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1 Introduction

There has been mounting evidence for semi-leptonic B decays violating µ−e universality in

excess of the rates predicted by the Standard Model (SM) [1–3]. The LHCb Collaboration

and other experiments have observed anomalies in B → K(∗)l+l− decays such as the RK [4]

and RK∗ [5] ratios of µ+µ− to e+e− final states, which are observed to be about 70% of

their expected values with a 4σ deviation from the SM, and the P ′5 angular variable, not

to mention the B → φµ+µ− mass distribution in mµ+µ− .

Following the measurement of RK∗ [5], a number of phenomenological analyses of

these data, see e.g. [6–17], favour a new physics operator of the form b̄Lγ
µsL µ̄LγµµL, or

of the form, b̄Lγ
µsL µ̄γµµ, each with a coefficient Λ−2 where Λ ∼ 31.5 TeV, or some linear

combination of these two operators. Interestingly, the first of these operators may result

from an electroweak triplet scalar leptoquark S3 with couplings [11],

λijS3QiLj ≡ λijSβγ3 Qαi (iσ2)
αβLγj (1.1)

where the SU(2)L indices α, β, γ are suppressed on the left-hand side, with Qi and Lj with

i, j = 1, 2, 3 denoting the three families of quark and lepton electroweak doublets in a two

component Weyl notation. The operator b̄Lγ
µsL µ̄LγµµL (along with other operators) is

generated via tree-level S3 exchange after a Fierz transformation.

We have proposed an explanation of RK(∗) based on a fourth vector-like family which

carries gauged U(1)′ charge, where the anomalies cancel between conjugate representations

in the fourth family [18], and the U(1)′ is spontaneously broken to yield a massive Z ′ gauge

boson at the TeV scale. In the “fermiophobic” example, we showed that, even if the three

chiral families do not carry U(1)′ charges, effective non-universal couplings, as required to
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explain RK(∗) , can emerge indirectly due to mixing with the fourth family [18]. We have

pursued the original idea [18] in several subsequent papers, including: F-theory models with

non-universal gauginos [19]; SO(10) models (including the question of neutrino mass) [20];

SU(5) models (focussing on the Yukawa relation Ye 6= Y T
d ) [21]; and flavourful Z ′ portal

models with a coupling to a fourth-family singlet Dirac neutrino Dark Matter, including

an extensive discussion of all phenomenological constraints [22]. A closely related idea was

also considered some time later [23], including other phenomenological implications such

as the muon g − 2 and τ → µγ.

Despite the huge recent literature on RK(∗) , relatively few papers are concerned with

its possible connection with Yukawa couplings [11, 24–29]. For example, recently we inves-

tigated the possible connection between the experimental signal for new physics in RK(∗)

and the origin of fermion Yukawa couplings in a Z ′ model [28]. We focussed on Z ′ models

where the physics responsible for the Z ′ mass and couplings is also responsible for generat-

ing the effective Yukawa couplings, providing a link between flavour changing observables

and the origin of Yukawa couplings.

The starting point of [28] was the model proposed in [30, 31], which involves one vector-

like family distinguished by a discrete Z2. We replaced the Z2 by a new U(1)′ gauge group,

spontaneously broken at the TeV scale, under which the three chiral families are neutral

but the vector-like fourth family is charged. The mixing between the fourth family and the

three chiral families provided the Yukawa couplings, as well as the non-universal effective

Z ′ couplings involving the three light families, providing a link between the Yukawa and

Z ′ couplings. However any such Z ′ model is subject to a strong constraint from ∆mBs ,

which is generated by tree-level Z ′ exchange. This compares to leptoquark models which

only contribute to ∆mBs via a one loop diagram, which is therefore naturally suppressed.

In the present paper our starting point is again the model proposed in [30, 31], which

involves one vector-like family distinguished by a discrete Z2, where the Yukawa couplings

of the Standard Model (SM) fermions arise from the breaking of the Z2 and through mixing

with the fourth family of vector-like fermions. Here we introduce a scalar leptoquark S3,

which is an electroweak triplet and odd under the Z2 parity, and obtain an explanation for

RK(∗) that is linked to the origin of the Yukawa couplings. The couplings of SM fermions

to the leptoquark in eq. (1.1) in our model have a particular structure, mediated by the

fourth family vector-like fermions, with the couplings predicted to be related to Cabibbo-

Kobayashi-Maskawa (CKM) entries and mass ratios of SM fermions.

The layout of the remainder of the paper is as follows. In section 2 we present the model

and discuss the Yukawa couplings in a convenient basis. In section 3 we derive the lepto-

quark couplings in the mass basis. We analyse the associated leptoquark phenomenology

of the model in section 4. We conclude in section 5.

