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1 Introduction

In [1], with Kats, we explored techniques for studying the effects of self-interactions in
the conformal sector of an unparticle model. There, physics is encoded in the higher
n-point functions of the conformal theory. We studied inclusive processes and argued
that the inclusive production of unparticle stuff in standard model processes due to the
unparticle self-interactions can be decomposed using the conformal partial wave expansion
and its generalizations into a sum over contributions from the production of various kinds
of unparticle stuff, corresponding to different primary conformal operators. Such processes
typically involve the production of unparticle stuff associated with operators other than
those to which the standard model couples directly. Thus just as interactions between
particles allow scattering processes to produce new particles in the final state, so unparticle
self-interactions cause the production of various kinds of unparticle stuff. The resulting
picture, we believe, was a step towards understanding what unparticle stuff “looks like”
because it is somewhat analogous to the way we describe the production and scattering of
ordinary particles in quantum field theory, with the primary conformal operators playing
the role of particles and the coefficients in the conformal partial wave expansion (and its
generalization to include more fields) playing the role of amplitudes. We illustrated our
methods in the 2D Sommerfield model [2-6] that we discussed previously [7] in which the
Banks-Zaks theory is exactly solvable.

We also discussed explicitly how unparticle interactions at low energies evolve as the
energy increases and showed in detail how the underlying physics of the Banks-Zaks model
appears at high energy. The unparticle physics is always there, but as the energy increases,
more and more massive states in the Banks-Zaks model are produced, mocking up the
conventional scaling.

In this modest note, I continue with the study of the Sommerfield model, and make
more explicit the connection with the Schwinger model in the limit that the vector boson



mass in the Lagrangian goes to zero. What I hope may be new in this note is the explicit
calculation of correlators involving straight Wilson lines which is possible using the operator
solution of the Sommerfield model. The literature on the Schwinger model is huge and
varied, and I would not be surprised to find that many or all of the calculations in the
paper have appeared in some form elsewhere. Because trying to find every example is a
hopeless task, I will put a preliminary version of the paper on the arXiv and encourage
readers to let me know of connections with this work that should be discussed and/or
included in the references. And even if some of the results are familiar, I hope readers will
find that I have a different way of talking about them that may be stimulating.

2 Sommerfield and Thirring

We will begin with a review of the Sommerfield model to set notation which will be slightly
different from that in Kats.! The Sommerfield Lagrangian is
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It will be useful for comparison to consider the corresponding Lagrangian without the A*
kinetic energy term.
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In (2.2), A" is an auxiliary field proportional to the vector current
e — e .
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So (2.2) is equivalent to the Thirring model
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62
A= — (2.5)
2
my
'Our conventions, as in [7], are: ¢%° = —g'* =1, " = —¢'® = —¢p; = €10 = 1. From the defining
properties {7*,7"} = 2¢"” and 7°> = —1e€.,7"7", it follows that v#7°> = —e*”7, and yv" = g"" + €""~°,
1 —1 1
and we will use the representation 7° = (1] NE vt o= (1) 0 ), NP = A%t = 0 01>. Then the

components ¥ and 12 describe a right-moving and left-moving fermion, respectively. Lightcone coordinates
are defined by
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To solve these models, we decompose A* as

At = 0"V /mg + " 0, A/m (2.6)
where
m? =m3 +e*/x (2.7)
Then we can write
€Ol A” = euyﬁ“e”ﬁﬁgfl/m = 0, 0" A/m 0 At = 0,0"V /mg (2.8)

and the Sommerfield Lagrangian becomes
_ _ 1 1 2
Ls =i P — Pyt (V/mo + 0, A/m) + 5 ATP A+ 29, V0"V — %@Aam
(2.9)
while the Thirring Lagrangian is just missing the [J? term
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If we change the fermionic variable to

U = cie(V/mot Ay /m),, (2.11)
the fermion becomes free:
—_ 1 1 9 1
Lg=1VIV+ 58,)/8“1/ + WAD A — iau.A(?“A (2.12)
Lr=iVPV+ %aﬂvaﬂv + —%aMAéWA (2.13)

In the last terms in both (2.12) and (2.13), mZ/m? has been replaced by 1 in order to
account for the fact that the path integral measure is not invariant under the A part
of (2.11) [8].2

Focusing on A in (2.12), we can replace it with somewhat more normal looking fields
as follows.

