,l
X [UgkUat + px1(exU) 5 Uai + px L Unk(€xU)ar + pxy (exU) 4p(eyU) wi]

X [UﬁkUgl + dXL(GXU)BkUgl + d}LUﬁk(GXU)El + dxy(EXU)gk(éyU)Zzl] s




where we define the production and detection coefficients

_ [dllp AR AL _ [dlpARAD

= JEPEX Ty = . 3.10
[ dIlp|ADJ? X dnp|ADP (3.10)

bxy

We show in section 4 the expressions of the above coefficients for different processes. For
antineutrinos eq. (3.9) holds with U <> U* and ex <+ €. The formulas for the neutrino
oscillation probability are collected in section 5.

At linear level in e the QFT expression in eq. (3.9) matches the QM-NSI one in eq. (2.5)
provided NSI parameters are expressed by the EFT parameters as

ebs = > pxilexlhs  €ha =Y dxrlexlap: (3.11)
X X

Therefore, the QM-NSI formalism can approximate the correct oscillation probability ob-
tained from the general EFT as long as the deviation from the SM, encoded in the coef-
ficients [ex]qg, is sufficiently small. If non-SM-like interactions are involved (that is with
a different Lorentz structure than V-A), the NSI parameters obtained via the matching in
eq. (3.11) may be a function of the neutrino energy and they do not satisfy anymore the
relation €8 = €T valid for the V-A case.

Beyond the linear approximation the QM-NSI formalism fails in general because no
matching can be found to connect with the QFT result. The consistency condition for the
matching in eq. (3.11) to be valid to all orders in € is

PXLPyL = Pxy, dxrdy; =dxy, (3.12)

for all X and Y for which exy are non-zero. Eq. (3.12) is trivially satisfied if the only NP
deformations are of the V-A type, that is if only €, is non-zero, in agreement with our previ-
ous discussion. However, for non-SM-like deformations eq. (3.12) is typically not satisfied,
because then AI;D may have different dependence on kinematic variables than AE’D.

In the next section we look at specific processes and give concrete examples where
eq. (3.12) are not satisfied. We also show cases where the conditions do hold.

4 Application to specific processes

The matching between the NSI parameters ¢® and €% to the EFT Wilson Coefficients ex
depends on the specific processes in which neutrinos are produced or detected, as shown in
eq. (3.11). The process dependence is encoded in the production and detection coefficients
pxy and dxy defined in eq. (3.10). With the production and detection coefficients at
hand, we can verify whether the consistency condition in eq. (3.12) is satisfied. If it is
not, the matching is only valid at the linear order in ex, whereas at higher orders it fails.
In the latter case, the QM-NSI approach does not reproduce the correct dependence on
EFT parameters beyond the linear order in ex. Here we list the production and detection
coefficients for inverse beta decay, nuclear decay, and pion decay, and discuss the validity
of the matching in each case. The discussion of muon decay is left for section 6. Table 1



Neutrino process NSI matching with EFT
*
Ve produced in beta decay €5= [GL —€Rp— %%q] 5
v e
v, detected in inverse beta decay |e? = |er+ 1808 e IS eg— 39497 ¢ )
€ Be LT s "R E A 14302~ 143937 )| o5
2 *
v, produced in pion decay EZB = [GL —€R— m@] 5
e I
s _ 3me
B . €= |:/0L 3m,—4E, pR] ced
v, and 7, produced in muon decay #
e — [ _ o me }
eB PL 2my,—4FE5 PR eBup

Table 1.
section 4 and section 6 for further details about the validity of the QM-NSI approach in each
case and for the definition of the Wilson coeflicients p relevant for muon decay. For antineutrinos
matching is the same up to complex conjugation.

Summary of the matching between NSI parameters and EFT Wilson coefficients. See

summarizes the linear matching between the NSI parameters and EFT Wilson coefficients
for these processes.

Neutrino detection through non-elastic processes (quasi-elastic, deep-inelastic, or res-
onances) are more complicated, and even in the SM it is often challenging to provide
accurate predictions, mainly due to nontrivial hadronic/nuclear physics involved. For this
reason, we leave these processes for future work.

