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1 Introduction

In view of certain remarkable features, the theory of continuous-spin gauge field has at-
tracted some interest recently [1-10]. An extensive list of references devoted to various
aspects of this topic may be found in refs. [2, 3, 9, 11]. We note interesting discussions
about possible interrelations between the string theory and continuous-spin field theory
in refs. [12, 13]. Also, we note that, it turns out that a continuous-spin field can be de-
composed into an infinite chain of coupled scalar, vector, and totally symmetric tensor
fields which consists of every spin just once. This property of a continuous-spin field trig-
gered our interest in this topic because a similar infinite chain of scalar, vector and totally
symmetric fields enters the theory of higher-spin gauge field in AdS space [14, 15] and we



expect therefore some interesting interrelations between continuous-spin gauge field theory
and higher-spin gauge theory.

In this paper, we study interacting continuous-spin fields.! Namely, our major aim in
this paper is to study interaction of continuous-spin fields with arbitrary spin fields which
propagate in flat space. To this end we use a light-cone gauge formulation of relativistic
dynamics of fields propagating in flat space. The light-cone formulation discovered in
ref. [16] offers conceptual and technical simplifications of approaches to many problems of
string theories and modern quantum field theory. Though this formulation hides Lorentz
symmetries but eventually turns out to be effective. For example, we mention the light-
cone gauge formulation of superstring field theories [17-19]. Recently studied light-cone
gauge superspace formulations of some supersymmetric field theories may be found in
refs. [20-23]. Various interesting applications of the light-cone formalism to field theories
such as QCD are discussed in refs. [24-26].

In this paper, we apply a light-cone formalism for studying vertices describing inter-
action of continuous-spin fields with arbitrary spin fields. To this end, first, we develop
the light-cone gauge so(d — 2) covariant formulation of free continuous-spin fields propa-
gating in the flat space R4~ with arbitrary d > 4.2 Second, using such formulation and
adopting the method for constructing cubic interaction vertices developed in refs. [30-32]
for arbitrary spin massive and massless fields, we find cubic vertices describing interaction
of continuous-spin fields with arbitrary spin massive fields propagating in R?*~b1, d > 4.
Namely, we find parity invariant cubic vertices describing interaction of one continuous-spin
massless field with two arbitrary spin massive fields and parity invariant cubic vertices de-
scribing interaction of two continuous-spin massless fields with one arbitrary spin massive
field. We provide the complete classification for such vertices. Also, we analyse equations
for parity invariant cubic vertices describing interaction of one continuous-spin massless
field with two arbitrary spin massless fields and equations for parity invariant cubic ver-
tices describing interaction of two continuous-spin massless fields with one arbitrary spin
massless field. We show that such equations do not have solutions. In other words, we
demonstrate that, in the framework of so(d—2) covariant light-cone gauge formalism, there
are no parity invariant cubic vertices describing consistent interaction of continuous-spin
massless fields with arbitrary spin massless fields.

The long term motivation for our study of parity invariant cubic vertices by using the
so(d — 2) covariant light-cone gauge formulation is related to the fact that it is the parity
invariant light-cone gauge vertices that can be cast into BRST gauge invariant form in a
relatively straightforwardly way. For more discussion of this theme, see Conclusions.

This paper is organized as follows.

In section 2, we introduce our notation and describe the manifestly so(d — 2) covariant
light-cone gauge formulation of free continuous-spin field propagating in R4~ ! space.

! Continuous-spin field is an infinite component field. Finite component fields with arbitrary but fixed
integer values of spin are referred to as arbitrary spin fields in this paper.

2In the framework of light-cone gauge helicity formalism, free continuous-spin massless field in R3!
was discussed in ref. [11], while all cubic interaction vertices for arbitrary spin massless fields in R3! were
obtained in refs. [27-29].



Also we recall the well-known light-cone gauge formulation of arbitrary spin massless and
massive fields.

In section 3, we study restrictions imposed by the Poincaré algebra symmetries on
arbitrary n-point interaction vertices. After that we restrict our attention to cubic vertices.
We formulate the light-cone gauge dynamical principle and discuss restrictions imposed by
this principle on cubic vertices. In other words, we find complete system of equations
imposed on cubic vertices by the Poincaré algebra symmetries and the light-cone gauge
dynamical principle.

In section 4, we present solution to equations for parity invariant cubic vertices describ-
ing interaction of one continuous spin massless field with two arbitrary spin massive fields
having the same masses, while, in section 5, we present solution to equations for parity
invariant cubic interaction vertices for one continuous spin massless field and two arbitrary
spin massive fields having different masses. We provide the complete classification of the
just mentioned cubic interaction vertices.

In section 6, we present solution to equations for parity invariant cubic vertices describ-
ing interaction of two continuous-spin massless fields with one arbitrary spin massive field.
Using our solution, we provide the complete classification of such cubic interaction vertices.

In section 7, we summarize our conclusions and suggest directions for future research.

In appendix A, we describe the basic notation and conventions we use in this paper.

In appendix B, we discuss light-cone gauge formulation of continuous-spin field prop-
agating in R*! by using realization of physical fields in the helicity basis.

In appendix C, we outline the procedure of derivation of cubic vertices describing
interaction of one continuous-spin massless field with two arbitrary spin massive fields,
while, in appendix D, we outline the procedure of derivation of cubic vertices for two
continuous-spin massless fields and one arbitrary spin massive field.

In appendix E, we discuss equations for cubic vertices describing interaction of one
continuous-spin massless fields with two arbitrary spin massless fields, while, in appendix F,
we study equations for cubic vertices describing interaction of two continuous-spin massless
fields with one arbitrary spin massless field. We demonstrate that such equations do not
have consistent solution.

2 Free light-cone gauge continuous-spin fields and arbitrary spin massive
and massless fields

Poincaré algebra in light-cone frame. Light cone gauge method developed in ref. [16]
reduces the problem of finding a new dynamical system to a problem of finding a new
(light cone gauge) solution for commutation relations of a basic symmetry algebra. For
continuous-spin field and arbitrary spin massive and massless fields that propagate in the
flat space R4~1!| basic symmetries are associated with the Poincaré algebra iso(d — 1,1).
We start therefore with a description of a realization of the Poincaré algebra symmetries
on a space of continuous-spin field and arbitrary spin massive and massless fields. In this
section, we discuss free light-cone gauge fields.



The Poincaré algebra iso(d — 1,1) is spanned by the translation generators P* and
rotation generators J*” which are generators of the Lorentz algebra so(d — 1,1). The
commutation relations of the Poincaré algebra we use are given by?

[PH, J'P] = gt PP — ntP PV, [JHY, JP7] = n"PJH? 4 3 terms, (2.1)

where n*¥ stands for the mostly positive flat metric tensor. The translation generators P*
are considered to be hermitian, while the Lorentz algebra generators J#” are taken to be
anti-hermitian.

In order to discuss the light-cone formulation, we introduce, in place of the Lorentz
basis coordinates z*, the light-cone basis coordinates &, z* which are defined by the rela-
tions

1 .

+ d—1 0 7 .

= — (2" " +a), zt, i=1,...,d—2. 2.2
75 ) 22)
In what follows, the coordinate z is treated as an evolution parameter. Using notation
in (2.2), we note then that the so(d — 1,1) Lorentz algebra vector X* is decomposed as
X+, X~, X?, while scalar product of the so(d — 1, 1) Lorentz algebra vectors X* and Y* is
decomposed as

NuwX*YY = XY~ + X YT+ XV, (2.3)

From (2.3), we see that in light-cone frame, non vanishing elements of the flat metric are
given by ny_ = n_4 =1, n;; = d;5, i.e., for the covariant and contravariant components
of vectors we have the relations X+ = X_, X~ = X, X? = X;. In light-cone approach,
generators of the Poincaré algebra are separated into the following two groups:

pt, pi, gt gt Jy, kinematical generators; (2.4)

P, J, dynamical generators. (2.5)

For 1 = 0, in the field theoretical realization, kinematical generators (2.4) are quadratic in
fields,* while, dynamical generators (2.5) involve quadratic and higher order terms in fields.

