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1 Introduction

A theory of quantum gravity was formulated in ref. [1] by means of a new prescription to
treat the poles of the free propagators and turn the ghosts due to the higher derivatives
into fakeons [2]. The classical Lagrangian contains the Hilbert term, the quadratic terms
V—9RuR" and \/—gR? and the cosmological term. The fakeons are “fake particles”,
which contribute to the correlation functions, but disappear from the physical spectrum.
The idea takes inspiration from the Lee-Wick models [3-6], in particular their reformu-
lation as nonanalytically Wick rotated Euclidean theories [7, 8]. An essentially unique!
strictly renormalizable theory of quantum gravity emerges from this approach, which is
perturbatively unitary up to the effects due to the cosmological constant.?

In this paper, we investigate the properties of the fakeons in quantum gravity at one
loop. To begin with, we introduce auxiliary fields and make changes of field variables,
to finalize a number of arguments that are available in the literature [15] and convert
the higher-derivative action of [1] into an equivalent action that does not contain higher

!This means that the action has a finite number of independent parameters and admits a finite number
(two, in our case) of physically consistent quantization prescriptions.

2A consistent theory of scattering with the properties we need may not exist at nonvanishing cosmolog-
ical constant. On this topic, see the discussions of refs. [9-14]. The problem concerns every realistic theory
of quantum gravity, including the low-energy nonrenormalizable one, which can be used as an effective
field theory.



derivatives and is organized so as to fully diagonalize the kinetic part in the nonlinear case.
The new setting is convenient to calculate the quantities we are interested in here. It is
not equally convenient to study the renormalization of the theory (which is not affected by
the fakeon prescription and has been already studied in a variety of approaches [16-22]).

Quantum gravity is described by a graviton multiplet, made of the fluctuation h,,, of
the metric tensor around flat space, a massive scalar ¢ and a massive spin-2 field x,,. To
have perturbative unitarity (up to the effects of the cosmological constant) the field x .
must be quantized as a fakeon, because its quadratic action carries the wrong overall sign.
Instead, the quadratic action of ¢ carries the right overall sign, so ¢ can be quantized
either as a fakeon or a physical particle. This leads to two possibilities, which we call gravi-
ton/fakeon/fakeon (GFF) theory and graviton/scalar/fakeon (GSF) theory, respectively.

We study the absorptive part of the self-energy of the graviton multiplet in both
cases. A number of techniques to calculate this quantity and, more generally, deal with the
fakeons, have been developed in ref. [22]. The approach we follow here further simplifies
the computations and allows us to extend the results in several directions. In particular,
we obtain the width I'y of the spin-2 fakeon x,,, which is related to the central charge C of
the matter fields, and the width I'y of ¢. The value of I' is negative, which means that x,,,
is responsible for the violation of microcausality. At center-of-mass energies close to the
fakeon mass m,, and for time intervals of the order of 1/|I'y| (referred to the center-of-mass
frame) the common notions of past, present and future, as well as cause and effect, lose
meaning. Two events can be related in a causal way only if they are separated by a time
interval that is much longer than 1/|T"y|.

The breakdown of causality at very small distances is expected, because it is also a
property of the Lee-Wick models, where it has been studied in detail [3-6, 23]. Although
the quantum gravity theory of [1] is not of the Lee-Wick type, the fakeon quantization
prescription introduces an infinitesimal width that turns the theory into a Lee-Wick model
in an intermediate step. From the physical point of view, we do not have arguments to
claim that nature must be causal up to infinite energies, so we regard the violation of
microcausality as a key prediction of quantum gravity.

We also compare the results of the GFF and GSF theories with those of the Stelle
theory [24], recently considered by Salvio and Strumia from the phenomenological point of
view in refs. [20, 21], which is a graviton/scalar/ghost (GSGh) theory. The classical action
of the GSGh theory is the same, but its quantization is different in that the Feynman
prescription is used for all the poles of the free propagators, including the one of ..
Then ,, is a ghost, instead of a fakeon, and does contribute to the absorptive parts,
as well as the central charge C. The quantities we calculate do not exhibit important
differences up to energies equal to the fakeon mass m,. For example, the width Iy is the
same in the GSF and GSGh theories. The differences start to become important above
my, where the optical theorem is violated in the GSGh theory.

The computations are performed at vanishing cosmological constant A¢, since the
corrections due to A¢ are too small for the quantities we study. The results of ref. [22]
are recovered as a particular case. We include results for Proca vectors and Pauli-Fierz
spin-2 fields.



The paper is organized as follows. In section 2 we isolate the fakeons by working out an
equivalent action of quantum gravity that does not contain higher derivatives. In section 3
we outline the prescriptions to quantize the theory. In section 4 we calculate the absorptive
part of the self-energy of the graviton multiplet. In section 5 we calculate the width 'y, of
X and discuss the relation between I'y and the central charge C, as well as the violations
of microcausality. We also give the width of ¢. In section 6 we extend the calculations
to the Stelle theory and compare the results with those of the GFF and GSF theories.
Section 7 contains the conclusions. The appendices A and B contain details about some
tools used for the calculations and other results about the absorptive parts.