2 The model

The model is analogous to the setup in [28], and is defined by the field content and re-

spective symmetry assignments listed in table 1. In addition to the SM symmetries, we

add a Z2 symmetry. Discrete symmetries such as this can arise from various different UV

completions, e.g. by orbifolding in extra dimensions.
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Field SU(3)c SU(2)L U(1)Y Z2

Qi 3 2 1/6 +1

uci 3 1 −2/3 +1

dci 3 1 1/3 +1

Li 1 2 −1/2 +1

eci 1 1 1 +1

νci 1 1 0 +1

Q4 3 2 1/6 −1

uc4 3 1 −2/3 −1

dc4 3 1 1/3 −1

L4 1 2 −1/2 −1

ec4 1 1 1 −1

νc4 1 1 0 −1

Q4 3 2 −1/6 −1

uc4 3 1 2/3 −1

dc4 3 1 −1/3 −1

L4 1 2 1/2 −1

ec4 1 1 −1 −1

νc4 1 1 0 −1

φ 1 1 0 −1

S3 3 3 1/3 −1

H 1 2 −1/2 −1

Table 1. The model consists of three left-handed chiral families ψi = Qi, Li and ψc
i = uci , d

c
i , e

c
i , ν

c
i

(i = 1, 2, 3), plus a fourth vector-like family consisting of ψ4, ψ
c
4 plus ψ4, ψc

4, together with the Z2

breaking scalar fields φ and the Higgs scalar doublet H which is odd under Z2 (together with its

CP conjugate H̃). It also involves a scalar leptoquark S3.

The scalar content includes one SU(2)L doublet H, a SM singlet scalar φ, and a scalar

leptoquark S3 that is an anti-triplet of SU(3)c and a triplet of SU(2)L. Beyond the SM

fermions, we add 3 families of Z2 neutral right-handed (RH) neutrinos (complete singlets),

and a fourth family of vector-like fermions for each type of fermion.

Although SM fermions are neutral under the Z2 symmetry, renormalisable Yukawa

couplings are only enabled through the couplings φ and to the fourth family fermions,

because H is odd under Z2. The effective Yukawa couplings arise from diagrams shown in

figure 1.

The leptoquark S3 has renormalisable couplings to fourth family fermions

λL4
Qi
S3QiL4 + λQ4

Li
S3LiQ4 (2.1)

(in left-handed Weyl notation). Notice that the coupling S†3Q4Q4 is forbidden by Z2.
1 The

1Leptoquark models can face issues with fast proton decay, see e.g. [32] and references therein.
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Figure 1. Diagrams in the model which lead to the effective Yukawa couplings in the mass insertion

approximation.

effective leptoquark couplings to SM fermions arise from figure 2, via the renormalisable

leptoquark couplings. In compact notation we write:

Lren = yψi4Hψiψ
c
4 + yψ4iHψ4ψ

c
i + xψi φψiψ4 + xψ

c

i φψ
c
iψ

c
4

+Mψ
4 ψ4ψ4 +Mψc

4 ψc4ψ
c
4 + λL4

Qi
S3QiL4 + λQ4

Li
S3LiQ4 (2.2)

where ψi (i = 1, 2, 3) here denotes the left-handed fields Qi and Li and ψci denotes the

(CP conjugated) right-handed fields uci , d
c
i and eci that appear explicitly in table 1, while

those with the subscript 4, ψ4, ψ
c
4, ψ4, ψc4, denote the vector-like fourth family fields which

appear as internal “messenger” fields in figure 1.

The Z2 symmetry is broken by the vacuum expectation value (VEV) 〈φ〉, assumed to

be around the scale of the masses Mψ
4 , Mψc

4 , whose values are put in by hand.

In the quark sector we are allowed to go to a particular basis in Qi, d
c
i , u

c
i (i = 1, . . . 3)

flavour space where xQ1,2 = 0, yu41,42 = 0, yd41,42 = 0 (in the notation of [28]). Then we can

further rotate the first and second families to set xu
c

1 = 0, xd
c

1 = 0 and yu14 = 0 (but in

general yd14 6= 0 since the quark doublet rotations have already been used up). In this basis

the matrix of quark couplings are



uc1 uc2 uc3 uc4 Q4

Q1| 0 0 0 0 0

Q2| 0 0 0 yu24H̃ 0

Q3| 0 0 0 yu34H̃ xQ3 φ

Q4| 0 0 yu43H̃ 0 MQ
4

uc4| 0 xu
c

2 φ xu
c

3 φ Muc
4 0


,



dc1 dc2 dc3 dc4 Q4

Q1| 0 0 0 yd14H 0

Q2| 0 0 0 yd24H 0

Q3| 0 0 0 yd34H xQ3 φ

Q4| 0 0 yd43H 0 MQ
4

dc4| 0 xd
c

2 φ xd
c

3 φ Mdc
4 0


(2.3)

We consider analogously the charged leptons, which are (like the quarks) hierarchical.

In the respective special basis in Li, e
c
i (i = 1, . . . 3) flavour space where xL1,2 = 0, ye41,42 = 0,
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as well as xe
c

1 = 0, and ye14 = 0:



ec1 ec2 ec3 ec4 L4

L1| 0 0 0 0 0

L2| 0 0 0 ye24H 0

L3| 0 0 0 ye34H xL3 φ

L4| 0 0 ye43H 0 ML
4

ec4| 0 xe
c

2 φ xe
c

3 φ M ec
4 0


. (2.4)

To understand the origin of Yukawa couplings in this model, consider the two diagrams

in figure 1. They show that the effective Yukawa couplings are the sum of two contributions

— one that depends on the left-handed messengers Mψ
4 (with mass MQ

4 for the quarks or

ML
4 for the leptons), and one that depends on the (CP conjugated) right-handed messengers

