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ABSTRACT: The double copy procedure relates gauge and gravity theories through color-
kinematics replacements, and holds for both scattering amplitudes and in classical contexts.
Moreover, it has been shown that there is a web of theories whose scattering amplitudes
are related through operations that exchange color and kinematic factors. In this paper,
we generalize and extend this procedure by showing that the classical perturbative dou-
ble copy of pions corresponds to special Galileons. We consider point-particles coupled to
the relevant scalar fields, and find the leading and next to leading order radiation ampli-
tudes. By considering couplings motivated by those that would arise from extracting the
longitudinal modes of the gauge and gravity theories, we are able to map the non-linear
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mapping the bi-adjoint scalar radiation to the non-linear sigma model radiation through
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1 Introduction

A surprising relationship between gauge theories and gravity has been shown to exist not
only for scattering amplitudes but also in more general cases. In the scattering amplitudes
context, an example of this relationship is the BCJ (Bern, Carrasco, Johannson) dou-
ble copy [1-3] which consists of applying color-kinematics replacements to the Yang-Mills
scattering amplitudes in order to obtain the scattering amplitudes of a gravitational theory
involving a graviton, a dilaton, and a two-form field. In this case, there is a duality between
the color factors and the kinematic factors, since both can satisfy the same algebra. In
the cases where the double copy maps observables other than scattering amplitudes, the
idea of performing color-kinematics replacements persists, but the existence of an algebra
satisfied by the analogue of the kinematic factors has been scarcely explored. An example
of these duality satisfying kinematic factors in the classical context was introduced in [4].
Some of the new cases consist of a classical realization of the double copy and follow two
main directions: exact results [5-13], and perturbative results [4, 14-23]. While the con-
struction of the double copy in the case of amplitudes relies heavily on the cubic structure
(or rather the ability to write the theory in a form in which there is a cubic interaction),
in the classical double copy this technical requirement is not always obvious. In the case
of exact results, one starts from the gravitational side with a solution in the form of a
Kerr-Schild metric and applies the corresponding color-kinematics replacements to obtain
the single copy, i.e., the gauge theory analogue. Applying these replacements one more



time leads to the bi-adjoint scalar analogue, the zeroth copy. In the perturbative case,
one can take the opposite direction and start from the bi-adjoint scalar, then apply the
corresponding replacements and obtain Yang-Mills theory, perform this one more time and
obtain the gravitational theory. Other surprising examples of the double copy have been
discovered in different contexts — see for example [24-30]. In this paper, we will focus on
the perturbative implementation of the classical double copy.

Such a procedure applies more broadly than between gauge and gravitational theories.
For example, by considering a “dimensional reduction” of the gauge and gravity theories
one can obtain the scattering amplitudes of the non-linear sigma model (NLSM) and the
special Galileon, respectively [31, 32]. The relation between these scalar theories and the
gauge and gravity theories can also be explained from another point of view: if we con-
sider massive Yang-Mills and massive gravitational fields, the corresponding longitudinal
modes are described by the non-linear sigma model and the (special [31, 33-35] ) Galileon
respectively [36, 37]. This suggests the possibility of a broader relationship between these
sets of theories. Indeed, it has been shown that there is a web of relationships between
their scattering amplitudes [31, 32, 38-41], see figure 1.

In this paper, we begin by analyzing the existence of a classical perturbative double
copy for the NLSM radiation. The setup consists of point-particles weakly coupled to
pions which evolve consistently with the NLSM field and whose deviations from their
initial trajectories and color degrees of freedom are small. We assume that the NLSM
coupling to the point-particles is invariant under the unbroken symmetry. This coupling
is motivated by the fact that the NLSM can arise as the longitudinal mode of a massive
Yang-Mills field which gives rise to pion couplings invariant under the unbroken symmetry.
Similarly, we assume that the special Galileon couples through a conformal transformation
which is motivated by the coupling that would arise in the decoupling limit of massive
gravity for the Galileons. In addition to the double copy relation between these theories, it
is also expected that one can perform a color-kinematics replacement from the bi-adjoint
scalar and obtain the NLSM radiation as in the Yang-Mills case. Given this, we will also
consider the zeroth copy case where the point-particles couple to the bi-adjoint scalar field,
thus spanning the entire r.h.s. of figure 1.

The observable that we want to map between theories is the radiation amplitude at
spatial infinity |Z| — oo. For example, the on-shell radiation amplitude for the bi-adjoint
scalar ¢®% is defined as

A(k) =y T (k) (1.1)

k2=0’

where the on-shell current J7¢%(k) o gives the flux of energy-momentum, color and

angular momentum at spatial infinity, and is defined by the equations of motion g% =
y J*%, with coupling constant 3. Similar definitions hold for the non-linear sigma model

1One can choose the parameters of massive gravity such that the resulting scalar field theory in the
decoupling limit is the special Galileon although a coupling of the form hd?*719?78%r between the massless
graviton h and the galileon 7 will be present.



j ABCD ABCD B d i t
Gravity [——>7Yang-Mills [e——>|P!-adjoin

SNl < ——
DE DE scalar
A B‘ A B‘ A
- : ABF . ABF
Einstein- Yang-Mills- D DE
Maxwell Scalar
ABD
Infield [
AB #
ABF D DE
(A) Operations in CHY DB|
representation
(B) Transmutation with '
differential operators (E) Classical perturbative SpeCiaI
(C) Kerr-Schild double copy double copy
(D) BCJ color-kinematics  (F) Dimensional reduction Galileon

Figure 1. Web of relationships between various field theories. The operations in CHY representa-
tion correspond to those in [31] and the transmutations with differential operators are given in [39).
Some examples of the Kerr-Schild double copy can be found in [5-13]. For examples of the BCJ
double copy, see [42-44] and references there in. Classical perturbative double copy examples are
found in [4, 17-22]. The dimensional reduction refers to that in [32]. Besides the relations shown
in this figure, there are other cases of relations between extended theories; some of these examples
are found in [45-47].

and the special Galileon. In 4d, the probability of emission of a scalar can be written as [48]

5 20 dk 1
dProb. a0y =A% . 1.2
rob.(0 %) = LA 1 (12)
As the observation time grows, T' — oo, the differential radiated power is given by
dP ; k|?
= aa\27| - (1.3)
dQd|k| 2(2m)2 T

The final goal is to be able to map the scalar radiation power emitted by a set of point-
particles among different theories. In order to do so, we will only need to map between
on-shell currents.