1 2L Iz _m72 2 1 H
55 AP A = S0, A0 A — — "B + BOA = 20, A0" A (2.14)
2
= —%82 + %8MB<9”B - %aucaﬂc (2.15)

where C = A + B, so B is a massive field and C is a massless ghost. In the Thirring
Lagrangian, A is already a ghost, so we can just replace A — C and the Lagrangians
become

_ 1 2 1 1
Ls =i P+ S9,V0"V - B>+ J0,B0"B — 50,00'C (2.16)

— 1 1
Ly =10 PV + SOV — £9,C0"C (2.17)

2The same effect gives mass e/+/7 to the gauge boson in the Schwinger model. See also [9].



and the original fermion and vector fields can be written in terms of free fields

Ys = e—ie(V/mo+(C=B)y*/m) Y = eie(V/mo+Cy®/m) gy (2.18)
A =0"V/mo+€"9,(C—B)/m AL =0"V/mo+ 0,C/m (2.19)

Thus the Thirring model is just the Sommerfield model without the B field! This makes
sense because it is physically obvious that the Sommerfield model goes to the Thirring
model in the limit mg — oo with e/mg fixed, but (2.3), (2.18) and (2.19) make the corre-
spondence very explicit.

We can use (2.18) and (2.19) straightforwardly to write down the Green’s functions of
both models. This is done in appendix A.

3 The Schwinger point

There a much less trivial limit of the Sommerfield model — the limit mg — 0 with m fixed.
The mg = 0 theory is the Schwinger model [10], invariant under gauge transformations:

Y — ey A“—>A“—? (3.1)

But the limit my — 0 is potentially singular because the formal gauge invariance of the
mg = 0 theory means that there is no physical degree of freedom associated with the A*
field. This shows up in the factors of 1/my in the A* propagator. However, the singular
piece is a pure gauge. As long as we calculate only gauge invariant quantities (including
appropriate Wilson lines [11]), nothing will depend on this and the limit should makes
sense and go over smoothly to corresponding calculations in the Schwinger model [10].
We should be able to see that the fermions are confined — or “bosonized” [12] — and
understand how the unparticle sector disappears and a mass gap appears.

The first comment is that to have any hope of constructing a gauge invariant quantity,
we can only look at objects with fermion number zero. For these, it is easy to see how this
works for the V field part of A* where the contribution from a Wilson line can completely
cancel the V dependence and get rid of everything that is singular as mg — 0, so the
limit should be well defined. Conversely, if the fermion number is not zero, there is no
way to cancel the V dependence and this implies that these things will not be well-defined
as mg — 0.

The simplest interesting things to look at are the correlations of the local “unparticle”
operators

Os1(x) = hy(x)1(z) and  Orz(z) = Y1 (z) Ya() (32)

These are gauge invariant and should make sense in the Schwinger limit. First consider
the 2pt function,

(0T O12(z1) O21(22)]0) (3.3)



We can read off (3.3) from figure 2 with Cp set equal to 1 and the result is

Sl(x1—x2) SQ(LI?l—xQ) C($1—$2)4 (34)
1 262 i 1 1—(e?/m)/m?
= 3 OXP <7r;2 (Kg <m — (21 —x2)2+ze> +In ({m))) (—(331—332)24-26>
(3.5)
where
E=e%/2 (3.6)

At short distances, C'(x1 —x2) — 1 in (3.4) and the result goes to a product of free fermion
propagators. But in (3.5) at long distances you can see clearly the magic result of the
Schwinger limit of the Sommerfield model. When m? = e2/x, the last term in (3.5) goes
to 1 and only the massive propagator survives. But for m? > €2/, we see the unparticle
contribution at long distances.

The magic at m? = e2/7 is responsible for one of the more confusing features of
the Schwinger point. If (3.5) is to satisfy cluster decomposition, the operators must have
non-zero vacuum expectation values, because it must be that

(0]T O12(21) O21(22)|0)  —  (0]O12(21)[0) (0]O21(22)|0) (3.7)

—(z1—z2)2—00
This means the vacuum at the Schwinger point must be degenerate with

00)[0) = S e (0j0n(2)[0) = T e (38)
where 0 is the parameter that labels the vacuum state. [13-15] One might worry that
because these VEVs vanish in the Sommerfield model, there is something discontinuous
about the limits that we are studying that will cause problems. But in fact, unless some-
thing else is coupled to the unparticle operators, (3.2), such as a mass term, a source, or a
more complicated interaction, there is absolutely no physics in these VEVs. They must be
there for the theory to be consistent with cluster decomposition, but they have no other
consequences.

