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1 Introduction

It has long been a matter of interest whether strongly coupled gauge theories can generate
light or even massless fermionic bound states (baryons), since these might form the basis
for a composite model of standard model fermions [1]. A related problem is to generate the
experimentally observed top quark mass in composite Higgs models, in which the Higgs
particle is a pseudo-Nambu Goldstone boson. This requires baryonic top partners [2, 3]
that are light relative to the typical hadronic scale in the strongly coupled sector. The
AdS/CFT correspondence [4-6] has provided a new window on strongly interacting gauge
dynamics that may potentially be useful as a new approach to Beyond the Standard Model
(BSM) physics. It motivates us here to look afresh at a mechanism for generating light or
massless baryons in top-down holographic models, in which the use of a top-down string
theory D-brane construction provides control over the field content of the dual gauge theory.
As a starting point for new BSM analyses, in this paper we begin by carefully fixing
the details of top-down gauge/gravity duality models required for investigating fermionic
modes. Somewhat removed from the phenomenological BSM models mentioned, we study
a rigorously understood top-down construction of an N = 2 gauge theory with massive
quarks. In this theory, the meson states and their supersymmetric partners, the mesinos,
can be analytically computed and lie at a scale determined by the quark mass. Here we will
determine how higher dimension operators may be used to generate abnormally light mesino
states. There are two sets of mesino states corresponding to different representations of
the supersymmetry algebra. One of them is very similar to a QCD baryon multiplet since
the lowest mass entry in this multiplet consists of a product of three elementary fermion
fields (of course a true baryon at large N, is made of N, quarks and must be represented
by a baryon vertex in the dual [7]). In the future, we hope to extend our mechanism to
holographic descriptions of more phenomenlogically relevant gauge theories, in particular
of theories displaying chiral symmetry breaking, extending the results of [8].

The D3/probe D7-brane system [9-11] provides a clean holographic description of
a strongly coupled gauge theory with quark matter for which an easily calculable dual
description exists. The gauge theory is an N' = 2 supersymmetric theory with hyper-
multiplets added to the base N/ = 4 super Yang Mills theory. The gravity dual in the
quenched approximation consists of probe D7-branes embedded in AdSs x S° space that
wrap a subspace which asymptotically near the boundary is AdSs x S [9]. The quark mass
and condensate are explicitly present in the model as holographic modes and determine the
near-boundary behaviour of the embedding functions. The meson spectrum, corresponding
to fluctuations of the brane about their vacuum configuration, was computed in [10]. The
fermionic spectrum in the massless theory was fully derived in [12]. In the same paper, a
phenomenological bottom-up rule was used to guess the equations of motion for the fluctu-
ations in the massive case, reproducing the expected spectrum, with further results in [11].
A full derivation of the equations of motion for the massive case has been completed in
the unpublished notes [13]. The first task we set ourselves here is to provide an explicit
derivation of these equations and to check the supersymmetric degeneracy of the spectrum.
The results in [14] are also a useful related reference.



The general strategy for studying fermionic open string fluctuations of probe D-branes
is to write a ten-dimensional action for a 16-component Majorana-Weyl spinor and then
perform the pull-back onto the world-volume of the D-brane [15]. For supersymmetric em-
beddings such as the ones we consider, where the probe D-brane lies flat in the background
space-time, this pull-back simply corresponds to dropping derivative terms for the bulk
directions. In cases with a curved embedding, as required for modelling chiral symmetry
breaking in non-supersymmetric backgrounds for instance, this would be a more involved
process. However we do not consider such cases here. For the supersymmetric case we
re-write the metric in terms of vielbeins, determine the non-vanishing spin-connection
components of the background and evaluate the Dirac operator on the world-volume of the
probe branes. In this way, we obtain the individual terms that appear in the first-order
equations of motion. These terms can be divided into one Dirac operator associated with
the asymptotically AdS space and one on the transverse S in the case of the D7-brane
probe. The eigenvalues of the S operator split into two sectors with an opposite sign.
We need to consider both of these sectors and we choose to denote by G the set of modes
derived from the positive sign of the spherical eigenvalues, while we use F to describe
the modes associated with the negative eigenvalue on the sphere. Each of these generate
distinct mesino states in the field theory. The usual holographic operator matching shows
that the former set of modes is naively associated with bound states of two quarks and a
gaugino, while the latter are quark-squark bound states.

The first order Dirac equations can be squared to a Klein-Gordon second order form.
A factor of v* associated with the radial direction p in AdS is still present in the second-
order equation. However, it is possible to write the solution in terms of eigenvectors
of ~* with eigenvalues 1. When the mesino is massive, the leading term from either
solution in the UV region near the boundary is associated with the field theory source
J and the sub-leading term with the operator . This identification requires some care,
as we discuss based on the previous results of [16]. We present analytic solutions for the
supersymmetric case and reconfirm earlier analysis [12] that show the solutions match
the expected supersymmetric spectrum. We also present a detailed numerical approach
for determining the mesino masses which we need for our later analysis including higher
dimension operators.

So far, the model considered does not give rise to light baryons since the masses of the
baryon-like mesinos are tied to the meson spectrum by supersymmetry. To proceed, one
possible addition to the theories are higher dimension operators. Witten’s double trace
prescription [17] allows such operators to be introduced easily as modifications of the UV
boundary conditions on the holographic solutions. Previously this has been done in the
D3/D7 system for Nambu-Jona-Lasinio type four-fermion operators in [18]. Here, instead,
we consider adding operators of “mesino squared” form which naively will generate a shift
in the mesino mass in the effective description of the low-energy hadrons. We show that as
the coupling of these operators is raised, the mesino masses can be driven to light values
relative to the rest of the spectrum. For small values of the coupling of this operator, the
shift in the mesino mass is small and linear, but above a critical value of the coupling
the shift in the mesino mass is suddenly sharp and much larger. Inspite of this, the



mesino mass can only be pushed to zero for asymptotically large values of the coupling,
presumably reflecting that fermionic states cannot become tachyonic and condense. Our
approach provides at least one (tuned) mechanism for generating light composite fermions
in strongly coupled gauge theories. We also study the radially excited states of the mesinos
and show that their masses are bounded from below and do not become light along with
the lowest state whose mass approaches zero.

In later sections we also extend this derivation to the other supersymmetric systems
D3/D3 and D3/D5 in order to test that the behaviour we see is generic which it seems
to be.

This paper is organized as follows: in section 2 we present the background of the
D3/D7-brane system together with the mass spectrum of the mesons dual to bosonic fluc-
tuations of the probe D7-brane derived in [10]. We discuss the fermionic fluctuations of
the D7-brane in section 3 where we show how to obtain the mass spectrum of the dual
mesinos both analytically and numerically. In section 6 we then apply the methods dis-
cussed in section 3 for the D3/D7 system to the D3/D5, and D3/D3. We end this paper
with concluding comments and remarks in section 7. Our notational choices are discussed
in the appendix.

2 D3/D7-brane system: background and bosonic fluctuations

We begin by reviewing the bosonic sector of the canonical D3/probe D7-brane system which
describes the N' = 4 super Yang-Mills theory with quenched A/ = 2 matter multiplets [9,
10]. This is the example for which we will study the fermionic fluctuations in full detail
below.

2.1 D3-brane background geometry

According to the AdS/CFT correspondence, a stack of D3-branes generates type IIB su-
pergravity theory on AdSs x S°, which is dual to N' = 4 gauge theory [4-6]. We choose
the following basis representation of the AdSs x S° metric,

R2
r2

2 2 2 2
ds® = GyndeMdzN = %nuydx“da?” + %dp2 + Rp

dQ% + —bpndw™dw™,  (2.1)

r2
where M,N =0,...9, u, v=0,...,3,m,n=28,9 and > = p> + (w8)2+ (wg)Q. Moreover,
dQ% denotes the metric for the S3 sphere. The D7-brane is embedded in such a way that w®
and w? are its transverse coordinates. The AdS radius R is given in terms of the number
of the background D3-branes, the string coupling gs and the string tension o’ by

R = 4mg,N(d/)?. (2.2)

Let us first consider the supergravity solution associated with the D3-brane back-
ground (2.1). It comes with the dilaton ¢ and a Ramond-Ramond (R-R) four-potential
C4) given by

4

¢? = constant, Cuy = % dz® A - A dat (2.3)



This leads to the R-R five-form
4 _ -
Fis) = (14 %)dCla = 77* da’ A= Nda? A (pdp + w™dw™)
+ 4R4’03 ( was A dw® A dw? + dp Awes A (wsdwg — wgdwg))
7”6 P Wgs P S3 )

(2.4)

where wgs is the standard volume form of S3.