Mψc

4 . As indicated by eqs. (2.3), (2.4), the effective Yukawa matrices from left-handed and

from right-handed messengers will both have a first column of zeros, corresponding to

zero couplings to ψc1, so we conclude the first family will have zero mass without further

modification. Dropping one of the two diagrams in figure 1, leads to the second family

becoming massless as well. This is suggestive of a natural explanation of the smallness

of the second family masses compared to the third family masses, namely that one term

dominates over the other one. This was named “messenger dominance” in [30, 31]. To

account for small Vcb in the quark sector, it is natural to assume that the left-handed

quark messengers dominate over the right-handed messengers, MQ
4 � Mdc

4 ,Muc
4 , which

was named “left-handed messenger dominance” in [30, 31], with the further assumption

MQ
4 � Mdc

4 � Muc
4 reproducing the stronger mass hierarchy in the up sector (compared

to the down sector). Assuming all this leads to |Vcb| ∼ ms/mb with Vub, though naturally

small, being unconstrained [30, 31]. However to explain the smallness of the Cabibbo angle

requires further model building such as an SU(2)R symmetry [30, 31], although here we

assume its smallness is accidental.

To accurately determine the Yukawa matrices, we now follow [28] and perform the

diagonalisation of the matrices in eqs. (2.3), (2.4), in the approximation that 〈H〉 � 〈φ〉
(but without requiring 〈φ〉 �MQ,L

4 ) in order to find the three massless eigenstates which

we identify with the SM fermions. To be precise, what we mean by “diagonalisation”

is that the matrices are rotated to a form in which the first three rows and columns of

eqs. (2.3), (2.4) contain zeros (in the limit that 〈H〉 is neglected). This diagonalisation

procedure is more rigorous than the mass insertion approximation, leading to structures

compatible with the above qualitative conclusions that were derived from the diagrams in

figure 1. The “diagonalisation” of eqs. (2.3), (2.4) requires the mixing angles,

sin θQ34 = sQ34 =
xQ3 〈φ〉√

(xQ3 〈φ〉)2 + (MQ
4 )2

(2.5)

sin θL34 = sL34 =
xL3 〈φ〉√

(xL3 〈φ〉)2 + (ML
4 )2

(2.6)
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and respective cosines cQ34, c
L
34, as well as

θu
c

24 ≈
xu
c

2 〈φ〉
Muc

4

(2.7)

θd
c

24 ≈
xd
c

2 〈φ〉
Mdc

4

(2.8)

θe
c

24 ≈
xe
c

2 〈φ〉
Mec

4

(2.9)

and

θu
c

34 ≈
xu
c

3 〈φ〉
Muc

4

(2.10)

θd
c

34 ≈
xd
c

3 〈φ〉
Mdc

4

(2.11)

θe
c

34 ≈
xe
c

3 〈φ〉
Mec

4

(2.12)

The effective Yukawa coupling matrices are then read off from the upper 3 × 3 blocks of

eqs. (2.3), (2.4) after the above “diagonalisation”:

yuij =


0 0 0

0 θu
c

24y
u
24 θu

c

34y
u
24

0 cQ34θ
uc
24y

u
34 c

Q
34θ

uc
34y

u
34

+


0 0 0

0 0 0

0 0 sQ34y
u
43

 , (2.13)

ydij =


0 θd

c

24y
d
14 θd

c

34y
d
14

0 θd
c

24y
d
24 θd

c

34y
d
24

0 cQ34θ
dc
24y

d
34 c

Q
34θ

dc
34y

d
34

+


0 0 0

0 0 0

0 0 sQ34y
d
43

 , (2.14)

yeij =


0 0 0

0 θe
c

24y
e
24 θe

c

34y
e
24

0 cL34θ
ec
24y

e
34 c

L
34θ

ec
34y

e
34

+


0 0 0

0 0 0

0 0 sL34y
e
43

 . (2.15)

Note that in each case there are two contributions which depend on the right-handed

messenger masses and left-handed messenger masses, respectively, as we discussed above.

We now rewrite these 3× 3 Yukawa in a compact form

yu,eij =

0 0 0

0 yu,e22 yu,e23

0 yu,e32 yu,e33

 (2.16)

ydij =

0 yd12 y
d
13

0 yd22 y
d
23

0 yd32 y
d
33

 (2.17)

where we stress that the yij couplings where i, j = 1, 2, 3 (but not 4) are effective Yukawa

couplings obtained as functions of the renormalisable x couplings, the yi4, y4j couplings

and ratios of 〈φ〉 to the respective messenger masses M4.
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Due to left-handed messenger dominance, yu,d,e33 dominate over the other entries (due

to the contributions with MQ,L
4 ), leading to hierarchical masses for the third family of SM

fermions and allowing the use of small angle approximation in diagonalising the Yukawa.