1.1 Summary of results

In this section, we summarize the procedure for obtaining the classical double copy for
the radiation of scalar modes. We show that by applying a special set of color-kinematics



replacements, it is possible to transform the radiation field generated by point-particles
interacting through a bi-adjoint scalar field to the one in which these particles interact
through a non-linear sigma model field. Similarly, one can act on the NLSM radiation field
to obtain the equivalent object for the double copy, i.e., the special Galileon radiation.
We consider the case where the impact parameters of the particles are large, and thus
the particle number is conserved, since no particles are created or annihilated. The large
separation of the particles accounts for the consistency of the perturbative calculation, a
point that will be made more precise in the body of the paper. A crucial fact for the
existence of the double copy is that the couplings of the scalar fields to the point-particles
have the same coupling strength as the self-interactions of such fields. This is similar to
the case of Yang-Mills and gravity.

For each theory, the point-particles carry different degrees of freedom depending on the
couplings being considered. In the bi-adjoint scalar field case, the point-particles carry two
color charges, ¢® and &, each in the adjoint representation of the groups G and G. In the
case of the NLSM corresponding to the symmetry breaking pattern Gy x Gg — G (with G
the diagonal subgroup), we will consider a coupling to the point-particles that is manifestly
invariant under the unbroken symmetries. This means that the coupling will involve the
“covariant derivative” of the Goldstone modes, V#¢® = f%¢(U~19,U )y, which in our case
will couple to the color dipole moment M%* of the point-particles. Manifest invariance
under G is sufficient to ensure invariance under the full group G x Gr [49]. Finally,
the special Galileon coupling we will be using follows from a conformal transformation
Guv — (14 27/A) g, of the point-particle action. This transformation is motivated by the
one implemented in massive gravity to remove the kinetic mixing between the helicity-2
modes and the longitudinal mode before taking the decoupling limit, in that case A = Mp;.

Because we have different degrees of freedom carrying a color index in the bi-adjoint
scalar and the non-linear sigma model, we will also need a replacement rule to map one to
the other, see figure 2. Thus, for the single copy we need not only the usual color-kinematics
replacements, which schematically are of the form

C@E) = N({a}), (1.4)
but also the color-color replacements

C{a};¢*) = C{q} - M?), (1.5)

where {¢} stands for the collection of momenta involved in the process. At second order
in the couplings, the single copy color-color replacements are given by eq. (4.2) and the
color-kinematics by eq. (4.3). These replacements map the on-shell current eq. (2.20) into
the on-shell current eq. (3.25). At quartic order, the color-color replacements are given
by eq. (4.5) and the color-kinematics by eq. (4.7), these give a map between the on-shell
currents in eq. (2.23) and eq. (3.29).

For the double copy case instead we can simply perform a color-kinematics replacement
of the form

C({q}-M*) = N({g})- (1.6)



The replacement rules at second order are found in eq. (6.2), and the ones at quartic order
in eq. (6.4). These replacements create a map between on-shell currents: eq. (3.25) maps
onto eq. (5.15), and eq. (3.29) maps onto eq. (5.17). There are four main features that is
worth highlighting about these replacements:

1. Coupling constants. The coupling constants in the three different theories are mapped

V2 o1

Thus, a result obtained in the biadjoint case with a precision of O(y™) will be mapped

into each other as follows:

onto an equivalent result for NLSM and special Galileon at order O(1/F™) and
O(1/A™) respectively. For the sake of brevity, from now on we will denote this
level of precision as O(n).

2. Color charges. The color charges and dipole moments are mapped as
e 5 q-M*—1,

where g represents different momentum factors, depending on the specific color struc-
ture. This can be compared to the Yang-Mills-gravity case where the replacement is
c® — pt. In this case, we are mapping between scalar theories so no new structure
with a Lorentz index appears uncontracted.

3. Three-point vertex. Color factors which involve only one structure constant are
mapped to zero,
f-c-c—0.

In the gravitational double copy the color factor of the Yang-Mills three-point func-
tion, %, is mapped to the color-stripped Yang-Mills three-point vertex. This is
motivated by the BCJ double copy where one replaces the Yang-Mills color factor by
a second copy of the Yang-Mills kinematic factor in order to obtain a gravitational
amplitude. In the present case, the NLSM does not have a cubic vertex and thus the
above color structure is mapped to zero.

4. Color-kinematics duality for the double copy. The replacement rules that take the
NLSM four-point amplitude color factor to the NLSM four point amplitude, i.e.

(48 4 40)* — (47 + 4a)?

P4V2 [ [ (g5 - M) (g - My)* (g - M) — 3 ,

maps color factors satisfying the Jacobi identity
> (g - M) (gy - Mo) (ga - Ma)© =0,
cyclic
to kinematic factors that satisfy another Jacobi identity
> (a5 +42)® = (ay +9a)*) = 0.
cyclic
This provides a new example of the color-kinematics duality at the classical level.
The analogue case for the gravitational double copy was studied in [4].
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Figure 2. Summary of color-kinematics replacements used in this paper.