A common detection process of low-energy neutrinos is the inverse beta decay, vp —
ne. For this case we find the following detection coefficients:

1- 39,24 gs me
drr, =1, drp = ——%, der = dop = — 7
LE B 15342 SO R T T 32 B, — A
TL R=T 32 By — A
2 2
95 397
drr = 1, dgg = —=>| drr = ) 4.1
RR SS 1+ 39124 TT 1+ 39124 ( )

where g4 = 1.251(33), gs =

nucleon charges [38-41], A =

1.02(10), gr = 0.987(55) are the axial, scalar and tensor
m, —my ~ 1.3MeV is the neutron-proton mass difference
and m, is the electron mass. We note that the usual chiral factor ~ my/E, associated to
(pseudo-)scalar and tensor interactions [7, 42] is of order one in this case.

The NSI detection parameters can thus be related to the EFT parameters as

efo = dxrlexles
X




The consistency condition in eq. (3.12) is satisfied only for the V-A case, and fails if
other NSIs are present. For example, consider NP of the V+A type affecting the process,
that is [eg]es # O for some 3. Since \drr|? # drr, we conclude that the effect of V+A
interactions in neutrino experiments that involve inverse beta decay cannot be described
by the NSI parameters € beyond the linear level.

In the presence of scalar and tensor interactions we have again |dg L]2 #dgg, \dTL|2 #*
drr. Moreover, in these two cases the left-hand sides depend on the neutrino energy, while
the right-hand sides do not.

Reactor electron antineutrinos v, are produced via beta decays of nuclear fission prod-
ucts. To calculate the corresponding amplitudes we assume that only the Gamow-Teller
type decays are important (see ref. [32] for further details). With this assumption the
non-zero coefficients are

pLL = —prL =1 pPrL = —PrR = _Ir e
’ ga fT(EV) ’
g2
PrRR =1, prr = 2%, (4.3)
94
which gives the following matching with NSI parameters
* * * gT Me *
€5 = pxrlex)is = lenlis — lerlis — =————]€ . 4.4
el ; [ ]eﬁ [ ]6,8 [ ]6,3 ga fT(Ez/)[ T]e/o’ ( )

Here fr(E,) is a function that depends on the nuclear decays taking place in the reactor,
which was calculated using certain approximations in ref. [32]. We see that the relation

in eq. (3.12) is not satisfied for the tensor case: # 1, which implies that reactor

me
L.
antineutrino production cannot be fully described b}]:Tt(}?g )QM—NSI formalism in the presence
of tensor interactions. Moreover, the energy dependence at the linear level (entering via
prr) is not there at the quadratic level (because ppr is a constant), which will be missed
if we use eq. (4.4) in eq. (2.5). For the left- and right-handed interactions the matching is
valid at all orders.

We see in this last example that one should not jump into the conclusion that the QM-
NSI formalism always fails for non-SM-like interactions. For instance, this is not the case
if AI;’D = CQDA}LD’D, where CI;D is a constant independent of the kinematic variables to be
integrated over. The latter happens e.g. in the 2-body decay of a spin-zero particle. This
includes of course the phenomenologically relevant case of neutrino production through pion
decays. Thanks to the pseudoscalar nature of the pion, the only non-zero hadronic matrix
elements for this decay are (0| uy*vysd |7") and (0| uysd|nt). As a result the production
process is sensitive only to axial (er-€r) and pseudo-scalar (ep) interactions.

For pions at rest, the non-zero production coefficients are

2
s

m#(mu +mg) ’

m
prLL = —PrL = 1, PPL = —PPR = —

4

m
PRR =1, ppPp = —5—— 5. 4.5
m2 (my, +mq)? (4.5)



The NSI production parameters can thus be related to the EFT parameters as

2
My

€5 = > _pxilexls = leclis — [erlus - yleplis (4.6)
X

my(my, + mq

We see that the consistency condition in eq. (3.12) is satisfied for all the interactions
involved in pion decay. Therefore, neutrino production via pion decays can be described
by the QM-NSI formalism to all orders (with the above matching), even in the presence of
non-SM-like interactions.