We now introduce θij with i, j = 1, 2, 3 (but not 4) which are the angles involved in

the diagonalisation of the Yukawa coupling matrices with the effective couplings yij , in

eqs. (2.16), (2.17)

θu,d,e23 ' yu,d,e23 /yu,d,e33 (2.18)

and further for the down quarks

θd13 ' yd13/yd33 (2.19)

θd12 ' yd12/yd22 (2.20)

At this level, the remaining mixing angles are zero (similarly to the masses of the first fam-

ily). Given that the hierarchy of the charm to top mass (governed by yu22/y
u
33 ∼M

Q
4 /M

uc
4 )

is stronger than the hierarchy of the strange to bottom mass (governed by yd22/y
d
33 ∼

MQ
4 /M

dc
4 ), we conclude also that yd23/y

d
33 � yu23/y

u
33. The contribution to the CKM mixing

angles from the up sector is negligible, and we can take to a reasonable approximation

that, in the special basis we are working so far, the up quark Yukawa couplings are already

(approximately) diagonal. With this reasonable assumption, we are basically considering

that the family eigenstate, Q3, contains the top (the mass eigenstate, t) and the down-type

counterpart decomposed with CKM elements. The same applies for Q2,1, which contain

respectively the charm c and the up u and their down-type counterparts.

In the lepton sector, in the absence of the complete model for the neutrinos, we simply

assume that the charged leptons Yukawa couplings are diagonalized by a small θe23 ∼
mµ/mτ . We note that the phenomenology discussed later is independent of the details of

the model of neutrino mass.

For the neutrinos, due to νci being neutral under SM and Z2, large Majorana mass

terms are allowed and lead to the seesaw mechanism. As the charged lepton Yukawa

couplings are approximately diagonal in this basis, the Pontecorvo-Maki-Nakagawa-Sakata

(PMNS) matrix comes mostly from neutrino contributions that arise after the seesaw.

Nevertheless, the small rotation in the charged lepton sector controls the admixture of µ

and τ contained in L3.

To summarise, this model does not account for the PMNS angles (due to unspecified

contribution from the neutrino sector, where the seesaw mechanism takes place) nor for

the size of the Cabibbo angle (which is ultimately related to the ratio yd14/y
d
24). The model

does account for the smallness of the remaining CKM angles, which are suppressed by the

ratio of MQ
4 /M

dc
4 .

3 Leptoquark couplings

In this section we discuss the effective leptoquark couplings arising from the diagrams

in figure 2. For such leptoquark couplings, we use the mass insertion approximation in

the basis of eqs. (2.3), (2.4), without “diagonalising” these matrices. However, we will

– 7 –



J
H
E
P
1
1
(
2
0
1
8
)
1
0
0

�

Qi
<latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit>

S3
<latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit>

Lj
<latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit>

L4
<latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit><latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit><latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit><latexit sha1_base64="2wJZfIPZXH2NTRLZi9H5bz8snsQ=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe4koGXQxsIiovmA5Ah7m7lkyd7esbsnhCM/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8c3Mbz+h0jyWj2aSoB/RoeQhZ9RY6eGuX+uXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/NT52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIrP+MySQ1KtlgUpoKYmMz+JgOukBkxsYQyxe2thI2ooszYdEo2BG/55VXSuqh6btW7r1Xq13kcRTiBUzgHDy6hDrfQgCYwGMIzvMKbI5wX5935WLQWnHzmGP7A+fwBzSWNdw==</latexit>

L4
<latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit><latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit><latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit><latexit sha1_base64="ZqWDLJVxyg4Z0tCGwpORhvVidIE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly4qGAf0I4lk2ba0EwyJBmlDP0PNy4Uceu/uPNvzLSz0NYDgcM593BvThBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJteZ33mkSjMp7s00pn6ER4KFjGBjpYe+tGaWTW8HtdmgXHGr7hxolXg5qUCO5qD81R9KkkRUGMKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LBU4otpP51fP0JlVhiiUyj5h0Fz9nUhxpPU0CuxkhM1YL3uZ+J/XS0x46adMxImhgiwWhQlHRqKsAjRkihLDp5Zgopi9FZExVpgYW1TJluAtf3mVtC+qnlv17mqVxlVeRxFO4BTOwYM6NOAGmtACAgqe4RXenCfnxXl3PhajBSfPHMMfOJ8/r2+SnQ==</latexit>

ML
4<latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit><latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit><latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit><latexit sha1_base64="eIhGXHi9WvMTCDpWb6W/JKVi7Sw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRiweFCqYttLFstpN26WYTdjdCKf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjuFldW19Y3iZmlre2d3r7x/0NBJphj6LBGJaoVUo+ASfcONwFaqkMahwGY4vJ76zSdUmifywYxSDGLalzzijBor+Xfd88fbbrniVt0ZyDLxclKBHPVu+avTS1gWozRMUK3bnpuaYEyV4UzgpNTJNKaUDWkf25ZKGqMOxrNjJ+TEKj0SJcqWNGSm/p4Y01jrURzazpiagV70puJ/Xjsz0WUw5jLNDEo2XxRlgpiETD8nPa6QGTGyhDLF7a2EDaiizNh8SjYEb/HlZdI4q3pu1bs/r9Su8jiKcATHcAoeXEANbqAOPjDg8Ayv8OZI58V5dz7mrQUnnzmEP3A+fwAcYY42</latexit>

�

Qi
<latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit><latexit sha1_base64="U6UzOOxf+3VRtNMRlfWyzh6RLQQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNM7uZ+54lrI2L1iNOE+xEdKREKRtFKD82BGJQrbtVdgKwTLycVyNEYlL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4Y2fCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVc+tes3rSv02j6MIZ3AOl+BBDepwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPHyUmjbE=</latexit>