In light-cone frame, commutators of the Poincaré algebra generators (2.4), (2.5) are
obtained from the ones in (2.1) by using the non vanishing elements of the flat metric,
ntT~ =n"T =1, n¥ = §7. We assume the following hermitian conjugation rules for the
generators of the Poincaré algebra,

ptt=—pt pit—pi  gut—_jgi = gt-T—_jgt-  gFit = _ gt (2.6)

In order to provide a field theoretical realization of the Poincaré algebra generators on a
space of continuous-spin fields and arbitrary spin massive and massless fields we exploit a
light-cone gauge description of the fields. We discuss continuous-spin field and arbitrary
spin massive and massless fields in turn.

3Indices u, v, p,0 = 0,1,...,d — 1 are vector indices of the Lorentz algebra so(d — 1, 1).
4For arbitrary 27 # 0, dynamical generators (2.5) can be presented as G = G+ Gz, where a functional
(G1 is quadratic in fields, while a functional G2 involves quadratic and higher order terms in fields.



Continuous-spin massless/massive field. To discuss the light-cone gauge description
of a continuous-spin massless/massive field, we introduce the following set of scalar, vector
and traceless tensor fields of the so(d — 2) algebra:

Pirin n=20,1,2,...,00. (2.7)

In (2.7), fields with n = 0 and n = 1 are the respective scalar and vector fields of the
so(d —2) algebra, while fields with n > 2 are traceless tensor fields of the so(d —2) algebra,

¢iii3...in — 07 n = 27 3’ ...,00. (28)

In order to discuss the light-cone gauge formulation of a continuous-spin field in an
easy-to-use form we introduce the creation operators o, v and the respective annihilation
operators o’/, v,

@, o] =0, [p,0]=1, o[0)=0, a'l0)=0, of=a', ol =0. (2.9)

Throughout this paper, the creation and annihilation operators will be referred to as os-
cillators. We note that the oscillators o, @' and v, © transform in the respective vector
and scalar representations of the so(d — 2) algebra. Using the oscillators o', v, we collect
all fields (2.7) into a ket-vector |¢) defined as

o0 n

[o(p, )y =) mLmail LAl (p)|0) (2.10)

n=0

where the argument « in (2.10) stands for the oscillators o', v, while the argument p stands
for the momenta p’, 3. Ket-vector (2.10) satisfies the following algebraic constraints

(Ny — N)|¢) =0, N, =d'a’, N, =vo, (2.11)
a?|p) = 0. (2.12)

We note that constraint (2.12) amounts to tracelessness constraints (2.8).

Arbitrary spin massive fields. To discuss light-cone gauge description of an arbitrary
spin-s massive field, we introduce the following set of scalar, vector, and tensor fields of
the so(d — 2) algebra:

Pirin n=0,1,2,...,s. (2.13)

In (2.13), fields with n = 0 and n = 1 are the respective scalar and vector fields of the
so(d—2) algebra, while fields with n > 2 are totally symmetric tensor fields of the so(d—2)
algebra. Physical D.o.F of a massive field in flat space R¥~1! are described by irreps of
the so(d — 1) algebra. For the fields (2.13) to be associated with irreps of the so(d — 1)
algebra, we should impose a constraint on fields (2.13). To simplify the presentation of the
constraint we use the vector oscillators of, @' (2.9) and scalar oscillators ¢, ¢ defined by
the relations

(¢.¢=1, (oy=0, ¢'=¢. (2.14)



Using the oscillators o, ¢, we collect all fields (2.13) into a ket-vector |¢) defined as

|¢s(p, @) Ll gt (p)|0) (2.15)

Zn'm

where the argument « in (2.15) stands for the oscillators o, ¢, while the argument p stands
for the momenta p’, 3. Ket-vector (2.15) satisfies the algebraic constraints

(Na + N¢ — s)|os) =
(@% +¢%)lgs)

Constraint (2.16) tells us that ket-vector |¢) (2.15) is a degree-s homogeneous polynomial

0, (2.16)
0. (2.17)

in the oscillators o, ¢, while relation (2.17) is the constraint required for the fields (2.13)
to be associated with irreps of the so(d —1) algebra. Sometimes we prefer to use an infinite
chain of massive fields which consists of every spin just once. Such chain of massive fields
is described by the ket-vector

o0

|p(p, @) = Z |¢s(p, ) (2.18)
s=0
where, in (2.18), the |¢s(p,)) stands for the ket-vector of spin-s massive field given
n (2.15).

Arbitrary spin massless fields. To discuss light-cone gauge description of an arbitrary
spin-s massless field, we introduce a rank-s totally symmetric traceless tensor field of the
so(d — 2) algebra

ghte @t =0, (2.19)

To simplify the presentation we use oscillators o (2.9) and introduce the following ket-
vector:

0u(p,0)) = it a6 (p)]0) (2.20)

where the argument « in (2.20) stands for the oscillators of, while the argument p stands
for the momenta p’, 3. Ket-vector (2.20) satisfies the algebraic constraints

(Na — s)[¢s) = (2.21)
a’|ps) = (2.22)

From (2.21), we learn that ket-vector (2.20) is a degree-s homogeneous polynomial in the
oscillators o, while the constraint for the ket-vector in (2.22) amounts to the tracelessness
constraint for tensor fields in (2.19). Sometimes it is convenient to use an infinite chain
of massless fields which consists of every spin just once. Such chain of massless fields is
described by the ket-vector

)= 1s(p, ), (2.23)
s=0

where, in (2.23), the |¢s(p,)) stands for the ket-vector of spin-s massless field given
n (2.20).



Field-theoretical realization of Poincaré algebra. We now discuss a field theoretical
realization of the Poincaré algebra on the space of continuous fields and arbitrary spin
massive and massless fields. A realization of kinematical generators (2.4) and dynamical
generators (2.5) in terms of differential operators acting on the ket-vector |¢) is given by®

Kinematical generators:

Pl =y, Pt =3, (2.24)
JT =08, JT =058, (2.25)
J9 =p'0y —p 0y + MY, (2.26)

Dynamical generators:

p'ip'i + m2

P = % , (2.27)
. . 1 L .
ST = —0pp' Oy P 4 G (MPp + M), (2.28)
where we use the notation
B=pt, 93 =0/0B, 0, =0/0p". (2.29)

In (2.26), (2.28) and below, the M% stands for a spin operator of the so(d — 2) algebra,
(MY, M*] = 678 M 1 3 terms. (2.30)

On spaces of ket-vectors of continuous-spin (2.10), arbitrary spin massive (2.15) and arbi-
trary spin massless (2.20) fields, the operator M¥ is realized as

MY =d'a? —dlat. (2.31)

In (2.27), (2.28), the m is a mass parameter, while the M? is a spin operator. The m and
M satisfy the commutation relations

(M, MIK] = 69 M* — 5% T (2.32)
(MY, M7 = —m> MY . (2.33)

We now see that all that remains to complete the description of the differential operators
in (2.24)-(2.28) is to provide a realization of the spin operator M’ on the ket-vectors of
the fields under consideration. On spaces of ket-vectors of continuous-spin (2.10), mas-
sive (2.15) and massless (2.20) fields, the operator M is realized in the following way:

®In this paper, without loss of generality, the generators of the Poincaré algebra are analysed for z* = 0.



