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1 Introduction

The study of the classical solutions of General Relativity and its generalizations has been
one of the major sources of information about the properties of those theories. Supergravity
theories are a particularly interesting class of generalizations of General Relativity because
many of them describe low-energy effective field theories of different superstring theories
and a great deal of work has been devoted to them and their classical solutions (specially
to the supersymmetric ones and specially to those describing black holes).!

One of the most important features of these theories is the presence of vector and
scalar fields that give rise to many interesting phenomena and properties of the black-holes
solutions. The electric and magnetic charges associated to those vectors play a crucial role
in the stringy interpretation of the black holes that carry them and determine completely
their entropy formula in the static, extremal cases. However, in most of the literature, only
models with Abelian vector fields have been considered, even though non-Abelian vector
fields play a more relevant role in our current understanding of Nature and most string

IFor a review of superstring theories and their classical solutions from this point of view see ref. [1].



models (specially the more realistic ones) include them in their spectra. In the case of
the Heterotic Superstring, non-Abelian vector fields occur at first order in o’ and can play
an important role in the suppression or even cancellation of o’ corrections to black-hole
geometries [2—4]. Thus, it is clearly important to study the interplay between gravity and
Yang-Mills fields in this context and to understand how the results obtained in the Abelian
case are modified by the presence of the later.

During the last decade our group has been trying to fill this gap in our understanding
exploring supersymmetric solutions (specially black-hole or black-ring solutions) with non-
Abelian fields in gauged supergravity theories [5-21]. They have also played an important
role in the construction of black-hole microstate geometries [22, 23]? and, furthermore, they
have turned out to be the intermediate step necessary to construct a’-corrected stringy
supersymmetric black-hole solutions [2-4, 25, 26]. This is due to the fact that, in the
context of the Heterotic Superstring effective action, the non-Abelian gauge fields occur at
first order in o and it is known that the curvature squared of the torsionful spin connection
occurs at the same order just as another gauged field [27], a feature of the theory that makes
the Green-Schwarz anomaly-cancellation mechanism possible [28]. The same mechanism
can be used to cancel some of the o’ corrections as well.

Although the multicenter solutions constructed in ref. [18] have angular momentum,
the only rotating, supersymmetric, single-center solutions constructed so far with non-
Abelian fields are the black rings and black holes of ref. [21] which are the simplest gen-
eralizations of the Abelian ones. In particular, the rotating black-hole solution presented
in that reference can be understood as a BMPV black hole (only one independent angular
momentum) with additional non-Abelian hair.

The aim of this work is to extend the catalogue of known rotating, single-center, black-
hole solutions in 4 and 5 dimensions by exploring the effect of adding dyonic non-Abelian
fields defined on hyperKéahler spaces. The supergravity theories that we are going to con-
sider in this paper are the 4- and 5-dimensional versions of the SU(2)-gauged ST[2, 6] model
(an extension of the STU model), whose main interest lies in the fact that it can be obtained
by toroidal compactification and truncation of the N'= 1,d = 10 supergravity coupled to
non-Abelian vector fields [25], which is often referred to as Heterotic supergravity.

The dyonic non-Abelian fields that we will consider are generalizations of those pre-
sented in refs. [22] and [29]. The latter were used in ref. [30] to construct a globally
smooth solution of Heterotic supergravity. The solutions that we are going to consider
here generalize that one by considering non-trivial hyperKéhler base spaces on which the
dyonic instanton is defined and by turning on additional fields that give rise to regular
event horizons, which in 4 dimensions violates the no-go theorem for regular, supersym-
metric, rotating black holes proven in ref. [31]. In 5 dimensions, they allow us to find
supersymmetric black holes with two independent angular momenta.

This paper is organized as follows. In section 2 we describe the class of gauged N' =
1,d = 5 theories (8 supercharges) we are going to work with and a general solution-

2For a review on black-hole and black-ring microstate geometries see, for instance, ref. [24] and refer-
ences therein.



generating technique for supersymmetric solutions of this kind of theories. In section 3 we
apply this technique to the particular model we are interested in, the ST[2,6] model, and
discuss which kind of dyonic non-Abelian fields, in particular, can be added to it. We also
describe the dimensional reduction of this model (and of the corresponding solutions) to 4
dimensions, where the theory becomes a model of gauged N' = 2,d = 4 supergravity. In
section 4 we focus on the study of single-center black holes both in 5 and 4 dimensions.
Section 5 contains a discussion of our results.

2 The general set up

2.1 N = 1,d = 5 Super-Einstein-Yang-Mills theories

N = 1,d = 5 super-Einstein-Yang-Mills (SEYM) theories are the simplest theories of 5-
dimensional supergravity containing non-Abelian gauge fields. They can be described as the
simplest and minimal supersymmetrization of 5-dimensional Einstein-Yang-Mills theories
or as the simplest coupling of 5-dimensional super-Yang-Mills theory to supergravity.

For our purposes, it is convenient to describe these theories as the result of gauging
a subgroup of the isometry group of the scalar manifold of a N' = 1,d = 5 supergravity
coupled to vector multiplets.? Therefore, these theories describe

1. The supergravity multiplet containing the graviton e“,, the gravitino wa and the
graviphoton AO/L

2. n, vector multiplets labeled by « = 1,--- , n, (each containing a real vector field A%,
a real scalar ¢* and a gaugino \'%).

The above field content does not determine completely the theory, since the matter
fields can be coupled to supergravity in different ways, even before gauging. In order to
describe the different possibilities, it is convenient to combine the indices of the matter
vector fields and of the graviphoton into a single index I,J,... = 0,1,--- ,n, so all the
vector fields are denoted by a single object A’ u- Then, all the couplings between the fields
of a given ungauged theory (between scalars, gu,(¢), between scalars and vectors ar;(¢)
and the Chern-Simons couplings between vectors) are completely determined by a constant,
completely symmetric tensor C g .t

Generically, an ungauged theory of N’ = 1,d = 5 supergravity coupled to vector
multiplets will be invariant under certain group of symmetries acting only on the vector
and scalar fields.” The action of these symmetries on the scalars has to preserve 9zy(@), the
metric of the scalar manifold and, therefore, it will act on them as the isometries generated
by the Killing vectors, that we will label by k;*(¢), and which can vanish for some values
of I. At the same time, because of the non-trivial couplings between scalar and vector
fields, the vectors will be rotated by some given matrices.

30ur conventions are those of refs. [7, 32], which are based on ref. [33].

4Our description of these theories will be minimal, giving only the information required to obtain and
explain the results presented in this paper. The reader interested in further details on these theories, such
as how to derive the couplings between the fields from C7yx, may consult the references quoted above.

SHere we are ignoring R-symmetry.



In many cases, it is possible to gauge a (necessarily non-Abelian) subgroup of this
symmetry group using as gauge fields a subset of the vector fields of the theory. We will
denote the structure constants of the gauge group by fr;% using the convention that they
and the associated Killing vectors, will just vanish for the values of the indices that do
not correspond to the gauge fields. In the gauging procedure, the partial derivatives of
the scalars are promoted to gauge-covariant derivatives ©,¢" = 0,,¢" + gA! pkr® and the
Abelian vector field strengths are promoted to their non-Abelian counterparts F! =
28[MAI v+ 9f TTA! #AK ». Here g is the gauge coupling constant. Gauge symmetry also
demands the addition of further terms to the Chern-Simons terms, but, as different from
what happens in the gauging of many other supergravity theories, supersymmetry does
not depmand the addition of a scalar potential and no effective cosmological constant is
present in the theory and its solutions.

