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1 Introduction

Lo-algebras are natural generalisations of graded Lie algebras, in which the Jacobi identity
is allowed to hold only up to homotopy. They were introduced by Schlessinger and Stasheff
in [1] in the context of rational homotopy theory. For several years now, L..-algebras
have become increasingly important in mathematical physics, especially in string field
theory [2, 3], where they organize the terms of higher order in perturbed actions, and in
deformation quantisation [4, 5].

The main focus of this article will be on L.-algebras that appear naturally in the
Batalin-Vilkovisky quantisation of classical field theories. This has been the subject matter
of several recent works [6-9]. The guiding philosophy is that the equations of motion of
a classical field theory can be written in the form of homotopy Maurer-Cartan equations
associated with an appropriate Loo-algebra. These equations are “universal” in the sense
that they can be derived from the variation of an action functional which is a higher order
version of the Chern-Simons action. Somewhat more generally, the Ly,-algebra underlying
a classical field theory captures all the information about its gauge symmetries, field content
and Noether currents.

Recently, it has been established by Macrelli, Simann and Wolf [10] that the Loo-
structure of a classical field theory may also be used to determine the recursion relations



for its tree-level scattering amplitudes (see also [11] and [12]). These authors worked out in
detail the concrete case of Yang-Mills theory. More precisely, they found that the recursion
relations for the tree-level scattering amplitudes in Yang-Mills theory, which are known
as the Berends-Giele recursion relations [13], arise as recursion relations of the underlying
quasi-isomorphism between the Yang-Mills L.,-algebra and its minimal model.

On the other hand, it is well-known that, given a massless quantum field theory, a
knowledge of the tree-level scattering amplitudes implies a knowledge of all solutions of the
classical equations of motion of the corresponding classical field theory. To substantiate
this statement, Rosly and Selivanov [14-19] considered an ansatz for such solutions as a
formal plane-wave expansion, which, at the same time, can be regarded as a generating
function for all tree-level scattering amplitudes in the theory. In accordance with these
authors’ terminology, this ansatz is called the pertrubiner expansion.

In view of the preceding discussion, it should not come as a surprise that the perturbiner
expansion for a classical field theory can be systematically encoded in the minimal model of
the L-algebra that governs it. It is the purpose of this article to corroborate the validity
of this statement in the concrete cases of bi-adjoint scalar and Yang-Mills theories. To
be more specific, for these theories, we shall prove that the correct Loo-structure on the
minimal models can be constructed explicitly, and this goes hand in hand with a derivation
of the perturbiner expansions “from first principles”, i.e., from the defining L..-structures.
As a by product, we shall also show that the actual tree-level scattering amplitudes can
obtained by plugging in directly the perturbiner expansions into the homotopy Maurer-
Cartan actions. This is to be contrasted with the original deduction of these perturbiner
expansions [20, 21], where they are merely thought of as ansatzs that lead to a series of
recursion relations, such that finding a solution to the recurrence leads to finding a solution
to the equations of motion. It could therefore appear that by stressing the abstract algebraic
Loo-structure of the theories in question one gains a deeper conceptual understanding.
Moreover, this approach to determining perturbiner expansions seems to be universal and
applicable to any classical field theory admitting an L.-algebra formulation.

To close this introduction, we wish to emphasise that perturbiner methods have been
the object of much recent attention. Mafra and Schlotterer have used them extensively
to study perturbative aspects of D = 10 super Yang-Mills theories [22-24], as well as o'~
expansions of disk integrals in string theory [25]. They have also been applied to derive
Berends-Giele recursion relations for the bi-adjoint scalar theory [20] and the study of
o/-deformations of Yang-Mills theory [26]. In addition to all these, Mizera and Skrzypek
have constructed perturbiner expansions for effective field theories with and without color,
including non-linear sigma models, special Galileon theory, and Born-Infeld theory [21].
Lastly, and even more recently, the perturbiner expansion has been applied to obtain
multi-particle super Yang-Mills superfields in the BCJ gauge [27].

The present article is organized as follows. We begin in section 2 with a review of
the basic definitions and results concerning L..-algebras, homotopy Maurer-Cartan the-
ory, and the perturbiner expansions for the bi-adjoint scalar and Yang-Mills theories. In
section 3 we discuss the L.o-algebras relevant to the bi-adjoint scalar and Yang-Mills the-
ories and demonstrate how the perturbiner expansions for such theories arise from the



Lo-structure of the corresponding minimal models. Section 4 describes how the tree-level
scattering amplitudes in bi-adjoint scalar and Yang-Mills theories can be obtained by in-
serting the perturbiner expansions into their respective homotopy Maurer-Cartan actions.
The summary and conclusions are given in section 5.

2 Preliminaries

As alluded to in the introduction, our interpretation of the perturbiner expansion for the bi-
adjoint scalar and Yang-Mills theories is tied up in the L,-algebra language. We therefore
begin with a review of the required facts.

2.1 L.-algebras

More information on this subject can be found in [28-30] and the references therein. The
relevance of Loo-algebras in physics was discovered in [2] and is explained in detail in [3].

Let V = @z VF a Z-graded vector space. Given a permutation ¢ € &, and ho-
mogenoeus elements vy, ...,v, € V, we define the graded Koszul sign x(o;vi,...,vy,) to
be the product of the signature of the permutation (—1)7 with a factor (—1)/llvit1l for
each transposition of v; and v;y1 involved in the permutation. As a piece of terminology,
we recall also that a permutation o € &,, is called an (i,n — i)-shuffle if it satisfies the
inequalities 0(1) < --- < o(i) and o(i + 1) < --- < o(n). The set of (i,n — i)-unshuffles is
denoted by &; ;. More generally, a (i1, ..., 4,)-shuffle means a permutation o € &,, with
n =141+ - - +1, such that the order is preserved within each block of lenght 1, ...,%,.. The
set consisting of all such shuffles we denote by &;, ;. .

An Leo-algebra is a Z-graded vector space L = @c» L* equipped with linear maps
l,: L®" — L of degree 2 — n which are totally graded skew symmetric in the sense that

In(To()s - s Tom)) = X(0521, -+ s Tn)ln (21, -, Tn), (2.1)

for any 0 € 6, and x1,...,x, € L, and are also required to satisfy the constraints

n

Z(_l)n_i Z X(J; L1y 7$n)ln*i+1(li(l'0(1)7 cee 71;0(2'))7 Lo(i+1)s - 7$J(n)) =0,

i=1 0€S; n—s
(2.2)

for any n > 1 and z1,...,x, € L.

Condition (2.2) may appear somewhat mysterious, but actually provides a generalisa-
tion of the Jacobi identity for an ordinary Lie algebra. Let us try to understand this by
examining it in particular cases. For n = 1, it states that [; is of degree 1 and satisfies

li(l(z)) =0,
for all x € L. This implies that we have a cochain complex of vector spaces

l —1 1 l l
. 1 Lk 1 1 Lk 1 Lk+1 1 e



For n = 2, it says that ls is of degree 0 and satisfies

h(la(w1,22)) = la(ly(z1), 22) + (1) 172l15 1y (29), 2),

for all z1,z9 € L. Thus [y induces a binary operation on L and [; is a derivation with
respect to lo. Finally, n = 3 yields

lo(lo(z1, 22), x3) + (—1)erl0e2H20 1 (1o (29 25), 21) + (=1)|=2l(z1lH@3D 1y (15 (21, 223), 20)

= —l(I3(x1, 22, 23)),

for all z1,x9,23 € L with l1(x1) = l1(x2) = l1(x3) = 0. This means that lo satisfies the
graded Jacobi identity up to homotopy, but more is true: the homotopy is provided by I3,
which is built into the definition of L.

One should note that grading is essential to nontrivial L..-algebras. An L.,-algebra
concentrated in degree 0 is necessarily a Lie algebra (all [,, vanish for n # 2).

For a pair of Ly-algebras L and L’ there is a natural notion of L,.-morphism from L
to L'. Namely, such a morphism consists of the data f = (f,)n>1 where f,: L®" — L' is
a linear totally graded skew symmetric map of degree 1 — n such that

Z(_l)nil Z X(Ua AP 7xn)fn—i+1(li(xa(1)7 o 7xcr(i))7 Lo(it1)s--- 7x0(n))

i=1 7€ i

n
2.3
= m Z Z X(o521,...,x0)C(0y 21, ... xy) (23)
r=1 i1t +ir=no€&; . i,
X l;'(fn (wa'(l)v s 7:170'(1'1))7 SER) f’ir (xo(i1+---+ir,1+l)7 s 7xo(n)))7
for any n > 1 and z1,...,x, € L. The sign ((o;21,...,zy,) on the right is given by
Closxyy..o xn) = (_1)21§p<q§r ipiqt g 1 i (r—a)+2 )5 (1—ip) zzlzﬁmﬂp_l %ol (2.4)

For n =1 this yields the following condition

filli(x)) = [ (fi(x)),
for all x € L. For n = 2 the condition reads

ly(f1(z1), fi(z2)) — frlla(zr, 22))
=~ (fa(21,22)) + fo(la(z1), 22) + (1) (= FDUE £ 3y (29), ),

for all x1,z9 € L. The first equation implies that f; defines a morphism of complexes.
The second equation implies that fi; preserves the binary operation given by Iy up to a
homotopy given by fo. More generally one might say that f = (f,),>1 preserves the [,, up
to homotopy.