5 Oscillation probability

So far in this paper the basic quantity we have worked with was the event rate R,z in
eq. (2.1), which is an observable in neutrino experiments. This quantity can be decom-
posed into the product of the oscillation probability (eq. (2.3)) and the no-oscillation result

(eq. (2.2)):
Rog = Pog X ®n0g. (5.1)

In this section we the expressions for the oscillation probability P,z in both QM-NSI and
QFT frameworks, and we also discuss some relevant features. From the general QFT
viewpoint, the decomposition in eq. (5.1) may seem artificial, as the rate in eq. (2.1) is
directly observable in neutrino experiments. Nonetheless, there are advantages of defining
the oscillation probability that go beyond its obvious intuitive qualities. First, for the sake
of calculating ratios of measurements at different distances L for a fixed FE,, the ratio
of probabilities is the same as the ratio of rates. Second, in many familiar scenarios the
physics contributing to the oscillation probability in eq. (2.3) and no-oscillation piece in
eq. (2.2) is distinct. In the SM, electroweak and hadronic parameters contribute to the flux
and cross-section, while neutrino masses and mixing angles contribute to the oscillation
probability. In the EFT scenario (3.1) at the linear level only flavor off-diagonal ey affect
the oscillation probability, whereas flavor diagonal ex affect the flux/cross section [32]. It
is important to note however that such a separation does not hold beyond the linear level.

In the QM-NSI approach the oscillation probability is given by

2
'LAmkl

M s — —1 * *
PO = (N3NDHT2N " e o [ anlzaliulwdl slwal - (5.2)
k.l

As discussed in section 2, we have x5, = (1 + €*)U* and x4 = (1 +¢%)TU, and the normal-
ization factors are

(NoNg? = [+ ) teh] Jaretharen] (5.3)

~10 -



In the QFT approach the oscillation probability depends on the parameters of the EFT
Lagrangian in eq. (3.1) as

Py ' =N, 126_2 = (5.4)

< | UnUai+ > pxi(exU)iplUa+d pxrUsp(exUart Y pxy (exU)ip(eyU)a
X X XY

X UﬁkUﬁl+ZdXL GXU)ﬂkUﬁl+ZdXLUﬁk(€XU ﬂl+ZdXY EXU)ﬂk(GyU) ,
XY

where the coefficients pxy and dxy are defined in eq. (3.10) and the normalization factor is

Nag = |1+ ZPXLGX + ZPXLGX + ZPXYGYGE(

XY
aa

X 1+ZdXL€X+ZdXLEX+ZdXY€X6{/ . (5.5)
XY
BB

The QM-NSI and QFT probabilities can be matched as in eq. (3.11) only when the con-
ditions pxy = pxrpy; and dxy = dxpdj; are satisfied for each X, Y for which exy
are non-zero. In the case of V-A interactions we have pr; = drr, = 1 and the consistency
conditions are automatically satisfied. The SM limit corresponds to ex = 0 in the EFT,
or € = e = 0 in the QM-NSI approach, in which case we recover the familiar expression

Of,B —ZB_Z 2EV akUalUBkUﬂl (56)

It is well-known that NP can affect the oscillation probability at zero distance, i.e.,

Pag(L=0) # 0ap [43]. We find that:

e There are no such “zero-distance effects” at linear order in NP. Let us note that in
the o = [ case the rate itself is affected by linear effects in [ex]qq, but they come
from NP modifying the neutrino flux and detection cross-section in eq. (2.2).

e At quadratic order, zero-distance effects do appear in general.

e Zero-distance effects vanish at all orders in the o = 3 case with V-A interactions, i.e.
PY-A(L=0)=1
676 - -

Our results are therefore relevant for the study of zero-distance effects since they are
quadratic and, in the e = 3 case, necessarily non-SM-like.
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6 Muon decay

Finally, we consider neutrino production from muon decay (at rest).! For this purpose
we need to extend our EFT so as to describe the low-energy neutrino interactions with
leptons. At the leading order they can be parametrized as

LD *5*2 [(Baadse + [pLlaass) (Cay’ Prva) (s Prly) — 2[pRlacss(CaPrva) (U5 Prly)] |
(6.1)
where [px];,5, = [Px]bpaa for the Lagrangian to be Hermitian. A complication in muon
decay is that both a neutrino and an antineutrino are produced in the same process. In
the following we present the rate R of detecting a neutrino of flavor 8 summed over all an-
tineutrino eigenstates, and the rate R of detecting an antineutrino of flavor 4 summed over
all neutrino eigenstates. For simplicity, here we neglect new physics in detection.? We find

