PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: September 18, 2019
ACCEPTED: October 3, 2019
PUBLISHED: November 4, 2019

Asymptotic structure of Einstein-Maxwell-dilaton
theory and its five dimensional origin

H. Lii,* Pujian Mao® and Jun-Bao Wu®?
@ Center for Joint Quantum Studies and Department of Physics, School of Science,
Tianjin University, 135 Yaguan Road, Tianjin 300350, China

bCenter for High Energy Physics, Peking University,
5 Yiheyuan Road, Beijing 100871, China

E-mail: mrhonglu@gmail.com, pjmao@tju.edu.cn, junbao.wu@tju.edu.cn

ABSTRACT: We consider Einstein-Maxwell-dilaton theory in four dimensions including the
Kaluza-Klein theory and obtain the general asymptotic solutions in Bondi gauge. We find
that there are three different types of news functions representing gravitational, electromag-
netic, and scalar radiations. The mass density at any angle of the system can only decrease
whenever there is any type of news function. The solution space of the Kaluza-Klein theory
is also lifted to five dimensions. We also compute the asymptotic symmetries in both four
dimensional Einstein-Maxwell-dilaton theory and five dimensional pure Einstein theory.
We find that the symmetry algebras of the two theories are the same.

KEYywoRrDS: Classical Theories of Gravity, Gauge Symmetry

ARX1v EPRINT: 1909.00970

OPEN AcCESs, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2019)005


mailto:mrhonglu@gmail.com
mailto:pjmao@tju.edu.cn
mailto:junbao.wu@tju.edu.cn
https://arxiv.org/abs/1909.00970
https://doi.org/10.1007/JHEP11(2019)005

Contents

1 Introduction 1
2 Asymptotics of EMD theory in D = 4 2
2.1  The theory 2
2.2 Bondi gauge 3
2.3 Equations of motion in Bondi gauge 4
2.4 Hypersurface equations )
2.5 Standard equations 6
2.6  Solution space in series expansion 7
2.7 Conservation laws and the loss of mass 8
2.8 Asymptotic symmetries 9
2.9 Asymptotic symmetry algebra 10
3 Lifting to 5d 12
3.1 Solutions 12
3.2 Asymptotic symmetries 13
3.3 5d algebra 14
4 Conclusion and discussion 15

1 Introduction

In 1960s, Bondi and collaborators established an elegant framework of formulating the Ein-
stein equation as a characteristic initial value problem for axisymmetric isolated systems [1].
In this framework, the gravitational radiation is characterized by the news functions and
the mass of the system always decreases whenever news functions exist. This demonstrates
that gravitational waves exist in the full Einstein theory rather as an artifact of lineariza-
tion. A surprising result of [1] is that they found the asymptotic symmetry group has
infinite dimensions. Although all gauge choices should give the same physical result, a
convenient one can make the physical properties more transparent. The manifest infinite
dimensional asymptotic symmetry not only makes Bondi gauge [1] one of the best choices
to describe physics near null infinity, but also it reveals the rich structure of spacetime in
the asymptotic regions.

In recent years, physics near null infinity has obtained renewed interest from sev-
eral aspects, e.g. holography [2-6], asymptotic symmetries [7—12], infrared physics [13-22],
memory effect [23-25], and gravitational conserved quantities [26-31]. The Bondi gauge
plays a central role in all the relevant research. The asymptotic expansion of the metric
functions are typically of integer powers in terms of the inverse of the radial coordinate.



For extending Bondi’s framework to include a matter coupled system with the same power
series expansion, the matter fields are necessarily massless. The Einstein-Maxwell theory
in Bondi gauge was studied in [32, 33]; however, the effect of other types of matter fields is
less stressed in literatures. When spacetime dimensions are higher than four, application
of the Bondi gauge is restricted. In particular, it was observed in [34, 35] that the news
functions associated with gravitational radiation must appear in the half-integer powers of
the radial expansion in five dimensions.