Q4
<latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit><latexit sha1_base64="o7feSwlvBBE5b6aFJZz6hdlyzw8=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QjiWTZtrQTDIkGaUM/Q83LhRx67+482/MtLPQ1gOBwzn3cG9OEHOmjet+O4WNza3tneJuaW//4PCofHzS0TJRhLaJ5FL1AqwpZ4K2DTOc9mJFcRRw2g2mt5nffaRKMynuzSymfoTHgoWMYGOlh4G0ZpZNW8PafFiuuFV3AbROvJxUIEdzWP4ajCRJIioM4VjrvufGxk+xMoxwOi8NEk1jTKZ4TPuWChxR7aeLq+fowiojFEplnzBoof5OpDjSehYFdjLCZqJXvUz8z+snJrz2UybixFBBlovChCMjUVYBGjFFieEzSzBRzN6KyAQrTIwtqmRL8Fa/vE46V1XPrXqtWqVxk9dRhDM4h0vwoA4NuIMmtIGAgmd4hTfnyXlx3p2P5WjByTOn8AfO5w+3EpKi</latexit>

MQ
4

<latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit><latexit sha1_base64="Uut4wl4dVjSAOJLnPcoHActqZ04=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiFy9CC6YW2lg220m7dLMJuxuhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wF18Z1v53C2vrG5lZxu7Szu7d/UD48aukkUwx9lohEtUOqUXCJvuFGYDtVSONQ4EM4upn5D0+oNE/kvRmnGMR0IHnEGTVW8u96tcdmr1xxq+4cZJV4OalAjkav/NXtJyyLURomqNYdz01NMKHKcCZwWupmGlPKRnSAHUsljVEHk/mxU3JmlT6JEmVLGjJXf09MaKz1OA5tZ0zNUC97M/E/r5OZ6CqYcJlmBiVbLIoyQUxCZp+TPlfIjBhbQpni9lbChlRRZmw+JRuCt/zyKmldVD236jVrlfp1HkcRTuAUzsGDS6jDLTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nDyP1jjs=</latexit>

Q4
<latexit sha1_base64="UeWFw1i+RjLC9FzqibT56Ve0syo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTmoDcoVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236jVrlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUw418</latexit><latexit sha1_base64="UeWFw1i+RjLC9FzqibT56Ve0syo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTmoDcoVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236jVrlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUw418</latexit><latexit sha1_base64="UeWFw1i+RjLC9FzqibT56Ve0syo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTmoDcoVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236jVrlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUw418</latexit><latexit sha1_base64="UeWFw1i+RjLC9FzqibT56Ve0syo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeiF48t2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpoTmoDcoVt+ouQNaJl5MK5GgMyl/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxanzsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uJ/Xi814Y2fcZmkBiVbLgpTQUxM5n+TIVfIjJhaQpni9lbCxlRRZmw6JRuCt/ryOmlfVT236jVrlfptHkcRzuAcLsGDa6jDPTSgBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwDUw418</latexit>

S3
<latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit><latexit sha1_base64="VW0gXziv7ahUqvyTBdGmXPL2nLM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8dK7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHstHM0nQj+hQ8pAzaqzUaPQv++WKW3XnIKvEy0kFctT75a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8MbPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9R6uKrXbPI4inMApnIMH11CDe6hDExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDWS419</latexit>

Lj
<latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit><latexit sha1_base64="527TTeJMrtvYiV0cSEG0Qvbstxo=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2ER0XxAcoS9zVyyZm/v2N0TwpGfYGOhiK2/yM5/4ya5QhMfDDzem2FmXpAIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hrqt55QaR7LBzNO0I/oQPKQM2qsdH/be+yVK27VnYEsEy8nFchR75W/uv2YpRFKwwTVuuO5ifEzqgxnAielbqoxoWxEB9ixVNIItZ/NTp2QE6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJLP+MySQ1KNl8UpoKYmEz/Jn2ukBkxtoQyxe2thA2poszYdEo2BG/x5WXSPKt6btW7O6/UrvI4inAEx3AKHlxADW6gDg1gMIBneIU3RzgvzrvzMW8tOPnMIfyB8/kDHwyNrQ==</latexit>

Figure 2. Diagram in the model which leads to the effective S3 couplings in the mass insertion

approximation.

eventually need to diagonalise the Yukawa matrices in eqs. (2.16), (2.17), and hence express

the leptoquark couplings in the mass basis of the quarks and leptons.

In the basis of eqs. (2.3), (2.4), the effective leptoquark couplings from figure 2 are

xL3 〈φ〉
ML

4

λL4
Qi
S3QiL3 +

xQ3 〈φ〉
MQ

4

λQ4

Li
S3Q3Li ≡ λijS3QiLj (3.1)

where

λij =
xL3 〈φ〉
ML

4

λL4
Q1

 0 0 1

0 0 0

0 0 0

+ λL4
Q2

 0 0 0

0 0 1

0 0 0

+ λL4
Q3

 0 0 0

0 0 0

0 0 1




+
xQ3 〈φ〉
MQ

4

λQ4

L1

 0 0 0

0 0 0

1 0 0

+ λQ4

L2

 0 0 0

0 0 0

0 1 0

+ λQ4

L3

 0 0 0

0 0 0

0 0 1


 (3.2)

The effective couplings with
xQ3 〈φ〉
MQ

4

λQ4

Li
are expected to be order unity, since the top quark

Yukawa is large and demands a large mixing with the φ fields. Comparatively, the effective

couplings with
xL3 〈φ〉
ML

4
λL4
Qi

are expected to be suppressed.