2 Isolating the fakeons in quantum gravity

The theory of quantum gravity (coupled to matter) proposed in ref. [1] has action

1 1
SQG = _ﬁ / vV —g |:2AC + QR + « (R,uVR'uV - 3R2> - 2R2:| + S’m(g7 (I))a (21)

where «, £, {, Ac and k are real constants, with @ > 0, £ > 0 and ¢ > 0, and S, is the
action of the matter sector. For example, we can take .5, as the covariantized action of the
standard model, or one of its popular extensions, equipped with the nonminimal couplings
that are compatible with the renormalizability.

In this section we isolate the fakeons by means of auxiliary fields and field redefinitions.
We obtain an equivalent action that does not contain higher-derivatives and is useful for the
calculations of the next sections. In particular, we fully diagonalize the kinetic part in the
nonlinear case. In the next section we explain how to quantize the theory in the new setting.

To our knowledge, the new action, which is given by formula (2.10), is not available
in the literature in a complete form. Partial derivations can nevertheless be found. For
example, the authors of [15] work at A¢ = 0, with no matter sector S,, and stop short of
finalizing the action to concentrate on the analysis of the quadratic part around flat space,
since their main interest is to highlight the degrees of freedom.

We assume that S, is at least quadratic in the matter fields ®. For simplicity, we
work with bosonic fields. The arguments can be easily generalized to fermionic fields by
using the tetrad formalism.

Defining
3 ) =G0 Ru=Re+ e R=Rt 2

and adding the integral of a total derivative, the action (2.1) can be written in the more

AC = Ao (1

convenient form
Sqc = Sue(g) + Sw(g) 122/\/ gR? + Sm(g, ®),

where

Sue(9) / V=g (2hc + CR) (2.2)



is the Hilbert-Einstein action and
o
SW(g) = _4’%2/ V _gc,uupocuypg
is the Weyl action, C),,y» denoting the Weyl tensor.

2.1 Step 1: massive scalar

We introduce an auxiliary field qAS and write Sqq as

Sqc = Sur(g) + Sw(g) /FzR $)d+ Sm(g, @),

12 12k2
Then we perform the Weyl transformation

Guv — glwemf)’

1 £
gb-—ﬁln( 36)

So doing, we obtain the equivalent action

where

Sac = Sur(g) + Sw(g) + Ss(g, ) + Sm(ge™, @),

(1 ~ e“‘f’)QI ,

where
2

Sela.0) = [ V=3 [Dmmczs -2

the squared mass of ¢ being

2 _ ¢
2.2 Step 2: spin-2 fakeon

Now we take care of the spin-2 fakeon. We have

Sur(g) + Sw(g) = Sur(g /\/ ( R — R2>
up to the integral of a total derivative, where
St (9) / V=9 2AC i (R) Ruy = Ry,
~ “ 2 oo 2 (a+2Ac - AAC
c c(+3<2> c<+3 o : ¢ CAC

We introduce auxiliary fields x,, by writing the action Sqg as

- 1 ;
SQG = SHE / vV [2Xlw < py 29uuR> - g(X,UVXuV - X

+55(9,6) + Sin(ge"?, @),

(2.5)

(2.6)



where x = x,,g"". At this point, we perform the metric-tensor redefinition

G = Guv + 2Xw + X X — 2Xuszp/ = G + Y- (2.9)

The linear contribution to v, is fixed so that the transformed action contains no terms
that are linear in x,,. The quadratic corrections are determined so that the mass terms of
the x,, action get the right Pauli-Fierz form and the limit Ac — 0 remains regular.

Applying the redefinition (2.9) to (2.8), we obtain the equivalent action of quantum
gravity we are going to work with in this paper, which reads

where
G s 85 2
SX(QaX) = SHE(g + ?ﬂ) — SHE(g) —I—/ _2XAW 6HE(9) ¢ QH(XMVXMV B XZ)
Juv 20k
g—g+iy
(2.11)

is the action of the fakeon . We find

Sy(9,x) = _%SPF(ga Xomy) — 2%2 / V=B (XX — 2Xu0X5) + ST (9,X),  (2.12)
where

1
Spr(g, x,my) = 3 / V=9[Dpxu DX — DpxDPx + 2Dux" Dyx — 2D x"" DpXi,

*mi(X;wX'm, - X2)] (2'13)

is the covariantized Pauli-Fierz action and S>(<>2) (g, x) are corrections that are at least cubic
in x. The squared mass of the spin-2 fakeon is

m? = é (2.14)

The transformations (2.3), (2.4) and (2.9) are ultralocal (i.e. they depend on the fields,
but not their derivatives), so the Jacobians are identically one in dimensional regularization.
This means that we can use the new action Sqg (g, ¢, x, ®) of formula (2.10) as the action
of quantum gravity at the level of the functional integral.