LAm?2
SM _S —i—5g s
Ry =@MoGMY " 2R U Uy, (6.2)
k,l

U4 3L XU U4 LUl Ut 0 13 U eyl UL
Y

_ _ ,LA'm2
Res =@My e 75 U Us
k,l

. [UekU:l DXL lX ULk U D1 x Uk lox U S D [0 Ve [pr]zwl] ,
¥

where we have defined the matrix contractions [pxU*]sapk = Y. 5[p XaagpU 4r and
[oxUlaypk = Y alPx)aaywUak- The SM cross sections for detecting a neutrino and an
antineutrino of flavor 8 are denoted as J%M and 62M respectively. The differential neutrino
and antineutrino fluxes in the SM limit are

PSM _ N, muE(4E, — 3m,)

Am L2 24m3pt

HSM _ Ny muEg(mu —2Ey)

+0O0me), T nL? Ayl

+ O(me),

(6.3)
where N, are the number of muons. Note that the two are different functions of the
(anti)neutrino energy, which is due to the structure of the muon decay matrix element.

The production coefficients are given by

3Mme 9 6m, — 12F,
= =———° 10 =—r “¥ 10 : 6.4
PRL = PLR 3m, — 4B, + O(mg), PRR = 3 4B, + O(me) (6.4)
_ _ Me _ 3m, —4E;
pu— = = —- O . 6-5
PRL=PLR = =50 PRE= G 0B, + O(me) (6.5)

and prr, = prr = 1. Note that pr;, and pgry, which control the linear effects proportional
to the pr Wilson coefficients, are suppressed by m./m,, ~ 0.005. This makes the quadratic

'For leptonic tau decays the discussion is completely analogous, up to a trivial change of indices.

®The R, expression including NP in detection is simply obtained replacing the SM detection piece
UprUg, by the BSM detection piece shown in the second line of eq. (3.9), and likewise for Reg with trivial
changes.
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terms dominant unless pr are strongly suppressed, below O(1%), in which case they are
probably too small to be observable in current experiments anyway. This fact amplifies
the need for a correct treatment of quadratic terms, as ensured by our QFT formalism.

To discuss whether the above-given QFT result can be matched to the QM-NSI for-
malism one needs to specify how the latter describes (anti)neutrino production from muon
decay [6, 44, 45]. Works carried out within the “non-unitary mixing matrix” setup [6] intro-
duce in eq. (2.5) an additional normalization factor, (N§)?2, associated to the (anti)neutrino
vs that is emitted and not detected. In the R, case discussed above, eq. (2.5) would be
replaced by

R = oMM PO (NSNING)? (6.6)

The expression for the QM oscillation probability is not changed, and thus the additional
normalization factor, (N£)2, does not cancel in the observable rate. One can check that
the QFT rate in eq. (6.2) does reproduce such result at all orders only if the effective
interactions are V-A and can be factorized as follows

aadpy + [PLlaass = (Vaa + wia) (9pp + ws) - (6.7)

In such a case, the matching is given by €® = w. Such factorization holds in particular (but
not only) when the BSM low-energy 4-lepton interaction is generated by modifications of
the coupling of the W boson to leptons, as e.g. in the “non-unitary mixing matrix” setup.
However, if the V-A Wilson coefficient does not satisfy eq. (6.7), or if other interactions are
present, the QM-NSI prescription in eq. (6.6) fails, even at linear order. That is, there is no
matching between €® and px such that eq. (6.6) is recovered from the QFT result in eq. (6.2).

One can formulate the QM-NSI approach in a different form, e.g. using eq. (2.5) without
any modification

R = oMo P (NN

In that case it is possible to find a linear matching valid in general, namely

€0 = _DxLloX)ccaps  €a =D DXLIPX]eapp (6.8)
X X

However, this approach comes at the cost of (i) not being able to describe the relevant case
of eq. (6.7) at all orders; and (ii) having process-dependent coefficients even in the V-A case.
All in all, we conclude that (anti)neutrino production through muon decay presents
additional features with respect to the production through a semileptonic process. As a
result, the limitations of the QM-NSI approach are even more severe. In particular we see
that a generic V-A interaction cannot be described exactly through the QM-NSI formalism.
In closing we note that the relation between the parameter v and the Fermi constant

G r becomes more complicated in the presence of the effective interactions in eq. (6.1):

G = 51 |1+ 2Relprleen + 3 (rleasulprlias, + orleasulprlias,) | +O0me). (6.9)
af

This is because the same Wilson coefficients that affect oscillations of neutrinos from muon
decay also affect the muon lifetime, from which G is determined experimentally. This has
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to be taken into account in order to derive consistent constraints on pyx if absolute rates
are used in the oscillation analysis. If on the other hand only ratios of rates at different
distance L are used, then v cancels out in the observables, and this subtlety is irrelevant.