In the present paper, we study the asymptotic structure in a class of four dimensional
Einstein-Maxwell-dilaton (EMD) theories in Bondi gauge. The matter sector consists of
Maxwell field A and dilatonic scalar ¢, both are massless and minimally coupled to gravity.
However, the dilaton is non-minimally coupled to the Maxwell kinetic term with an expo-
nential function e®? where a is the dilaton coupling constant. There are many reasons to
investigate EMD theory in Bondi gauge. On the one hand, this type of theories include the
Kaluza-Klein theory that arises naturally from five dimensional Einstein gravity reduced
on a circle. The study of its asymptotic structure can thus provide a glimpse of that in
five dimensions from the perspective of the Kaluza-Klein reduction. On the other hand,
for suitable values of the constant a, the EMD theories can also be embedded in vari-
ous supergravities that have origins in strings or M-theory. Our study of the asymptotic
structure of EMD theories can thus provide a procedure to study the fundamental theories
using the Bondi formalism. Most importantly, both matter fields are massless and hence
their feedback to gravity is consistent to the asymptotic integer power expansions in Bondi
gauge.

The plan of the rest of this paper is quite simple. In section 2, we will study the
asymptoitics of four dimensional EMD theory in detail. The solution space in Bondi gauge
will be obtained where three different types of news functions are identified. The effect
of the non-minimal coupling between Maxwell field and dilatonic scalar will be specified.
A generalized Bondi mass-loss formula will be derived for the general EMD theories. We
will work out the asymptotic symmetry group in EMD theory as well. Section 3 will turn
to the study of the uplift of these solutions to solutions of five dimensional pure Einstein
theory through Kaluza-Klein procedure. Asymptotic symmetry group in five dimensional
Einstein theory will also be given here. We conclude this paper in the last section.

2 Asymptotics of EMD theory in D = 4

2.1 The theory

The four-dimensional EMD theory has been extensively studied in a variety of aspects for a
few decades. The theory generalizes the Einstein-Maxwell theory to include a real dilatonic
scalar. The Lagrangian is

1

—(0p)*|, F=dA. (2.1)

1
L==g|R— e F —

For certain specific values of the dilaton coupling constant a, namely a = 0, %, 1,v/3, the
EMD theory can all be embedded in the N' = 2 STU supergravity, which is pure N’ = 2



supergravity with three vector multiplets [36]. The a = 0 case can be reduced to Einstein-
Maxwell theory which is the bosonic sector of N = 2 supergravity. The a = /3 case
can be Kaluza-Klein theory obtained from the circle reduction from pure gravity in five
dimensions. In this section we assume that the constant a is an arbitrary real constant.

The dilaton, Maxwell and Einstein equations can be derived from the Lagrangian (2.1).
The covariant equations of motion are

a
Ou(V=99" 0up) — 1\/—98‘“"F2 =0, 9y (V=geF") =0,

1 1 1 1 1
(R/w - 2gWR> - §ea‘pF#pF,,p + ggu,,ea‘PF2 — 58#g061,<p + ZQW(&'D)Q =0. (2.2)

Contracting Eintsein equation with ¢g"”, one can obtain
1 2
Inserting (2.3) back, we can rearrange Einstein equation as
— 1 ayp p 1 ayp 1,2 1
E. =Ry — 3¢ F B+ gg,we Fe— 5(9“@8”90 =0. (2.4)

2.2 Bondi gauge

We study the above EMD theory in four dimensions in Bondi gauge. The metric has the
form [1]

d82 _ | V(u7 T, 0) eQ,B(u,r,H) + U(u, r 9)2T2€2ﬂ/(u,r,9):| du2 o 262’8(“’T’9)dudr
T

—2U (u, r,0)r2e2 ) dudf + 1 [627(“”"’6) d? 4 e~/ (wr0) gip? ¢9d¢2] . (2.5)

The metric ansatz involves four functions (V,U, 3,v) that are to be determined by the
equations of motion. These functions are independent of the ¢-coordinate and hence the
metric has manifest global Killing direction d,. This is the “axisymmetric isolated system”
introduced by Bondi and collaborators [1]. The g, term is noticeably absent in the metric.
The inverse metric has a much simpler expression, given by

