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1 Introduction

Searches for electric dipole moments (EDMs) place stringent constraints on any beyond
the standard model (BSM) scenario with additional sources of CP violation (see [1-23]

for reviews and recent discussions).

At present the strongest limits are set by mea-

surements of the electron spin precession in thorium monoxid [24, 25], the EDM of the
neutron (nEDM) [26, 27] and the mercury atom [28, 29]. While the thorium monoxid
measurements can be interpreted as a probe of the electron EDM with small theoretical



uncertainties [30, 31], nucleon, nuclear and diamagnetic EDMs receive contributions from
several effective operators that are plagued by theoretical uncertainties of different sizes.
For instance, the EDM contributions from down and up quarks to the nEDM have been
calculated with an accuracy of O(5%) using lattice QCD (LQCD) [32-34], while sum-rule
calculations [35-37] allow to determine the nEDM contributions from the down-quark and
up-quark chromomagnetic EDMs (CEDMs) with uncertainties of O(50%). To date only
estimates of the hadronic matrix element of the leading operator of Weinberg type exist.
These rely on either naive dimensional analysis (NDA) [38], the vacuum insertion approx-
imation (VIA) [39] or sum rules [40]. The resulting uncertainties are hard to quantify,
but commonly said to be of O(100%). LQCD computations of the contributions of the
CEDMs and the leading Weinberg operator have gained significant momentum in recent
years [41-48], and considering the ongoing efforts by several LQCD groups, calculations
with uncertainties similar to those of the sum-rule estimates may be achievable within the
next five years [49, 50]. To fully exploit the expected increase in sensitivity of future EDM
searches (see for instance [51-53] for discussions), improved calculations of the hadronic
matrix elements of CEDMs and Weinberg-type operators are direly needed.

The goal of this article is to determine the hadronic matrix elements of the following
effective operators of Weinberg type [38, 54-58|

O = fAPCGLGP PGS, O = cMPOP G G GOGP PN (1.1)

Here Gﬁy is the QCD field strength tensor, GA# = 1/2 P Gfx with €123 = 41 denotes
its dual, fABC are the fully anti-symmetric structure constants of SU(3) and ¢ABCP de-
note the colour structures defined in (5.20). Lacking the expertise in LQCD as well as the
needed computer resources, we will present estimates of the hadronic matrix elements of the
operators in (1.1) using QCD sum-rule techniques. In the case of the dimension-six contri-
bution Og such a calculation has already been performed in [40], but the latter publication
does not provide details on the actual computation making an independent reevaluation
worthwhile. Our determination of the hadronic matrix elements of the dimension-eight
term Oy is instead new. Both results will be used in a companion paper [59], where we de-
rive model-independent bounds on CP-violating Higgs-gluon interactions in BSM scenarios
with vanishing or highly suppressed light-quark Yukawa couplings.

Our work is organised as follows. After briefly reviewing the basic idea behind the
sum-rule determinations of the hadronic matrix elements of Og and Og, we discuss in sec-
tion 3 the phenomenological side of the sum rules. The operator product expansion (OPE)
computation of the dimension-six and dimension-eight contributions is described in sec-
tion 4 and section 5, respectively. The matching and the numerical analysis of the sum
rules are performed in section 6. We conclude in section 7. Technical details are relegated
to several appendices.

2 General idea behind the sum rules

The central object for the derivation of the sum-rule estimates for the hadronic matrix
elements of operators of the type (1.1) is the following correlation function

() = i/d4w e (QT [n(x) 7(0)]| Dpago, » (2.1)



where T' denotes time ordering, 7n(x) is an interpolating field that has the same quantum
numbers as the neutron, |{2) represents the vacuum on a CP-conserving background and
the subscripts EM and Oy, imply that the correlator is evaluated in the presence of a con-
stant external electromagnetic (EM) source and one of the operators introduced in (1.1).
The basic idea is to calculate (2.1) using two different approaches and to match the results
to obtain an analytic expression for the nEDM in terms of hadronic quantities. In the first
approach, one defines a phenomenological form IIe, of the correlator, which incorporates
the wave function of the neutron, its EDM and other parameters. The second approach
relies instead on an OPE of the correlator leading to the object Ilppg that depends on
the expectation values of effective operators, such as the three-gluon and four-gluon in-
teractions introduced in (1.1). Matching the expressions for Il e, and Ilopg then yields
the contribution of the effective operators of interest to the nEDM. To improve the ac-
curacy of the sum rules, the correlators are, however, not matched themselves but their
Borel transforms are considered. As we will explain in section 3, such a procedure removes
higher-order polynomial terms and suppresses excited states.

3 Phenomenological side of the sum rules

3.1 Hadronic representation

In this section, we derive the phenomenological form II,ep of the correlator (2.1) following
the argument presented in [35, 37, 60, 61]. An often considered approach for the phe-
nomenological side of two-point correlators is the use of dispersion relations [62-68]. Since
we are interested in the correlator of two nucleon currents 7 in an external EM field, we are,
however, effectively dealing with a three-point correlation function. Dispersion relations
for three-point correlators are less constraining than those of two-point correlators due to
the lack of positivity constraints [61]. Therefore, we relate the correlator (2.1) to a pertur-
bative expansion of the nucleon propagator in a non-zero and constant EM background.
We write

() = (%) + eIV () + ..., (3.1)

where e is the electron charge magnitude that serves as the expansion parameter. The first
non-trivial term in (3.1) describes the response of the nucleon states to the weak external
perturbation and arises from a single insertion of the EM interactions

Lem(x) = Jy(x) A (z), Ju(xz)=e Z Qq q(x)yuq(z) . (3.2)

q=d,u

It takes the form
eIy (¢) = i/d4x d*y "% (Q|T () 7(0) iLem(y)] ) - (3.3)

Here J,, denotes the EM current, A* is the photon field and @, is the fractional electric
charge of the relevant quark. Note that the EM field is a non-dynamical, classical field in
this approach.



In order to evaluate the first-order contribution to (3.1), we insert a complete set of
hadronic states N’ and N” with the quantum numbers of the neutron into (3.3), i.e. we
make use of the identity 1 = ),/ |N’) (N'| twice. Working in the so-called fixed-point
gauge (see appendix B), which allows one to express the photon field through the QED
field strength tensor employing A, (y) = —1/2y"F,,(0) (cf. (B.5)), one obtains the follow-
ing expression for the first non-trivial term in the Taylor expansion (3.1) of the nucleon
propagator Iy (¢?):

(@) = Y [dtwdtye s olan — ) 0u0) " Fyu (0

N',N" (3.4)
< Q@) [N (N] Ju(y) IN"Y (N"]7(0)|92) + ...