7 Discussions and conclusions

We close with several comments on the results derived above:

1. In this paper we only discussed charged-current NSI and assumed the absence of
matter effects in propagation. The neutral-current NSI other than the matter effects
can also be correctly described by QFT expressions analogous to egs. (2.1)—(2.3), and
they are relevant e.g. if neutrinos are detected via coherent scattering on nuclei. To
include NSI entering via the matter effects one would need to modify the neutrino
propagator in the derivation in appendix A starting from eq. (A.6). We leave this for
future work.

2. It is worth stressing that charged-current NSI modify not only the flux and cross-
section in eq. (2.2), but also the oscillation probability in vacuum. The latter follows
directly from eq. (2.3), which depends on the production and detection amplitudes.
Generically, that dependence does not cancel between the numerator and denomina-
tor in eq. (2.3).

3. The observable in eq. (2.1) may depend on NP in two distinct ways. One is direct,
e.g. through a dependence of the production and detection amplitudes Mg;ﬁD on
the NP parameters ex of the Lagrangian in eq. (3.1). The other is indirect, due to
NP “polluting” the observable used for determination of the SM parameters [46].
This is the case for the CKM parameter V.4 in eq. (3.1). If NP is present, 8 decay
experiments determine a combination of V,,4 and [ex].g parameters, and in this case
the value of V4 cannot be just taken from PDG. This indirect effect is ignored in
most of the prior neutrino literature, even though it is of the same order as the direct
effects, leading to incorrect results. For instance, indirect and direct effects generated
by the coefficient [er]e. cancel at all orders, making this coefficient unobservable in
oscillation experiments [32].

The main results of this paper are: i) The expression in eq. (3.9) for the event rate
in neutrino oscillation experiments including nonstandard charged-current interactions de-
scribed by the EFT Lagrangian in eq. (3.1); ii) The matching in eq. (3.11) and table 1,
valid at the linear level in NP, between the EFT coefficients that describe the underlying
interactions and the QM-NSI parameters; iii) The consistency condition in eq. (3.12) for
that matching (and the simplified QM-NSI approach itself) to be valid to all orders in NP
parameters.

Our results are particularly relevant for analyses of oscillation data when effects of
non-SM-like physics (or equivalently €® # e‘“) are taken into account [7, 9, 11-13, 15-17].
We give a more fundamental meaning to the long list of existing analyses of oscillation data
carried out within the traditional QM-NSI approach. Their discovery potential can now be
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consistently analyzed and compared, among themselves and together with non-oscillation
probes that are sensitive to the same underlying physics. Even at the linear level in ex
we do find important and measurable effects that are not captured by the standard NSI
formalism. Namely, in the presence of non-SM-like interactions in the EFT Lagrangian,
we find that the NSI parameters depend on the neutrino energy. This dependence, which
has several phenomenological consequences has never been considered before within the
standard NSI formalism.
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A Oscillations in QFT

In this appendix we derive the master formula in eq. (2.1) describing the number of neutrino
events detected at a distance L from the source, taking into account possible neutrino
oscillations and nonstandard charged-current interactions. Our approach follows similar
steps as ref. [25]. The two main differences are: 1) we allow for general non-SM charged-
current interactions in neutrino production and detection, and 2) we work with time-
independent packets for the source and target particles, which greatly simplifies further
mathematical transformations. Of course, the source is necessarily unstable, hence the
latter assumption will lead to one subtlety in the derivation below.

