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1 Introduction

The topic of black holes in gauged supergravity has enjoyed a substantial attention in
the literature in recent years, sparked by the successful holographic understanding of the
leading microscopic degrees of freedom for a class of supersymmetric asymptotically AdSy
solutions [2]. A multitude of generalizations and related progress have since been reported
(see [3] for an overview of the subject). In the present paper, which can be regarded
as a sequel to [1], we aim to address systematically the problem of finding the quantum



corrections to the Bekenstein-Hawking formula for the entropy of black holes. In the pursuit
of finding an exact macroscopic entropy formula for black holes in gauged supergravity, we
used the approach initiated in [4, 5] for localization in supergravity. The steps taken in [1]
allowed us to determine the localization locus and classical action as will be reviewed
shortly. The present work extends these steps to include the semi-classical analysis of
one-loop determinants encoding the quadratic fluctuations around the localization locus.
The computation of one-loop determinants in supersymmetric localization (starting
from the seminal work of [6], see [7] for a more pedagogical review) is in itself an already
well-developed topic where various mathematical tools have been employed. It is worth
stressing that the established mathematical theorems behind such calculations rely heavily
on the assumption that the underlying space on which the quantum fields propagate is
compact. We are instead interested in the quantum entropy function (QEF) [8] defined on
the (Euclidean) near-horizon solution of the supersymmetric (BPS) black holes of interest,

finite
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where the Wilson line insertion enforces the microcanonical ensemble with fixed electric
charges (as opposed to the canonical ensemble of fixed chemical potentials). We work in
four dimensions and thus the underlying space we are lead to consider is the non-compact
space Hy x S%, where Hy is the hyperbolic disk (i.e. Euclidean AdSs), and we can further
replace the S? factor by an arbitrary genus Riemann surface Yg. We will nevertheless go
ahead and often use a given theorem under the extra assumption that for our purposes
the statement of compactness can be replaced by a careful choice of boundary conditions,
which are known to be crucial at the asymptotic boundary of Euclidean AdS spaces. A
similar approach has already been advocated and successfully used for the computation of
one-loop determinants in a number of interesting examples [9-16].

We focus our one-loop analysis mostly on the contributions from an arbitrary number
ny of abelian vector multiplets and hypermultiplets (both the compensating one and a
possible number ny of physical ones) in the conformal supergravity formalism. In this
context we should note that the results we present here have a stand-alone character if one
is also interested in localization of rigid 4d A" = 2 field theories on Hg x X, in which case the
multiplets we consider are the main constituents of many gauge theories coupled to matter.
Our interest here is however stemming from the bulk black hole physics and consequently we
need to supplement the aforementioned one-loop contributions with those coming from the
gravitational degrees of freedom. We therefore also comment without rigorous derivation
on contributions from the off-shell gravity Weyl multiplet as well as Kaluza-Klein modes,
i.e. massive multiplets, that have been truncated away in the effective 4d description but
need to be taken into account in a full 10d/11d calculation.

Apart from their general importance for the evaluation of the QEF, to which we come
back at the end of this paper, our results for the one-loop determinants of the various
supergravity multiplets also have a more direct interpretation as logarithmic corrections to
the leading Bekenstein-Hawking entropy. In this sense they are related to the logarithmic
corrections to the entropy of asymptotically AdS; black holes derived in [17-19] using



methods developed in [20-23], as well as to the field theoretic log N corrections to the
leading large N expression calculated numerically in [17, 24, 25]. Our results however
concern off-shell supergravity and should be interpreted in a slightly different context since
the localization procedure requires some further input, such as the localization measure
together with the aforementioned gravity and massive multiplet contributions, that is still
missing. On top of this, as already discussed in [1], our near-horizon approach cannot
capture possible hair degrees of freedom. For asymptotically flat black holes those were
analyzed in an impressive couple of papers [26, 27] and their contribution to the microscopic
degeneracies computed exactly. It is indeed possible that hair degrees of freedom will affect
the result of logarithmical corrections for the AdS black holes computed here, as already
pointed out in [19]. For all these reasons, a direct comparison with other results in the
literature is challenging at this point, but we already observe an interesting structure for
the log-corrections that we move to discuss.

One of the most salient qualitative conclusions from our investigations is the following
large charge expansion of the entropy
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(1.2)
Here, Ap is the area of the black hole horizon which can have the topology of any genus
Riemann surface ¥4, Gy is the Newton constant in four dimensions, L qs, is the length
scale of the AdSs space on which the quantum entropy function is defined, ki o are con-
stants, and the dots denote subleading terms. The important feature is that the expansion
above is not only in terms of the black hole area, but also in terms of the length scale of
AdS;,. While the two quantities are proportional for asymptotically flat black holes, this is
not in general the case for black holes in gauged supergravity. Furthermore, we find that
the one-loop determinant contribution to the QEF that we compute in the present work
only contributes to the value of k3. The value of kq is instead fixed by the correction to
the saddle-point evaluation giving the leading Bekenstein-Hawking term above,
b= g (ny — i), (13)
where holographically (ny — ny) translates into the number of abelian flavor symmetries,
i.e. the total number of global U(1)’s without counting the R-symmetry. Within the frame-
work of the QEF, we are able to identify ki as the correction due to the conversion of the
partition function between the fixed chemical potential (canonical) ensemble and the fixed
electric charge (microcanonical) ensemble, as anticipated from field theory in [28, 29]. We
are unable to fully determine the value of ko at the present stage, but our one-loop com-
putations lead us to the expression

te = (1) (00 +1- ) +a ) (1.4

with g genus of the horizon, and we parametrize the as-of-yet unknown contribution of
the additional gravity and massive multiplets by ag. On the field theory side, k3 can be
directly evaluated in the canonical ensemble as done in [17, 24].



The above expansion follows from the quantum entropy function formalism and there-
fore naturally makes use of the scales of AdSs and the internal space. For the purposes of
microstate counting in an asymptotically AdSy black hole spacetime, however, one needs
to make contact with the length scale of the asymptotic space in order to use the holo-
graphic dictionary. This suggests that for the holographically dual calculation, the large
N expansion of the entropy can be read-off from
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where we have used that both length scales in (1.2) are proportional to L?4 ds, up to constant
factors in N that only contribute to further subleading terms in (1.5). Thus, although we
will be able to distinguish between different terms contributing separately to ki or ks, the
logarithmic corrections can be put together if one is interested in matching holographically
with field theory computations.

The outline of the paper is as follows. In the rest of this section we first review some
details of the previous localization steps that we need in order to proceed with the one-loop
calculation. We then outline the main idea behind calculating the one-loop contribution us-
ing the fact that supersymmetry ensures a large cancellation between bosonic and fermionic
modes. In section 2 we derive the one-loop determinant for vector multiplets, starting from
the gauge-fixing procedure and proceeding to derive the main result using three distinct
methods. We then regularize the result via zeta-function regularization and generalize it to
include the case of arbitrary higher genus Riemann surface horizon topology. In section 3
we derive the one-loop contribution from the compensating hypermultiplet, as well as for
other possible physical hypermultiplets in the conformal supergravity formalism. Finally,
in section 4 we try to put together a more complete picture of the quantum entropy func-
tion after assuming certain behavior of the localization measure that we cannot yet derive
from first principles.

1.1 Review of previous localization steps

Here we review the set-up used in [1] to localize the path-integral (1.1) defined in [8] and
describe the quantum entropy of black hole solutions in 4d N = 2 gauged supergravity
with near-horizon geometry Hy x S%. We choose coordinates

ds? = G Azt da” = vy (sinh2 ndr? + d772) + Vg (d@2 +sin 60 dcp) , (1.6)

and turn on the relevant gauge and auxiliary fields in the Weyl multiplet to support half-
BPS solutions, as well as a set of electric and magnetic charges and scalar fields in the
vector multiplets fixed on-shell by the attractor mechanism of gauged supergravity. The
complete half-BPS near-horizon solution was derived in [30, 31] in the superconformal
formalism and rewritten in [1] in the Euclidean formulation of supergravity [32]. We
gather the essential features of the near-horizon solution in appendix A. There we also give
the explicit form of the Killing spinors that were used for localization, given by a doublet
of commuting symplectic-Majorana spinors (£%, k%) corresponding to supersymmetry and
conformal supersymmetry parameters for the localizing supercharge Q).



We will discuss in detail the Q-exact deformation used to localize the path-integral that
follows from our choice of localizing supercharge for vector multiplets and hypermultiplets
in the dedicated sections. For now it is important to recall the corresponding algebra,

Q2 = ﬁf) + 5R(Al]) + 5gauge(AI) ’ (17)

where the parameters are as follows:

_ : 2 T
M= — 2 &AMl = = (1,0,0,0) ", 1.8
funel = = ) (18)
_ o 1 A
) 7 ) k )
Ny == 267K + 6 67k = 5 1o (1.9)
M= 28 & XL 28,6 X1 — W (1.10)

=2 (coshn + 1) X1 — 2 (coshn — 1) X — 2sinhn W] .

Observe that the gauge transformation in (1.7) depends explicitly on the gauge fields WJ
and scalars Xi in the vector multiplets. Since we are ultimately evaluating a path-integral,
we need to first gauge-fix the action and introduce the corresponding ghost fields, as will
be discussed in due course. Another important observation is that the action of Q2 on the
near-horizon spacetime has a fixed “point” on a codimension two submanifold, namely the
full S? (or in general Y,) sitting at the centre of Hy. This will play an important role in
the evaluation of the one-loop determinants.

Let us also briefly describe the result for the localization locus derived in [1]. It was
found that the vector multiplet fields are allowed to fluctuate away from their on-shell
value in a specific way depending on ny real parameters gﬁfr and a set of ny + 1 functions
on the sphere (Z)I,(Q, ¢). The localized path-integral therefore remains infinite-dimensional,
but due to the fact that the classical action was found to depend only on ¢, we could
already write the resulting quantum entropy function in the following suggestive form,!

dmacro (]917 QI) -
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This form allowed us to show that the saddle-point approximation, at qﬁfr =2X JIF where
X JIF are the attractor values of the scalar fields, agrees with the expected classical entropy
function Sq[p’, qr, qbfr] used for the leading-order holographic entropy matching [2, 28]. In
the present paper, we are after the remaining piece in (1.11), which further splits into

Zind(¢+a ¢7) = Zl—loop(¢+, d),) Zmeasure(¢+a gf),) . (1-12)

We will be able to evaluate rigorously Zj.jpop for vector multiplets and hypermultiplets
and parametrize the contribution from the gravitational and massive multiplets. The last
remaining factor, the localization measure, remains the least understood part of the super-
gravity localization formalism. We will briefly comment on it at the end of this paper.

'Here we write the result as an integral over (¢4, #) instead of the set of fields (¢, ¢¢) originally used
in [1]. The reason for this change will be clear from our one-loop determinant computation after we come
back to the QEF in section 4.



1.2 The one-loop set-up

Let us now concentrate on the main subject of the present work, the computation of the
one-loop determinant(s). We are specifically interested in the determinant of the quadratic
fluctuations around the localization term added to deform the classical action, the operator
@17 Here, hats remind us that we are dealing with a gauge-fixed theory, so some prelimi-
nary steps need to be taken when dealing with the localization term. For the moment we
proceed abstractly in order to outline the main logic of the procedure we follow and come
back to the explicit calculations in the bulk of the paper.

The fermionic deformation V used for localization, expanded to quadratic order in the
fields, can be written as follows [6]:

3 Ao yay [ Poo Do Xg
V|quad' = Z (QXO Xl) <D10 D11> (@X[)‘f) ’ (1'13)

« € multiplets

for a special basis of bosonic and fermionic fields {X§, X{} and their @—images This split
of fields is sometimes called the cohomological split, and there is an algorlthmlc procedure
for determining the sets {X§, X{'} described in [33] Then, by acting with Q on V, one finds
that the one-loop determinant for the operator QV is given by

Zl | _ detCokerDlo (QQ) (114)
oop detKerDm (Q2) ,

assuming we are dealing with real fields, or the square of the right hand side in the complex

case. Therefore, for a given eigenvalue of H := @2, we need to know the dimensions of the
kernel and cokernel of the Dy operator. The contribution of the other operators in (1.13)
to Zi.100p Will drop out, and the choice of basis {X{, X{'} makes this cancellation explicit.
The difference of dimensions just mentioned is encoded in the equivariant index of the
D19 operator,

indg(D10)(t) == Trkerpyo €7 — Trcokernyo €70 = Y () — mi) et (1.15)

n

Above, ml(qo) and m](ll) are the dimensions of the kernel and cokernel of Djg for a given

eigenvalue A, of the iH operator labeled by n, and t is a formal expansion parameter.
Knowing the equivariant index of Djg, the one-loop determinant is read off from (1.14):

10, (1) (0)
Z1doop = H)\ 2 (m ). (1.16)

Note that the infinite product above is a priori only a formal expression, and we may need
to introduce a suitable regulator. We will discuss this point later on.

Let us finish by pointing out that, apart from the explicit evaluation of the multiplicity
of eigenvalues in the kernel and cokernel in the above formula, there are other ways of
determining the equivariant index of the operator Dig that we employ and discuss in detail
in the coming sections. One way is via the general Atiyah-Singer index theorem for (elliptic)



differential operators, while the other is via the Atiyah-Bott fixed point theorem that makes
use of the fixed points of the action of H (see [34] for an introduction to the topic). In this
context we recall that at a hands-on level, the so-called symbol of the differential operator
D7, denoted by o[ D1g ], is obtained by replacing derivatives with momenta 9, — p,. This
notion is useful since, if two differential operators have the same symbol they have the
same index,? which in practice means that one can often relate the problem of evaluating
the index of D1 to the evaluation of the index of some well-known differential operator.

2 Vector multiplets

In this section we perform the steps required for the evaluation of the one-loop determinant
for generic abelian vector multiplets, starting from the rewriting of the supersymmetry
variations in terms of twisted variables, then performing the gauge-fixing, and proceeding
with the evaluation of the Djg operator and its index using three different methods. As in
section 1.1, we refrain from reviewing the full 4d A/ = 2 Euclidean conformal supergravity
formalism used in this paper, instead referring the reader to [32] for a thorough presentation.
We merely gather some relevant aspects of the near-horizon background in appendix A
(see [1] for more details). Some of the technical calculations pertaining to this section have
also been relegated to appendix B.