So far, we have kept the cosmological constant different from zero, but in many sit-
uations it may be neglected. When that is the case, it is convenient to replace the field
redefinition (2.9) with

uv — Iuv + 2qu: (215)
so that, instead of (2.10), we have



where

Sule) =~ 53 [ VIR

is the Hilbert action and S (g, x) is the new x action, still given by (2.11), but with Ac = 0
and 1, replaced by 2x,,. We find

(52SH CZ
/ < _ o
S2.(9,x) / 39,0 (2) 3 )qu(x)Xpa(y)dxdy+2aK2 / N
53Su
X (2)Xpor (Y) Xap(2)dzdydz 217
/59#11 5gpg )59aﬁ(2) Iz ( ) P ( ) B( ) ( )

C2
5oz | VoI — A x = x°) + 87 (g, x).
(>3

where Sy )(g, X) are corrections that are at least quartic in x,,,, which are not needed in

the calculations of this paper. Note that the nonminimal couplings of the quadratic part

¢ ¢ v v v
= 58pr(9:0m) = 5 [ V=9 (0Gu R = 8xu X Ry + 2R x" = Bx’)

of S} (g,x) differ from those of (2.12), and the x squared mass is now

my = . (2.18)

Formulas (2.11) and (2.17) show that the vertices of the x actions are related to the vertices
of the Hilbert-Einstein action, apart from corrections proportional to mi

The new actions (2.10) and (2.16) are convenient to calculate the quantities we are
interested in, but make the renormalizability of the theory much less evident than it was
in the original field variables (2.1). On general grounds, the only effect of a perturbative
change of field variables on the divergent sector of the theory is to require extra field
renormalizations, which are generically nonpolynomial, yet perturbatively local. A precise
match between the divergent parts, calculated before and after the field redefinition, can be
worked out by relating them to the renormalizations of the composite operators involved

in the transformation [25-27].

3 Quantization

Expanding the metric tensor around flat space as gu, = 1 + 26, where 7, = diag(1,
—1, —1, —1), the graviton sector is described by the graviton multiplet

GA = {h,w/a¢7XPCf}a (31)

made of the fluctuation h,, of the metric, the massive scalar ¢ and the massive spin-2
field x .-

Assuming that [A¢| is sufficiently small, so that both ¢ and ¢ are positive, the action
Sy of formula (2.12) carries the wrong overall sign. This means that, to have perturbative
unitarity (up to corrections due to the cosmological constant), x,, must be quantized as a



fakeon, following the prescription of ref. [1]. Instead, the quadratic action Sy of eq. (2.6)
carries the right overall sign, so ¢ can be quantized either as a fakeon or a physical particle.
This leads to two possibilities, which we call graviton/fakeon/fakeon (GFF) theory and
graviton/scalar/fakeon (GSF) theory, respectively. Being perturbatively unitary (up to the
effects of the cosmological constant) and renormalizable, they are both good candidates to
describe quantum gravity. We could also view ¢ and x,, as part of the matter sector.

We define the GFF and GSF prescriptions by introducing two infinitesimal widths e
and £ in the propagators as follows:

(a) replace p? with p? + ie everywhere in the denominators of the propagators, where p
denotes the momentum;

(b) turn the y poles into fakeons by means of the replacement

2

X
N . 3.2
pz—mi-i-ie (pz—7713(-1-1'6)2—#(5'47 (3.2)

1 pQ—m

(¢) Jonly in the GFF case| turn the ¢ poles into fakeons by means of the replacement

1 P’ —mj
— .
p?—mi+ie  (p* —m] +ie)? + &

(3.3)

(d) calculate the diagrams in the Euclidean framework, nonanalytically Wick rotate them
as explained in refs. [2, 7, 8], then make € tend to zero first and £ tend to zero last.

Note that because of the Wick rotation involved in point (d) the distributions appearing
on the right-hand sides of egs. (3.2) and (3.3) do not give the principal value (which would
require to integrate on real energies).

An equivalent, and often more efficient, way to formulate the graviton /fakeon prescrip-
tion is to combine point (a) with the requirement that, in evaluating the loop integrals,

(a') every threshold involving a fakeon must be overcome by means of the average con-
tinuation, which is the arithmetic average of the two analytic continuations that
circumvent the threshold.

The space of the complexified external momenta is divided into disjoint regions of
analyticity. All of them can be unambiguously reached from the Euclidean region by
means of the average continuation.

The free propagator of the metric fluctuation h,, reads

i(nupnucr + NuoMvp — 77;w77pcr)
h v h AN = s 3.4
( w (p) 12 ( p)>0 2<<p2 — m’% —+ ZE) ( )

where m? = —2A¢ /¢, in the de Donder gauge. We recall that the cutting equations [28, 29]
(which are the diagrammatic equations that lead to the optical theorem) are formally
satisfied even when cosmological constant is nonvanishing, as long as it is negative [1],
although a consistent theory of scattering likely does not exist in that case.