An L.,-morphism f is called an L.,-quasi-isomorphism if f1 is a quasi-isomorphism.
Two Lso-algebras L and L are said to be Ls.-quasi-isomorphic as L.-algebras if there is
an Lso-morphism f: L — L' that is an L,.-quasi-isomorphism.



We now come to a result that allows us to pass to the cohomology of an L,.-algebra
without losing too much information. Let L be an L..-algebra. As noted before, [1 gives
L the structure of a cochain complex, and we may take cohomology to yield H*(L). By
choosing representatives of each cohomology class we may define an embedding i: H*(L) <
L. Thanks to a theorem of Kadeishvili [31], we may define an Loo-structure on H*(L) such
that I{ = 0, and there is a Lo-quasi-isomorphism f from H*(L) to L with f; equal to
the embedding i. Here, I} refers to the Loo-structure on H*(L). This Luo-structure is not
unique, but it is unique up to Leo-isomorphisms. An L.,-algebra with [y = 0 is called a
mintmal Loo-algebra; thus the above may be interpreted as saying that each L.-algebra
has an essentially unique minimal model.

It is relatively easy to construct the minimal model in practice. A rather simple
example of an Ly-algebra is given by [, = 0 for n > 3. Such an algebra is called a DG
Lie algebra (where DG stands for “differential graded”). In this paper, we will need to put
an Leo-structure on the cohomology of a DG Lie algebra, which may be done explicitly
as follows. Suppose we define a projection p: L — H*(L) such that poi = idye) and
furthermore assume that we have a contracting homotopy h: L — L. The latter means
that h is a map of degree —1 such that id; —iop = [y o h + {1 o p. Then the L,-quasi-
isomorphism between H*(L) and L is determined by the maps f,: H*(L)®" — L which
are constructed recursively as

fi(z1) = i(z1),
fo(x1,22) = —(hol2)(fi(x1), fi(x2)),

_ (2.5)
fn(fL'l,- %Z ; J 1‘1,...,$n)
: oE in— i
X (holQ)(fi(xa(1)7 : ) Jn— Z( aH—l)u"'axU(n))):

for all zy,...,z, € H*(L). Likewise, the higher order brackets I],: H*(L)®" — H*(L) are
given by
lll(:pl) =0,
ly(w1,%2) = (o l2)(f1(21), fi(22)),

1n71
U(x1,...,%0) = 52 Z X(o;21,...,2p)

=1 0€6; n_;

X (p o l2)(fl( [COEERE 7‘7:0(7?))7 fn—i(aja(i—&-l)v s )‘Ta(n)))7
for all z1,...,z, € H*(L). We refer to the appendix A of [10] for more details.
To complete our brief exposition on L..,-algebras, we need to introduce one more
ingredient. By a cyclic inner product on an L..-algebra L we mean a non-degenerate
graded symmetric bilinear map (,): L x L — R of degree k such that

(1,022, . . ., Tpp1)) = (=1 EEl b Db en i s eil () L (L)), (227)



for any n > 1 and z1,...,2,41 € L. An Ly-algebra equipped with a cylic inner product
will be called a cyclic Lo-algebra.

Given two cyclic Loo-algebras L and L', an Lo-morphism f: L — L' is itself called
cyclic if it satisfies the supplementary conditions

(fi(z1), fi(x2)) = (z1,22), (2.8)

and
Z (fi(xl,...,mi),fj(a;i+1,...,a:n)>' :0, (29)
i+j=n
for any n > 3 and z1,...,x, € L. With this definition, it can be shown that the minimal
model theorem extends to cyclic Ly.-algebras. For further details on this, see again the
appendix A of [10].

2.2 Homotopy Maurer-Cartan theory

To an L.-algebra is associated a field theory known as the homotopy Maurer-Cartan
theory. This theory should be thought of as a broad generalisation of Chern-Simons theory.
In what follows, we shall only sketch the details and refer to [9] (see also [10]).

Let L be an Ls.-algebra with higher order brackets I,,. An element a € L' is said to
be a Maurer-Cartan element if

> %ln(m ..,a) =0. (2.10)
n>1
This equation, which describes an abstract form of “flatness”, is known as the homotopy
Maurer-Cartan equation. It will play a key role in our considerations below.
In general, an L,-algebra structure can be deformed by its Maurer-Cartan elements.
In order to put this a bit more precisely, let L be an Ly.-algebra and let a be a Maurer-
Cartan element in it. Then one can consider a new sequence of brackets on L given by
the formula

1
I(x1,...,xn) = Z ylm_k(a, ey QT e X)), (2.11)
k>0

for all z1,...,z, € L. It is known (see, e.g., [32]) that the underlying Z-graded vector
space L equipped with the higher order brackets [ is again an L..-algebra. In fact, the
constraints imposed by (2.2) translate into the homotopy Maurer-Cartan equation (2.10).
We next consider how Maurer-Cartan elements behave under L.,-morphisms. To this
end, let L and L' be two Ly.-algebras and let f: L — L’ be an L,,-morphism between
them. Under such a morphism, an arbitrary element a € L' transforms according to

1
aHa':Zafn(a,...,a). (2.12)
n>1
Furthermore, it is not hard to see that
1 !/ / !/ 1
Z—l (a,...,a):Zka_i_l a,...,a, —lp(a,...,a) | . (2.13)

n!'" !
n>1 k>0 n>1



As a consequence, if a is a Maurer-Cartan element in L, then a is a Maurer-Cartan element
in L'. Thus, Maurer-Cartan elements are preserved under L..-morphisms.

Now to the point. Let L be a cyclic Ly,-algebra with cyclic inner product of degree
—3. Then it turns out that the homotopy Maurer-Cartan equation (2.10) can be derived
from a variational principle. The action functional that describes it is given by

1
Swicla) = ; m(a,ln(a, ..,a)). (2.14)

Indeed, using the cyclicity property (2.7), it is straightforward to check that the critical
points of this functional are the solutions to the homotopy Maurer-Cartan equation (2.10).
We shall refer to (2.14) as the homotopy Maurer-Cartan action.

It is noteworthy that the homotopy Maurer-Cartan action (2.14) is invariant under a
set of infinitesimal transformations of the form

1
dep @ = Z aln_i_l(a, ..,Q,0p), (2.15)
n>0

with infinitesimal parameters c¢g € LY. The explicit form of this transformations is of
independent interest, for example for a better understanding of the moduli space of Maurer-
Cartan elements for L. For a thorough discussion, see [32].

2.3 Bi-adjoint scalar theory and its perturbiner expansion

This subsection reviews some basic features of the bi-adjoint scalar theory and the per-
turbiner expansion for the solution of its non-linear field equations. For further details we
refer the reader to [20, 21, 33, 34].

Before beginning, some comments about our notation. We let R4~ be the

d-dimensional Minkowski spacetime. We take standard coordinates z°, z', ..., 2% !, where
20 represents time. The metric tensor Nuv is diagonal, with elements ngg = —1, 1, = 1 if
p,v=1,...,d—1and 7, =0 if u # v, and the standard volume element is

dlz = da® Adat Ao AdadTh (2.16)

Spacetime coordinate labels are lowered and raised by using 7, and its inverse n*", respec-
tively. The usual convention that repeated indices are summed over is used throughout. If
v=%0,..., v and w = (w0, w',..., w1t are vectors in R1¥~1, their inner product
is denoted by

v-w = nuorw’ = -0 4 otw! o4t (2.17)

The d’Alembertian operator is defined as

— v 82 82 82 + o+ 872
T Srrdzy (Qzd—1)2"

T (@02 T (a2

O (2.18)
We shall also use the shorthand notation 0, for the partial derivative 9/0z".