2.1 Susy transformations and twisted variables

We consider ny 4 1 vector multiplets coupled to the conformal supergravity background.
The transformation rules for a Euclidean vector multiplet V! under the localizing su-
percharge () parameterized by commuting symplectic-Majorana Killing spinors (&%, k%)
(see (A.6) for their explicit expressions) are given by [32]
QXL == & O,
QWJ = if_if Y QZ-I - if_i+ Y 0! )
1

QY =—219XL &5 — 5 FW)E - ZX:IF T | v*¢y — ey Y*IE + 2 X1 kY,

(2.1)

QYT = 2ieMi g pa)! — 21kl g pal) !

with I = 0...ny, the subscripts on spinors denote chiral projections and the bar is the
standard Hermitian conjugate. The scalar fields X JIF and X! are real independent fields.
Note that the action of @ as defined above is (pseudo-)real, as can be checked using the
standard rules for commuting symplectic-Majorana spinors laid out in [1]. Owing to the
conformal supergravity formalism, the algebra of @ closes off-shell according to (1.7).

It will be convenient to change variables in each vector multiplet V! and work with the
so-called twisted gaugini defined by

)\I — _i 75 Qif, /\I i _i,y 75 Qi17 Aij[ — €k(i _k Q])I ) 2.9
o H

2 As stressed earlier, the mathematical theorems that we use here are valid for differential operators on
compact spaces. We assume the same statements continue to hold in our non-compact case as long as we
impose the relevant boundary conditions.



Note that these bilinears are (pseudo-)real. The relations above can be inverted by means
of the Fierz identity:

Q“:iK_l(ﬁftAI—17“§;>\£$253‘k§i>\ij[)7 (2.3)
the prefactor being the norm of the Killing spinor
K :=&,6" =2coshn. (2.4)

In particular, K is nowhere vanishing so the change of variables to the twisted gaugini is
regular. This bilinear will play a central role in the following computations.
The Q-supersymmetry transformations of the twisted gaugini are obtained from (2.1),
QN = £ X 4+ £,x1,
I I I
QN, = LW, + 9.\,
y 1 I , (2.5)
I_ I k v I
QNI = S KYU! — (Mg el By,
i o - ,
# Lo (0] = XT) — 2 (16406%€?) 0, (] + X1).
1

where we made use of the explicit values of the background T-tensor and the spinor &’
in (A.3) and (A.6). We will denote the spinor bilinears appearing on the right-hand side
of the X! variation by

KZL]V = e 0gy,,67), K,ZJ = iek(i§k+w£@ . (2.6)
These bilinears are pseudo-real, (Kfﬂ,)T = €ikEji Kﬁf/ and (Kf]’)T = €ikEjI Kﬁl.

2.2 Gauge fixing and ghosts

We now proceed to fix the U(1) gauge symmetry in each vector multiplet V! by introducing
the appropriate ghost fields, which we gather in a BRST complex. To do so, we introduce
a set of ghosts fields ¢!, anti-ghosts fields b/ and Lagrange multiplier fields B!. Then we
introduce a standard BRST operator Qg acting on the fields as follows:

QBWlf:aHCI’ QBX:I‘::QBQ”:QBY%:O’

(2.7)
Qpb’ = B, Qpc' =0, QpB'=0.

The gauge fields Wlf are the only vector multiplet fields transforming under ()5 since the
other fields are in the adjoint representation of the gauge group and we have an abelian
symmetry. With these transformation rules, it is straightforward to check that the algebra
of the BRST supercharge is the standard nilpotent algebra Qp? = 0.

We should also give appropriate Q-transformations to the ghost system. Following a
standard procedure, we take

Qcl =—-A', Qv =0, QB'=crL. (2.8)



These transformations are chosen so that the combined supercharge

Q:=Q+Qz, (2.9)

satisfies the algebra
0% = Lo+ br (M), (2.10)
with parameters given in (1.8) and (1.9), as can be checked by an explicit calculation. In
particular, the transformations (2.8) ensure that the field-dependent gauge transformation
in (1.7) is canceled by the cross term @ Qp present in @2.
To summarize, the transformation rules for the fields of V! and the ghost fields under
the supercharge @ can be written in terms of twisted fermions A, )\{L and A7 as follows:

~ ~ _ 1,
QWJ = A£+aucf, QXi =Kt (:I:2v“)\£—|—Ki)\I> ,
QN = LW,y + 0,7, QN =L (x{ —xT), (2.11)
11
~ 1 g 1 .. i o g
QN T = 3 KY®9!l - 5 K Froly N o3pe (X1 - X1) —2K% o (X1 + X1),
Qc' = —A", Qv =B", QB' =Ly .

Here we have introduced the chiral projections of K defined in (2.4), K+ := &4.&%. They
already appeared in (1.10) and are related to K as K = Ky + K_. The auxiliary fields
Y1 also transform under @, although the explicit form of their transformation will not
be needed in what follows.

2.3 Reality conditions and the D;¢ operator

Examining (2.11), we see that the scalar fields naturally appear in combinations X JIF + X7,
We will accordingly write the @-transformation rules in terms of

1, 1 < .
ol = —51(Xi+X£), pl = 5(Xi -xhy,  Wi=—iw], (2.12)

with prefactors chosen for later convenience. Importantly, we will use the following reality
conditions for the fields (o7, p’, Wlf ) when computing the one-loop determinant:

o=l =y, WT=W (2.13)

This choice of contour corresponds to a rotation of the original fields X JIF + X1 and W;{ in
field space, while keeping X JIF — X! real. It follows from the choice of contour already used
in [1] to obtain the localization locus and evaluate the contribution of the classical action
to the localized path-integral (1.1). In this basis, (2.11) reads

QW' =i —id,c, QN =it 0, W] +0, (2K p’ +4ic’ —i0"W}])

Qo =i, Qo' =K (5" AL - MT) O =2i"9,0" |
o~ .. 1 .. 1. e A~ 2 . . . . ..
QNIT = §KY”I—§1KL{/ F“"I—Fﬁlag(lkaﬁk pI—41KLJ ool

AT T T sonvisl Anl I Anl _ - 1
Qc' =—(2Kp +dio" —id"'W, ), Qv =B", QB —v“@;zb , |
2.14



where we used the explicit expression of the parameter of the gauge transformation A’ in
terms of the fields of V! given in (1.10). Of course, due to our choice of rotated reality
conditions (2.13), the action of Q is no longer (pseudo-)real.

We now further split the fields into the following sets [33]:

xl = {UI,W,{} o= T Bl (2.15)

and their @—images @Xé, @X{ . This so-called cohomological split is particularly useful
for the computation of one-loop determinants since it allows us to isolate the differential
operator Djg, as already explained around (1.13).

To identify the operator Di§° relevant to the vector multiplets, we go back to the
fermionic deformation VV°¢ used for localization in [1]. There it was written in terms of
the gaugini ¢!, and we should now also include the relevant ghost terms to fix the gauge
as first explained in [6]. Doing so we obtain the following fermionic deformation:

pree — / d%‘f ; [Qf (@QQI)T + Qi (@QZE)T + Kb G (WI)] , (2.16)

in which we use the Hermitian conjugate as defined in (2.13) to build the inner product, and
we leave the gauge-fixing function G(W7) unspecified for now. Note that we have included
an extra factor of K~ compared to [1]. This factor is nowhere vanishing and hence does
not modify the analysis of the localization locus performed in [1]. It will however allow us
to use integration by parts when discussing the D¢ operator contained in ]7"ec|quad,, as
will be discussed in due course. In terms of the twisted fermions (2.2),

pree — /d4 Z AI @\)F+ M H@QADT + 209 QM) + K2 GwT)| . (2.17)

Using (2.14), we can compute the terms relevant to DS in a given multiplet V! as
follows. The first term in the deformation can be written in terms of the fields in X{, X}
and their ()-images as

A (@AI)T — (21Q0") (~210",0") . (2.18)

The right-hand side involves fields in @Xé and Xé, and therefore this term contributes to
the Dyse operator but not to DY$. To obtain the contribution of the term A\*! (Q)\ﬁ)f
n (2.17), we note that with the choice of reality conditions (2.13),

~ t ~ ~ ~
(QAﬁ) — —i§"0,W/ — 9, (ch + 8ol — 2 i}”W;) . (2.19)
Since M1 = i@W“I — 0"¢!, the second term in the deformation contributes
~ t ~ ~
A (QA{L) 5 (9ch) (i 09, W! - 210, (i}”W,f ) +8i auaf) , (2.20)
to the DY§® operator. For the third term 2 )\iﬂ(@)\iﬂ)T, (2.13) implies

~ .\T ~ ~
(Q)\Z] [) — <Q/\kll + lKl]le vl +8i K//jl (9'““0‘1) , (2.21)

~10 -



which yields a contribution to the D}§® operator of

j2%

o~ o\ T i =
5 w[(@m) 5 2N (KLY B, + 8K 9,07 . (2.22)

Putting the above contributions together, the operator DY is given explicitly by

X{ D\lzgc XI — (223)

[\g [((9“0) (0¥ 0, Wy — 20,(0"W,,) +80,0) + 2\ (KL Fpuy + 8 K 0,0) + Kb G(W)
where we have dropped an irrelevant factor of i, and refrained from writing the vector
multiplet index I on the fields on the right-hand-side to lighten the notation.

Having identified DYi¢, we proceed with the computation of its equivariant index.
We will do so using three different methods. First, following [11], we will compute the
dimensions of its kernel and cokernel directly. This requires a precise discussion of boundary
conditions used in the analysis of the kernel and cokernel of the differential operator (2.23),
and will yield concrete expressions for the modes giving a non-trivial contribution to the

vec
1-loop*

theorem to compute the equivariant index of D} in terms of topological quantities. Lastly,

vector multiplet one-loop determinant Z Afterwards we will use the Atiyah-Singer
we will also make use of the Atiyah-Bott fixed point theorem after suitably deforming the
QQ*-action to include refinement. As we will see all three methods yield the same result,
hence giving a consistency check of the computation as well as allowing us to discuss various
generalizations and relations with previous results in the literature.

2.4 Method I: mode analysis

Before deriving and analyzing the kernel and cokernel equations for the differential operator
16¢, we discuss the boundary conditions of the various fields that will play a role. This
is important in what follows, as we are going to look for solutions to the equations in the

specific field subspace specified by these boundary conditions.

2.4.1 Mode expansion and boundary conditions

To establish a set of admissible boundary conditions, we proceed along the lines of [11].
The so-called normalizable boundary conditions stem from requiring that the Gaussian
path-integral is normalized,

/D@ exp[—/d4x\/§

where ® denotes any field. To analyze the kernel and cokernel equations, we will decompose

@\2} ~1, (2.24)

the fields in X} and X! in Fourier modes along the Hy and S? factors of the near-horizon
geometry (1.6). For a generic scalar field S (from the point of view of the 2-sphere), we
can use the standard spherical harmonics Y,” to expand in radial modes and along the
Euclidean time circle,

S = Stn—s/2,,m) () € TATY(0, ). (2.25)
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Here s is the charge under the R-transformation in the algebra of @2 (2.10) (for the ex-
plicit expressions pertaining to vector multiplet fields, see appendix B). We introduce this
quantum number directly in the mode decomposition along the Euclidean time circle so
that the action of @2 on a generic field ¢ takes a universal form regardless of the R-charge
of the field,? o

~ in

QD= o D (2.26)

For a vector V, with % = (0, ¢), we expand along vector spherical harmonics using the
basis put forward in [21]: given a set of normalized eigenfunctions {Ux} of the scalar
Laplacian on the 2-sphere (—V%z) with eigenvalues x(*), a normalized basis for vector
fields on S? is given by

1 1

0. Ug and
(k) r (k)

€ap 0°U (2.27)

with the invariant anti-symmetric tensor on S? given by €9p = w2 sinf in the coordi-
nates (1.6). Since the spherical harmonics Y, are eigenfunctions of the scalar Laplacian,
we may expand V, as

Vi = V() /DT 0,Y,7 (0, ) + Ve (n) /DT 205 07V (0, ) (2.28)

where we have absorbed the normalization of V'x(4™) in the functions V(1) and Vi (1), and
here and below we omit the quantum number labels on the radial modes for convenience
of notation.

In the above mode decomposition, the condition (2.24) amounts to requiring that the
2, sinh [V (n)[2, sinh Ve ()2
when 17 — co. Thus, the normalizable boundary conditions for the bosonic fields are

radial modes are such that sinhn[S(n) decay fast enough

677/20(77) — 0, e_"/QVVT(n) -0, e"/QWﬂ(n) -0, (2.29)

when 7 — oo, where 2 = (1,0, ). Having established the boundary conditions on the
bosonic fields, we impose conditions on the fermions which are consistent with supersymme-
try. Using the transformation rules (2.14) and the behavior (2.29), we see that e 2Qc — 0
so we should require e~"/2¢(n) — 0. However, since the ghost field acts as a gauge trans-
formation parameter for the gauge field, we must also require that it does not change the
asymptotic behavior of Wu' This leads to a stronger condition at infinity [11],

e(n) ~ OQ) +o(e™?), b)) ~OQ) 4 o(e™™?), (2.30)

where we impose the same asymptotic behavior on the anti-ghost since b and c are paired
in the ghost Lagrangian. For the twisted fermions A%, the transformations (2.14) together
with (2.29) show that e M2QN\Y — (0 when n — oo. Thus, we impose

e2\I(n) = 0. (2.31)

3The reason why it is possible to combine the Lie derivative and the R-transformation is because the
SU(2)r symmetry is broken to U(1)r on the half-BPS background.
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The asymptotic behavior of A() and A,(n) can be obtained in a similar fashion, although
we will not need them in what follows. As a remark, note that the above supersymmet-
ric boundary conditions are weaker than the normalizable boundary conditions for the
fermions. Indeed, with the normalizable condition €?/2Q%(5) — 0 from (2.24), using the
expression for the twisted fermions in terms of the gaugini (2.3) and the explicit form of
the ¢’ spinor in appendix A, we obtain A\¥(n) — 0. This is stronger than, and therefore
implies, (2.31).