0 —e 2 0 0
—e™28 %e‘w ~Ue™28 0

HY B 2.6
I 0 —Ue? < g (2:6)
62
0 0 0 sin? ;7"2
Correspondingly, we choose the following gauge fixing ansatz
A= Ay(u,r, 0)du+ Ag(u,r,0)db. (2.7)

A priori, we may also consider Ag(u,r, #)d¢; however, we find that adding this term to the
Maxwell field leads to a constraint on Ag and A, from Einstein equations. The simplest



solution is that A, = 0 and Ap is an arbitrary function. We consider that this simplification
is related to the metric condition g,s = 0 in the Bondi metric ansatz (2.5).

Following closely [1], the falloff conditions for the functions (8,7,U, V) in the metric
for asymptotic flatness are given by

B=00"1, y=0@"1), U=00r"2, V=0(). (2.8)

We find that the necessary falloff conditions of the gauge and scalar fields consistent with
the metric falloffs are

A, =00, A4y=0(1), ¢=01. (2.9)

The consistency of the Bondi gauge and the corresponding falloff conditions in the EMD
theory can be verified by the equations of motion, which we carry out subsequently.

2.3 Equations of motion in Bondi gauge

In order to solve the equations of the EMD theory in Bondi gauge, it is useful first to
rearrange the equations. Since the EMD theory (2.1) is a gauge theory, the equations of
motion are not all independent. The constraints among them are the following identities

VoGP —TH) =0, 0,0,(v/—ge"$ F™) = 0. (2.10)

Making use of these constraints, we are able to arrange the fifteen equations of motion as
follows:

e Five hypersurface equations:

Oy (v/—gePF*) =0,
E.. = Eg= EmS =0, (211)
E@ggee + E¢¢g¢¢ = 0.

e Five standard equations:
Dy (v/—ge®?F%) = 0,(\/—ge®™F%) = 0,
0, (v/=99™ D) — %\/Tge““’ﬁa —0, (2.12)
Egg = Epgy = 0.

e One trivial equation:
FE., =0. (2.13)

e Four supplementary equations:

Oy (v/—ge®PF™) =0,

(2.14)
IS Euzz) = Euy = 0.



As explained in the literatures [1, 8, 37, 38], once the hypersurface equations and stan-
dard equations are satisfied, the identities (2.10) yield that the trivial equation is satisfied
automatically and the supplementary equations are left with only one order in the % ex-

pansions. !

2.4 Hypersurface equations

Now we are ready to solve the equations of motion. Starting with E,.,. = 0, we obtain

_r 2 T 2 i ap—2y 2
0.5 = (0 + £(0:0)° + e (0, A2 (2.15)

Once 7, ¢ and Ay are given, S will be solved out.
There is only one hypersurface equation from the Maxwell’s equations which is

1
— 0y (V/—ge®PF"*) = 0.

sin 6
This will lead to 1
0L = 0y [sin 0e¥279, Ag) , (2.16)
where, for later convenience, we define
L= (0, Ay +Ud,Ap) r’er=28, (2.17)

It is completely fixed by ~, ¢ and Ag.
We move on to 2r2E,y = 0, where we find

o, T462(w—ﬁ)arU} = 272 |:a7«ag(ﬁ — ) + 20,709y — @ — 20,7y cot 0

+120,p0pp + L0, Ay. (2.18)

To proceed, we need to implement the result of (2.16). Hence, U will be fixed by 3, v, ¢
and Ag. Then substituting U back to (2.17), A, can be worked out.
The next hypersurface equation is %’I”2626 (Egog? + E¢¢g¢¢) = 0, from which we have

1 1 1
0,V = 2ropU + 57“2&«89U — Zr462(7_5)(8rU)2 + §r28TU cot 8 + 2rU cot 0
+e2(8=7) [1 — (89B)% — ByB cot B + 20y By + 30y cot O — 2(Fpy)?

1 S
~058 + 837] gl = T @) (2.19)

This will fix V' when 8, v, U, ¢, A, and Ay are known.

The last hypersurface equation E,.4 = 0 is satisfied automatically because there is no
¢-dependence in the un-known functions.