The tools in the appendix (and [1]) can be used to show that the behavior we see
in (3.5) persists in correlation functions involving more than two of the local unparticle
operators, (3.2). In the free-field description of section 1, the local unparticle operators are

Wh(2) Uy (x) e 2164 = Wk (2) Uy (z) e 2eCB)/m - (3.9)
Wk (2) Uy () XA ™ = Wi (z) Uy(z) e2C—B)/m (3.10)

O21(z) = ¢3(x) 1 ()
Or2() = ¥y (2) 2 ()

In the Schwinger limit, the ¥ and C contributions conspire to give constant contribu-
tion to all long-distance correlators of these objects, so that all the physics (except the
VEVs, (3.8)), is in the exponentials involving the massive field, B,

6:I:2ieB/m (311)



How does the magic result in the Schwinger model fit in with bosonization? It seems
that we can create perfectly well-defined operators out of the local fields in which the
massless degrees of freedom show up at short distances. In the local limit, there is nothing
fermionic about it, but the short distance limit of (3.5) looks like it arises from a pair
of massless fermions. Where does this come from in a theory with a mass gap? Clearly,
it is a large energy phenomenon. The large momentum behavior of the Ké&llén-Lehman
representation is obtained asymptotically because the exponentials, (3.11), produce more
and more massive vector states as the energy increases.?

In more detail, what is happening is that the exponential of the unparticle ghost exactly
compensates for the bi-fermion contribution in (3.4). At smaller €2, the compensation is not
exact. The fermion wins and one has an anomalous dimension for the unparticle operator.
For larger €2, the ghost wins and the theory is not unitary.

Going in the other direction, from the Schwinger model to the Sommerfield model, this
discussion suggests that we might regard the unparticle sector as the result of “incomplete
bosonization.” In the Sommerfield model, for e? < mm?, the ghost fields do not couple
strongly enough to completely eliminate the long-distance physics of the massless fermion
fields. The fermions are not confined into particle bound states. But neither do their
propagators have poles like normal particles. They are unparticles.

Although it is not the primary thrust of this paper, it is worth mentioning what
happens to this discussion of the local unparticle operators if we generalize the Schwinger
model to include n massless flavors (see [16]). This model has a classical chiral U(n) x U(n)
symmetry which is presumably broken by the chiral anomaly down to SU(n)xSU(n)x U(1).
At the Schwinger point, because the vector boson mass gets contributions from each of the
n flavors, e?/m? is 1/n times what it is in the 1-flavor Schwinger model. The ghost
contributions to the anomalous dimensions of the (7, n) of unparticle operators (where the
first subscript on v is the fermion label and the second subscript indicates the chirality),

OilZ = ¢;1¢k2 and Oigl = ¢;‘<27/)k1 (3.12)

are down by 1/n compared to what they are in the Schwinger model and so do not cancel
the free fermion contributions to the 2-point functions. But the cancellation does take
place in the 2-point function of the chiral SU(n) x SU(n) singlet operators

n n
O;L;ﬁavor = H Wﬂ/)@ and ngﬂavor = H ¢2<21[}g1 (313)
=1 (=1

for which
2n
—Ilavor n—Iiavor m .
(0] T Oy 1aver (1) O aver (1:9)|0) = <j7r2) exp <2mrK0 (m —(331—332)2+ze)) (3.14)
with & = GWTE as in (3.6). Thus cluster decomposition requires that these operators have

VEVs,
&m

42

3There are lots of less trivial examples worked out in [1].
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4 Wilson lines

If the fermions and antifermions in our operators are separated in space-time, we need
Wilson lines [11] to make things gauge invariant. Thus, for example, we should be able to
look at the VEV

(0T O11(y, 2)[0) (4.1)

Oni(y,2) = T (y) exp (— [ ) dzﬂ) () (42)

I am particularly interested in space-like Wilson lines because they are the simplest thing
to look at, so (4.1) could be all at one time, but if we want to think about anything but
a straight path in 141, we need the time dimension as well, so we do the calculation in
general. Under the gauge transformation this goes to