Here 0(z) denotes the Heavyside step function, the subscript 0 indicates the time component
and the ellipses represent the different combinations due to time ordering. The double sum
in (3.4) involves three types of matrix elements of the EM current. These correspond to
nucleon transitions of (i) ground state to ground state, (i7) ground state to excited states
and vice versa, and (7i7) excited states to excited states.

Let us first focus on the ground-state contributions, i.e. the terms of the hadronic sums
that involve only neutron states |n). Up to an arbitrary chiral phase y the matrix elements
involving |n) can be parametrised by the coupling A between the physical neutron and the
interpolating current 7 as follows

Qn(x)n) =AU ulp.s), Uly)=¢€27%. (3.5)

Here u is the neutron spinor which satisfies

(p—ma)ulp,s) =0, > ulp,s)a(p,s) = p+mn, (3.6)

S

with p = p,7*, my denoting the neutron mass and u(p,s) = u'(p, s)y0. Notice that for
our correlator (3.4) a spin summation is implicit in the sum over all hadronic states.

The product of the matrix element involving the EM current and the photon field can
be reduced to a set of four neutron form factors (see for instance [69])

/d41f e (n] J,(z) |n) A" = (2m)* 6 (¢ — (p2 — p1)) @(p2, 52) Tu(p1. p2) ulpr, 51) A*(q) .
(3.7)

with
0 1Y

n

Lu(p1,p2) A*(q) = Fi(q*) 7u A" — (F2(q®) + F3(¢°) i75) +Fu(q®) v 0, F* . (3.8)

Here ¢ = p2 — p1 is the outgoing momentum carried by the photon and o"” = i/2 [y*,~]
where the brackets represent the usual commutator. At ¢? = 0, the form factors in (3.8)
can be identified with the fractional electric charge @),,, the magnetic moment pu,,, the EDM
d, and the anapole moment a, of the neutron. Since the electric charge of the neutron is



zero and its anapole moment, as a result of the constant EM background, vanishes as well,

one has explicitly
F5(0) _ F5(0)

= d, =
n 2mn7 n

(3.9)

2m,

It then follows that the tensor structures in (3.8) associated with p,, and d,, only differ by
a factor iy5, meaning that at zero-momentum transfer one can write

n dn . 1 .
I'u(p1,p2) A*(q) |q{2:0 = 7% (1 + ,uW5> oc-F = ~5 (una -F —d,o- F) . (3.10)

with o - F' = 0, '*¥ etc. and we have used that y50 - F' = io - F.
Inserting (3.5), (3.7) and (3.10) into (3.4) and using (3.6), one obtains for the |n)
contributions to the first-order correction (3.4) of the nucleon correlation function the

following expression

), 2 A2
elly(q ):—WU(X)PU(X)+... , (3.11)
with
P = (g+mn) (im0 F = duo - F) (4 +ma) . (3.12)

Here the ellipses denote contributions due to excited states and other operators that turn
out to be suppressed in the course of our analysis. Up to O(x) the Lorentz structure
in (3.11) behaves under chiral transformations as

U00PUC) =P+ { P} 25} +06E)

+¢[Mn0'F*(dn*xun)a~F}g+0(x2).

This result implies that the anti-commutators {O'-F ) g} and {O’-F , g} are the only structures
that are invariant under chiral rotations.

3.2 Phenomenological parametrisation

In calculating d,, it should then be clear from the above discussion that one should study
the operator {U-F , g} as this structure is the unique choice with an unambiguous coefficient
for what concerns the EDM. We thus make the following ansatz [35, 37, 60, 61]

) (¢%) = %f(cf) {0 : F,g} : (3.14)
with

)\2 ndn 4 NI
fl@?) = 3 In —t+ > QfNN -, (3.15)

@ =2l o (=)= ) o, (@ — ) (6 — )
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Figure 1. Contributions to the neutron EDM induced by CP-violating Weinberg-type operators.
The dotted vertices indicate operator insertions and the solid lines represent propagators of the
neutron n or the excited states N/ and N”. See text for further explanations.

for the first-order contribution to the nucleon propagator (3.1). The first term in (3.15)
corresponds to the ground-state contribution. It matches the result that we have already
derived in (3.11). The second and third term describe transitions of the ground state to
excited states and vice versa and transitions of excited states to excited states, respectively.
The corresponding form factors are called fy+ and fy/n~. They do not have definite signs
due to the lack of positivity constraints of the considered correlator [61].

Applying the Borel transformation defined in appendix C, one finds that the numeri-
cally leading contributions of the Borel transforms of the three terms in (3.15) are given by

[ \2m,,d, XNm,d, ™
en =B | — ne | = i ¢ M,

_(q - mn) M
[ I } I _my

cy =B ~ e M2, 3.16
(¢ —=m2)(¢*> —mR) | — M2 (mk, —m2) (3.16)

- B [ fN/N// :| - fN’N” 67 7;\151\5

(g2 = m3)(q? — m&) M*

Here we have exploited that empirically muy+ > m,, and mys ~ mpy». Compared to the
ground-state contribution the mixed ground-state and excited-state contributions and the
excited-states only contributions are hence of approximate size

2
I ( G )2 CN'N" Snown e
>~ €
Y

CN'/ 5
~ o~ 1
03 0.6 GeV Cn A2y, d, oo (3:.17)

Cn, “ A2m,d,

where we have used the values m, ~ 0.94GeV and mps ~ 1.44 GeV [70] for the mass of
the neutron and its lightest excitation to obtain the quoted numerical prefactor. Under
the assumption that |[fy/| ~ |fxnv| ~ A2myd, and setting M = 2Aqcp ~ 0.6 GeV
with Aqcp the QCD scale, the mixed ground-state and excited-state (excited-states only)
contributions therefore naively amount to relative corrections of the order of 30% (5%).
In the following, we only include the ground-state contribution to (3.14) in our sum-rule
calculation, and estimate the uncertainties that are associated to this simplification by a
variation of the Borel mass M (cf. section 6).