The bosonic action of these gauged supergravities, that we call N' = 1,d = 5 Super-
Einstein-Yang-Mills (SEYM) theories, is given by

1
= 167G /d% 91 {R + 200y, 6" DH Y — tar, FIWE7
167Gy

1 ghvpoa

Crik
12v/3 V19l

1
+109 2fra! fup? AR AR, AM AN AP ]}

+

1
|:FI/U/FJpUAKo¢ - §gfLMIFJ,uVAKpALUAMa (21)

where Gg\?) is the 5-dimensional Newton constant and g is the Yang-Mills coupling con-
stant.5

For the sake of completeness and also for their use in defining the charges of the
solutions, we quote the equations of motion that follow from this action:
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5The symbol |g| denotes, however, the determinant of the 5-dimensional metric gu., = e“uebynab,



2.2 A solution-generating technique for ' = 1,d = 5 SEYM theories

Classical solutions of N' = 1,d = 5 SEYM theories with a symmetric scalar manifold can
be constructed using the following building blocks:”

1. A 4-dimensional hyperKihler (HK) manifold with metric do? = hyy, de™dz™,® fol-
lowing fields defined on it:

2. ny + 1 vector fields Al = fllm dz™.

@

ny + 1 functions Z;, I =0,...,n, defined
4. A 1-form w = wy, dz™.

In terms of these building blocks and the tensor Cjx that defines the model, the
5-dimensional physical fields (metric g, vector fields A" and scalar fields ¢*) are given by

ds? = f2 (dt +w)* — f~do?, (2.5)
Al = —27V3CHE Z; 74 3 (dt + w) + AT (2.6)
Z,
r_ “z 2.
=7 (27)
where the metric function f is given by
f73 = 27CIJKZ[ZJZK . (28)

The building blocks of the solution (AI , Z1,w) must satisfy the following differential
equations on the HK manifold:

FT =« FT, (2.9)

~ ~ 1 A A
@*GQZ]:—ch]KFI/\FJ, (2.10)
dw + *gdw = /3Z1 FT (2.11)

where *, is the restriction of the Hodge star to the 4-dimensional HK metric do?, D is the
gauge-covariant derivative with respect to the hatted gauge connection Al

DZ; =dZr + gf175A7 A Zx (2.12)

and F is the field strength of that connection
Bl = Al + %fJKIAJ A AK (2.13)
The solutions consrtucted in this way are time-independent and, in general (w # 0)

stationary. They are also (“timelike”) supersymmetric and preserve 1/2 of the 8 super-
symmetries of these theories.

"This recipe stems from the characterization of timelike supersymmetric solutions of the most general
N = 1,d = 5 supergravity theory including vector supermultiplets and hypermultiplets and generic gaugings
made in ref. [7], based in the results of ref. [32]. The inclusion of tensor supermultiplets was considered in
ref. [10]. We have adapted those results to the case at hands. Furthermore, we have restricted this recipe
to models with a symmetric scalar manifold, for simplicity (the model we are going to study belongs to this
class). In these models, but not in general, the tensor C*7* that one obtains by raising the indices with
the inverse of ar;(¢) (a’”(¢)) is constant and identical to Cryx.

8In our conventions m,n = 1, ..., 4 are tangent space indices whereas m,n = 1,...,4 are curved indices.



3 Dyonic solutions of the SU(2)-gauged ST[2, 6] model

In this section we are going to apply the solution-generating technique described in the
previous section to the particular model we are interested in: the SU(2)-gauged ST|2, 6]
model, which can be obtained by compactification of Heterotic Supergravity on 7% followed
by a truncation of all the fields related to the compact space. The ungauged model has
n, = 5 vector multiplets and is characterized by a Cjji tensor whose only non-vanishing
components are Cpgy = %nxy, with x = 1,...,5. The last three vector fields (x = 3,4,5)
will be used as SU(2) gauged fields in the gauged theory.

Then, it is convenient to split the index labelling the vector fields into a pair of indices
I = (i,A+2), where i = 0, 1,2 labels the Abelian vector fields and A = 1,2, 3, the SU(2)
gauged fields. Furthermore, we define the following combinations of Abelian vector fields

At = At + A% (3.1)

and we are going to use the scalar fields ¢,k and ¢4. The scalar ¢ is the string dilaton
field; k is the Kaluza-Klein scalar that measures the size of the circle of the compactification
from 6 to 5 dimensions and the £4 are just a convenient SU(2) triplet of scalar fields. The
relation between these fields and those of the standard parametrization in eq. (2.7) is

= (6 - ), (3.2)
N2 2 A,A472

k=2 [(¢ ) ¢(1¢_)¢2 o : (3.3)

=gt/ (¢! = ¢7). (3.4)

Then, for this model and using these variables, the generic action eq. (2.1) takes the
specific form

4
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Following the redefinition of the vector fields, in order to describe the construction of
the solutions, we will use the functions

Zi=Z1+Zy, and Z, =2, —ZaZa]Z_. (3.6)



3.1 The metric

According to the prescription given in the previous section, the metric of the solutions of
this model that we can construct with it will have the general form eq. (2.5), but now with
the metric function f taking the form

27

= ?ZOZLZ_ : (3.7)

f*S
3.2 The scalar fields

In terms of the functions that we have defined, the scalars are given by

~ 1/4
26 — 920 k= 225 / A A (3.8)
Z_’ ZoZ_ ’ ' ‘

3.3 The vector fields

The vector fields are generically given by eq. (2.6), but here we will restrict ourselves to
solutions with A° = A* = 0 for simplicity. We will keep the A4 # 0, though. Then, the
vector fields of our solutions will have the form

11
2 Z
AT = - (dt+w), (3.10)
V3ZiZ,
2 Zy X
A = (dt +w) + A, (3.11)
V32,7

and the building blocks for which we will have to solve egs. (2.9), (2.10) and (2.11) are the
functions Zo, Z4, Z4 and the 1-forms w, A4.

Let us first consider eq. (2.9). This equation can be solved in an arbitrary HK metric
by SU(2) gauge fields A4 defined on it via a generalized ’t Hooft ansatz [3]:

gAY = 74,00 log Pu™ (3.12)

where P is a harmonic function in the HK space, the 7?,,, are the three antiselfdual
complex structures that are covariantly conserved in the HK space and which can be taken
to be the constant 't Hooft symbols.” Finally, the v™ are the vierbein of the HK space:

do? = v™y™.

9The ’t Hooft symbols satisfy the following identities

A — — _A _A _A _A
€ Banmpncnq = —0mnf" pqg = OpgM" mn + OmgN” pn + 6pnf” mq s (3.13)
_A _A
N mnl] pqg = 267n[p5q]n — €mnpgq » (3.14)
ﬁAmPﬁBPTL = _6AB(5mn + EABCﬁCmn . (315)



The selfdual gauge field strength is given by!°
. 1
gF* = |72, V., log P 4 7, 8, log P 8, log P — iﬁAmn (Dlog P)*| v™ Ao™.  (3.19)

Next, let us focus on eqs. (2.10), which in this case take the form

1 - A
d*q dZy = EFA ANEA (3.20)
d*g dZLQ = 0, (321)
Dre D24 =0. (3.22)

For the configurations considered, it was shown in ref. [3] that the instanton number
density F'4 A F4 enjoys the so-called “Laplacian property”, i.e.