We consider an experimental setup where neutrinos are produced in a process A, —
XV, and detected via the process vB, — Y. Here X, and Y3 are n,- and n,-body final
states (n; > 1). The indices o and ( indicate that these states contain charged lepton ¢,
and £ respectively, but otherwise their precise identity is irrelevant for this discussion. A,
and B, are both one-body particle states localized in the coordinate space, describing the
neutrino source (e.g. a beta-decaying nucleus in a reactor) and target (e.g. a proton in a
detector). We will work in the time-independent approximation where the states A, and
B, are represented by wave-packets of scattering in-states which do not change in time.
We parametrize them as

d*pa d*pp

\Ax>: m(bx(pfl”ﬁ/l)inv |By>: \/TTW%(I)B)WB)m (A.l)

where E; = ,/'mjz + |pj|?, for j = A, B, |pj)in are momentum eigenstates normalized as
(G;|p;) = (2m)32E;6%(P; — @;), and the states are normalized as (A;|A;) = (By|By) = 1.
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For simplicity we choose Gaussian wave packets for both states with the same spread o in
the position space:

6-(p) = 20v/m)*/ exp (—|p*0? /2 + ifZ) . (A.2)

The wave packet describes a particle at rest localized near Z with the uncertainty of order
.
The idea is to treat the neutrino production and detection together as a single pro-
cess [25]:
AzBy — XY, (A.3)

rather than consider the neutrino production and detection separately. In this approach,
neutrino is merely an intermediate particle in the amplitude. The outgoing states are
approximated by pure momentum eigenstates with the eigenvalues l%, i = 1...n, where
n = ng+n, is the number of particles in the final states. We are interested in the transition
probability for this process:

d®k;

Naﬂ = |<XaYB‘AIBy>|2 =1L [/ (277)32E] |out<k1k32 ce kn‘A:cByHZ- (A-4)

Plugging the wave packets for the initial states, and using out(kika...Ekn|papB)in =
(2m)264(pa + pp — X ki) M we obtain

1 d’pa d’pp d’py  d’plg
(2m)® | V2E4+\/2EpR \/QEA \/QEIB
X G2(D4) by (PB) Dz (D4) Oy (D) 6* (W4 + P — pa — pp)dT, MM, (A.5)

Nog =

where dIl,, = (2m)*6*(pa+p—>. ki)Hi% is the n-body phase space for the final-state
particles, and M = M(papp — ki...kp), M' = M(p/yp’s — k1...ky) are the usual am-
plitudes calculated by Feynman diagrams. Tacitly, N, involves sum/average over all non-
observed degrees of freedom, such as polarizations of the initial- and final-state particles.

Up to this point, we followed the classic derivation of the cross section formula, see
e.g. ref. [47]. What distinguishes the case at hand is the particular choice of the initial
states (Az|, (By| describing two spatially separated particles (rather than head-on beams
as in the cross section case). Furthermore, the amplitude for this process is dominated by
the kinematic region where ¢ = pa — px = py — pp is close to the neutrino mass shell,
@~ mz In that region, unitarity requires the amplitude to factorize into the production,
detection, and propagation parts:

(A.6)

M= 3 M4 2 ko) Mlanpn = ki) _ 5~ MM,
- q> — mi +ic ~q

2—m? +ie’

where the sum goes over all neutrino eigenstates, and the amplitudes in the numerator are
evaluated for all particles on-shell, including the neutrinos. We can also factorize the phase
space: f dIl,, = f %dﬂ pdIlp, where the first factor is the X +neutrino phase space, and
the second factor is the Y phase space. Next, it is convenient to isolate the phases in the
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wave packets by rewriting ¢, (p) = gg(p)eiﬁ"? . Finally, we trade one delta function for a time
integral using §(Ea + Ep — E/y — Ely) = [°°_ & ei(Ba+Ep—E,~FEp)t Thig leads to

—o0 2T
1 Ppa Ppp Epy dPplp oo

i(Ea+Ep—E)—Ep)t ,i(fp—pp)L

Nog =

x6°(Py + P — Pa — PB)e
P A4D ~'P \4'D

X 7dHPdHD D) 2 B Y 2 )

2 Zkl q*> —mj +ie(q+pp —plg)? —mj —ie

where L = iy — . The next step is to perform the q(Q) integral, treating it as a contour

integral:

Nog =

1 dpa dPpp &Bpy Bply - - - -
dt ! ! A8

s | e e e Ao p )0 (A8)

X8 (P + Py — Pa — ﬁB)ei(EA+EB—Ef4—Eﬁg)tei(ﬁB—ﬁg)EdH pdllp

S (i) MEMBNME MR

i 24/1q% +mi(Ep — EY) — 240 — Pp) + (pB — Plg)? + Am3, — ic

where Am?;, = m} —m}. Above, the amplitudes are now evaluated at gy = y/|q]% + m?2,
that is for on-shell neutrinos.