In the following, we carry out the perturbative calculation for each theory in detail.
In section 2, we compute the bi-adjoint scalar radiation and in section 3 that for the non-
linear sigma model case. In section 4 we then explain the color-kinematics and color-color
replacements that transform the bi-adjoint scalar result into the NLSM one. We continue
in section 5 with the calculation of the special Galileon radiation and in section 6 derive
the color-kinematics replacements that lead to the double copy. We conclude in section 7.

2 Bi-adjoint scalar radiation

In this section, we compute the radiation field produced by color charges coupled through
the bi-adjoint scalar field. The O(2) result was first computed in [18] and extended to
order O(4) in [4]. In the following, we show these results for completeness while clarifying
some technical details of the calculation.

The bi-adjoint scalar field transforms in the adjoint representation of the group G x G
and has cubic interactions, described by the Lagrangian

Lps = % (awad)Q - %fabc f&BE g0a~90b59006 ) (2'1)

Our goal is to compute perturbatively the scalar radiation field generated by a set of
color charges coming from infinity, which will evolve consistently together with the field
they generate. The point-particles carry color charges also transforming in the adjoint
representation of G' x G' and move along the worldlines 24(\), where X is the coordinate
along the worldline, and « labels the individual particles. These point-particles are coupled
to the scalar field in the following way:

Sep =3 > / dx [7710\) Yo Lo () (m2 — 206" () SNEW) | (22)



where the einbein 7()) is a Lagrange multiplier that ensures invariance under reparametriza-
tions of A, and ¢® and & are color charges transforming in the adjoint representations of G
and G respectively. For the purpose of this paper, the specific Lagrangian realization giving
rise to the color charges is not relevant and thus is not considered here, but a discussion
regarding this can be found in [18]. The total color currents are

fa _ yha 1,
J = J s + I

T = J g+ (2.3)

Here, J{ Bg and J{ %s are the Noether currents derived from Lpg due to the invariance
under G and G and read

J{\?%S _ fabc(pbb 6“(,061), J{\?%S _ f&bé@bb 6“(,01)6, (24)
while the leading order currents produced by the point-particles are given by

Jpp = Z/dACZ(Mvééd(x—wa(A , Tl Z/dA Aot %z — 2%(\),  (2.5)

where v4 is the velocity of the point-particle a carrying color charge ¢%(\) or ¢2()). The
next to leading order contributions to these currents include finite size effects. By varying
the action Sgs + Spp and considering current conservation, we obtain the equations of
motion for the coordinates and the color charges

dpg &
T YC)E ()0 pualat) = 0, (2:6)
ey () () () =0, e 4y R () () k) =0, (27)

where ph, = dxh /ds is the momentum of the particle a and ds = nd.

2.1 Perturbative solutions

The equation motion for the bi-adjoint scalar field can be written as
Op® =y Je, (2.8)

where the source current is
— fabe fabe ;bbel | Z/dsc (N4 (x — z4(s)). (2.9)

This allows us to compute the radiation field at |Z] — oo in terms of the Fourier transform
of the source:

_ d% e—z k-x
aa — aa 2‘10
7=y [ G ). (2.10)
The initial configuration consists of N charged partlcles that are moving with constant
velocity at s = —oo. Thus, the initial conditions for the color-charged point-particles are:
s co = DX +phis, (2.11)
Slivco=ch, Bl =&, (2.12)

where b, are the (spacelike) impact parameters.



In what follows, we compute the solutions perturbatively in powers of the coupling
strength. The actual dimensionless parameter that controls the expansion is a combination
of the coupling strength and kinematic factors, given by [17]

o, &2

E3b’

€EXY

where F 2 m is the energy of the point-particle and b is its impact parameter. In this
expression we have neglected the phase space volume. Notice that the perturbation param-
eter is inversely proportional to the impact parameter. This is consistent with our set up
of particles that are far apart from each other and which only experience small deviations
as they interact through the scalar field. Indeed, the fact that ¢ < 1 ensures that the
deviations are small compared to the impact parameter. We can now find the O(1) field

wi ddk e—zkx aa
|<9(1) = _y/ (274 —aJ )‘0(0)

ddk _ 77,]4)-(377@1)
= yZ/ d g g 2 27T5(k'pa)' (2'13)

Notice that on-shell (k% = 0) the field vanishes unless k* oc p* but p* is timelike, therefore
there is no radiation at this order, as we should expect, since static point-particles do not
radiate. We now proceed to obtain the next order perturbation for the deviations of the
point-particle trajectories and color charges. These are obtained by considering

xh =bh + phs+xh(s), (2.14)
G=r(s), A=), (2.15)
where the barred quantities vanish at s = —oo. Substituting the O(1) field into the

equations of motion (2.6) and (2.7) we find

» Ly o ddq Mefiq-(basﬂias)

l’a‘o(2) =1y an -Cﬂ Cq -C/B / (27-‘—)dq q2 (q )2 27T5(qp,3)7 (216)
B

. 9 rabe oy ddq e~ (bap+pas)

004‘0(2) = zy2f b Z cac% Cq * Cg/ (27T)d p (q ) 2 5(61 . pﬁ) , (2.17)

fra
ddg e ie(baptpas)

5;‘0(2) = jy? fabe Z 62{6% Ca* 05/ Grd 2 po) 27 0(q - pg), (2.18)
B#a
where bop = by — bg. The source J*%(k) at O(y?) is given by
jaa Z/dse (ba4pas) [zk Tals ‘O c Z + (s )|0(2)é§
a =a abe fabe d,, ikx bb cé
+ca(s)ca|o(2)} — [ f /d xe Ty ‘O(l)gp ‘O(l). (2.19)
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Figure 3. Interactions contributing to the current at O(2). The scalar field theory for the right-
hand side graph has cubic self-interactions. If this were not the case, such graph would not con-
tribute to J|o(2). The solid lines are the worldlines of the point-particles (which can carry color
charge degrees of freedom depending on the theory under consideration) and the dashed lines rep-
resent the scalar field.