From hypersurface equations, we can learn that, once v, ¢ and Ay are given as initial
data, the other un-known functions 3, U, A,, and V will be completely determined up to
four integration constants of r. For the next step, we will work out the time evolutions of
the initial data from the standard equations.

IThe equations that are left with only one order in the % expansions due to the identity V,(GH" —T"") =
0 are Guo — Tuo = Gup — Tup = Guu — Tuw = 0. When the hypersurface equations and standard equations
are satisfied, (2.3) will be guaranteed. Then Ey, = Gup — Tup.



2.5 Standard equations

There are five standard equations. However two of them, namely Fg, = 0 and
0, (\/—ge®?F?) = 0 are held automatically due to no ¢-dependence in our system. The
rest three equations will determine the time evolution of 7, ¢ and Ay, which will be calcu-
lated in this subsection.

From %reQﬁquqgg‘f"z’ =0, we have

00y (1) = %62@_7) [1 — 2093 cot O + 307y cot O + 20930y — 2(py)? + 837]

—%U (20977 — 3 cot O + ro,vy cot 0 + 210, 0p)

1 1 1 1
+=r0.U cot 0 — —rdgv0,U — — 0.V + —V 0,
2 2 2r 2r

1 1 1 1
+§8TV8r’y + 58@U - 57“89U8w + iV@%’y

—gew—% (0, Au)? + 2U0, Aud, Ag + (UD, Ag)?]

1
+W6W*2’Y@A9 (2rdp Ay + VO, Ag — 2rd, Ag) . (2.20)

r

From 51—e?7=%0,(/—ge"?F?) = 0, we obtain

0,0, Ag = %&&,Au + %ar (ZarAg) - %e%—war(UL) (a0up — 2047)0y Ag

1
2

1
+§(a8r<p —20,7) <‘:6TA9 4+ OpA, — 6UA9> . (2.21)

The last one m [0,(V/=99" 8yp) — 43/—ge? F?] = 0 leads to

1
80y (r) = gewﬂ) (030 + Do (cot 0 + 2058 — 209))

—Op U — gaggoaTU - gagUaTgo - gU (cot 00,4 + 20,9p¢)

1 1 1
—i—EV(‘)rgo + §V8fg0 + iarV&«p + %e‘w”ﬂF? (2.22)

Clearly, there is no constraint at the order O(%) of v and ¢, and at the order O(1) of Ay
from those three equations. They are related to the news functions in the system which
indicating radiations.

When the above ten equations are satisfied, F,, = 0 will be held automatically from
identities (2.10).



2.6 Solution space in series expansion

1

Now, supposing that v, ¢ and Ay are given in - series expansion as initial data?

c(u,0) N i Ya(u, 0)

"= re ’

a=3

o~ Aq(u,0
Ay = Ao(u,0) + “452),
a=1

the other functions can be worked out from the results in 2.4. We find

AP+ ! pips 12093 4203 + 3p1ps + 3 A +

— - - Or—®
p 162 63 1674 ),
Opc+ 2ccot @ 4c(Opc+ 2ccot§) — N(u, )
U=-— +
2 3r3
1 2 1 2 0
+ i 2¢N — Ajqg+12cot Oy — (| 3¢” — e (2ccot 8 + Ogc)
1 2 -
+ 60gy3 — 5@289@1 + 590189902 +0(r—?),
— 1
A, — _q(u,0)  Ajcot®+ dp A — agpr n 4% — 8.4y cot 6
r 2r2 2473

+ qtp% — 4a2qg0% + 8aqps + 8¢y A1 + dap109 A1 — 80y As

+ 4.A1(6¢cot @ + acot Opy + 40pc — a89g01)] + 0(7“_4)7

and

1
V =r—M(u,0) + i [6q2 + 409N + 4N cot 0 + 44(dpc)?

+2¢% (23 + 25 cos 20) csc? 0 + 4c (37 cot 90yc + 505¢)

+3 (7 — cot 01991 + (Opip1)* — ©1951)

+

18,2 [03(8 — 192 cot? ) + 12A4;q cot 6 + 483 — 6aq®p1 + 8p1¢p9

41299 A1 + 24N Jyc + 9 cot QQO%GQC — 72 cot 00y~y3
—4 cot 02091 + 6p109cOpp1 — 4 cot 0p10gp2 + 409010002

+30305¢ — 12¢%(23 cot 0dgc + DFc) — 24033

*The absent of the order O (-5) in v is to avoid logarithm terms as explained in [1, 37].