We also impose smoothness conditions near the origin n — 0, which follow from re-
quiring that the Wilson line in the definition of the QEF (1.1) be contractible at the origin
1 = 0. The smooth behavior near the origin will depend on the quantum number n for the
various radial modes. For the fields in X{ we require [11]

WT(nyeo,z) (1) ~ n\n| , WT(n=0,£) (n) ~ n?, qun;eo,z) (n) ~ nlnlf1 7 W1§"=0:f) (n) ~n,

Wa(n) ~ 77‘"' ) 0(77) ~ "7'"‘ ) (232)
when 7 — 0. Similarly, for the fields in X{,

In|

c(n) ~n™, bln) ~nlmh, N (n) ~ il (2.33)

With these boundary and smoothness conditions, we proceed to analyze the equations
giving the kernel and cokernel of the DY§¢ differential operator (2.23).

2.4.2 Kernel analysis

To obtain the kernel equations, we first make a change of variables in the X{ field set,?
bi=0b+ t"9,c. (2.34)

Note that the boundary conditions on b are the same as on the original field b and given
in (2.30). Varying (2.23) with respect to ¢, A", b and setting the result to zero yields the
kernel equations. The kernel equation associated to the ghost field c is

5 V9 o = VI o (ewii ! =

<00, <K2 8VW“> ~20, (K2 o (v"WV - 4a> — 1), (\/QG(W)) =0, (2.35)
where the last term comes from the change of variable (2.34). In deriving the above, we
have used integration by parts. Due to our inclusion of a factor of K~! in P vee (2.17) and

the boundary conditions discussed above, the boundary terms vanish. We now observe
that a convenient choice of gauge-fixing for the abelian gauge symmetry is

- 1 -
G (W) =V, <K2 W“) : (2.36)
In this gauge, the kernel equation associated to ¢ reduces to

0 1 ~
: w( sV _
5 V. [ 50 (v W, 40)] =0. (2.37)

4This will also appear in the index theorem computation, see (2.48) below.
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Varying (2.23) with respect to A%, we obtain the kernel equations
) ~
Y : KiijlW + 8 KZ Ouo =0. (2.38)

This can be rewritten slightly by means of the Fierz identity, which can be used to show
that 4K1“j = Kfjl’f),j. Thus, we have

1) ~ .
5 ¢ Kl (B —28,0,0) = 0. (2.39)
Lastly, the kernel equation associated to the field bis simply the gauge-fixing condition for
the vector field V~Vu,

;6 vu(% W“) ~0. (2.40)

In the gauge (2.36), the solutions of (2.37), (2.39) and (2.40) subject to the boundary
and smoothness conditions (2.29) and (2.32) furnish the kernel of DY§®. We discuss the
details of these solutions in appendix B.1. After expanding all the Xé fields in modes, the
problem reduces to a set of ordinary differential equations on the radial modes. We examine
these ODEs in detail and come to the conclusion that there are no non-trivial solutions
compatible with (2.29) and (2.32). Thus, we conclude that in the subspace specified by

the boundary and smoothness conditions, the kernel of D}{° is empty.

2.4.3 Cokernel analysis

The cokernel equations are obtained by varying (2.23) with respect to W# and o. We find
o

1 g 1 .
- oo (002K AT | = 0% =0 2.41
5 -V {KQ (0"07c + 2K ] e , (2.41)
where we used the gauge-fixing function (2.36). Varying with respect to o, we obtain
0 1 Voo i
=V, [Kz (28"c+ K" v,,)\j)] ~0, (2.42)

after using again the Fierz identity 4 K Z =K Z-V@y- Just as for the kernel analysis, the solu-
tions of (2.41) and (2.42) subject to the boundary and smoothness conditions (2.30), (2.31)
and (2.33) furnish the cokernel of DY§¢. The details are discussed in appendix B.2, where
we reduce the problem to a set of ODEs for the radial modes of the fermions. In contrast to
the kernel case, we do find non-trivial solutions compatible with the boundary and smooth-
ness conditions. An essential ingredient for this difference is that the ghost and antighost
fields are allowed to go to a non-zero constant when 1 — co. The number of solutions we
find depends on the quantum numbers (n,¢) appearing in the mode decomposition, and
the result for the real dimension of the cokernel of DY{° is

e (n#0,{#0): dim Coker DY§® =
e (n#0,{=0): dim Coker DY =1
e (n=0,¢=0): dim Coker DY§® =

We note that the same result for the kernel and cokernel was obtained in [11], where the
authors analyzed a three-dimensional situation analogous to ours with similar radial ODEs
and identical boundary and smoothness conditions.
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2.4.4 Result

Having obtained the dimensions of the kernel and cokernel of the DYf° operator, we use

the general formalism reviewed in section 1.2 to write the one-loop determinant for vector
multiplets. According to (2.26), the eigenvalues of Q2 are labeled by n = {n} € Z,

2in

A2 T
Y
Q" %o NG

Xh1 = A Kby, (2.43)

while the multiplicities m%o) and msll) are given by

m® g, gl frn#F0 (2.44)
2 for n=0

It is clear from (2.43) that the case n = 0 corresponds to zero-modes of the Hamiltonian
@2. This is also explained in appendix B.2, where it is shown that the two solutions in
the cokernel in the case n = 0 are two constant modes for the ghost and anti-ghost fields,
see (B.54). Constant modes are however not normalizable on the non-compact Hy x S?
space, and we therefore discard them from the determinant.® Thus, from (1.16) we obtain
the one-loop determinant for a vector multiplet:

2in \ /2 A2\
vec | | — | | - 2.4
1-loop (\/E) 11 < v ) ) ( 5)

nez*

where we have taken into account all the modes with n € Z* in the decomposition along the
Euclidean time circle. We will soon discuss a suitable regularization of the above infinite
product. For the time being, we present another method to compute the equivariant index
of DY§° based on the Atiyah-Singer theorem, which will lead to the same result (2.45).

2.5 Method II: Atiyah-Singer index theorem

To apply the equivariant Atiyah-Singer index theorem, it will be convenient to relate the

index of the operator DY§® defined in (2.23) to the index of some known differential operator.

vec

Upon explicitly evaluating the bilinears Kij, we find that the symbol of D¢ (as discussed
in section 1.2) is represented by the following matrix:

—8p*  2sinhn (pi +2p?) —2sinhnypy pr —2sinhnp; p3 —2sinhn p; py
0 D1 D2 P3 D4
x| —2sinhn py —po D —coshnpy cosh 7 p3 xE
—2sinhnp3 —D3 cosh 7 py D1 — cosh n po
—2sinh 7 py —p4 —coshnps cosh 7 pa p1

(2.46)

5 Another reason for not considering constant modes for the ghosts is that such modes are zero-modes of
the U(1) gauge transformation for the vector fields. In the Batalin-Vilkovisky quantization one then adds
ghost-for-ghost fields to remove these zero-modes, see e.g. [9].
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with p? = 2?22 p? and all indices are tangent space indices. Note that in order to write
the symbol in the above form, we used the gauge-fixing function (2.36) and reorganized
the fermionic fields in the set X!,

O'[ CI
Wi b!
X=|wl], xl= —8iN12! . (2.47)
V~V3[ 4i(€iT)\11[ o efiTAQQI)
Wz{ 4(6i7—)\11[ + 6717)\22 I)

These combinations of fields are precisely the ones appearing in the mode analysis of
appendix B.2 in (B.33) and (B.35). They are real and neutral under the R-transformation
present in the QQ?-algebra. With a further change of variables
1 - . -
bl — bl +2sinhnpi !, of — —JI+§sinhnW1[, Wil — Wi —2sinhno’, (2.48)

we bring the symbol matrix to the form:

8 cosh? 1 p? 0 0 0 0
2sinhnp p1 P2 p3 P4
0 —cosh?npy P1 —coshnpy coshnps | . (2.49)
0 —cosh®nps  coshnpy D1 — coshn pa
0 —cosh?npy —coshnps coshnpy p1

Observe that the shift in the anti-ghost field b in (2.48) corresponds to the change of
variables (2.34) in the mode analysis of the kernel.’ Finally, taking the first line multiplied
by —p1sinhn/(p?K?) (which is nowhere singular) and adding it to the second line, we

vec

conclude that the relevant part of the symbol o[ DY§¢] is the following 4 x 4 matrix [6]:

n P2 b3 2
— cosh? 7 P2 P1 —coshnpy coshnps (2.50)
—cosh®np3  coshnps p1 — coshn po ’
—cosh®nps —coshnps coshnps P1
The determinant of this matrix is
det(o[ DY) = (p} + p? cosh? 77)2, (2.51)

which is nowhere vanishing provided p, is not the zero 4-vector. This shows that the
symbol is invertible, and thus that the operator D is elliptic [6, 34].

According to (2.10), @2 acts on the spacetime manifold as a U(1). rotation along the
Euclidean time circle, where € parametrizes the weight of the U(1) action. This action has

5We could have also implemented the (o, Wl) rotation in the mode analysis of sections 2.4.2 and 2.4.3,
but elected not to do so to keep the kernel and cokernel equations in a manifestly covariant form.
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a fixed point at the origin of Hy, located at n = 0 in the coordinates (1.6). At this fixed
point, the symbol matrix reduces further to:

P1 P2 P3 P4
—P2 P1 —P4 P3

(2.52)
—P3 P4 P1 P2
—P4 —P3 P2 D1
This is also the symbol of the so-called self-dual (SD) complex [6]
Dgp : Q0 -4 ot 45 o2+ (2.53)

and therefore, at the fixed point of the @2 action, the equivariant index of our elliptic
operator D{§° is captured by the equivariant index of the elliptic complex Dgp (2.53). As
a remark, we note that this is also apparent from the explicit mode analysis, where in
particular the kernel equations (B.9) at the origin 7 = 0 reduce to the standard anti-self-
dual (ASD) connections,

Ft=0. (2.54)

In typical localization calculations, one is interested in the equivariant index of such
a complex when the action of @2 has isolated fixed points. In our situation however, the
fixed locus is a codimension two submanifold: the 2-sphere sitting at the origin n = 0
of Hy. This situation can still be efficiently dealt with by making use of the equivariant
Atiyah-Singer theorem, without assuming that the set of fixed points is discrete. Namely,
let G be a compact Lie group acting on a smooth compact manifold M and let D be a
G-invariant elliptic differential operator on M. The equivariant index of D with respect
to G is related to the fixed point set M, of M under g € G by ([35], section 15)

: (2.55)

top

C
indy(D) = (~1)% / chy(5* o[ D]) TATM,)
M chy (3, (—1)7 A" NE)

where d; is the complex dimension of Mg, j : M, — M is the inclusion mapping, Ny is
the normal bundle of M, in M and o[ D] is the symbol of D. The relevant characteristic
classes in the above formula are the Todd class Td and the equivariant Chern character ch,.

Lastly, the subscript “top” indicates that we integrate the top-form component over the
tangent space T'M,. Strictly speaking, (2.55) is valid when the manifold M on which D is
defined is compact and without boundary. As discussed previously, we will nevertheless go
ahead and use it in our setup, under the assumption that the boundary and smoothness
conditions imposed on the various fields effectively make our Hy x S? space compact.

We begin by applying the Atiyah-Singer theorem (2.55) to the Dolbeault operator
0 on a manifold M. After a standard simplification of the characteristic classes on the
right-hand side, we obtain [35]

. S\ vy Td(TM])
indy(9) = ( 1)? /Mg Chg<zr (—1)r A N;)

, (2.56)

top
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with T./\/l;r the holomorphic tangent bundle of M, and N, ; the anti-holomorphic normal
bundle of M, in M. The Dolbeault complex is related to the complexified SD complex
on Kéhler manifolds, see e.g. [36]. Therefore, we can use (2.56) to obtain the equivariant
index of the complexified SD complex (2.53) on H? x S? with respect to the U(1). action,
where U(1). acts on the neighborhood of the origin of Hy and leaves S? fixed:

indy . (DS) (1) = - ( — -1 _1q_1> /S TS, (2.57)
Here q := exp(iet) € U(1).. As discussed above, (2.57) is also the equivariant index of
our differential operator Djf°. Observe that the first term in (2.57) corresponds to the
holomorphic projection of the vector multiplet while the second term corresponds to the
anti-holomorphic projection, as discussed in [7]. In the mode analysis, we have allowed
modes with n € Z* for the fields of Xé and X!, and so we should keep both terms and

1

expand each series in (2.57) in powers of ¢ and ¢~ ", respectively. Doing so, we obtain

indy (1) (DY) (t) = =) me™ =3 " me M — 2, (2.58)

n>1 n>1

where the multiplicity is given by’

1
m = /52 Td(TS?)],,, = 5X(S2) =1. (2.59)

The last factor of —2 in the index corresponds to the contribution from the zero-modes
with n = 0. As discussed in 2.4.4, these are the constant modes of the ghost and anti-
ghost fields, and we discard them from the spectrum. Finally, according to (2.43) we set
e = 2v;~ /2 and use the rule (1.16) to read off the determinant:

%in \ ™2 %in \ ™2 4n2\ /2
v () <_) _ () . (2.60)

This result is in agreement with the explicit mode computation (2.45).

2.6 Method III: refinement and Atiyah-Bott fixed point theorem

A third way to obtain the one-loop determinant is to introduce a refinement of the @2
Hamiltonian, exactly as was done in the field theory analogue for the topologically twisted
index [37]. Loosely speaking, this refinement mimics the Q-background of Nekrasov [38].
The possibility of turning on such a refinement can be justified by the existence of rotating
supersymmetric black holes in gauged supergravity [39] that generalize the static near-
horizon geometries considered in the present paper. These rotating solutions admit a
smooth limit back to the unrefined, i.e. static, case. Here we can use this in order to take
an alternative route in calculating the one-loop determinant. At a hands-on level, we can
build a refined Hamiltonian such that its set of fixed points is isolated, as opposed to the

"We give the general definition of the multiplicity even though it evaluates to one in the case of S?, in
view of some generalization that will be discussed in section 2.8 below.
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S? case discussed in the previous section. We can then apply the standard Atiyah-Bott
fixed point theorem [34] to compute the index of the operator Dy associated to the refined
Hamiltonian, and take a suitable unrefined limit at the end.