After using our previous results, the source current becomes

T Wy =0 > [ o Rmas(h). (2.20)

a, B#a ¥ 9 48

where
41509 = — o) e ) 12— P e
(k ’ pa) k- Pa
R e (e cm] _ pabe filih o (2.21)
. _ dd
with fq = fﬁ, and
eiQa'ba eiqﬁ'bﬁ ded
ta,p(k) = (2m)0(qa 'pa)7(27)5(q5 -pp) 2 (2m)0%(k — 4 — qa) - (2:22)
o B

The above result for the source current heavily relies on the use of the delta functions in
tia,3(k). This will be the case for all the final results that we present. One can think of this
perturbative solution in terms of Feynman diagrams. At second order in the coupling, the
contributions to the bi-adjoint current are given by the graphs in figure 3. The first term
in the parentheses in eq. (2.19) corresponds to the graph on the left-hand side of figure 3.
This graph only shows the case of the scalar field radiated by particle «, but we should also
include the case where it is radiated from particle 5. This is taken into account by the sum
over point-particles. The last term of eq. (2.19) comes from the graph on the right-hand
side which corresponds to the self-interactions of the field.

As we will see in the next section, the NLSM self-interactions will only contribute at
next to leading order in perturbations. Hence, in order to construct a satisfactory copy
we will compute the source current for the radiation field for the bi-adjoint scalar at O(4).
The source at this order is given by

ja&<k>|o(4):_fabcf&gé/ddweik%bé|O(1)¢CE‘O(3)+Z/dseik.(ba+pﬁ){‘%(S)\o@)éi
JrCg(s)a;‘o(‘l)Jrég‘(s)‘0(2)52|O(2)+ik'3—ca(s)‘0(2) [63(8)‘o(2)5§+03(5)5g‘0(2)}

o a ~a 1 - a ~a
+ik-To(s) |O(4)caca+§[zk;.wa(s) \0(2)]%&@&} , (2.23)
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Figure 4. Interactions contributing to the current at O(4). The left-hand side shows the contri-
bution from the interactions between the point-particles and the bi-adjoint scalar field. The center
and right-hand side graphs show the contributions from the bi-adjoint scalar 3-point vertex.

which corresponds to the graphs in figure 4. The term in curly brackets contains the
deflections of the point-particle coordinates and color charges at next to leading order,
which are given by

Zhlow =yt >

e*iq(S'(baJFpas) be b o
(0] 2 [f“ b (6 5) (G )
(073

2
B g5 a5 (45-Pa)
y#{a,B}
;o
b ~ .4p-q ~ o~ tq g ~G
fabc bC%Ca(COA'Cﬂ)(Ca'CV)‘Hqﬂ_ *(ca-cp)(cacy)(Ca Cﬁ)(ca'cw)] +§P%$(%)Cgcg¢}
B Pa qs
(2.24)
e 145 (batpas) 1
4 rab bd d cix =~ \(x =
61’;“0( v Z / (95°Pa) Nﬂﬁ(qa){qﬂpa [f “CaCsC;(Ca-p)(Ca-Cy)
B 500,45
v#{.58}
Fbdé =& ~d ~b &b e qﬁqvbc S s N(x = &
+ 7 aCpCy (cOé Cﬁ) aCy ™ Co 'y(COé cﬂ)(ca'cﬁ)(ca'c’y) + 2pﬂ’y(q5) aCa (s
Qﬁ Pa ds
(2.25)

*l% (ba+pas)

o= X [
B#a,
7#{a75}qﬁ q'y i

1 o
@) Hﬁﬂ(%){ [fbde ¢ chcd (éa-E)bE &

45 Pa

454~
4B Pa

—|—fbde~e 6%55(%'65)(60{-67)—2' (Ca‘Cﬁ)(ca'cv)(éa'éﬁ)égég} + 2'0/37(%) & Z}’

(2.26)

Notice that the momentum involved in the propagators that appear in these calculations
corresponds to the momentum exchanged with the point-particle. After using the fact that

i ddk‘ e—zkaz aa
v ’0(3):_9/(%) 2z J )}0(2)’ (2.27)

with J%%(k) ‘0(2)
interactions, reads

given by eq. (2.20), the first term, which comes from the field self-

aa abc Fabé b ~b p66(q‘5)
TR o > —2v" X ot el S o (k) (2m)'5 a5 — 45— an)
& BEY 40 45, gy 45 J
v#{a,B} ( )
2.28

~10 -



where piq,5(k) is the straightforward generalization of . g(k), namely

ei Gaba ei a3 'bB
Ma,ﬁ,'y(k) = (27)d(qa 'pa)iz(%r)d(qﬁ 'pﬁ)T
dq 4z
eiq’Y'b’Y ded
x (2m)0(gy -pw)7(2ﬂ) 6%k = a8 — 4o — @y) - (2:29)
Y

Notice that the current J%%(k) should be symmetric under interchange of particles. This
symmetry is not manifest in eq. (2.28), but it is realized by the sum over the particle indices
a, B and 7.

3 Non-linear sigma model radiation

Consider now the non-linear sigma model (NLSM) based on the simple compact Lie group
G; that is, the model corresponding to the symmetry breaking G';, X Gr — Ggiag, Where
Gr. = Gr = Ggiag = G. The leading order effective Lagrangian is given by
F2
e = P oo )
where U = gRgzl, and gr(r) is an element of the group Gg(z). We will use the exponential
parametrization
y f a a
U=e 7T, (3.2)

where ¢® are the Goldstone boson fields and T are the generators of G. Given that the
pattern G, X Gr — Ggiag is a simple generalization of the one describing QCD pions, in
what follows we will often refer to the NLSM fields simply as pions. Since all quantities
with a color index will transform in the adjoint representation, we’ll find it convenient to
follow the conventions that are often adopted in the amplitudes literature (see e.g. [50-53]).
Hence, our generators satisfy the following relations:

Tr (TaTb> — 5ab’ [Ta, Tb] — i\/ﬁfabcTc’ (Ta)bc _ _i\/ﬁfabc ) (3'3)

With this parametrization, the strength of self-interactions is determined by the coupling
V2/F. In terms of the Goldstone fields, the Lagrangian can be rewritten as

L = —0¢" - G(¢) - 06, (3.4)

where we have defined

DY = —if*egc. (3.5)

«Q
=
1

(]2
=T
Sl=
=T
N
[\
ﬁj\@

-
N—
[\
3
5

n=1

In this case, we want to consider a coupling to the point-particle that preserves the un-
broken symmetry G, which means that it involves the pion covariant derivative V,¢% =
f¢(U=10,U)pe. Consider a coupling to a dipole moment M, 1 (A) localized on the worldline:

1 “1yy 2o dzg a a
Spp = —2%:/@\ {77 ) T T nmE (L= 2M () V67 (3.6)

- 11 -



where the pion covariant derivative in the exponential parametrization is

4

ﬁfﬂbcfbded)cgbeaﬂgbd . (37)

a 2 a 2 abc (&
qub :F u¢ _ﬁfba,uﬁbbﬁb +

From this coupling, we can read off the current generated by the color charges. Up to next
to next leading order this current is

1 2
Tt =2y my, / ds (M;“<s>+FfabCM§“<s)¢C+3 = f“bcfbdeq%eMéf”) 0z —a(N)).
[0
(3.8)

We obtain the equation of motion that determines the evolution of the point-particle co-
ordinates zh by varying the point-particle action Spp. At next to leading order in the
coupling this yields

dpa | 2 v L abes b

disa =+ fszg 8“ <8y¢a — ffa cay¢ ¢C =+ .- =0. (39)
Similarly, we obtain the equations of motion determining the evolution of the dipole mo-
ment from the conservation of the total color current

JH = I Nwsm + b - (3.10)
Here, Jﬁﬁ\lLSM is the Noether current derived from LI(\?I)JSM and reads
IR Nusm = V270" G(p) 99" (3.11)

Given this, 9, J* % = 0 implies that the dipole evolves according to

27 1 1 4
CpMfer — 27 pabe c Mb'u - bdeMd“ e ~ pabe c Mb“ bdeMdl‘ el
k [e Ff aﬂ¢ < a + Ff [0 ¢ + Ff k,u¢ fe + 3Ff [e ¢
(3.12)

The above equation is found after performing a Fourier transformation and using the
equation of motion obtained from varying Snrsm + Spp that reads

V2

2G(6)0¢" +20G(9) - 96 — 96" - 9,G(9)" - 96 — “ =0, Tf* = 0. (3.13)

3.1 Perturbative solutions

We proceed to find an expression for the radiation field ¢* produced due to the interactions
of the point-particles. We will again assume that the point-particles are well separated and
that the impact parameters are large, so that we can construct a perturbative solution in
powers of the NLSM coupling. As in the previous case, the actual perturbation parameter
is a combination of the coupling strength and kinematic factors, given by

1 E(k-M,)- (k- Mj)
X —=5 )
F? bag

€
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where k = O(FE) and the dipole is M x ¢%d, where d < Z is a measure of the size of the
point-particle. We start by rewriting the NLSM equation of motion (3.13) as

¢ = \]/fja, (3.14)

where the source current J¢ is defined as

v FosG(9)
V2

FOgb
V2

F0G(9)

T (x) = | (6" +2G(¢)™) 7

—9¢ L0+ 2 N W

(3.15)

Now, we can read off the radiation field at » — oo in terms of the Fourier transform of the

d e—zkx
= \[ d k Jk) . (3.16)

source:

CL

As before, the initial configuration consists of N particles that are moving with constant

velocity at s = —oo, and the initial conditions for the color-charged point-particles are:
Thls—c0 = b +Phs, (3.17)
MEH s —oo = MG (3.18)

From (3.15) we can see that the O(1) field is

—ig-(x—bq)

o = Fzm | Myt p). (3.19)

Similarly to the previous case, we compute the deflections Zh and k - M¢ defined by

xh(s) =bh + phs+ zh(s), (3.20)
k-M&(s)=k- M +k-M(s), (3.21)
where the barred quantities vanish at s = —oo. At leading order, these are given by:
T a a eiiq.(baﬁerO‘s)
xa’(g(z)_ 72 Z/ S mamaq (Q'Ma)(Q'Mﬁ)W2W5(Q'pﬁ),
(3.22)
ra abe d q c e_iQ'(baﬁ-i-pas)
(k-Ma)\o( ﬂ*f b Z/ k 2q)- Mﬁ] (q-Mg)T%é(qm)-

(3.23)

Once we have the deflections at this order, we may compute J%(k) at O(2):

Tio Wlo = VEY [ ase e remg 20 oo+ ME) — i M) o

f“bc(k: M) o - 1)} : (3.24)
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which, after substituting in the corresponding deflections, becomes

T (B)| o2y = N 72 > / mZm3p% (k) pap(k) (3.25)

a, fFAa qa, 4

where

(k : pa)

Once again, this expression is not manifestly invariant under permutations of the particle

phs(k) = @2 [mi (k- M) (g5 - M) (g5 - M) Lq’gz +i (g - M3) (g - ME)] - (3.26)

indices. Such invariance is ensured by the sum over the indices « and .
We now proceed to compute the deflections of the point-particle coordinates and the
dipole at next to leading order. These are given by

