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is necessary because the prepotentials turn out to be three-dimensional fields that enjoy
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tentials and show that the action takes then the same remarkable form for all spins.
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1 Introduction

Our paper is devoted to fermionic higher-spin conformal geometry in three dimensions and
its application to the study of the dynamics of fermionic higher-spin gauge fields in four
spacetime dimensions. More precisely, we consider massless fermionic higher-spin gauge
fields of spin s+ %, described by tensor-spinors v, ...;, that are totally symmetric in their s
indices i1, -+ ,is. Under (linearized) higher-spin diffeomorphisms and (linearized) higher-
spin Weyl transformations, these fields transform as

Tiyigeiy = 80(i, &igeig) T 8V(iy Nig-vis) » (1.1)

where &;,...;,_, and A;,..;,_, are symmetric tensor-spinors with s — 1 indices. The first part
of this transformation is also called a generalized diffeomorphism and the second one a



generalized conformal transformation. The bosonic analogs of these transformations for a

spin-s field Z;,;,..;, are

s(s—1)
2

where &;,...;,_, and A, ..;,_, are now symmetric tensors with s — 1 indices and s — 2 indices

FZiliT"is - Sa(i1€’i2~~i5) + 5(’i1i2)\ (12)

igeeis) )

(and no spinor index), respectively. We have assumed for definiteness that the metric
is Buclidean and given by §;;, as this is the case relevant below. In the Minkowskian
case, one simply needs to replace J;; by the Lorentzian metric 7;; in (1.2). A central
question investigated here is the construction of the invariants under both higher-spin
diffeomorphisms and higher-spin Weyl transformations and the study of their properties.
This is what we mean by “developing conformal geometry”.

Conformal higher-spin gauge fields have attracted a lot of attention over the years,
in any number of spacetime dimensions (for more information, see for instance some of
the earliest references [1-10] and references therein). Conformal higher-spin gauge fields
are interesting per se, but also appear as “prepotentials” in manifestly duality-invariant
formulations of higher-spin non-conformal gauge fields in 4 spacetime dimensions, through
the resolution of the constraints appearing in the Hamiltonian formalism.! Following the
work of [11], this was originally observed for spin-2 in [12-14] and generalized to higher
integer spins in [15, 16]. The prepotentials appear as three-dimensional tensors defined on
the constant time Euclidean hypersurfaces in the 3+1 Hamiltonian spacetime split. That
they enjoy the higher-spin conformal gauge symmetry (1.2) was somehow unexpected but
established for all integer spins [15, 16] using the relevant higher-spin conformal techniques
in three dimensions.

For fermionic fields, however, prepotentials with the desired properties were introduced
only for spins 3 [17] and 3 [18], where they were also verified to enjoy the symmetries (1.1).
It was conjectured in that latter reference that a similar pattern would also hold for half-
integer spins equal to % or higher, but that conjecture was not proven.

One reason that the conjecture was left unproved in [18] is that the corresponding
tools for handling the higher-spin conformal symmetry in the dimension three relevant for
the construction of prepotentials were not available in a form adapted to the Hamiltonian
constraint analysis. The difficulty with dimension three is that conformal symmetry is not
controlled by the Weyl tensor, which identically vanishes, but by the Cotton tensor, which
involves higher derivatives of the fields.

The Cotton tensor has been defined for higher-spin bosonic gauge fields in [2, 19],
and [15]% and its properties relevant to the introduction of prepotentials through the res-
olution of the Hamiltonian constraints have been established in [15] (see also [20]). The
Cotton tensor contains s — 1 derivatives of the Riemann tensor and thus 2s — 1 derivatives
of the higher-spin s bosonic field. It plays a central role both in the study of the dynamics

'The term “prepotential” is always used here in that sense, as potentials needed to solve the constraints
of the Hamiltonian formalism.

*Note a small subtlety between [2] and [15] when s > 4. It is that the definition given in [2] involves a
symmetrization by hand, which turns out not to be necessary because the relevant expression is actually
symmetric. This observation turns out to be useful for establishing the properties of the Cotton tensor.



of conformal higher-spin gauge fields in three spacetime dimensions [21-25] and, as we have
just pointed out, for the introduction of prepotentials in the Hamiltonian formulation of
standard higher-spin gauge fields in four spacetime dimensions.

The purpose of this article is to extend the work of [15, 16] to higher-spin fermionic
fields. To that end, we define and study the properties of the Cotton tensor for half-integer
spin fields in three dimensions. The Cotton tensor is actually a tensor-spinor, but like for
any other tensor-spinor we shall often loosely refer to it just as tensor. The Cotton tensor
contains 2s derivatives of the field v;;,...;, (in terms of the spin S = s+ %, this is equal to
25 — 1 as in the bosonic case). It was defined earlier in [26] for spin 3 and more recently
for all half-integer spins in [27-29]. Our derivation follows a different line. It is based on
the use of the differential operator d(,) of [30, 31] that fulfills

At =0 (1.3)
and the corresponding Poincaré-type lemmas. As such, our definition it is not tied to
supersymmetry or superspace calculus. The same method has been applied to mixed Young
symmetry tensors for which the “critical dimension” where the Weyl tensor identically
vanishes is generically higher than 3 (see, e.g., [32] and [33-36]).

Once the Cotton tensor has been defined and its main properties established, one can
turn to the resolution of the fermionic constraints of the Hamiltonian formalism. These
can be rewritten in a form that makes the introduction of prepotentials effortless.

Our paper is organized as follows. Section 2 is devoted to the definition and study
of the properties of the Cotton tensor for half-integer spin fields in three dimensions. We
then consider in section 3 the dynamics. We first show that the equations of motion can
be rewritten, just as in the bosonic case [16], as twisted self-duality conditions ([37-39)]).
We then turn to the Hamiltonian formulation of the equations of motion, in particular to
the constraint equation, which plays a central role in the twisted self-duality conditions.
We solve in section 4 the constraints, which is the step that introduces the prepotentials in
terms of which we rewrite the action. This action enjoys a chiral SO(2) symmetry. Section 5
is devoted to final comments and conclusions. Table 1, appended at the end of this work,
summarizes the most important definitions and properties of bosonic and fermionic higher
spin fields in the prepotential formalism and might be useful to get a fast overview.