The bi-adjoint scalar theory is a d-dimensional massless theory with a cubic interac-
tion whose fundamental field transforms bi-linearly in the adjoint representation of two



independent global symmetries. More precisely, the theory is specified by the choice of two
compact semi-simple Lie groups G and G’ whose corresponding Lie algebras will be denoted
by g and g’. We pick generators T% and T'% for g and g’ respectively, and, following the
customary convention, let the associated structure constants be given by [T%, T?] = i f“bCTc
and [T'% , T"] = if’“,b;,T’cl. We also let k% = tr(T°T?) and &“" = tr(T'“T") be the
components of the Cartan-Killing forms on g and g’ relative to this choice of generators.
A field configuration is then simply an infinitely differentiable map ® from R“¥~! to the
bi-adjoint representation of G x G’ on g ® g’. Such a map can be described in terms of
complex-valued infinitely differentiable functions ®,, on RV ! as & = &, T*® T /a’ The
action for the theory is thus

1 ! 1 AN
Spal®] = / diz{ —=®%'Od,, + — fC VD Dy P b (2.19)
R1,d—1 2 3!

where we have set ®9" = gaby/a't'H,,, fabe — yed f, and fratt'e’ — prc'd f’a/b‘;,. The cubic
interaction of the “bi-adjoint scalars” ®,, manifest the double-copy structure between the
“colour group” G and the “dual colour group” G’.

The equation of motion derived from (2.19) has the form

1 11/
O = 3 FO T B By (2.20)

This equation may be put into a more intrinsic form as follows. Denote by C*=(R“4~1, gog’)
the space of infinitely differentiable functions on R1%~! with values in the bi-adjoint rep-
resentation of G x G’ on g ® g’. On C®(RM~! g® ¢'), we can define a binary operation
by means of

]. / /
[©, 9] = = (@aar Wiy + Yo Py) [T, T @ [T, T"]

1 ab pra’t’ c 1! (2'21)
= §f cf o ((I)aa’\I/bb’ + \Ijaa/(pbb/) T°®T".
Then equation (2.20) may be written as
1
0% = 5[, 9], (2.22)

where we have put O® = 0P, T°QT" @’ As the reader may notice, this is a rather difficult
and truly nonlinear partial differential equation, whose space of solutions is hard to describe
(nonetheless, see [35] and [36] for a number of solutions in which the interaction term is
nonzero). Instead, one may try to linearize it by constructing perturbatively a solution in
terms of the so-called Berends-Giele double currents. This is the perturbiner expansion.
To present it we need some notation.

By a word we mean a finite string I = i1is - - - i, of positive integers 41,49, ...,%, > 1.
The word consisting of no symbols is called the empty word, written @. Given a word
I =iyig-- -4y, we denote by I = ipim_1---11 its transpose and by |I] its length m. We
further denote by W,, the set of words of length m. If I and J are words, the so is their
concatenation IJ obtained by juxtaposition, that is, writing I and J after one another.



The length of a concatenated word is the sum of the lengths of the concatenatees. We also
have the property that @I = I = I for any word I.

By a shuffle of two words I = iyig-- 4y, and J = j1jo- - jn, denoted I W J, we
understand the formal linear combination

TwJ= > Tuw,l (2.23)

0'66777,,71

where the sum is extended to all (m, n)-shuffles and where I L1, J is the word resulting by
concatenating I and J to get IJ = i1t tmJ1J2 - Jn = 7172 - * Tm+n and then permuting
letters in such a way to achieve 74(1)75(2) * * * To(m+n)- Alternatively, the shuffle operation
can be defined inductively by setting

gwl=ITwe=1I, ilwjJ=7ilw;jJ)+j6lw.l), (2.24)

for any words I and J and for any positive integers ¢ and j. For example, ¢ LU j = ij + ji
and
i1ig W j1j2 = d1i271j2 + Jijetriz + 11 (i2 W j2) + j1i1(i2 W j2).

We now return to our main focus of formulating the perturbiner expansion of the bi-

/

adjoint scalar theory. Let @ = (a;);5, and @’ = (a;),~, be, respectively, infinite multisets

of “colour indices” associated with the Lie algebras g and g’ (that is, unordered sets of
elements of {1,2,...,dimg} and {1,2,...,dimg’}, possibly with multiplicity). Let also

Rl,d—l

(ki);~; be an infinite set of massless momentum vectors in T =494y, 1S A

word, we put a; = (ai,, @iy, - - -, ai,,), @y = (aj ,a; ,...,a; )and k; = ki, + ki, +- -+ ki,
The perturbiner is defined as a solution to the equation (2.20) in the shape of a formal
expansion in the noncommutative variables e*:* T% and T'% . More precisely, we take an

ansatz providing such a solution of the form

O(z) = Z Z ¢110 ke par g el

ik, - . ’ ik . . ’ / .
= Y Gyt @ T+ N gy T TN @ TR
ij>1 i3,k 1>1
/ / ’
Here we are employing the notations T% = T%1T%2 ... T%m and T'% = T'%n T %z - .. T"%m

for the products of the Lie algebra generators associated with the colour multi-labels a; =
/ /

jl ’ Jm
are known as the Berends-Giele double-currents, are assumed to vanish unless the word

(aiy, @iy, - - -, a;,,) and aly = (a},,a},, ..., a} ). Also, the perturbiner coefficients ¢ 7, which
I is a permutation of the word J. This condition ensures a well-defined muti-particle
interpretation.

By inserting the perturbiner expansion (2.25) into the equation of motion (2.22) and
collecting terms of equal number of generators 7% and T'% on both sides, one obtains a
recursion relation for the Berends-Giele double-currents. As found in [20], this recursion

relation takes the form

b119 = 511 Z Z (PrMPLIN — PLIMPKIN) » (2.26)

I=KL J=MN



where s; = k7 is the Mandelstam invariant, and where the notation Y, _,; and > ,_,/n
instructs to sum over deconcatenations of the word [ into non-empty words K and L
and to independently deconcatenate J in the same manner. In view of the antisymmetry
of the right-hand side of (2.26) under interchange of the words K and L and M and
N, one also derives the shuffle constraint ¢, ;x = 0 which, in particular, implies that
brilg = (—1)H |¢ij| j- It is this condition what guarantees that the expression in (2.25)
takes values in the bi-adjoint representation of G x G’ (which was not clear a priori). Let
us further remark that one more constraint imposed by the equation of motion (2.22) is
that the single index double currents ¢;; must be chosen in such a way that the first term
in (2.25) satisfies the linearised equation (J® = 0, which is equivalent to requiring that the
momentum vectors (k;);>1 be lightlike. We may as well normalize and set ¢i|j = 0ij. Inlight
of this, we can now appreciate the significance of the perturbiner expansion (2.25): One is
trying to write a solution of the nonlinear equation (2.22) first as a linear approximation in
the variables e%i'® T% and T'% and then adding successive nonlinear corrections of higher
and higher order in these variables to obtain the complete solution.

Before closing this subsection, it may be useful to mention how the Berends-Giele
double-currents ¢y ; are related to tree-level scattering amplitudes of the bi-adjoint scalar
theory. As discussed in [34], the full scattering amplitude of n bi-adjoint scalars can be
expanded in the trace decomposition

A= ST ST ST (T (T, (2.27)

7/7]21 I7J6Wn—l

where each m(il|jJ) is known as a doubly colour-ordered partial amplitude. It computes
the sum of all trivalent scalar diagrams that can be regarded as a;; colour-ordered and a;- J
colour-ordered. In [20], it was shown that the partial amplitudes can be determined using

m(il|jJ) = s1¢i;b117- (2.28)

Thus, knowing all the Berends-Giele double currents gives us all the tree-level scattering
amplitudes. As a consequence of the shuffle constraints, the partial amplitudes (2.28)
satisfy the Kleiss-Kuijf relation [37]. For future use, we also note that .Z4™ = 0, because
s; =0 foralli>1.

2.4 Yang-Mills theory and its perturbiner expansion

In this subsection, we very briefly review the perturbiner expansion for Yang-Mills theory
in general spacetime dimensions, following the discussion in [20]. The reader might see [21]
for a more thorough treatment.

Let G be a compact semi-simple Lie group with Lie algebra g. We denote by T the
generators of g, with structure constants fabC satisfying [T, T%] = i f“bcT ¢. We also let
k% = tr(T°T") be the components of the Cartan-Killing form on g with respect to these

Rld—l

generators. We consider a Yang-Mills field A as a one-form on with values in g.