Consider then a deformation of the @2 operator (2.10) defined by

Hey ey = Loy ,e0) T (5R(Aij) ,  where vH(e1,€e2) = (61 ,0,0, EQ)T. (2.61)
Compared to (2.26), the eigenvalues of H., ., are labeled by n = {ny,ns} € 72,
He, ok = (e1ny +ieang) %, . (2.62)
Using hyperbolic-stereographic coordinates for Hy x S2,

. 0 .
w = tanh g e’, z=tan 3 e’ (2.63)

it is clear that H., ., generates a U(1)., x U(1)., action,

otHeyeo

(w,z)  +— (qlw,qu) ,  where g¢1 :=exp(ieit), g¢2:= exp(ieat). (2.64)

The Hy x S? space has two isolated fixed points under the action of e!fe1<2 given by

(w=0,z=0) and (w=0,z"! =0) and corresponding to the North Pole (NP) and South
Pole (SP) of the 2-sphere sitting at the origin of Hs, respectively. We can therefore use
the Atiyah-Bott fixed point theorem,® to compute the equivariant index of the refined D}&
operator under the U(1)., x U(1),, action,

Tryz i (—1)7 et

det(l — 9z/0x)

where T = etflere2 2. (2.65)

indy)., xu(., (D)D) = Y

| T=x

According to (2.64), at each fixed point the factor at the denominator is the product
det(1 = 97/09x) = (1 —q))(1 =g (1 = g2)(1 — g3 1) (2.66)

To compute the traces in the numerator, we note that locally the fixed points look like R*
with an associated SO(4) ~ SU(2)4 x SU(2)_ symmetry. The planes labeled by w and z
rotate under this SO(4) depending on the fixed point. For the bosonic fields Xé , the scalar
o is neutral under the SO(4), while the vector field has two components (W,,, W) rotating
with charge (—1,+1) and weight ¢;, and two components (W,, W;) rotating with charge
(—1,+1) and weight g2. So, both at the NP and SP fixed points,

Trxé(—l)F eHever = 14 g7 g1+ 3t + g2 (2.67)

For the fermionic fields X!, the ghosts are scalars and neutral under the SO(4), while the
fermions A¥ rotate depending on their SU(2)g components. A basis to expand the fermions
at the NP is given by [10]
0 0 0 0 o 0 0 0
~N— A=, AP A A=, NN A
w92 TR A E ou " 0z

8Modulo the assumption that the differential operator in the refined case is transversally elliptic with

A\ (2.68)

respect to the U(1)s; x U(1)., action, and the non-compactness issues that we have already discussed.
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Using (2.64) we then obtain the charges of A, which leads to the NP fermion trace

F tHeieo — o —1 -1 1
Trx{(—l) et = —2 — g g, 1—qiqa. (2.69)
At the SP, the basis to expand A\¥ is given in terms of the w and u := z~! coordinates,
0 0 0 0 0 0 0 0
Mo —A—=, M A —A—, AN, 2.70
ow " ou’ ow 0w Ou Ou’ ow " Ou (2.70)

This shows that the SP fermion trace is also given by (2.69). Together with the denomi-
nator (2.66), each fixed point gives a contribution to the index of

_ 1+ q1g2 (2.71)

(I=q)(1—q)"

This contribution should be expanded in either positive or negative powers of (¢i1,q2) at
the NP and SP. We write the total index as

(2.72)

. vee 1+ qiq 1+ qiq
indy (1), xu(),, (Pig’) (1) = = [( s } - [(1 =
NP

1—q1)(1—qo) _ql)(l_QQ)]SP '

We are interested in the limit where €3 — 0 (g2 — 1) of the above index. In this limit,
the action of the refined Hamiltonian (2.62) reduces to the U(1)., of sections 2.5 and the
quantum number n; = n associated with ¢ corresponds to the mode decomposition along
the Euclidean time circle. In section 2.5 we explained how we should keep all modes with
n € Z*, and this corresponds to expanding the refined index (2.72) in positive powers of
q1 at the NP and negative powers of ¢q; at the SP. We now choose a ¢o-expansion before
taking the unrefined limit. For the NP fixed point we expand in positive powers:

1+ qge o
_[(1—Q1)(i—Q2)]NP__ 2, (o) a6, (2.73)

n1,m2>0

while for the SP fixed point we expand in negative powers,

L+ qige :| Z ( -1 _—1\ —ni _—n
- = - T+q g ) g ™M a ™. (2.74)
[(1 o) -@)lse

Then, taking the limit o — 0, we obtain the contribution from the NP fixed point

im S (1) d b = —(Z 1) S a+a)d. (2.75)

e9—0
n1,nm22>0 n2>0 n>0
The divergent prefactor is due to the first order pole of the index in the unrefined limit.
We use zeta-function regularization® to write the right-hand side above as

im > (14 @) ¢ 52 = — (1 + Cr(0)) (2 S oap+ 1) , (2.76)

g9—0
n1,n2>0 n>1

9We interpret the sum as D1 n® = ¢r(0) = —1/2 where the last equality uses analytic continuation.
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where we split off the n = 0 term in the series. As discussed previously, this term corre-
sponds to the constant ghost and anti-ghost zero-mode, which we discard from the spec-
trum. Thus, in the unrefined limit, the choice of expansion (2.73) yields a contribution
from the NP fixed point to the index of

NP: - Z qr - (2.77)
n>1

Similarly, using (2.74) at the SP and zeta-function regularization for the limit e — 0, we
obtain a contribution to the index from the SP of

SP: =) ¢ (2.78)

n>1

Using the rule (1.16), we then obtain the one-loop determinant in the unrefined limit from

the Atiyah-Bott fixed point theorem upon setting &1 = 2v; /2,

%in \ /2 %in \ /2 4n2\ /2
ZVEC — . g —_— . 279
g(ﬁvl) g( le) g(vl) (2.79)

This shows that our choice of go-expansion at the NP and SP reproduces the results ob-
tained using the mode analysis in section 2.4.4 and the more general form of the Atiyah-
Singer theorem when the fixed points are not isolated in section 2.5.

2.7 Regularization and scale-invariant form

Regardless of the method used to compute it, we come to the conclusion that the one-loop
determinant for a given vector multiplet takes the form of an infinite product,

vec 4n2 1/2
oo = 11 (m) : (2.80)

n>1

To regularize this expression, we use zeta-function regularization:

. 1 ) 1 1 1
log Z{60p = 3 Z[log(4n ) —logvy | = —5 log(2) + B log(2m) + 1 logv; . (2.81)

n>1

Dropping the purely numerical constants, we finally obtain the one-loop determinant for a
given vector multiplet:

vee = /4. (2.82)

1-loop —
At this stage, the quantity v, controlling the one-loop determinant is a constant parameter
for the size of the Hy space, although it is subject to scaling transformations. To work

in terms of scale-invariant quantities in the superconformal framework, we should use the
Einstein frame metric

G;w = .é;u/ XV(X+7 X—) ) (283)

which depends explicitly on the scalar fields of the vector multiplets through the Kéahler
potential xv (see appendix A for definitions). Since w(g,,) = —2 and w(xv) = 2, the
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G-metric has indeed zero Weyl weight. In terms of the g-metric, the @2 Hamiltonian
controlling the one-loop determinant had Weyl weight w(H) = 1. We can build a scale-
invariant Hamiltonian H by multiplying H by appropriate factors of xv, namely

H:=yy/*H. (2.84)

The H eigenvalues are

H®E, = 2in (v xv) 2%, (2.85)

The multiplicities of these eigenvalues are pure numbers and are not modified compared
to our previous computations with the Hamiltonian H. So using (1.16) and zeta-function
regularization gives a one-loop determinant which depends explicitly on the scalar fields of
the vector multiplet,

1/4

250 (Xt X) = (01 v (X5, X))

1-loop (286)

Note that this is now written in a scale-invariant form, since w(v; xv) = 0.

2.8 Generalization to higher genus

The index theorem of section 2.5 is particularly suited to discuss generalizations of our
result when the horizon has a more general topology, such as a higher genus Riemann
surface ¥, (see [40, 41] for the analogous calculation in field theory). In this case, the fixed
codimension two submanifold under the @2 action in (2.55) will be the surface X4, and
repeating the steps leading to (2.60) will yield the same form of the one-loop determinant
where the multiplicity of eigenvalues m defined in (2.59) is replaced by the integral of the
Todd class of T3, over the Riemann surface. Thus, we expect that in this situation,

Zvec,Eg _ H <4712)X(2g)/4? (287)

1-loop vy
n>1

where x(3;) is the Euler characteristic of the Riemann surface. After zeta-function regular-
ization and in the scale-invariant formulation discussed in section 2.7, we will then obtain

2625 (X X2) = (10 xv (X, X)) X505, (289)
for each vector multiplet. It is worth emphasizing that this generalization to other horizon
topology is easily derived from the index theorem, while it would require repeating the mode
analysis which relied on expanding fields along the appropriate harmonics. This illustrates
the power of the Atiyah-Singer theorem when computing the determinants arising in a
typical localization computation. Note that the explicit mode analysis is still helpful to
discuss the precise choice of boundary conditions on the various fields and identify potential
zero-modes, which are important aspects one needs to deal with on non-compact spaces.
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3 Hypermultiplets

So far we have discussed the one-loop determinant for a generic abelian vector multiplet.
We now want to consider the one-loop determinant for a hypermultiplet. There are two
types of hypermultiplets that will be relevant. The first is the compensating hypermul-
tiplet, which is needed to ensure that the superconformal theory used in localization is
gauge-equivalent to the usual Poincaré gauged supergravity [42]. The second is a generic
physical hypermultiplet. As we will explain, the two require separate treatment as we argue
that they satisfy different reality conditions leading to different one-loop determinant con-
tributions.

3.1 The compensating hypermultiplet

As for the vector multiplet discussed in section 2, we should identify the relevant differential
operator Djg to compute the one-loop determinant of the compensating hypermultiplet.
For this it is important to note that, due to the gauging in superconformal gravity, the
compensating hypermultiplet couples to a special linear combination of vector multiplets
specified by the FI parameters 7. We will denote this linear combination by &;V/. To be
explicit, recall that the off-shell transformation rules of the compensating hypermultiplet
fields under the localizing supercharge @ are [1, 32]

QA = 2§97 + &1l 1954

Q¢ = —iPALE — 20 195 AP + 269" 175 AP E + HOE + A%k — €1l t95¢P
QH;® = i&7 P + & 193 H,P (3.1)
where the gauging generators are anti-Hermitian, (t"‘ 5)T =t = —tf, = QP tﬂ,‘s Qs the

derivative D,, is covariantized with respect to the abelian gauge symmetry of the linear
combination of vector multiplets, e.g.

« « 1 j « : T a
DA™ = 0uAi® + 5 Vi A —iGW %5 AP (3.2)

and the constrained parameters & are auxiliary symplectic-Majorana spinors required
to satisfy - ~

§r8 =68, &8 =&38,  &GuME =L (3.3)
Above, the subscripts denote chiral projections. Note that in this formulation we have
introduced the scalar auxiliary fields H;® together with the constrained parameters £ in
order to close the algebra of the supercharge @ off-shell according to (2.10). This is suited
for localization, and is explained in more detail in [1].

Just as in the vector multiplet computation, we can introduce the twisted hyperini

A& =26~°¢Y, and Z;%:= é ¢*, (3.4)
in terms of which the original hyperini are given by

Ca — K71(75 é—’L )\ia 4 252 Eza) ) (35)
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The transformation rules under @ now take the following form:
QA =N+t AP

Q\)\ia :’[’)“DMAia—{—\/%O'gij Aja+2£[(KpI+2iO'I)taﬁAiﬁ—f[CItag )\Zﬂ, (3.6)
1

Q)

1 S i )
=%= 3 KHia—K“Z-JDuAjO‘—FﬁsinhnagijAja—Qisinhn&al to‘ﬁAiﬁ—&cIta‘ﬁ =7,

together with the transformation of H;* that we will not need explicitly. Above, we have
defined the pseudo-real bilinear

K“ij = IEZ ’}/M gj . (37)

The transformations (3.6) make it clear that the compensating hypermultiplet cou-
ples to the linear combination of vector multiplets &;V/, which includes the corresponding
ghost fields needed to fix the abelian gauge symmetry in the path-integral. Because of
this coupling, in order to correctly identify the Dij™ operator relevant for the one-loop
determinant, we must build a fermionic deformation Yeomp oyt of an extended multiplet
comprising the twisted hyperini and the relevant linear combination of twisted gaugini.
The equivariant index of D" will encode the contributions to the one-loop determinant
coming from the compensating hypermultiplet and from the vector multiplet £;V/. We use

the following fermionic deformation

i}comp _ /d4x\/§ |:£I€J{)\](@\)\J)T+)\I}L(@)\J)T+2)\Iij(@)\Jij)T+K2blG(WJ)}
K2 A - g (3.8)
+ )\ia (Q}\ZQ)T + 4Eia( Eia)q

quad. ’
and only retain terms of quadratic order in the fields to compute the one-loop determinant.
We also use the following cohomological split [9, 33],

X = {&rot, WL Ay, xPP = NI gl bt 20 (3.9)

The first line in V™ contributes a term similar to (2.23) contracted with two FI param-
eters. To obtain the contribution from the second line, we write explicitly

~ T ~ i ~
(Qw) = 19, (AT + 2i¢; <13#W; — 40!+ % Qc1> (t23 AT
i ~
+ o e’ (A7) = &rc! (1% QAT
where we used the reality conditions (2.13), the fact that ©#V,’; = 0 on the half-BPS
background (see (A.5)), and the fact that the ghost field ¢! is anti-commuting. We must
also specify the reality conditions on the scalars A;“. In keeping with the choice of contour

(3.10)

for the vector multiplet fields (2.13), we should use pseudo-imaginary sections,

(AZ.C“)T == —€ian5 A]’B . (311)
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However, we must recall that we are dealing with a compensating multiplet in this section.
In general, such compensating multiplets appear in the action with a “wrong sign” kinetic
term and do not carry any physical degrees of freedom. In order to take this into account,
we will instead use a real contour,

(Aiacomp)T - 8ianﬂ Ajﬁcomp’ (3.12)

when computing the contribution of the compensating hypermultiplet to the one-loop de-

terminant.?