(dlog P)?
2

Vhdz, (3.23)
g

FA/\FA:—d*gd[

where h is the determinant of the HK metric. Hence, we find that egs. (3.20) and (3.21)
are solved by

2
0 (JlogP)
o=25 — —"rt
0 0 1892 )

Z12=2. (3.25)

(3.24)

0)

where Z(() { o are harmonic functions on the HK space.
As for eq. (3.22), two solutions of it are known to us:

3.3.1 Solution D1

This solution was found in ref. [22] for HK metrics admitting a triholomorphic isometry.
These metrics are known as Gibbons-Hawking (GH) metrics [34, 35] and can be put in
the form

do* = H ' (dn+ x)* + Hda'de',  dy =*@)dH, (3.26)

where *(3) is the Hodge star on E3 and H is a (n-independent) harmonic function on E3.!!

This solution also makes use of SU(2) instantons obtained through the 't Hooft anstaz
eq. (3.12) with a function P which is also independent of 7 and, therefore, harmonic
on E3 as well. The consistency of the solution demands that the functions Z4 are also
independent of 7.

°The gauge field strength for the SU(2) group is given by

FA=dA* + %EABC AB A AC (3.16)

and the covariant derivatives of the scalar functions are given by
DZ4 =dZa— *PCAP 70, (3.17)
Dp? = dp® + *PTABLC . (3.18)

1This is the integrability condition of the equation dy = *(3) dH.



Let us see in detail how this solution is obtained.
If P is independent of n and the HK metric is the above GH metric, the vector fields
defined by ‘t Hooft ansatz eq. (3.12) can be written in the simple form

gAA = H7 o™ (dn + x) + A%, (3.27)

where ¢4 and A4 are fields (scalar and vector, resp.) defined on E? and determined by
the choice of P by

ot =6 9;log P, (3.28)

A4 = 4 §;log Pda’ . (3.29)

The selfduality of the field strength of A4 reduces in this case to the Bogmol'nyi

equation relating the field strength of A4 and the covariant derivative of the o4 with
respect to that connection on E3:

) A= —Dpt. (3.30)
Substituting eq. (3.27) into eq. (3.22), we find the following equation for Z4
0;0iZ4 + 264 0, Zp " — 2046570, Zp — 224 PP =0. (3.31)

Following ref. [22], we make the following ansatz for Z4:

0;Q

Z4 =6y =2
A Agpﬂ

(3.32)

where @ is some function on E3. Plugging this ansatz into eq. (3.31), we arrive at the
following equation for Q:

0;0;Q
Po; <9P2> =0, = 0;0,Q=kP?, (3.33)

for some constant k. If, as we will assume later, P = 1+ A~2/r (a spherically-symmetric
harmonic function in E3), then

1
Q=Q" +k [672 A+ A ogr| (3.34)

where Q(© is another harmonic function in E3. k # 0 will, in general, give rise to non-
asymptotically flat metrics and, therefore, we will set it to zero.

3.3.2 Solution D2

The second solution available in the literature was found in ref. [29] in E* and it was used to
construct a dyonic instanton solution of Heterotic supergravity in [30]. The generalization
of this solution to the case of arbitrary HK metrics is straightforward. In order to show
this, let us first rewrite eq. (3.22) as

dxg dZy — gePC Zgdry AY — 29 €ABC (5, ABY A dZ¢

) ) ) ) 3.35
+g? (ZBAB A (3o A4) — Z4 AB A (*UAB)> = 0. (3.35)



Let us keep just one of the Z, functions active, say Z3. Substituting the 't Hooft
ansatz eq. (3.12) into eq. (3.35), we get the following conditions

V2Zs— 275 (8log P)? =0,
which are solved by

_ &

Lo =
3 gP7

(3.38)

where &; is an arbitrary constant.

Notice that when the HK metric is a GH metric and the vector fields do not depend on
the isometric coordinate 7, eq. (3.38) is a particular case of eq. (3.32) given by the choice
of harmonic function Q(7) = & 3.

3.4 The 1-form w
Finally, let us consider eq. (2.11). When the HK metric is a GH metric of the form
eq. (3.26), we can always write the 1-form w as

w=ws(dn+x) +w, (3.39)

and then eq. (2.11) takes the following form:

ZppB 9
dbf)+w5dx—H*(3) dW5 = @ ( B dX+ZBFB>
g H
V3 ZB(,OB ZBSOB
= % [ i dy — H %) d( i > (3.40)

+ *(3) (@B DZp — ZBbSDB)] )

where we have made use of the Bogomol'nyi equation (3.30) in order to rewrite the r.h.s. of

the equation. The integrability condition of this equation is'?

V3 ZpeP
so that .
A
ws = M + V3 Zpe (3.43)

29 H
where M is another harmonic function in E3. Finally, substituting eq. (3.43) back in

eq. (3.40), we arrive at the following equation for w:

*(3) d = HAM — MdH + ‘2/5 ((,OB DZp — ZBz“xpB) . (3.44)
g

126 derive this equation, we use that
d *(3) (LpB DZp — ZBéth) = QOB D *(3) DZp = 0, (3.41)

as a consequence of the Bogomol’'nyi equation (3.30).

~10 -



This is the equation that will have to be solved if we use the D1 solution for the gauge
fields or if we use the D2 solution over a GH space.
For the D2 solution eq. (3.38) over a generic HK space, it is natural to try an ansatz
of the form
W= T mnOp Q™. (3.45)

Then, using egs. (3.19) and (3.45), we find that eq. (2.11) reduces to

1 3
2 ﬁ3[n|pvm]6p9 + fﬁ3mnV29 = g {773[n|pvm}8p log P

2 g*P

) (3.46)
+173[m|p Oplog P 0y log P — 57737”” (Olog P)Q} ,
which is solved by
V3&
Q=-— P 3.47
Summarizing, for the solutions D1 and D2 of the gauge fields, the 1-form w is given by
37Zp P
D1 & D2 on GH space: w= M+£ Zhd (dn+x) +w,
2g H
(3.48)
D2 on general HK space: w= 2\231?;22 773mn OnPv™.

with & satisfying eq. (3.44).

3.5 Dimensional reduction to d = 4

When the HK metric is a GH metric taking the form eq. (3.26) in the coordinate system
adapted to the triholomorphic isometry and (quite naturally) none of the physical fields
depends on the isometric coordinate 7, it is possible to perform a standard Kaluza-Klein
reduction of the solution to d = 4 along that direction to obtain a solution of the SU(2)-
gauged ST[2,6] model of ' = 2,d = 4 SEYM. The matter fields of this theory are

vector fields AAM, A =0,1,---,6 and complex scalars Z%, i = 1,...,6 parametrizing the
coset space
L(2,R 2
SO(2) SO(2) x SO(5)
The interactions are determined by the cubic prepotential
1d;pXiXIXF
F— -tk (3.50)

3! X0 ’
where the constant, fully symmetric, tensor d;j; is related to the tensor Cpjx of the 5-
dimensional theory by

dij = 6Ci—1j-1k—1, i, k=1,...,6. (3.51)

The index 1 corresponds to the 5-dimensional 0 and the 4-dimensional 0 is associated to
the Kaluza-Klein vector of the dimensional reduction fomr 5 to 4 dimensions.