. Y Y .
(0T % (y) e W) exp <—ie/ Au(z)dzt —{—i/ 0,0(2) dz“) @) 4y (2)]0) (4.3)
. Y .
(O 7 () 0 exp (— [ Auteazn o+ i) - w(z)) SO Y@y (44)
The VEV in (4.1) is gauge invariant for any path in the Wilson line, but the value may

depend on the path. For simplicity, we will calculate it for a straight path from x to v,
which should give a Lorentz covariant quantity:

z(a)* = (1 — a)z" + ay* dzt' = (y* — 2#) da (4.5)
o)l =2t = ay" — o) (@) =yt = (1 —a)(@" —y") (4.6)

and we can use
U (z) = e—ie(V(z)/mo+A(z)/m) Uy (z) (4.7)

and (2.6) to calculate the contribution of the Wilson line. The general argument above
shows that the Wilson line simply cancels the 1/mg dependence in the anomalous dimension
that come from the V fields. So we set these to zero in calculating (4.1). Thus the Wilson

line is
z(1) e [*D
exp —ie/ Au(z(a)) dz(a)” = exp —i/ e 0o A (2(a)) dz(a)”
2(0) V=0 mJz(0)
(4.8)

To calculate the contribution of the A fields to the Wilson line, we will do the Wick
expansion of all the A fields in (4.1). This is much easier than it looks for the straight

paths, because the € in (2.6) causes many terms to vanish. For example, all the terms in
which an A in the Wilson line is contracted with an A in 1 or ¥* vanish because all the
coordinate dependence is in the same direction, proportional to y* — z#. For example, if
the A(z(a)) in (4.8) is contracted with A(z), the result is a function of (z(a) — z)? and
the derivative with respect to z(«a), is porportional to z(«a)” — ¥ = a(y” — ") which is
orthogonal to €., dz(a)”. Thus for the straight path (4.5), the VEV (4.1) is simply the



usual contribution to the 2-pt function with the 1/mg terms removed multiplied by the
vacuum value of the Wilson line.

We will now evaluate the Wilson line contribution explicitly. Lorentz invariance is
crucial here and I want to look at space-like Wilson lines so we will use F(—2?) = F(—ztz,,)
for the A 2-pt function which is

F(—2?) = L [KO <m\/ —x2 + ie) +1In (e”Em\/ —x? 4+ ie/Z)] (4.9)

21

Now look at the Wick contractions of the Wilson line, which is

62
W(x —y) = exp <—m2 Y(x— y)) (4.10)
where
1
Ya—y) = / € A2(01)" €y (0220, 0%, F (— (o) — 2(a))?) (410)

To evade annihilation by the es, the partial derivatives must both act on the same factor
of (z(ay1) — z(a2))?, so this is

= [ i do(@0) i ()2 F (= le) —2(@))?) (@12
=—(y—=)° / doy dovy F' (—(ay — 02)*(y — 1)?) (4.13)
where
/ , 1—mv—22K; (m —x2>

F(=2%) = = 4.14
(=) o (4.14)

For a space-like Wilson line, (4.13) is
Y(z—y) =0 / day dog F' ((on — a2)2€2) (4.15)

where £ is the invariant length, /—(x — y)2. Now do the as integration for fixed @ = a3 — a9

> —
=01 —a mflx( @,0) (4.16)
<min (1 —a,1)

e If & >0, this is [0,1 — |«]].
e If o <0, this is [|a], 1].

So the integral is always 1 — || so it is

_ /_11 dor (1~ a]) F' (a2) (4.17)

1 —alKi(la)

2ma?

= 202 /01 da(1—a) F' (o?0?) = /01(1 —a) da (4.18)
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Figure 1. 1 — aK;(«) versus a.

It is straightforward to get a qualitative understanding of the large ¢ behavior of (4.18)
from the graph in figure 1. For a < 1, the numerator factor 1 — aK;(a) goes to zero
because of the cancellation between the ghost and the massive gauge boson contribution.
For o > 1t goes to 1 because the massive gauge boson contribution vanishes exponentially.
The leading term from the 1 in the (1 — «) factor grows linearly with ¢ because the linear
divergence from the denominator at small « is cut off for @ ~ 1/¢. The integral can be
done explicitly for the o term in 1 — a. It grows more negative like a log at long distances
because the log divergence at small « is again cut off for & ~ 1/¢. Putting the two together
and putting the factors of m back gives for the large ¢ behavior of the integral

mTE — % (log(e€ml)) + - - (4.19)

which means that (4.1) goes to zero exponentially for large ¢, like

2
exp (_Z”f> 662/(27rm2) (egm)e2/(2ﬂ'm2)

, (4.20)

_ 2
= exp <_W> €%/ (2mm?) (efm)eQ/(%er)

SO
62 — (T — y 2 62 47'(m2 62 7rm2
W(w—y) =exp (—4(7,”) (~(@=)2) O (egm) /T (4.21)
The contribution of the Wilson line simply gets multiplied by the usual contribution
from the fermion 2-point function, without the Cy terms. This can be read off from figure 2
and (A.11)-(A.14) with Cj set equal to 1 and the result is

ety (4.22)
- x+2_7ry+ P (2;;2 (Ko (myv/=(@=y)?+ie) +1n (fm))> (—@—2)%%) 12/ (dmm?)