Continuous-spin field (massless, m? = 0, and massive, m? < 0):

M =ga'+ A'g, (2.34)
. . 1 .
Al = ot — 2 ~ 2.
« a2Na+d_2a, (2.35)
9=g0, g=-vgv, (2.36)
1 1/2
v = Fv) s 2.37
g ((NU+1)(2NU+d—2) (2:37)
F, = k* = Ny(N, +d — 3)m?, (2.38)
N, = a'a’, N, = vo. (2.39)
Arbitrary spin massive field, m? > 0:
M =m((a' — a'C) (2.40)
Arbitrary spin massless field, m = 0:
M =0. (2.41)

In (2.38), the m stands for mass parameter of continuous-spin field, while x is a dimen-
sionfull real-valued parameter, x? > 0. We note that 2 is realized as eigenvalue of square
of Pauli-Lubanski vector operator. Also we note that, for a continuous-spin massless field,
we have m = 0, while for a continuous-spin massive field, we assume m? < 0.

Realizations of the operator M for massive field (2.40) and massless field (2.41) are
well known from textbook [33]. To our knowledge, the realization of the operator M for
continuous-spin field in R4~1! with arbitrary d and m # 0 given in (2.34)—(2.39) has not
been discussed in earlier literature.%

Having found the realization of the Poincaré algebra generators in terms of differen-
tial operators in (2.24)—(2.41) we are ready to provide a field theoretical realization of
the Poincaré algebra generators in terms of the ket-vectors |¢). At the quadratic level, a
field theoretical realization of the kinematical generators (2.4) and the dynamical genera-
tors (2.5) takes the form

G = /ﬁdd‘lp (3(p)|Glo(p))y,  d*'p=dpd*p, (2.42)

where G stands for the differential operators given in (2.24)—(2.41), while G5 stands for
the field theoretical generators. The ket-vector |¢) satisfies the well known Poisson-Dirac
commutation relations

T p+p)

Lo @), 1o, N guarer = I

23 ’

SFor continuous-spin massless field in R*! and R*!, the discussion of the spin operator M* can be found

(2.43)

in section 2 in ref. [11].



where I stands for the projector on space of the respective ket-vectors of continuous (2.10),
massive (2.15) and massless (2.20) fields. Using (2.42), (2.43), we verify the standard
commutation relation

[1¢), G ] = Glo) - (2.44)

The following remarks are in order.

i) In the framework of the Lagrangian approach, the light-cone gauge action is given by

5= / dztd®p ($(p)[i 5O~ |6(p)) + / dut P~ (2.45)

where P~ is the Hamiltonian. Representation for the light-cone gauge action given
in (2.45) is valid both for the free and interacting fields. In the theory of free fields,
the Hamiltonian is obtained from relations (2.27), (2.42).

ii) The light cone gauge formulation of free continuous-spin field we described in this
section can be derived by using the Lorentz covariant and gauge invariant formulation
of continuous-spin field in terms of the double-traceless gauge fields we developed in
ref. [6] and by applying the standard method for the derivation of light-cone gauge
formulation from the Lorentz covariant and gauge invariant formulation. For the
case of totally symmetric fields in AdS, the pattern of such derivation can be found
in section 3 in ref. [34].

3 Restrictions imposed on interaction vertices by Poincaré algebra sym-
metries and by light-cone gauge dynamical principle

In theories of interacting fields, the dynamical generators given in (2.5) receive corrections
which involve higher powers of fields. Dynamical generators (2.5) can be expanded in
fields as

o0
dyn d
G =3"apr, (3.1)
n=2

where we use the notation Gﬁf]'n

in (3.1) to denote a functional that has n powers of
ket-vector |¢). Problem of finding a dynamical system of interacting fields amounts to
a problem of finding a non-trivial solution to dynamical generators Gﬁly]n for n > 3. In
this section, we describe restrictions imposed on G%n by the Poincaré algebra kinematical
and dynamical symmetries. After that we discuss restrictions imposed on G5 by light-
cone gauge dynamical principle. For the reader convenience, we start with a discussion of

Poincaré algebra kinematical symmetries of dynamical generators G[C}ly]n for arbitrary n > 3.

Kinematical symmetries of dynamical generators G?n}]'n for n > 3. From the
commutators of the dynamical generators (2.5) with the kinematical generators P’ and

P*, we find that the dynamical generators Ggl}]’n with m > 3 can be cast into the following



form:

Py = [T @), (3.2)
J[;]i = /drn <(I)[n] ’J[Zf) + (an]@[n/]!)lp;]) ) (3-3)
where we use the notation
= H paaaa s <¢(pa704a)| = ‘Qs(paaaa)wv (34)
d1sdo1 [ % T A
a0y = @016 D v ) 1] gy e (3.5)
a=1 a:l

i o1 -
Xiy=——> O (3.6)

a=1

The n-point densities [p;,;) and | j[;]l ) entering the respective generators P, and J[;]i (3.2),
(3.3) can be presented as

’p[n]> n](paaﬂavaa)’ > 9 (37)
|J[nz> ][n]z(pm 561, aa)| > . (3.8)
In this section and below, we use the indices a,b = 1,...,n to label fields entering n-point

interaction vertex. The Dirac J- functions in (3.5) respect the conservation laws for the
momenta p., and 3,. We note that argument p, in (3.4), (3.5) stands for the momenta p?,
Ba- As seen from (3.7), (3.8), the densities p,; and j[;f depend on the momenta p,, 34, and
the quantity a, which is shortcut for spin variables. Namely, for continuous-spin field, the
shortcut oy stands for the set of oscillators o, v,, while for massive and massless fields,
the shortcut a, stands for the respective sets of oscillators o', ¢, and o’. In this paper,
the density p;,; will often be referred to as an n-point interaction vertex. For n = 3, the
density py, will be referred to as cubic interaction vertex.

Jt—-symmetry. Commutators of the dynamical generators P~, J~* with the kinemat-
ical generator J1~ lead to the following equations for the densities:

> Bads, Ippy) =0, (3.9)
a=1
> Badg, i) = 0. (3.10)
a=1

J¥_symmetries. Commutators of the dynamical generators P, J~¢ with the kinemat-
ical generators J% lead to the following equations for the densities:

n

> (P8, = Phdyy + M) Ippy) =0, (3.11)
a=1

(i 0. MY [i—Fy = §ik| =iy _ gik|i—d 319
Z(pa oA Pa pi, Mg )|J[n] )= |J[n]> |J[n]>~ (3.12)
a=1

~10 -



JTi-symmetries. From the commutators of the dynamical generators P~, J~* with the
kinematical generators J+¢, we learn that the densities Py and j[;]i depend on the momenta
p’, through the new momentum variables Péb defined by the relation

bb = Dol — i - (3.13)
Thus we see that the densities pp,) and ][;f turn out to be functions of P, in place of p!,
Py = Py Pabs Bas@a) s i = G (Pt Bas ) - (3.14)

To summarize our study of restrictions imposed by the kinematical symmetries we
note that the commutators between the dynamical generators P~, J~% and the kinematical
generators J*~, J¥ amount to equations given in (3.9)—(3.12), while, from the commutators
between the dynamical generators P~, J~¢ and the kinematical generators J¥%, we learn
that the n-point densities p,, j[;]l turn out to be functions of the new momenta IP’flb in
place of the generic momenta p,.

Using definition of the new momenta P!, (3.13) and the conservation laws for the
momenta p., B4, we verify that there are only n — 2 independent new momenta ]P)Zb . For
example, for n = 3, there is only one independent P, (see relations (3.16) below). This
simplifies study of restrictions imposed by kinematical symmetries on dynamical generators.

To demonstrate this we consider kinematical symmetries for cubic densities pj; and ][gf

Kinematical symmetries of cubic densities. Taking into account the momentum
conservation laws

Pi+ph+p5 =0, B+ B2+ B3=0, (3.15)

it is easy to check that the momenta Pi,, P4, P4, are expressed in terms of a new momen-
tum P?,

32 = Pézz = Pél =P ) (3-16)

where a new momentum P? is defined by the following relations:

Pi = é Z Bapfza Ba = Ba+1 - ﬁa+27 Ba = Ba+3 . (3-17)

a=1,2,3

The use of the momentum P? (3.17) is preferable because this momentum is manifestly
invariant under cyclic permutations of the external line indices 1,2,3. Thus the cubic
densities pg; and j[;]l are eventually a functions of the momenta P*, 3, and the spin vari-
ables ay:

P = PPy Basa) s gy = Jig (P B a) - (3.18)

The fact that momenta p! enter cubic densities though the momentum P allows us to
simplify the kinematical symmetry equations given in (3.9)—(3.12). Namely, it is easy to
check that, in terms of densities (3.18), the kinematical symmetry equations (3.9)-(3.12)
can be represented as follows.