Notice that the leptoquark couples to specific combination of quarks and to specific

combination of leptons, which in this basis where eqs. (2.3), (2.4) applies, consists in just

the family eigenstate Q3 for the MQ
4 suppressed term and just the family eigenstate L3 for

the ML
4 suppressed term.

The leptoquark couplings in eq. (3.2), involving Qi and Li, are in the basis where the

Yukawa matrices are given in eqs. (2.16), (2.17). In order to determine the leptoquark

couplings to the quark and lepton mass eigenstates, we need to diagonalise the Yukawa

matrices in eqs. (2.16), (2.17), then express the leptoquark couplings in the mass eigenstate

basis. However, as discussed previously, the present model predicts the up-type quark mix-

ing angles to be small compared to the down-type mixing angles, so as an approximation,
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in the following we shall assume that the up-type Yukawa matrix to be diagonal, and hence

the left-handed down-type mixing angles are just the CKM mixing angles.

We now express Qi and Li (appearing in eq. (3.1)) in terms of the mass eigenstates, in

the leading order approximation where we considered up-type quark Yukawa couplings to

be diagonal. In this approximation, Q3 = (u3, d3) contains u3 = tL which coincides with

the top quark (mass eigenstate) and the down-type combination within the SU(2)L doublet

is obtained by the CKM matrix, namely d3 = VtddL+VtssL+VtbbL. Similar considerations

for Qi = (ui, di) lead us to the expressions

u1 ≈ uL , d1 = VuddL + VussL + VubbL

u2 ≈ cL , d2 = VcddL + VcssL + VcbbL (3.3)

u3 ≈ tL , d3 = VtddL + VtssL + VtbbL

where the fields on the right-hand sides are in the mass eigenstate basis, while those of the

left-hand side are in the basis Qi = (ui, di) of eq. (3.1).

In the charged lepton sector, the hierarchy is not as strong as in the up quarks, and

we consider that L3 = (ν3, e3) contains e3 which is an admixture of the τL and µL (mass

eigenstates). According to eq. (2.16), L3 does not contain any component of the left-handed

electron eL, namely e3 ' θe23µL + (1 − (θe23)
2)τL. In order to be consistent, we take L2 as

the orthogonal combination, thus leading us to

e1 = eL

e2 ' (1− (θe23)
2)µL − θe23τL (3.4)

e3 ' θe23µL + (1− (θe23)
2)τL

We are interested primarily in the Yukawa couplings of the leptoquark to down-type

quark and charged lepton parts. In order to rewrite the effective leptoquark couplings

λijS3QiLi in eq. (3.1) we first consider the SU(2)L components of S3:

S3 =

(
S
1/3
3

√
2S

4/3
3√

2S
−2/3
3 −S1/3

3

)
(3.5)

in the notation of [33] where the superscripts are the electric charges of the components.

We may then expand the leptoquark couplings to the different species in eq. (3.1),

λijS3QiLj = λij
(√

2diejS
4/3
3 + diνjS

1/3
3 +

√
2uiνjS

−2/3
3 − uiejS1/3

3

)
(3.6)

We focus now on the di, ej couplings and bring the couplings from the basis of eq. (3.2),

into the mass basis of the charged leptons and down quarks in eqs. (3.3), (3.4),

(
√

2S
4/3
3 )λijdiej = (

√
2S

4/3
3 )

(
dL sL bL

)
λdl

 eL
µL
τL

 (3.7)

– 9 –



J
H
E
P
1
1
(
2
0
1
8
)
1
0
0

where we have defined the matrix of physical leptoquark couplings:

λdl ≡

 λde λdµ λdτ
λse λsµ λsτ
λbe λbµ λbτ

 (3.8)

To obtain our model predictions for this matrix of physical leptoquark couplings, we

need to convert the couplings from eq. (3.1). We have in total 6 unknown couplings, 3 λL4
Qi

and 3 λQ4

Li
. We note that the former contributions are suppressed by the larger ML

4 �MQ
4 ,

the relative suppression is ∼ mτ/mt.

The different λde, . . . , λbτ in eq. (3.8) are obtained from decomposing the Qi and Li
flavour eigenstates in terms of the mass eigenstates according to eqs. (3.3), (3.4). Dropping

the terms (θe23)
2 ∼ (mµ/mτ )2 we find:

λdl =
xL3 〈φ〉
ML

4

λL4
Q1

 0 θe23Vud Vud
0 θe23Vus Vus
0 θe23Vub Vub

+ λL4
Q2

 0 θe23Vcd Vcd
0 θe23Vcs Vcs
0 θe23Vcb Vcb

+ λL4
Q3

 0 θe23Vtd Vtd
0 θe23Vts Vts
0 θe23Vtb Vtb




+
xQ3 〈φ〉
MQ

4

λQ4

L1

 Vtd 0 0

Vts 0 0

Vtb 0 0

+ λQ4

L2

 0 Vtd −θe23Vtd
0 Vts −θe23Vts
0 Vtb −θe23Vtb

+ λQ4

L3

 0 θe23Vtd Vtd
0 θe23Vts Vts
0 θe23Vtb Vtb


 (3.9)

which can be compared to eq. (3.2). We note again that the couplings involving ML
4

are expected to be smaller by mτ/mt. As an example, in section 4, we safely neglect the

contribution
xL3 〈φ〉
ML

4
λL4
Q2
θe23Vcs to λsµ, with respect to the dominant contribution to this entry,

which is
xQ3 〈φ〉
MQ

4

λQ4

L2
Vts.