In the next sections we will couple a spinor ¥ to the above supergravity background.
This requires us to introduce a local Lorentz frame that allows us to treat the metric (2.1)
as locally flat. For the local Lorentz frame we introduce vielbeine

el = et da™ (2.5)

where I, M = 0,...,9 and I denotes the locally flat coordinates. In terms of the e!, the
metric (2.1) is given by

ds®* = nrjele’ . (2.6)
For the geometry (2.1), we obtain the following components e, for the vielbeine,
I_ "o r_ R 1_Rp g 1 _ R
eu_ﬁéu’ e, =—10,, i T T G efn_?(sﬁr (2.7)

Here the index i = 5,6, 7 refers to the coordinates of the S3 sphere in (2.1). For I referring
to a coordinate on S3, i.e. I = 5,6, 7, the object é{ is the dreibein on S2. When I denotes
a coordinate transverse to S3, i.e. *, p or w™, we set éiI to zero.

In terms of the local Lorentz frame (2.7) the five-form (2.4) is given by

Fsy = %(eo/\~~/\e3/\ (p e +wde® + w’e”)
(2.8)
+p e NSNS +e? A A (wBe? — w9e8)) ,
where €5° = €3 A €8 A €7 is the A-product of the three vielbeine corresponding to the S3
directions of (2.1).
In order to write down an action describing the dynamics of the spinor ¥, we need to

compute the spin connection
Wil = —wil = e, GNPV et = e, GNT (8Me£ — I‘]\R/[Pe‘]]%) : (2.9)

The non-vanishing spin-connection components corresponding to the Lorentz frame (2.7)
are given by

wy_%ﬂmgg_gm+wwﬁﬁ—%%na
Wil = 2 (05,67 — 64,31

r ) - (2.10)
Wl = ol + (5 = 1) (st — ojel) + P (ke — o3l

P w”
whl = (0300, — 5705) + 5 (6157, — 6J6L)



coordinates i p 33 w™
dim 011234 |5|6|7[8]9
D3 X | X | X | X
D7 X | X | X | X | X | X |X]|X

Table 1. The embedding of the D3- and D7-branes. We choose the D3-branes to be embedded
along the directions 0, ..., 3. We refer to these coordinates as x*. The D7-brane is embedded along
0,...,4,5,6,7. As can be seen from (2.1), the 4-direction is radial and we refer to it as p. Moreover,
the directions 5, 6,7 form a three-sphere (2.1). We refer to them as S3.

where w 7 is defined as the spin-connection on the three sphere if I and .J correspond to
the S2 coordinates and set to zero otherwise.

2.2 Embedding of the probe D7-brane

We use the standard D7-probe brane embedding as reviewed in [11]. Let us briefly sum-
marize the main features. The D7-probe brane is embedded into the D3-brane geometry
of section 2.1. This embedding as well as its bosonic fields are described by

Sp7 = Spe1 + Swz, (2.11)
where Sppy is the Dirac-Born-Infeld (DBI) action for the D7-brane probe, with tension 77,

Sppr = —1» /d8§e¢\/_ det (gAB + 27TO/FAB) (2.12)

and the Wess-Zumino (WS) term is

2
Sz = 27 /P IANFAF. (2.13)

Here, gap is the pullback of the metric (2.1) to the world-volume of the D7-brane and
F = dA is the field strength of the gauge field A on the brane. Moreover, P[C(y] is the
pullback of the R-R four-potential (2.3) to the D7-brane. We choose the z*, p and S3
directions of (2.1) as world-volume coordinates £#, as shown in table 1.

The ground state embedding of the brane may be found by setting F' equal to zero
in (2.11) and using the ansatz w® = 0, w? = L(p). This leads to

Spr = —T7 vol (53) /d4$ dp e p*\/1+ (9,L)2. (2.14)

Since e~ is constant (see (2.3)), it is easy to verify that this action is minimized if L is
constant. Thus the brane wraps the 2#, p and S® directions at a constant value L of w?.
This leads to the following metric on the brane,

R2
P a0z, (2.15)

2
R?
dsd, = gapde’de? = RQ’I’}W/dZE dz” + d +

where 12 = p? + L?. This flat embedding of the D7-brane preserves half of the original
(sixteen) supercharges of the D3-brane background. The distance L between the D7- and
D3-branes corresponds to the quark mass mg. We have L = 2ma/my. L sets the mass scale
of the theory and its bound states.



2.3 Bosonic fluctuations

The bosonic fluctuations of the embedding of the D7-brane and the gauge field are studied
in [10]. These fluctuations correspond to scalar and vector mesons on the boundary. In
this section we briefly review the results of [10].

2.3.1 Scalar fluctuations

We consider small fluctuations ®(£4) of the D7 brane transverse to the flat embedding
w? = L presented in section 2.2. These correspond to scalar mesons on the boundary. By
using’

w® =2md/® or w’ =L+ 21/ ®, (2.16)
in the DBI action (2.12) for Fup = 0 and expanding to leading order in ®, we obtain a
second order partial differential equation for ®. To solve this equation, we make the plane
wave ansatz ® = f(p)e?*®u V¢ where )’ is a scalar spherical harmonic on S3 satisfying

VIV = —0(0 +2)), (2.17)
for £ € Ny. This leads to
3 R* M? ((+2)
2
2 — = 2.1
apf(P) + papf(p) + (pg 4 L2)2 (P) P2 f(p) 07 ( 8)
where M? = —k? corresponds to the mass of the mesons dual to ®. Solving (2.18) and

imposing normalizability we find the mass spectrum to be of the discrete form

L
M8:2ﬁ\/(n+€+1)(n+€+2), where n €Ny and £€Ny. (2.19)

In particular, we see that the meson mass scales with L, i.e. the distance between the
probe D7-brane and the stack of D3-branes and is thus proportional to the quark mass.
The solution of (2.18) corresponding to the mass (2.19) is given by

4

2
p p
flp) = WQE (—(n+€+ 1),—n, 0+ 2, _L2> . (2.20)

The solution above has the near-boundary (p — oo) expansion f(p) ~ 1/p**? and the
conformal dimension of the dual operator is A = £ + 3.

2.3.2 Vector fluctuations

In analogy to the scalar fluctuations ®, small excitations of the gauge field A appearing
in (2.12) may be considered. They correspond to vector mesons. By imposing the gauge
fixing condition 9,A* = 0, three types of gauge fields may be distinguished [10],

Typel A, =0, A, =0, Ai = h*(p)e™=yhE | (2.21)
Type II A, = Cu glp)e™™ D", A, =0, A =0, (2.22)
Type Il A, =0, A, = y(p)e* TVt A =glp)e* TV YE. (2.23)

'Both fluctuations in (2.16) provide the same equation of motion for ®.



Type Solution ¢

[ L) = pH P (—(n 4 0+ 3), —n, £+ 2,—p?/L?) [(p* + L2)" 43 | > 1

h=(p) = p"* oy (—(n 4+ €4 1), —n, £+ 2,—p?/L?) (p® + LA T+ | > 1

I | g(p) = p' 2F1 (—(n+ €+ 1), —n, 0 +2,—p*/L?) [(p® + L)1 >0

I y(p) = p L oFy (—(n+ L+ 1), —n, 0+ 2,—p*/L?) [(p* + L?)"HH1 ,
U(p) = 0p(p*y(p))/p L(L +2) =

Table 2. The three types of gauge fields. By inserting the anséitze (2.21), (2.22) and (2.23) for the
gauge fields of type I, IT and III into the equation of motion (2.24), we find the listed solutions.

Type Mass A
. My =2(L/R?)\/(n+L+2)(n++3) |L+5
M_=2(L/R?)\/(n+€)(n+L¢+1) l+1

I | Myp=2L/R?)\/(n+l+1)(n++2) |£+3
I | My =2(L/R*)\/(n+L+1)(n+0+2) | {+3

Table 3. The mass spectra for the three types of gauge fields (2.21), (2.22) and (2.23). The
solutions of the gauge fields of type I, IT and III given in table 2 come with the listed discrete mass
spectra. The discreteness of the spectra is a consequence of the normalizability condition imposed
to the solutions.

Here yf * and Y are spherical harmonics on S% and Cuk" = 0 guarantees the gauge fixing
0, A" for Type II. By expanding (2.12) to leading order in A we obtain a second order
partial differential equation for A,

du(y/—gFAB) — 4%@2 + L2)0B Ik 4,0, A =0, (2.24)

where i,7,k = 5,6,7 correspond to the S3 directions of the brane. By introducing the
symbol (513 in (2.24) we emphasize that the corresponding term only vanishes if B # 5,6, 7.
The solutions for the three types of A (2.21)—(2.23) are given in table 2 [10].

The appearence of the parameter n € Ny is a result of the normalizability of the
solutions and leads to the discrete mass spectrum and conformal dimensions A given in
table 3. Just as for the scalar mesons (see section 2.3.1) the mass of the vector mesons
scales with the distance L of the D7-brane from the stack of D3 branes.