- 11 -



Jt~-symmetry equations:

I* Ipg) =0, (3.19)

I 50 =0, (3.20)

IV =Piop + > Bads,. (3.21)
a=1,2,3

J¥_symmetry equations:

Jii pg) =0, (3.22)

Ty = 6% 50y — 6457 (3.23)

JI=LIP)+ MY, LYP) =Py —Pop, M7= > MI. (324
a=1,2,3

Obviously, the kinematical symmetries do not admit to fix vertices uniquely. Therefore
we proceed with discussion of restrictions imposed by dynamical symmetries.

Dynamical symmetries of cubic densities. In this paper, restrictions on the interac-
tion vertices imposed by commutation relations between the dynamical generators will be
referred to as dynamical symmetry restrictions. We now discuss restrictions imposed on
cubic interaction vertices by the dynamical symmetries of the Poincaré algebra. In other
words, we consider the commutators

[P, =0, [J~4J9]=0. (3.25)
In the cubic approximation, commutators (3.25) amount to the following commutators:

[Py, '+ [Py, J'1 =0, (3.26)
[J[;]Z, J[;]j] + [J[gf, J[;]J] =0. (3.27)

From commutators (3.26), we obtain the following equation for the cubic densities
’p[g] (Pa Baa O[a)> and |‘7[37]Z(]P)7 Bay Oéa)>,

Pl = =I pg) (3.28)
where we use the notation
i 2
P =Y pr, P = _pap%ﬂ (3.29)
a=1,2,3 Pa
. . . . 1 ... 1 .
JTh= N g, J. = plos, —pa Oy — B—M;Jp; + B—M;T . (3.30)
a=1,2,3 a a

- 12 —



Quantities P~ and J~ defined in (3.29), (3.30) can be expressed in terms of the momentum
P! (see appendix A in ref. [31]):

]P”P’
P = Z (3.31)
a=1,2,3 5“
. Pt
J7H = _—_Ng+ M”Pﬂ Z m2Opi +3 M” (3.32)
B a=1,2,3 GB‘I
B = ﬂlﬂzﬁg, (3.33)
— ij_ 1 5 i 5
= Z Babadp,,  MI=o0 % BuMi, Bu=Pap— a2 (334)
a=1,2,3 a=1,2,3
Equation (3.28) allows us to express the density | ][3_]’> in terms of the vertex |pg),
) = =(P7) I pg). (3.35)

Plugging |j[;]l> (3.35) into (3.27), we check that commutators (3.27) are fulfilled. Plugging
]jm) (3.35) into kinematical symmetries equations (3.20), (3.23) we verify that, if the
vertex |py) satisfies eqs. (3.19), (3.22) then egs. (3.20), (3.23) are also fulfilled. Thus, in
the cubic approximation, we checked that egs. (3.19), (3.22), (3.35) provide the complete
list of equations obtained from all commutation relations of the Poincaré algebra.

Light-cone gauge dynamical principle. Equations (3.19), (3.22), (3.35) do not admit
to fix the vertex |p;) uniquely. In order to fix the vertex |p) uniquely we impose additional
restrictions on the vertex |p;). These additional restrictions are referred to as light-cone
gauge dynamical principle in this paper and they are formulated as follows.

i) The densities [py), | g[gf> should be expandable in the momentum P?;”

ii) The density [p) should satisfy the restriction
Ip) #P7[V), [V) is expandable in P, (3.36)
where P~ is given in (3.31).

iii) The densities [pj), |j[§]i>, and density |V) (3.36) should not involve (P7)7-terms,
v < 0.

We note that requirement (3.36) is related to field redefinitions. Ignoring requirement (3.36)
leads to vertices which can be removed by field redefinitions. As we are interested in the
vertices that cannot be removed by using field redefinitions, we impose the requirement
n (3.36). Also we note that the assumptions i) and iii) are the light-cone counterpart of
locality condition commonly used in Lorentz covariant formulations.

"If a function f(z) is expandable in power series in x, then we refer to such function as function expand-
able in x.
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Complete system of equations for cubic vertex. To summarize the discussion in
this section, we note that, for the cubic vertex given by

|p[E]> :p[;](]P)a Oéa,ﬁa)|0> 9 (337)

the complete system of equations which remains to be solved takes the form

J+_|p[g]> =0, kinematical J*~ — symmetry; (3.38)
Ju IPg) =0, kinematical J¥ — symmetries; (3.39)
jaby = —(P~ 13 py, dynamical P~, J~% symmetries ; 3.40
(3] 3]
Light-cone gauge dynamical principle:
Ipg) and |j5')  are expandable in P’; (3.41)
lpg) # P7|V), |V) is expandable in P*; (3.42)
[Pa))s 19505 [V)  do not involve (P )7-terms, ~ <0. (3.43)

Egs. (3.38)—(3.43) constitute the complete system of equations which admit to fix the
cubic vertex py uniquely. Operators J*, Jii, P~, J7 entering equations (3.38)(3.43)
are defined in (3.21), (3.24), (3.31), (3.32) respectively. Let us remark that, if we consider
the Yang-Mills and Einstein theories, then it can be verified that egs. (3.38)—(3.40) and the
light-cone gauge dynamical principle (3.41)—(3.43) admit to fix the cubic interaction vertices
unambiguously (up to coupling constants). It seems then reasonable to use egs. (3.38)—
(3.40) and the light-cone gauge dynamical principle (3.41)—(3.43) for studying the cubic
interaction vertices of the continuous-spin field theory.

3.1 Equations for parity invariant cubic interaction vertices

We recall that we study parity invariant cubic vertices for one continuous-spin massless
field and two arbitrary spin massive fields and parity invariant cubic vertices for two
continuous-spin massless fields and one arbitrary spin massive field. Namely, using the
shortcut (0, k)osp for continuous-spin massless field and the shortcut (m, s) for arbitrary
but fixed spin-s massive field with mass parameter m, we are going to consider cubic
vertices for the following fields:

(m1,51)-(ma,s2)-(0,K3)cse  two massive fields and one continuous-spin massless field (3.44)

(0,K1)cse-(0, k2)csr-(Mms, s3)  two continuous-spin massless fields and one massive field (3.45)

Our notation in (3.44) implies that the mass-m;, spin-s; and mass-mgy, spin-ss massive
fields carry external line indices a = 1,2, while the continuous-spin massless field corre-
sponds to a = 3. From our notation in (3.45), we learn that continuous-spin massless fields
carry external line indices a = 1,2, while the mass-mg, spin-s3 massive field corresponds
to a = 3.