Notation and conventions. The flat metric of 4-dimensional spacetime has signature
(—,+,+,+) and its spatial sections are Euclidean with signature (4, +,+). Our conven-
tion for the Dirac v matrices is that {v,,v,} = 21, where 7,, is the spacetime metric.
Furthermore, we define 75 = Y9y172773 , so that the spatial gamma matrices satisfy the
useful identity

Vv = 6ij + €Y 570, (1.4)

and v;; = Y5 = 5Z»jk'yk75% with €103 = €123 = 1. Notice that (y5)? = —1I.

Taking one spatial trace is indicated with a bar, T = T = §i T;j, and the slash is
the spatial gamma-trace, 7' = ~*T;. Multiple traces are indicated by a bracketed exponent,
eg., T = 5”5“7}%. Due to the property v(iq9) = §% the double gamma-trace of a



symmetric tensor is the same as a normal trace, so no notation is introduced for multiple
gamma-traces. Space-time traces are rarely used and indicated by a prime or backslash
respectively, 7" = n#**T),, and Y'= v#T,,. The Dirac conjugate ¥ = 9T~ is also indicated
by a bar, but no confusion should arise since the context is clear.

We will sometimes find it convenient to adopt a compact notation where the vectorial
indices are suppressed and symmetrization over unwritten vectorial indices is implied. For
example, in this notation, equations (1.1) and (1.2) become

T = s9€ + s, rz:sagﬁ”(’”;l)ax. (1.5)
Since it should be clear from the context and to improve readability we mostly call tensor-
spinors just tensors.
Finally, a tensor(-spinor) with (aj, a2, - , a,) Young symmetry is labeled by the length
of the rows, i.e., corresponds to a Young diagram with n rows which have a; boxes. If not
stated otherwise, we follow the manifestly antisymmetric convention.

2 Three-dimensional conformal geometry

The Riemann tensor, or equivalently the Einstein tensor, controls higher-spin diffeomor-
phisms. By this we mean that any function that is higher-spin diffeomorphism invariant
can be written as a function of the Riemann (or equivalently Einstein) tensor and its
derivatives. However, the Riemann tensor lacks higher-spin conformal invariance, which is
an important property needed for the resolution of the Hamiltonian constraints. For this
reason the Cotton tensor must be introduced and its important properties established.

2.1 Riemann tensor

The “Riemann”, or “curvature” tensor is defined by taking s derivatives of the spin-s (or
s+ %) field [40]. In terms of the differential operator d(y of [30, 31], the Riemann tensor

can be written as

R = df5)¢ (2.1)

or, in components,
Riyjyisge = 2° O -+ 0Ly | Wlin] - fis] - (2.2)
It is a tensor of Young symmetry type (s, s) which satisfies the Bianchi identity dsR=0

because of the property dsg'l = 0. On account of that same equation, it is also invariant
under higher-spin diffeomorphisms, which can be written as I'¢t) = d(,)§. Furthermore, a
necessary and sufficient condition for the higher-spin field to be a pure higher-spin diffeo-
morphism, i.e., ¥ = d(,)§ for some &, is that its Riemann tensor vanishes. This is equivalent
to the statement that the most general higher-spin diffeomorphism invariant function can
be expressed as a function of the Riemann tensor and its derivatives only.

The Riemann tensor is not invariant under higher-spin Weyl transformations. The
construction of invariants for that symmetry makes dimension three very special. In di-

mension strictly greater than three, one can construct invariants by removing gamma-trace



terms from the Riemann tensor, defining thereby the Weyl tensor. This procedure does not
yield quantities of great interest in dimension three, however, because the tracefree part of
the Riemann tensor then identically vanishes. What controls higher-spin Weyl symmetry
is the Cotton tensor, which contains higher derivatives of the higher-spin fields, to which
we will turn after defining the Einstein tensor for general s.

2.2 Einstein tensor

As we indicated, the Weyl tensor identically vanishes in three dimensions. The curvature
tensor is therefore completely determined by the “Ricci tensor”, or equivalently, by the
“Einstein tensor”, which is the s times dual (with a sign factor inserted for convenience)

G=(-1)" gx - xdiy (2.3)

s times

of the curvature. We dualize on each antisymmetric pair so this expression can also be
written as

G=(c-9)1. (2.4)

In words, the Einstein tensor is obtained by contracting s times €;;p, 07 with pk1ks | Ex-
plicitly, when s =1 (spin %) one has

GZ' = €ijk8j’lbk N (2.5)

while for s = 2 (spin 2)

Gij = Eikm€jlnakal'¢mn . (2.6)

The Einstein tensor is a completely symmetric tensor which fulfills the contracted
Bianchi identity

05, Gi2is = (), (2.7)

Conversely, any symmetric and divergenceless tensor can be written as the Einstein tensor
of some field.

While equivalent, we find it convenient in the sequel to work systematically with the
Einstein tensor rather than with the Riemann tensor.

2.3 Schouten and Cotton tensors: first cases

The Einstein tensor and its derivatives provide a complete set of higher-spin diffeomor-
phism invariant functions, but little can be said about higher-spin Weyl symmetry without
introducing the Cotton tensor. The idea is to algebraically construct out of the Einstein
tensor and its successive traces the “Schouten tensor” that transforms under higher-spin
Weyl transformations into a symmetrized gradient. The Cotton tensor is then the Einstein
tensor of the Schouten tensor and is therefore Weyl invariant. This is much along the lines
of the bosonic case, as can be seen in table 1 at the end of this work, but there the Schouten
tensor transforms under a symmetrized double gradient rather than a single symmetrized

gradient. The symmetrized double gradient is removed by acting with d‘(gs_)l rather than



with df 5 which explains the difference in the number of derivatives when expressed in
terms of s.

After the Cotton tensor is properly defined, we prove the following two important
theorems.

Gauge completeness: the Cotton tensor is zero if and only if the field is pure gauge with
respect to higher-spin diffeomorphisms and higher-spin Weyl transformations.

This property ensures that the Cotton tensor fully controls the gauge invariance,
which means that any local higher-spin diffeomorphism and higher-spin Weyl invari-
ant function can be written in terms of the Cotton tensor and its derivatives. So
the Cotton tensor and its derivatives provide a complete set of gauge invariant func-
tions (see, e.g., appendix B.1 of [15] for more details and the proof that this claim is
equivalent to the property above).

Conformal Poincaré lemma: any symmetric, divergenceless and gamma-traceless ten-
sor can be written as the Cotton tensor of some field.

This property will be crucial when solving the Hamiltonian constraint of the higher-
spin fermionic field in section 4.

As a warm-up, we start with the spin—% field. Most of the subtleties of the general
case are already present in the case of the spin—% field, which we discuss next before we
generalize to general spin.