The free propagator of x,, reads

K2 p? —m? )
0 2) X (=20 = =5 (o oy g Lo (7150, (3.5)

where
Hl(lzu)pa@v mi) = % (”W”W + TpoTvp — §7TW7T1w> ) Tpy = Nuy — %a (3.6)
are spin-2 and spin-1 on-shell projectors, respectively.
The free ¢ propagator reads
2 p* —m} 2 1

(¢(p) ¢(—p))ocrr = —

3¢ (p* —mj +ie)? + EY (9(p) &(—p))ocsk =

§p2 —mé+i6’

in the GFF and GSF cases, respectively.

The physical fields are the physical components of h,, (obtained by projecting away
the unphysical components and the Faddeev-Popov ghosts in the usual ways), the massive
scalar ¢ (in the GSF theory only) and the matter fields ®.

The Fock space V' of the physical states is the Hilbert space built as follows. Consider
the states |n) obtained by acting on the vacuum |0) by means of the creation operators of
the physical fields. Then, build the metric space F made of the finite linear combinations
of the states |n). Finally, complete F to the Hilbert space V' by means of the Cauchy
procedure.

The space V' is a proper subspace of the total Fock space W, which also contains the
states built with the creation operators of the fakeons (aL in the GSF theory and a;r<, aL
in the GFF theory). The free Hamiltonian Hy.e is bounded from below in V' although
it is not bounded from below in W (due to the negative contributions brought by x,.).
Perturbative unitarity is the statement that the projection from W onto V is consistent,
i.e. the states that are projected away are not generated back in the cutting equations and
the optical theorem. More details are given in sections 5 and 6.

Before turning to the computations, let us recall that the standard quantization pre-
scription [24] is just made of point (a) for every pole. Then ¢ is a physical particle, but
Xuv is & ghost, due to the overall minus sign that multiplies the right-hand side of (3.5).
In that case the Fock space is the whole W.

Another interesting possibility has been pointed out by Avramidi and Barvinsky in
ref. [18], where it was noted that for Ac > 0, £ < 0 the action (2.1) is positive definite in
the Euclidean framework and the theory is asymptotically free (when matter is switched
off). However, £ < 0 makes the squared mass of ¢ negative. The fakeon prescription of
ref. [1] works for poles located on the real axis, irrespectively of the sign of the residue at
the pole. Tachyons do not fall in that class, so we cannot guarantee in this moment that
a proper generalization of the prescription (3.3) exists for £ < 0.
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Figure 1. Processes involving the absorptive part of the graviton-multiplet self-energy.

4 Absorptive part of the self-energy

The absorptive part of the self-energy of the graviton multiplet is important because it
allows us to extract physically observable quantities, as explained in section 5. In figure 1
we show a basic process where the absorptive part plays a key role. On the right-hand
side, we have the squared modulus of the transition amplitude between some initial states,
denoted by the continuous lines, and some final states, denoted by the dashed lines. The
wiggled line denotes the graviton multiplet. Integrating on the phase space II of the final
states, we obtain twice the imaginary part of the amplitude shown on the left-hand side.
In this section, we ignore the initial states, which leads us to consider the absorptive parts

Map = (Ga(p)Cp(-=p)ue™ (4.1)

of the matrix (G4Gp) of the graviton-multiplet two-point functions at one loop. For sim-
plicity, we set the cosmological constant to zero, but the procedure can be easily generalized
to Ac # 0. The gauge-dependent contributions are calculated in the de Donder gauge.

We can throw away the diagrams where the fakeons propagate inside the loop. Indeed,
according to the prescription of the previous section, in those cases we are lead to calculate
the average continuation above the thresholds, which has no absorptive part. Then we can
drop 5% (g, x) from the action (2.16) and work with the simplified action

Saa (9,6, x. ®) = Su(g) + Ss(g + 2x, 6) + Sm(ge™ + 2xe™, ). (4.2)

The tadpole diagrams do not contribute to the absorptive parts, so we can focus on the
cubic vertices. Expanding (4.2) to the cubic order in x,,-¢-®, we obtain a further simplified
action for the GSF theory, which is

SGe (9,9, %, ®) = Su(g) + Ss(9,0) + Sm(g, @)

a % / V=g [(QXIW + K0gu ) Th (9, ®) + 2x Th" (9, ¢)] L (43)
where
T (g, @) = ——2 05m(9,®) T (g, 6) = 2 3S4(9,9) o

Vo'l 5g,uu B Vo'l 5glw ’

are the energy-momentum tensor of the matter fields and the one of ¢, respectively.



In the GFF case, the field ¢ can also be ignored inside the loop, which means that we
can work with

SSEF (9,6, v, ®) = Sis(g) + S / V9@ + Gurd) T (9, ®).  (45)

We collect the results about M4p into the one-loop absorptive part I'nps of the T’
functional. We can decompose I',p¢ as

FSb];‘sF I‘a,bs + Fabs? (46)
GS
I‘aLbsF abs + F.abs + Fabs + I‘aubsv (47)

in the GFF and GSF cases, respectively, where Fh{js includes the contributions of the

h bubble and the bubble of Faddeev-Popov ghosts, while in the other cases the fields
circulating in the loop are specified by the superscripts.