In general, besides the momentum variables P?, 31, Bo, 33, vertex (3.37) depends on
oscillators that involved in the ket-vectors entering Py (3.4). Taking this into account
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and recalling the definition of the ket-vectors for continuous-spin field (2.10) and mas-
sive field (2.15), we note that cubic vertices describing interactions of the fields in (3.44)
and (3.45) depend on the following respective set of the oscillators and the momenta:

]P)iv O/:l’ Cla Bla aéa C27/82? Oéé, U3, 537 (346)
P, af, v, B, ob, v, B2, b, G, B3 (3.47)

Taking into account variables in (3.46), (3.47), we now analyze restrictions (3.38)—(3.43)
in turn.

i) First, we analyze the restrictions imposed by the J¥-symmetries (3.39) which tell
us that the vertex py (3.37) depend on invariants of the so(d — 2) algebra. The
scalar oscillators (g4, v, and momenta [, are invariants of the so(d — 2) algebra. The
remaining invariants can be built by using the momentum P?, the vector oscillators
al, the delta-Kroneker §%, and the Levi-Civita symbol €/1-%-2. Vertices that do
not involve the antisymmetric Levi-Civita symbol are referred to as parity invariant
vertices, while vertices involving one antisymmetric Levi-Civita symbol are referred
to as parity non-invariant vertices. In this paper, we focus on the parity invariant
vertices. This implies that invariants of the so(d — 2) algebra that can be built by
using P?, o!, and 6 are given by

PP, ol P abal . (3.48)

a

Note that, if Py (3.2) involves the bra-vector of continuous-spin field (¢(pa,a)l,
then in view of constraint (2.12), the invariant aia? does not contribute to the Py,
while, if Py (3.2) involves bra-vector of massive field (#(pq,aq)|, then in view of

constraint (2.17), the contribution of invariant o,a?, can be replaced by the (—(?).

To summarize the discussion of J¥-symmetries, we note that general solution to par-
ity invariant cubic vertices for the fields (3.44) and (3.45) that respect J%-symmetries
and lead to the nontrivial Py, is given by the following respective expressions

p[;] - p[g] (]PﬂIPﬂu Bav afzpia Qga+1 Cla C27 U3) ) (349)
P = Py (PP", Ba, b P’ agat1 vt , 02, CG3). (3.50)

In (3.49), (3.50) and below, the shortcut py; (qa) implies that py; depends on q1, g2, gs3.

ii) We now analyse the restriction in (3.42), (3.43). One can demonstrate that, using
field redefinitions, we can remove terms in (3.49), (3.50) which are proportional to
PiP! (see appendix B in ref. [31]). In other words, we can drop down the dependence
on P'P" in the vertices py (3.49), (3.50). Representation for the vertices in which they
do not depend on P*P* will be referred to minimal scheme in this paper. Obviously,
in the minimal scheme, vertices satisfy egs. (3.42), (3.43) automatically. Thus, in the
minimal scheme, vertices (3.49), (3.50) take the form

P[E] :p[g](ﬂaaBayaaa-i—l 7(17(2; U3) y (351)
p[;] = p[_] (Baa By, agat1 501,02, <3) ) (3.52)
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iii)

iv)

where in (3.51), (3.52) and below we use the notation
ol Pt
Ba '

Note also that, in place of the variables o P* appearing in (3.49), (3.50), we use re-

B, aqp = alal . (3.53)

scaled variables B, (3.53) in expressions (3.51), (3.52). We now see that dependence
of vertices (3.51), (3.52) on the momentum P* enters through the variable B, (3.53).

We now proceed with vertices in (3.51), (3.52) and analyze the restrictions given
n (3.40), (3.41). To this end, we compute action of the operator J~ (3.32) on the
vertices (3.51), (3.52),

it _ 28
I ’p[3]> =P Z ‘o 9B, ‘p[3]> + P G5|p Z aIP2 ’p (3] (3.54)
a=1,2,3 3&‘ a= 123@1

where operators G, p2, G g are given in the appendices C, D. Using (3.40), (3.54), and
explicit form of operators G, p2, Gg, it is easy to see that requiring the density | j[g]’>
to respect equations (3.40), (3.43), we get the equations (see appendices C, D)

Galpz) =0, a=1,23 (3.55)
Gslpg) =0. (3.56)

Using eqs. (3.40), (3.54)—(3.56) and (C.1), (D.1), we obtain the representations for
the densities | ]@f) corresponding to the interaction vertices (3.51), (3.52),

g 25@ 28 guyOus 2 | —
i) = — Z 33, a0, pg) — Fgmasg D)) > (3.57)
a=1,2,3
2, G Ov, -
- 3 35, 0Bl -y 632]\,“+§ 508 1Py (3.58)
a= 1,2,3 a=1,2

No = Np, + Nayy iy + Na a=1,2,3. (3.59)

a+2a ?

From (3.57), (3.58), we see that if vertices |py) (3.51), (3.52) are expandable in
B, (3.53) and satisfy egs. (3.55), (3.56), then the respective densities \j[_3f> (3.57),
(3.58) are also expandable in the B,.

Finally, we analyze the restrictions of J*~-symmetry (3.38). We note that, in terms
of vertices given in (3.51), (3.52), eq. (3.38) is simplified as

> Badp,pm =0. (3.60)

a=1,2,3

Summary of analysis of egs. (3.38)—(3.43). To summarize the discussion in this

section, we note that, in the minimal scheme, the cubic vertices describing interactions of
the fields given in (3.44) and (3.45) can be cast into the form given in (3.51) and (3.52)
respectively. Vertices (3.51) and (3.52) should satisfy egs. (3.55), (3.56), (3.60), while the
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respective densities | ][;]’> are expressed in terms of the cubic vertices |py) as in (3.57)
and (3.58).

Thus all that remains is to solve egs. (3.55), (3.56), (3.60) for vertices (3.51) and (3.52)
which describe the respective interactions of the fields given in (3.44) and (3.45). From
now on, we separately consider solutions of egs. (3.55), (3.56), (3.60) for vertices (3.51)
and (3.52). We note also that, for vertices (3.51), there are two different cases: a) Two
arbitrary spin massive fields have the same mass values; b) Two arbitrary spin massive
fields have the different mass values. Structure of cubic vertices for these cases turns out
to be different. We consider therefore these two cases in turn.

4 Parity invariant cubic vertices for one continuous-spin massless field
and two massive fields with the same mass values

We start with considering parity invariant cubic vertices for one continuous-spin massless
field and two arbitrary spin massive fields having the same mass values. Namely, using the
shortcut (0, k)csr for a continuous-spin massless field and the shortcut (m, s) for a mass-m

and spin-s massive field, we consider a parity invariant cubic vertices for the following three

fields:

(mq, s1)-(ma, $2)-(0, K3)csr two massive fields and one continuous-spin massless field

mp =mg=m. (4.1)

Our notation in (4.1) implies that the mass-m;, spin-s; massive field and the mass-ms, spin-
so massive field carry the respective external line indices a = 1, 2, while the continuous-spin
massless field corresponds to a = 3.

The general solution to cubic vertex for fields (4.1) takes the form (see appendix C)

Py = Uy UsUsUUpUL2 V) (4.2)
p[i] :p[g](B(MBaaaaa-i-l 7C17<27 U3) )
VO = vO(B,, ager1), (4.4)

where, in solution (4.2), we introduce new vertex V(%) while, in relations (4.3), (4.4), we
show explicitly arguments of the generic vertex pg; and new vertex V(). The arguments B,
and ag (4.3), (4.4) are defined in (3.53). Quantities denoted by U in (4.2) are differential
operators w.r.t. the B, and «a44+1. Before presenting explicit expressions for the operators
U in (4.2), we note that, for vertex V) (4.4), we find two solutions given by

V) = cosh(Q323)V, (4.5)
inh(Q323)

y(6) — Smai323) ., 46

oV (1.6)

V =V(B1, Bz, 12, a3, 031) (4.7)