2.3.1 Spin-3

We first consider the familiar case of spin % (s=1). The spin—% field is a vector-spinor ;.
We are looking for a complete set of functions of this field invariant under the following

transformations

Py = 0;§ + i (2.8)

As we have recalled, a complete set of invariants under spin—% diffeomorphisms, i.e., the
first term in (2.8), is given by the Einstein tensor

Gy = eijp 09k (2.9)

and its derivatives, which transforms under a conformal transformation as I'G; = 6,~jk8j VRN
This implies ['¢¥ = —2v570@\ and leads us to define a Schouten tensor as

1
Si=Gi— 5%‘@- (2.10)
Its gauge variation is indeed a gradient
FSZ‘ = & (75’)/0)\) . (2.11)

The definition (2.10) is invertible: the Einstein tensor can be expressed in terms of the

Schouten as
Gi= 8 —b. (2.12)



Since the Einstein tensor is identically divergenceless, the Schouten satisfies
0=208;—d$. (2.13)

This is the Bianchi identity for the Schouten tensor. The conformal invariant is then the
Einstein tensor of the Schouten tensor, which we name “Cotton tensor”. For the spin—%
field this quantity is given by

Di = aijkf)jSk (2‘14)

1, 1 .
= 5 (0:070; — M) — Seinsr0dO v (2.15)

It is identically divergenceless, and also gamma-traceless on account of (2.13) (and (1.4)).
It is called “Cottino” in [26] where it was first introduced.

We will now prove that the Cotton tensor and its derivatives provide a complete set of
invariant functions with respect to higher-spin diffeomorphism and Weyl transformations
(gauge completeness), and any tensor that is both gamma-traceless and divergenceless is
the Cotton tensor of some vector-spinor (“conformal Poincaré lemma”).

Gauge completeness. The first property is equivalent to the fact that D; = 0 is a
necessary and sufficient condition for the spin—% field to be pure gauge. By construction,
we have I'D; = 0 which shows that for a pure gauge field the Cotton tensor necessarily
vanishes. This condition is also sufficient, since if D; = 5ijk8j Sk = 0, then (using the
Poincaré lemma with a spectator spinor index) we have S; = 9;p for some p that we can
always write as p = v57A. Inserting now S; into (2.12) leads to G; — 5ijk8j7k)\ =0,
or equivalently eijkﬁj(@bk —~*X) = 0. We can again use the Poincaré lemma, yielding
Wy = 0;€ + ;A for some €. Therefore a vanishing Cotton tensor also implies that the field
is pure gauge.

Conformal Poincaré lemma. Furthermore, by running backwards the construction of
the Cotton tensor, it is also easy to see that any vector-spinor field 7; that is both gamma-
traceless and divergenceless, 9*T; = 0 and 7" = 0, is the Cotton tensor of some vector-spinor
field ;, i.e., T = DI[¢].

Indeed, the condition 0"T; = 0 implies T; = sijkﬁj Sk for some S* that fulfills 9°S; —
@$% = 0 on account of 7' = 0. We can now define a tensor G; through G; = S; — ;-
it fulfills 0°G; = 0 and is thus itself equal to G; = 5ijk8j1[)k for some v; which is the
searched-for vector-spinor.

2.3.2 Spin-3

We now turn to the discussion of the spin—% field, a symmetric tensor(-spinor) t;;, which
will lay the ground work for the next section where general half-integer spin is considered.
We are looking for a complete set of functions that is invariant under the transformations



As we have seen, such a complete set of invariants under spin—% diffeomorphisms is given
by the Einstein tensor

Gij = Eikmejin 0O P™" (2.17)
= 0y (A = 90"y ) + 20408 — Aty — D0, (2.18)
and its derivatives. The variation of this tensor under a Weyl transformation is given by
I'Gij = 20" 1) (2.19)
where p; = sﬂnalv is the Einstein tensor of A\". For its traces, this implies

TG = —3v5v00p + ik O ™ (2.20)
TG =T69G; = 260" " . (2.21)

The Schouten tensor is a combination of the Einstein tensor and its traces, i.e., S =
G +a1G +bgy@. Using this ansatz and the condition that the Schouten tensor should vary
to a symmetrized derivative leads to®

1. - 1
Sij = Gij — 15z’jG - 57(2‘@]‘) : (2.22)
Indeed, it varies to
FSij = 8(iVj) (2.23)
where we have defined
1 , 3
v, = —*€Z'jk’yj,uk + 550 i - (2.24)

2 2

As in the Spin-% case, the relation between the Einstein and Schouten tensors is invertible
and we have

Gij = Sij — 275 — 0455, (2.25)

which implies ¢%; = —48; and G = —4S5 for the traces. Since the Einstein tensor is
identically divergenceless, the Schouten tensor satisfies 0 = 97 Sij — a8, — %E)j$j —0;S.
Taking the gamma-trace of this expression gives 8,-$i = 0, which then implies the Bianchi
identity for the Schouten tensor

Ui[S] =& S;; — @$; — .S =0, (2.26)

which is equivalent to the divergencelessness of the Einstein tensor. Likewise, the relation
between p; and v; can be inverted to
i

1
p= _igljkfyjyk — V5Y0Vi 5 (2.27)

%Note that the Schouten tensor used in [18] is the Schouten tensor for a spin-2 field with spinor indices
treated as spectator indices. The definition adopted here, which is different, is more adapted to the spin—g
case. The tensor (2.22) enjoys indeed more useful properties.



and the property ;' = 0 is equivalent to the identity 9;1° — %75705“1“ d'vjvy = 0 satisfied
by v;, which can also be rewritten as

Iv|=0" +dy =0. (2.28)

An important property is that
1
Ui[ov] = D) oiIv], (2.29)

which shows that the Bianchi identity for the Schouten tensor is compatible with Weyl
transformations.

The conformal invariant is then the Einstein tensor of the Schouten tensor, named the
“Cotton tensor”

Dij = €ikm€ﬂnak815mn (2.30)
= 20;0" Sjyr — ASy; — ;0,85 . (2.31)

It is again divergenceless and gamma-traceless, and invariant under higher-spin diffeomor-
phisms and Weyl transformations. Its explicit form in terms of the fourth derivatives of

1/%’;‘ is
1 1. -
Djj = A? <¢z‘j = 5765 ~ 45@-1#)
A _
+7 (@'3]'7!) + 2(33(1'1/1]') + 0" (835 0" — 10 0y + 27D + 2 6(1%')3/%))
1 1
+ 5 005 (50" — 20049, ) = 5 05y 00 Do (2.32)

an expression that would have been of course very difficult to guess (and to generalize)
without the systematic construction using Einstein and Schouten tensors.
We now turn to the proof of the two important theorems concerning the Cotton tensor.