(4.23)



Putting this all together with £ = \/—(x — y)? gives
+ _ .t 2
T 7Y exp <_e£> (0)~2FHe/(Tm) (o2 2)e?/(2mm?) | (4.24)
s dm

or

+_ gt 2/ (r—2)2 2 2
3|y ( — ) (~(a—y)?) 2T (cgmyet e

(4.25)
where the unwritten terms have additional exponential suppression at large ¢. In the
Schwinger limit, e = 7m?, there is only exponential scaling at long distances. Thus the
Wilson line effectively screens the fermion charges in the Schwinger limit. But as for the

2 < 7m?, there is

correlation functions of the unparticle operators, O12 and O, for e
power-law dependence with anomalous dimensions at long distances.

Now for something more complicated.

On(y.2) = Twi)exp (ie [ A, ) (o) (4.26)
Oualya) = Twiw)exp (—ie [ 4,21 ) (o) (427)
Onlya) = Tui)exp (—ie [ 4,1 ) (o) (4.28)
The interesting case is the object
(OIT O12(w1, y1) O21(22,2)[0) (4.29)

Now we have two Wilson lines on two straight paths,

zj(a)t = (1—0@)33?—1—043/5 dz;‘(aj) = (yf—xé‘) daj (4.30)

zj(oy)! =i = a; (yf —f) zj(og) =y = (1—ay) (2} —y}) for j=1or2 (4.31)

The two Wilson lines are the same as before, but now there is a contraction between the
two and between each of them and the s on the other operator.

Before tackling this in general, let’s look at the simpler situation in which we keep
yo = x3. Now there is only one Wilson line, and to avoid subscripts I will take

(O[T Or2(y, ) O21(2, 2)|0) (4.33)

Without the Wilson line we have
Wk (y) AWMy (1) FA@/MGE (2) Wy (z) e 2AE)/m (4.34)

which gives
Clz —y) ' Si(z = 2) Ol — 2)* Sa(z — y) Cly — 2)° (4.35)

~10 -



Now we can define the Wilson line exactly as in (4.5)—(4.8). Again the contractions of an
A in the Wilson line with A(x) or A(y) give no contribution, and the contractions within
the Wilson line give W(x — y), given by (4.21), (4.11), and (4.18). The new piece is the
contribution of contractions from the Wilson line to .A(2), which is Z(x,y, z)> where

o2
Z(l’,y,Z) = exp <77’L2X(x7y72)> (436)
with F given by (4.9) as usual this is
X(@.2)= [ Guds(a) @ F (- (2()-2)") (4:37)

26, (4 =) (2 =) / do P (— (2(e) ~2)?) (4.38)

1=y~ (s(e)—2)* K (- (2(0)—2)?)

(2(a)—2)"

1
:%ew(y“—x“)(z”—x”)/da

(4.39)

The denominator of (4.39) is

(2(0) = 2" = (1 =)z = 2)* + a2y —)* —a(l =) ((w =) = (0 = ) = (y = 2)?)
(4.40)
= (1= a)(@ =2+ aly - 2)* - a1 - )& - 1)? (4.41)

In this case, if we take all the distances large compared to 1/m, the numerator of the
integrand goes to 1 and the denominator is integrable and gives

log ((x—y)?—(z—z)Q—(y—z>2+\/<<x—y>2>2—2(z—y>2<<m—z>2+<y—z>2>+<<x—z>2—<y—z>2)2>
(292 ~(2-2)2~(y=2)—V(@=9)*) 26— (¢—2)+(y—2))+ (2 -2) —(y—2)?)? (4.42)

\/((:C )" =20z — )2z =22+ (y = 2)?) + ((x = 2)2 = (y — 2)?)?