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)



+6¢(8N cot 6 — 16(9gc)? — (Opp1)? + w1 (cot 0dpp1 + 1) — go%)
~dp20io1 — 410502 | + O(r ™), (2:29)

where M (u,0), N(u,0) and ¢(u, @) are the integration “constants” from solving the partial
differential equation associate with r.

Standard equations determine the time evolution of the whole series of v, ¢ and Ay
except for their leading order terms. In particular the first order of the standard equations
are listed as follows:

1
Dupa = —i(ﬁggol + cot 00p¢p1 ). (2.30)
1 1
Oy A1 = cOyAg — iaoq — §a¢1auA0- (2.31)
1
Ouy3 = 9% c*(16 — 32csc? 0) — 4 cot ON — 3 cot 0dpp101 — 3(Dpp1)? + 3010501
+4c (6M + 3 cot 09gc + 505¢) + 4 (9gN + 5(dpc)* — 3A10,40) | (2.32)

All the time evolution equations of the sub-leading terms in 7, ¢ and Ay can be derived
recursively from (2.20)-(2.22) order by order. However the time evolution of ¢, Ay and
1 are not constrained. Hence, ¢, Ay and ¢1,% are the news functions of this system that
indicate gravitational, electromagnetic, and scalar radiations.

In (2.31), the time evolution equation of .A; involves the coupling constant a. Since A;
is related to the electric dipole [39], the non-minimal coupling effect can be seen from the
first radiating source in the multipole expansion. On the gravitational side, the coupling
constant a does not show up in (2.32) which is related to the quadrupole [39]. This is
a reasonable result as the scalar field is minimally coupled to gravity. Presumably, the
coupling constant a will show up in the time evolution equation of v, which is related to
the octupole.

2.7 Conservation laws and the loss of mass

There are four supplementary equations to be solved and we only need to solve them at one
order in the % expansion. Equation E,4 = 0 holds automatically, again from the assumption
that the system is ¢-independent. The rest three supplementary equations determine
the time evolution of the integration constants M, N and ¢. Since those integration
constants are related to the conserved quantities, the supplementary equations are also
called conservation equations [31].

From 0, (y/—ge®F™) = 0, we obtain

Ouq = — cot 00, Ag — 0,09 Ap. (2.33)

Applying the identity

}Igsin 0(cot 0, Ay + 0,09 Ap)dOdp = 20, Apsin b |5= 0, (2.34)

3An overdot denotes a time derivative .



we can conclude that the total electric charge @), defined by

Q= ?{q(u, 0) sin Odfd o, (2.35)

is conserved. This is not surprising because the dilaton scalar field is real and it cannot
carry electric charges.

The conservation law regarding the angular momentum quantity N however is more
subtle. The conservation equation can be obtained from FE,y = 0, given by

3 1
OuN = 0y M — 30ycOyc + cOyOpc — 1 w1091 + Zcpl&ﬁggol + g0, Ap. (2.36)
The last supplementary equation E,, = 0 leads to

OuM = —2(¢)% — %(AO)2 — %(@)2 + 3 cot 00,0pc + Dy D3c — 20,c. (2.37)

This is the generalized Bondi mass-loss formula in the four dimensional EMD theory. We
define the mass density
1

=M —
m sin 0

0p (2 cosBc + sinH0yc) . (2.38)

Inserting the mass density into the generalized Bondi mass-loss formula (2.37), one obtains

1 1,

dum = —2(¢)* — 5 (Ag)* — = (1) (2.39)

Thus, we have the following theorem in four dimensional Einstein-Maxwell-dilaton theory:
The mass density at any angle of the system can never increase. It is a constant if
and only if there is no news.