3 Fermionic fluctuations in the D3/D7 system

Our main focus are the fermionic fluctuations. These are dual to mesinos, i.e. the fermionic
superpartners of the mesons. The fermionic excitations of D7-branes have been studied
in [12] for the case of massless quarks, i.e. L = 0. In the following we provide a full
derivation for the massive case, i.e. L > 0.



3.1 Fermionic part of the D7-brane action

The supersymmetric completion of the bosonic D7-brane action in the D3-background is
given by the fermionic action [15]

T _
Sl =20 [ d¥¢\/= det gapUP_T4 <DA +

5 FnporsTVPORS (ioy) FA) v,

1
2X8X%X5H
(3.1)

Here, VU is a ten-dimensional pair of positive-chirality Majorana-Weyl spinors of type 11B
supergravity written in the doublet spinor notation. The I'4 are the ten-dimensional I'-
matrices on AdSs x S° pulled back to the worldvolume of the probe D7-brane,

Ly =Ty042™. (3.2)

Moreover, P_ is a k-symmetry projector, and D4 is the curved-spacetime gauge covariant
derivative. By considering the map ioco¥U = —iV¥ with the Pauli matrix o2 in (3.1) we
may pass from two real spinors to one complex spinor. Thus we end up with an action of
the form

T _ 7
Sl =10 [ aey/m@otgan Pt (Da - i PuronsT VST ) WL (33)

3.2 Decomposition of the I' matrices and spinors

In order to solve the equation of motion derived from (3.3), it is useful to have an explicit
basis for the Dirac matrices. The ten-dimensional curved spacetime Dirac matrices '™ are
related to the Dirac matrices on the local Lorentz frame (2.7) via

Ty =elTs. (3.4)

We consider the following decomposition? of the flat ten-dimensional Dirac matrices I'/,
I =0 ®1,®9%, (3.5)
I' =0y ®’7m®14, (36)

where in the above o = 0,1,2,3, p and m = 5,6, 7,8, 9 is taking values on the 3-sphere and
in the directions transverse to the D7-brane (see table 1). We use the shorthand notation
S3 = (5,6,7) in the following. The lower-case « are 4 x 4 matrices satisfying the Clifford
algebras

(A =20, ) =2 (3.7)

So the v* and 4™ obey a Minkowskian and Euclidean Clifford algebra, respectively. As
usual we define Pauli matrices

w=(0) = (15) m=(35) 53

2This decomposition is a generalization of the one used in [12] for the special case L = 0.




(3.5) and (3.6) provide a 32-dimensional representation of the (9+ 1)-dimensional Minkow-
skian Clifford algebra, i.e.

{re, 1%} = 2% {T™ 1"} = 26", {I'*,T™} =0. (3.9)

We can define “y%” type matrices for each sub-space as the product of all ¥ matrices for
the subspace,

rAdS = 101230 — 5 0 1, ® 14, M= =5 01,®1,. (3.10)

The following raising and lowering relations apply,

A = _Tags ¥ =rg. (3.11)
Moreover, using the above relations the chirality operator I''' = T'A4ST'S can be written as
M=o01,01,. (3.12)
The ten-dimensional spinor ¥ has positive chirality, I'''W = ¥. We choose the following
decomposition
- 1
U=1Rx®Y, where 1= <O> , (3.13)

and the spinors x and 1ﬂ both have four entries. This decomposition matches the one of
the Dirac matrices (3.5), (3.6), i.e. the Pauli matrix part of the Dirac matrices acts on 1
while the first 4 x 4 part acts on x and the second on 1.

3.3 Dirac equation

The action (3.3) leads to the Dirac equation

i
Dy — @FAFNPQRSFNPQRSI‘A\II =0, (3.14)

on the D7-brane, where I = T4 D 4. We now aim at reducing (3.14) to an equation for the
spinor v appearing in the decomposition (3.13) of ¥. For this we make the ansatz

X =x(8%) and 4 =1(z", p), (3.15)

i.e. we assume the dependence of (x#,p) and the S® coordinates to factorize in U. The
covariant derivative D4 in the kinetic term of (3.14) corresponds to the extrinsic curvature
of the D7-brane and thus is given by?

1
Dy =04+ gaAa;Mw{j[r[,rJ] . (3.16)
Therefore, the kinetic term in (3.14) is given by

1
DU = ¢g"B9,2MT DV = gABo,a™T )y, <aB + ganijj[FI, FJ]> T, (3.17)

3We thank L. Martucci and D. Van den Bleeken for clarifying this.
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where we have used (3.2). Inserting (2.10), (2.15) as well as applying {I';,T';} = 2n1;

leads to
R

r

r r 1 P r
U = ks — I —Vao+— | = —|I? | 1
j < 6M+R 8P+RPW53+2R (T+3p> > , (3.18)

where the Dirac matrices belong to the Lorentz frame and
Wgs = gggéfrkvszaj, (3.19)

is the covariant derivative on the three sphere corresponding to the directions 5, 6,7 (see
section 2.2). In the above ggs is the S metric and Ty, are the Lorentz frame Dirac matrices
in directions 5,6, 7.

In (3.18) we see that neither I'® nor I'” appears in ). This is a consequence of the
flat embedding of the D7-brane along z*, p and S3 at a constant value w® = L. In the
more general situation of non-flat embeddings for which the distance of the brane in w?
direction depends on the value of p, contributions of I'? are to be expected. We leave this
case to future work.

By considering the decompositions (3.5), (3.6) and (3.13) of the Dirac matrices and
the spinor together with (3.15), we find

b= sonoi (B et (2450) )4
T R 2R \r p (3.20)

r ~
+¢®R—W53X®zp.
P

Here, on the r.h.s. of the equation the Feynman slash refers to contractions with the lower
case  matrices appearing in the decomposition (3.5), (3.6) of I'!. The ~* is the chiral -
matrix in the bulk flat directions that upon acting on the spinor 77@ will give two eigenvalues
+1. In a two-component matrix notation, 7* can be expressed as the diagonal matrix with
+1 as its entries v* =diag(1, —1). We now make the ansatz of y being a spinor spherical
harmonic, i.e. y = th, with [19]

. 3
Vssxp = +i (E + 2) X7 - (3.21)
This results in

(R T 1 p T T 3 N

U =] @yF A9+ =P 0+ — ([E 43 )P — (4= . (3.22

Dy =] ®yx; ®Z<r ot 5 p+2R<r+ p)'y Rp( +2>)¢ (3.22)

So by choosing x to be a spinor spherical harmonic on 5’3, Y/ may be formulated as an

operator that only acts on &(x“, p). An analogous result can be derived for the second
term in (3.14),

7
1920
as we now show. When using the local Lorentz frame for the R-R five-form (2.8), we may

T4 Fnpors TNV PORST 40 | (3.23)

work with the frame Dirac matrices I'! instead of the curved spacetime I'M | i.e.
i

ool EvprsTV PO TAY = o DAFL g D RBIET 0. (3.24)

1920
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Here Fy 1,1,1,1, are the components of F(5) according to the Lorentz frame,

1
—Fp e Ao nels, (3.25)

F(5) 51

By expressing the Dirac matrices I'4 pulled back to the (7 + 1)-dimensional world-volume
of the D7-brane in terms of the ten-dimensional Lorentz frame Dirac matrices 'y via (2.7),
(3.2) and (3.4) and applying {I'7,T';} = 257, we obtain

1920 phbllalsp = 4 Rp TF0123P\II. (3.26)

Note that in the derivation of (3.26) we have used the positive chirality of W, i.e.
[y — 10123pS°89y _ o 01230y — _S°89y (3.27)

Inserting the Dirac matrix and spinor decompositions (3.5), (3.6) and (3.13) we find by
considering (3.10),

F]1[21314I5F U i X ® (—i L) ’12) i (3.28)

1920 Rr

So just as for the kinetic term IDW, we can express the second term of the Dirac equa-
tion (3.14) as an operator solely acting on . Combining (3.22) and (3.28) we may write

AR ﬁF AFNporsTNPOFST 40

R 1 p r 3 A
= Y Oy O+ =5 3 —+— ({4 = =0.
i®xé®z< +R'y +2R< + p> R Rp<+2>>1/)

So we may formulate the Dirac equation (3.14) on the D7-brane as an equation for 0,
given by

R 1 p r 3 -
m P M —
<r O R’Y % 2R< 3p> RriRp<E 2>>w(m ) =0, (3.30)

The =+ in front of the last term gives rise to two different sets of modes. We will refer to
the operators dual to these modes as G (for the +) and F (for the —).

A good consistency check of our results is to take the conformal limit . — 0. Upon
taking this limit, the world-volume geometry of the D7 brane returns to being AdSsx S3
and we should reproduce the results of previous works [12, 20].