The field strenght F' is obtained by taking the covariant exterior derivative of A, yielding

Rld—l Rld—l

a two-form on with values in g. Using the standard coordinates on , We can
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write A = iA,dz* and F = %Fwdx“ A dz” where F,, = 0,A, — 0, A, +i[A,, A)]. Since
A, and F),, are g-valued functions, they may be expanded in terms of the generators 7
as A, = AT and F, = F,,,T%. The Yang-Mills action is then

1
Symld] = -7 /[R o A%z FS, Fi, (2.29)

where here F, = I wb- The equation of motion derived from (2.29) is
OuF" +1i[A,, F*'] = 0, (2.30)
which can be usefully rewritten by imposing the Lorenz gauge condition 9,A" =0 as
OA” =i[A4,, 0" AY + FH]. (2.31)

In order to define a perturbiner expansion analogous to (2.25), we pick an infinite multiset
of “colour indices” @ = (a;);>1 and an infinite set (k;);>1 of massless momentum vectors
in R14~1, We then look for a solution to the equation (2.31) by making the anstaz

W)= T Y A1 2 Y Ao Y AR

m>1IEW,, i>1 ij>1

Here, as before, we are using the collective notation 7% = T%1T%2 ... T%m for each colour
multi-label a; = (a;,, a4y, - - ., a;,, ). Inserting this expansion back in (2.31), and equating
coefficients with the same number of generators 7% on both sides, gives the following
recursion relation [20, 21]

]' 174 v
Af = > Ak - ANAY + AT — (kr - A)AY — A, 57} (2.33)
I=JK

where we have introduced the quantity

FI = KfAY — R{AY = > (ALA% — ALAY) . (2.34)
I=JK

Also, it is straightforward to derive the Berends-Giele symmetry associated to a shuffle

constraint AY  , = 0 or, equivalently, A}, = (—1)‘”%[2‘(1]_']).
ansatz (2.32) takes values in the Lie algebra g. In addition, the single labeled coefficients
A" are to be chosen so that the first term in (2.32) satisfies the linearised equation OJA* = 0,

which is equivalent to imposing that the momentum vectors (k;);>1 be lightlike. By bringing

back to mind the Lorentz gauge condition, we are lead to conclude that AY = e/ are

This guarantees that the

polarisation vectors that satisfy the transversality condition k; - ¢; = 0.
It remains to say a word about scattering amplitudes in Yang-Mills theory. At tree
level, the full scattering amplitude of n gluons can be decomposed as

e — %Z S Sk AGE) tr(T%1), (2.35)

i>1 IeEW,_;
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where A(iI) is the colour-ordered partial amplitude, which contains all the kinematic in-
formation. As shown in [13], it is determined by the Berends-Giele currents A’ through
the formula

A(l) = spA; - Ay, (2.36)

Also, by virtue of the shuffle constraints, this partial amplitude satisfies the Kleiss-Kuijf
relation [37]. Finally we note that @™ = 0, since s; = 0 for all i > 1.

3 Perturbiner expansions and minimal models

Having reviewed the requisite mathematical machinery, let us get to the problem at hand,
namely to show how the perturbiner expansion for the bi-adjoint scalar and Yang-Mills
theories is obtained in the transition to the minimal model of their corresponding Lo-
algebras. The results for the Yang-Mills theory are intimately related to those recently
obtained by Macrelli, Simann and Wolf in [10], though we remark that these authors did
not work in the perturbiner framework.

3.1 The bi-adjoint scalar DG Lie algebra

This subsection will describe the DG Lie algebra associated to the bi-adjoint scalar theory.
Our notation here is the same as in section 2.3.

As discussed more fully in [9], the classical Batalin-Vilkovisky formalism assigns to
any field theory it can treat a cyclic Lo,-algebra encoding its symmetries, field content,
equations of motion, and Noether currents. In the case of bi-adjoint scalar theory, since
there is no gauge symmetry to be fixed, the associated cyclic Loo-algebra is actually a cyclic
DG Lie algebra which we call £54. As a cochain complex, £ga is

00 - -0 00 _
CeRM 1 g®g)[-1] — C* R g g)[-2.

Thus, C*°(RY4~1, g®g') is situated in degrees 1 and 2, and the differential /; is the negative
of the d’Alembertian operator O acting on C*®(R~! g ® g'). The binary operation

l: C*(RY g ¢)[-1] @ C*[RY " go¢)[-1] — C*RM " g d)[-2],

is defined by
(@, W) = [, 9], (3.1)

Recalling the definition (2.21), this is evidently skew-symmetric and since the graded Jacobi
identity is trivially satisfied, it turns

Lpa = C¥RM L g@g)[-1] @ C*(RY T g@ ¢)[-2] (3.2)

into a DG Lie algebra. This DG Lie algebra can be made cyclic by setting

(®,0) = /[Rl . A%z W oy, (3.3)

- 12 —



where, as before, ® = &, T QT , U = U, T T and % = x®x'@Y $,,,. With this
choice, we find that

1 1 '
@) =5 [ e Do,
2 2 R1,d—1
and
1 1
§<CI)7 l2((1)7 CI)» = ? /1 i1 ddx fabcflabcq)aa’q)bb’(pcc"
: - JRL.d—

Thus, the homotopy Maurer-Cartan action for the DG Lie algebra (3.2) is

1 ’ 1
SMC[(I)] = / ddl’ {_2<I)aa OPuar + ‘fabcf,abc(paa’q)bb’q)cc’} )
R1,d—1 3

which of course coincides with the action for the bi-adjoint scalar theory (2.19). It is,
perhaps, worth mentioning that we have omitted here all the technicalities of choosing the
appropriate fall-off conditions in our function spaces. This can be done using the ideas
considered in section 3 of [10].

Now, in order to deal with the perturbiner expansion for the bi-adjoint scalar theory,
we need to change slightly the definition of the DG Lie algebra (3.2). So, let us fix infinite
multisets of “colour indices” a = (a;);>1 and @’ = (a});>1 associated to the Lie algebras
g and ¢/, respectively, was well as an infinite set (k;);>1 of massless momentum vectors in
RL4=1. Denote by &(R“~! g® g') the space of formal series of the form

L ’
o)=Y Y egsetrT T @ T
m>11,J€Wm
ik - ) 1a’. o ) ) / /
— Z ¢1|] elkz x pa; QT a; + Z ¢ij|kl elk” x rpajrpag ® T/aleal 4
1,721 i,5,k,1>1

(3.4)

where the coefficients ¢;; are supposed to vanish unless the word I is a permutation of
the word J. In line with the terminology used in [21], we may refer to the elements of
é"([RLd_l, g®¢g') as colour-stripped perturbiner ansatzs.

To go further, we must say a bit about how to extend the d’Alembertian operator
O and the binary operation [,] to &(RY¥! g ® g'). This will be provided by what in
reference [21] is called the colour-dressed version of the perturbiner ansatz. We therefore
introduce, for each ordered sequence of positive integers i1 < io < - -+ < i, the notations

fi1i2"~im _ f“i1“i2 fbais ”_fdaim—l f'eaim
a b c e as
. . 1a; al ' a’ /d’a; 1e’ a’ (35)
i, = i, M e
and define
_ i1ig(2) lo(m) pli1ir(2)" "ir(m)
¢aa/|i1i2..-im - Z f naf ma,¢i1i0<2)“'ig(m>|i1i7—<2>"'i7—<m>. (3.6)

O’,T€6,,,L,1
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With the help of the latter, equation (3.4) becomes simply ®(z) = ®oq (2)T* @ T, where
the coefficients ®,,/(x) are formal series of the form

Dy (.’B) - Z Z ¢aa’\] etk

m2>211€0OWy,

ik; -z ik;j-x ks
=D baarti €D Gawrtiy A D b @
i

i<j i<j<k

(3.7)

Here OW,,, denotes the set of words I = i1ig - - -4y, of length m with i1 < i9 < -+ < ipy,.
This enables us to define the d’Alembertian operator acting on the space &(R%! g ® g')
as O®(x) = OP,q (2)T* @ T’ , where the (® 4, (x) are given by

D(I)aa’(x) = - Z Z 51¢aa’|l etk

m>11€0OW,,

_ ik;-x ik;i-x ik; i
= = 5iPaai €T =Y ijaalij €T — Y SijkPaalij €I 4
i

i<j i<j<k

(3.8)

It also allows us to define a bracket operation on &(R"~! g® g’) by the same expression
as that of (2.21). A direct calculation then shows &(RV¥~1 g ® g’) is closed under this
bracket (see the argument presented in section 2.2 of [21]).

In light of the above discussion, the cochain complex underlying the cyclic DG Lie
algebra £ that encodes the perturbiner expansion for the bi-adjoint scalar theory is

RV, g@g)[-1] =2 &RY g o ¢)[-2]. (3.9)

Thus, as before, the differential [; is the negative of the d’Alembertian operator [J acting
on &(R"~1 g®g’). As for the binary operation

l: ERY 1 gog) -1 8R! god)-1] — SRY ! gog)[-2],

it is again determined by the bracket operation [,]. Finally, £54 can be augmented to a
cyclic DG Lie algebra by means of the symmetric pairing (3.3).