- 11 -



In this model, the SU(2) gauge group acts on the complex scalars and vector fields
with indices 4, 5,6. Furthermore, the + and — combinations defined in the 5-dimensional
case now correspond to

A%, =A%, + A3, (3.52)

A solution-generating technique to construct directly the timelike supersymmetric so-
lutions of N = 2,d = 4 SEYM theories was found in refs. [6, 9, 11], but the procedure turns
out to be completely equivalent to the construction of timelike supersymmetric solutions
with an additional triholomorphic isometry in the auxiliary HK space (sometimes called
base space) in d = 5.

The formulae relating the 4- and 5-dimensional fields were given in full generality in
ref. [14]. Here, we particularize those formulae for the dyonic configurations considered in
this paper.!?

We find that the 4-dimensional Einstein-frame metric takes the standard form of the
timelike supersymmetric solutions of N’ = 2,d = 4 SEYM theories

dsfy = €V (dt + )* — e da'da’, (3.53)

2U

where the metric function e™*" is given by

27
e = \/ f3H — (wsH)? = ;ZOZJ_H — (wsH)?, (3.54)
and the 1-form @ is the solution to eq. (3.44).

The 4-dimensional vector fields are given by

1 y
Ay = N [—e*V H?ws (dt + &) + x] (3.55)
1 €4UHf73
1 _ v
W= o Za (dt+ ) , (3.56)

Jr VHf3Z,
@3V z,Z,
4 _ —¢VH <f3ZA n V3wsp?

AL = _
W 32 \ Z.7_ 29

(dt+ ) (3.57)

1.
) (dt + ) + p A (3.58)

where the ¢ are defined in eq. (3.28).

131t is worth mentioning that there are many purely magnetic solutions of the Bogomol’'nyi equations
(and, hence, of the selfduality equations) which are, by definition, non-Abelian BPS magnetic monopoles.
They were found by Protogenov in ref. [36] and all of them can and have been used to construct regular
4-dimensional black-hole solutions with non-Abelian fields in these theories [6, 8, 9, 11, 14]. However,
not all these magnetic monopoles correspond to regular instantons in 5 dimensions and, therefore, they
cannot be used to construct regular 5-dimensional black holes. Here we are solving directly the selfduality
equation (2.9) and it is guaranteed (it is tautological) that, if they are defined on a GH space and are
independent of 1, they give solutions of the Bogomol’'nyi equations which correspond to regular instantons.

14We have added a subindex (4) to distinguish them from the 5-dimensional ones.
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Finally, the six 4-dimensional scalars are given by

1 - —2U
Zh = 37 (wsH —ie™?") (3.59)
2
Zt = ——— (wsH —ie V), (3.60)
32, H
27
Z7 = (wsH —ie”?) | (3.61)
3Z,7Z_H
27 A
A A . _2U '
= — wsH — ie + —. 3.62
37.7_H (s ) gH (3.62)

The Kaluza-Klein scalar of the 5 — 4 compactification is a particular combination of
these 6 complex scalars and it is given by

2= WH2f2, (3.63)

4 Rotating black holes

In the previous section, out of the many solutions that can be obtained by using the
techniques explained in section 2, we have selected two more restricted classes characterized
by dyonic Yang-Mills fields of two different kinds that we have labeled D1 and D2. These
two classes of solutions still depend on functions and building blocks which must satisfy
certain differential equations and conditions which do not determine them completely. In
this section we are going to make some particular choices of these building blocks adequate
to find single-center black-hole solutions.'® First of all, although we can use any HK metric
for the solutions of section 3 based on the dyonic instanton D2, we are going to restrict
ourselves to GH metrics, eq. (3.26), and, in particular, to spherically-symmetric GH metrics
of the form

do? = H ' (dn+x)2 + H (dr2 n r%l%)) L P =afet, 0% = d6? +sinf’dg?, (4.1)

where H only depends on the radial coordinate r and where the coordinate 7 is compact
and has period n ~ n + 27l ¢s being a length scale that we take to be the string length.

Since H is a function of r harmonic in E3, the most general choice of H and the
corresponding x are locally given by

H:aH+b—H, X = by cosfde, (4.2)
r

where ag, by are two integration constants to be determined.
As it stands, for generic values of by, this metric has an undesirable feature: it has a
Dirac-Misner string. Fortunately, it can be eliminated from the metric (4.1) by taking

by =nls/2, neL, (4.3)

15Note that we use superscripts to label the 4-dimensional scalars to distinguish them from the Z-functions
which instead have subindices.
Y5Multicenter solutions have been considered in ref. [18].
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and covering the HK manifold with two patches. For the time being, though, we will just
study the metric locally in one of those patches.

Furthermore, when ay = 0, the compactification to 4 dimensions is singular (observe
that the KK scalar in (3.63) blows up), which means that the solutions with az = 0 only
makes sense in 5 dimensions. When apg # 0, however, the asymptotic radius of the internal
direction is finite and therefore the solution is effectively 4-dimensional. We will deal with
these two possibilities separately.

Once the HK metric has been chosen, we have to specify the magnetic part of the
non-Abelian vector fields, A4, which is given in terms of the harmonic function P of the
‘t Hooft ansatz by eq. (3.12). Again, if P depends only on the radial coordinate, it must
be given by

)\—2

P=1+"—, (4.4)
T

where A™2 measures the instanton size.

This choice automatically determines (up to a proportionality constant) the electric
part of the non-Abelian vectors for solution D2. For the solution D1, the harmonic function
@ still has to be specified, but if it is only a function of the radial coordinate, it has to be
proportional to P

Q=4&P, (4.5)

for some constant &;.17
Hence, for the two classes of solutions D1 and D2, we have

& 't
—p ——————— D1
Azg(l—l—)\?r)rr’ (D1)
Z4 = AR (4.6)
Az — o (D2)
g (14 A\?r)
For the harmonic functions Zé?i’_, we take
o bo,+,—
ZOHn— =ag4+,— + ———, (4.7)

r

and the complete functions Z, Z+ and Z_ appearing in the metric eq. (2.5) read

bo 1 1
Zo=ag+ — — , 4.8
O T 1862 r (aggr + byr) (1 + A%)° (48)
b_
Z_=a_+—,
2
a4 + bi — 51 3 (Dl)
5 r g?r(a—r+b_) (14 N\?r) (4.9)
+ = :
by SN
ay +— — (D2)

T g2 (a_r+b_) (14 A2r)%

7The additive constant in Q is irrelevent.
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Since we have restricted ourselves to GH spaces, the 1-form w takes the form eq. (3.39)
with ws given by eq. (3.43) and with & implicitly determined by eq. (3.48). Choosing the
harmonic function M as

M= ap+ 2 (4.10)
one finds
( b 3 1
ayy + 21 1 V36 —. (DY
r 29 r(agr +bg) (1 + \?r)
ws = (4.11)
by V3&% A2 cos 6
ay + = — VR (D2)
r 29% (agr +bg) (1 + A\2r)
(CLHbM — aMbH) COS qub y (Dl)
W= V3& N2rsin? 6 (4.12)
by — b 0 — do . D2
(apbyr — apby) cos 2% (14 )’ ¢ (D2)

\
At this point, the solutions are fully specified, up to the choice of integration constants.
This choice is constrained by requirements of regularity, asymptotic flatness etc., which
demand a closer, case by case, study.
In particular, as we have already mentioned, the ag = 0 and ag # 0 cases correspond
to asymptotically-flat 5 and 4-dimensional solutions, respectively. It is natural to analyze

them separately.