The appropriate form of the phenomenological side of our sum rule can be established
by realising that the contributions to the nEDM induced by CP-violating Weinberg-type
operators (1.1) have a simple pictorial interpretation [39]. As illustrated in figure 1, there
are two types of graphs that one needs to consider in general. The first type of diagrams (left
and middle) factorises into a propagator with a CP-violating mass insertion proportional to



175 and into a part that couples to the external photon field. The effect of Weinberg-type
operators in this context is to rotate the nucleon wave function by an amount proportional
to dp /i as in (3.10). The second type of diagrams (right) only exists if either an insertion
of an operator is considered that couples several gluons to a single photon or if at least
one of the external legs corresponds to an excited state [39]. The former possibility is not
viable at the dimension-six level, because there is no gauge-invariant operator that couples
two gluons to a single photon. In the approximation that neglects the contributions of
vertex diagrams and excitations, one can therefore use the following parameterisation

z? m% Hn

P (1l ) (3.18)

then (q2) = -

where the coefficient function r(g?) has to be determined by matching the phenomenological
side of the sum rule to the corresponding OPE calculation. Since from (3.10) we know that
the EDM and the magnetic moment of the neutron are simply related by a chiral rotation
with iv5 though, the following relation holds

dp = pnr(q?). (3.19)

In physical terms this result means that the Weinberg-type contributions to d,, can be
approximated by calculating the ivys rotation of the nucleon wave function and relating
it to the corresponding chiral rotation of p, [39, 40]. In section 4 and section 5 we will
use (3.18) and (3.19) to extract the hadronic matrix elements of Og and Og, respectively.

4 OPE calculation for the dimension-six operator

4.1 Interpolating current

We parameterise the interpolating current introduced in (2.1) as follows

n(x) = ji(x) + Bja(), (4.1)

where the real parameter S is kept arbitrary throughout our calculations. The two currents

J1(x) = 2€eqpe (dZ(az) Cns ub(x)) de(x), Jo(x) = 2€4pe (daT(x)C'ub(x)) Ysde(x), (4.2)

form a basis for projection onto the neutron state in the case of a CP-conserving back-
ground. The current ji(x) is often used in LQCD simulations to describe the neutron
wave function (see for instance [71-73]). While ja(x) vanishes in the non-relativistic
limit, it should be included in the interpolating field since we are dealing with light
quarks. In (4.2) the symbols a, b and ¢ are colour indices, d and u denote a down-quark
and up-quark field, respectively, and C is the charge conjugation matrix, which satisfies
C=C*=-Ct=-CT=-Cc1, CHI'C = —v5 and Cty? =40C.

Notice that in contrast to the publications [35, 37, 60, 61], we do not need to consider
the two additional currents i;(x) = 75j2(x) and i2(x) = 75j1(x), because in our case the
only source of CP-violation is provided by the Weinberg-type operators (1.1). The vacuum
|2) appearing in correlators such as (2.1) is instead taken to be CP-conserving, which in
particular means that we assume that the QCD theta term OCN}'Z‘ GAM vanishes either

17
accidentally or dynamically due to a Peccei-Quinn mechanism [74].



Figure 2. Contribution of the dimension-six Weinberg operator to the quark propagator. The dot-
ted vertex represents the operator insertion, the crosses indicate interactions with the background
and the solid lines depict quark propagators.

4.2 Weinberg contribution to the quark propagator

In the presence of a non-trivial EM background and the dimension-six operator Og, the
OPE of the correlator (2.1) can be formally written as

Mope(¢?) = i / ¢ QT o)1) Do, = 3 Culd (4.3)

where C}, are so-called Wilson coefficients and (Q) = (Q|Qx|€2) are vacuum matrix ele-
ments or condensates of the operator Q.

One important ingredient to evaluate (4.3) is the quark propagator on the CP-
conserving background including insertions of the EM field and Og. In position space
and suppressing colour and spinor indices the sought propagator reads

S(z) = SO () + 89(z) + 5% (x), (4.4)

where the first term is the free propagator for a massless quark and the second term
describes non-perturbative interactions with background quark fields. As shown in ap-
pendix D at leading order (LO) in the OPE these two quantities take the following form

SO =1 si@y=-Lgg, (4.5)

2m2xt’

with (gq) ~ —(0.25 GeV)3 [67, 68, 75] the quark condensate.

The effective operator Og can be perturbatively inserted into the quark propagator [40].
The corresponding Feynman diagram is shown in figure 2. It follows that the Weinberg-
induced contribution to (4.4) can be written as

596 (1) = / d'21d 20 SO (2 — 1) SG8 (21 — 22) SO (22) , (4.6)

where the amputated two-point function Sggp( ) is given by

S08o(2) = igstirlh, (T |ak (@) DR AP (2)3(0) | ) ig ot
g2ttt (T [ ) D AP (2)gh(0)] ) + ...

Here g, denotes the QCD coupling constant, t4 are the colour generators of SU(3) and
we have expanded the quark wave function to zeroth order using (B.7) to obtain the final



result. The object DS,? AB(%) entering (4.7) represents the Weinberg-induced correction of
the gluon propagator. Pictorially, one has

DY AB(z) = + ..., (4.8)

where the dotted vertex represents the insertion of the operator Og and the cross indicates
interactions with the classic background.

In order to determine the form of (4.8) we rely on standard background field techniques.
We start by writing the dimension-six Weinberg operator of (1.1) in a more convenient form,
namely as (see for instance [55, 56, 58])

oT )

O = =72 fAPO T Gl GRGY, (4.9)
where THPAT denotes the following trace
THVPAOT %Tr (UWUPAUUT%) . (4.10)

Notice that this tensor is anti-symmetric under u <> v, etc. as well as uv < p etc. By
splitting the original gluon field Gﬁ‘ = C_}ﬁ + G’ﬁ into a classical field Gﬁ and quantum field
G’f}, one can then expand the QCD field strength tensor around its classical configuration
to obtain

Gh, = G, +D.G—D,Gi+g, fAPCGRGS . DGy = 0,Go+g.fPCGIGE . (4.11)

When one now expands (4.9) using (4.11), one is only interested in terms that are linear in
G*f} and bilinear in G;‘ Using the anti-symmetric properties of f45¢ and that of (4.10),
we find that the relevant terms are

06 _ _% fABC T}U/p)\O'T aﬂéf@pé’f@aé’g —+ ..., (412)

Employing the result (4.12) one can now calculate the Weinberg-induced correc-
tions (4.8) to the gluon propagator. By performing all possible contractions of the time-
ordered product, we obtain the expression

QAP () =/d4y (r [G”*( G2 (0) i0s(y >}>

fCDETOcB'y&,mr ) [a’ng(w) ( _ y) 8%Dl(/(7)r)BE(y) (413)

BD
a@&?”( - DR )] |

where D( )AB (z) denotes the free gluon propagator in position space. In Feynman gauge
it takes the following simple form

) v 1
DI(W)AB( ) /5[4]? c [_iéAB gp’u2:| B A2 6ABg“V’ (4'14)




a result that can be gleaned by inspection of (E.3). Here g,,, = diag (1,—1,—1, —1) denotes
the Minkowski metric and we have introduced the abbreviation d*p = dp*/(2m)*.
In order to simplify (4.13) we use the following two relations