3.2 The perturbiner expansion for bi-adjoint scalar theory revisited

In this subsection, we will show that the determination of the perturbiner expansion for
the bi-adjoint scalar theory can be reduced to the construction of a minimal model for the
bi-adjoint DG Lie algebra £ga introduced above. We shall adhere to the terminology and
notation employed in section 2.1.

To begin with, using the defining cochain complex (3.9), we see that the cohomology of
£54 is concentrated in degrees 1 and 2. It is given by the solution space H'(£pa) = ker (1)
of the linearaised equation (0® = 0 and the space H?(£ps) = &(RV! g® g')/im (1) of
linear on-shell colour-stripped perturbiner ansatzs. It follows that the cochain complex
underlying the cohomology H*(£pa) of £p4 is

ker (11) [-1] = &R, g @ ¢')/im (I1) [-2].
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On the other hand, in order to construct the minimal L.-structure on H*(£pa ), we must
define a projection p: £54 — H*(£pa) and a contracting homotopy h: £ga — £pa. To
this end, we consider the Feynman propagator G defined on the space of complex-valued

RL4=1 We do not need here the precise formula for

infinitely differentiable functions on
GY, but merely the fact that it is linear and satisfies
F/ ik eik-m

G" (e™") = 2 (3.10)

as long as k is not lightlike. Just as we did for the d’Alembertian operator [J, we extend

GY to all of &(R"! g® g') so that we obtain a linear operator G¥: &RV, g® ¢') —

&(RY1 g ® g') satisfying

ll e} GF =—-0o GF = idéﬂ(ﬂQl,d—17g®g/). (311)
With the help of G, we may define the projection p(): &(RM~1 g® ¢') — ker (I;) by
p(l) = id(g(Rl,d—l’g@)g/) - GF o ll. (312)

As for the other projection p: &RV~ gog') — &RV gog')/im (I;) we simply take
the quotient map. Thus, it only remains to define a contracting homotopy h: £5a — £pa.
This may be visualised by the left-down pointing arrows in the diagram

O%é"(Rl’d_l,g@g’) %é"([Rl’d_l,g@)g 0 .9

i (D op(1) i i(2)op(2)
0 g id i‘Hop @ id i%)op W3 —0

Oféa(ﬂ?l’d‘%gm’) l—1>5(ﬂ?1’d‘1,g®g —>0,

so in the present case is simply given by a single linear operator h(?): & (RY-1 g®g) —
&(R%-1 g®@g'). The condition idg,, —iop =11 0h+ holy is therefore equivalent to the
two equalities

Mol +iMop®) =idggua-tgegy, 1 oh® +i®op® =idggiai o). (3.13)

It is also obvious that the operator GF automatically satisfies the first relation. Hence, we
must take h(2 = GF.

We can now readily compute the minimal L.o-structure on H*(£p) using the formu-
las (2.5) and (2.6). To keep the discussion and derivations as simple as possible, we will limit
ourselves to the case where ®,..., ®/ € H'(£pa) = ker (I1) so that x(o;®),..., ") =
for any o € &; ,—;. Thus f; is simply the natural embedding iV ker () —» &R, g®

¢’), while the action of f,, on ®},...,®/ is determined recursively by the equation
(@, ——72 D (G o ba) ([l @y @) i (@ i1y D)
=1 UEG’L n—i
1 n—1
— F ! & /
7_52 Z G ([[f’t 0'(1)’7¢U(’L))7fn_z(¢0'(2+1)7’QU(H))]]>
i=1 0€6; n—i

(3.14)
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In addition, the higher order bracket among ®/,...,®) is given by

1
(@, 22 > P o b)(fil @y i) i@y Pn)

1= 1066171 i

1%

52 3 ( Fi @ 1y B ), i@ Z+1),_..,<1>;(n))]]>.

1= 10661 n—i
(3.15)

We also have at our disposal the constraints imposed by (2.2) and (2.3).

With all this in place, we are now in a position to discuss how the perturbiner expansion
for the bi-adjoint scalar theory arises from the minimal L.o-structure on H*(£pa). We start
with a Maurer-Cartan element ® € H'(£ga) = ker (1) of the form

— Z (Z)ZL] eiki-x Tai ® T,a;. (316)
5,521
This is the simplest multi-particle solution to the linearised equation and can be thought

of as a plane-wave superposition of all the particles. Our claim is that the perturbiner
expansion is simply given by

1
=) afn(qﬂ, L. (3.17)
n>1

In other words, one knows the perturbiner expansion as soon as one knows the L,.-quasi-
isomorphism between H*(£pa) and £p4. To substantiate the claim, each term contributing
to the overall sum in (3.17) needs to be calculated explicitly.

For this purpose, observe that the inner sum in (3.14) has (?) summands, so that

n—1
£, ) = —% 3 <’ZL> G ([fi(@,..., @), fus(®,...,"]). (3.18)

i=1
It is instructive to examine this expression at the first few values of n. For n = 2, the
application of (3.17) trivially leads to

R@. o) = -5 (}) 6" (1h@). A@]) = -6* (2. #]).

Using equations (2.22) and (3.10), this is

f2((1)/, ‘I)/) _ GF Z ¢i|k¢j|l eikij'fEI:Tal" TCLJ'] ® [T/a;c’T/a;]
1,5,k,1>1

=G| D 2(diwdin — dundip) €T THTY @ T'HT'™
i,k 1>1

1 il .. . . ! /
=2l Z — (Dirdip — Pindje) €9 THT% @ T T4,
ided>1 O
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where in the second equality, we have expanded the commutators, reorder the terms and
rename the indices. We may then define new coefficients

1
Pijlkl = ™ (Pijkdji — Pin®iik) - (3.19)
ij
and write
f2((1>/7 q)/) — 9! Z ¢z]|k‘l eik‘ij-x % Ta; ® T/a;chag‘ (320)
1,3,k 1>1

For n = 3, taking into account the skew-symmetry of [, ], we find

R(@, @, 8) =3 (1) 6" (1h(@). @) - 5 (3) 6" (1@ ). 5s(@)])
= —3G" ([¥', f2(@',@)]) .

From equations (2.22), (3.10) and (3.20), we have then

fg(q),, (I),, (I)/) _ 3|GF Z ¢z|l¢]k\mn eikijk'a?[Tai , T4 Tak] ® [T/a; 7 Tla;nTlafn]

b,0,k,l,m,n=>1

= 3'GF Z (¢1|l¢]k‘\mn + ¢z]|lm¢k|n - ¢z|n¢]k|lm - ¢z]|mn¢k\l)

i7j7k7l’m’n21

% eikijk'x TaiTajTak R T/aET/a;nT/a;.L

= 3! Z 81 (¢z|l¢jk|mn + ¢zj\lm¢k|n - ¢z|n¢yk\lm - ¢zj\mn¢k|l)

igklmmn>1 "

ik; i -x ra;a;a ra) tal !l
X ek A Y & TN A m

where again in the second line, we have expanded the commutators, reorder the terms and
rename the indices. We can therefore define new coefficients

¢ijk|lmn = ¢z\l¢]k\mn + ¢ij|lm¢k:\n - ¢i|n¢jk|lm - ¢ij|mn¢k|l) ) (321)

o
so that the factor of the third summand in (3.18) takes the form
F3(®, 0, @) =31 Y Gy €T THTG T @ T O T (3.22)
i,9,k,l,m,n>1
For n = 4, equation (3.17) reads

1

f4(¢/7¢17q)17q)/) —_ _5 <le> GF ([[fl ((I)/),fg(q)/,q),,q),)]]) _% <;L> GF ([[f2(<I>’,(I)’),f2(<I>’,<I>’)]])

_% <;1 GF ([[fS(cb’,(I)’,(I)’),fl((I)’)ﬂ)

=G (L), f5@. 0, 8)]) 5 () & (Ll 0, 2@, 8]
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The first term on the right-hand side will involve commutators of the type [T%, T% T%T%]
and [T” app Tlan T a;T/“ﬂ. Thus, using (3.22), and proceeding as in the previous calculations,
it is found that this term equals

1
4! Z P (¢i\m¢jkl|npq + ¢ijk|mnp¢l\q - ¢i|q¢jkl|mnp - d)ijk\npqd)l\m)

s
ik monpg>1 " I

% eikijkl'x TaiTaj Tak Tal ® T/a;n T/a;,LT/a;T/ag .
Likewise, the second term will involve commutators of the type [T%T% T**T"]| and