The contributions FZ{)‘S are gauge dependent and can be collected into field redefinitions,
up to cubic corrections (which do not contribute to M4p). Their expressions can be read
from formulas (4.8)-(4.9) of ref. [22] in the limit @ — 0, £ — 0. The result is

0Su(g) iK3

phh Adur, Agu = —2 (=00 (6100, — 421, 00h + 420,070 h,,) .
abs — 3 9u 9u 4807r(9( ) (610h,, M Ih + 421,070 hypo )
(4.8)

Formula (4.8) can be rewritten as

0Sqa

hh 929G Ag s 4.9
abs — 5guu m ( )

up to cubic corrections.
The contributions ngs are also gauge dependent away from the ¢ peak. They can be
calculated with the techniques explained in appendix A. We find

oh 3@/4 m¢

o = / V=990(=0—m3) (O +m3) é (204 m3) ¢. (4.10)

The other contributions to ', are gauge independent. We find

Ffffs—%ﬁ / N e [

g—g+2x

r)f(1—r)V1—r [72min¢—r(2+T)DRH ; (4.11)

512 g—g+2x

where r = —4m3§ /0 and the substitutions g — g + 2x are to be performed on the whole
integrands.

Now we turn to I'} .. Equation (4.3) shows that these corrections are related to the
two-point function of the energy-momentum tensor T, of equation (4.4). We can write

abs = ]_—‘4,0 + Fabs + 1ﬂabs’

abs

where I‘fbs, r st and F;/bs are the contributions of scalar fields, fermions and gauge vectors,
respectively.

,10,



On general grounds the matter fields ® of mass me give an expression of the form

Fabs = /FRMZ,H re)0(1 —re)V1 —re

1
X [P@(m) <R‘“’ — g’“’R) + Qq,(r@)g“”R} , (4.12)
3 g—(g+2x)er?
where r¢ = —4m2 /0 and Py(re), Qo(re) are polynomials that can be calculated as
explained in appendix A.
In the case of Ny scalar fields of mass m,, with action
1 my i i 2 q2 1 i2
=50 | V=090 Ou9") = mip™ + (14 20, R
i=1
we find that 'Y} = is given by formula (4.12) with
N, N, )
Py(r) = 120(1 —r)?, Qp(r) = 576(417S —r)°. (4.13)

In the case of Ny Dirac fermions of mass n, ngs is given by the same formula with

N N
Py(r) = 67(])0 (3—r—2r2), Qu(r) = ﬁr(l—r).
In the case of N, gauge vectors V,, F;/bs is given by
N,
Pr(0) =<5 Qv(0)=0.

For completeness, we also consider Proca vectors A, and Pauli-Fierz symmetric tensors
T ,,. The Proca action is

1 2 /
= / V=g [—4FWF“” + %A“A“ n %PR“”A#A,, + %PRA“AM L (4.14)

where np and n parametrize the nonminimal couplings. The contribution Fapbs of Np

copies of such vectors to the absorptive part is (4.12) with

Ne Mo
120 576

where Pp™(r) and Qp™(r) are corrections due to the nonminimal couplings, collected in

Pp(r) = 13 + 147 + 3r%) + PE™(r), Qp(r) = 4 — 4r 4 3r%) + Q™ (r),

appendix B. A curious fact is that FE

1 admits a regular ultraviolet limit (mp — 0) at

np = np = 0. However, the limit is not conformal invariant, since Qp(0) # 0, due to
simplifications between powers of mp and powers of 1/mp. The limit mp — 0 does not
exist if np or n} are nonvanishing.

Equipped with arbitrary nonminimal couplings, parametrized by constants 7;, the
covariantized action of Pauli-Fierz fields T, of mass my reads

. 1
Spr(g, T, m%) = Spr(g, T, m?r) + 9 / V=g [UIRWPUT;LPTW + RW(WTupTg + 773THVT)

+R (na X T +05T2)] (4.15)

— 11 —



where T = 1, g"”. The contribution FEES of such fields to the absorptive part is rather
involved. We report its high-energy behavior in appendix B, enough to prove that, differ-
ently from the case of the Proca fields, no values of the nonminimal couplings make the
ultraviolet limit of I'F well defined.

In ref. [22] the masses of the matter fields ® were set to zero and both ¢ and x,.
were implicit and quantized as fakeons. This means that the results found there apply
to the GFF theory at r¢ = 0. Indeed, it is easy to check that formula (4.6) at ro = 0
agrees with the result of [22], apart from the expression of Ag,,, which is much simpler
now. The reason behind the change of Ag,, is that the two calculations are done with
different classical Lagrangians, (2.1) versus (2.10) or (2.16), related by perturbative field
redefinitions. Normally, a change of field variables on the classical action affects the T"
functional by modifying the contributions that vanish on the solutions of the field equations.
A general method to work out the change of Ag,,, directly does exist [25-27] and requires
to extend the calculations to the composite fields involved in the transformation.