2.8 Asymptotic symmetries

The complete set of local symmetry involves a pair (&, x) of a vector field £ = {#0,, and an
internal gauge parameter x. The generating infinitesimal transformations are given by

Oex)9mwr = LeGurs  Oep)Ap = Oux + LeAu,  O(epyp = Legp- (2.40)

The infinitesimal transformation parameters are independent of ¢ in order to keep the
¢-independence of the fields. The residual gauge transformation preserving the gauge
conditions (2.5) and (2.7) can be solved as follows:

o Legr—0—s €% = f(u,0).
o Legrs =0 = €9 = £9(u,0).
b E&Qra =0= gru89f + 9998T€9 =0.

The last equation can be solved as

¢l = Y(u,0) + /00 dr grug? 8y f. (2.41)

T



° 5(§:X)A7" =0= X = E(ua ‘9) - fTOO dr Aeg%grua&ﬁ
o Leguy =0=£%=¢9(0).
o Legop =0 = €% is a constant.

We have one more gauge condition from angular part of metric elements*

g .
ﬁ =rtsin? 6. (2.42)

The precise condition is Eg(i%‘g) = 0 which leads to

¢ =~ 2 (90" + cot 06" ~ g gur Dy ) (2.43)

r
2
Boundary conditions (2.8) and (2.9) will finally yield

Y(u,0) =ysin, €(u,0)=¢€(0), f(u,0)=T(0)+ %((%Y + cot Y )u, (2.44)

where y is a constant. Since there is no ¢ dependence in the symmetry parameters, the
asymptotic symmetry group is much small than the result in [40].

To summarize, the asymptotic symmetries of the EMD theory (2.1) with the gauge
and boundary condition (2.5)—(2.9) are generated by

= f=T+uycosb,

,
&= -3 (8959 + cot 9€? — nggm«aaf) )
. (2.45)
¢ = ysin@—i—@gf/ dr grug”,
¢ =¢,
and o]
X =€ — / dr Aggaegmaef- (246)

Notice that €7, &%, v depend on the coupling constant a through their dependence on the
metric and Maxwell field.

2.9 Asymptotic symmetry algebra

The asymptotic symmetry transformations satisfy a modified algebra introduced in [8, 40]

[(&1,x1), (€2, x2)]mr = (€, %), (2.47)

where

£=[6,86] - Otern)&2 + 0(eana)61, X = E1'0uX2 — E50uX1 — O(gy xa)X2 + O xa) X1 - (2.48)

4This is equivalent to the determinant condition used in [7, 8]. Our choice is more convenient to compare
with the 5d result discussed in the next section.

,10,



The algebra is closed which can be seen from straightforward computation

A~

éu = f =y sin 9(89T2 — cot QTQ) — ¥y sin 9(89T1 — cot 9T1),

= 9,057,

89 .g guraef) + cot 9(9 guraef) + 8 (.g gur69f)i|

0

When r — o0, the algebra is reduced to

= 499" 9,400 f .

[(T1,y1,€1), (To, y2, €2)] = (T, 3, €),
where

T = y1sin0(dgTs — cot OTs) — (1 + 2),
=0,
= y1sindges — (1 <> 2).

>

(2.49)

(2.50)

(2.51)
(2.52)
(2.53)

Jacobi identity for the algebra (2.50) and the closure of the algebra (2.47) guarantee that

the Jacobi identity is satisfied by the algebra (2.47).

To implement mode expansions, we define t = tan . In the new coordinate, we have

1—¢2

T =y (t0, T
yl< tl2 — 112

T2) — (14 2),

<
Il
(@)

)

= yltatEQ — (1 4 2).

The basis vectors are choosen as

t
Tm:<1+t2>tm8u, Yo = t0y, € =t™.

In terms of the basis vector, the asymptotic symmetry algebra is

[TmaTn] = [emaen} = [Tmafn] =0,
[YE); Tn] =nTy, [}/07 en] = Nén.