When L = 0, r = p and the Dirac equations for the G and F modes reduce to Dirac
equations on AdSs,

1 o
<DAdS +4+ > ¢g ; <mAdS - (f + 2)) V=0, (3.31)
where
R 2
]DAdS = ; ’Y“ 8u + % ’Yp 8,) + R’Y'D, (332)
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is the covariant derivative on AdS5. The AdS bulk masses mg and mr of 1% 7 satisfy

9 1

which is in agreement with [12, 20].

Note that the Ramond-Ramond/spinor coupling (3.23) induced the term p/r in (3.30).
In the conformal limit, this corresponds to a shift in the bulk fermion mass by one unit,
an observation first made in the dilatino spectrum of type IIB supergravity compactified
on a five-sphere [21].

3.4 Second-order equations of motion

In order to proceed and determine the mass spectrum of the mesinos for the G and F modes
we now construct a second order differential equation for lbé:,g- We begin by considering
the plane-wave ansatz

W glat, p) = P (¢fr,g,+(p)a+ + 1/Jfr,g,f(p)a—) : (3.34)

where the a are eigenstates of the v* satisfying v’a+ = +a-, and these eigenspinors are
related via
i ky y*

ra (3.35)

a_ =

Note that the relation (3.35) was already used in [22] for spinors in AdSg41. The normal-

T

ization is chosen such that a! o« =1 — in fact though our choice only works in the rest

frame of the mesino where k* = (M,0,0,0) (here 4°f = —~0), but this choice of frame is
sufficient to determine the spectrum. We will first restrict to the case of the G-modes here
as an illustrative example. Inserting eq. (3.34) and (3.35) in eq. (3.30) leads to
r RM
<R3p¢é,+(ﬁ’) + (A + B)¢é,+(ﬂ) + r¢é,—(ﬂ)> ap =0,
(3.36)

(= pouth o)~ (A= Brub_(9)+ 0t ) 0 =

where the factors A, and B are given by

1 [/p r p r 3
A= —|=+4+3- B=—+4+—|(/¢+=-]. 3.37
2R(r+ p)’ RT+Rp<+2> (3.37)

Since the spinors a4 are linearly independent, we conclude that

RM
S0 1 () + (A+ B)G 1 (p) + == _(p) =0,

RM (3.38)
r
— 50096, (p) = (A= B)5,_(p) + ——G.1(p) = 0.
From this set of coupled differential equations, we rearrange the second to obtain
‘ A SNy _ ¢
06.4(p) = i (TG, () + (A= B _(p) - (3.39)
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If we now insert (3.39) in the first equation of the coupled system eq. (3.38) we obtain the
desired second order equation

2 2 2 P2 2 (p2 2
r? 5 3 r M?R?  r2(2+20) 40+2  3p ¢
(8 + 3 (p + p) 9p + r2 R2p? R2 AR2%2 ¢g,,(p) =0.

(3.40)

Thus we need to solve (3.40) for Tf)é’_(p). Subsequently, we may insert the solution
into (3.39) to obtain ¢é7+(p).

In a complementary approach, we are able to obtain the equivalent second-order equa-
tions of motion for the wé’ 4+ We proceed as follows: from (3.38) we solve the first one to
obtain

06— (p) = o (— 006 4 (0) — (A+ BlG 1 (0) (3.41)
and as before we insert this solution in the second equation from the set of the first-order
coupled ones, eq. (3.38) and obtain

r? 3 r? M?R? r?2(P+40+3) 6 3p°
<W+<“w)@+ B )+ O | i) =0

R2°P T R2 r R2p? R?  4R2p2
(3.42)

The second-order differential equations can be written in a more compact and convenient
form in the following way,

2 2 2 p2 2
o 1 r M-R 1 r 3

1 3p? r? 1 .
— 29| — — =
+ o3 ( Yo e) r (E +3(l+5 Yg(p) =0,

where k> = —M?. Note this form can also be obtained directly from the first-order

(3.43)

formulation of the fluctuations equations, see (3.30), by acting upon that equation with
(r*ypﬁp + %’y” 8,,), i.e. with the first two terms of (3.20). In this approach, we need to ma-
nipulate (3.30) slightly to simplify some terms. As an example, we consider the following
expression that is useful for the computations below,

R2P mg L — _R2 p }Pj p pj AR
27 Wrg=—R <p7 0p + 5 <r2 +3> ~¥P + 2 + <€+ 2)) Vrg- (3.44)
Using this and #+70,,0, = n*¥9,0, we may avoid any explicit appearance of «* in the
second order differential equation for &%Q. For the G modes, those derived from the
positive eigenvalue on the sphere, after inserting the plane wave ansatz (3.34), this again
leads to (3.43).

In order to obtain the equivalent expressions for the F-modes we need to consider a

sign change in the B-factor described in (3.37); namely we have

p r 3
B=——-——|(/+-]). A4
Rr Rp<+2> (3:45)
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The second-order equations of motion for the F-modes we obtain read

1 72 M2?R%2 1 r2 3
2
[R28p <3p+3 >8p+ﬂ+R2< 2—2€+ (54‘2))’}/’)
) (3.46)

1 3 1
+R2< 4p2+8+2€> R’;p2 <€2+3<€+2>>}¢§:(p)=

3.5 Large p limit and holographic map for the G modes

Let us consider solving the coupled linear equations (3.38) near the conformal boundary,
p — 00. In this limit the mixing terms involving the mesino mass vanish. The equations

<p 9, + <£+ 2)) WG4 (p) =0,
(—p 0, + (6 + ;)) UG (p) =

and the solutions are given by

¢é,+(ﬁ) ~ ey pm 92, wé_(p) ~ ey pit1/2, (3.48)

with c1 2 the constants of integration.

become

(3.47)

On the other hand, we can take the large-p limit at the level of the second-order
equations of motion, (3.43). We can expand in the UV (p — oo) and obtain

6,  9/4—0—4
e L

6 11/4 — 02 — 6¢
(812) + ;3p - //)2) Yg,—(p) =0,

where the + refers to the two different eigenvalues of the +* upon acting on the spinor.

(3.49)

The solutions are given by, respectively,

—1/2+¢ —9/2—¢
b

+cp
—11/2—¢

Yg,+(p) ~c3 p

Vg,—(p) ~c2 p
with ¢1 234 being constants of integration. Note we have identified ¢; 2 between the solu-
tions in (3.48) and (3.50). Why though are there extra terms in (3.50) relative to (3.48)7
The answer is that the two second order equations duplicate the data of the first order

(3.50)
V2 ey p

equations [16] - the solutions of one are tied to a particular solution of the other at leading
order in M and beyond. To see this we must return to the first order equations to link the
solutions. In particular we can substitute (3.50) into (3.39) and (3.41). For example if we
substitute the g _ solution from (3.50) into (3.39) the ¢ term vanishes but the remaining
term must reproduce the leading term in g ; in (3.48) fixing c3 in terms of ¢o. In this
way we can fix the solutions of the second order equations to take the asymptotic form

RPM 5y,

—9/2—¢
2(2+ ) ’

Yg+(p) ~ — +e1p
, (3.51)
1240 B°Mer qyp

7119,—(0) ~C2p (6 + 26) )
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which have the same number of degrees of freedom as the solutions of the linearized equa-
tion. Note in practice now we can solve just one of the second order equations and extract
c1 and ¢y from the asymptotics.

Let us now consider the holographic dictionary for these modes. We associate the
integration constants c¢;o with the operator (O) and source (J) of a dual field theory
operator of dimension Ag = ¢ + % . Note the dimensions of the operator and source add
to d = 4, as expected.

The dual field theory operator naively corresponds to a fermionic bound state of two
fermionic quarks and a gaugino of the N' = 4 theory (1/1};/\1#,1), dressed with adjoint scalars
at non-zero £. The exact form of the fermionic operators was found in [12] to be

G' ~ PioBAcX ;s + P XENX g™, where B,C =1,2. 3.52
1] J 1%

Here 9; = (1, @ZT)T is the fundamental spinor and Anc is the adjoint hypermultiplet. X*
is a symmetric and traceless operator insertion of ¢ adjoint scalars, X1 ... X%} where
i =4,5,6,7. X[ is a vector and o = (¢!, 0?) a doublet of Pauli matrices.

3.6 Large p limit and holographic map for the F modes

The analysis for the F modes follows that for the G modes. We now solve the first order
equations (3.38) with B in (3.45) and the second order equation (3.46) at large p and
identify the integration constants. The asymptotic solution takes the form

—3/2+0 ¢t MR? T2

200+1) ’

caMR? B/
2/

Vr4(p) ~ 2 p
(3.53)
—5/2-¢

YF—(p) ~ +ec1p
Here, the dual field theory mesinos are naively bound states of a scalar and a gaugino.
We associate the integration constants ¢ o with the operator (O) and source (J) of a dual
field theory operator of dimension Ar = ¢ + % . Note the dimensions of the operator and
source add to d = 4 as expected. The exact form of the operator given by ¢; in (3.53) was
obtained again in [12] and is given by

Fln gX 49T + 9, X" (3.54)

3.7 Supersymmetric mode solutions & spectra

In order to determine the mesino mass spectra associated to the G and F modes, we now
solve the second-order differential equations for @%—‘,g which we constructed above, (3.43)
and (3.46).