_ 1 —ipx
0,G)(w) = 3G+ BDYAT(a) =510y, [atpem s (11s)

which follow from the expansion (B.6) and the explicit form (4.14) of the free gluon prop-

agator in momentum space, respectively. Using (4.15) yields

O¢ A A CGC v, Y4p By Py
Dmf B(Z) f B (O)/d4yd4pd4q€ ip(z y)e qy |:Ta,3 pnev — albyrveu =

3 v —ipz PyP
— _ifABCGaC,B(O) Ta,Bq//up /d4p€ ipz ’7480

p
31 ABC AC aByupy 1 Gve 2
= W f Galg(o) T THE 274 sz@ — 72’ s (416)

where in the last step we have employed the Fourier integral given in (E.6).
Plugging this into (4.7) we find

3ig _ . 1 p
Savp(2) = =53 PPt (0 (0)9:GG5(0)ga(0)) T2 — [zvzgo - ’;"22}
g 1 g i
= oo IO W) 0 (' oasy” )i TN [ZW - ;DZQ} (@gs0 - Ga)
3ig (5 b _
= Spn2,2 T (0957 Ga) (4.17)

Here we have used that the non-perturbative quark-gluon condensate appearing in the first
line simplifies as follows (see for instance [73, 76])

_ N 1 _
(42 (0)9:G5(0)24(0)) = — 155 Tas tea (4950 - Ga) (4.18)
with 0 - G = 0, GAr A Furthermore, the colour factor in the second line evaluates to
)
FAPC (M5 ) o = —5CaCFoab, (4.19)

with the Casimir operators given by Cy = 3 and Cr = 4/3 for SU(3).
From (E.9) one sees that the Fourier transform of (4.17) reads

39 _
Seup(P) = 57 15 (4950 Ga) (4.20)
where we have dropped colour and spinor indices. Inserting this result into (4.6) leads to

dvsy

2p2r2

59 (1) = % (Ggso - Gq) /d4z1d422d4pd4qd4r e!la—P)z gilp—r)z2 o —igz

39s - 4 —ipz 1 39s . - in
=~ {1950 Ga) /d pe T = g 5 (49,0 - Ga) In | =5 )
(4.21)

~10 -



To arrive at the final result we have made used of the Fourier integral (E.4) dropping
infrared (IR) poles and constant pieces, because such terms vanish after Borel transforma-
tion. The appearance of the scale pg signals that the Og contribution to (4.3) will depend
logarithmically on an IR cut-off. Notice finally that the second result in (4.21) implies
that the Weinberg-induced correction to the quark propagator takes the following form in
momentum space

39s _
S%(p) = —% V5 (qgso - Gq) - (4.22)

This result agrees up to a factor of i with the corresponding expression reported in [40]
after taking into account that the definition of Og used in this paper differs from the one
employed in (1.1) by a factor of 1/3.

4.3 OPE including the Weinberg operator
In terms of (4.4) and

Se(z) = CST(2)C = SO (z) — §9(z) — §9% (), (4.23)

the general form of the correlator (4.3) can be written as

Hopg(q?) = 24i /d4x e'e* {Tr (S°y5575) S + S7v5559
+ B [Tr (5°575) 155 + 7597555 + Tr (S%955) S5 + 55%557s]

+ B2 [ T (5°8) 15975 +1555°5%) }

(4.24)
where we have performed all possible Wick contractions. Here 3 is the real parameter that
appears in our definiton (4.1) of the interpolating current for the neutron.

We are only interested in the LO result of the OPE, in other words in terms that are
linear either in the quark condensate (4.5) or the Weinberg-induced correction (4.21) to
the quark propagator. The relevant contributions are given by the following expression

Mope(a?) = ~24i [atoc™ [SO@)]" [£(8) S"(a) + fo(8) S (x)] (4.25)

with
fo(B)=7-28-58, fo(B)=5+28—-175". (4.26)

This result can be interpreted in terms of the two Feynman diagrams depicted in figure 3.
The left graph shows the S?(x) part of (4.25) which corresponds to a one-loop diagram
because the background quark fields are non-dynamical. The right diagram has instead a
dynamically and perturbative gluon that closes the second loop. In the case of the SY¢(x)
correction one therefore has to deal with a two-loop contribution.

To evaluate (4.25) we now parameterise the mixed quark-gluon condensate as [77]

(agso - Ga) = mi (qq) (4.27)

- 11 -



Figure 3. One-loop and two-loop contributions to the OPE correlation function (4.25). Insertions
of the interpolating currents 7n(z) or 7(0) are denoted by circled crosses. The lower quark lines
correspond to the free propagator S (x) of a massless quark, while the crosses indicate interactions
with either quark or gluon background fields. In the right graph the dotted vertex represents the
insertion of the Weinberg-type operator Og.

where m2 ~ 0.8GeV? is a QCD parameter. Inserting (4.5) and (4.21) into (4.25), we
then find

Hope(q®) = 6ilaq) /d4x elar % [— fa(B) + 39:16 fo(F) In (—M%ljf?) 1'75]

! 12 12872 s
RIS flf)1n (_;2v> 2 [1 322 fa(B) o <_£> 175] '

Here we have used the Fourier integrals given in (E.10) and (E.12), respectively, to obtain
the second line.

4.4 Matching and discussion

In order to derive the sum rules for the Og contribution to the nEDM, we match the
phenomenological and the OPE correlators, i.e. we set (3.18) and (4.28) equal and deter-
mine the coefficient r(¢?) that appears in front of the ivs term in Ilppen(g?). After Borel
transformation and identifying the IR cut-off with the QCD scale, we obtain

o ggsm(Q) fO(/B) M?
r6(8) = 202 1(7) In (%w) . (4.29)

With this result at hand, we now discuss the appropriate choice for the mixing param-
eter § introduced in (4.1) for our sum rule. There are two commonly used ways for fixing
this parameter: (i) at a value where the leading terms of the OPE are stationary under
variations of 8 or (ii) at a point that maintains a balance between OPE convergence and
contributions of excited states. Both methods are not applicable in our case, because ()
the result (4.29) does not possess an extremum and (iz) contributions of excited states have
been ignored in our sum rule (cf. section 3.2). The procedure advocated in [35, 37, 60, 61]
where (3 is chosen such that subleading IR logarithms are cancelled in the QCD 6#-term and
CEDM contributions to the nEDM is also not useful, since in the OPE side (4.28) of our
sum rule IR logarithms appear already at LO.
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Our choice of 8 is instead based on the observation that the function f,(3) introduced
in (4.26) appears in the numerator of Ioffe’s formula [78], which for arbitrary 8 takes the

following form [73]
7—28—5824(2m)?
n=— . 4.30
L T 2 VER L (4.30)