_ 8
935‘(9(4) = ﬁmi Z

BEY g5 0y 45
v#{a,B}

+ 1 ((gy—2a)- ML) (g3 M§) (g M) gk — £**(q5- MB) (g MS) (qp- MS) gl

o—15*(ba+Pas) ol i
(g7 15,(gs)mpms, |12 (g5 M3) a5 P (¢5)
¢ Pa

+i2q4m 2(qq;;:) (q8-Ma)-(q5-Mp) (Q’Y'Ma)'(Q’Y'M’Y)] (3.27)

k.Mg]O( —sz“bc > /
Ba,
’Y;é{ayﬂ}qﬁ q’y qa

me, ((k—2qy)-M®)(gy-M5) (qs-Ma)- (qs- Mp)

e~ 15 (ba+pas)

(95°Pa)

1 C
—— g~ (gs)mzm’ [qg((’f—Q% M) 5, (as)
5

4p°q~
(g8Pa)?
f”de(( k—qp)- Mﬁ)(qﬁ-Mé)(qw-Mi)]- (3.28)

Once we have the deflections at next to leading order, we can use them to compute the cur-
rent at O(4). There are two contributions to this current, one coming from self-interactions
of the NLSM and the other one coming from the coupling to the point-particles. The con-
tribution to the current from the interactions with the point-particles reads

jﬁp-‘o(zx)( )_—Z\f/dse (batpas)y, [lk Ta(s)| oy (k- MS) + (k- Mg (s ‘o

. — a 1 a
+zk:-1:a(s)‘0(2)(k:'M |O(2 (zk To(s ’O 2(k:-Ma)

1 abe \ /] c abe e e
+ 4/ ’ (k"Mg)‘O(z)?b loay + 3F2f (k- Mg lom®“loq

1 aoc - = C C
ey be(k - MD) (zk-;pa(s)\o(2)¢> loy +¢ \0(3))] : (3.29)

and corresponds to the left-hand side diagram of figure 5. Meanwhile, the contribution from
the NLSM self-interactions, which comes from the right-hand side diagram in figure 5, is

V2

a aoc pcae je 1
TS5 (@) ow = 35 /T oqy (8%”\0(1) | o1y + 509 01y ¢b\0(1)> . (3.30)
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p.p. interactions pions self-interactions

(84 — (8% >
1 S ~ o
: ~ //\——_
B > &} >
I /
| ’
I /
’7 > f)/ >

Figure 5. Interactions contributing to the NLSM source at O(4). The left-hand side shows the
contribution from the interactions between the point-particles and pions and the right-hand side
shows the contribution from the pion 4-point vertex.

After using the leading order contribution to the NLSM field we find

a 8\/§ a
T Bow=—izpr D / (2m)76% (45— a3 —ay) ha g (K)mamEmiog g, (3.31)

& B# 40, q5,4v 4
O

where )
O-(alﬁ’y — f(lbcfcde(qu . Mg)(qg . Mg)(‘h . Mf{) <qa . Q,B —+ 2q%> . (332)

Notice that if we set M = c®p* then there is no radiation at any order. This is under-
stood by realizing that the coupling c,p"V,,¢® arises from the Yang-Mills gauge invariant
coupling c”pt A7 after introducing the Stiickelberg field. Since the starting point is a gauge
invariant term, when we introduce the Stiickelberg field we are simply performing a gauge
transformation and thus the physics does not change.

4 Single copy: bi-adjoint scalar to non-linear sigma model

So far, we have computed the radiation amplitude at order O(4) for both the bi-adjoint
scalar and the non-linear sigma model. It is now possible to identify the generalized
color-kinematics replacements needed to obtain the single copy. Since the color degrees
of freedom of the group G are different in the bi-adjoint scalar and the NLSM, we need
to perform replacements to take the color charges to the color dipoles. Schematically, the
color-kinematics and color-color replacements that we use are

0@ = N({a}), C({ghe") = C({a} - M) (4.1)

From dimensional analysis we know that when transforming from the color charges to the
color dipoles for the radiation at O(3) we need to have a factor with mass dimension six
on the NLSM side. This is due to the discrepancy in the mass dimension of the couplings
of these theories. Considering this, we find that the replacements are:

Ca (Ca - cg) = —i2V2mamF (k- Ma)(qs - Ma) - (g3 - Mg), (4.2a)
be b
fa CCQC% o \[ 2, .2 rabc b c
o = —=12V2mgmg f(qa - Ma)" (g5 - Mp)©, (4.2b)
(03
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and
Co (6o 35) > 1, (4.3a)
frEE 0. (4.3b)

The fact that the terms involving one structure constant are set to zero can be traced back
to the fact that the non-linear sigma model cubic vertex is zero. Under these replacements,
we can see that on-shell:
PRk — 1 2V2mAm s (k) (4.4)
which implies that the radiation amplitude for the bi-adjoint scalar at O(2), eq. (2.20),
maps to the radiation amplitude of the NLSM at O(2), eq. (3.25).
In order to find the mapping for the radiation at order O(5) we require color-kinematics
and color-color replacements for color factors involving contractions of five color structures.
In this case, the NLSM side should have mass dimension ten. These replacements are

given by
CZ(Ca'Cﬂ)(Ca'Cw)—>i4\/§mgm%m%(k’Ma)a(QB'Ma)'(QB'MB)(%'MQ)'(%'MW): (4'53)
ca(ca-cp)(cscy) = i4vV2mgmgm’ (k-Ma)® (g5-Ma)- (g5- Mg ) (- Mp)- (g - M), (4.5b)
W%immzmgmm-m)u.((qW—Sqﬁ/zyMa)«qB~Mﬁ>-<qv-Mv>>, (4.5¢)
%%immimzm?y(k-Maw-<q5~Ma>~(qg-Mm(qg—qa)va)), (4.5d)
,
. abc b c
W%14ﬁmimémﬂqw-Ma)~(qv-Mﬁfm«k—qﬂ)-Ma>b<qﬁ-Mﬁ>C>, (4.5¢)
. abc b c
(cacjlz'#—>i4\/ﬁmim%mz(%'Ma)‘(%'Mv)fabc((k—%)'Ma)b(QB'Mﬁ)c)v (4.56)
. abe b ¢
%%z‘4\/§mim§m3(qv-Ma)-(qv-Mw)f“bc(%~Ma)b((k—qa)'MB)c)7 (4.58)
fabCfbdeCiC%ny . 2 2 2 pabc pbde qs 1 d e c
m%zll\/imamﬁmvf ! (k—E—Fl]a@”(%/Ba’Y)]'Ma) (g5 Mp)(qy- M),
(4.5h)
fabCfbdﬁchf{cg . 2 2 2 pabc pbde d e qg ‘
m_)lzl\/imamﬁmﬁf f (qBMB) (q’YM’Y) |:<k_q5+qamn(a7ﬂ7'y))Ma:| ’