At this point we introduce a number of approximations that are appropriate for the
description of broad classes of real-life neutrino experiments:

1. The intermediate neutrinos are relativistic, hence in the production and detection
amplitudes we can set ¢y = |g]. The dependence on the neutrino masses survives
only via the Am2, factor in eq. (A.8).

2. The wave packets are localized in an area much larger than the inverse mass of the
source and target particles, o > m;l,le such that |pa B| ~ ol < ma,p. In the
subsequent analysis we will only keep terms of O@(c~!) and ignore those of O(c~2).
In particular, we can approximate E4 ~ m4 and Eg =~ mp.

3. We ignore the dependence of the amplitudes on p; or ﬁj’ , from which it follows that
M’ = M. Given the assumption in the previous point, this present assumption is
safe whenever the amplitudes are dominated by a velocity-independent term.

With the above assumptions eq. (A.8) simplifies to

J dilpdllp 37 MG MEMEMEG
Na = o o dtd3 d3 d3 ,d3 ’ A9
’ (2m)9(2ma)(2mp) / pad’ppd’pad pp (A.9)
) b (—i)ei(ﬁB—ﬁg)E

—

x&(pa)d(p5)d(1a)S(P5)8° (Ba + P — Fa — Pp)

Am?, — 24(pp — P) — i€

Due to our approximations, after replacing cUEa+Ep—E, —Ep)t oy nothing in the integrand

depends on t and thus the integral is infinite. This singularity could in fact be expected: due
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to using time-independent wave packets for the source |A,) we tacitly integrate the rate of
the A,B, — XY process from t = —oo to t = 400. In a physical situation, however, A, is
unstable, appears at a finite time %y, and decays after a finite time tg+7. Outside this win-
dow the process A, B, — XY cannot occur. With this in mind, we drop the integration over
t, and obtain the following result for the rate, that is the number of events per unit time:
P gD 4P p4D
dNas _ [ dllpdllp 32y Moy Mg M Mg /d3p Bondy s, (A.10)

dt (2m)9(2ma)(2mp) AT PBEPAT P '

. _ _ ~ o (—i)eiPa—PR)L

x$(pa)d(p5)o(0a)d(P5)0° (Ba + Pp — Fa — Pp)

Am2, — 2q(pp — ply) — e
Next, it is convenient to change the integration variables as ﬁji =p;* 13']’ . Afterwards we
can trivially perform the Gaussian integral over d3pjld3pj§,and eliminate the integral over
d3p;1 using the 63. We also fix the coordinate frame such that L= (0,0, L), so that the
z-axis connects the source and the target. This leads to

dNog _ [ dllpdIlp ZklMngngglMgl /d3pexp <_|p 2a2> (—i)eilrs

dt (2m)3(2ma)(2mp) 2 AmZ, — 2qp — i€’
(A.11)
where we simplified the notation: p'= pz; = —p;. In the integration over p., the principal

value is suppressed by the rapidly oscillating e*’P=, and is neglected, which leaves the

contribution from the pole at p, = (Am2, — 2¢;p;)/2q.:

dNus [dllpdlp Yy, MngﬂDkMglMﬁDl (Am3, — 2q;pi)*0* (A.12)
e (27)3(2ma)(2mp) 52 .
- 2 2\ 2 L D LA 2
X/dpxdpyeXp <—(|p “+ Ipy o )exp (—z‘ Gbi mkl) .

where ¢ = x,y. Note that ¢; is the neutrino momentum in the “wrong”, off-axis direction
transverse to E, thus |¢;| < |g:| as long as L > o. Therefore we can drop ¢;/q, factors
everywhere, except when they are multiplied by L. Then we can trivially perform the
Gaussian integral over p, and p,, which leads to

dNag 1 LAmE, P 4D xqP xyD L
= dIIpdIl —— — (A.13
=t [y D;exp( o) MEMBMEME - (A.13)
A 2\2 .2 2+ 2V1,2
X exp —7( mkIQ) ? exp —7(% qy) .
8¢z 2¢Z0”