Bs
= 4.
z3 m ) ( 8)
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where, in relations (4.5), (4.6), in place of B3 (3.53), we use a re-scaled variable z3 (4.8) as
a argument of the vertex V(©). In (4.7), we show explicitly arguments of the vertex V. The
quantity 3 is a differential operator independent of z3. This operator is defined below.
From (4.2)-(4.7), we see that general solution for the generic vertex p;, which depends
on the twelve variables (4.3), is expressed in terms of the vertex V which is arbitrary
function of the five variables (4.7). Note however that vertex V (4.7) is restricted to be
expandable in the five variables By, B2, a9, a3, asgi. Thus, the general solution for the
generic vertex pp; (4.2) is expressed in terms of the operators U, Q3 and vertex V' (4.7).
Therefore all that remains to complete a description of the vertex py is to provide explicit
expressions for the operators U, Q3. The operators U, {23 entering our solution in (4.2) are

given by
Uvszvévgv N3 =Npy;+Nag, +Nags » (4.9)
1/2
N3 ( No - 4=2
T N O I (1.10)
I'(N3+1)
Bl BQ /83
_ _B _ P _P 411
U/g exp < 2,81 mCl(?Bl 252 m(2632 253 /{3633 5 ( )
1 1
U =exp <—2mC1(931 —|—2mC2832> , (4.12)
1 G2 & 1 G2 1
Up =exp <<m32—m31—€1C2> 8"‘12_E (Bs+2/<63> aa31+g <B3—2”v3> 80423> ;
(4.13)
U.o =exp §Z3X—|—123Y , (4.14)
1
== (B20ay; +B10ay) » (4.15)
2
Y = = (B20ass— B1daar) (4.16)
Z = 2@12(9&31(9&23 s (4.17)
1 1
Q§:1+§{Y,y3}+1X2+Z, (4.18)
d—4
V3:N023+N0431+Ta (4‘19)

where B, Np,, Na,,, N, are given in (A.4)-(A.6), while T' (4.10) stands for the Gamma-
function.

Expressions (4.2)—(4.19) provide the complete description of cubic vertices for one
continuous-spin massless field and two arbitrary spin massive fields (4.1). More precisely,
these cubic vertices describe an interaction of one continuous-spin massless field with two
chains of totally symmetric massive fields. Each chain consists of every spin just once.
Such chains of massive fields are described by ket-vectors given in (2.18). We now consider
vertices for one continuous-spin massless field and two massive fields with arbitrary but
fixed spin-s; and spin-so values. Taking into account that the ket-vectors for massive fields
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|ps,) (2.15) are the respective degree-s, homogeneous polynomials in the oscillators o, (,,
a=1,2,(2.16), it is easy to see that vertices we are interested in must satisfy the equations

(Na, + N¢, — 8a)lp) =0, a=1,2, (4.20)

which tell us that the vertices should be degree-s; and degree-so homogeneous polynomials
in the respective oscillators af, ¢; and ab, (5. Using (4.2), we verify that, in terms of
V (4.5)—(4.7), egs. (4.20) take the form

(NBl +N0¢12 +Na31 _Sl)VZO; (421)
(NBQ + Nam + Nazg - SQ)V =0. (4.22)

As vertex V' (4.7) is considered to be expandable in the variables By, Ba, a12, aas, asi, a
general solution of eqs. (4.21), (4.22) can be labelled by s;, so and by some three integers
ni, ng, n3. Using then notation Vi, ,,(n1,n2,n3) for the vertex V (4.7) that satisfies
egs. (4.21), (4.22), we find the following general solution:

V =V, 5, (n1,m2,13),

Viiso(n1,m2,n3) = By~ By 0‘11320/2130‘%21 J (4.23)
1 1 1
lh= 5(—n1+n2—|—n3) , la= 5(711 —na+nz), lz= 5(”1 +n2—n3). (4.24)
Integers nq, ng, n3 appearing in (4.23), (4.24) are the freedom of our solution for vertices,
i.e., these integers label all possible cubic vertices that can be constructed for three fields
shown in (4.1). In order for vertices (4.23) to be sensible, we should impose the following
restrictions:

OS”]_SS]_, OSTZQSSQ, l17l25l3€N0' (425)

Restrictions (4.25) amount to the requirement that the powers of all variables By, Ba, a2,
a3, ag in (4.23) be non-negative integers. We note then that by using relations (4.24),
we can rewrite restrictions (4.25) as

|’/L1 — 7?,2’ <ng <ni+no, (4.26)
Ognlgsl, OS’QQSSQ, (4.27)
n1 + ng + ng € 2Ny, ni,ng,n3 € Ny. (4.28)

Expressions for cubic vertices in (4.2), (4.5), (4.6), (4.23) supplemented by the restrictions
on allowed values of the integers nj, na, ns given in (4.26)—(4.28) provide the complete
description and classification of cubic interaction vertices that can be constructed for the
one continuous-spin massless field and the two spin-s; and spin-se massive fields having
the same mass parameter (4.1).

The following remarks are in order.

i) From restrictions in (4.26), (4.27), we see that, given spin values s; and s3, a number
of cubic vertices that can be constructed for fields in (4.1) is finite.
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ii) From (3.53) and (4.8), we see that the variable z3 is a degree-1 homogeneous polyno-
mial in the momentum P?. Taking this into account and using expressions in (4.5),
(4.6), we see that vertex pg; (4.2) involves all positive powers of the momentum P*.
Note also that vertex V() (4.5) involves all even positive powers of the momentum
P?, while vertex V(®) (4.6) involves all odd positive powers of the momentum P*. On
the other hand, from (4.23), (4.27), we see that vertex V' (4.23) is finite-order poly-
nomial in the momentum P?. Namely, vertex V (4.23) is a degree-(s1 + s —n1 — n2)
homogeneous polynomial in the P*.

iii) From (4.23), (4.24), we find the relation
(Na23 + Na31 - 77‘3)‘/51,82 (nlv n2, n3) =0. (4'29)

From (4.23), (4.29), we see that the vertex Vj, 4, (n1,n2,n3) is a degree-nz monomial
in the variables awg, a1. From relations (4.15)-(4.19), we notice the commutators

3, X] = -X,  [v5,Y]=-Y, |12 =-22. (4.30)

From (4.30), it is clear that action of the operator XPY?Z" on the vertex
Vs, 50 (N1, 12, 13) gives a degree-(n3 — p — ¢ — 2n) homogeneous polynomial in the
variables a3, a31. Taking this into account and using expressions for operators U
and Q3 (4.9)-(4.19), it is easy to see that given values s; and sz the cubic vertex py
given by (4.2), (4.5), (4.6), (4.23) is a finite-order polynomial in the variables By, Ba,

12, (023, (31.

iv) Two solutions for vertex V(6 (4.5), (4.6) appear as follows. Equations (3.55), (3.56)
lead to the following 2nd-order differential equation for vertex V() (for details, see
appendix C)

(0%, -3V ©® =0. (4.31)

Differential equation (4.31) for the vertex V(%) which depends on the six variables
By, Bs, z3, aq2, a3, azy (4.4), (4.8), has two solutions presented in (4.5), (4.6), where
the vertex V' depends on the five variables By, Ba, a2, a3, agy (4.7).

Interaction of scalar massive fields and continuous-spin massless field.® By way
of example and in order to demonstrate how to use our result we consider cubic vertex
for two scalar massive fields and one continuous-spin massless field. For spin values of the
scalar fields, we get s; = 0, so = 0, while for mass values we set m; = m, ma = m (4.1).
From (4.27), we find n; = 0, ng = 0. Using this in (4.26), we find ng = 0. Thus there is
only one cubic vertex for two scalar massive fields and one continuous-spin massless field.
Plugging values n; = 0, ng = 0, ng = 0 in (4.23), (4.24), we find V = 1. Plugging V =1
in (4.5), (4.6) we find the following two vertices V(6):

1
V) = cosh 23, V© = sinh 2y, z3 = —DBs. (4.32)
m

8X. Bekaert informed us that, in collaboration with J.Mourad and M.Najafizadeh, he described the
minimal cubic coupling between a continuous-spin gauge field and scalar matter.
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Plugging (4.32) into (4.2), we get the following two interaction vertices p:

_ 1 Bskis
= h | —wv3Bs — 4.