5 The fakeon width

The diagram of figure 1 does not allow us to extract physical quantities for generic values of
the center-of-mass energy squared s = p?, because the graviton gives gauge-dependent con-
tributions, such as (4.8) and (4.10), which can be turned into cubic corrections by means of
field redefinitions. If we want a physical quantity for generic s, the diagrams of figure 1 must
be accompanied by other diagrams that contribute to the same order and involve trian-
gles (vertex corrections) and boxes. Computations of this type have been done extensively
in the standard model [30-32] and can be generalized to the theory of quantum gravity
studied here with some effort. However, for the time being, we concentrate on the fakeon
widths, which are physical quantities that can be extracted just from the bubble diagrams.

2

Assume that s = p* is very close to mi. Then the leading contributions of the (non-

amputated) two-point functions (Ga (p)Gg(—p)) to Mag are given by (X, (p)Xpo (—P)) P,

2
X

are the contributions such as (hu, (p)Xpe(—p))

which carry a double pole 1/(s —m?)2. The vertex corrections are next-to-leading, and so

1 loop

abs » Since they give at most simple poles

1 loop
abs

1/(s — mi) The gauge-dependent contributions, such as (hu,(p)hpe(—p)) , are next-
to-next-to-leading, as are the box corrections.

This means that the coefficient of the double pole must be physical by itself at the
fakeon peak. For example, it is straightforward to check that it is gauge independent.
Specifically, assuming that the masses of the matter fields ® are much smaller than m,

and s ~ m,, we find

4 2

X (D)X (P = Oy 15—z e 029) + Ol =), (5.1

here 117 be read from (3.6) and
where L1 (p,s) can be read from (3.6) an

N, +6N;+12N,

120 L Cols) = =b(1-r) (1= (5.2)

C(s)=Cn+Cy(s), Cn 120
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with ry = 4mi /s. Since we are not making assumptions about the mass of ¢, we must
take Cy(s) as a function of s.

The quantity C,, is known as central charge in conformal field theory. By analogy,
we can define C(s) as the total central charge and Cy(s) as the central charge of the
massive scalar ¢. The function Cy(s) appearing in (5.2) holds in the GSF theory, where ¢
is quantized as a physical field, while Cy(s) = 0 in the GFF theory. The central charges of
the graviton and the fakeons are identically zero.

If we want, we can include Np Proca vectors with no nonminimal couplings and small
masses mp. Then C(s) = Cp, + Cp + Cy(s), with

13

Cr =130

P

In the presence of Pauli-Fierz fields Y,, and when the Proca nonminimal couplings are
switched on, the total central charge is a complicated function of rp = 4m12) /s, ry = 4m2T /s
and the nonminimal couplings.

Resumming the self-energies, we can obtain the corrected propagators of the graviton
multiplet. In particular, at the y peak we have the two-point function

iKk? Zy H(2)

<X#V(p) XPO’(ip»swmi = 7? s — mg{ I imxrx ,ul/pcf(pv S)v (53)

where m, is the corrected x mass and I'y is the x width. We find

Koy o 2
Iy =— e C+m,O M = —mya, C +m,O(ay),
Zy =14+ 0(ay), my =m} [1+ O(ay)], (5.4)

where Mp; is the Planck mass, C' = C (mi) and a,, = mi /M3, is a sort of “fakeon/graviton
structure constant”.

The negative sign of I', implies that microcausality is violated. We can illustrate this
effect in simple terms by means of the Breit-Wigner distribution and its Fourier transform.

We have .
i

I't
e — sgn(t)0(T't) exp <—imt - > , (5.5)
E—m+ zg

2

so when I' < 0 the theta function picks the future instead of the past.
Note that the negative overall sign in front of the propagator (5.3) is consistent with
unitarity. Indeed, we find

_E Zymy Iy H(2)
¢ (s—mi)2+mirs Hre

20 [i (0 (P) Xpo () s | = (0.5) >0, (56)

in agreement with the optical theorem. In particular, when we take the limit I'y — 07,
we obtain

2 K2

21 [ (0 ()Xo (P || =~ s =) L 009, (57
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Let us discuss a hypothetical scattering process containing fakeons among the final
states. In that case we must take the imaginary part of the zeroth order x,, propagator,
which however vanishes because of the quantization prescription (3.5). This means that
a process of this type has vanishing cross section and cannot occur. It is impossible to
detect x,, “before it decays into something else”, which is consistent with calling x,., a
“fake particle” and stating that it does not belong to the subspace V of the physical fields.
The difference between the peak of a fakeon and the peak of a resonance is that the one of
a fakeon is just a geometric shape and no physical particle is associated with it. In some
respects, this behavior resembles the one of the “anomalous thresholds” [33]. In particular,
the quantity 1/|I'y| cannot be viewed as the lifetime of the fakeon. We could interpret it
as the amount of time during which causality is meaningless. More details are given in the
next section, where we compare the results of the GFF and GSF theories with those of the
theory that has ghosts.