[T’“%T’GZ,T’ “;T’ag] and is seen to be equal to

1 ik . . . . ! / ! /
4 > —— (BisimnPrilpg — PijlpgPhtjmn) €M F THTUSTHTN @ T'm T4 T"% ",
ik bzl Sk

The factor of the fourth summand in (3.18) then becomes

ik . . . . / / / ’
f4(‘1>/, q>/7 q)/’ ‘I)/) — 4l 2 : ¢ijk:l\mnpq elk‘”kl T iy kAL () T/amT,a"T/aPqu,
/[:7j7k7l7m7n7p7q21

(3.23)
where we have now introduced the coeflicients
1
¢ijkl|mnpq = %(Qbi\md)jklmpq + ¢ijk|mnp¢l\q - ¢i|q¢jkl|mnp - (bijk\npngl\m (324)

+ ¢ij\mn¢kl|pq - ¢ij\pq¢kl\mn)'

Comparing equations in (3.19), (3.21) and (3.24), we see a pattern emerging. Using
the same manipulations that we have been using, we can generate an equation similar
to (3.20), (3.22) and (3.23) for arbitrary n. This equation is

ful@, @) =0l Y gy T @ T, (3.25)
I1,JeEW,

where the coefficients ¢,y are determined from the recursion relation (2.26) for the Berends-
Giele double currents. The proof of (3.25) is by mathematical induction. In fact, one just
have to notice that the ith term on the right-hand side of (3.18) involves commutators of
the type [T?K,T%M] and [T®L, T*V], where K and L are words of length ¢« and M and N
are words of length n — ¢. The sums over deconcatenations of the words I and J into K
and L and M and N, respectively, as well as the antisymetrisation between K and L, are
thus a consequence of expanding these commutators and reordering the terms.
Using equation (3.25) in (3.17) gives at last

¢ = Z Z G110 T ® 7'

A . /. e X ) / ’ N
_ Z ¢i|j e1k1 T a; ® T/a] + Z d)ij|kl elk” T pa;pa; ® T/akT/al 4o,
ij>1 i k1
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which, by the foregoing remarks, coincides with the perturbiner expansion for the bi-adjoint
scalar theory. It is also worth emphasizing that, by its definition through (3.17), ® is a
Maurer-Cartan element in £g4. Thus, it satisfies the equation

(D) + %ZQ@, ) =0, (3.27)

This, of course, is nothing but the equation of motion (2.22). However, it should be
kept in mind that, in contrast with the derivation discussed in section 2.3, the recursion
relation for the Berends-Giele double currents is encoded in the recursion relations for the
Loo-quasi-isomorphism from H*(£pa) onto £pa.

The present formalism also provides a direct means of showing the shuffle constraints
for the Berends-Giele double currents ¢p;. The starting point is the homotopy Maurer-
Cartan equation for ® € H!(Lga) = Iy,

1
> El;(@’, e =0. (3.28)

n>2

By replacing (3.16) in (3.28), we see that the latter will be an expansion in the noncom-
mutative variables % T4 and T'%. Thus, equation (3.28) is solved equating to zero
order by order the coefficients in this expansion. To see how this works, it is convenient to
introduce, for each positive integer i, the formal series

(I)/(Z) _ Z ¢1|g eiki-x T% ® Tla;»’ (329)

Jj=1

in such a way that ® =3,., ®'(7). With this definition, we can rewrite (3.28) as

Z Z %l;(@/(il)’ BRI (p/(in)) =0. (3.30)

n>241,...,in>1

Combining this with equation (3.15) then gives

n—1
Z Z Z Z %[[fr((b,(ia(l))""7(I)/(io(r)))7fnfr(q),(ia(r-l-l))a"'vq)/(io(n)))]] =0,

n>241,.,in>11r=10€6; 5_»

(3.31)

where we are abusing notation by identifying elements of &(R"~! g®¢’) with their equiv-
alence classes in &(RM1 g ® ¢')/im (I) so that p(® acts trivially. Let us examine the
contribution of (3.31) to the first few orders in e*:*# 7% and T'% . By following the same
calculation steps used to derive (3.20), the contribution to second order (modulo constants)
takes the form

[#(0). @' ()] + [#'(G). @' ()] =2 D sig(igpa + Byapa) 75 THT @ T4T™
k,>1
=2 sy €T THTY @ TR T,
kl>1
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Therefore, it must be ¢;, ;1 = 0 for all positive integers 7, j, k and [. Similarly, the alge-
braic manipulations that lead to (3.22), yield for the contribution to third order (modulo

constants),
[9'(2), f2(@'(5), ®' ()] + [®'(7), f2(@'(5), @' (K))] + [®'(7), fo(®'(k), D' (2))]
=2 Y sije(Bijhpimn + Djinfimn + qukmmn) elfigh ™ TP T% @ T4 m T/
I,m,n>1
=2 ) Sijkbinjrlimn €T THTHT™ @ T/ T,
I,m,n>1

In consequence, @;.jkjimn = 0 for all positive integers ¢, j, k, [, m and n. This pattern
continues to higher orders. In checking this, it proves very useful to rewrite (3.31) in

SY Sy L@ ), fa e (®(K))] =0 (3.32)

n>11eW,, r=1 I=JWwK
JEW,
KEW’I’L T

the form

Here, for each pair of words J = j;---j, and K = ky---k,_,, the symbols ®'(J) and
®'(K) represent the tuples (®'(j1),®'(j2),...,P'(4,)) and (®'(k1), ®'(k2),...,® (kn_r)),
respectively. Using equation (3.32), it is not difficult to see that the contribution to nth
order (modulo constants) is none other than

. o
§ s e T T @ T/,
Lew,

We have thus come to the conclusion that ¢ ;x| = 0 for all words J, K and L.

3.3 The Yang-Mills L,-algebra

The Yang-Mills Ly-algebra has been considered in a few papers, e.g., [38—41]. Let us
summarise very briefly its definition following the exposition of [10]. The notation is as in
section 2.4, except that we work in dimension d = 4.

Consider the space Q"(R'3, g) consisting of r-forms on R with values in g. We let d
be the exterior differential, * the Hodge star operator induced by the Minkowski metric,
and § = xd * the corresponding codifferential. Then, the cochain complex underlying the
Yang-Mills L-algebra £y is

d od )
QU(RY?,g) = QMRS g)[—1] =5 QY(RY?, g)[-2] = QO(R'?, g)[-3].

Thus, Q°(R'3, g) is situated in degrees 0 and 3 and Q'(R'3, g) is situated in degrees 1 and
3. The non-vanishing higher order brackets are [10]

li(c1) = deq, l1(Ay) = 6dAq, ll(Aii') = 5Ai",
la(c1, c2) = [e1, 2], la(c1, Ar) = [e1, Adl,
lao(c1, A7) = [e1, A3 ], Ia(c1,¢5) = [e1, 5], (3.33)
la(Ay, A ) = *[A1, *AS 51,
la(A1, Ag) = 0[A1, Ag] + *[A1, xd As] + *[ Az, xd A1),
I3(Ay, Ag, Ag) = x[Aq, x[Ag, As]] + *[Ag, x[As, A1]] + *[As, x[A1, A2]],
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where c1,co € QO(RY3, g), A1, As, A3 € QYRS g)[—1], AT, AT € QY (RY3,g)[—2] and 5 €
QO(RY3, g)[—3] and [,] denotes the graded Lie bracket on Q7 (RY3, g) given by combining the
wedge product and the Lie bracket on g. This L.,-algebra admits a cyclic inner product
that is non-vanishing only when the total degree is 3, and is consequently determined by

{e,cT) = —/ d*z e,
|R1,3

(A, AT) = — d'z A% AL,
R1,3
where ¢ € QU(RY3,g), ¢t € QO(RY3, g)[—3], A € QY(R'3,g)[~1] and A+ € QL(RY3, g)[-2],
and where, as usual, ¢ = ¢,T% c¢" = ¢fT* and similarly for A, and Af. With this
definition, it is not hard to see that, for all A € Q}(R"3, g)[—1],

1
Ay = [ do (@45 - 0,40 0047 - 0" A1),
R1.3

(3.34)

1
2
1 _ 1 4 be a a n AV
§<A,ZQ(A,A)> =3 /[Rmd x 7, (0,47 — &,A“)AbAc,

1 1
FALAAA) =1 [ da e a A AL,
from which the homotopy Maurer-Cartan action for the L..-algebra £y is deduced to be

1
SuclA] = 4 /[R . d'a FS, Fiv.

This is simply the familiar Yang-Mills action (2.29).