(4.51)

where ¢; = g3 + ¢y, n(a, 3,7) is the 4-point amplitude of the non-linear sigma model

(484 90)* — (47 + Ga)?

n(a, B,7) = 3 , (4.6)
and
& (C0 - 33)(Ca - Ey) — 1, (4.7a)
e (Ca - 5)(C - &) = 1, (4.7b)
& (f-éa-G5-8) =0, (4.7¢)
(Ca - &) P =0, (4.7d)
fbe et s q. (4.7¢)
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Under these, the on-shell current of eq. (2.23) is mapped to the on-shell current of eq. (3.29).
Note that, in the color-color replacements we see that the left side involves denominators
when the structure constants are present. These factors appeared due to the difference
between the equations of motion for the color charges, where an integration gives rise to
denominators, and the dipoles, which are contracted with momentum factors. There is also
an ambiguity in how to pick the splitting in the replacement rules since now we also map
the color factors to new color factors. By shifting kinematic factors from the color-color to
the color-kinematics replacements it is possible to find a different set of rules that give the
desired map between theories.

5 Special Galileon radiation

In this section, we compute the scalar radiation generated by point-particles coming from
infinity that are coupled to the special Galileon. The Lagrangian for the special Galileon
theory is [34]

1
12A6

1
Lsc = 5 (0m)? (0m)? [(On)? = (@u0m)| ++- (5.1)
where A is the strong coupling scale. In four dimensions it only contains the quartic
Galileon term but it includes higher order terms in higher dimensions. The action for the
special Galileon is invariant under

1
om =c+ byt + s atc” + Fs’“’@ﬂraﬂr, (5.2)

where c is a constant, b, is a constant vector, and s,, is a traceless symmetric constant
tensor. As we mentioned previously, we assume that the special Galileon is coupled to the
point-particles through a conformal rescaling of the metric g,, — (14 27/A)g,,. This
is motivated by the coupling that arises in the decoupling limit of massive gravity for
Galileons. Hence, the point-particle action is:

T |dz, dxg
Spp——za:ma/d)\,/l—f—?A\/d)\'d)\, (5.3)

or, by introducing the einbein 7,

1 _ dz, dz, T
Spp:—22/d)\ <77 1()\)(1)\'d)\+77()\)m3>\/1+2A- (5.4)

If we assumed that this interaction arises from the decoupling limit of massive gravity, then
the coupling strength would be 1/Mp;. In this case, the couplings of the Galileon with
itself and with the point-particles would be suppressed by two different scales, satisfying
the hierarchy A <« Mp;. The current calculation for the radiation amplitude will not hold
in this case since the leading terms would come from the self-interactions. We find that
in order to identify the special Galileon as the double copy of the NLSM, the coupling
with the point-particles should have the same strength as the self-interactions coupling
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therefore we assume the interactions in eq. (5.3). The equation of motion that determines
the evolution of the point-particle coordinates x* is

%_ o, (
ds A(1+2Ad/2 1)

mg, 0" — phph) =0, (5.5)

while the equation of motion for the special Galileon is

O — [(On) +2(8,8,m)° ~3(0m) (2,80) T—a(s)) =0.

6A6

AZ/ W‘sd

(5.6)

5.1 Perturbative solutions

We compute the solution in powers of the coupling constant, but the actual perturbation
parameter for the special Galileon is

€X —— (5.7)

J, (5.8)

where the source current 7 is defined as

1 3 3 2 mgt d
I=er [(Dw) +2(8,0,7)> —3(0r) (9,0, ) ]—Z / ds— 50z g (s)), (5.9)

o 1—1—2%

we can write the leading order special Galileon field as

d efik-m
() = —% / (‘21& ) (5.10)

Note that the contributions from the special Galileon self-interactions will only appear at
O(8). As before, the point-particles are moving with constant velocity at s = —oo and
thus the initial conditions are:

Th|s—0o = U + phs. (5.11)

From this we find that the field at O(A~!) is given by

e—ik-(aﬁ—ba)

_! d%k o 276 (k 5.12
7T‘O(l)‘AZa: (@m)d T g2 mo(k - pa) - (5.12)

As in the previous cases, to obtain the O(A~2) field, we need to find the deflection

ol = bl 4 pls + 2 (s). (5.13)
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Using the O(A™1) field in the equation of motion (5.5), we find

671’ Q'(ba,8+pa5)

— (q - pa)Pht) NE 276(q - pg), (5.14)

T =i
loe) ¢*(q-p

which leads to the current:

1
Mloe) = 12 > / mam tap(k)pas(k), (5.15)

a, BF#a qa,49p

where
0 o k-gp

paﬁ(k;) Maqa (kﬁ K pa)2 . (516)
This current comes from the point-particle interactions diagram in figure 3. We can now
obtain the O(4) current which comes from the point-particle interactions diagram in figure 5
and is given by

*7‘(9(4) :Zmi/dseik'(bﬁpas)[ikﬁa’om)*A—l”’m + A7 l_a‘o u”‘ou)
(6%

-1 - 3, 9 2 1o . 2
A Za(s) Ao + 5 (<K Falo) | (5.17)

|O(2)7T‘(’)(1) -
where

How=11 X [ 5

v#{a,8} pi

*’L qs- ba+pa5)

1 v 14 v
mﬁm 18,~(as) [ ( - mi% (a4l + pady)

% pa 4y * Pa

1 v
+2(qp - pa)(qy -pa)pé) + (—m26 + phipay) (qub’w(%)%
1)

+2¢% + W (—=mZas - ¢y + (48 - pa)(@y - Pa)) qZ)] : (5.18)

Once we substitute the corresponding trajectory deviations and field profiles into the equa-
tion for the current at next to leading order, we find that the terms whose mass factors
are of the form mam%m% and mém%mg become zero after using the corresponding delta

functions.