If we repeat the calculation around the ¢ peak, under the assumption that the masses
of the matter fields are negligible with respect to mg, we find the width
e

¢ A87¢ g Yo'ls
where ay = mi /M3,. We expect that 'y is much smaller than |I'y|, because it is only
sensitive to the scalar nonminimal coupling 7s. No sign of microcausality violation is
present here, since Iy, > 0.

We do not have compelling arguments to predict the values of the masses m, and
mg, but it is conceivable that they are smaller than the Planck mass. Taking m, ~
Mg ~ 10" GeV, for definiteness, and assuming the matter content of the standard model
(Ns = 4, Ny = 45/2, N, = 12), we obtain a, ~ 7-107'7 and I'y, ~ —16keV. For
my ~ mg ~ 102 GeV we would have Iy ~ —16 MeV. The dumping factor e Tt/2 appearing
in formula (5.5) tells us that the violation of causality occurs within time intervals of the
order of 4 - 1025 for My ~ 10" GeV, in the center-of-mass frame, and 4 - 107235 for

My ~ 10'2 GeV. However, the oscillating factor e=*™¢

strongly suppresses those effects up
to energies of the order of the fakeon mass. Other massive particles with masses smaller
than m, could be present in nature, besides those contained in the standard model, and
make C' and |I'y| larger by one or two orders of magnitude.

More effort is necessary to work out physical quantities away from the peaks, such
as the cross section o as a function of the center-of-mass energy +/s. So far we have set
the cosmological constant Ac to zero, but it is not difficult to extend the calculations to

nonvanishing Ac.

6 Comparison with the Stelle theory

In this section we compare the results found in the GFF and GSF theories with those that
can be obtained in the Stelle GSGh theory, to emphasize the differences and the effects of
the ghosts. The GSGh quantization prescription is just made of point (a) of section 3, so
¢ is a physical scalar and x,,, is a spin-2 ghost.

— 14 —



olm Yoo + | dIl

Figure 2. Breakdown of the optical theorem in the GSGh theory.

The absorptive part of the self-energy of the graviton multiplet includes extra bubble
diagrams, whose bubbles are made of: (i) two x legs, (ii) one x leg and one ¢ leg, (iii) one
X leg and one h leg. In total,

GSGh _ FSstF + X x4 opxx

abs abs abs abs”

For the calculations, we use the action (2.17). The corrections can be evaluated straight-

forwardly, but their expressions are quite lengthy, so we content ourselves with the analysis

XX
abs

is s = 4mi. Similarly, F;(}fs has a threshold at s ¢: (my + mgy)?. Since the ¢ mass is
X

abs

of the results around the x peak. There, I'* does not contribute, because its threshold

presumably not very different from the y mass, is also negligible at the y peak. In
the end, only F;‘Ss is important. We find formula (5.1) with the modified central charge

C(s) = Cp + Cy(s) + Canl(s), Can(s) = —(ty — 1)0(ty, — 1), (6.1)

where t, = s/ mi The crucial factor (¢, — 1) in Cgp(s), brought by formula (A.1), implies
that the spin-2 ghost contribution Cgp(s) to the central charge is subleading around the
peak. The value of I'y is still the one of formula (5.4), to the lowest order.

For sufficiently small time intervals, where the ghost is still “alive”, we do not have
to resum the powers of the width I'y. Indeed, the Stelle theory admits the process of
figure 2, which does not obey the optical theorem. The right-hand side is positive, while
the left-hand side is negative, since
_ 2k? [ 1 ] (2)

2Im [i<XHV(p) XPU(_p)>0] - Tlm s —m2 + ie ;u/pa(pa S)
X

27 K2

(2)
- 5(s —m2)I1 . (p,5) <0.

The GFF and GSF theories, on the other hand, just give 0 = 0 in this case, since
the left-hand side has no imaginary part due to the fakeon prescription (3.2), while the

right-hand side vanishes since the fakeon is projected away from the physical spectrum.
This is another way of saying that the projection in question is consistent.

In some sense, the fakeons can be viewed as “auxiliary fields with nontrivial kinetic
terms”. They circulate inside the Feynman diagrams, but cannot enter or exit the diagrams.
They mediate interactions, but cannot be observed directly. We could even integrate them
out (following the rules of the nonanalytic Wick rotation or the average continuation), but
the resulting theory would be nonlocal and more difficult to handle.
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7 Conclusions

We have studied various aspects of the theory of quantum gravity proposed in ref. [1], after
converting its higher-derivative action into an action with two-derivative kinetic terms. The
graviton multiplet is made of the fluctuation h,, of the metric tensor around flat space,
a massive scalar ¢ and a massive spin-2 field x,,. The field x,, is quantized as a fakeon,
because its kinetic action has the wrong overall sign. The scalar ¢ can be quantized either
as a fakeon or a physical particle, which leads to two options, the GFF and GSF theories.