4.1 5-dimensional black holes (ag = 0)

When ap = 0, the change of variables p? = 4bgr brings the metric eq. (4.1) to the form

2
do” = dp” + - (AW + d? + d6° + do” + 2 cos 0dVdg) = dp? + p* dy ), (413)

where we have introduced the angular coordinate ¥ = 27/(nfs) whose period is ¥ ~
U +4m/n and where dﬂ%g) /15 the metric of the lens space S3/Z,,. From now on we discuss
the n = 1 case, for which the above metric is that of E* and the 5-dimensional spacetime
metric of the solution eq. (2.5) can be cast in the form

ds? = (ZOELZ,)_W ® (@t +w)? — (zoéqz,)l/ ’ (dp2 n p2dQ§3)) , (4.14)
where we have defined
Zy = Zo/ao, Z =7 Ja_, Z.=7]a, (4.15)
a4 being the asymptotic value of Z+, which is given by
ay (D1)

g = . & D2 (4.16)

a_g%’
and where we have imposed an asymptotic flatness condition on ag,a— and a4, namely

2
gaoﬁura_ =1. (4.17)
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This condition, together with the expressions of the scalars in terms of the Z functions
eq. (3.8) allows us to write ag, a— and a4+ in terms of the two moduli of this theory ¢oo, koo

2

1
~EA3 a_ = ge’%"k;f/?'. (4.18)

1 _ ~
aO — §e¢ookoo2/3, a+ — 3

We can, therefore, eliminate these three integration constants in the functions that
appear in the metric, which, with the definitions

k2 = 4bgA72, & = 4bp&y, (4.19)
now take the form
o 26*%0/6243 P2 +2K?
Zy=1+— 4.20
TR T B (P (20
z =112 (4.21)
p

1O 98 ek pl g (Q +26%) 442 (2 42Q. ) o)

_ p? 297 Q (p?+Q-)(p*+nr2)? (4.22)
+ — ~ .
1+%+ 953 6¢wk502/3 o (Q,+2f42) + 22 (2Q7+/{2) +0_ k! D)

p? 29 (02 +Q-) (P> +r2)°

Here we have introduced new constants Qy, Q+ and Q_ whose relation with the parameters
of the harmonic functions by, b4,b_, by in eqs. (4.7) is

2 (b - ) o)
4 1 4 _ ~ a 2p_ )
QO:CZ{(O_W)’ - bcljb’ O = 4b+b i (423)
- by
D2
e (02)

Finally, setting ap; = 0 in eqgs. (4.11) and (4.12), we find

V3& =
T+ L 2 4 92
2w V3 P42 (dV + cosfdg) ,  (D1)

2 202 2 2\2
W= P G (4.24)
J V3 & K2 p?
< (dw _ _VORaR P v
e (dVU + cosOdo) 2200 1 12)2 (d¢ + cos 0d¥) , (D2)

where we have defined a new constant
T = 4byb% . (4.25)

We have replaced some integration constants by physical quantities and we have also
made some redefinitions. Then, at this point, the solutions we have constructed depend on
the independent constants

¢00) koov g9, kK, \-77 QU) Q+7 Q—7 and gl or 52‘
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The first three of these have a clear physical meaning. They are moduli of the solutions:
asymptotic values of two scalars and Yang-Mills coupling constant. There is another mod-
ulus of the solutions: the asymptotic value of the gauge-invariant combination /¢ 4/, that
we can denote by v. Only for the D2 solution it has a non-trivial value:

v 22 23526%1{;343, (D2) (4.26)
9

a-g
which allows us to replace & by %gve_%o ko_o2/ s,

Our next task will be to compute the conserved charges of the solution in terms of the
rest of the integration constants.

Charges of the solution. It is well-known that the presence of Chern-Simons terms in
field strengths or actions leads to the possibility of defining different notions of charge, see
for instance refs. [37, 38]. In the theories under consideration, they induce the occurrence
of F'A F terms in the equations of motion of the vector fields, as can be seen in eq. (2.3),
which in differential-form language takes the form:

1
—D(ars*x F7) + —30UKFJ ANFE £ gk, 0¢% =0. (4.27)

7

The FAF terms vanish when all the vector fields are purely electric and static, but they give
non-vanishing contributions at infinity when they are non-static or magnetic (instantonic,
for instance). Therefore, one gets different results in the calculation of a charge, depending
on whether one includes these terms in the definition or not.

Let us study the different possibilities.

If we couple the supergravity action to a 0-brane that couples electrically to the vector
field A”, the equations of motion eq. (4.27) are modified by a 1-form current .J }q as follows'®

1
V3

and we can compute the so-called brane-source charges, Q? , by integrating both sides over

—’D(aU*F‘])—i- C[JKFJ/\FK+gij©¢x:*J[S, (4.28)

some spatial 4-volume (such as a t = constant hypersurface):

Q‘?:/ *J[S:/ {@(CL[J*FJ)+1C[JKFJ/\FK+QI€]$©¢$} . (4.29)
V4 V4 \/g

In general, this charge is not conserved, d = J;° # 0, because the Lh.s of eq. (4.28)
is not closed. However, in the ungauged directions, the Killing vectors k;* vanish, the
gauge-covariant derivative becomes an ordinary exterior derivative and the F' A F' terms
are a closed (but not exact) 4-form and

1 1
S _ J J K
Q7 = 22/4 {_d(alj*l )+ EC[JKI Nl } ) (4.30)

is a conserved charge.

18 Apart from the overall factor of 167rG§\?), that we are ignoring here, typically the 1-form current J7 will
come multiplied by different combinations of asymptotic vallues of the scalars and other constants that we

will ignore in our discussion.
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Since each of the two terms that appear in the above integral for the Abelian directions
are closed 4-forms, we can use them separately to define other possible conserved charges.
In particular, using only the terms with second derivatives in the volume integral gives the
so-called Mazwell charges

1
M _ J
For our supergravity model (see the action eq. (3.5)) and applying Stokes theorem,
we have
1
Mo_ L [ 243, po 4.32
O =~ [, (132
2
oY = _ L Ly (1 + 2e—¢k—2zBeB) o FT o720k =4/30B 0B « -
67'('2 oV, 4
e Pk2/3 (1 + 26—%—25353) A% FA} , (4.33)
1
QM = — [ e 2Bk (FT + (BB 4 204 FA) | (4.34)
671'2 OVy

where 9V, is the boundary of V4. The relation between the Maxwell charges and the

brane-source charges is!?
1
05 = oM 4 / FTAF~ —FANFAY) 4.35
00 T 12vER Jy, ( ) (4.35)
1
Q% = oM 4 / FOAFT. 4.36

By direct computation, we find that, for the solutions described in this section, the
Maxwell charges have the following values

2
0} = et k21303 (4.37)

1 _
—=klPQT (D)

oY = \{g : (4.38)
%kééggr (D2)

2

et 23 Q> (D1)

oM _ ) V3 , (4.39)

2
\/ge k. (1 + 2v%e” Pk ) Q> (D2)

where we have defined 9F°, Qﬁf and O as

2¢— %0 kZé?’