The oscillatory factor e~27L/Lose appears here for the first time in this derivation, with
dmq, . 4nE,
Am%l ~ Amil'
interference between distinct neutrino mass eigenstates k # [ entering the propagators

the oscillation length Log. = In the QFT approach it arises because of
in eq. (A.7), which in turn is possible due to momentum uncertainty described by the
initial state wave packets. The oscillations become suppressed by the factor e~ Amy,0? /8¢
when the packet size becomes comparable to the oscillation length [48]. A condition for

oscillations to be possible is
E,

o
~ 2
Amg,

~ Lose. (A.14)
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On the other hand, in our approach we do not find exponential suppression of the
oscillations proportional to the distance L travelled by the neutrino. The usual argument
for this suppression [48, 49], due the decoherence of wave packets corresponding to
different neutrino eigenstates traveling at different speeds, does not apply in the stationary
situation considered here.

Due to the last exponential factor in eq. (A.13) the neutrino production angle 6 =~
\/q% + Q§/ q. must be such that L6 < o. This has a simple physical interpretation: the
neutrino must hit the target within its position uncertainty described by the wave packet.
Neutrinos emitted with L6 2 o simply miss the target and do not contribute to the
probability of the A,B, — XY process. With this in mind, on the final transformation

we trade ¢, = E,cosf ~ E,, and ¢2 + qz = E? sin?f ~ E20%. The production phase

d3q _ E,dE,dcosf0d¢
2m)32q0 1673

we need is that neutrinos are produced isotropically, that is Mgk/\;lgl integrate /summed

space contains the neutrino phase space 0 One more assumption
over unobserved degrees of freedom is independent of the angular variables 6,¢. This
assumption is satisfied in typical neutrino experiments where the source is unpolarized.
The integral over § can be evaluated order by order in 02/L?, leading to

22 2
dNag 1 B e s
dtd;? - 12873 L2mamp /dHP_”dHDZe ez M Mg My Mg e 8E}
v ki
(A.15)
where dllp = dHP—”W? that is dIlp_, is the production phase space without

the neutrino factor. Note the geometric 1/L? factor in front, which is of course expected
intuitively. Mathematically, it appears due to integrating over the neutrino production
angles in the phase space, where the contribution of off-axis neutrinos is exponentially
suppressed and only the small cone 6 < o/L effectively contributes to the transition rate.
The dependence on the size ¢ of the initial wave packets has canceled out, except in the
last exponential factor, which can be ignored in the limit aAmil < FE,. For an easier
comparison with the expressions from the oscillation literature, it is convenient to put back
the (now trivial) integration over the neutrino angular phase space variables 6 and ¢ on
the right-hand side of eq. (A.15):

LAm2, B B —(am?2)%52
/ M pdly S e 28 MEMBME M e 558
kl

dNus 1
dtdE,  32xL?mampgE,

(A.16)
where now dllp = dllp:dFE,. In the limit UAm%l < F,, after multiplying the rate by the
number of source and detector particles Ngr we obtain the master formula in eq. (2.1).

One can generalize eq. (A.16) to the case where the neutrino production is not isotropic
(Mﬁjk/\?tfl depends on the neutrino production angles), and where the source is not at
rest (E4 > my4). In the reference frame where the target is at rest, and in the limit
aAm%l < FE,, one finds

dNag E, _Lamiy P AqD P axD
a5, = S2E.ma Y e [ dllpdlp MEMEMEMES(¢.)0(qy),  (A1T)
v Kl
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where ¢, , are the neutrino momenta perpendicular to L= (0,0, L), and we identify ¢, =
E,. Eq. (A.17) can be used, in particular, for neutrino produced via decays in flight, and
for polarized neutrino production.

As a final comment, in this derivation we have assumed the absence of matter effects in
propagation. The neutral-current NSI other than the matter effects can also be correctly
described by QFT expressions analogous to eq. (A.16), and they are relevant e.g. if neutrinos
are detected via coherent scattering on nuclei. To include NSI entering via the matter effects
one would need to modify the neutrino propagator starting from eq. (A.6).
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