This relation connects the neutron mass m,, to the quark condensate (gg). While it is not

an exact relationship, one observes that for 8 = 1, Ioffe’s formula (4.30) predicts m,, = 0
in gross disagreement with observation. For the second standard choice of the mixing
parameter, i.e. the so-called Ioffe interpolating current with § = —1, one instead has
my, ~ 1.2 GeV?3/M? if the numerical value (Gq) ~ —(0.25GeV)? for the quark condensate
is used. For f = —1 and a Borel mass of M ~ 1GeV, the formula (4.30) thus predicts a
neutron mass that is in the ballpark of the experimental measured value m, ~ 0.94 GeV.
We conclude from this that the appropriate choice for the mixing parameter in the case
of our sum rule (4.28) is § = —1. In fact, this choice is the one that has been employed
in essentially all CP-even sum rules [77-79], including the sum-rule calculations of the
anomalous magnetic moment u, of the neutron [63, 64, 80, 81]. We believe that the Ioffe
interpolating current has also been used in [40].

5 OPE calculation for the dimension-eight operators

5.1 Weinberg contribution to the quark propagator

In this section, we derive the contribution to the nEDM from the dimension-eight Weinberg
operator Og introduced in (1.1). Like in section 4.2 we will treat the CP-violating four-
gluon operator as a perturbative insertion into the quark propagator. The corresponding
Feynman graph is shown in figure 4. In analogy to (4.4), (4.6) and (4.7) we write

S(x) = SO (z) + 8(z) + S (), (5.1)

and
ﬁwﬂ:/Mafﬁs@@—awﬁda—@w@@g, (5.2)

with
S%ip(2) = —g2tath ity (T [ ) DG AP () Gu(0)] ) + .. (5.3)

The explicit LO expressions for S (z) and S(z) can be found in (4.5). The function
Dgﬁ 4B(2) in (5.3) corresponds to the correction of the gluon propagator due to an insertion
of Og, namely

AB
DO AB(z) = + ... . (5.4)
To determine the analytic expression corresponding to (5.4), we proceed as in sec-
tion 4.2 and write the operator Og in the more convenient form
)

O = 15 POV TN T G, GRLGELGE (5.5)
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Figure 4. Contribution of the dimension-eight Weinberg operator to the quark propagator. The
operator insertion corresponds to the dotted vertex, interactions with the background are repre-
sented by crosses and quark propagators are depicted by solid lines.

with . ,
i i
TfW)\p =5 Tr (O"LWO'/\p> , TQO[M(S =3 Tr (Jaﬁaw%) . (5.6)
These traces are anti-symmetric under the exchanges p <> v etc. but symmetric under the
exchanges pv < Ap etc. The effective operator Og is then expanded in terms of partial

derivatives and gluon fields using (4.11). Picking out the terms that are bilinear in both
the background field G’f} and the quantum field G’f, we obtain

Os =i AP TN TIN 19, GLONGE0.GE0,GF + 0,610\ GE0.GG 0,GF
o (5.7)
+ .+ uGLONGE0.GF0,GF | + ...,

where the ellipses in the bracket represent the other three terms that are quadratic in (_Jﬁ
and G’f

With the expression (5.7) at hand it is a matter of simple algebra to calculate (5.4).
Using the relations in (4.15) we find

D AB() = [aty (7 [G1EE O 10sw)])

1 ~ -
— 4 OPEE / atpe v 5 [ (647657 GE GG, + 04T 6PP GEGE, ) P+ ..

N |

(5AC§BD + 6ADéBC) GE ) GF (p#py _ g#VPZ):| ] (58)

Here we have used the shorthand notation G4 - GB = éﬁVGB # and all field strength
tensors and duals are evaluated at 0. The ellipses represent three additional terms that
have a structure that is similar to that of the contribution proportional to p*p”.

Inserting (5.8) into (5.3) it then turns out that to obtain the amputated two-point

function SaOrgp(z), one has to calculate objects of the form

ML = tathaliot XOP (k(0) 2GEA(0) GE(0)24(0) ) | 59)
NP =ttt XOP (450 2GC(0) - GP(0)ah(0) ) |

XC’D

where is a symmetric tensor in colour space. To achieve this we expand the quark

current in terms of the set of basis matrices

Fn - {1]-7’)/57 Yo i’y5’}/0¢7 O-CYB} ) (510)

— 14 —



using the Fierz identity (see for instance [82, 83])
i Oad it (- b it (-,C
Gada = —75 Un (aTna) — 5215 (47 Tng) - (5.11)

In the case of the structure M jéDB, we obtain

AP BB op /B 2 AC ~D
—X <(jt angsGy)\Gup>:| ’

t
M{P =A"Ty [— 5
(5.12)

BT xoP <§ang§éSAGEp> -

where a sum over the five different Lorentz structures in (5.10) is implicit.
Recalling from (4.17) that we are only interested in the pieces of S8 (2) that are

amp
proportional to i7s it is readily seen that these contributions all arise from the term

1
V57" = =g + 5 o, (5.13)

in the above expression for M pr . The colour factors appearing in (5.12) can be decomposed
in the following way

A Lsan | %dABCtC n %fABCtC,

6
tAtCtB _ idABC _ ifABC + léBCtA + 1 (dBCD _ ifBCD) (dADE + ifADE) tE,
12 12 6 4
(5.14)
with
a4 B¢ = 2Tx [t {¢P,19}] | (5.15)

the totally symmetric structure constants of SU(3) colour. Realising that only the struc-
tures that are proportional to 647 and d4P¢ in (5.14) can lead to SU(3) invariant con-
densates, we find that the terms relevant for our sum-rule calculation of the Og contribu-
tions are

AB

~ 5 JABE ~ B
xeb <q75q9§foAGZ;>— ——XP <ntv5qg§GSAGfp>] + ...

y 0
prB = —g""s [— 24

72

P epqepy  APE ep s opeD
= — X X e
V5 [288 QYY) + 96 (Q >] +
(5.16)
Here we have used the identity
- 1 -
XABGaGPr, = 1 Py XABGA.GE (5.17)

that holds for any symmetric X458 and introduced the following shorthand notation
(48 = <q’75qg§C~¥A : GB> , {8 = <th75619§@3 : GC> (5.18)

for the two types of condensates appearing in (5.16). A calculation similar to the one

detailed above leads to
dABE

5AB
N;;‘VB = g’“’ V5 |:72 XCD <QCD> + T XCD <QECD>:| S (519)
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To determine the expression (5.3), we finally specify the possible colour structures
cABED that appear in the definition (1.1) of Og. There are in fact three independent CP-
violating four-gluon operators [54, 57, 58] and the corresponding colour structures can be

chosen to be
C;?IBCD _ {5AB 6C’D7 5A053D’ dABEdCDE} ' (5.20)