4 Phenomenology

We now recast different phenomenological constraints that apply in general to models with

the leptoquark S3, in terms of our model predictions, expressed in the mass basis couplings

in eq. (3.7).

4.1 RK(∗)

To explain RK(∗) with a leptoquark S3 we have [11, 24, 33]:

λbµλ
∗
sµ − λbeλ∗se '

1.1M2

(35 TeV)2
(4.1)

where M here is the mass of the leptoquark. In our model, we use eq. (3.9) to recast at

leading order this requirement as(
xQ3 〈φ〉
MQ

4

)2 (
|λQ4

L2
|2 − |λQ4

L1
|2
)
VtsV

∗
tb '

1.1M2

(35 TeV)2
(4.2)
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This predicts a CKM suppression through Vts. If we set all the order unity coefficients to

1, taking care that in the more rigorous approach discussed in eq. (2.5),
xQ3 〈φ〉
MQ

4

should be

taken no larger than 1/
√

2 , we would have a natural expectation that, for renormalisable

couplings λQ4

L1
and λQ4

L2
both of order unity, the mass of the leptoquark M ∼ 4.7 TeV:

M '
√
|λQ4

L2
|2 − |λQ4

L1
|2 4.7 TeV (4.3)

4.2 Bs − B̄s mixing

The mass of the leptoquark M is further constrained from Bs− B̄s mixing, which depends

on the same leptoquark couplings required to explain RK(∗) . The strongest upper bound

can be obtained from the upper bound on the Bs− B̄s mixing phase, and can be expressed

as [24]:

(λseλ
∗
be + λsµλ

∗
bµ + λsτλ

∗
bτ )2 .

M2

(17.3 TeV)2
(4.4)

We note that this has a quartic (rather than quadratic) dependence on the leptoquark

couplings that arises from the respective loop diagram involving the leptoquark. Due to

the different dependence on the leptoquark couplings, one can combine the requirement of

explaining RK(∗) with the requirement that the upper bound on Bs−B̄s mixing is satisfied,

and obtain a model independent upper bound on M ≤ 40 TeV [11, 24, 33]. If the leptoquark

were to be heavier than this, explaining RK(∗) could be done only with couplings that are

too large, i.e. for that mass they would push the Bs − B̄s mixing above the experimental

upper bound.

Taking e.g. M ∼ 4.7 TeV, the bound corresponding to such a mass is

(λseλ
∗
be + λsµλ

∗
bµ + λsτλ

∗
bτ )2 .

(
4.7

17.3

)2

' 0.074 (4.5)

The present model easily accommodates the Bs − B̄s mixing bound by about one order

of magnitude, as the leptoquark couplings are suppressed due to the CKM suppression

coming from V 2
ts:

(λseλ
∗
be + λsµλ

∗
bµ + λsτλ

∗
bτ )2 ∼

(
|λQ4

L1
|2 + |λQ4

L2
|2 + |λQ4

L3
|2
)2
|VtsV ∗tb|2 ∼ 10−3 (4.6)

4.3 µ→ eγ

The leptoquark couplings are however constrained by lepton flavour violating (LFV)

bounds [24]. Particularly stringent are µ→ e conversion processes, with the current bound

on B(µ→ eγ) = 5.7 · 10−13 [34], leading to the constraint:

|λqeλ∗qµ| .
M2

(34 TeV)2
(4.7)

which we recast in terms of our model as(
xQ3 〈φ〉
MQ

4

)2

|λQ4

L1
λQ4

L2
V 2
tb| .

M2

(34 TeV)2
(4.8)
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Where, if we set all the order unity coefficients to 1, and remembering that in the more

rigorous approach discussed in eq. (2.5),
xQ3 〈φ〉
MQ

4

should be taken no larger than 1/
√

2:

M &
√
|λQ4

L1
λQ4

L2
| 24 TeV (4.9)

Comparing eq. (4.1) to eq. (4.7) indicates it is desirable to have some hierarchy between

µ and e couplings. Indeed, if the renormalisable couplings λQ4

L1
and λQ4

L2
are both order unity,

then λbe and λbµ are of similar size and this constraint pushes the mass of the leptoquark to

be bigger than about 24 TeV. This is approaching the model independent bound applying to

the leptoquark S3 of M . 40 TeV [11, 24, 33], coming from Bs− B̄s mixing combined with

eq. (4.1). More importantly for our model, there is an apparent tension with M ∼ 4.7 TeV

appearing in eq. (4.3).

This contrast is indirectly saying something important about the underlying model.