(2.54)

(2.57)

(2.58)
(2.59)

It is worth pointing out that the structure constants of the algebra are independent of the

dilaton coupling constant a. The degeneracy of the algebra is related to the restriction

of the Bondi gauge where ggy — 72 asymptotically, which has the effect that Y = ysin6

rather than being a more generic function of 6.

— 11 —



3 Lifting to 5d

As was discussed earlier, for specific values of the dilaton coupling constant a, the EMD
theory can be embedded in supergravities, which implies that the order-by-order solutions
we obtained in the previous section can be lifted to strings and M-theory. It therefore
provides a tool to study the more fundamental higher-dimensional theories using the Bondi
formalism, via the Kaluza-Klein procedure. In this section we shall focus on a specific
example, namely a = /3. The theory can be obtained from S! reduction from pure
Einstein gravity in five dimensions.

3.1 Solutions

Setting a = v/3, the solutions of the EMD theory obtained in the previous section become
those in five-dimensional Einstein gravity. The D = 5 metric is

ds? = ¢~ Vi%ds? 4+ eVi®(dz + A,da)?, (3.1)
The inverse metric is
0 _e B 0 0 0
_e P %672ﬂ+% —Ue A o 672B+%(Au + ApU)
g = 0 _Ue—2ﬁ+% 3_2::% 0 _E_Q’Y:ﬁAg . (3.2)
0 0 - T
K 2 672~/+%Ag

—27+
0 6726+%(Au +A9U)—er¢ 0 e V3 + 2
Inserting the a = v/3 solution in the previous section, we obtain D = 5 metric as the series
expansion:
M+
ds® = — [1 VBT O(r=?)| du?
r
1.2 1,2 P2
Y1 2¢ T U1 -3
-2 (1— + +O(r
[ V3r 72 )

1
+37‘ (N — 3¢ Ag + 4¢? cot 0 4 ¢(20g¢ — 23 cot Bpy) — \/ggolc%c)

dudr + 2 [(20 cot 0 + Ogc)

q 3A;cotf+ V3qpr + 3094,
- +
r 612
1 1 2 20
2 2
124 (2 — 5 ) r+ A2+ 2 <—20> -2
(20 ) oo |(G2) -2

1
+ [r2 sin? @ — rsin? (20 + %) + 8 sin? @ [(60 +V3p1)? — 6\/3902}

+ O(ﬂ)] dudf — 2 [ 0(7«3)] dudz

1

+ +0(r 1| a6?

— 12 —



A
Ap + 202 | A2 §[VBApr + Ao(t + V)]

—i—(’)(r‘l)] de? +2 | Ao + .

T T
[ 9 202 + /3
d0dz 4 |14 200 4 AP+ V30

+0O(r3) | dz2. (3.3)

The different types of news functions ¢, Ay and $1 in 4d are now purely gravitational
in five dimensions. They represent gravitational radiation in five dimensions. The extra
news functions arise because the asymptotic spacetimes in five dimensions is a product
of four-dimensional Minkowski spacetimes and a circle. A similar interplay happens also
between 3 and 4 dimensional general relativity [41, 42]. The physical interpretation can be
understood most clearly from a lower dimensional perspective.

3.2 Asymptotic symmetries

In this subsection, we derive the asymptotic symmetries in 5d pure Einstein theory. The
gauge conditions which are read off from the metric (3.3) are

Grr = 9ro = Grp = Grz = GJuo = 90¢p = Gz = 0. (34)

The infinitesimal transformation parameter £# will be independent of ¢ and z since there
is no ¢ nor z dependence in the metric. The residual gauge transformation preserving the
required gauge conditions is solved as follows:

4 ‘Cfgrr =0= €u = f(u79)

° ‘Cfgﬂﬁ =0= é‘d’ = £¢(u7 0).

i ['597"9 =0= gruaGf + 9998T§0 + ngargz = 0.
d [{grz =0= 0.0, + g@zarfa =0.