Gauge completeness. We first want to show that the Cotton tensor fully character-
izes the spin—% diffeomorphism and Weyl-invariance. For that, we need to show that the
condition D;; = 0 is equivalent to 1;; being pure gauge.

If 4;; is pure gauge, then the Cotton vanishes by construction, D;; = 0. Conversely,
if D;; = 0, the Schouten satisfies 9;;Sj,) = 0 or, in index-free notation, d(22)S = 0. Using
the Poincaré lemma for two-column Young tableaux [30, 31|, this implies that S = d(q)v
for some vector v, i.e., Sij = 0.

Defining G* and p' through S;; and v; by equations (2.25) and (2.27) gives G;; =
25(Z~|ab8a7bm j)- It is proven below that the ambiguity in v; allows us to fix O;p’ = 0. This
implies ! = eijkﬁj)\k for some A\, and G;; = aikmgﬂnakal(m(mn)), or Eikmeﬂnﬁk@l(wm" -
2*)/(’”)\”)) = 0. Again using the relevant Poincaré lemma, this implies ¢ = 29(m¢n) +
2~v(MmA™) for some £", which shows that ™" is pure gauge.

The only extra step with respect to the spin %—case consists thus in establishing that
the ambiguity in v; allows us to fix 9;u’ = 0 or, equivalently, I[v] = 0. Due to the Bianchi
identity U[S] = 0 satisfied by the Schouten tensor, we know that I[v] satisfies 0;1[v] = 0,



which leads to I[v] = p(o) with constant p(o). We can also redefine v; as v; ~ v; +; without
changing the Schouten tensor, as long as 7; satisfies 9;7;y = 0. This is just the Killing
(0) 1), .j

+ q;; v,

equation for flat space (with a spectator spinor index) and is solved by 7; = ¢;
is antisymmetric. A short computation then

where qEO) is a constant vector-spinor and ql(J1 )
shows that

. 0 _—
I+ 7] = p© =g} (2.33)

(1) _

Therefore, choosing 4 = —%’yijp fixes I[v + 7] = 0, thus concluding the proof.

Conformal Poincaré lemma. The Cotton tensor is symmetric, divergenceless and
gamma-traceless. We will now prove that any tensor with these properties, i.e., any sym-
metric tensor T;; satisfying c’ﬁTij = 0 and 7, = 0, can be written as the Cotton tensor
Tij = Dj;[¢] for some 1.

Divergenceless of a symmetric tensor implies, using the generalized Poincaré lemma [30,
31], that Tj; is the Einstein tensor of some symmetric tensor S;j,

T%j = €ikm€jlnakal5mn . (2.34)
The condition 7’; = 0 leads to
0= ek (05" — Pg* — 9*9) (2.35)
=ik OUU"[S], (2.36)
where we have added the last trace-term for convenience, at no cost since partial derivatives
commute while €;;; = —¢;x;. The Poincaré lemma then implies
UZ[S] = 8jSij — a$l - 815‘ = 82'[). (2.37)

Suppose for now that the right hand side vanishes. Then, our tensor S satisfies the Bianchi
identity (2.26) for the Schouten tensor of that spin. Therefore, the tensor G;; defined by

Gij = Sij — 2@y — 0455, (2.38)

satisfies 8iGij = 0, as is proven in the beginning of this section. This followed from the
invertibility of the definition of the Schouten in terms of the Einstein tensor, for which the
definition in terms of 1 was irrelevant. Now, since G is divergenceless, we have

Gij = Eikm6j1n8k81¢mn (2.39)

for some symmetric 9", which shows that S is the Schouten tensor of ¥ and therefore
that Tj; is its Cotton, Tj; = D;;[1)].

To finish the proof we need to show that we can use the ambiguities in the Poincaré
lemma to indeed set the right hand side of (2.37) to zero. The freedom we have is given
by Sij ~ Sij + 0(;j) which leads to

Uifow] = —5 0,037 + ) = dup. (2.40)

~10 -



Therefore, it is sufficient to choose v such that
Iv] =o'+ dy = —2p. (2.41)

To prove that such a v; exists, we define a vector-spinor u' in terms of v* as in equa-
tion (2.27) and use the invertibility of that relation. Equation (2.41) is then equivalent to

iyt = p, (2.42)
where p = v579p, which always has a solution. This therefore completes the proof.

2.4 Schouten and Cotton tensors: general half-integer spin

The spin-(s + 1) field is a symmetric tensor(-spinor) with s vectorial indices 1. Again, a
complete set of invariants under spin-(s+ %) diffeomorphisms is given by the Einstein tensor

G=(e-0)1. (2.43)
The variation of this tensor under a Weyl transformation (1.1) is
I'G=s(c-0-v)p, (2.44)

where p = (e -9-)*7 '\ is the Einstein tensor of A or, equivalently, any symmetric diver-
genceless tensor of rank s — 1. This implies, for the p-th trace and gamma-trace of G

TGP =2p(e- 0y )l + (s —2p) (e-0- 1)l (0<
TEW = —ysn0 (s + 1) P + (s —1-2p) (-0 ) (0 <
where |s/2| denotes the largest integer equal or smaller than s/2. The Schouten tensor will

be built out of these quantities multiplied by p delta functions and an additional gamma
matrix for $[p]. The variation of these terms is given by

PTG = 2psP(c - 0 - v )P + (s —2p) 67 (e - O - ) pl?! (2.47)
PTG = 59 (s + 1) PO 4 (s +1) 67 (e - 9 - ) pl?
+(s—1=2p) Py (c-0-)pu. (2.48)

At first sight, it does not seem possible to combine these expressions in order to obtain a
symmetrized derivative, but we have to take into account the following identity

0 = depj0ym 0™y 1 (2.49)
= €iji0m0" Y 1 — j1Omy 1" + eni0'ymp” — €150y 1™ (2.50)

where the spectator indices of i have been left unwritten. After symmetrization in Im
(together with the remaining indices of p), this gives

0=0e-0-v-p—0(-y)u+yE-9)p—(-9-7)p, (2.51)