In the supersymmetric theory the source should be set strictly to zero, whilst O as a
linearized perturbation is a free parameter corresponding to the normalization. For this
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case there is a unique solution to (3.43) that does not have any complex infinities [12],

v (p) = (—L)" A oFy [ —n, —(n+0+2), 0+3 s o
g (p2—|—L2)n+£+% ’ ) T2 +
R2M (¢0+2) pt

0
<—n, —(n+L+3), (+2, _L2> a_

— F
2((+n+2)((+nt3) (ppp2ynrtrt 2
(3.55)

here we have fixed the coefficients of each term so that we reproduce precisely the large-p
behaviour in (3.51) with the source ¢y zero. This solution corresponds to the mass spectrum

L
Mg:2ﬁ\/(n+€+2)(n—l—€+3), n>0, £>0. (3.56)
Next we construct the solutions for the F modes. These correspond to the minus sign
in (3.21). The solutions are obtained from (3.46). Again setting the source to zero and
keeping only those solutions that do not have any complex singularities gives [12]

¢§'(P) = (_LQ) 5 T +L2)n+€+% 2 F1 (—n,—(n +0+1),0+2, _L2> oy
(3.57)
(n+€+1) Pl . P
+ (L+1) (p2+L2)n+g+£ oFy [ —n,—(n+10), ¢+ 15 )|

The near-boundary expansion of these solutions is given by (3.53) with the source ¢y zero
and the corresponding mass spectrum is

L
M]::2ﬁ\/(n+€—|—1)(n—|—€+2), n>0, (>0. (3.58)

3.8 Open string fluctuation-operator mapping

We have computed the mass spectra of the spin-1/2 modes arising in the massive canonical
D3/D7 system. As was first shown in [10], open string excitations of the probe D7-brane
fit into massive N' = 2 supermultiplets. While the counting of the states in the super
(conformal)multiplets has been performed in the past, in [23] and [10], it is useful test of
our results to check the counting.

For L — 0, the fundamental hypermultiplet are massless and the theory is conformal.
The modes are in representations of the SU(2)r x SU(2); x U(1)g labelled by (ji,72)s,
where jj2 is an index denoting the spin under the SU(2)pg  respectively, and s is the
eigenvalue associated with the group U(1)g. The dimension of chiral primaries is given by
the formula A = 2j;+s/2. Two scalar fields are associated with the transverse fluctuations
of the D7-brane each of which, after a Kaluza-Klein reduction on the three-sphere, will lead
to tower of real scalars, ¢f, transforming in the (g, %)2, with £ € Ng. The vector field admits
a similar expansion, and from the bulk components on the D7-brane we obtain a tower of

24
22
of the vector field on the internal manifold we obtain two different Kaluza-Klein towers of

AdS vectors, A?, transforming in the ( ) o> with £ € No. Finally, from the components
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Modes Fluctuation Representations | Shifted /¢

2 real scalars | transverse oscillations (g, 5 (%, %)
1 real scalar Type I; fluctuations (Z_Tl, eTl) (Z_T2, %)
1 real scalar Type I_ fluctuations (£+le Z_Tl) (“‘?2, %)

1 vector Type II fluctuations (g, g) (%, %)

1 real scalar Type III fluctuations (%, g) (%, %)
1 Dirac fermion | Type F fluctuations (£+le %) (HTl, %)
1 Dirac fermion | Type G fluctuations g, HTl) (2—le %)

Table 4. The origin, degrees of freedom and quantum numbers of the fermionic and bosonic states
of the A/ = 2 multiplets of mesinos.

real scalar fields, that we call Aft, transforming in the (Z%l, &Tl)ov with £ € N. There are

also two types of fermions, which upon reduction on the three sphere will give two towers
£ 41 41 ¢

of states transforming in the (5, 7)1 -the F fermions- and (T, 5)1 -the G fermions.

Introducing a mass gap in the probe-brane setup (L # 0) breaks the U(1)g acting on
the two-dimensional plane that is transverse to both the background and the probe branes
and the R-symmetry group is just SU(2)g.

The spectra of the modes are degenerate, namely states with the same n + £ have
the same mass. It was observed that such is the case for the D3-brane background in
the analysis performed in [24, 25]. We proceed to counting the number of states in a
given multiplet. Since the theory has a global N = 2 supersymmetry the modes should
fill massive supermultiplets, and they have to be in the same representation of the copy
of SU(2) that is inert under the supercharges. To arrange this we have to appropriately
shift the angular quantum number of the sphere, such that all states fall in the same
representation of the SU(2)y. This is shown in table 4.

Moreover, we have to account for the degeneracy under the SU(2)g: we count the
degrees of freedom of a given state and then multiply by (271 + 1). Then, the number of

bosonic components in a given multiplet for a fixed value of £ is equal to

() e b))

and the number of states for the spin-1/2 components in the same multiplet is given by

4(2“21+1>+4<2f_21+1>

For the ¢ = 0 multiplet, we obtain eight bosonic degrees of freedom and an equal number

(3.59)

(3.60)

of fermionic states.

4 Numerically solving for the SUSY spectrum

Above we have presented closed form solutions to the equations of motion for the fermionic
fluctuations (3.43), (3.46). Here we present a numerical approach to solving these equations
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Figure 1. Shooting from the IR to the UV for different values of M? in (3.40) for the G, — type
mesinos, using the boundary conditions in (4.1). The left plot shows the results for p Y Zypg._ for
the ground state (n = ¢ = 0) starting from M? = 0 and proceeding with steps of one to M? = 24
and the right plot corresponds to the first excited state (n = 1,£ = 0) starting from M? = 25 and
proceeding with steps of one to M? = 48. The solutions relevant to the supersymmetric theory
asymptote to zero where the source J vanishes.

which we will use in section 5 when we need to find the spectrum in cases where the source
for the fermionic operator does not vanish.

To demonstrate the method, we consider the G modes and we will just concentrate on
then =0,/ =0and n = 1,/ = 0 cases. We need to solve (3.40) (or equally we could
solve (3.42) which contains the same information as we have discussed). We have seen the
solution of the differential equations near the boundary, however shooting from the IR to
the UV looking for normalizability of the solutions is a much less numerically intensive
procedure.

We expand the analytic solutions to obtain their IR scaling behaviour and find that

Vg, +(p) ~ T g+ (p) ~ (L + 1),

4.1
wg,—(/’) ~ Pe, 6p¢g,—(,0) ~ gpﬁ—l‘ ( )

Thus for g _ we may use the shooting technique with (3.40) and for the £ = 0 state the
boundary conditions g _(0) = 1, 1/12;’_(0) = 0 to seek solutions that asymptote to the
source J = 0 in the UV. We recall that the solution takes the asymptotic form

JRPM /o4y —9/2-¢
¢Q,+(P)N_m P +O0p ) )
) )
Yg.—(p) ~ T pt2+ = DI iyt

6+20) " :

where O is the operator value (we have absorbed factors of R into M for the numerical
analysis). We find it most helpful to plot p~/2 ¢)g _(p) since this asymptotes to J. The
procedure is simply to shoot out tuning M? so that J = 0 in the UV. In this way, it
is straightforward to numerically reproduce the analytic solutions in section 3.7 — we
have been able to straightforwardly reproduce the value of M? of the analytic spectrum
numerically to three decimal places. In figure 1 we show this process in action, plotting
the solutions for different M?2.
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Figure 2. Shooting from the IR to the UV for different values of M? in (3.46) for the F,+ type
mesinos, using the boundary conditions in (4.3). The left plot shows the results for 0%/ 2@/1]:7+ for
the ground state (n = £ = 0) starting from M? = 0 and proceeding with steps of one to M? = 8
and the right plot corresponds to the first excited state (n = 1,¢ = 0) starting from M? = 9 and
proceeding with steps of one to M? = 24. The solutions relevant to the supersymmetric theory
asymptote to zero where the source J vanishes.

We repeat the analysis for the F-modes by solving (3.46). This time we choose to study
the differential equation associated with the positive eigenvalue of the chiral y-matrix. The
IR scaling behaviour here is

Vr+(p) ~ BptbF,—(p) ~ £p", 43)
br-(p) ~ T O (p) ~ (L4 1),
and the UV asymptotics are
OM R?
T o—3/2+C —7/2—¢
VE+(p)~J p + 200+1) " )
(4.4)

JM R?