Notice that these coefficients are symmetric under the simultaneous exchange of A <> B
and C <> D and the pairwise exchange AB <> C'D. Using (5.16), (5.19) and the properties
of ¢ABEP e find that (5.3) can be written as follows

G598 (2) =

amp

_7271-222 Vs CAB <QAB> + CABC <QABC> , (521)

with the new colour structures

(AB — ACBC | ACCB 4 3 ABCC ABC = 3dopp (cAPBE 4 APEB | 3 ABDE)
(5.22)
In fact, using the identities (see for instance [84])
c;—4 Cc3 —12
dacpdpep = —25—dap,  dapedpprdcer = —A———dapc, (5.23)
CA 2CA

it is a matter of simple algebra to show that for the three colour structures in (5.20) the
coefficients (5.22) take the explicit form

10
AP = ¢ 648 A= {26, 12, } , ABC = ¢, qABC A =1{6,12,12} .

3
(5.24)
A comparison of (5.21) with (4.17) and (4.21) then implies that the Weinberg-induced
correction (5.2) to the quark propagator in position space can be written as

(5.25)
with the coefficients ¢; and ¢ given in (5.24). Notice that the dimension-seven condensates

1 ~ . 2 .2
§%(2) = 5= 75 [cl <cii75qg§G : G> + ¢z <(_7tAz"y5qg§dABcGB : Gcﬂ In <’“‘1R4x

~ 28872

appearing in (5.25) are the only non-zero matrix elements that can be constructed out of
two quark fields, a QCD field strength tensor and its dual [85, 86]. This finding provides
a sanity check of the calculations leading to S9%(z).

5.2 OPE correlator, matching and discussion

To determine the OPE correlator (4.3) corresponding to the dimension-eight Weinberg-type
operator Og, we also need values for the two condensates in (5.25). The only estimates
that exist at present are based on the instanton liquid model [68, 87-90]. One obtains [86]

_. = 64 LA ~ 32
<q175qg§G : G> = 51 (1) - <thW5qg§dABcGB - GC> = {551 (@@ - (5.20)
In the diluted instanton gas model, the quark condensate is given by
3my
1q9) = ——— 5.27
(qq) T (5.27)
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where mg ~ Aqcp =~ 0.3 GeV denotes the constituent quark mass and p >~ 1/(0.6 GeV) is
the average instanton size. Notice that for the quoted values of m, and p one finds (gq) ~
—(0.25 GeV)?3 in agreement with the standard value for the quark condensate [67, 68, 75].
Noticing that after employing the relations (5.26) the structure of (5.25) and (4.21)
are precisely the same, the derivation of IIopg(g?) and the matching of the phenomeno-
logical and the OPE correlators for Og proceeds as in sections 4.3 and 4.4, respectively. In
particular, for the coefficient r(g?) that multiplies the i7y; term in (3.18), we obtain

4(6¢1 + c2) fo(B) In M?
a5m2pt - fe(B) ’

with the functions f,(5) and fo(8) defined in (4.26). Like in the case of Og, we will employ
8 = —1 in our numerical analysis of the Og matrix elements, since this is the appropriate

rs(B) =

(5.28)
Adep

choice for our sum-rule calculations (cf. the discussion at the end of section 4.4).

6 Numerical analysis

6.1 Dimension-six contribution

Using f = —1 and inserting (4.29) into (3.19), we obtain the following expression for the
contribution of the dimension-six Weinberg operator to the nEDM

9gsm3 M?
dn), = —lin 1 , 6.1
( )OG H 3272 n (AQQCD ( )

which differs by the analytic result given in [40] by a sign.
In our numerical analysis we use

fy = —1.91 - = ~1.02 " gs = VATa, = 2.13+0.03,
2my, GeV
y (6.2)
mé = (0.8 +0.2) GeV?, eVv2I1,2],
Aqcp

where the input values and errors of y,, m,, g; and mg are taken from [67, 68, 70, 75] and
the strong coupling constant corresponds to a LO «; evaluated at a renormalisation scale
of 1GeV. We note that our choice M € v/2 [1,2] Aqep =~ [0.42,0.85] GeV covers the full
range of Borel masses that has been considered in the related sum-rule calculations of the
QCD #-term and CEDM contributions to the nEDM [35, 37, 60, 61].

With the input given in (6.2) we find from (6.1) the following numerical result

dn = 74(140.5) MeV, (6.3)
(%).,

e

where the individual uncertainties have been added in quadrature to obtain the final relative
error of 50%. The dominant source of uncertainty in our prediction for (d,/e)o, arises
from the variation of the scale ratio M/Aqcp and amounts to almost 90% of the total
error given above. We add that the quoted total uncertainty in (6.1) is larger than the
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naive expectation of the size of the sum-rule contributions due to excited states (cf. the
discussion at the end of section 3.2) and that the sum-rule predictions for the down-quark
and up-quark CEDMs [35, 37| are also accurate to about 50%. Notice that the central
value of our prediction (6.1) differs by a factor of roughly 1/3 from the numerical result
presented in [40]. Here a factor of 1/3 is accounted for by the different normalisation of
the effective operator Og, while the flipped overall sign in (6.1) is compensated by the fact
that in the latter article the incorrect relation p, = 1.91¢/(2m,) has been used to obtain
a numerical result.

6.2 Dimension-eight contributions

Inserting (5.28) into (3.19), we find for the Ioffe interpolating current, i.e. § = —1, the
following expression for the nEDM contribution of the dimension-eight Weinberg operators

72 M? 14 16
dp) = — 1 1=, = 6.4
( n)Og Hn 57T2ﬁ4 D(AZQCD> { 527781} ) ( )
where the numbers in the curly bracket correspond to the three different colour structures

in (5.20).

The average instanton size that enters (6.4) can be determined in various ways. In-
cluding the value of p that allows one to reproduce the phenomenological values of the
quark and gluon condensates [87], that is obtained through variational techniques and the
mean field approximation [88] and that is found in LQCD calculations [91-96], we arrive

at the combination )

0.58 +0.09) GeV

This prediction has an uncertainty of 15%, which we believe to be a rather conservative

p= ( (6.5)

error in view of the results given in [87, 88, 91-96].
In order to obtain a numerical result for the Og contribution to the nEDM, we use the
input given in (6.2) and (6.5). Adding individual uncertainties in quadrature we find

d m
(”) =25-10"1 (1£0.8) GeV3 {1, 0.5, 0.2} . (6.6)
e ) og
Here the dominant source of uncertainty stems again from the variation of M/Aqgcp and
amounts close to 60% of the quoted total error of 80%.