- 11 -



which in turn implies

TGP = 2p5P~10 (e - ) P~ — 2psP 1y (2. 0 ) P~ 4 2pP 1 (e - O - ) plP~ Y
+(s—2p) 0P (-0 -~) ulP). (2.52)

This leads us to define the Schouten tensor as

/2] L(s=1)/2]
S=3 ap’GP 1+ ST bera”. (2.53)
p=0 p=0

Requiring the gauge variation of the Schouten to be a symmetrized derivative (I'S = dv

for some symmetric tensor ) imposes

0=—-2(p+1)apt1+(s—1—2p)b,, (2.54)
0=2(p+1)apt1+(s—=2p)a,+ (s+1)by,. (2.55)

Taking the initial condition ag = 1, the solution to these recurrence relations is

(=1)" (s —p)!
- (o — 991 2.
o 4P pl (s —2p)!’ (2.56)
L(=1)? (s —p—1)! 1s—2p
Y =-5 : 2.
bp 2 4rpl (s—2p—1)! 5 S—pap (2.57)

The gauge variation of the Schouten tensor is then indeed a gradient and reads explicitly
rs=ov (2.58)

for a symmetric tensor v which is related to u as

ls/2] [(s=1)/2]
=3 ey el =S by sk Dyl (259)
p=0 p=0

The Schouten tensor satisfies the Bianchi identity
UlS|=0-S-9$—(s—1)05=0, (2.60)

which is equivalent to the divergencelessness 0 - G = 0 of the Einstein tensor. Indeed,
plugging formula (2.53) into this identity and using the form of the a,, b, coefficients,

one gets
s/2] ) L(s=1)/2] .
== —2p)oP 0 - G'* —2p—1)6Py 0 - 2.61
Uls) = - p;)ap(s 2p)6F 9 - G + p;) by(s —2p — 1)0Py 0 - 7| | (2.61)

which vanishes by virtue of @ - G = 0. Similarly, on the parameter v for the gauge trans-
formations of the Schouten tensor, the identity equivalent to 9 - =0 is

IV|=0-v+dp+(s—2)0v=0 (2.62)

- 12 —



or, equivalently (using 77 = 6% + e¥Fy,y570),

2
These identities are compatible since

viov] = - =Y orp. (2.64)

which guarantees (as it should!) that the property U[S] = 0 is not destroyed by a Weyl
transformation.
The Einstein tensor of the Schouten tensor is then the searched-for conformally invari-
ant Cotton tensor
D=(-0)°S. (2.65)

It is obviously symmetric, divergenceless and invariant under the full gauge and Weyl
transformations of the field. It is also gamma-traceless owing to the identity U[S] = 0;
indeed, a short computation shows that

D=(-0)"'UIS]=0. (2.66)

As in the spin—% case, the proofs of the gauge completeness and the conformal Poincaré
lemma heavily rely on the identities (2.60) and (2.62) satisfied by the Schouten tensor and
the v parameter.

2.4.1 Gauge completeness

If v is pure gauge, then D = 0 by construction. To prove the converse, we proceed as
before, using the differential dy). If D = 0, the Schouten tensor satisfies de)S = 0, which
implies S = d(,)v for some rank s — 1 symmetric tensor v. Defining G and p by inverting
the definitions above, this is equivalent to G = s(e - 9 - v-)u. Now, if the ambiguity in
v allows us to fix 0 - 4 = 0, implying that p is the Finstein tensor of some A\, we get
G[y] = s(e-0-)°(yA), or (6-0:)°(1) — sy\) = 0. Again using the Poincaré lemma for dy),
this implies that ) = s(9¢ + y\) for some &, showing that 1 is pure gauge.

The key step above is thus again that the ambiguity in v allows us to fix - =0
or, equivalently, I[v] = 0 (as defined in (2.62)). This can be seen as follows. First of all,
the Bianchi identity for the Schouten tensor implies that I[v] satisfies 0I[v] = 0 or, in
index notation,

8( Ii2...i571)[y] =0. (267)

The general solution of this equation is [41-43]

i1

Liyiy s an ds—2 j1jnd '1"'333‘"’ (2.68)

where the p(™ are constant tensor with (s — 2,n) Young symmetry (in the symmetric
convention), i.e.,

(n) _ () (n)
Piyevig g gjiogn = Pligis_a) jrgn — Pirvis—a (1-jn) 2 (2.69)
(n) _
p(il"'is—2j1)j2-~~jn =0. (2.70)
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On the other hand, the ambiguity in v is given by solutions of 9v = 0, i.e.,
s—1 (n)
Diriacs = D Qiyoviy @2 (2.71)
n=0

where the ¢(™) are constant tensors with (s—1,n) Young symmetry (again in the symmetric
convention). Now, computing I[7] shows that we can use this ambiguity to fix I[v] = 0
provided we choose the tensors ¢(™ such that

TS j—
TV iyisor jigns = Pivevisojivin

(up to factors that can be absorbed in the q(”)). That this equation always possesses a
solution for arbitrarily given p’s with the (s—2,n) Young symmetry is proven in appendix A.

2.4.2 Conformal Poincaré lemma

As was mentioned above, the Cotton tensor is symmetric, divergenceless and gamma-
traceless. We now want to prove the converse, i.e., that for any symmetric tensor T
satisfying @ - T = 0 and 7' = 0, there exists some 1 such that T = D[]. First of all,
0-T = 0 implies that there exists a symmetric tensor S of which T is the Einstein tensor,

T =G[9]. (2.73)
Then, due to 7' = 0, this tensor satisfies (¢ - 9-)*"1U[S] = 0, which implies
U[S] = 0p (2.74)

for some symmetric tensor p using the appropriate Poincaré lemma. Now, we would like
to use the ambiguity in S to cancel p so that U[S] = 0. Indeed, this would imply that S
satisfies the Bianchi identity of the Schouten tensor and therefore that some 1 exists such
that S = S[¢], which shows that T"= D[¢].

The ambiguity in S is given by S ~ S + Ov (since it is only defined through its
Einstein tensor). Because of equation (2.64), we can fix U[S] = 0 provided we can solve
the differential equation

Ivl=»p (2.75)

(up to factors and signs that can be absorbed in v). Because of the invertible relation
between v and p (or between I[v] and O - ), this is equivalent to

Q-p=p, (2.76)

where p is an invertible combination of p and its traces and gamma-traces. This equation
can be solved for p, which finishes the proof.