The last two equations can be solved as

o A Ura o
¢ = Y (u,0) +/ dr gggz«;—egé =Y (u,0) —I—/ dr grug® 0y f, (3.5)
r 2z 02 r

& =e(u,0) +/ dr M =e(u,0) + / dr grug*?0sf. (3.6)
r 9y, — 922900 r

o Leguy =0= (% =¢9(0).
o Legpy = 0= €% is a constant.
® L¢gs. = 0 =>no more constraint as €% is independent of z.

We have one more gauge condition from a combination of metric elements

9zz9 .
Zgzegbd) = rtsin? 6. (3.7)
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The precise condition is EE(%) = 0 which leads to

= —g (8959 + cot 0% — gwguraef> : (3.8)

Now, the vector ¢ is fixed up to three integration constants f(u,#), Y (u,0) and €(u, 0).
Suitable boundary conditions will further control their time evolutions. According to (3.3),
the boundary conditions are

Gur =—14+007), guo=0(), gu=00""), go=r"+0). (3.9
Those conditions will yield
Y (u,0) =ysinh, e(u,b) = e8), f@ﬁ):Twy+;%Yﬂ+mwyﬁu (3.10)
To summarize, the asymptotic Killing vector is

E=f=T+ %(891/'9 + cot GYG)u,

r_ T 0 0 ro

§ = —5 (0" + cot 06" — " gurduf )

=Y ol [ drgng”, (3.11)
¢ =¢,

E=cronf [ drgg”
3.3 5d algebra '
The asymptotic Killing vectors will satisfy a modified algebra introduced in [§]
(1, &lm = [§1,62] — 06,62 + 06,61 (3.12)

The algebra is closed in the sense that

(€1, &)Y = f = y18in 0(9pTa — cot 0T) — ya sin O(0yT1 — cot OT7),

0, ([61,€0r) = —9urg” 00,
Or([61, &23s) = —9urg” 00 f, (3.13)
O ([€1, &2]mr) = % [39(9999ur39f) +cot (9" gurdo f) + 0-(9" 906 f) | -
When r — oo, the algebra will be reduced to
(Ty, 1, €1), (T2, g, €2)] = (T3, €), (3.14)
where
T = y1 sin0(9gTs — cot 0Ts) — (1 <+ 2), (3.15)
y =0, (3.16)
€ = y18in00ges — (1 <> 2). (3.17)

Unsurprisingly, we recover the same algebra as (2.50) in 4d EMD theory. Literally, the
same mode expansion can be applied as (2.57)—(2.59).
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4 Conclusion and discussion

Our motivation for studying asymptotic behavior of four dimensional EMD theory is
twofold: the first one is to investigate the asymptotics in cases with coupled dynamical
massless fields with various spins, the second one is to study the asymptotics of five di-
mensional pure gravity among a well-chosen class of solutions avoiding half-integer powers
in 1/r expansions. The four dimensional computations were in the Bondi gauge. Three
type of news functions were identified and the generalized Bondi mass-loss formula was
obtained. The four dimensional solutions were uplifted to five dimensions and this gave us
the guide for gauge and boundary conditions for this class of solutions to five dimensional
pure Einstein theory. Asymptotic symmetry algebras in both four and five dimensional
cases were computed and they are the same. This approach of dimensional lifting also
opens windows for studying more fundamental theories in even higher dimensions based
on the Bondi formalism.

One of the straightforward generalizations of this work is to relax the axisymmetric
condition and study the general four dimensional asymptotic flatness solutions and their
uplift to five dimensions, similar to Sachs’ generalization [37] of [1]. We do not expect any
principle difficulties while the computations will be more tedious.

A more challenging point is about the asymptotic behavior of these five dimensional
solutions lifted from four dimensional EMD theory when the z direction is noncompact.
It will be of interest to see whether the asymptotic behavior has strong dependence on
the chosen null direction as what was found in [41] in dimensional reduction from four to
three dimensions. As there, we may need to study behavior of four dimensional fields at
timelike infinity in additional to the behavior at null infinity studied here. The studies
on asymptotics of four dimensional EMD theory here also strongly motivates us to study
triangular equivalent relations [13] among asymptotic symmetries, various soft theorems
and memory effects in this theory. We leave these interesting questions for future studies.
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