7 Conclusions

In this work, we have calculated the hadronic matrix elements of dimension-six and
dimension-eight operators of Weinberg type (1.1) using QCD sum-rule techniques. Cal-
culations along the same line of the dimension-four and dimension-five contributions to
the nEDM, i.e. the QCD 6-term and CEDMs, have been performed in [35-37, 60, 61].
A sum-rule estimate of the dimension-six Weinberg operator Og also exists [40], but this
article does not provide details on the actual computation, which motivated us to carry
out an independent evaluation. Our determination of the hadronic matrix elements of
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the dimension-eight term Og is instead new, and provides the first systematic study of
contributions to d,, due to CP-violating four-gluon operators. The main results of our
article, i.e. the numerical expressions (6.3) and (6.6), will be used in a companion pa-
per [59] to derive model-independent bounds on CP-violating Higgs-gluon interactions in
BSM scenarios with vanishing light-quark Yukawa couplings.

Our sum-rule estimates are based on the observation [39, 40] that the Weinberg-type
contributions to the nEDM can be obtained by calculating the i~ rotation of the nucleon
wave function induced by (1.1) and relating it to the corresponding rotation of the neutron
anomalous magnetic moment p,. In this approximation only diagrams are included that
factorise into a propagator with a CP-violating mass insertion and into a part that couples
to the external photon field, while non-factorisable vertex corrections are neglected (see
figure 1). In addition, we neglect contributions from excited neutron-like states N’ in our
estimates. These simplifications lead to uncertainties in our predictions that we estimate
to be of the order of 35% using Borel techniques. The OPE computation of the dimension-
six and dimension-eight sum rules is described in detail, and includes a discussion of the
matching and the appropriate choice of the neutron-interpolating current. The final an-
alytic expressions for the Og and Og contributions to d,, are reported in (6.1) and (6.4),
respectively, and our result for ‘(dn)ofj‘ is found to agree with that given in [40]. The
hadronic matrix elements of the Weinberg-type operators turn out to be logarithmically
sensitive to the ratio M /Aqcp of the Borel mass and the QCD scale. This IR sensitivity
provides the dominant theoretical uncertainty of our predictions. By varying M/Aqcp in
the range v/2 [1, 2] we find uncertainties close to 45%, which exceeds the size of the expected
effects from vertex diagrams and excited states. Adding individual errors in quadrature
the total uncertainties of our numerical predictions for (d,/e)o, and (d,/e)o, are 50% and
80%. Sum-rule studies of the #-term and CEDM contributions to the nEDM [35-37, 60, 61]
have also found uncertainties of a similar magnitude.

While our sum-rule estimates of the d,, contributions due to the dimension-six and
dimension-eight operators of Weinberg type (1.1) have sizeable uncertainties, we believe
that they are more robust than other existing determinations that are based on NDA [3§]
or the VIA [39]. In particular, in the sum-rule approach there is no sign ambiguity between
the prediction for d,, and the hadronic matrix elements of Og and Og — see for instance [6,
13, 15, 18, 21] for EDM studies that allow for both signs of the Og contribution. To find
out whether our sum-rule estimates are reliable would require first-principle calculations
of the nEDM, which are in principle possible using existing LQCD methodology. While
such calculations have gained significant momentum [41-48], LQCD simulations involving
Weinberg-type operators are challenging [49, 50], and it remains to be seen which accuracy
such computations can achieve in the near future. Till then phenomenological studies of
hadronic EDMs have to rely on the predictions (6.3) and (6.6) despite all their limitations.
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we provide the relevant numerical results in appendix A. The Feynman diagrams shown in
this article have been drawn with the help of the IATEX package feynMF [97]. Parts of the
Dirac and colour algebra calculations have been cross-checked against FeynCalc [98] and
TRACER [99].

A Weinberg-type contributions to the pEDM

Below we provide numerical expressions for the dimension-six and dimension-eight
Weinberg-type contributions to the pEDM. Since the arguments given in section 3 for
the case of the neutron also apply to the proton, the pEDM d,, and the magnetic mo-
ment of the proton p, are related by d, = p,7r(¢?). The function r(g?) is then found
by matching the phenomenological ansatz to the OPE calculation, where the neutron-
interpolating current (4.1) has to be replaced by a proton-interpolating current. In fact,
the proton-interpolating current is simply obtained from (4.2) by interchanging down-quark
and up-quark fields, and in the limit of massless quarks the results (4.24) and (4.25) can be
shown to hold in the case of the proton as well. As a result the function r(¢?) that appears
in (3.19) and in d,, = p,7(¢?) is the same. The analytic results for the Og and Og contri-
butions to d, can therefore be derived from (6.1) and (6.4), respectively, by replacing uy,
with p,. Experimentally, one has [70]
e e

pp =279 5 — = ~1.46 1, = 1.49

Al
myp GeV'’ (A1)

and it thus follows that in the case of the pEDM the numerical results (6.3) and (6.6) read

<dp> = —109 (1+0.5) MeV, (A.2)
e Og
d m
<p> =-3.7-1071 (1408) GV {1,05,0.2}. (A.3)
e Os

B Fixed-point gauge

In the case of QCD the fixed-point or Fock-Schwinger gauge [100, 101] can be defined
without loss of generality for gauge-invariant quantities by

a'Gi(x) =0, (B.1)

where it is sufficient to restrict this choice of gauge to classical gluon fields Gf}.

For the gauge choice (B.1) it is easy to show that one can express the gluon field
through the QCD field strength tensor Gﬁy(x) = 0,G4(x) —3,,Gﬁ(x)+gszBCGf($) GY ()
evaluated at © = 0. Here gs denotes the strong coupling constant. To derive the sought
relation, one notices first that

Gi(z) = 9, (2VG{(2)) — 27 0,G5 (x)
= —a" (G, (2) + 0,Gy (x) — go f1POGE (2) GY () (B.2)

= :U”Gfu(az) — :c”&,Gﬁ(:U) )
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where we have employed the gauge condition (B.1) twice and used the anti-symmetry of
Gﬁl, to obtain the final result. Setting ¥ = ay” with an arbitrary parameter «, one can

then write

Gl (oy) = a4 (aGi(ay)) .  (B.3)

v A v YA A v
"G, () = ey’ G (ay) = G (ay) + ay o

0
d(ay”)
Now if one integrates both sides of the above relation over a € [0,1] and assumes that
Gﬁ(:c) is non-singular at x = 0, one finds

1
| o Gytan = 6. (B.4)

Using a similar assumption for the QCD field strength, one can Taylor expand G‘;‘M(ay)

around ay = 0 and perform the integration on the left-hand side of (B.4). It follows that
GA() = L2GA(0) + Lav2r0,G2,(0 B.5
u(w)_§$ VM()‘FgZEiU P Vu()+"'7 ( )

where we have switched back from the variable y to the variable z.
The latter expression can be further simplified by noting that as a result of (B.1), the
partial derivatives in (B.5) can be promoted to covariant derivatives D, = 0, — igst}tA.