3 Equations of motion as twisted self-duality

In this section, we rewrite the equations of motion of the fermionic spin (s+ %)—ﬁeld in four
spacetime dimensions as twisted self-duality conditions on the curvature, supplemented by
a purely spatial constraint.
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3.1 From the Fronsdal to the Riemann tensor

The equations of motion for the spin (s + %)—ﬁeld Yy, are of first-order in derivatives
and given by
Fugoons =0, (3.1)

where the Fronsdal tensor is defined as

Fppops = Wul"'#s - 38(u1>‘>@u2~'u5) (3:2)

and the field itself satisfies the trace condition ¥’ = 0 (see section 1 for the notation).
Under a gauge transformation

Ly, = 38(,“5“2.,.“3) , (3.3)
the Fronsdal tensor transforms as
PFppeps = =8(5 = 1) Oy Opn&pus o) (3.4)

or, in index-free notation, I'F = d%s)ﬁ, where the differential d,) satisfies d‘(s;'sl = 0. The
equations of motion are gauge-invariant if the gauge parameter is gamma-traceless.

The first step is to rewrite these equations in a manner that is invariant under the larger
set of traceful gauge transformations; this is done along the lines of [19, 44] by going to the
(spacetime) Riemann tensor. This formulation contains more derivatives of the field, and
the original formulation can then be recovered by fixing the gauge. The Riemann tensor
is the (s, s)-tensor

Ryyonopsvs = 270+ Oy Wlan) o pas] - (3.5)

It is invariant under (3.3) even if the trace parameter is traceful. Taking the gamma-trace
of R, we get the (s,s — 1)-tensor

o Ry psvs = 2% 0y, -+ Oy, (WHIH&"'NS - 3#1%2---%) (3.6)
=20, -+ 0y, (&/}NIMZ"'MS - Sa(mwuz---us)) (3.7)
=20y, Ouy Frus pinpis (3.8)

where the obvious antisymmetrization in uy, v (k > 2) are not written explicitly to avoid
cluttered notation. We have added the necessary terms in the second line (at no cost since
partial derivatives commute) to make the Fronsdal tensor appear. In index-free notation,
this is

R=di ' F. (3.9)
Another way to understand why a relation of this type must exist is that, because of
the gauge transformation property of the Fronsdal tensor, the quantity dfslf is gauge-
invariant and must therefore, like any other local gauge invariant function, be expressible
in terms of the Riemann tensor.

Now, F = 0 implies R = 0; conversely, R = 0 implies F = d?s)g“ using the relevant
Poincaré lemma, for some ¢ that we can always write as ¢ = §. This is the equation
F = 0 up to a traceful gauge transformation. Thus, one can reach F = 0 by a gauge
transformation when R®= 0. One can further show [45] that there is enough gauge freedom
(when R= 0) to impose also the triple gamma-trace condition on the field v itself.
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3.2 Rewriting as a twisted self-duality condition

We show in this subsection that the geometrical equation R= 0 is equivalent to the system
R = -5 *R, ’}/klelinQ cdgfs — 0, (310)

i.e., the twisted self-duality condition supplemented by a constraint on the purely spatial
components.? This is the analog for fermionic fields of the twisted self-duality condition

derived in [16] for bosonic fields.

Spin—%. We first start with the spin—% case, which illustrates the main points. The
equation R= 0 is in this case

YR =0, R, = 0py — Oty (3.11)
It is equivalent to the the usual Rarita-Schwinger equation v**#RR,, = 0.

e R=0 = R = —v5 xR and vklelmz..Aisjs = 0: first, by contracting with v, one
sees that v* R, = 0 implies v¥**R,,, = 0 (since R, is antisymmetric). Splitting time
and space, this is 2¢%y*Ro; + 79 R;; = 0. The first term is the 0 component of =0
and therefore vanishes; this shows that ¥ = 0 indeed implies the spatial constraint
”)/” Rij =0.

Then, using the gamma matrix identities

YV = 7 — 480, 7 — 2688 (3.12)
AHVPAT — PO 37[HV7]0]U (3.13)
(valid in all dimensions) and
Yuvpo = EpvpoYs (3.14)
with ep123 = +1 (specific to four dimensions), we get
0= 'Vuup'VJRPU = 5uup075Rpa + 27[MUR1/]U (3'15)
0= 'YMV’YPURPO- = gquU’YE)RPU + 4’}/[HURV]O- — 2Rl“’ . (316)
Taken together, these two equations imply
1 o
Ry = —-€upe s R, (3.17)

2

which is the twisted self-duality in components.

e R=—v5 xR and Y*' Ry, inja —isjs = 0 = R= 0: splitting space and time, the twisted
self-duality is

1 .
ROi = —§5ijk’75Rjk . (318)

“In our conventions (vs5)? = —1 which is consistent with (x)? = —1.
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Contracting with v* and using the identity Vik = —Eijkfyi’yo%, this gives
2799 Ro; — v’ R;; = 0. (3.19)

Using the constraint, this reduces to the zero component of R = 0. We are still
missing the spatial components of that equation, which read 7" Ry; +~*Ry; = 0. This
is proved by using the identity

YiVik = Yijk + 205k = —€ijkY0Ys + 203V » (3.20)
which gives, using the constraint and the twisted self-duality condition

0 = vy R7* = —ei17075 RI% + 29F Ry, = 270 Roi + 29" Riy (3.21)
=2 (VOROZ‘ + ’VkRki> : (3.22)

Arbitrary spin. The proof of the previous section carries over without any change if one
adds as many indices as necessary to R. This shows the equivalence between R= 0 and

R=—5 %R, 'Ykleluzuz---usus =0, (3.23)

where the constraint carries additional spacetime indices. To finish the proof in the arbi-
trary spin case, we therefore need to show that the subset of these constraints with only
spatial indices implies all the others components (with one or more zeros).

Using the twisted self-duality condition on other groups of indices, we can dualize every
temporal component appearing in the constraint to spatial indices, for example

1

’Yklel 0ip3q3--psqs — _§€imn7klelmnp3q3-~-psqs =0. (324)

This shows that the purely spatial constraint appearing in (3.10) is sufficient.

3.3 Hamiltonian constraint

The constraint v* Ry, injs isjs = 0 possesses an interesting interpretation in terms of the
dynamics: it is equivalent to the constraint that appears in the Hamiltonian formulation,
as we now show.