We can now find the contribution to D)™ from the product A;* (@Aio‘)T. Because

of the gauging, this product contains terms up to fourth order in the fields of Xgomp and

X{"™P. To focus on the quadratic terms we must set some of the fields to their localizing
expectation values. We will denote these values by a subscript “loc” to distinguish them
from the fluctuations around the localization locus. Moreover, being primarily interested

in the symbol of the differential operator Digmp, we will only retain quadratic terms that

contain at least one derivative. This way, the only contribution to o[ Djg™ ] from the

Ve (@Af‘)T term in ) <OmP ig
M (@A) 3 i ol el 0, A (3.13)

Above, we have used that the localizing expectation value of the scalars A;* are equal to
their on-shell values (A.8) as shown in [1],

Aia‘loc = Xll{/Q 6z'a . (314)

The contribution to the operator D({gmp from the =;¢ (@\Eio‘)T term is obtained using
the reality conditions (2.13), (3.12) and reads

~

= ( Eﬂ)T = 5%e9005 |QE” — 21 K1 W8, Ay + disinhn &rol ¢, Aﬂ} . (3.15)

This term does not contain any derivatives, and so the term =;* (@Ef‘)T in (3.8) does not
comp 11

contribute to the symbol of D7,

Putting the contributions together, we obtain the symbol o[ Dig™"]. We recover the

symbol o[ DY$¢] in the vector multiplet sector £;V!, augmented by a single term:

KRG DEP G = €t o DI €nt] < + e (2 sinbnpn) i (A — 2.
(3.16)
Observe that at the origin of Hs, the additional term coming from the compensating hyper-

multiplet fields vanishes. Therefore, the coupling between the compensating hypermultiplet
and the vector multiplet &;V! effectively vanishes at the fixed point of the Q2 action, and

ONote that in contrast, the usual vector multiplet compensator of the conformal supergravity formalism
must be treated on the same footing as the other ny vector multiplets due to our choice of gauge-fixing for
the dilatation symmetry, as already discussed in [1].

1This statement relies on the choice of reality condition for the compensating hypermultiplet scalars
given (3.12). Below we will discuss a different choice for physical hypermultiplets.
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the one-loop determinant contribution from the extended multiplet sector considered here
simply reduces to a factor of (2.86) for the linear combination ¢;V/. In conclusion, we
can use the result (2.86) for the contribution of both a generic vector multiplet and the
combination &7V!, while the compensating hypermultiplet gives a trivial contribution.

3.2 Physical hypermultiplets

The superconformal formalism also allows us to consider physical hypermultiplets in the
black hole near-horizon background. For one such generic multiplet, the difference is that
the fields in the physical hypermultiplet potentially couple only to physical vector multi-
plets such that the multiplet survives the gauge-fixing to Poincaré supergravity. Below we
will consider the case where there is no explicit coupling between the physical hypermul-
tiplets and the rest of the Lagrangian, but in the end we can actually show that the final
result remains unchanged with an arbitrary coupling. It is therefore enough to consider a
fermionic deformation (here P = 1...ng labels the physical hypermultiplet of interest)

Vhyp /d4 Z A aP QA aP) +47, aP(QEiaP)T} , (317)

to obtain the contribution to the one-loop determinant from ny physical hypermultiplet. In
this section we will once again omit the label P on the fields for convenience. It is however
important to remember that we are considering a physical hypermultiplet and not the
conformal compensator, for the following reason. As we showed in the previous subsection,
when the scalars A;* are pseudo-real there are no derivative terms contributing to Yhvp,
When considering a physical hypermultiplet however, we will use the contour (3.11) and
take the scalar sections to be pseudo-imaginary. We then have the following action of the
Hermitian conjugate on @Ef‘:

Q=) = Q45 | Q=7 + 2 K4 F DV AP — L sinhniog;® A7 (3.18)

V1

where the derivative is covariantized with respect to the background U(1l)r C SU(2)r
symmetry only. In turn this gives a contribution to the symbol of D]fgp of

Z%(Q=)" 3 86Y0,5 5% K% 9,4, (3.19)

coming from the second term in (3.17). Evaluating the bilinears K#;*, we obtain the
following symbol matrix o D3P,

1 coshnps coshnps coshnpy
le — cosh 7 po p1 coshnpys —coshnps Xopa (3.20)
— coshnps — coshnpy Pl cosh 7 po

—coshnpy coshnps —coshnps P1

with the fundamental bosons and fermions arranged as

All — A22 —81(5 522)
i(All + A22) 8(_1 + 522)
_i(e—iTA12 _ eiTAQI) _8(6—17— :12 — el :21)

e—iTA12 + eiTA21 —81(6_IT = + 617' 21)

xe = , K= (3.21)
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Similar to the vector multiplet calculation in section 2.5, the above fields are real and
neutral under the R-transformation of the @2—algebra. At the origin n = 0, the symbol
matrix reduces to
P1 P2 PpP3 P4
—P2 P11 P4 —P3
—P3 —P4 P1 P2
—P4 P3 —P2 D1

(3.22)

We recognize the symbol of the ASD complex at the fixed point of the @2 action, which
shows that the equivariant index of Di%'p is given by the opposite of the index of DY§® (2.58),
as in [6, 7). Thus, we conclude that a physical hypermultiplet will contribute an inverse
factor of (2.86) to the one-loop determinant,

ZP (X, X ) = (vyxv(Xy, X))

1-loop

(3.23)

Note that we could have started by allowing a coupling of the physical hypermultiplets to
vector multiplets [43], similar to the situation of the previous subsection. Going over the
calculation of the compensating hypermultiplet with the reality condition (3.11) instead
of (3.12) we obtain once again (3.23) above, leading us to conclude that the explicit cou-
pling does not result in a change of the one-loop determinant. This is of course natural to
understand from the fact that the one-loop determinant only takes in account quadratic
fluctuations around the localization locus and not higher order interactions. The general-
ization to Riemann surface horizons also follows in complete analogy to section 2.8.

We close the hypermultiplet analysis by remarking that, both for the compensating
and physical hypermultiplets, the Atiyah-Singer index theorem greatly simplifies the com-
putation of the one-loop determinants by allowing us to focus only on the symbol of the
relevant differential operators. While an explicit mode analysis as in section 2.4 should still
be possible in principle, the differential operators involved and the corresponding systems
of ODEs on the radial modes look technically more involved due to the proliferation of
terms arising in the truncation to quadratic order of the vector multiplet couplings.

4 The quantum entropy function in gauged supergravity

In sections 2 and 3, we have obtained the one-loop determinant for an arbitrary number
ny + 1 of abelian vector multiplets, the hypermultiplet compensator and an arbitrary
number ng of physical hypermultiplets in the black hole near-horizon background. The
result depends on the off-shell fluctuations of the scalar fields of the vector multiplets via
the Kéhler potential xv of the theory, as explained in section 2.7. In addition, the index
theorem computation makes it clear that this dependence is captured by the behavior of the
fluctuations at the origin n = 0 of the Hs factor in the near-horizon geometry. Based on the
general arguments above, we also expect that the one-loop determinant for other multiplets
in the theory, such as the Weyl multiplet and potential massive Kaluza-Klein multiplets,
will take a similar form. In the absence of a direct computation, we will parametrize the
contribution of such additional multiplets by a number ag. Hence, we use the following
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one-loop determinant in the localized QEF (1.11),

Lny4+1—-ng)+a
)4( 1% H) 0’ (41)

Z8op(64,0-) = (vi v (@, 0-)

with ¢4 coordinates on the localizing manifold. They correspond to the 2ny -+ 2 real
vector multiplet scalar fields X1, including the off-shell BPS fluctuations at the fixed point
n = 0 of the @2 action around the on-shell background. With this result, the black hole
degeneracies computed from the QEF take the form

+oo WV

(TT a¢t) o (g &6 — 2\%) exp|~Salp’ ar, o]
=0 (4.2)

[T Pot) (mvon0) ™7 Zpe (64,9,
1=0

dmacro(p17 QI) = /

—0o0

For ng = 0 and a spherical horizon, it was shown in [1] that the two-derivative classical
action on the localization locus only depends on (i)fr and takes the form

Salp’,ar, ¢] = 87° /o1 (pIFf(m) + qzcbi) : (4.3)

where ¥ (X) are the prepotentials of the theory, and FIiJ denotes successive derivatives
with respect to the argument. It was further shown in [1] that a saddle-point evaluation
of the first line in (4.2), i.e. neglecting the contribution from the one-loop determinant and
the measure, correctly reproduces the Bekenstein-Hawking entropy. Using (4.1), we can
now address the question of extracting the first corrections to the area-law. To do so, we
will analyze how the logarithm of diacro scales with the rank N of the dual field theory,
which the holographic dictionary relates to bulk quantities as

N~ (¢*Gn) L. (4.4)

Above, the positive power « and the proportionality factor are model-dependent and do
not concern us directly in the following discussion. In the bulk supergravity theory, the
electromagnetic charges are quantized according to [1, 28]

295]1)]62) q € Z, (45)

™
29¢&r
and no sum over [ is implied. It was also shown in [1] using a comparison with the boundary
CFTj3 that the combination

§:=r1¢, with &2 =81Gy (4.6)

is a dimensionless FI parameter, i.e. a pure number. Therefore, the properly quantized
charges independent of the scales set by g and G are

4

I I
= = — . 4.7
p grRpD , qr 2 qul ( )
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They satisfy 251}3[ € Z and (2 EI)*l qr € Z, where again no sum over [/ is implied. As a
function of these charges, the classical action reads

1 K
Salpar, o] 8wy (L p (00 + 9  arod ) (1.9

and the degeneracies (4.2) take the form of a constrained Laplace transform:

+

o v ~ 1 i

d I 6( I > Zmacro I, I —4m U1gmq1¢+7
) (IH0 #1)8 (9n&iol -5 (" 0h) e
(4.9)

dmacro(pla qI) — /

where

872, /v
ZmacrO(pI7¢£-) = exp [_g\ﬁ/ﬁ

[T P61) (mvor9) ™ et 0
1=0

pmem]
(4.10)

We will analyze the behavior of (4.9) when the rank N of the boundary field theory
is very large and the boundary charges (p,qs) are kept fixed. Observe that this limit
corresponds to scaling the original bulk charges according to

(p' ar) = (Ap". A7 qp), with A:=(g9r)" ' > 1, (4.11)

while keeping the scales v; and vo fixed. By definition of the QEF, we expect that the
dominant contribution to (4.9) in this limit comes from the classical on-shell field configu-
ration [8], which is located at ¢ = 2X1 [1].

According to (A.9), the attractor values of the scalar fields scale as Xi ~ Av;1/2
in the large A limit. Due to the homogeneity of the Kéhler potential xv, the one-loop
determinant factor in (4.10) therefore scales as

(Ul XV()%+a )0(7)) L (nyv+1)+ao N (AQ) L(ny+1)+ao ‘ (4.12)
Lacking an explicit expression for the measure factor as a function of the ¢ coordinates,
we will assume for the moment that Zpeasure ~ A in the large A limit. The justification
we can offer at this stage is to recall that in ungauged supergravity the measure on the
localization manifold entering the localized QEF was investigated in more details for a
certain class of black holes and found to be A-independent in the corresponding large
charge limit [5, 9]. We will comment further on this below. For large A, the exponential
factor in (4.10) scales as exp(A?). More precisely, it was shown in [1] that we can combine
this factor with the exponential factor in (4.9) and evaluate them together explicitly at
the attractor point. Since the magnetic charges are sensitive to the size of the black hole
horizon Apg, this yields

1 A
o [-srvir (e 00+ Sael)] e[ 2]
gk ™ ol =2Xx1 N
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We also expect a Hessian correction to the leading behavior (4.13) coming from the deter-
minant of the second derivative of the classical action (4.8) evaluated at the attractor point.
The delta-function constraint in (4.9) reduces the rank of the Hessian matrix from ny + 1
to ny, and we arrive at the following leading contribution to the microscopic degeneracies
in the large A limit:

1 1
Ay A \ 2 1 1 (ny+1)+ao
o 00 ~ o055 (357) (76 oo

Observe that the three terms above have different origins. The first is the exponential of
the Bekenstein-Hawking entropy, which is the leading contribution in the classical limit.
The second is the Hessian correction to the classical saddle-point, and as such also depends
on the area of the black hole horizon. The third is the contribution (4.12) coming from the
one-loop determinants we have computed in this paper, written directly in terms of the
relevant bulk quantities g and G. We therefore arrive at one of our main results, which
is the following expression for the entropy of the asymptotically AdSy black holes under
consideration in the large charge limit (4.11):

log dmacro (pI,q[) = 412; — 5w log <412HN> + (111 (ny +1)+ ao) log (gQi;N> + ...
(4.15)
In general, the gauge coupling sets the length scale L of the asymptotic AdS4 spacetime as
L o< g~! [44]. In turn, the scales v; and vo in the near-horizon geometry are determined in
terms of ¢ (or L) in a model-dependent fashion. We should now recall that in (4.15), the
third term comes from the scaling behavior of the scalar field attractor values. As is clear
from (A.9), the attractor values are only sensitive to v; and so we are able to identify the
scale set by ¢ in this term as the scale of the near-horizon Hy factor.

The lessons from [1] and the present paper also allow us to write a generalization of
the result (4.15) to the case where an arbitrary number ng of physical hypermultiplets
are present in the near-horizon background, and when the black hole horizon has the more
general topology of a genus-g Riemann surface ¥,. We expect the BPS conditions on
the former to produce ny additional delta-function constraints in the localized QEF (4.2),
further reducing the rank of the Hessian matrix governing the first correction term in (4.15).
The topology of the horizon affects the one-loop determinant in the way already discussed
in section 2.8. Therefore, in the more general case, we expect the following log-corrections
to the Bekenstein-Hawking entropy of asymptotically AdS, black holes with AdSy x 3,
near-horizon geometry:

Agy 1 Ar
log dmacro (p17 Cll,g) = 4fo o 5 (TLV N nH) log (4 fo)

+(1-g) <1(nv—|—1—nH)+a0)log<921GN>—I—....

(4.16)

4

Above we have also extracted a factor of (1 — g) from the unknown coefficient ag. This is
expected from the arguments based on the Atiyah-Singer index theorem in section 2.8: the
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one-loop determinant of the Weyl and additional Kaluza-Klein multiplets will be sensitive
to the topology of the horizon through its Euler characteristic.