In consequence, one has
G4 = 71 vGA (0 + 71 2'z? D, G2 (0 + B.6
,u(li} 2:5 IJ}I,( ) 3 P l//l,( ) ctt ( . )

in the fixed-point gauge of QCD. The same result also holds in the case of EM with Gﬁ

A

replaced by A, and G, replaced by F),.

Finally, notice that due to (B.1) the Taylor expansion of the classical quark field ¢ can
also be formulated in terms of covariant rather than partial derivatives. One has

q(x) = q(0) + 2" D, q(0) + %x“m”D#qu(O) +.... (B.7)

C Borel transforms

We define the Borel transformation of a function F(Q?) with Q? = —¢? in the following way

2\n n
Q?%/n :7M2 = const.

The auxiliary parameter M is called the Borel mass and occurs in the final result of most
sum-rule calculations. A collection of useful Borel transforms can be found for instance
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in [65, 66, 76] and reads

B[(Qz)k: —0,
<c§>k - <k—11>! (ﬁ)k

() |- ()

B[(@)"'m (QQ)_ = (DM (k4 D),
k o(((@)))]

k
1 Q? 1/ 1\" Q*\\
- In = — | —= In|{ =
Q? "2 I'(k) \ M? 1
Here £k € Ny and I'(z) denotes the Euler gamma function. From (C.2) it is clear

B

B

B

that all polynomial contributions to sum-rule correlation functions vanish after Borel
transformation.

D OPE for the quark propagator

The free position-space propagator S ©) (z) of a massless quark is easily derived by taking
the Fourier transform of the well-known momentum-space representation

(0) ip p 1 Wy / 4 eipExE
@) = [atperm b= o (ide) [atoe < (D.1)

where colour indices are implicit and we have applied a Wick rotation to Euclidean space
using 2 — —x% and p? — —p%. The four-dimensional integration measure can be written
as dipp = p>dpdQy, where the magnitude of the four-dimensional Euclidean momentum
vector has been denoted by p = |pg|. The differential solid angle is given by

2 s
/ dQy = / do / d6dfs sin 6y sin® Oy . (D.2)
0 0

It follows that d2y = dQ3sin? 6y and (D.1) hence takes the form

1 oo T L
SO () = 3 (—ZaE)/ dﬁﬁ/ dfy sin? gy ePT 0502
B » wJ1(pT) 1 » 1 z;é
R( Z@E)/ dpp ot i (—idE) = =

42 = on2gt

(D.3)

Here z = |zg/|, J1(2z) denotes the Bessel function of first kind with index 1 and in the final
step we have rotated back from Euclidean to Minkowski space noting that £, — #.

In order to determine the non-perturbative contributions S9(z) to the quark propaga-
tor, one needs to evaluate the correlator (Q|T [¢}(2),(0)]]2). Using the expansion of the
classic quark field (B.7), one obtains

(AT FO)]10) = (OGO + .. =~ 0w (@) +..., (DY
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where the fields of the condensate (Ggq) are evaluated at z = 0. Notice that the minus
sign in the final result comes from the exchange of the fermion fields and the numerical
prefactor can be determined by contracting the expression in the middle and on the right
with §%°6;;. Ignoring colour and spinor indices, the expansion (D.4) thus leads to the
expression for S?(x) as given in (4.5).

E Fourier transforms

We define the Fourier transform of a function F'(p) by

—€IR

Flrw)] = () [armpe e pg), (B.1)

4merE

where we have performed the integration in d = 4+ 2er space-time dimensions with ejg > 0
to regulate the IR divergences that appear in some of the Fourier integrals that we have
encountered in sections 4.3 and 5.1. The symbol vg denotes the Euler’s constant and ur
is a mass scale needed to restore the correct dimensionality of (E.1).

In the case that F(p) is polynomial in 1/p?, a simple calculation along the lines of the
computation performed in section D leads to

1 1 2 22\ TR (9 _ )
g [(pz)k] " 4ha? <_ZI§vE ) (p(;;)rm) ()", (E.2)

where k£ € Ny. The Fourier transforms of type (E.2) relevant for our article are

1 )

1 1 1 M%sz

= | = _1In|(= . E.4
4 [p4] 1672 LIR n( 4 (B4)

Tensor Fourier integrals with a polynomial denominator of the form (p?)* can be
obtained from (E.2) by taking derivatives

]-'[p“p] — (i9,) (2‘81,)---]-'[ ! ] (E:5)

k k
(»?) (»*)
This procedure allows one to derive for example
Pubv| 1 Guv o
.F |: p4 :| = —W (a}“xy — 7.’13 ) N (EG)

a relation that has been used in sections 4.3 and 5.1.

In our sum-rule calculations we have also encountered ultraviolet (UV) divergent
Fourier transformations of a function F'(z). To regulate UV divergences we work in
d = 4 —2eyy space-time dimensions with ey > 0, introduce the mass scale pyy and define

FlF@)] = (‘T) o / 420V g P F(z) (E.7)
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If F(z) is polynomial in 1/22, it is straightforward to evaluate (E.7). For k € Ny we

obtain
1 im? pEve\ V(2 -k —euv) [, g\k-2
—_ | == — . E.
d [(xQ)’“] = (-5 rm ) (E5)
The Fourier integrals of the form (E.8) that occur in our article are
1 4in?
1 im?p? [ 1 e
|l =_ — —In(-"YV ) —1]. E.1
7w =5 () 10

We also encounter in our work Fourier transforms that are both IR and UV divergent.
They are of the type ]—'[1/((1'2)1) F{l/((pz)k)ﬂ with k£, € N4. Using the result given
in (E.2) and (E.8) these double integrals are readily computed. We find

R e I

Fr2—k+er)l(k—1—er—eyvy) (])2)1*11€
T (&)L (2—k+1+em) '

The only Fourier integral of the form (E.11) that is necessary to compute the two-loop
contributions to the OPE correlation functions considered in this paper is

1 1 p? H%R M%V
S~ e Y D GO R S 1: 90 N P (Y 17 VA IOV E.12
d [366 d [p“” 128 < ) T\ 2 T (E-12)

where the ellipses represent terms that vanish after Borel transformation (cf. appendix C),
meaning that these contributions do not enter the analytic expressions (6.1) and (6.4).
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