Indeed, the strong predictions of our model come from the simple idea that the leptoquark

and SM Yukawa couplings are related. It turns out that in this model, the unsuppressed

xQ3 couplings (the same that are responsible for the top quark Yukawa) are also the ones

contributing at leading order to several entries of λdl. The requirement from explaining

RK(∗) and the prediction for µ→ eγ are strongly correlated, involving the same

(
xQ3 〈φ〉
MQ

4

)2

factor and the λQ4

L1
and λQ4

L2
. The main difference is that in RK(∗) , there is a CKM suppres-

sion from Vts which is absent in µ → eγ. This in turn indicates that the mixed product

|λQ4

L1
λQ4

L2
| should be smaller than the largest of the |λQ4

L1
|2 or |λQ4

L2
|2. The most natural

way to obtain this is to assume that there is some hierarchy between the two couplings,

namely |λQ4

L1
| � |λQ4

L2
|. One simple possibility to realise would be to enforce λQ4

L1
= 0 by

means of an additional family symmetry distinguishing the family eigenstate L1 e.g. by an

additional Z ′2 (the prime distinguishes this from the already present Z2), which is in fact

entirely consistent with eq. (2.4), where L1 was already treated differently. Given that the

coupling vanishes in the symmetric limit, |λQ4

L1
| � |λQ4

L2
| is technically natural.2

4.4 Other LFV

Given the large entries in each column at the b row, the model predicts correlated large LFV

effects in other processes. The bounds on LFV with the τ lepton, B(τ → eγ) = 1.2·10−7 [35]

and B(τ → µγ) = 4.4 · 10−8 [36] can in principle constrain the respective leptoquark

couplings:

|λqeλ∗qτ | .
M2

(0.6 TeV)2
(4.10)

|λqµλ∗qτ | .
M2

(0.7 TeV)2
(4.11)

2An explicit realisation of this would simply assign L1 as odd under Z′2. As the only field odd under this

family symmetry, no couplings with L1 are invariant. To make the setup slightly more realistic, one could

add a further scalar charged under Z′2, say φ′, whose VEV breaks this family symmetry. Then, couplings

involving L1 always appear with a further suppression by ∼ 〈φ′〉/M ′, where M ′ could be the mass of some

additional Z′2-odd messenger fields. The breaking of Z′2 in such a setup thus links the smallness of me/mµ

with the smallness of |λQ4
L1
|/|λQ4

L2
|.
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We predict these in terms of our model parameters, where the dominant contribution comes

from the coupling of the leptoquark to b (the coupling to s is CKM suppressed):

|λbτλ∗be| =

(
xQ3 〈φ〉
MQ

4

)2

|λQ4

L3
λQ4

L1
V 2
tb| .

M2

(0.6 TeV)2
(4.12)

|λbµλ∗bτ | =

(
xQ3 〈φ〉
MQ

4

)2

|λQ4

L2
λQ4

L3
V 2
tb| .

M2

(0.7 TeV)2
(4.13)

Clearly, the experimental sensitivity isn’t competitive with the bound coming from µ→ eγ,

unless we take the |λQ4

L1
| < |λQ4

L2
| limit discussed above. In such a situation µ→ eγ can be

sufficiently suppressed (and so is τ → eγ in order to leave τ → µγ as the most relevant

LFV constraint.

In any case, as the leading contributions for LFV processes depend on the 3 λQ4

Li
, the 3

LFV processes are directly related to these 3 renormalisable couplings parameters through

their ratios, e.g. the model predicts

B(τ → eγ)

B(µ→ eγ)
=

∣∣∣∣∣λ
Q4

L3

λQ4

L2

∣∣∣∣∣ (4.14)

5 Conclusions

We have proposed a simple extension of the Standard Model in table 1 involving a vector-

like fourth family of fermions which are distinguished from the SM fermions by a single Z2

symmetry under which the Higgs doublet is odd, preventing Yukawa couplings, together

with a Z2-odd scalar leptoquark S3, and a scalar φ whose VEV breaks the Z2. The explicit

masses of the vector-like fourth family are assumed to be of the same order as the VEV of

the φ field. In this model, effective Yukawa couplings emerge from the diagrams in figure 1

which are very similar to the diagrams in figure 2 which generate effective leptoquark

couplings, which implies that the Yukawa couplings are closely related to the leptoquark

couplings.

We have seen that the model successfully describes quark mixing angles and also

implies that the leading order leptoquark couplings are related to CKM matrix elements

(particularly Vts and Vtb), with several entries being suppressed by smaller CKM elements

and by naturally suppressed mass ratios (such as mµ/mτ , mτ/mt). The model naturally

accounts for the fermion mass hierarchy with the first family being precisely massless

without any modification of the model. Although a massless first family is an excellent

approximation, it does call for some further modification of the model, such as for example

adding a further vector-like family at higher mass, or possibly extra vector-like Higgs states.

However such modifications are not expected to significantly perturb the main features of

the model presented here. This is illustrated by a more explicit suggestion, where the

lightest family of charged leptons is distinguished by a further Z ′2 symmetry.

We have shown that the simple model can account for RK(∗) while easily avoiding the

Bs − B̄s mixing bound. However, we have seen that an important constraint from µ→ eγ
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strongly constrains the product of two renormalisable couplings of the model. We have

discussed what this important constraint means in the context of the model and discuss

how it can be interpreted in terms of a symmetry distinguishing the lightest family of

leptons (e.g. the Z ′2 mentioned above), again illustrating the possible consequences of the

link between Standard Model and leptoquark Yukawa couplings. The further implications

for other lepton flavour violating processes have also been discussed.
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