00— 13 2 _ —
Q= lim p (Z0—1)=Qo+ 32

(4.40)

19Observe that, in general, we cannot apply Stokes’ theorem since they are closed but not exact 4-forms.
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- £2 pboo .= 2/3
) ) Q. ( + 95162~k°°> (D1)
0¥ = lim ¢’ (z+ . 1) - 2420, Q_

Qs + 2% "k 2 (Q_ +2x%) (D2)
Q= lim p*(Z_.-1)=Q_.

p—00

, (4.41)

Observe that the difference between Q5° and the constants Q; is always a shift by some
quantity. This behavior is characteristic of systems which have delocalized sources (such as
those introduced by the non-Abelian fields) that can contribute at infinity. In this respect,
the shift in Qp corresponds to the contribution of the instanton to this kind of charge,
already observed in refs. [2, 4, 20, 25]. The new shifts in Q,, which are proportional
respectively to {? and v? (or equivalently to &5), are due to the dyonic nature of the

instanton.
The integrals of the F' A F' terms are
1 0 + op-2/3 B
5 /. F/\F = 12e %=k %/ 1+ﬁQ (4.42)
6k1s 5o D1
1 0 > 1+6Q (b1)
5.3 F'ANF™ = 5 (4.43)
i
63 9., D2
r boo 1.—2/3 52
12e% k%3 bo(14% Qk & Qy, (D1)
[ FtAF = 1+5 29°Q+ Q- (4.44)
277'2 Vi /8 '
12eP=2/3 3% (D2)
)
+54e0= k13 Qy 1f5 2Q§1Q (D1)
A pA _ % 9L+
o2 J, EO N . (4.45)
4
L ? ) (D2)
where the constant 3 is defined by
I [ o
B= — —, with J= 29 (4.46)
Q0Q+Q —4J?
J, (D2)

and J is related to the angular momenta of the solutions, as we will see below. The
shift in 7 is due to the contribution of the non-Abelian field to the angular momentum at
the horizon.

Eq. (4.45) indicates that our solutions include a dyonic deformation of the BPST
instanton [39]. The electric part of this dyonic configuration will be characterized later
on. Notice that the instanton number in the D1 case is not quantized since the integral
fV4 FA A FA has a second contribution due to the fact that the gauge fields do not vanish
at the horizon.
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Taking all these results into account, we find that the brane-source charges are given by

o - 2o (1412 ) o an
1 B\ -
— KB 1+ =)oy (D1)
V3 ( 1+ 6) "
! 1 s (1 + ﬂ) Q (D2) o
\/g 00 1+ ﬁ +
2 623 B
—e Pk P14+ —— |9, (D1)
V3 1+6>
0 = 4.49
2 g2/ (1 N N ) o_. (D2 .
L \/g o] o] 1+/6 -

In order to characterize the electric part of the non-Abelian dyonic configuration, we
can integrate the gauge-invariant quantity ¢4 « F4 over a S3 and take the p — oo limit
or that in which it goes to zero. For the solution D1, the profile of the fields is such that
| g3 ¢4 « FA vanishes when computed in the p — oo limit since they fall off to zero too
fast, but in the p — 0 limit it does not. The opposite is true for the D2 solution. Thus,
we find?’

- 1/3
1 2 2bos 2
Y (NI IV Gy (R (4.50)
27 S8 g 0,07
1 AL pA f§%62¢°° 2 | Aco | oo
Qny = 55 [ Hx A =0V, (R+Q++Q,). (4.51)

It is worth mentioning that the while the interpretation of |, S8 ¢4 % FA as a charge is not
very rigorous, the quantity that we have denoted by Qp, does have a charge interpretation.
It is the charge (up to moduli factors) associated of the unbroken U(1) vector field [30].

Mass and angular momenta. The mass and the two independent angular momenta of
the solution can be found by examining the asymptotic behavior of the metric eq. (4.14)
in a suitable coordinate system. Thus, to this aim, it is convenient to introduce a new
set of coordinates (f, 0, 9~, q~$+, <Z~>_) related to the previous one by the following coordinate
transformation

- ~ 1/3 ~ 0 ~ v+
P=t, p=p(202.2.)", 0=, s="22 (4.52)
In terms of these new coordinates, the asymptotic expansion of eq. (4.14) for large
values of p reads

sa 4 T 4.7 - -

ds® ~ 1—# de* + :72+cos,29dtd¢++ ‘72 sin® 0 dt de—
3mp p p

8G(5)M 2 2 N2 20 7172 2 772 (4‘53)

— H:}#Z di* — p (de + cos? §dp2 + sin edqs,),

2051 /g has dimensions of length squared, as a charge, while £2/g is dimensionless.
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where M, the ADM mass of the solution, is given by

7T ~
M= " (05 + 97 + Q%) (4.54)
and Ji are the two independent angular momenta of the solution
J, (D1)
Jx = V32 (4.55)
77 29252 (D2)

Properties of the solution. Let us list here the main properties of these solutions:

e There is a regular horizon located at p = 0. Hence, they describe supersymmetric,
rotating, asymptotically-flat black holes. The induced metric at the horizon is

(Q0Q+Q_)1/ ’
4

1
—ds} = [1 e (d¥ + cos 0dg)* + d%) : (4.56)
Therefore, the horizon is a squashed 3-sphere and the squashing parameter § is given
by eq. (4.46).

In the D1 solution, 8 vanishes when both the total angular momentum 7 and the pa-
rameter &; vanish. Therefore, there can be squashing even for vanishing total angular
momentum due to the contribution of the dyonic field to the angular momentum at
the horizon (related to ;).

In the D2 solution the squashing parameter can vanish even when there is angular mo-
mentum (J4 = :F%) because there is a delocalized source of angular momentum
in the dyonic non-Abelian field.

e The Bekenstein-Hawking entropy is given in terms of the near-horizon charges by

A 2 . .
Spi = % = %\/Qogg, —472. (4.57)
16 266

Rewriting this expression in terms of the brane-source of Maxwell charges is very
difficult or would result in a very complicated expression.

e These black holes can be seen as non-Abelian generalizations of the 5-dimensional
supersymmetric black holes of ref. [40] (with the BMPV black hole [41] as a particu-
lar case). The non-Abelian interactions play an important role here, particularly in
solution D2. They are the essential ingredient that allow us to describe an asymptot-
ically flat, supersymmetric, rotating black hole with two different angular momenta,
something that has not appeared so far in the literature. Furthermore, as a conse-
quence of the interactions between electric and magnetic non-Abelian sources, the
2-form dw is no longer anti-selfdual, as can be seen at the level of eq. (2.11). This
property, which does not hold here, was thought to be crucial to construct regular
supersymmetric rotating black holes in five dimensions [42], although the analysis
carried out in that reference did not include non-Abelian fields.
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e Even though the black holes are spinning, there is no ergosurface. This is expected
for supersymmetric solutions because the existence of ergosurfaces was shown to be
incompatible with supersymmetry in ref. [43].

e The presence of closed timelike curves (CTCs) is a quite common feature of these
kind of metrics. This problem has been studied with special emphasis in the context
of the microstate geometries program [44, 45]. It turns out that the condition that
guarantees the spacetime is free of closed timelike curves reduces to the positivity in
the whole spacetime of certain function.?! In our case, we must demand

. ) Dy \ 2
202+ 2_H — (wsH)” — < — > >0. (4.58)
rsinf
In general, this is a complicated problem that has to be studied in a case by case
basis for particular values of the physical constants. Often, however, it is enough to
study this condition in the p — 0 and p — oo limits, in which case it is equivalent
to the positivity of the horizon area Ay and to the positivity of the ADM mass M,
respectively. In the case at hands, we have checked numerically that if this is the case,
then eq. (4.58) can be satisfied without imposing more constraints on the parameters.

e In the D1 solution, the instanton size x remains a modulus with arbitrary value while
the parameter §~1 appears, as we have seen, non-linearly in the Maxwell and brane-
source charges. It also contributes to some quantities computed at the horizon such
as the angular momentum J and the entropy.