Note that the square root in the denominator of (4.42) is the absolute value of the numerator

factor, €., (y* — a#) (2 — x¥),* so for large distances, (4.38) can be written as

L (z—y)®— (@ —2)* = (y — 2)* + e (" — ") (z¥ — ")
log (( ) — (2= 2)2— (Y — 2)2 — € (Y — i) (27 — xy)> (4.43)

27
and therefore for large distance

(z—y)? = (x—2)2 = (y — 2)> + e (y* — ) (2 — l‘”)>62/(2ﬂm2) (4.44)

2z = <<x e e R Y e DI L)

Note that a parity transformation interchanges Z and Z~'. Clearly, while there is some
dependence on the directions of the 2-vectors, the result is constant as we go to long
distance for fixed angles.

4The combination is cyclic. €, (y* — z") (2" — ") = € (x — 2) (y* — 2¥) = € (2" — ") (¥ — y¥).

- 11 -



Thus the long-distance behavior of (4.33) is (4.44) times (4.35) multplied by the Wilson
line, (4.10) —

o< Z(,y,2)° Wz —y) Oz —y) 7' Si(z — 2) Oz = 2)* S2(z = y) Cly — 2)°  (4.45)

If we go to the Schwinger point, m? = e2?/m, we can use cluster decomposition as we
did in (3.7) to find the VEV of Ojy(, 4

(OIT O12(y, ) O (2,2)[0) | —  {0]012(x,9)|0) (01021()(0) (4.46)
(z—y)? fixed

Comparing (4.45) with (3.4) and (3.8) and noting that

Z(x,y,2)  —r 1 (4.47)
? et

we see that

m
(0/012(,1)[0) = Wz — y) Cla — ) S o (1.45)
As x — y, this goes to (3.8) (as it must) and for large distances, this is
e? Em
(= y)2) 2 4.4
Ve (— v/ e (1.49)

which at the Schwinger point goes to

Ve exp (—Wm\/W/ZL) 2—7: e (4.50)

Now back to the fully non-local situation, (4.29). The contribution without the Wilson
lines is

Clar—y1) ™" Clza—y2) ™" Clx1—z2) Cy1 —y2) Sa(w1—y2) Cz1—y2) S1 (w2 —y1) Cm2—11)
(4.51)
Now we have two Wilson lines, which give a factor of

W(z1 — 1) W(z2 — y2) (4.52)

There are four contractions in which an A in one of the Wilson lines gets contracted with
an A associated with one of the fermions in the other operator. This is the calculation we
just did, so there are two Zs and two Z~1,

Z(x1,y1,22) Z(21,91,¥2) Z(22, y2,21) " Z(22,y2,91) " (4.53)

The new piece is the contraction of an A in the Wilson line from z; to y; with an A
in the Wilson line from x2 to y2. This gives a contribution that looks familiar in terms of
the function F of (4.9):

o2
H (21,1522, y2) = exp <—mg Y12> (4.54)

Yip = / €prvy dzl(al)mﬁmw dz?(OC?)Mazyll(al)aZ;(az)F <_ (Zl (Oq) - 22(a2))2>
(4.55)
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where

(s1(en) = 22(02))" = (21 = 22) + on(n = w1) — Qa2 —22)) " (4.56)

For simplicity, we will consider the case in which z(a1) — 2z2(a2) is space-like for all o
and as.

(z1(c1) = z2(a2))" (21(a1) — 22(a2)),, for 0 < ar,ar <1 (4.57)

This is a rather restrictive condition in 1+1 dimensions, as we will see.

Vi =2 [ iy do1 (00" € dial02)2 02 a1 () 2(02)) P~ () 2a(0)?

(4.58)
=2 [ i (1) G din() <9F (— 1) =z2(0)))
(4.59)
—2(21(&1)—22(@2)) (21 051 2’2 a2 F”( 21 a1 2’2 ag ))
:2/€um (y1—21)"" da €pgu, (Y2 —22)12 das (QWQF' (z1(c1) Z2(a2))2)
(4.60)
—2(21(&1)—22((12)) (21 041 2’2 a2 F”( 21 041 2’2 a2 ))
2—2/0301 daz ((yl—xl)u(yrxz)“F' (— (Zl(al)—22(a2))2>
_2(9M1M29V1V2 _gM1V29V1M2) (Z/l _xl)m (yQ—x2)M2 (4'61)
(21(01) = 22(02))" (21 () ~ za(0))* F (- <zl<a1>—zQ<az>>2)>
Define
L(ay,a0) = — (21(a) — 22(a2))2
= —<(1 —a1)(1 — ) (w1 — 22)* — a1 (1 — ar) (w1 — y1)? — (1l — az) (w2 — y2)?
+araa(yr — y2)* + a1(l — a2)(y1 — 22)* + az(l — aq) (21 — y2)2) (4.62)
o= PO () — mp(az)), = 20— ) (o) — 2a(a)), (469)
00 20O ) - o), = 20 - ) (o) — ), (464)
2
S = 2y — 1) 2 — ) (1.65)
2
e = o (o F/0)) = g o F(L) 2 =)o~ 22), F'(L) (400
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Then we can rewrite (4.61) as