—5/24¢ —5/2—¢
5 P +0p .

bF.~(p) ~
We solve for 97 4 (p) shooting out from 9 1 (0) = 1, 9’z , (0) = 0 and seek solutions where
J = 0. It is helpful to plot p?/2 ¢ 7+(p) which asymptotes to J. Again the supersymmetric
states are easily recovered — we show the process in figure 2.

5 Double-trace boundary deformations in the D3/D7 system

So far we have explored the fermionic bound states of the supersymmetric N' = 2 gauge
theory dual to the D3/probe D7 system. Our motivation is to find holographic models
that give rise to anomalously light fermionic bound states, as required in composite Higgs
models. What we have seen though is that the spectrum of the supersymmetric brane
models is characterized by the scale m,//Ay . As the 't Hooft coupling of the gauge
theory grows large, this scale is small relative to the bare quark mass, but it nevertheless
sets an intrinsic scale for the strong dynamics. All states lie near that scale, up to order one
numerical numbers. This of course has been known for many years, since supersymmetry
ties the fermionic bound states to the mesonic bound state masses computed in [10].
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How can we then obtain a baryonic bound state (denoted generically by ¥ p associated
with an operator Op), to be light relative to that scale? We wish to explore an answer to
that question which consists of including a higher dimension operator in the field theory.
These higher dimension operators should be associated with new physics at a UV scale
Ayv. The precise form of the operator will be chosen so that it corresponds to a shift in
the bound state mass at low energies. Generically the approach is this: we add a term to
the field-theory Lagrangian of the form

P A
ALy = -2 0Op08, (5.1)

P
AUV

where the power, p of the cut off Ayy determined dependent on the UV dimension of the

operator. As a very simple model, we assume that this operator leads to an RG flow such

that in the IR, the baryon Vg receives a mass shift of the form

Tplp. (5.2)

Here we have assumed that the dynamics that binds the fermions occurs around the quark
mass scale where the conformal symmetry is broken — hence the m, term which is present
to make the operator of dimension four in the IR. Naively if this term plays a passive role
only, this could be used for a negative shift in the baryon mass that could be tuned to
reduce the baryonic mass scale. In fact we will see that such operators show a sort of
critical behaviour at large g which is more than just this shift.

To include such an operator, we use Witten’s multi-trace prescription [17]. This es-
sentially says that, if the operator (5.1) acquires a vev, then a source is generated with the

value
2

J = AQT«QB) . (5.3)
uv
This relation is imposed on the holographic field corresponding to the operator at the UV
cut-off p = Ayy — there is thus a large p boundary of the dual space. In practice one just
finds solutions with different source-operator combinations and computes g? at the scale
Ayv. We have done most of the work for this process in previous sections.

5.1 An explicit example — the £ = 0 G mode

Let us now study an explicit example. We are interested in driving the mass of one of the
mesinos of the A/ = 2 gauge theory described by the D3/probe D7 system much lighter
than the characteristic scale mg//Ay . Let us pick on the lightest £ = 0,n = 0 G-type
mesino discussed above. In particular the masses of this state are found by solving (3.43),

2 1 2 M2R2 1 2 3
g (30095 o St g (12 (14 3) )

(5.4)
1 3 2 2 1
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for the supergravity modes corresponding to the G-type mesinos. We will solve for the
negative eigenvalue of v”. The UV and IR behaviour of the solutions have been determined
in (4.1), (4.2),

Yg,—(pP)r ~ 1, 9ptg,—(p)r ~ 0,
5.5
OR*M o112, (5:5)

1/2
+ 6

Yg,—(p)uv ~ J p
In section 4 we gave a full numerical prescription to find these solutions. In figure 1 we
display the full set of regular solutions for ¥g — each line corresponds to a particular
mesino mass M and predicts an associated value of the source J extracted from the UV
asymptotics. In the supersymmetric model we rejected any solutions for which J # 0 but
now we will consider the full set.
Remember that in the dual field theory we are looking at states that are associated with
the UV operator in (3.52) — which includes a three fermion bound state. Here consider
adding, at the scale Ayy, the field-theory Lagrangian term

9 5
ALyy = -5—G°G". (5.6)

The IR mesino W), receives a mass shift of the form

ngg -
ALR x AD UyWas. (5.7)
uv

Witten’s multi-trace prescription [17] tells us to require of our regular solutions in figure 1

g9 0
J = AT(Q ) (5.8)

uv
We have already numerically computed the solutions to the fluctuation equations for dif-
ferent values of the mass by solving (3.43) for the mode 1&87, using the shooting method.
We obtain the supersymmetric spectrum from these numerical flows by considering the
solutions that asymptote to zero for a vanishing source, J = 0, and disregarding all other
numerical flows. Now, we allow for all the different numerical values of M? and consider
the corresponding numerical solutions we obtained by performing the method described
above. For each of those cases we then extract O from the UV asymptotics in (5.5). Here
we determine J and O at a value of p that corresponds to the UV cut-off Ayy (numerically
here we pick Ayy/L = 10 as an example).

Now we have a series of solutions with M, J and O and we may compute the higher
dimension operator’s coupling g from (5.8). The result is shown in figure 3 — it tracks the
mass of the mesino against the strength of the coupling g.

The red dots show the lightest state at each value of g?. As ¢? increases from zero,
initially the fermionic bound state mass is expected to fall linearly — the higher dimension
operator is a weak perturbation and the naive analysis applies simply adding a small neg-
ative shift to the mesino mass. In fact it is numerically difficult to extract solutions in this
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Figure 3. D3/D7-brane system: the mesino mass squared M? as function of the coupling strength
g% in units of L/R?(dots are data points whilst the line is to guide the eye) in the presence of the
double-trace deformation for the £ = 0 and n = 0, 1 radially excited modes. The G fermionic modes
are shown on the left and the F modes on the right. The green points show the first, radially
excited state getting lighter as the coupling is increased, and the red ones show the ground state of
the modes.

regime because the mesino masses must be very finely tuned close to the supersymmetric
value and g2 extracted from the noisy UV asymptotics. The lowest g? points we extract are
consistent with this expectation though. Above g? = 10 there is a new behaviour though
— the mesino mass falls sharply over a relatively small range of g?. This is suggestive of
the critical behaviour in a Nambu-Jona Lasinio type model where above a critical value
the higher dimension operator is having a major role in the dynamics. Rather than then
driving the mesino mass squared to zero and negative values though, above ¢g? ~ 15 the
drop in the mesino mass plateaus before reaching M? = 0 only at infinite coupling. Note
that taking the dimensionless g2 large should be an acceptable theory provided the mesino
masses do not rise above the scale Ayy which here they won’t because the masses are
suppressed by the large 't Hooft coupling. We believe this region of behaviour is governed
by the fact that fermionic modes cannot condense and so the mass cannot be driven to
become tachyonic. Mathematically, this behaviour follows from the occurrence of M in the
UV solutions for the sub-leading term of the solution — at M = 0 if the sub-leading term
is non-zero, then the operator vev is pushed to infinity and hence also ¢ goes to infinity.

Interestingly, adding the term with a negative value of ¢g? does not greatly increase
the mass of the mesino bound state as one would naively expect — possibly the N' = 4
dynamics is already so strong that adding additional strong interactions do not greatly
change the dynamics. Such theories have unbounded potentials at the UV cut off in any
case. Such a negative ¢ can be viewed as a repulsion amongst the fermions; this can also
be seen by considering the operator as representing the Feynman diagram of two fermions
scattering by the exchange of a massive gauge boson where repulsion is just a change in
the signs.

The behaviour of the green dots that display the first radially excited state of the GY
modes is also interesting. These states too fall in mass as g? approaches the critical region,
but they saturate at the value of the ground state at g? = 0, falling no lower. The reason
is that for each choice of M2, fixing the IR boundary conditions fixes the flow — if it flows
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Figure 4. D3/D7-brane system: the mesino mass squared M? as function of the coupling strength
g% in units of L/R?(dots are data points whilst the line is to guide the eye) in the presence of the
double-trace deformation for the £ = 0 and n = 0,1 radially excited modes. Here we analyze only
the G fermionic modes. On the left plot we have chosen the value for the UV cutoff to be 20 and
on the right we choose the value 50.

to a UV boundary condition corresponding to ¢g? = 0, then that choice of M? can never
occur for any other value of g2. The expectation therefore is that in this method, only a
single baryonic bound state will be driven to become light, not the full tower of states.

A similar story can be told for the F modes made of a gaugino and a squark — the
operator in (3.54) - and the mass spectrum is also shown in figure 3 as a function of the
coupling of the higher dimension operator g2/AOQQ. The same behaviours are observed,
namely the lightest state can be driven to have a light mass at intermediate g2 and to zero
as g2 — co. The n = 1,¢ = 0 state falls in mass as the coupling is approaching its critical
value, but they saturate at the value of the ground state and never fall lower than that.