e In the D2 solution, however, the instanton size & is no longer a free parameter since it
can be fixed for instance in terms of the electric charge of the dyon by using eq. (4.51).
As we have already seen, the non-Abelian fields of this solution also contribute to the
total angular momentum in an asymmetric way, giving rise to different components
of the angular momentum in different planes. Indeed, we can also use eq. (4.55) to fix
the instanton size in terms of the combination of angular momenta AT = J4y — J_
as follows

K2 — _92A~7 _ _@
V3& 2v

Globally smooth solution. The family of solutions D2 includes a gobally regular and

P k239 AT . (4.59)

horizonless solution that does not require the addition of localized brane sources for the
choice of charges Qp = Q+ = 0_ =7 = 0. In this case, the Z functions now take the
simpler form

2% kgé?’ p? + 252
39 (p?+ K2
Z =1, (4.61)

(4.60)

*'Recently in [23], there has been some progress to reduce eq. (4.58) to an algebraic relation, simplifying
the task of constructing explicit solutions. Although the results of [23] only apply strictly to a special class
of smooth horizonless solutions, we expect a similar analysis may also work for more general configurations.
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s, %G e kol!® (207 + K2) K2

Z, =1 4.62
and the 1-form w becomes just
2.2
w= M (dp + cos 0dV) . (4.63)

2g%(p% + K2)
This 5-dimensional solution describes the heterotic dyonic instanton constructed in
ref. [30] compactified on a T°. Tt can also be seen as a rotating generalization of the

instantonic solution considered in ref. [20]. The solution is characterized by two non-
vanishing asymptotic charges

2e—%o0 ki{?’
Q= T3z (4.64)
~ 9 ef ko/? €2 K?
QY = 0902 : (4.65)
and by only one independent angular momentum
V3& K2
=-J. . =-——". 4.66
Finally, the mass of the solution eq. (4.54) reduces to
- 9e—book2/3 g eboo o 2/3 2 2
M=o (0 +07) = | =+ SL N (4.67)
4Gy 4Gy 39 g
4.2 4-dimensional black holes (ag # 0)
The 4-dimensional metric of these solutions is
ds?y = &V (dt + ©)* — eV (dﬂ + erQ%2)> : (4.68)
where the 1-form & is given in eq. (4.12). The metric function e =2V is
—2U 27, 2
e = ?ZOZJFZ_H— (wsH)", (4.69)
where
q0 2 -2
Zy = 1+ =+ —F5F(r; A 4.70
0 ag ( + r + 9(10&[{92 (TaQHa )) ) ( )
Zo=a (1+L), (4.71)
r
N 0+ A€ —2
14+ — F(r;q-, A D1
i a+ ( + r + a+a_gg (Taq ) ) ) ( )
AR (4.72)

i 2 r+q_) (14 2X2r) + g_\*r2
i (148 & 2( ) ( ) . , (D2)
rooaia-g (r+q-) (14 A2r)
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H=ay (1 + qTH) , (4.73)

ap <1+W—mF(r;qH,)\2)> , (D1)

r anagg?

ws = , (4.74)
ans 1+q7M_ \/§§22 A“r cos 0 i (D2
r 2apang® (r+ qm) (1 + \27)
where we have introduced the function
r+ r 4 2q2) + ¢3
F(r;q,q2) = ) +20) + 6, (4.75)

A1 (r+aq) (r + Q2)2

The relation between the constants qo, ¢+, q—, gy and gy and the original parameters
of the harmonic functions is

1 1 b_ by
= — b e = — = — 4
qo a0 ( 0 18ngQ> ) q a_7 qH aH? ( 76)
and
2
ai <b+ - a12> , (D1) 1 (bM + 2‘/2?:51 ) , (D1)
Go=q BN, Ca={ e U 20 am
o e o

where a4 is again given by eq. (4.16). We have implicitly assumed the finiteness of several
constants which appear in the denominators of these expressions. In most cases, this
is demanded by asymptotic flatness, but we will have to take this fact into account at
certain points.

These 4-dimensional solutions depend on the parameters

ao;&-i-va—7aH7aM7)‘797q07q~+7q—7qH7qM7 and 51 or 52 . (478)

As already mentioned, not all of these parameters are independent because they have to
satisfy certain relations demanded by asymptotic flatness and the standard normalization
of the metric at spatial infinity. These conditions are:

1. The vanishing of NUT charge. This condition demands that??

apbg = ag b, (4.79)

*2This condition is also equivalent to imposing that the integrability condition of eq. (3.44) is also satisfied
at the pole. One may wonder if there is a fundamental reason to demand this since, after all, the Z functions
as well as the GH function H are singular at that point. Leaving aside the requirement of asymptotic
flatness and the wire singularities characteristic of Taub-NUT geometries [1], the main reason to impose
the vanishing of the NUT charge is that we do not know of any string theory configuration (source) that can
account for it. It was also argued in ref. [31] that the vanishing of the NUT charge is a necessary condition
to for the solution to be globally supersymmetric.
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which guarantees that @ vanishes asymptotically, see eq. (4.12). This equation can
be satisfied in two ways:
(a) We can just set apr = by = 0.

(b) If apsr # 0, we have to fix the integration constant ¢ps in terms of gy (and &; in
the D1 case) as follows

V34

+———— (D1
o =3 ™ 2apanqug’® (b1) (4.80)
qu - (D2)
Either way, when there is no NUT charge, the 1-form & is given by
0, (D1)
w = \/352 A2rsin? 6 (4.81)

29% (14 A2r)? 4. (D2)

Therefore, as already observed in ref. [18], the solution D1 is static, but the solution
D2 describes a supersymmetric, asymptotically-flat, rotating black hole.

2U

2. At spatial infinity, the metric function e“ must take a constant value that is con-

ventially taken to be 1, i.e.,

. 27T

lim e?V — 1, = “apdra_ag — (aprag)? =1, (4.82)
r—00 2
which allow us to rewrite ag,ay,a—,ag and aps in terms of only four independent
parameters. For future convenience, we choose these parameters to be e?>, koo, loo

and fs.?3 The relation between these constants is

ag = 16¢°°k<:02/3f;>17 a— = gefqbook;oz/g)foglv ay = lkgég s
3 3 3
e st g Y
= T RN e

with £ f2, < 1. Together with the quotient & /g, these four constants completely
determine the asymptotic values of the 4-dimensional scalars which are given in
egs. (3.63)—(3.62). Defining

Z% = v, e r=0+,—,A4, (4.84)
we find,
vo = e ORZPAL L v = 2k R (4.85)

Z3Recall that /o is the asymptotic value of the Kaluza-Klein scalar that measures the radius of the circle
of the 5 — 4 compactification. fo is the asymptotic value of the 5-dimensional metric function f, which is
given in eq. (3.7) and no longer has to be equal to 1.
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SRS o (D1)

V. = QSOO 2 2 486
omiper (142 88) oy O
292 k3
0, (D1)
v =19 =0, v3 = boo p1/2 (4.87)
2e 2£oo §2 , (D2)
/3
gkm 00
Uoo f2
2 _ 0 J 0o
tan Yo = m s Vo . (488)

Let us now rewrite the solution replacing the integration constants ag,a—,aps, G+, any
by the physical parameters e?>, koo, loo and foo. We get??