The Fang-Fronsdal action [46] is linear in the first order derivatives and is thus already
in Hamiltonian form (up to field redefinitions of the variables). The components ¥ok,ks.. k.
with one index equal to 0 are Lagrange multipliers enforcing the “Hamiltonian constraints”
on the dynamical variables [18, 47-49]. These constraints arise from the components with
one index equal to 0 of the original equations of motion F = 0,

0= (5 —1) OksZks.. ko) + 27" " OWmg. ey + (5 = 1) Qo ¥y k) (3.25)

where

Sk ks = V00ks.. ks — 27" V0iks. ks - (3.26)
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If we take s — 1 curls of this expression (i.e., if we compute its Einstein tensor), we will get
the vanishing of the gamma-trace of the Einstein tensor of ¢y, &.,

@] =0. (3.27)

Using the spatial € tensor, this is equivalent to the constraint written in (3.10) in terms of
the Riemann tensor.

4 Prepotentials

The fermionic higher-spin conformal geometry provides the tools for introducing prepoten-
tials to write the action for the twisted self-duality equations as a typical, and remarkably
simple, prepotential action. It is equivalent to the usual Fronsdal action, where the con-
straints are solved.

4.1 Solution of the constraints

Since the Einstein tensor G[¢] is symmetric and divergenceless, the conformal Poincaré
lemma, proven in section 2.4.2, implies that the constraint @[] = 0 is solved by writing

G[¢] = DIx] (4.1)

in terms of a prepotential x, where D is the Cotton tensor. A formula realizing this
is simply

vIx] =S, (4.2)

where S is the Schouten tensor, since the Cotton tensor is exactly defined as the Einstein
of the Schouten. The simplicity of this formula with respect to the bosonic case seems to
be a recurring fact for fermionic fields: see [34, 35], where the same happens for fermionic
fields in other dimensions.

Plugging this back into (3.25), we get the equation

0=(s=1)IE+ (s — 1)IS[x] =2 (9 Sx] — #[x]) = (s — )2 (E - S[x]) (4.3)

using the identity 9 -S — @$ — (s — 1)0S = 0. A particular solution of this equation for
=[x] is )

Elx] = Slx]- (4.4)
In this way, all the dynamical variables (spatial components of ¢ and Z) are expressed in
terms of the prepotential .

We have chosen a particular solution (4.2) of the equation (4.1). Given the properties
of the Einstein tensor, the most general solution will differ from (4.2) by a gauge trans-
formation of v, and so is physically equivalent to the choice adopted here. Moreover, the
relation (4.2) clearly satisfies (by construction of the Schouten tensor) the property that a
Weyl transformation of y induces a gauge transformation of 1. Finally, we note that the
ambiguity in Z, for fixed ¢’s, is given by a solution of the Killing tensor equation for a
tensor with s — 2 spatial indices. Such a solution is constant or blows up at infinity, and
can be dropped if we assume that the spin-s field goes to zero at infinity.
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4.2 Equations of motion

A sufficient subset of the twisted self-duality equations is given by the components with at

most one zero, i.e.,
4 o= Pq
ROsgng...Jsks = 255pq’75R Goka..jsks * (4'5)

This is proven indirectly below, starting from the action for the field 1. Those equations
still contain temporal components of the field; to get rid of those, we take an extra curl,
giving the equation

e o, (ROsjzkg...jsks + ;55pq75quj2k2...jsks> =0. (4.6)
This equation is equivalent to (4.5): the missing components can be recovered using the
appropriate Poincaré lemmas. The fact that only spatial components of 1 appear in this
equation can be made more manifest by writing ¢ OrRosjoks.. jsks = %airerszkQ.“jsks
using the differential Bianchi identities for the Riemann tensor. Contracting further with
epsilon tensors to make the Einstein tensor of v appear, we get

Gt [y] 4 5195 0,62 ] = 0. (47)

As emphasized above, this equation (supplemented by the gamma-tracelessness of G[t)]) is
equivalent to the usual equations of motion for ¢. In terms of the prepotential y, this is

D[] + 73R 05D, [x] = 0. (4.8)

We have therefore succeeded in rewriting the equations of motion for the field ) purely in
terms of the prepotential x; remarkably, they then take the form “sum of time derivative
and curl of the Cotton tensor vanishes” that is familiar in the prepotential formulation [13,
16, 33-36].

4.3 Action in terms of prepotentials

The equation above follows from the prepotential action
S| = z'/dt B Xle...z'S (Dm...z's [x] + yseid® 8jDki2...is [X]) ‘ (4.9)
It is invariant under SO(2) rotations
X — e* Py (4.10)

generated by 75, mixing the two chiral components of x. This extends the results of [17]
for spins 1/2 and 3/2 to arbitrary half-integer spin.

In this section, we prove that this is the action that one would obtain starting from the
usual Fang-Fronsdal action for ¢ and solving the constraints. As in the bosonic case, the
argument is indirect and relies on the fact that the action is (almost) uniquely determined
by its invariance properties.
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The Fang-Fronsdal action is given by

S =i [da g g, (4.11)
where the tensor G is given in terms of the Fronsdal tensor (3.2) by
s s(s—1)
gu1-~us = Fppeeps — 57(#152:#2--%3) - Tn(umzf,:gmus)

and the field satisfies the triple gamma-trace condition

Yyrgope = 0 (4.12)

This trace condition can obviously be solved to express everything in terms of the field
variables ¥, ...i,, ©0iy.-i; and Yoois.s, With at most two temporal indices (see for exam-
ple [49] for the explicit formulas). Equivalently, one can perform the invertible change of
variables (3.26) to eliminate the components with two zeros in favor of Z;,...;,. Once this is
done, the equations of motion show that 1);,..;, and =,...;, are dynamical variables, while
Y0iq--i, is & Lagrange multiplier for the constraint as already indicated above. Therefore,
the action (4.11) necessarily takes the form

S = /dtd% [04(Tp)Ta —H(TaA)
+ Q[)QZ'Q...iSCiQmZ‘S (\I’A) + C_ig'“’is (‘I’A)?/)Oizmis ] . (4.13)
Here, we wrote U4 = (¢i,...i,, Zisi,) for the dynamical variables. Important points are:

1. the variables 9p;,...;, only appear as Lagrange multipliers for the constraints C(¥4) =
0;

2. these constraints are equivalent to equation (3.25);

3. since the original action is of first order in derivatives, the functions ©“ contain no
derivatives, while H contains one spatial derivative only.

The explicit form of ©4,  and C beyond the features mentioned above are not necessary
for the purposes of this argument.