5.2 Changing the value of the UV cutoff

In the previous section we performed the numerical analysis for the value Ayy/L = 10. In
this section we are interested in the effects that a shift in this cutoff has. We expect the
same qualitative behaviour, and indeed this is what we find, see figure 4. The most notable
effect is that the value of g? where the two branches of the n = 0 and n = 1 states nearly
meet is raised. We have also estimated the gap in M? at the point of closest approach
and obtain 0.015, 0.0005, and 0.00009 for the three cases Ayy/L = 10,20, 50 respectively
suggesting they close together as Ayy /L rises.

6 Fermionic fluctuations and higher dimension operators in other probe
brane systems

The analysis of the fermionic fluctuation in the D3/probe D7 system above can be extended
to a number of other supersymmetric probe brane systems. Here we will restrain ourselves
to the D3-background of Type IIB, and we will work through these briefly presenting the
key equations for the fermionic fluctuations in each case and looking at their response to
a higher dimension operator that reduces the mesino masses. The story is very similiar to
the D3/D7 system already discussed, with no alteration in the main considerations.
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We will probe the background generated by a stack of D3-branes using D5 and D3
branes, thus completing all the cases that can be studied analytically. These systems have,
as the canonical D3/D7, eight preserved supercharges. The dual gauge theory in these
cases is 4-dimensional, but the fundamental hypermultiplet has been introduced on a 3-
dimensional and a 2-dimensional surface respectively for these two cases. We show the
agreement with the bosonic sectors of these systems as they were computed in [24, 25].

6.1 Fermionic fluctuations in the D3/D5 system

The difference from the D3 /D7 system is that the D5-probe wraps an asymptotically AdSy x
S? ¢ AdSsx S°. The probe now extends along the zV, !
and the Dirac operator on the world-volume of the probe D5 acting on the spinor is given by

, 22 and z* directions in the bulk

R r r 1 [(p r
U=|(—T¢ —TI°” — +2— |7 | T 1
pu— (R4 o Vet gp (a2l )r)u, o

where, of course, now for the spinor eigenvalues on the sphere we have to use the analogue
of (3.21) for a two-dimensional sphere, which reads ¥ g2 xF = 4i (£ + 1) X7 .

Here we follow the same procedure that we thoroughly described in the D3/D7-setup.
A minimal way to show how this works in this case is to quote the values of the A and B
factors that were introduced in eq. (3.37). They read

1 [(p T p
A= (P 42f p=" 4+ 2
2R(r+ p)’ Rr Rp(£+) (6.2)

We are again led to a system of two first-order coupled differential equations which we
showed how to decouple and solve. Let us start by considering the positive sign in eq. (6.2).
The corresponding second order differential equation is equal to

1 72 M?’R?> 1 2
[ 0% + <3,0+2 )a+ R2<3+2f—p2(£+1)>7ﬂ

(e 30) s (ero(es ) o

We aim at studying the behaviour of the solutions to the above differential equations in

the large-p expansion. We proceed in a similar way as in the case of the D3/probe D7 and
we obtain

62]\4R2 _ _
Yo+ (p) ~ —5—p V2 4 e) p

7/2—0
(6.4)

3ctMR? /9
ng_(p) ~ €3 p1/2+e+1T P 9/2—¢

In order to compute the spectrum of the supersymmetric theory we set the source the
source to zero, whilst O as a linearized perturbation is a free parameter corresponding to
the normalization. For this case there is a unique solution that has no complex infinities.
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It is given by

(+1 3 5 9
vG(p) = P 5 2k (—n,—<n+£+2>,£+,—p> oy

21 I2 n+l+3 2 12
o+ 1%) (6.5)
+d / F NI S
zn(p2+L2)n+Z+% 241 n, n 9/ 2’ [2 a_,
where, as previously, the spinors a4 satisfy
Yoy = +ayg, (6.6)

As we have seen in the D3/probe-D7 analysis in section 3.7 there is a relative ¢ and n
dependent coefficient between the two hypergeometric solutions, dy,, which we can eval-
uate by taking the near-boundary expansion of the exact solution and matching it to the
solutions of the asymptotic equations of motion. As we have already given an example for
the computation and this coefficient is not relevant for our forthcoming analysis we will
not repeat the computation here.

The corresponding mass spectrum is given by

L 3 5]
— > >0. .
Mg 2R2\/<n—|—£+2> <n+€—|—2>, n >0, >0 (6.7)

We see from the above that the conformal dimension of the dual operator is equal to
Ag = ¢+ 7/2. This is again consistent with a wﬂ;)\wq operator since 1, has dimension 1 (it
is three-dimensional) and A has dimension 3/2.

In analogy to the G modes, we may construct the solution for the F modes, which
correspond to the minus sign in eq. (6.2). After decoupling the original set of first-order
differential equations, we obtain the following second order one,

p
+i-—§p—2+5+2£—r2 Y Pe(p) =0
R\ 142" 2 R2p? 2 FP) =1

We proceed by examining the large-p limit of the above equations and their asymptotic

2 2 2 p2 2
re o 1 T M-R 1 T
[1{28P+}22<3p+2p>8p+r2+1%2 —1-20— 5 (l+1) )

solutions. They are

_ 3ecM s/
Vr 4 (p) ~ cp p 3/FHE 4 T 7B/t

C2M _ _ _
Vr,—(p) ~ P B 4oy 32

Note the dimensions of the operator and source add to d = 3 as they should.
We now set the source strictly to zero, in order to obtain the supersymmetric spectrum
and the supergravity mode solutions associated with these fermionic fluctuations. The
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solution to the eq. (6.8) is

¢ P’ 1 3 p
w}—(p):(pQ—l—LZ)”"'“'% 2Py |- —(ntlt5 ) 0+ g, — 77 ) o

(41 2
p o 5 p
‘l‘dzn 5 2F1 <—n,—<n+€+4>,€+2,—Lz) a_,

and the corresponding mass spectrum is given by

L 1 3
Mr=2— — — > > 0. 11
r RQ\/<n+€—|—2> <n+€+2>, n >0, £>0 (6.11)

The conformal dimension of the associated operator is Ax = ¢+ 3/2 again consistent with

a scalar quark (dimension 1/2 in 3d) fermionic quark (dimension 1 in 3d) bound state.

6.1.1 Double-trace boundary deformations in the D3/D5 system

Here again we can introduce double trace higher dimension operators that we can use to
drive the mesino masses light. The field theory Lagrangian terms are

Z—-0Log, ALr = ?0LOF. (6.12)

Witten’s multi-trace prescription tells us then to impose the source operator relations
9
A4

As in the D3/D7 numerical studies we shoot from the IR — here to solve (6.3) (6.8). The
IR behaviour of the modes are

Vg, (p) ~ P g+ (p) ~ (L + 1),

J ==0, J = g%0. (6.13)

B (6.14)
g~ (p) ~ ¢, Opbg,—(p) ~ "1,
and of course similar analysis can be performed for the F-type mesinos. We obtain
14 /—1
~ s 0 — ~/ )
YF(p) ~p phg,—(p) ~ Lp (6.15)

Vr—(p) ~ P Opiga(p) ~ (L4 1)

We now perform the shooting from p = 0 with these conditions for all values of M? and
determine J and O from the UV asymptotics. In figure 5 we show the relation between
the coupling and the mass as we make the states lighter. We observe the same features as
in the case of the D3/D7 configuration.

6.2 Fermionic fluctuations in the D3/D3 system

Here the D3-probe wraps an asymptotically AdSzx S! € AdSsx S® extending along the

20, 2! directions, such that it is a one-dimensional defect in the field theory, as well as the
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Figure 5. D3/D5-brane system: the mesino mass squared M? in units of L/R?(dots are data
points whilst the line is to guide the eye) as function of the coupling strength g2 in the presence of
the double-trace deformation for the £ = 0 and n = 0,1 radially excited modes. The G fermionic
modes are shown on the left and the F modes on the right. The green points show the first, radially
excited state getting lighter as the coupling is increased, and the red ones show the ground state of
the modes.

x* direction in the bulk. The Dirac operator on the world-volume of the probe D3-brane
is equal to

R r p T
— I 14 1 _ 14 .
Dy <r r'“o,+—=rT ap+ WS +25( +p)r>\1/, (6.16)

where, of course, now for the spinor eigenvalues on the sphere we have to use the ana-

logue (3.21) for a one-dimensional sphere which reads Y g1 Xéi = 43 (B + %) Xgi

The relevant values for the A and B factors that were introduced in eq. (3.37) in this
case read

1 (p r A
2R<T+p>’ Rr Rp<+ > (617

We are again led to a system of two first-order coupled differential equations which
we showed how to decouple and solve. Let us start by considering the positive sign in
eq. (6.17). The corresponding second order differential equation is equal to

o, L M2R2 1 2 1
[RQap 3p+ Op + —5— + 23 2+2£—p— tr5) )"

1 3p? r? 1 ¢
+R2( 42+12e> R2p2<£2+e+2>}¢g(p):

We now study the asymptotic behaviour of the solutions to the above differential

(6.18)

equations near the boundary. The solutions we obtain are

coM ,071/2% —5/2—4

Vg, +(p) ~ +ec1p
(6.19)

3aciM oy
bg—(p) ~ 2 ,01/2H+17 p /2L

~ 98 —



In order to compute the mode solutions and the spectrum of the supersymmetric
theory, we set the source to zero. For this case there is a unique solution that does not
have complex infinities. It is given by

. Pl 0
wg(p)_(p2+L2)n+f+£ 2 F1 (-’I’L,-(n—l—f—l—l) {42, L2> Q.
(6.20)
P’ p*
+den(p2 N L2)n+€+§ oIy (—n, —(n+0+2),0+1,— L2) o,
where, as previously, the spinors a4 satisfy
YYay = tayg, (6.21)
and the dg, can be fixed from the UV asymptotics. The corresponding mass spectrum is
given by
L
Mg—2R2\/(n+€—|—1)(n+€+2), n >0, £>0. (6.22)

The conformal dimension of the dual operator being equal to Ag = ¢+ 5/2 (here 1, has
dimension 1/2 and the operator is again w;)@q).