We close this section with a number of comments. The first is that if we relax the
assumption that the measure on the localizing manifold is O(1) and instead assume a
scaling exponent a, in the large A limit, we would pick up an additional term in the
coefficient of the log(g?Gy) term in (4.16). However for the measure we have no strong
reason to expect that an would come multiplied by a factor of (1 —g) for a horizon ¥,.
This is because, while the one-loop determinants are sensitive to the topology of the black
hole horizon as shown in this paper, the measure on the localizing manifold is a property of
the off-shell BPS field configuration.'? Since the latter only depends on the genus through
the linear constraint satisfied by the magnetic charges [28, 47], it is not a priori clear how a
non-trivial scaling coefficient will be sensitive to the genus of the Riemann surface ¥,. We
view this as another justification for setting a,, to zero when extracting the log corrections,
as discussed below (4.12). Evidently a more thorough analysis of the measure is desirable
to properly understand these aspects, and we plan on investigating this in the future.

Logarithmic corrections to the Bekenstein-Hawking entropy of certain asymptotically
AdS, solutions have been computed, both in 11d supergravity using zero-mode count-
ing [18, 19] and in the dual field theory at the level of the topologically twisted in-
dex [17, 24, 25, 29]. Comparison with previous results for specific models would first
require us to fix the value of the ag coefficient in (4.16). The Weyl multiplet will bring
a universal (model-independent) contribution to ag, and we expect that it can be com-
puted using the methods put forward in [33, 48] and adapted to gauged supergravity. Each
Kaluza-Klein multiplet resulting from the embedding will also affect the value of ag, and
the total contribution will be model-dependent. Once these contributions are known, it
will be most interesting to see how (4.16) compares to the results mentioned above.

Another interesting avenue to explore is the case of refinement with angular momen-
tum. Unlike the asymptotically flat black holes, solutions in gauged supergravity ad-
mit refinement with angular momentum while still preserving the same number of super-
charges [39]. This allows us to use the method of supersymmetric localization on these more
general solutions, and indeed we already made use of the refinement in section 2.6 as one
way of evaluating the one-loop determinants. To evaluate the full quantum entropy func-
tion with refinement one however needs to start again from the classical action and repeat
the steps in [1]. In this case it would also be interesting to compare the off-shell analysis
with the compelling new evidence that the on-shell supergravity action depends entirely on
the underlying topology of the solution and the fixed points of the supersymmetric Killing
vector [49].
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A Black hole solution and Killing spinors

Here we summarize the Euclidean near-horizon solution in the conformal supergravity
formalism, as given in [1]. This on-shell field configuration pertains to the bosonic fields
of the Weyl multiplet (comprising the metric and various gauge and auxiliary fields in the
superconformal setup), and to the bosonic fields of vector multiplets and hypermultiplets
coupled to the conformal supergravity background.

The near-horizon geometry is Hy x S2, and the metric can be written in hyperbolic
disk coordinates,

ds® =u (sinh2 ndr? + dn2) + V2 (d92 + sin? 6 dcpz) ) (A.1)

with v and vy are real positive constants parameterizing the sizes of the Hy and S? spaces,
respectively. In this coordinate system, the black hole horizon sits at n = 0. We use the
vielbein one-forms

el = Jursinhndr, € = /uidy, € =udl, = /vgsinfde. (A.2)

After a gauge choice for the dilatation transformations (see [1]), we take the non-vanishing
components of the auxiliary tensor field T, in the Weyl multiplet to be

2 2
T =4+——, T, =——, A3
12 \/E 34 \/a ( )
in which 4+ correspond to (anti-)self-dual projections. To gauge-fix the special conformal
boost symmetry we set the gauge field for dilatations to zero, and to gauge-fix the SO(1,1)g
symmetry we set the corresponding gauge field to zero. The auxiliary scalar D is given
by [30]

D= —é (vrt+2v5h) . (A4)

In gauged conformal supergravity, the SU(2)r gauge field is expressed in terms of the
background gauge fields in the vector multiplets Wi (see (A.9) below) as [30]

V'j=—2ig&Wlos';, (A.5)

where &1 are the Fayet-Illiopoulos parameters and g is the gauge coupling.

It was shown in [1, 30] that the above bosonic field configuration is half-BPS. Among
the conformal Killing spinors associated to this geometry, we pick a particular one that
we denote (£, k) (where i = 1,2 is the SU(2)g symmetry index) to parameterize the
localizing supercharge @ used in the main text. It is given by [1]

e~ 3T cosh(g) 0
1: .
1 _ | —ie 27 sinh(%) 2 _ 0 i _ Lo
5 - 0 ) 5 - —C%iTSil’lh(g) ) R = 2@£ . (AG)
0 —ie3lT cosh(g)
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The derivative D,, is covariantized with respect to Lorentz and SU(2)gr transformations,

7 7 1 a 7 1 7 1
D, = 0,8 — 4 W byap & +§vmgﬂ. (A7)

We use one hypermultiplet compensator to ensure that the superconformal theory is
gauge-equivalent to Poincaré supergravity. The scalar sections A;“ of this hypermultiplet
can be taken constant on the half-BPS background by an SU(2)r gauge choice,

XA =5 (A.8)

where the hyper-Kahler potential is defined as xy := %5” Qop A~ /ijﬂ . This choice breaks
the SU(2)R invariance of the background down to U(1)g.
We also consider ny +1 abelian vector multiplets, including the conformal compensator.

The half-BPS bosonic field configuration satisfies [31]

0GER = 1 etXi= e (4.9)
with F’ JV field strengths of the vector fields Wlf . In the Euclidean superconformal formalism,
the coupling of vector multiplets to the gravity background is specified by two homogeneous
functions each of degree two in the scalar fields X! and X7 [32]. At the two derivative
level, such prepotentials Fi(Xi) completely determine the action of the theory under
consideration. The associated Kahler potential has Weyl weight two and reads

Xv(Xo, Xo) = XL Fy (X)) + XLFF (XL, (A.10)

where F ;f] denotes successive derivatives with respect to the argument.

B Kernel and cokernel of D,y for the vector multiplet

Here we explicitly solve the kernel and cokernel equations derived in sections 2.4.2 and 2.4.3.
Using the mode expansions discussed in 2.4.1, we reduce the problem to a system of ordinary
differential equations along the radial coordinate 1 of the Hy x S? geometry. Imposing
boundary and smoothness conditions for the solutions of the coupled ODEs, we obtain the
dimensions of the kernel and cokernel of DYg°.

B.1 Solving the kernel equations
We begin with the kernel equation associated with the ghost field ¢ (2.37). It takes the
form of a “Laplacian” operator Vu%V“ acting on the scalar field

R:= "W, —40. (B.1)
Both ¢ and W, are scalars on the S? factor of the near-horizon geometry and are neutral
under SU(2)g, so we use the mode expansion (2.25) to write

92

R=R(n)e™Y,™(0,0), R(n):= N Wr(n) —40(n). (B.2)
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Our Laplacian operator then acts on R according to

v, [;2 8“R] - (B.3)
L [ R+ (coth () —2tanh () ROnY (" + 2L a(e41) ) ROp) | 7 v
et | R0+ (coth () ~2tamh () R — (o4 2 (61) ) RO | i,

where here and below a prime denotes a derivative with respect to n, and we have used
the eigenvalue equation on S? of radius v,
(0+1)

V2

— VLY (0, ¢) = Vi (6, 0) (B.4)
We will denote the differential operator in the bracket of (B.3) by A% so that we can
write (2.37) as a differential equation on each radial mode

AMORm) =0. (B.5)

This equation can be solved explicitly and the result is given in terms of the hypergeometric
function o F} which governs the eigenfunctions of the scalar Laplacian on Hs (see e.g. [21]),
on which we then need to impose the boundary and smoothness conditions of section 2.4.1.
But since we are only interested in the number of solutions for a given pair (n, ) and not
their explicit forms, we can use the analysis of [11] to show that there are no solutions for
(n,f) # (0,0) and only a constant solution for R(n) when (n, ) = (0,0). Explicitly, we can
multiply (B.5) by —R(n) tanh7 cosh™! 7 to write the left-hand side as

5, Rﬁg R(n) R(n)'] + 2:;12 ((R (n))? + (Si:hzn ol 1)) RW) . (B.6)

When R(n) satisfies (B.5), this quantity must vanish. Integrating over n, we then have

o

/OOO ZZEZ <(R(77)')2+<Shﬁ;’7+2£(€+1)> R(n)2> dn— [zﬁz R(n)R(n)’}0 —0.
(B.7)

With the boundary conditions (2.29) and the smoothness conditions (2.32) we see that the
boundary term vanishes. The remaining integral is positive-definite, so for (n,£) # (0,0)
we must have R(n) = 0. When (n,¢) = (0,0), it is sufficient to have R(n)" = 0 and so
a constant solution is allowed in this case. Since £ = 0 implies m = 0 for the spherical

harmonics and since Yp?(, ¢) is a constant, we conclude that (2.37) admits a single constant
solution for the scalar combination

- C f 14 = (0,0,0
'(O)MWH _ 40_ — 1 or (n7 7m) ( 0 ) . (BS)
0 for (n,€,m) # (0,0,0)

We now turn to (2.39). Evaluating explicitly the K fjl’ bilinear, we obtain a set of three
equations (as expected from an SU(2) triplet):

Fio+ coshnF’34 —2sinhndo =0,
Flg - COShnF24 -2 Sinhn@;z,a = 0, (Bg)
F14 + COSh?]FQg — 2 sinhndso =0,
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and all indices are in tangent space. We can make use of the previous result (B.8) to
analyze these equations as follows. Since 9,(9*W,) = 4,0 for any (n, £, m), we may trade
the derivatives on W, for derivatives on the scalar field o. In addition, Wn is a scalar on
S? so we can use the expansion along spherical harmonics (2.25),

Wy = Wy(n) €™ Y™ (0, 0) . (B.10)

On the other hand, the fields Wy and Wg@ form a vector on the 2-sphere so we expand them
in the basis (2.28),
- . . 1
Wy = Wpg(n) e Y™ + We(n) e p: 0,Yo™
W, = Wg(n) €™ 8,Y,™ — W (n) €™ sin 9pY,™ . (B.11)

This leads to a mode expansion for the various field strengths entering (B.9). Having
eliminated W, using (B.8), we obtain the following system of ODEs on the radial modes:

in ~ U1
- -9 h 4= 1
0 Sl coshn Wiy (n) — 24/v1 cothn o(n)" + o (+1)We(n),
in

= " r—9 th B.12
0 Sl coshy Wg(n) + We(n)' — 24/v1 cothn a(n), (B.12)

__in B -
0= Sinbcosh We(n) —Wa(n)' +Wy(n).

The last kernel equation to analyze is the gauge-fixing (2.40). Using the mode de-
composition and (B.8), and after some straightforward manipulations, it leads to the ra-
dial ODE:

2i ~ ~
0= M o(n) + Wy(n)' + (cothn — 2tanhn) Wy (n) — Z—; +1)Wg(n). (B.13)

To summarize, by making use of (B.8), we have shown that the kernel equations (2.40)
and (2.39) are equivalent to a system of coupled first-order ODEs for the radial modes,

@(n) = Ane(n) - in), (B.14)
with T
i(n) = (2v/ora(n), Wy(n), Wan). We) . (B.15)
and
q cosiﬁ'zn 0 Y((0+1) tanh1
——n_ 2tanhn — cothn 24041 0
Al = |~ smnZn ZHE OO (E+1) . (B.16)
0 1 0 sinh 7 coshn
coth n 0 " sinh ;Zosh n 0

We will now discuss potential solutions to this system when imposing the boundary and
smoothness conditions of section 2.4.1. The discussion splits depending on the values of
the quantum numbers (n, £).
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The case (n,£) = (0,0). In this case, (B.14) simplifies and admits the following solu-
tions:
o(n) = Cy, W, (1) = C3 coshncothn,
Wg(n) =Cy+Cs (coshn + log tanh g) ., We(n) =Cs +2y/v; Calogsinhn,  (B.17)
where the C; are arbitrary real constants. We now summon the boundary conditions (2.29),

which effectively force all the integration constants to vanish. So we are left with the
trivial solution,

a(n) = Wy(n) = Wa(n) = Wy(n) = 0. (B.18)

We can now use (B.8) to obtain that the last remaining field W, is constant, proportional to
(. This however violates the smoothness condition Wf(n) ~ n? when  — 0 unless C; = 0.

In conclusion, when (n, ) = (0, 0), we have found that there are no non-trivial solutions
satisfying the boundary and smoothness conditions in the kernel of DY§°.

The case n =0, £ # 0. In this case the systems of ODEs on {o(n),We(n)} and
{W, (1), Wg(n)} decouple. The latter reads:

Wy(n) = Wa(n)', Wy(n) = (2tanhn — cothn) Wy(n) + — £ + 1) Wg(n),  (B.19)

V2

which is equivalent to
W) =Wa(m)',  ALOWs(n) =o0. (B.20)

We already showed that when ¢ # 0, the only solution to the above equations compatible
with the boundary conditions is Wg(n) = 0 and W,,(n) = 0. On the other hand, the system
on {o(n), We(n)} can be written as

LWy - S e+ 1) Weln) = 0.

9 — tanh / 1% ny -
Vura(n) = tanhy We(n)', - We(n) sinh 7 coshn V2
(B.21)

Multiplying the equation on W (n) by — tanhn We(n), we obtain

= 0y tanhn Wo (n) We (n) | + sanin ((Wen)')? + - 600+1) (We(m)*) =0, (B.22)

which, upon integrating over the radial coordinate, yields a positive-definite integral since
the boundary term drops out owing to our boundary conditions. This integral can only
vanish for W¢(n) = 0, which in turn implies o(n) = 0. Finally, (B.8) and smoothness of
W, (n) shows that we must have W, (n) = 0. In summary, when n = 0 and £ # 0, we only
have the trivial solution

a(n) = Wr(n) = Wy(n) = Wa(n) = Wy(n) =0, (B.23)

in the kernel of DYf°.
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The case n # 0, £ = 0. This is another decoupled case. We have a system on
{o(n), W,(n)} which can be written as

2

cosh?n n

W, = — 24/v " " + coth (L
n(ﬂ) n Vora () o) n o) cosh? n sinh? 770

(m)=0. (B.24)

The differential equation on o(n) can be solved explicitly, and the solution is

o (n) = Cgtanh™ n, Fy (;]nJri <17\/ 1+4n2) ,%\n|+% <1+\/ 1+4n2) :1+|n|;tanh? 77) ,
(B.25)

where Cp is the integration constant and 9F) is the standard hypergeometric function.