Yig= / (—2(y1 —21)u(y2 —22)" (F/(L)+2L F”(L)) +§f1 ;.Z F”(L)> dardas  (4.67)
2
-/ (—4<y1—x1>u<y2—m2>“ (oL )+ 52 §a> dou da (4.68)

The structure of (4.68) is remarkably simple, and the consequences of this simple form
are even simpler and more remarkable. As long as L is bounded away from zero in the
integral (4.67) (which follows from (4.57)), the term proportional to (y; —x1),(y2 — z2)* is
exponentially suppressed for distances larger than 1/m because the two terms cancel the
log term in F', leaving only the Bessel function term. For the second term, the integral can
done trivially (and, in fact, is independent of the path), and the final result is

Vig = (F(L(O,O))-FF(L(L1))—F(L(1>0))—F(L(0»1)))+“‘

(4.69)
= (F(—($1—9€2)2)+F(—(y1—y2)2)—F(—(x1—y2)2)—F(—(y1—$2)2)) +-

If all the distances are large and space-like, this is

1 (r1 —22)*(y1 —92)*\ |
An (log (21 — y2)*(y1 — ﬂ?2)2> i o

where the unwritten terms come from the Bessel function and are exponentially supressed
if (4.57) is satisfied and thus at long distances

e2/(4mm?)
(x1 = y2)* (41 — $2)2> /
H(z1,y1; 22, = 4.71
( 1, Y1522 3/2) ((:El _ 2132)2(2/1 — y2)2 ( )
But it is useful to remember (4.69) in its general form, which gives
Fl—(@=3)?) (F(—n—e))) | © /™
H(:’Ul? yla x27 y2) = eF(_(Z'l_J?Q)z) eF(_(yl_y2)2) + ° (472)

because we can use this form to calculate this contribution even if we put n Wilson lines
together end-to-end. The n Wilson lines are

Wz —y;) = Wiz — zj41) (4.73)

where we have labeled x; = 2;, y; = 241 for j = 1 to n. In addition to the n Wilson lines,
we have n(n—1)/2 H factors — one for each pair of Wilson lines. So the result should be

[TWG =200 | | T H G 2415 20 2601) (4.74)
j=1 i<k
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Naively substituting this into (4.71) would give factors of (—(z; — zj)2)62/ (4mm®)  However,
from (4.72) we see that these factors should all be replaced by 1, because they arise from
the exponential of F'(0) = 0. Interestingly, when this is done, the result is rather simple

n Wiz — 2 €2 /(4mm?
exp(eQF(—(z1 - zn+1)2)/m2> H (2 = %+1) (4.75)
=1 \exp(@F (= (z = 2141)) /m?)
If each of the segments is very long compared to 1/m, this becomes
62 - e?/(4mm? n e?/(2mm?
exp _RZ —(zj — zj11)? | (—(=1 —Zn+1)2) /! ) (e"em)e/Gmm?) (4.76)

The factors are suggestive when compared to the result for a straight Wilson line, (4.21).
The first factor is just the exponential of minus the (now jagged) path length times €2 /(4m),
as in the single Wilson line. The power-law factor in the middle also appears in the Wilson
line at long distances, (4.21). There are some issues however. The last factor of (4.76)
differs from the corresponding factor in (4.21) by e(n—1)e?/(2mm?) " Thig difference is related,
I believe, to failure of the condition (4.57) at the n — 1 points where there Wilson lines
are joined together. When y; = zo in H(z1,y1;22,%2), L vanishes in the corner of the
integration region, for a; = 1 and as = 0. Thus we cannot conclude that the contribution
from the first term in (4.68) is exponentially suppressed. And in fact, if all the Wilson
lines are parallel, it is easy to see analytically that this provides the missing factors (as it
must in this case because we could have calculated the result for the straight Wilson line
by breaking it up in pieces). In general, the last factor gets replaced by

n—1 )