Now, when the constraints are solved in terms of the prepotentials as is the previous
section, the Lagrange multipliers tg;,..;, disappear from the action. Then, the kinetic
term ©4(¥p3)¥ 4 must be a function of the prepotentials with one time derivative and
2s spatial derivatives (since the fields W4 are expressed as s spatial derivatives of the
prepotential x). Since it must be invariant under gauge and Weyl transformations of the
prepotential, it must (up to integration by parts) take the form of the first term of the
action (4.9). Similarly, the Hamiltonian density must contain 2s+ 1 derivatives and, by the
same invariance argument, must take the form of the second term of (4.9). The relative
factor of these two terms is fixed by the fact that this action should yield (4.8) as equations
of motion with the relative factor written there, since these equations are a consequence of

the original Fronsdal equations as we saw in the previous sections.
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5 Comments and conclusions

In this paper, we have developed the (linearized) conformal geometry of higher-spin
fermionic fields in three dimensions. The difficulty comes from the fact that the Weyl
tensor identically vanishes in three dimensions so that the conformal invariants must be
constructed out of the “Cotton tensor”, which generalizes the tensor with the same name
of gravity and involves higher order derivatives. This tensor was defined and its central
properties (gauge completeness and conformal Poincaré lemma) were established.

We then used these conformal tools to introduce the “prepotentials”, which provide the
explicit solution of the constraint equations resulting from the Fang-Fronsdal action [46].
The reformulation in terms of the prepotentials, intimately connected with the twisted
self-duality reformulation (see eq. (4.8)), puts on the same footing the fermionic fields and
the bosonic fields, for which a similar prepotential formulation was achieved in [15, 16]
starting from the Fronsdal action [50].

The prepotential formulation possesses two striking features:

e The prepotential action enjoys both generalized diffeomorphism invariance (like the
higher-spin (Fang—)Fronsdal action) and generalized Weyl invariance. This is true for
all spins and holds both in the bosonic and fermionic cases. Furthermore, the spatial
dimension is the critical dimension where Weyl geometry requires the introduction
of the Cotton tensor since the Weyl tensor identically vanishes. This is also a feature
that appears to be universal and was found to hold in higher dimensions where the
prepotentials have a non trivial Young mixed symmetry [32-36]. The emergence of
higher-spin Weyl invariance deserves further understanding.

e The resulting prepotential action always takes the same simple form, for all spins,
namely “prepotentials x (time derivative of the Cotton tensors + curl of the Cotton
tensors)” (see also table 1 at the end of this work). This is suggestive that the
sum over all spins of the actions should enjoy remarkable symmetry properties, in
particular sp(8)-symmetry [51, 52| or hypersymmetry [47, 53-56] (for more recent
work see [18, 57, 58]).

Finally, it would be of interest to extend the analysis of this paper to (anti-)de Sitter
backgrounds, following the spin-2 case [14, 59, 60]. In that context, we point out reference
[61], which gives in its Appendix C a construction of higher-spin Cotton tensors for generic
conformally flat space in three dimensions. That interesting construction proceeds along
different lines from those followed in our paper and starts from the Fang-Fronsdal field
strengths.

Acknowledgments

We thank Xavier Bekaert, Andrea Campoleoni and Sergio Hortner for useful discussions.
V.L. and A.L. are Research Fellows at the Belgian F.R.S.-FNRS. This work was partially
supported by the ERC through the “High-Spin-Grav” Advanced Grant and by FNRS-
Belgium (convention FRFC PDR T.1025.14 and convention IISN 4.4503.15). This project

- 21 —



has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (“Exceptional Quantum Grav-
ity”, grant agreement No 740209).

A Proofof vg=0p

We want to prove that equation (2.72) of section 2.4.1

s J— . . . .
Y Qiy-is_orjigns = Pirvis 2 j1-dn (A1)

always possesses a solution for arbitrarily given p’s with (s — 2,n) Young symmetry (the
¢’s have (s —1,n+ 1) Young symmetry). It is a linear system of inhomogeneous equations

AaA qdA = Pa (A2)

that has a solution for given p, if and only if the given p, fulfills y*p, = 0 for any left
eigenvector y® of the matrix A,” with eigenvalue zero (i.e., y* A, = 0). Since we want
no restriction on p, the matrix A, should have no left eigenvector for the eigenvalue
zero. That is, the system A,? g4 = pa has always a solution for arbitrary p’s if and only
if the only solution to the equations y*A," = 0 is y® = 0. In our case (A.2) explicitly
corresponds to

-/ ! Y4 ! o
g2 J1mInS

Ay iz j1jn it it et gl s’ = Piris—2 j1dn (A.3)

where
o g ; i/ -/ .
o ) il edl o gl s z’l i o plg it v
Ajy iy i Ve IR = P 51’1 "'5i3_27 5].1 "'5jn (A.4)

and P projects on the appropriate Young symmetries, i.e., (s — 2,n) for the lower indices
and (s — 1,n + 1) for the higher indices. Transposing spinor indices, this is equivalent to
showing that the only solution to the equation

V(r|(sYir-is—2)ljrga-in) = U (A.5)

With ¥, .iy_s j1jo-jn Of p-symmetry type (s —2,1) IS Y, ciy_g j1jo-jn = O-
As a first step we set i, = s and jp = r which leads for r # s, for which 7, is invertible,
t0 VrsYs...sr-.r = 0 which implies

Ysoogreg = 0. (A.6)

In this section we do no sum over the s and r indices. We now use (A.6) to “free” one of
the indices of the first group so that Yir|(sYirs--s)|r-r) = Vr(sYiys--s)yr-r = #’Yrsyils“-srmr =0,
which leads for r # s to V,s¥yiys.-sr--.r = 0 and therefore

Yi1s---srer = 0. (A7)
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We denote with # strictly positive constants whose values are not relevant for the proof.
Repeating this argument for (,|(s¥i iys...s)|r...ry = 0 implies that y;,iys...sr..r = 0. We can re-
iterate on the first group of indices and repeat the same analysis for the second group to get

Yii-ig_or--r = 0= Ys---s41+5n - (AS)

We next use these relations to connect the two indices groups since Y(((s¥i,s..-s)|jir-r) =
#YVrsYirs--sjrrr = 0 which leads for r # s to ¥;,s...sj,r..r = 0. Now we can systematically
“free” the indices, €.g., V(r|(sYirizs-s)|jrr—r) = O IMPlies Yj iys..sjyr.r = 0. Repeating this
analysis iteratively on both groups of indices shows that the only solution of (A.5) is

Yiywvis_s jrjo-jn = 0 Which completes the proof.
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