6 Double copy: non-linear sigma model to special Galileon

In the previous section we computed the special Galileon radiation at next to leading
order and previously we performed the analogue calculation for the NLSM. We are now
in position to propose the color-kinematics replacements that lead to the double copy. In
this case, the replacements are of the form

C({q}-M*) = N({g})- (6.1)
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Specifically, to transform the NLSM to the special Galileon at order O(2) we use the
color-kinematics replacements:

—i2vV2 (k- Ma)(qs - My) - (g5 - Mg) — 1, (6.2a)
—i2v/2 f%(qy - My)b(qp - Mg)® — 0, (6.2b)

Under these replacements, we can see that on-shell:

Pas(k) = pap(k), (6.3)

and thus the radiation from eq. (3.25) is mapped to that of eq. (5.15). At O(4) we need
replacements for higher order contractions of dipole moments. These color-kinematics
replacements are:

i14v/2 (k-Ma)*(g5-Ma)-(a5-Mp) (45 Ma)- (g7 My) = 1, (6.4a)
14\[(1‘3M )*(g5-Ma)-(g5-Mp)(gy-Mp)-(gy-My) = —1, (6.4b)
i4V2 (k- Ma)[f (a7 Ma)-(a5-Mp) - (ay-M)] =0, (6.4c)
i14V2 (k-Mo)[f - (a5-Ma)-(a5-Mp)- (g M)] = 0, (6.4d)
14V2 (g, Ma)-(ay- M) f*(q-Ma)* (g5~ Mp)© — 0, (6.4e)
i4\/§(QV'Ma) (g V)fabc(q Mﬁ)b(%'Ma)c%Oa (6.4f)

2
z4\[fabcfbde(% M ) (g3-Mp)*(qy-My)® — —=2n(7,a, B) (1"‘3?5;"‘”(787;5@)7
(6.4g)
14V2 [ 24 (q5- Mp) (g M) (ga-Ma) — (e, B,7). (6.4h)

where ¢ represents either the radiated momentum k, or the momenta any of the fields,
such as ¢,. Under these replacements the NLSM radiation from eq. (3.29) is transformed
into the special Galileon one from eq. (5.17). While the color factors involving only one
structure constant are set to zero as a consequence of the lack of a cubic interaction in both
the NLSM and the special Galileon, the color factors involving two structure constants give
rise to a more interesting relation. The replacement in eq. (6.4h) exchanges the color factor
of the four-point amplitude of the NLSM (from the right-hand side diagram in figure 5)
with the corresponding color-stripped amplitude. Note that both the color and kinematic
sides satisfy the Jacobi identity even though none of the involved momenta {q} are on shell.

7 Discussion and outlook

In this paper we have computed the amplitude of radiation emitted by point-like particles
coupled to a bi-adjoint scalar, a set of pions, and a special Galileon at next-to-leading
order in the couplings. While one might naively expect that the NLSM coupling to point-
particles should be of the form c®pt9,,¢?, this coupling gives rise to no radiation at any
perturbative order. This can be understood from the fact that this coupling arises from
the Yang-Mills gauge invariant coupling c”p* Ay, after introducing the Stiickelberg field ¢.
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A similar situation happens for the special Galileon and the coupling p#p” 9,0, 7. Instead,
for the NLSM we consider a coupling to a color dipole moment, which is invariant under
G, and for the special Galileon we consider the coupling arising after the conformal trans-
formation g,, — (14 27/A)gu. These couplings are motivated by those that would arise
for longitudinal modes of massive Yang-Mills and massive gravity. Using these couplings
we have shown that up to next to leading order the double copy of the radiation of pions
corresponds to the radiation of special Galileons. We have also constructed the single copy
starting from the bi-adjoint scalar. To do so, we have used a generalized set of color-
kinematics replacements to map from color charges to color dipole moments. Compared
to the gravitational double copy, in the case of the scalar modes the simple replacement
of the color structure by its corresponding vertex arises for the four-point case, since there
are no cubic interactions.

At the order to which we have worked, the special Galileon self-interactions do not
contribute to the radiation. It would be interesting to investigate the structure of the
color-kinematics replacement rules at O(8), which is where the first contribution from
these interactions is bound to appear. Our expectation is that at O(6) the color structures
involving three structure constants will be set to zero, since these are related to the five-
point vertex. At even higher order, the color structures with four structure constants —
corresponding to the six-point vertex — will have a more complicated replacement rule,
similar to what happens in the gravitational case at O(4).

At higher order one must also contend with another challenge, namely the fact that
higher derivative corrections to the NLSM and special Galileon actions can contribute to
the radiation field. This challenge is not limited to the classical double copy, since it is
far from understood what are the correct higher derivative corrections that give rise to
the amplitudes double copy relation [54-57]. Another question that would be interesting
to explore is whether it is possible to construct a wider web of classical color-kinematic
relations, in the spirit of [31, 39]. This web should include not only Yang-Mills, gravity,
and the scalar theories we have considered in this paper, but also other theories whose am-
plitudes admit a CHY representation — e.g. Born-Infeld theory, Dirac-Born-Infeld theory,
and others. We plan to tackle some of these interesting questions in the near future.
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