However, this solution goes to a constant for n — 0o, so compatibility with our choice of

boundary conditions (2.29) demands Cg = 0. This implies o(n) = W, (1) = 0. Then we

are left with a simple system on {Wg(n), We(n)},

in

W, W, W B.26
0(77) s 0(77) SiIlh?]COSh?] B(n) ) ( )

in
W e T
5(1) sinh 7 coshn

which can be solved explicitly. One finds that the solutions also go to a constant when
n — oo, thus once again our boundary conditions force Wg(n) and W¢(n) to vanish. In
conclusion, for n # 0 and £ = 0, we only have with the trivial solution

a(n) = Wr(n) = Wy(n) = Wy(n) = W,(n) =0, (B.27)
in the kernel of DJf°.

The case n # 0, £ # 0. In the most general case, it is not easy to find an explicit
solution of the system (B.14). A numerical analysis (which we will not present here) hints
at the absence of any non-trivial solutions satisfying the boundary conditions. To confirm
this result analytically, we can make an asymptotic analysis of the differential system.
Specifically, we can use the corollary VII-3-7 of [50]. Since the matrix (B.16) is continuous
for any non-zero value of 7 and its limit for 7 — oo denoted by A7 exists, the hypotheses
of the corollary are satisfied. Then, for every non-trivial solution w,(n) of the system,

one has: log &
im 08%) )~ e, (B.28)
’I’]*}OO /]']

with A the real part of one of the eigenvalues of A7°. Now one can easily check that for

¢ >0, the constant matrix A7 has two positive and two negative eigenvalues:

AL =+ %6@4—1), Ai:;<1i\/1+45;£(£+1)>, (B.29)

and corresponding eigenvectors:

AL 0
)\2

@l = g ai= | (B.30)
1 0
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The general asymptotic solution is then the linear combination:

- 1., 5 1., 2. 2.
@u(n) = c1 "G+ ege="at ez M@ 4 ege a2 (B.31)

where the ¢; are constants. From the above, one can read the asymptotic behavior of every
field component. For instance we have:

o(n) ~ el M 4 (’)(e’\lfn) . (B.32)

Hence the radial mode o(7n) does not have the required asymptotic behavior (2.29). Iden-
tical results can be obtained for the radial functions Wu(n), so again we find no non-trivial
solution to (B.14) satisfying our normalizable boundary conditions.

Note that these considerations are in principle valid for all values of n and ¢, so we
needed not split the discussion above. However, in the special cases we first discussed one
can see in a more obvious way how the boundary and smoothness conditions kill all possible
solutions, giving further credibility to our general result.

B.2 Solving the cokernel equations

To analyze the cokernel equations (2.42) and (2.41), we make use of the mode expansion
along scalar spherical harmonics discussed in section 2.4.1 for the ghost fields ¢ and b, as
well as for the twisted fermions A%/. According to (2.25), we simply have to track the charge
under SU(2)r which shifts the n eigenvalue of @2 by —1 for A and by +1 for A\?2. So we
use the mode decomposition

= 0(77) ein‘r Y*gm 7 I; _ 6(77) ein‘r Y-Zm 7 )\12 _ )\12(n> ein‘r Y*gm 7
)\11 _ )\11(,'7) ei(n—l)T }/Zm, /\22 — )\22(77) ei(n-i—l)T }/gm ) (B33)

With this decomposition, (2.42) gives

2 U1 1 :
0= |[An) +————A(n) —/— cotbZ — A®D mTY,™
[ () + coshnsinhn () V2 0 (n) + /vy sinhn cn)| e ¢
V1 1 :
_ T y,m y,m int B.34
. [ (1) OpYy +73(77)7Sin93<p 7 } e (B.34)

where we introduced the auxiliary radial functions
Am) = 20A2(n), R(n):= A0 +A2(), Z(n):=iAt () —iX*(n).  (B.35)

Notice that these functions are also the natural variables appearing in the index theorem
computation at the level of the symbol of the operator DY, see (2.47). To analyze (2.41),
we use the explicit expressions for the bilinears K ijV and examine each p component sepa-
rately. The 4 = 7 component gives

. A - |
0= [)\(77)/ —2tanhn A(n) + in b(n) — \/H cot0Z(n) — S A("’Z)c(n) Ty,
v2

4sinhn NGI
U1 m 1 m| int
2 [zm e+ mOn o, e (8.36)

— 38 —



The p = n component gives

IRV, 4in U1 inT vy m
= U2 - hn,/— R Y
0 [b( ) sinh 7 A(n) — 4 cos ” cotOR(n)| e [
VU1 1 :
—4coshn,/— |R(n) 0pY:™ —Z(n) — 0,Y,"| €. B.
coshn ) [ (n) OpYe (n) sng 2o Yt ] e (B.37)

The pu = 6 component gives

in ;
0= |R(n) + — - " 7T inT 3, m
[ ()" + sinh 7 coshn () + coshnsinhn (77)] ¢ ¢
V1 1 ~ 1 .
W = b Y™+ An) — 0,Y,"| ™. B.
+ V9 [4coshn (1) 9pYe™ + A(n) sin@aso ¢ ] € (B.38)

Lastly the = ¢ component gives

1 in :
0= |Z(n) I R — inT y m
[ ()" + sinh 7 cosh n (n) coshnsinh n (77)] ¢ ¢
U1 1 N 1 )
— | A(n) OpY,™ — b 0, Y, ™| " . B.39
* ) [ (m) 9pYe 4coshn (n) sing ¢ ] € ( )

We now recall that, when m # ¢, the spherical harmonics and their derivatives provide an
orthonormal basis for expanding fields on S2. Therefore in this case, the above equations
immediately imply

A(n) = b(n) =R(n) =Z(n) = 0. (B.40)

Then (B.34) reduces to
A0 () = 0. (B.41)

As we saw in our analysis of the kernel equations in appendix B.1, our choice of boundary
conditions then force ¢(n) to vanish. Hence, when m # ¢, we find that the only solution in
the cokernel of DY{° is the trivial solution. With a little extra care one can also see easily
that even in the case m = ¢ # 0 we reach the same conclusion, based on the explicit form
of the equations that can be used against each other to eliminate the variables one by one.

It remains to discuss the case £ = m = 0. In this case, the spherical harmonics are con-
stant and their derivatives vanish. After using (B.34) to eliminate A% ¢(n) from (B.36),
we are left with a system of coupled first-order ODEs on the radial modes:

7(n)" = Bu(n) - 9(n), (B.42)
with T
i) = (Am), btn), Rn), Z(m)) (B.43)
and .
0 - 4sinh T;Tlosh2 n 0 \/ % cot
4din v
B.(n) = | snhn 0 4,/ ox coshn cot § 0 (B.44)
1 .
0 0 " sinhncoshn " sinh ;Tclzoshn
0 0 ___in N S
sinh 7 coshn sinh 7 coshn
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In this form, we see that for any n € Z the modes R(n) and Z(n) decouple. The solutions
to the decoupled system are given by

R(n) = 5 [(f1 + isign(n) fo) tanhl" & (i — isign(n) f) tanh "] (B.45)
T(n) = 5 [(f +isign(n) fo) tanh"! =y — (i ~ isign(n) ) tanh "~ ] sign(n),

where fi and fo are the integration constants. To ensure smoothness of A'(n) and A\??(n)
at the origin according to (2.33), we must set the constants f; = fo = 0. As a consequence,
the radial modes R(n) and Z(n) drop out of the system (B.42) and what remains is a
system of two coupled first-order ODEs on A(n) and b(n). We know discuss its potential
solutions depending on whether the quantum number n vanishes or not.

The case n 7% 0. When n # 0, the system of ODEs on A(5) and b(n) can be written as

sinhn » . R n2 .
Loy, b(n)" + cothn b(n) — ——5——5—b(n) = 0. (B.46)

sinh? ) cosh? 7

An) =

4in

Note that the equation for b(n) is the same as the one for o(n) in (B.24). The solution for
b(n) takes the same form,

j 1 1 1 1
b(n) = fztanhl”l o Py <2|n]—|—4 (1—\/H-T7”L2> ,§’n’+1 (1+\/1—FT7”L2) ;1+|n|;tanh277) ,
(B.47)
but now our boundary conditions (2.30) do not require f3 to vanish since b(n) is allowed to

go to a constant when 1 — oo. Then, coming back to (B.34), we have an inhomogeneous
second-order differential equation on the ghost radial mode ¢(n),

A ¢(n) =i /o1 <tanh77 b(n)' + ”B(n)) , (B.48)

4 cosh? 7

with b(n) given by (B.47). It is straightforward to check that a particular solution to this

eln) = 1%L b (B.49)

Since the homogeneous equation A0 ¢(n) = 0 has no non-trivial smooth and asymptoti-

equation is given by

cally well-behaved solution for n # 0, this exhausts the possible set of solutions.
In conclusion, we have shown that the cokernel of DY§¢ is non-empty for n # 0 and
¢ = 0. It has dimension one since we found a one-parameter family of smooth and asymp-

totically well-behaved solutions: 3

T hy, o) = fié%lb(n), (B.50)

1 1 1
b(n):§f3tanh|"|?72F1 (§|n]+1(1—\/1+4n2) =|n|+— (1+\/m) 1+ |n|; tanh? )

where f3 is an arbitrary constant.

M) =x12m) =0, A2*(n)=-

Y3Here we use (2.34) to express our results on the anti-ghost field b(n) directly.
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The case n = 0. When n = 0, the system (B.42) with R(n) = Z(n) = 0 collapses, and
the solution is

bn) = fa,  An)=fs, (B.51)

with f4 and f5 are the integration constants. For A(n) to be smooth, we must set f5 = 0
according to (2.33). Then coming back to (B.34), we have the last equation for the radial
mode of the ghost field,

AOD () =0. (B.52)

We already saw in the kernel analysis of appendix B.1 that the solution compatible with

our boundary conditions is

c(n) = fo, (B.53)

with fg a constant. Therefore, when (n,¢) = (0,0), we find that the only solutions are two
constant modes for the ghost fields,

A2 () = A () = A2(m) =0, b(n) = fa, c(n)=fs. (B.54)
This concludes the analysis of the kernel and cokernel differential equations.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] K. Hristov, I. Lodato and V. Reys, On the quantum entropy function in 4d gauged
supergravity, JHEP 07 (2018) 072 [arXiv:1803.05920] [INSPIRE].

[2] F. Benini, K. Hristov and A. Zaffaroni, Black hole microstates in AdSy from supersymmetric
localization, JHEP 05 (2016) 054 [arXiv:1511.04085] INSPIRE].

[3] A. Zaffaroni, Lectures on AdS Black Holes, Holography and Localization, arXiv:1902.07176
[INSPIRE].

[4] A. Dabholkar, J. Gomes and S. Murthy, Quantum black holes, localization and the topological
string, JHEP 06 (2011) 019 [arXiv:1012.0265] [INSPIRE].

[5] A. Dabholkar, J. Gomes and S. Murthy, Localization € Exact Holography, JHEP 04 (2013)
062 [arXiv:1111.1161] [INSPIRE].

[6] V. Pestun, Localization of gauge theory on a four-sphere and supersymmetric Wilson loops,
Commun. Math. Phys. 313 (2012) 71 [arXiv:0712.2824] [InSPIRE].

[7] V. Pestun et al., Localization techniques in quantum field theories, J. Phys. A 50 (2017)
440301 [arXiv:1608.02952] [INSPIRE].

[8] A. Sen, Quantum Entropy Function from AdSs/CFTy Correspondence, Int. J. Mod. Phys. A
24 (2009) 4225 [arXiv:0809.3304] [INSPIRE].

[9] S. Murthy and V. Reys, Functional determinants, index theorems and exact quantum black
hole entropy, JHEP 12 (2015) 028 [arXiv:1504.01400] [INSPIRE].

_41 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP07(2018)072
https://arxiv.org/abs/1803.05920
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.05920
https://doi.org/10.1007/JHEP05(2016)054
https://arxiv.org/abs/1511.04085
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.04085
https://arxiv.org/abs/1902.07176
https://inspirehep.net/search?p=find+EPRINT+arXiv:1902.07176
https://doi.org/10.1007/JHEP06(2011)019
https://arxiv.org/abs/1012.0265
https://inspirehep.net/search?p=find+EPRINT+arXiv:1012.0265
https://doi.org/10.1007/JHEP04(2013)062
https://doi.org/10.1007/JHEP04(2013)062
https://arxiv.org/abs/1111.1161
https://inspirehep.net/search?p=find+EPRINT+arXiv:1111.1161
https://doi.org/10.1007/s00220-012-1485-0
https://arxiv.org/abs/0712.2824
https://inspirehep.net/search?p=find+EPRINT+arXiv:0712.2824
https://doi.org/10.1088/1751-8121/aa63c1
https://doi.org/10.1088/1751-8121/aa63c1
https://arxiv.org/abs/1608.02952
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.02952
https://doi.org/10.1142/S0217751X09045893
https://doi.org/10.1142/S0217751X09045893
https://arxiv.org/abs/0809.3304
https://inspirehep.net/search?p=find+EPRINT+arXiv:0809.3304
https://doi.org/10.1007/JHEP12(2015)028
https://arxiv.org/abs/1504.01400
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.01400

[10]

R.K. Gupta, Y. Ito and I. Jeon, Supersymmetric Localization for BPS Black Hole Entropy:
1-loop Partition Function from Vector Multiplets, JHEP 11 (2015) 197 [arXiv:1504.01700]
[INSPIRE].

J.R. David, E. Gava, R.K. Gupta and K. Narain, Localization on AdSsx S', JHEP 03
(2017) 050 [arXiv:1609.07443] [INSPIRE].

B. Assel, D. Martelli, S. Murthy and D. Yokoyama, Localization of supersymmetric field
theories on non-compact hyperbolic three-manifolds, JHEP 03 (2017) 095
[arXiv:1609.08071] [INSPIRE].