(&
(e€m) H exp (27rm2 (1 — 6 coth Gj)> (4.77)

j=1
where
_ . — . 12 . _ .
0; = ArcCosh (22 = 2+)" (1 = %) (4.78)
V(Zj42 — zj41)M (42 — 2j11)u (2j41 — )V (Zj41 — 25)0

is a measure of the change of direction in 141D between the jth and (j+1)st Wilson lines.
Thus one may think of this as some kind of “curvature correction.” The 6; dependence

cancels the n—1 extra factors of e¢”/(2mm?)

in (4.76) when all the 6; vanish, and gives
additional suppression for non-zero 6;.
Finally, one may be tempted to take z,4; = 21 in (4.74) and create a gauge invariant

Wilson loop. Unfortunately, in 141D, this is not consistent with (4.57), which requires that
— (Zj+2 — Zj_:,_l)M(Zj_;,_l — Zj)lt >0 forallj=1ton—1. (4.79)

Thus because a loop in 141 requires a change in the spacial direction and/or time-like
Wilson lines, there is always a region in the « integration for some of the Wilson lines in
which L changes sign, so the result and the calculation become complex (in different ways).
The explicit calculation of entire Wilson loops in this model have been studied in a very
different way by Falomir, Gamboa Saravi, and Schaposnik in [17]
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5 Comments

I hope that focusing on the relationship between the Sommerfield model and the Schwinger

model as I have in this paper may provide a slightly different approach to some of the

fascinating physics of these models. I hope also that the simple, explicit calculations done

here may find applications in other areas.

Acknowledgments

I am grateful to Brian Warner for discussions and look forward to discussions with other

colleagues. This work is supported in part by NSF grant PHY-1719924.

A Correlation functions

From [1], we find the non-zero fermion correlators (which must have equal numbers, ni, of

Y1 and ¥ and equal numbers, ng, of ¥y and 13)

<0T [T () | | T vew2) dalyzy) 0>

Jj=1 J=1

ni
= HC'O(l’lj —y1k) C(x1 —yik) S1(@1; —y1x)
ik
n2

X H Co(x2j—yar) C(x2j—yar) S2(x2j — yor)
ik

ni
X H Co(z1;—w11) F C(w1j—218) ' S1(21j —298)
i<k

na
X H Co(wa;—wap) F C (w25 —2ok) "' Sa(wej—mo1)
i<k

ny
[ TT Colwri=var) ™" Clyrj—vir) ™" S1(yr;—yar) "

i<k

na
| T Colyaj—var) ™" Cyaj—yar) ™" Sa(yaj—yor) ™

j<k
ni,ng n2,ni

< | T Colar;—yor) Clar;—yor) " 11 Colwai—yir) Claz;—yar) ™
Ik gk
ni,ng ni,n2

x| TI Co@rj—zar) ™ Clarj—war) | | T] Colyrj—var) ™ Clyrj—var)
gk ak
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Figure 2. Pictorial representation of the fermion correlation functions.

where for the Sommerfield model

[ 2 _82 7rm2
Co(x) = exp i;% [D(z) — D(O)]} x (—a? + ie) fAmmy (A.10)
_' "
C(z) = exp i3 [(Az) = A(0)) — (D(z) — D(O))]}
- 02
= exp 5 [Ko (m\/ —x?2 4+ ie) +1In (fm\/ —x? 4 ze)]] (A.11)
| 2mm
with £ = 'ﬂTE as defined in (3.6)
N dzp _ipe pO _ (*1)06191 1 20 — (71)04:61
S (@) = / (@2m)2 © P +ie  2m a?—ie (A.12)
d*p —ip P’ +p! 1 2%+ 2!
- ip ___—r Ty Al
$1(x) / (2m)2 ‘ p? +ie 21 2?2 — e (A-13)
2 R 1 20 _ 41
_ ip _ 1 A.14
Sa(x) / (2m)2 ¢ p2 + e o2m x2 — e ( )

and for the Thirring model, the massive A propagator is absent.
Many 141 miracles go into making this work. The most miraculous is that we can
write the sum of all the ways of contracting the fermions as a single term

(Z(_l)s(P)HSZ(mj_yP(j))> = (=1)" 2T Se(zj—we)/ [ [ Selaws—aw)/ T Sey;—ve)
j=1

P J,k=1 <k i<k
(A.15)

for £ =1 or 2. The factors in (A.1)-(A.9) are summarized in the diagram in figure 2.
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