At high energies the nature of {h,,, ¢, xu} as a multiplet emerges clearly, the main
duty of x,, and ¢ being to “escort” the graviton h,, and wipe away most ultraviolet
divergences it creates, to ensure renormalizability. At low energies, both x,,, and ¢ decouple
and the ordinary low energy, nonrenormalizable theory is retrieved.

The action of quantum gravity is strictly renormalizable, which makes it essentially
unique (when matter is switched off), because it contains a finite number of parameters
and can be quantized in just two physically consistent ways. As in the standard model,
the matter sector cannot be predicted from first principles, since it is always possible to
add heavy particles and/or fakeons.

We have calculated the absorptive part of the self-energy of the graviton multiplet
and used it to compute, among other things, the width I'y of the fakeon x,, and the
width I'y of the scalar ¢. The former is negative and proportional to the central charge C.
The graviton and the fakeons do not contribute to C', while the other physical fields give
positive contributions. Perturbative unitarity holds, i.e. the optical theorem is satisfied.
However, the negative sign of I', shows that the theory predicts the violation of causality
for center-of-mass energies larger than the fakeon mass m,, at distances or time intervals
smaller than 1/|T'y|. There, the notions of past, present and future lose meaning. Said
in different words, the theory implies that causality is not a principle of nature, but an
approximation that is practically useful when two events are separated by a time interval
longer than 1/|I'y|. Since at present quantum gravity is the only interaction of nature that
predicts the violation of microcausality, the experimental detection of such effects could be
the first sign that gravity is indeed quantized.

The calculations of this paper can be extended to include the vertex corrections and
the box contributions, along the lines of analogous computations done in the standard
model [30-32], to achieve gauge independence away from the peaks and obtain the complete
cross section o(4/s).
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A Calculations of absorptive parts

In this appendix we recall how to calculate the absorptive parts of the one-loop diagrams.
Consider the integral

dPk 1
I(p,m1,m2) = / WS(k,ml)S(p—i— k,m2),  S(k,m)= K2 —m2+ic
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Using the Feynman parameters and renormalizing the divergence away (because it does
not contribute to the absorptive part), we find
i

1
_162/ dzIn [miz + m3(1 — x) — p*x(1 — z) — i .
™ Jo

I(pa m17m2) =

The absorptive part is

1 1
Iabs(p,ml,mz):—m—w ; d:c@(p%:(l—x)—m%m—m%(l—x})
I 5 (m1+mgz)? (m1—mgz)?
- — 1-— /- Al
167r9(p (m1+ms) )\/ 2 2 (A1)

Similarly, we can treat the integrals

dPk
THn (o iy, ma) = / (2m)P ke Kk S(k,ma)S(p + kyma) = app!t -t

+ an_2p{'u'1 .o .p#n—?nﬂn—lﬂn} _|_ ..

(the indices between the curly brackets being completely symmetrized) by expanding the
results as sums of polynomials built with p, and 7,,, multiplied by constants a;. The
constants are calculated by contracting with p, and 7,, and making the replacements

k2 —>m%, (p—i—k)2 —>m§,
1 1
peh= 2 (o P =12 = ) = L (3 — i )

in the numerators, which follow from the fact that the tadpoles have no absorptive parts.
We get, for example,

pl’t
It (p,mi,mo) = —— (1 +r_) Lins(p, m1, ma),
p'p” mp?
I (p,my,mg) = 3 (T4+r_—rp+r?) — 7712 (1 =2rp +72) | Lups(p, ma,m2),

where r; = m? /p? and r4 = rq £+ ro. We can proceed similarly to work out the expressions
of all the I%."""(p,m1, ms). For the calculations of this paper, we just need n from 0 to 4.

B Contributions of Proca and Pauli-Fierz fields

Here we collect a few results about the contributions of Proca and Pauli-Fierz fields to the
absorptive part (4.12) of the graviton-multiplet self-energy. The nonminimal couplings of
the Proca action (4.14) give contributions

_ Nenp

PR (r) = 0% [p(2+6r + 7r?) — 2r(1 + 13r +17)]
nm Np
pi(r) = Tia? [677{3(677{3 +7)(4—4r+ 37“2)

+np (120 + 7)(8 — 107 + 5r%) + 03 (16 — 24r + 117%)] .

The only way to have a smooth ultraviolet limit is by setting np = 75 = 0.
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In the case of the Pauli-Fierz action (4.15), we report the first terms of the high-energy

expansion, given by
8Npp
13504

9
(3 — 2 +m2)2 + %(45 — 61+ 512) (3 — 201 +12) + 1| + O(r2),

Ppr(r) 1

4N; _
Qpr(r) = 8171?4F (3= n1 + 2m2 + 6ma) + O(r™?).

We see that if we choose the coefficients 7; of the nonminimal couplings so that the O(r—%)

terms vanish, the O(r~3) cannot vanish at the same time. Therefore, it is impossible to
have a smooth ultraviolet limit, in contrast with what happens in the Proca theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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