Now, just as in the case of the bi-adjoint scalar theory, to deal with the perturbiner
expansion we need to modify a little bit the definition of the L,.-algebra £vyr. Let us
keep fixed from now an infinite multiset of “colour indices” @ = (a;);>1 and an infinite
set (k;)i>1 of massless momentum vectors in R3. We denote by &°(RY3, g) the space of
formal series of the form

W)= Y hpe®r oI =) b T T4 Y g T TETY 4 (g ag

m>1IeWy, i>1 ij>1
and by &7(RY3, g) the space of r-forms on R with coefficients on &9(R3, g). In keeping
with the terminology suggested by [21], elements of &' (R, g) may be called colour-stripped
perturbiner ansatz.

We would next like to extend the exterior differential d, the Hodge star operator * and
the codifferential § to all of &*(R%3, g). To do this, we can again resort to the colour-dressed
version of the elements of each space &"(R'3,g). In the standard coordinates of R!:3, an
element of &"(R"3,g) is written C(z) = 4O, .., (x)dzh A - A datr where, in accord
with (3.35), the components C,,,...,, (), or rather the associated components C*1#r(z),
are formal series of the form

CHhr (g) = Z Z C}““"“ oikr 'z pa;

m>11€Wn, (3.36)
_ 2 :CZHIMMT oikirw pai + § ijl"'#r olkii @ aia; 4+,
i>1 4,521
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With this in mind, for each sequence of positive integers i; < is < - -+ < i, We set

1192 im, g, a; ba; da;,, ea;,,
flllz ¢ = f 1%42 f 3 f K 1ef a (3'37)
and then define
/141 o 117'0(2) Za(m) ,LL1 Wy
a\zlzg “im Z f a zlzg(2> Ao (m) (338)

cEG 1

Using the latter, equation (3.36) can be rewritten as Ot #r(z) = C4* ' (2)T?, where the
coefficients C4*#(z) are formal series of the form

Cgl'"“r(x)z Z Z C;TI Wy 1k1z

m>11eOW,,

— § Clll o 1k :(: § Cul o 1kij-:c+ E /‘ Cul oy 1kuk-az+”.
: ali alij alijk
i

1<j i<j<k

(3.39)

With this expression in hand, it is now straightforward to extend the definition of the
exterior differential d, the Hodge star operator * and the codifferential § to the spaces
& (RY3, g).

From the above discussion, the cyclic Loo-algebra £yy1 controlling the perturbiner
expansion for the Yang-Mills theory is described by the cochain complex

2 SR, g)[-2 2 6°(RY2, g)[-3].

E(RY, ) < 'R, g)[~1]
The higher order brackets and the cyclic inner product are determined by the same formulas
as in (3.33) and (3.34).

3.4 The perturbiner expansion for Yang-Mills theory revisited

We shall now proceed to show how the perturbiner expansion for the Yang-Mills theory
is determined by the minimal model for the Yang-Mills L..-algebra £y\;. The approach
and calculations are very similar to the ones used in section 3.2 and [10], so some details
are skipped.

First of all, we must notice that, just as in the ordinary case, there is an abstract Hodge-
Kodaira decomposition on the cohomology H*(Lym) of Lym (see appendix B of [9]). We
may then use this decomposition to show that the cochain complex underlying H*(Lyn) is

ker (d) % ker (6d) /im (d) [=1] =2 ker (5d) /im (d) [~2] % ker (d) [~3].

The projections p(@,p®): &9(RY3, g) = ker (d) and pM),p): &1(RY3, g) — ker (d) /im (d)
are thus chosen to be the natural projections induced by the Hodge-Kodaira
decomposition, and similarly, the embeddings i i®): ker(d)—&°(R"3,g) and
i1 i) ker (6d) /im (d) — &1(R'?, g) are chosen to be the trivial ones. On the other hand,
to define a contracting homotopy h: £ynm — £ym, we must extend the Feynman propaga-
tor G¥ considered in section 3.2 in such a way to get a linear operator G¥: &"(R%3,g) —
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&T(RY3,g). We also need to consider the projector Ps: &(RY3,g) — &(RY3,g) onto the im-
age of d. In terms of these, the three non-zero components of the contracting homotopy
h read as

K1) =GFos : &1 (R, g) — (R, g),

h® =GF o P.: 1R, g) — &R, g),

3 =GFod : cf’o(l]?l’g,g) — 51(R1’379)~

It should be mentioned that the formulas for the L..-quasi-isomorphism and the higher-
order brackets for the minimal Ly-structure on H*(£yyp) are derived under the assumption
that () (A) = 0 for any A € &'(R"3,g) (see appendix A of [10]). This implies that the
colour-stripped perturbiner ansatz satisfy the Lorenz gauge condition d A = 0. Moreover,
the second component of the contracting homotopy h(2) = GF o P, must be interpreted as
the gluon propagator.

It is now easy to adapt the formulas given in [10, section 2.1] for the L,-quasi-
isomorphism between £yy and H*(Lywm). These are just generalisations of the formulas
exhibited in (2.5) that include the higher order bracket [3. For the sake of clarity, we
shall only write them down in homogeneous degree 1. Therefore, let us fix A},..., A, €

H'(£ynm) = ker (6d) /im (d). Then the action of f,, on A, ..., A

n is characterised by

the formula

fn(ALL . AL)
:—* Z Z Ol2 <f7;(Ai)'(l)7"‘)A,o'(i))’fj(A(,j'(i+l)7“‘7A/0-(n)>
H—j =noe; ;

) ) ) ) (3.40)
o> > (WP o) (fi(Aa(1)7 s Ao Fi(Ag(igrys - Ao(ing))»

! z+]+k no€6; ;i
Fe(Ag gy A;(n))) :

Similar remarks could be made for the higher order brackets on H*(£yn). Again, for the
sake of clarity, we shall only display such bracket among the A},..., A!. It is given by

l’(A’l,.. LA

1 Z Z p® oly) ( filAG s Au)s Fi(Al gy - ;(n)>

’L+] nocB; ;

/ / / /
g 2 2 0% ols) (Al A S Ay,

z+j+k: no€;

(3.41)

Fe(AG(isjuanys - ’A;'(n))> :

All this must be supplemented with the constraints imposed by (2.2) and (2.3).

We are now ready to come properly to our main objective herewith, that is, to examine
how the perturbiner expansion for the Yang-Mills theory can be extracted from the minimal
Loo-structure on H*(Lynm). In analogy with the bi-adjoint scalar theory case, we start with
a Maurer-Cartan element A’ € H'(£y\) = ker (d) /im (d) with components with respect
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to the standard coordinates of R in the form of a plane-wave superposition of all particles:
A =N Al etk e, (3.42)
i>1

Then we claim that the perturbiner expansion is determined by the element A €
&(RY3, g)[—1] with components

1
Ar=3%" mfn(A', L AN (3.43)
n>1

As before, to verify this, we just need to calculate explicitly each term of this sum.
To this end, we first notice that the inner sums in (3.40) have, respectively, (?) and
(") (";") summands, and as a consequence

J
fn(A’,...,A’):—% Z <7>(h<2>012)(fi(A/,...,A’),fj(A’,...,A’))
i+j=n L
1 n n—1i / / ! / .
—3';0( )0 ots) (o )y (A ), B
fr(A.. AD).
For n = 2 this gives
(a4 = =5 (1) (6" o ) (aln (). £1(4) = =67 (1, ).

where in the second equality, we identify the element A’ with its image f1(A’) and used
that P, acts trivially. At the same time, attending to the definition in (3.33), we get

lo(A', AN = 2i {8Z,[A’”,A’“] + [A", 0, A" — 8“14;]} .
Therefore, by a direct computation, the components of fo(A’, A") result in the form
fa( A AN =21 " Al ek T T
3,521

with coefficients determined by

1 v 174
Al = AV RS+ AT (A RAL = A2},
where we have set %" = KA} — kYA}". For n = 3, equation (3.44) is already more
complicated, and reads
1

R A ) = =5 (F) (67 0 ) (i), 2 4)

_ % (2) (GF o P,) (lQ(fQ (Al, Al)a fl(A/)))

(1) ()€ o ) . ). fiay)
= —=3G" (2(4, f2(A", A))) = G¥ (Is(f1(A), fu(A), 1(A))) .
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Upon using [3(A’, A", A)* = —3l[A],[A", A*]], which again follows from the definition
in (3.33), we find, after a few calculations, that the components of f3(A’, A, A") are
Ja( A AL A =31 Y ALy Bt T T,
ijk>1

with coefficients given by

]‘ 17 174
Aljpe = 5 (- ADAG, + AT = (st A )AL = A T
ij

+ (Kij - Aij) Ay + Aip T — (ki - Ap)AL — A7}

where we have put Er"fj" = kgﬂ;’j — kfjﬂfj — Al AY + A;‘ AY. This pattern continues as we
keep increasing the value of n. Indeed, using mathematical induction we can prove that
the components of f,(A’,..., A") are

fulA A =nt > At (3.45)
IeWn
where the coefficients A% are determined from the recursion relation (2.33) for the Berend-
Giele currents. Inserting (3.45) back in (3.43), we finally get
wo__ w ikr-x pay __ pik;-x a; o _ik;i-x pag;as
=Y S AT = T Y AT
n>1I1eW, i>1 i,j>1
which agrees with the perturbiner expansion for the Yang-Mills theory, as was to be shown.
It should also be borne in mind that the element A in £yy with components defined
by (3.43) is Maurer-Cartan, and therefore satisfies the equation

1 1
(A + Sla(A, A + 15(A, A, A = 0. (3.47)

Since [;(A)* = OA*, it is seen that the latter coincides precisely with the equation of
motion (2.31). Note, however, that as in the bi-adjoint scalar theory case and in contrast
to the discussion in section 2.4, the recursion relation for the Berends-Giele currents is
here encoded in the recursion relation for the Lo.-quasi-isomorphism between H*(Lyn)
and SYM.