In analogy to the G modes, we may construct the solution for the F modes, which
correspond to the minus sign in eq. (6.17). After decoupling the original set of first-order
differential equations, we obtain the second order equation

1 2 M2R2 1 2
[R2a§ <3p+ )a+ = +R2( 2€+p(€+1)>7

1 32 r? 9
t e 42+3+2£ R2p2€+£+ Ve(p) =

We proceed by examining the large-p asymptotic expansion of the above equations and

(6.23)

their solutions in that limit. They are

— 361M _5/9_
¢f,+(p) ~ecyp 3/2+€+7 p 5/2—4

(6.24)

CQM _ — —
V- (p) ~ 5= o e TP

Note the dimensions of the operator and source add to d = 2 as they should.

We now derive the spectrum and the mode solutions of the supersymmteric theory. In
order to do so, we set the source to zero. For this case there is a unique solution that does
not have complex infinities. It is given by

4 Pt P’
Vr(p) :(,02 WD o Fy (—n, —(n+40),0+1, _L2> a
P! P (6.25)
—l—dgn( +L2)n+€+3 oF1 <—n,—(n—|—€—1),f+2,—LZ> a_,
p?
and the corresponding mass spectrum is given by
L
M]:—2R2\/(n+€)(n+€+1) n >0, > 1. (6.26)

The conformal dimension of the associated operator is Ax = £+ 1/2.
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Figure 6. D3/D3-brane system: the mesino mass squared M? in units of L/R?(dots are data
points whilst the line is to guide the eye) as function of the coupling strength g2 in the presence of
the double-trace deformation for the £ = 0 and n = 0, 1 radially excited modes for the G fermionic
modes is shown on the left and the £ = 1 and n = 0, 1 towers of states for the F modes shown on
the right. The green points show the first, radially excited state getting lighter as the coupling is
increased, and the red ones show the ground state of the modes.

6.2.1 Double-trace boundary deformations in the D3/D3 system

As in the previous two analyses, we can introduce double-trace higher dimension operators
that we can use to drive the mesino masses light. The field theory Lagrangian terms are

2 2

9* ot 9" i
ALg = -5—0:0g, ALr = ——0LOF. 6.27
6= 33,969 Aoy OF (6.27)

Witten’s multi-trace presecription tells us then to impose the source operator relations
9 g

===0 ==0. 6.28
J B J n ( )

As in the numerical studies in the preceding sections we shoot from the IR — here to
solve (6.18) and (6.23). The IR behaviour of the modes are

Vg, (p) ~ T g1 (p) ~ (L + 1),

B (6.29)
b, (p) ~ ', Bpthg,—(p) ~ o™,
and of course a similar analysis can be performed for the F-type mesinos. We obtain
14 /—1
~p, Opbg,—(p) ~ Llp™",
YF4(p) ~p ptbg,~(p) ~ Lp (6.30)

br-(p) ~ ™ Opbgi(p) ~ (E+1)p"

We now shoot out from p = 0 with these conditions for all values of M? and determine
J and O from the UV asymptotics. The result of computing the effect of these higher
dimension deformations is shown in figure 6.

7 Conclusions & summary

We have studied the fermionic fluctuations of massive probe-brane embeddings in the back-
ground generated by a stack of D3-branes. These are dual to supersymmetric theories that
arise from coupling N' = 4 SU(N) gauge theory to hypermultiplets in various dimensions
(in four dimensions for the D7-brane probe case). We have obtained the supersymmetric
mode solutions and the associated mass spectra. In these cases the probe branes lie flat in
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the space and the dimensional reduction of the ten-dimensional spinor is straightforward.
It would be interesting to extend the analysis to more complex theories. These include the
study of fermionic states in backgrounds that exhibit chiral symmetry breaking, [8, 26].
Moreover, one could consider finite temperature effects due to a black hole in the bulk.
A particularly challenging task would be probes in the presence of non-vanishing Kalb-
Ramond fields [27], where the description is essentially string theory in a non-commutative
background [28]. In order to perform this analysis beyond the probe-approximation [29],
we need to address the question of the appropriate form for fermionic D-brane action for
multiple branes.

We also considered the addition of higher dimension operators of “baryon squared”
form and the effect they have on the masses of fermionic bound states. The results are
well summarized by figure 3 in the D3/D7 system. We have found that the addition of
these higher dimension operators can drive the mesino masses to light values as compared
to the rest of the spectrum. The effect of these operators is small for small values of the
coupling, and the shift in the mesino mass is linear. For higher values we observed a critical
behaviour with a rapid decrease in the mesino mass. Nevertheless, we have found that the
mode can only be made massless for an infinite value of the coupling. We have repeated
these computations for the D3/D5 and D3/D3 supersymmetric defect theories to check
that this behaviour is generic to such models.

Note that the mesino spectra shown in figures 3, 4 and 5 suggest an avoided level
crossing, i.e. asymptotically for very large coupling of the double trace operator, the mesino
mass corresponding to the n = 1 level approaches the mesino mass value of the n = 0 level
at vanishing or repulsive g2. Such a level crossing is known to occur in the D3/probe D7-
brane system if an instanton configuration is considered in the four D7-brane dimensions
perpendicular to the D3-branes [30]. There, for infinite instanton radius, the meson mass
is shifted by two levels as compared to zero instanton size. This shift was shown to be
equivalent to a large gauge transformation. Here however, the level crossing mechanism
is different since it is triggered by tuning the coupling of a double-trace operator. On
the gravity side, this means the shift occurs in the asymptotic boundary behaviour of the
solutions rather than in the fluctuation equation of motion itself. The separation between
the ground state and first excited state branches of the curve is presumably controlled by
the only dimensionless parameter, the ratio of the IR mass scale and the UV cut-off scale,
L/A. It may be instructive to understand this mechanism in more detail in the future, for
instance by analyzing the underlying Schrodinger equation for the fluctuations.

To conclude, we emphasize again that the higher dimension operators can be used, by
tuning the coupling, to generate light baryonic states. Of course in a true model of the UV
cut-off physics, it is unlikely that such an operator would exist in isolation, but our study
shows that in principle such operators could play this role. We are motivated by Beyond
the Standard Model theories, where composite fermionic or light top partner states are
desired. We intend to move the mechanism displayed here to holographic descriptions of
more phenomenologically appropriate gauge theories in the near future.
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A Notation

In this paper we use the following index conventions. Capital latin letters from the middle
of the alphabet starting from M, N, ..., denote ten-dimensional spacetime indices, while
capital latin letters starting from I, J, ... refer to the ten-dimensional Lorentz frame. Cap-
ital letters from the beginning of the alphabet, i.e. A, B ... are probe brane indices.

Greek lower case letters from the middle of the alphabet, i.e. p, v, ..., refer to Minkow-
ski indices, i.e. to the directions of the branes generating the ten-dimensional curved space
time. Greek lower case letters from the beginning of the alphabet, i.e. o, ,..., denote
radial and Minkowski coordinates, i.e. z* and p. Lower case latin indices ¢, 7, k,... are
valued on the sphere and the tilded letters m,n,... are the directions transverse to both
the background and the probe branes. To simplify notation we do not use separate symbols
for curved and flat spacetime indices as it should be clear from the context. In cases that
we think that it is not, we provide additional explanations and comments.

We have used the standard conventions of forms, namely a p-form is written as

1 a a
A(p) = E Aa1-~-ap dz® A - ANdzx®P (Al)

Moreover, we consider branes with a positive Chern-Simons term. The above are
chosen such that we follow closely the conventions of [15] thoughout.
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