ed)‘” k;OQ/S 2 efd)oo kg(/)geoo B
Y H%Jrg—fF(’"?‘JH’A ) (4.89)
2€_¢wkgo2/3 qi
SR Y S (HT) : (4.90)
4/3 q Do £2 ¢2
o Gt  18e%>f5¢€ _
(e ) o
#= 4/3 5 4o (4.91)
oo™ 1+qi+9e¢mf§o§§ (r+q-) (142X%r) +q_\*r (D2)
3Joc ro 2kl (r+q-) (14+X%r)° ’
foo qH
= Uy 4.92
e ( o ) ) (4.92)
loo [1-Loo f3 qH V3lobl  2V30 & »
o\ Tz U - F(riqu, A D1
foo\/?( + T >+292foqur g2foo (r’qH’ )7 ( )
e (4.93)

loo [1—Lloo f2 loo A2rcosd
Lo 75(” (1+QH>_\/§2 & e (D2)
Joo loof5% r 29° foo (7“—|—QH)(1+/\27“)

At this point, the solutions depend on

e¢oo ) kooa EOO? f007 9,490, quv q—,4H, )\7 517 or 52 . (494)
The first 5 of these and & are moduli (asymptotic values of scalar fields and gauge coupling
constant). The 4 gs will be interpreted as near-horizon charges and we still have to find
the physical meaning of A\ and &;. Let us study the charges of these solutions.

Charges of the solutions. The black hole solutions that we have constructed are electri-

cally charged with respect to the 4 non-trivial Abelian vectors A(()4), A%4), Aa) in egs. (3.55)—

(3.57) and magnetically charged only with respect to the KK vector A(()4). Therefore, these

24The ap; = 0 case can be smoothly recovered in the foo — 1/v/{so limit.
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dyonic black holes have 5 conserved (Abelian) charges: 4 electric and 1 magnetic. Not all
these charges are independent, though, as a consequence of the zero-NUT-charge condi-
tion, but this is something that depends on the definition of charges being used. For the
near-horizon charges, eq. (4.80) leaves only 4 independent charges in the D2 case, since
qyv = qm- In the D1 case, however, the near-horizon charge associated to the function ws is

given by qp + 1f?f ‘?’2 2\515;2 and therefore it is not fixed since &; is a free parameter. This

strongly suggests that the quantity &/ (quQ) could be interpreted as the electric charge
of the non-Abelian dyon.
We can now compute the asymptotic charges ¢5°, ¢3°, ¢°°, q%7, 45, defined as

- Z e = k2Pl
oo _ ] 20 q9) = 0 "> 4.95
4 ng@?"(@ﬂ ) e (4.95)
. Z_
¢ = lim r ( — 1> =q_, (4.96)
r—00 a_
_ 9etek 232
= 7+ + W.;l ; (D1)
= limr |2t 1] = 9 Joe - (4.97)
+ r—00 a4+ 9 e¢°°k_2/3 é.% )
~ o0 —
_ 42X D2
H
g7 = lim r ( - 1) =qpu, (4.98)

gy = lim r a151> =45 =qm - (4.99)

In both the D1 and D2 cases, we find only 4 independent charges as a consequence of
eq. (4.80).

Mass and angular momentum. Comparing the asymptotic expansion of the metric
eq. (4.68) with

() 2 ()
2 2
dsty (12 2O MY o ATS0 s (12O MY e 202 (4100)
(1) . . . @

we find that the ADM mass M and the angular momentum 7 of the solution are given by

e e tan —4(1—Llfl) an

M , 4.101
40512 GY o

0, (D1)
J=1 V3g o2 (4.102)

C4g202°

In the D2 case we can use this last equation to fix the instanton size A in terms of angular
momentum and the moduli of the solution:

-2 _ 492

IRVETS

J. (D2) (4.103)
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Properties of the solutions

e The D1 solution is an asymptotically-flat, static solution characterized by the inde-
pendent physical parameters

ed)oo?k;oo?gooaf00797QO7d+7Q—7QH7€17)\- (4104)

The first 5 are moduli and the next 5 can be interpreted as near-horizon charges.
The parameter A characterizing the instanton size can be interpreted as non-Abelian
hair.

e The D2 solution is an asymptotically-flat, rotating solution characterized by the
independent physical parameters

ed)makooagoovfooagaf%%,Q+,Q—,QH,5- (4105)

The first 6 are the moduli of the solution and the next 4 are the near-horizon charges.
Finally, J is the angular momentum. As already discussed, in this solution the
instanton size A gets fixed in terms of J and some of the moduli by eq. (4.103).

e Both solutions have a spherical horizon at r = 0 with area

Ag = 47T\/<]0 g+ q- qu — (qu qu)?, (4.106)

as long as this quantity is real and finite, i.e., if o ¢+ ¢— gz > (qums qH)Q. The angular
momentum of the D2 solution does not modify the shape of the horizon because
lim, o @ — 0, contrary to what we found in the 5-dimensional case.

e If, on top of having a regular horizon, the condition

27 _ -
5422 H > (wsH)* if r>0, (4.107)
is satisfied everywhere,?® so that the metric function e 2V # 0, these solutions will
describe, respectively, a static (D1) and a rotating (D2) asymptotically-flat black

hole.

5 Discussion

5.1 Summary of the results

In this paper we have presented a general class of supersymmetric solutions of 4- and 5-
dimensional SU(2)-gauged supergravities with 8 supercharges (that is: N'=1,d = 5 and
N = 2,d = 4 supergravities) using the techniques developed in refs. [7, 14, 32].

The novel aspect of our solutions is the addition of delocalized sources of charge through
non-trivial dyonic Yang-Mills fields. As we have seen, they play a fundamental role in our

Z5We have checked numerically that it can be satisfied.
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analysis since the angular momentum of the solutions (specially in 4 dimensions) is related
to the electric-type charges introduced by these fields.

In 5 dimensions, we have found two non-Abelian generalizations of the well-known
BMPYV black hole. One of these (D2) has two independent angular momenta, which is a fea-
ture that has not been observed in the literature before for supersymmetric asymptotically-
flat black holes.

We have also constructed 4-dimensional asymptotically-flat black holes which can be
seen as the non-Abelian counterparts of the heterotic black holes studied in ref. [46]. One
of these has in fact a non-vanishing angular momentum and it is regular, being this the first
example (up to our knowledge) of this type. Actually, a “no-go” theorem had been proven
in ref. [31] in the context of ungauged N' = 2,d = 4 supergravity. Indeed, these theories
have Abelian vector fields only, and, with a single center, dyonic fields do not give rise to
angular momentum and any other sources of angular momentum give rise to singularities.
The rotating 4-dimensional solution that we have constructed overcomes these problems
because of the delocalized nature of the dyonic non-Abelian fields, which do give rise to
angular momentum.

5.2 Future directions

Since the theories that we have considered here can be obtained from toroidal compactifi-
cation of the 10-dimensional Heterotic supergravity, these solutions can be easily uplifted
to 10 dimensions as it has been recently done in ref. [25]. Heterotic supergravity, however,
does not capture the complete set of first-order o/-corrections, since it is well-known that
the effective action of the Heterotic Superstring [27] also contains terms which are quadratic
in the curvature of the torsionful spin connection. In some cases, it can be argued that the
corrections introduced by those terms are small enough to be ignored, but, as shown in
refs. [2, 4], sometimes it is possible to compute them exactly (to that order, at least) if the
results of ref. [3] can be applied to the particular supergravity solution under consideration.

Thus, it is natural to consider the embedding in Heterotic Superstring theory of
these solutions and the o’ corrections of these solutions. Work in these directions is in
progress [47].
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