A. Cabo-Bizet, V.I. Giraldo-Rivera and L.A. Pando Zayas, Microstate counting of AdSy
hyperbolic black hole entropy via the topologically twisted index, JHEP 08 (2017) 023
[arXiv:1701.07893] [INSPIRE].

J.R. David, E. Gava, R.K. Gupta and K. Narain, Boundary conditions and localization on
AdS. Part I, JHEP 09 (2018) 063 [arXiv:1802.00427] [INSPIRE].

J.R. David, E. Gava, R.K. Gupta and K. Narain, Boundary conditions and localization on
AdS: Part 2 General analysis, arXiv:1906.02722 [INSPIRE].

A. Pittelli, A Refined N' = 2 Chiral Multiplet on Twisted AdS, x S', arXiv:1812.11151
[INSPIRE].

J.T. Liu, L.A. Pando Zayas, V. Rathee and W. Zhao, Toward Microstate Counting Beyond
Large N in Localization and the Dual One-loop Quantum Supergravity, JHEP 01 (2018) 026
[arXiv:1707.04197] [NSPIRE].

I. Jeon and S. Lal, Logarithmic Corrections to Entropy of Magnetically Charged AdS4 Black
Holes, Phys. Lett. B 774 (2017) 41 [arXiv:1707.04208] [INSPIRE].

J.T. Liu, L.A. Pando Zayas, V. Rathee and W. Zhao, One-Loop Test of Quantum Black Holes
in anti-de Sitter Space, Phys. Rev. Lett. 120 (2018) 221602 [arXiv:1711.01076] INSPIRE].

S. Banerjee, R.K. Gupta and A. Sen, Logarithmic Corrections to Extremal Black Hole
Entropy from Quantum Entropy Function, JHEP 03 (2011) 147 [arXiv:1005.3044]
[INSPIRE].

S. Banerjee, R.K. Gupta, I. Mandal and A. Sen, Logarithmic Corrections to N =4 and
N = 8 Black Hole Entropy: A One Loop Test of Quantum Gravity, JHEP 11 (2011) 143
[arXiv:1106.0080] [iNSPIRE].

A. Sen, Logarithmic Corrections to N = 2 Black Hole Entropy: An Infrared Window into the
Microstates, Gen. Rel. Grav. 44 (2012) 1207 [arXiv:1108.3842] INSPIRE].

S. Bhattacharyya, A. Grassi, M. Marino and A. Sen, A One-Loop Test of Quantum
Supergravity, Class. Quant. Grav. 31 (2014) 015012 [arXiv:1210.6057] NSPIRE].

J.T. Liu, L.A. Pando Zayas and S. Zhou, Subleading Microstate Counting in the Dual to
Massive Type ITA, arXiv:1808.10445 [INSPIRE].

L.A. Pando Zayas and Y. Xin, The Topologically Twisted Index in the 't Hooft Limit and the
Dual AdSy Black Hole Entropy, arXiv:1908.01194 [INSPIRE].

N. Banerjee, I. Mandal and A. Sen, Black Hole Hair Removal, JHEP 07 (2009) 091
[arXiv:0901.0359] [INSPIRE].

D.P. Jatkar, A. Sen and Y.K. Srivastava, Black Hole Hair Removal: Non-linear Analysis,
JHEP 02 (2010) 038 [arXiv:0907.0593] [INSPIRE].

_ 492 —


https://doi.org/10.1007/JHEP11(2015)197
https://arxiv.org/abs/1504.01700
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.01700
https://doi.org/10.1007/JHEP03(2017)050
https://doi.org/10.1007/JHEP03(2017)050
https://arxiv.org/abs/1609.07443
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.07443
https://doi.org/10.1007/JHEP03(2017)095
https://arxiv.org/abs/1609.08071
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.08071
https://doi.org/10.1007/JHEP08(2017)023
https://arxiv.org/abs/1701.07893
https://inspirehep.net/search?p=find+EPRINT+arXiv:1701.07893
https://doi.org/10.1007/JHEP09(2018)063
https://arxiv.org/abs/1802.00427
https://inspirehep.net/search?p=find+EPRINT+arXiv:1802.00427
https://arxiv.org/abs/1906.02722
https://inspirehep.net/search?p=find+EPRINT+arXiv:1906.02722
https://arxiv.org/abs/1812.11151
https://inspirehep.net/search?p=find+EPRINT+arXiv:1812.11151
https://doi.org/10.1007/JHEP01(2018)026
https://arxiv.org/abs/1707.04197
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.04197
https://doi.org/10.1016/j.physletb.2017.09.026
https://arxiv.org/abs/1707.04208
https://inspirehep.net/search?p=find+EPRINT+arXiv:1707.04208
https://doi.org/10.1103/PhysRevLett.120.221602
https://arxiv.org/abs/1711.01076
https://inspirehep.net/search?p=find+EPRINT+arXiv:1711.01076
https://doi.org/10.1007/JHEP03(2011)147
https://arxiv.org/abs/1005.3044
https://inspirehep.net/search?p=find+EPRINT+arXiv:1005.3044
https://doi.org/10.1007/JHEP11(2011)143
https://arxiv.org/abs/1106.0080
https://inspirehep.net/search?p=find+EPRINT+arXiv:1106.0080
https://doi.org/10.1007/s10714-012-1336-5
https://arxiv.org/abs/1108.3842
https://inspirehep.net/search?p=find+EPRINT+arXiv:1108.3842
https://doi.org/10.1088/0264-9381/31/1/015012
https://arxiv.org/abs/1210.6057
https://inspirehep.net/search?p=find+EPRINT+arXiv:1210.6057
https://arxiv.org/abs/1808.10445
https://inspirehep.net/search?p=find+EPRINT+arXiv:1808.10445
https://arxiv.org/abs/1908.01194
https://inspirehep.net/search?p=find+EPRINT+arXiv:1908.01194
https://doi.org/10.1088/1126-6708/2009/07/091
https://arxiv.org/abs/0901.0359
https://inspirehep.net/search?p=find+EPRINT+arXiv:0901.0359
https://doi.org/10.1007/JHEP02(2010)038
https://arxiv.org/abs/0907.0593
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.0593

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

F. Benini, K. Hristov and A. Zaffaroni, Fzact microstate counting for dyonic black holes in
AdSY, Phys. Lett. B 771 (2017) 462 [arXiv:1608.07294] [INSPIRE].

S.M. Hosseini, Black hole microstates and supersymmetric localization, arXiv:1803.01863
[INSPIRE].

B. de Wit and M. van Zalk, Electric and magnetic charges in N = 2 conformal supergravity
theories, JHEP 10 (2011) 050 [arXiv:1107.3305] [INSPIRE].

K. Hristov, S. Katmadas and I. Lodato, Higher derivative corrections to BPS black hole
attractors in 4d gauged supergravity, JHEP 05 (2016) 173 [arXiv:1603.00039] [INSPIRE].

B. de Wit and V. Reys, Euclidean supergravity, JHEP 12 (2017) 011 [arXiv:1706.04973]
[INSPIRE].

I. Jeon and S. Murthy, Twisting and localization in supergravity: equivariant cohomology of
BPS black holes, JHEP 03 (2019) 140 [arXiv:1806.04479] [InSPIRE].

M.F. Atiyah, Elliptic operators and compact groups, Lecture Notes in Mathematics, Volume
401, Springer Verlag, (1974).

P. Shanahan, The Atiyah-Singer Index Theorem: An Introduction, Springer, Berlin and
Heidelberg, Germany, (1978).

M. Marino, The geometry of supersymmetric gauge theories in four-dimensions,
hep-th/9701128 [INSPIRE].

F. Benini and A. Zaffaroni, A topologically twisted index for three-dimensional
supersymmetric theories, JHEP 07 (2015) 127 [arXiv:1504.03698] [INSPIRE].

N.A. Nekrasov, Seiberg- Witten prepotential from instanton counting, Adv. Theor. Math.
Phys. 7 (2003) 831 [hep-th/0206161] [INSPIRE].

K. Hristov, S. Katmadas and C. Toldo, Rotating attractors and BPS black holes in AdSy,
JHEP 01 (2019) 199 [arXiv:1811.00292] [iNSPIRE].

F. Benini and A. Zaffaroni, Supersymmetric partition functions on Riemann surfaces, Proc.
Symp. Pure Math. 96 (2017) 13 [arXiv:1605.06120] [INSPIRE].

C. Closset and H. Kim, Comments on twisted indices in 3d supersymmetric gauge theories,
JHEP 08 (2016) 059 [arXiv:1605.06531] [INSPIRE].

B. de Wit, J.W. van Holten and A. Van Proeyen, Structure of N = 2 Supergravity, Nucl.
Phys. B 184 (1981) 77 [Erratum ibid. B 222 (1983) 516] [INSPIRE].

B. de Wit, B. Kleijn and S. Vandoren, Superconformal hypermultiplets, Nucl. Phys. B 568
(2000) 475 [hep-th/9909228] INSPIRE].

S.L. Cacciatori and D. Klemm, Supersymmetric AdSy black holes and attractors, JHEP 01
(2010) 085 [arXiv:0911.4926] [INSPIRE].

G. Lopes Cardoso, B. de Wit, J. Kappeli and T. Mohaupt, Black hole partition functions and
duality, JHEP 03 (2006) 074 [hep-th/0601108] [INSPIRE].

G.L. Cardoso, B. de Wit and S. Mahapatra, Subleading and non-holomorphic corrections to
N =2 BPS black hole entropy, JHEP 02 (2009) 006 [arXiv:0808.2627] [INSPIRE].

M.M. Caldarelli and D. Klemm, Supersymmetry of Anti-de Sitter black holes, Nucl. Phys. B
545 (1999) 434 [hep-th/9808097] [INSPIRE].

43 —


https://doi.org/10.1016/j.physletb.2017.05.076
https://arxiv.org/abs/1608.07294
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.07294
https://arxiv.org/abs/1803.01863
https://inspirehep.net/search?p=find+EPRINT+arXiv:1803.01863
https://doi.org/10.1007/JHEP10(2011)050
https://arxiv.org/abs/1107.3305
https://inspirehep.net/search?p=find+EPRINT+arXiv:1107.3305
https://doi.org/10.1007/JHEP05(2016)173
https://arxiv.org/abs/1603.00039
https://inspirehep.net/search?p=find+EPRINT+arXiv:1603.00039
https://doi.org/10.1007/JHEP12(2017)011
https://arxiv.org/abs/1706.04973
https://inspirehep.net/search?p=find+EPRINT+arXiv:1706.04973
https://doi.org/10.1007/JHEP03(2019)140
https://arxiv.org/abs/1806.04479
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.04479
https://arxiv.org/abs/hep-th/9701128
https://inspirehep.net/search?p=find+EPRINT+hep-th/9701128
https://doi.org/10.1007/JHEP07(2015)127
https://arxiv.org/abs/1504.03698
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.03698
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://doi.org/10.4310/ATMP.2003.v7.n5.a4
https://arxiv.org/abs/hep-th/0206161
https://inspirehep.net/search?p=find+EPRINT+hep-th/0206161
https://doi.org/10.1007/JHEP01(2019)199
https://arxiv.org/abs/1811.00292
https://inspirehep.net/search?p=find+EPRINT+arXiv:1811.00292
https://arxiv.org/abs/1605.06120
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.06120
https://doi.org/10.1007/JHEP08(2016)059
https://arxiv.org/abs/1605.06531
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.06531
https://doi.org/10.1016/0550-3213(83)90548-5
https://doi.org/10.1016/0550-3213(83)90548-5
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B184,77%22
https://doi.org/10.1016/S0550-3213(99)00726-9
https://doi.org/10.1016/S0550-3213(99)00726-9
https://arxiv.org/abs/hep-th/9909228
https://inspirehep.net/search?p=find+EPRINT+hep-th/9909228
https://doi.org/10.1007/JHEP01(2010)085
https://doi.org/10.1007/JHEP01(2010)085
https://arxiv.org/abs/0911.4926
https://inspirehep.net/search?p=find+EPRINT+arXiv:0911.4926
https://doi.org/10.1088/1126-6708/2006/03/074
https://arxiv.org/abs/hep-th/0601108
https://inspirehep.net/search?p=find+EPRINT+hep-th/0601108
https://doi.org/10.1088/1126-6708/2009/02/006
https://arxiv.org/abs/0808.2627
https://inspirehep.net/search?p=find+EPRINT+arXiv:0808.2627
https://doi.org/10.1016/S0550-3213(98)00846-3
https://doi.org/10.1016/S0550-3213(98)00846-3
https://arxiv.org/abs/hep-th/9808097
https://inspirehep.net/search?p=find+EPRINT+hep-th/9808097

[48] B. de Wit, S. Murthy and V. Reys, BRST quantization and equivariant cohomology:
localization with asymptotic boundaries, JHEP 09 (2018) 084 [arXiv:1806.03690] [INSPIRE].

[49] P. Benetti Genolini, J.M. Pérez Ipinia and J. Sparks, Localization of the action in AdS/CFT,
JHEP 10 (2019) 252 [arXiv:1906.11249] [NSPIRE].

[50] P.F. Hsieh and Y. Sibuya, Basic theory of ordinary differential equations, Springer Verlag,
(1999).

— 44 —


https://doi.org/10.1007/JHEP09(2018)084
https://arxiv.org/abs/1806.03690
https://inspirehep.net/search?p=find+EPRINT+arXiv:1806.03690
https://doi.org/10.1007/JHEP10(2019)252
https://arxiv.org/abs/1906.11249
https://inspirehep.net/search?p=find+EPRINT+arXiv:1906.11249

	Introduction
	Review of previous localization steps
	The one-loop set-up

	Vector multiplets
	Susy transformations and twisted variables
	Gauge fixing and ghosts
	Reality conditions and the D(10) operator
	Method I: mode analysis
	Mode expansion and boundary conditions
	Kernel analysis
	Cokernel analysis
	Result

	Method II: Atiyah-Singer index theorem
	Method III: refinement and Atiyah-Bott fixed point theorem
	Regularization and scale-invariant form
	Generalization to higher genus

	Hypermultiplets
	The compensating hypermultiplet
	Physical hypermultiplets

	The quantum entropy function in gauged supergravity
	Black hole solution and Killing spinors
	Kernel and cokernel of D(10) for the vector multiplet
	Solving the kernel equations
	Solving the cokernel equations