To close this subsection, we wish to point out that, just as in our earlier treatment
in section 3.2, the shuffle constraints for the Berends-Giele currents A¥ follow from the
homotopy Maurer-Cartan equation for A’ € H(Lyy) = ker (6d) /im (d) corresponding to
the higher order brackets described in (3.41). We leave it to the reader to fill in the details.

4 Scattering amplitudes

As explained in [23], there is a generating series of tree-level gluon amplitudes in su-
per Yang-Mills theory, which matches the ten-dimensional lagrangian evaluated on a
perturbiner-like generating series of Berends-Giele currents in superspace. In accor-
dance with this result, in this section we will show how the perturbiner expansions
for the bi-adjoint scalar and Yang-Mills theory play a more active role by effectively
generating the tree-level scattering amplitudes of the theory directly from the homtopy
Maurer-Cartan action.
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4.1 Bi-adjoint scalar theory

Let us start by considering the tree-level scattering amplitudes for the bi-adjoint scalar
theory. The notation is the same as in section 3.1 and section 3.2.

The basic idea is to insert the multi-particle solution (3.16) into the homotopy Maurer-
Cartan action

Slicl®] = ;2 (nil)!@',z;(qﬂ, L), (4.1)

To determine the sum, we use (3.15), which gives the higher order bracket as
1 /n
I(,...,0) = 3 Z; <2> [fi(®, ..., @), fasi(P,...,@")]. (4.2)
1=

Here, we are again ‘abusing notation’ by suppressing the action of p@. By following the
same arguments as those employed in deriving (3.25), equation (4.2) becomes

L, @) =—nl Y syt T @ T (4.3)
1,JEW,
Thus, on account of (3.3), we have

(@, 0,2, @) =—nl > > /ld 1ddxqﬁﬂjei’%'xs@,uei’ff%r(T%TW)tr(TaéTaff)
i g>11,0eW, T’

=-nly Y. / A%z 168717 € b (T (T3
iG> 1T, TeW, Y R4

= —(27r)dn! Z Z 5(ki1)81¢i|j¢f|jtl“(Ta“)tl“(Ta';J),

4,j>11,JeW,

which, by virtue of (2.27) and (2.28), translates to

(@, 1,(®,...,0)) = —(2m)%(n + LT, (4.4)

n

Substituting this back into (4.1) then gives

Sticl®] = —(@2m)* Y e, (4.5)
n>3
where we have used the fact that .Z3"¢ = 0. We therefore conclude that the n-point tree-
level scattering amplitudes . follow directly from the homotopy Maurer-Cartan action
for the minimal Loo-structure on H*(£pa), evaluated at the plane-wave superposition ®’.
Now, what about the perturbiner expansion ®? If we plug it in the homotopy Maurer-
Cartan action for the bi-adjoint DG Lie algebra £pa, we get

Sucl®) = (@, 1(®) + 5 (B, 15(2,8). (1.6)

By using the relation (3.17), we can show through a direct but tedious calculation that
the pull-back of the homotopy Maurer-Cartan action (4.6) by the La.-quasi-isomorphism
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f: H*(£a) — £a coincides with the homotopy Maurer-Cartan action (4.1); see, for
instance, section 5.5 of [30]. In symbols,

Sucl®] = f*Snc[®]. (4.7)
Also, from loc. cit., one could see that

[ Sucl®] = (Smc[®])e, (4.8)

where the subscript ‘c’ denotes the operation of cyclic symmetrisation. Combining (4.5)
with (4.7) and (4.8), we arrive at the result that, up to cyclic ordering of the multi-indices
labelling the doubly colour-ordered partial amplitudes,

Smcl®] ~ —(2m) > e, (4.9)
n>3
This is a non-trivial result because it indicates that the action for the bi-adjoint scalar
theory may be expanded as a sum of the tree-level scattering amplitudes by simply inserting
in it the perturbiner expansion.

4.2 Yang-Mills theory

Now let us turn to the tree-level scattering amplitudes for Yang-Mills theory. The notation
of section 3.3 and section 3.4 will be left intact.
As in the preceding subsection, the starting point is to insert the plane-wave superpo-
sition (3.42) into the homotopy Maurer-Cartan action
1
Sucld] = — (AU (A, AN, 4.10
ol = 3 o (AL (A ) (410)

n>2

Next, we must use equation (3.41) to evaluate the higher order brackets I/,(A’,..., A’). By
precisely the same argument used to derive (3.45), we find that

LA A = —nl Y sp Al e T T (4.11)
IeW,

Hence, by use of (3.34),
(AL LA A =n) Y / dhaz Ay, &R sp Ak R g (TH T
i>1 1ew,, /R

= n! Z Z At spA; - Ag eFir @ gp(T%1)
i>1 IeW, R

= @m0 Y 0 Y 6(kir)spAi - Ap te(T1),

1i>1 IeW,

and with (2.35) and (2.36), this tells us that

(A U(A . AN = 2m) Y (n + 1)L, (4.12)

n
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Now substitute back this expression into (4.10) to obtain

SticlA] = (2m)* 3 e, (4.13)

n>3

where we have used the fact that <™ = 0. Consequently, just as in the bi-adjoint
scalar case, the n-point tree-level scattering amplitudes <7 are obtained by evaluating
at the plane-wave superposition A’ the homotopy Maurer-Cartan action for the minimal
Loo-structure on H*(Lywm).

In order to bring to bear the perturbiner expansion A, we insert it into the homotopy
Maurer-Cartan action for the Yang-Mills Ly-algebra £y to yield

ShiclA] = %(A, L(A) + %(A, Io(A, A)) + %@4, Is(A, A, A)). (4.14)

It follows then by precisely the same argument used in the previous subsection that
SuclA’] = (SmclA])e (4.15)

Putting together equations (4.13) and (4.15), we see that, up to cyclic ordering of the
multi-indices labelling the colour-ordered partial amplitudes,

SmclA] ~ (2m)* )~ e, (4.16)
n>3
We therefore conclude that the Yang-Mills action can be expanded in terms of the three-
level scattering amplitudes provided that we insert in it the perturbiner expansion.

5 Conclusion and outlook

In this article, we have shown that the perturbiner expansions for the bi-adjoint scalar
and Yang-Mills theories can be extracted from the L..-quasi-isomorphisms to the mini-
mal models of their corresponding L..-algebras. We have also shown that the tree-level
scattering amplitudes can be obtained by substituting such perturbiner expansions into
the associated homtopy Maurer-Cartan actions. This renders an alternative new interpre-
tation of the perturbiner formalism, which is in contrast to the usual treatment, where
the perturbiner expansion is set as an ansatz for a solution of the non-linear equations of
motion that leads to the Berends-Giele recursion relations.

Now that we have a different take on perturbiner expansions and tree-level scattering
amplitudes from an L.,-algebra perspective, there are a number of interesting avenues to
pursue. To begin with, it will be worth extending the method to the theory of pure gravity,
theories coupled to gravitational backgrounds and Yang-Mills theories in interaction with
matter fields. Further, it would be most interesting to examine the case of super Yang-
Mills theory in the BCJ gauge along the lines of [27]. Going forward, it is also our aim
to eventually have an inside view into the double copy relation between gravity and Yang-
Mills theories. Finally, another aspect that should be explored is the possible connection
between the L,-algebra technology and the geometric approaches to computing scattering
amplitudes based on the associahedron and the amplituhedron [42, 43].
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