Py = U cos (mvg 3 25377?) , (4.33)

_ . 1 Bsks
Ppz = Usinh (mvsB?) - 253771) ) (4.34)

1/2

2550(Np, + 42)

U= 22 Np, = B30p, . 4.35
( MNg +1) ) o T om 39

Vertex (4.33) is symmetric upon the replacement of external line indices of scalar fields,
1 < 2, and this vertex describes interaction of two scalar massive fields with one continuous-
spin massless field. In the limit k3 — 0, vertex (4.33) is decomposed into a direct sum of
vertices which describe interactions of two scalar massive fields with massless fields having
even spin values. Vertex (4.34) is anti-symmetric upon the replacement of external line
indices of scalar fields, 1 <+ 2, and this vertex also describes interaction of two scalar
massive fields with one continuous-spin massless field. In the limit k3 — 0, vertex (4.34) is
decomposed into a direct sum of vertices which describe interactions of two scalar massive
fields with massless fields having odd spin values.’

v) We see that vertices (4.33), (4.34) are singular in the limit m — 0. This implies that
there are no cubic vertices describing consistent interaction of one continuous-spin
massless field with two scalar massless fields. In appendix E, we demonstrate that,
contrary to the cubic vertices for three arbitrary spin massless fields, cubic vertices
for one continuous-spin massless field and two arbitrary spin massless fields are not
consistent. !’

vi) We describe symmetry properties of various quantities and operators entering our
solution (4.2). Upon the replacement of the external line indices of arbitrary spin
massive fields, 1 <> 2, the quantities 3,, P’ (3.17) and B, (3.53) are changed as

B+ —Pa, Bs < —Ps, P’ P, By < =By, B34 —B3. (4.36)

Using (4.36), we note then the behaviour of quantities in (4.15)—(4.19) upon the
replacement of the external line indices of arbitrary spin massive fields, 1 <> 2,

XX, YUV, ZeZ, ne -z, BeQ wnou. (4.37)

In order to get non-trivial interaction for vertices in (4.34) one needs, as usually, to introduce internal
symmetry. Incorporation of the internal symmetry into the game can be done via the Chan-Paton method
in string theory [35], and could be performed as in ref. [36].

107 light-cone gauge approach, parity invariant cubic vertices for three arbitrary spin massless fields in
RI¥Y1d > 4, were obtained in ref. [31]. In BRST approach, such vertices were studied in refs. [37, 38],
while, in metric-like approach, in refs. [39-41]. In BRST approach, cubic vertices involving arbitrary spin
massless and massive fields were derived in ref. [31]. Interesting discussion of BRST approach may be found
in refs. [42-44].
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Relations (4.36), (4.37) imply that all operators U (4.9)—(4.14) are symmetric upon
the replacement of external line indices of arbitrary spin massive fields, 1 < 2,

UU3<—>UU3, U3<—>U3, UgHU57 U§<—>U¢, UB<—>UB, UZQ<—>UZ2.
(4.38)

5 Parity invariant cubic vertices for one continuous-spin massless field
and two arbitrary spin massive fields with the different mass values

In this section, we consider parity invariant cubic vertices for one continuous-spin massless
field and two arbitrary spin massive fields having different mass values. Namely, using the
shortcut (0, k)cgr for continuous-spin massless field and the shortcut (m, s) for mass-m and
spin-s massive field, we consider parity invariant cubic vertices for the following three fields:

(mq, s1)-(ma, $2)-(0, K3) csp two massive fields and one continuous-spin massless field

mi 75 mg . (51)

Our notation in (5.1) implies that mass-mj, spin-s; and mass-ma, spin-so massive fields
carry the respective external line indices a = 1,2, while the continuous-spin massless field
corresponds to a = 3.

The general solution to cubic vertex for fields in (5.1) takes the form (see appendix C)

Py = UnyUsUsUUpUUs, U V)
p[g] = p[;] (/8a7 Baa Aga+1 Cl? CQ; U3) )
VE = V(B daat) s (5.4)
where, in the solution (5.2), we introduce new vertex denoted by V() while, in rela-
tions (5.3), (5.4), we show explicitly arguments of the generic vertex p; and the new vertex

vV (®). Before presenting operators U appearing in (5.2) we note that, for vertex Vv (®) (5.4),
we find two solutions which can be expressed in terms of the modified Bessel functions,

VO = 1, (Viz)V, (5.5)

Vv = K, (Viz)V, (5.6)
V = V(Bi, B, a12, 023, 031)
2 (112 2

r3(m1 +m3) K3
23 = - Bs, (5.8)

2(mi —m3)?  mi—mj

d— 4

V3:Na23+Na31+Ta (5'9)

where B,, N,,, are given in (A.4), (A.5). In (5.5), (5.6), in place of the B3 (3.53), we use
a new variable z3 (5.8) as a argument of the vertex V(®). For the modified Bessel functions
I, and K, (5.5), (5.6), we use conventions in ref. [45].

From (5.3), we see that the vertex py depends on twelve variables, while, from (5.7),
we learn that the vertex V' depends on five variables. Vertex V (5.7) is restricted to be
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expandable in the five variables By, B2, a2, a3, as;. The general solution for vertex
Py (5.2) is expressed in terms of the operators U, operator v3 (5.9), and vertex V' (5.7).
All that remains to complete the description of the solution for the vertex p in (5.2) is to
provide explicit expressions for the operators U. The operators U appearing in (5.2) are

given by
Upy = 033, N3 = Np, + Ny, + Nays » (5.10)
1/2
N3 (Na + 422
Us = (Ns + 5°) : (5.11)
I (N3 + 1)
B Ba Bs
Up = exp <_251m1<1831 - 2752?712(2332 - %@333 ; (5.12)
2 2
m; my
_ B 1
UC exXp < omy ClaBl + oM C2832> (5 3)
m?2 + m3
Up = eXp<<ClBQ - gB1 - 12C1C2> Dara
my mo 2mime
G 1 G 1
_ mil B3 + 5:‘?3 (9@31 + m72 B3 — 5/‘?3 8a23 y (514)
U,1 = exp (—X + z3Y) , (5.15)
Uy = 2372, (5.16)
> T (v3+n)
Uw = — " 5.17
W nz:O n!l (v3 + 2n) ’ (5:17)
2K
X = ﬁ (m%Blaa:,)l — m%Bgaa%) s (518)
(mF —m3)
2
Y = = (B2Oayy = Bida) (5.19)
Z = 20(128a318a23 5 (520)
W=2+XY, (5.21)
where B4, Np,, Na,,, Va; Na are defined in (A.4)—(A.6), while the symbol T' (5.11), (5.17)

stands for the Gamma-function.

Expressions in (5.2)—(5.21) provide the complete description of the cubic vertex describ-
ing interaction of one continuous-spin massless field with two infinite chains of arbitrary
spin massive fields. We recall that the infinite chain of massive fields is described by ket-
vector given in (2.18). In the chain of massive fields carrying external line index a = 1, all
fields have mass value my, while, in the chain of massive fields carrying external line index
a = 2, all fields have mass value mo, m1 # mso. To consider vertices for one continuous-spin
massless field and arbitrary but fixed spin-s; and spin-sy massive fields (5.1) we note that
the ket-vectors for massive spin-s, fields |¢s,) are the respective degree-s, homogeneous
polynomials in the oscillators a’, (,, a = 1,2, (2.16). This implies that the vertices we are
interested in must satisfy the equations

(Na, + N, — sa)|p[g]) =0, a=1,2, (5.22)
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which tell us that the [py) should be degree-s; and degree-s3 homogeneous polynomial in
the respective oscillators a’i, (1 and aé, (2. Using (5.2), we verify that, in terms of vertex
V (5.5), (5.6), egs. (5.22) take the form

(NBl +Na12 +Na31 —Sl)V:O, (523)
(N, + Nay, + Nayy — 52)V =0. (5.24)
Vertex V' (5.7) is restricted to be expandable in the variables Bi, Ba, a2, aa3, azi. There-
fore solution of egs. (5.23), (5.24) can be labelled by spin values s1, s3 and by some three

integers ny, ng, ng. Using the notation Vi, s,(n1,n2,n3) for vertex V' (5.7) that satisfies
egs. (5.23), (5.24), we find the following general solution:

V:‘/Tsl,sg (n17n27n3)7

s1—n so—ng 1 l l
Vsi,so(n1,m2,m3) = By Be* T ajhagzag (5.25)

1 1 1
11:5(—n1+n2+n3), lzzi(m—nﬂ-m), l3:§(n1+n2—n3)- (5.26)

Integers nq, ng, ng in (5.25), (5.26) are the freedom of our solution for vertices, i.e., these
integers label all possible cubic vertices that can be constructed for fields in (5.1). In order
for vertices (5.25) to be sensible, we should impose the following restrictions:

0<n; <s1, 0<mng<sy, l1,12,13 € Ng, (5.27)

which amount to the requirement that the powers of variables By, Ba, a2, (i3, a1 in (5.25)
be non-negative integers. Using relations (5.26), we represent restrictions (5.27) as

\nl — n2] <ns<ni+n2, (5.28)
Ognlgsl, O§n2§82, (5.29)
n1 +ng + ng € 2Ny, ni,ng,ng € Ny. (5.30)

Relations in (5.2), (5.5), (5.6), (5.25) and restrictions in (5.28)—(5.30) provide the complete
description and classification of cubic vertices that can be constructed for one continuous-
spin massless field and two spin-s; and spin-so massive fields having different mass param-
eters (5.1).

The following remarks are in order.

i) From restrictions in (5.28), (5.29), we see that given spin values s; and sy a number
of cubic vertices that can be constructed for fields in (5.1) is finite.

ii) From (3.53) and (5.8), we see that the variable z3 is degree-1 polynomial in the
momentum P*. Taking this into account and using expressions in (5.5), (5.6), we see
that vertex pp, (5.2) involves all positive powers of the momentum P*. On the other
hand, from (5.25), (5.29), we see that vertex V' (5.25) is finite-order polynomial in the
momentum P*. Namely, vertex V (5.25) is a degree-(s1 + s2 — n1 — n2) homogeneous
polynomial in the momentum P*.
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iii) From (5.25), (5.26), we find the relation
(Nazzs + Noc31 - nS)V91,82 (nh na, n3) =0. (531)

From (5.25), (5.31), we see that the vertex Vj, 4, (n1,n2,n3) is a degree-n3z monomial
in the variables aws, as1. Using (5.9) and (5.18)—(5.21), we note the commutators

[1/3,X] = —X, [I/3,Y] = —Y, [1/3,Z] = —2Z, [1/3, W] = 2W. (532)

From (5.32), it is clear that action of the operator XPYIZ"W™ on the vertex
Vs1.s0(n1,12,n3) gives a degree-(n3 — p — ¢ — 2n — 2m) homogeneous polynomial
in the variables ai3, az1. Taking this into account and using expressions for opera-
tors U (5.10)—(5.21), it is easy to see that given s; and sp the cubic vertex p; given
by (5.2), (5.5), (5.6), (5.25) is a finite-order polynomial in the variables By, B, a12,

Q23, 31.

iv) Two solutions for vertex V() (5.5), (5.6) appear as follows. Equations (3.55), (3.56)
lead to the following 2nd-order differential equation for the vertex V(8 (for details,
see appendix C)

2
hch

1—(N, 1)0,
(1= v+ 0+ 12

) Vv® =0, N, =2z0.,. (5.33)
Differential equation (5.33) for the vertex V®), which depends on the six variables
By, Bs, z3, aq2, a3, azy (5.4), (5.8), has two solutions presented in (5.5), (5.6), where
the vertex V' depends on the five variables By, Ba, a2, a3, asy (5.7).

v) Using symmetry properties (4.36) of quantities f,, P* (3.17) upon the replacement
of external line indices of arbitrary spin massive fields, 1 <> 2, we verify behavior of
quantities in (5.8), (5.9) and (5.18)—(5.21) upon the replacement 1 <+ 2,

ez, ryeovy, XX, YooY, Z<Z, WeW. (5.34)

Also, using (4.36) and (5.34), we verify that all operators U (5.10)—(5.17) are sym-
metric upon the replacement of external line indices of arbitrary spin massive fields,

12,
Uv3<—>Uv3, U3<—>U3, UBHUg, UC<—>U<, UB<—>UB,
Ua+ U, U,, < U,,, Uy < Uy . (5.35)

6 Parity invariant cubic vertices for two continuous-spin massless fields
and one arbitrary spin massive field

In this section, we consider parity invariant cubic vertices for two continuous-spin mass-
less fields and one arbitrary spin massive field. Namely, using the shortcut (0, x)cgp for
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continuous-spin massless field and the shortcut (m,s) for spin-s massive field with mass
parameter m, we consider cubic interaction vertices for the following three fields:

(0, K1) csr-(0, K2)csp-(Ms, s3)  two continuous-spin massless fields and one massive field.
(6.1)
Our notation in (6.1) implies that two continuous-spin massless fields denoted by (0, £1)csr
and (0, k2)csr carry the respective external line indices a = 1,2, while the mass-ms, spin-s3
massive field denoted by (mg, s3) carries external line index a = 3.
The general solution to cubic vertex for fields in (6.1) takes the form (see appendix D)

p[g] = UU1,U2Ul,QUﬂUBUZOUz2UZVUWV(8) s (62)
p[;] :p[;](ﬁaaBa7aaa+17U17’U27C3) ) (63)
V(g) = V(s) (Baa aaa—l—l) , (64)

where, in the solution (6.2), we introduce new vertex denoted by V®) | while, in rela-
tions (6.3), (6.4), we show explicitly arguments of the generic vertex py; and the new vertex
V(®). Before presenting operators U appearing in (6.2), we note that, for vertex V) (6.4),
we find four solutions which can be expressed in terms of the modified Bessel functions,

V® =1, (Viz) L, (Viz)V, (6.5)
v< ) :[Vl( i2) Ky, (Vi22) V, (6.6)
= Kl/1 ( 42’1) L,2 ( 42’2) V, (67)
=K, (V421) K., (Viz) V, (6.8)
V =V (B3, ai2,a23,031) (6.9)
o= (Bl+ ) (6.10)
m% 2
_ k2 (_ f2
Zg—mg( By + 2), (6.11)
d—4
= Nayy + Nag, + o (6.12)
d—4
NCV12 Nagg 2 9 (613)

where B,, N,,, are defined in (A.4), (A.5). In (6.5)-(6.8), in place of the B; and Ba,
we use new respective variables z; and z9 (6.10), (6.11). In relations (6.5)—(6.8), the I,
and K, stand for the modified Bessel functions. For the modified Bessel functions, we use
conventions in ref. [45].

From (6.2)-(6.13), we see that the general solution for the vertex p,, which depends
on twelve variables (6.3), is expressed in terms of the vertex V' which is arbitrary function
of four variables (6.9). Note that vertex V' (6.9) is restricted to be expandable in the four
variables B3, aig, o3, azi. Thus, the general solution for vertex p (6.2) is expressed
in terms of the operators U, vy, vy and the vertex V' (6.9). Therefore all that remains to
complete a description of the vertex p is to provide explicit expressions for the operators
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U. The operators U entering our solution in (6.2) are given by

Uvi oo = Uvaévg , (6.14)
N1 = Np, + Nujy + Nay,, No=Np, + Naoypy + Nas (6.15)
oo (2T (Vi + 952) 20 (N2 + 452) v (6.16)
b2 I'(N;i+1) I'(Ny+1) ’ '
B 5 Bs
Uﬁ = exXp (25 1331 25 2332 253 m3C3633 ) (6-17)
@) 1 3 1
UC = exp <7TL3 B1 — 5/4}1 aa31 — ma BQ + 252 8a23 (618)
2K1K9 2K1 2kK2
Uz() = exp <Tn§8a12 + m—ngaam — B38a23) y (619)
2m3 2 2
U, = exp < 3 2122004, + 21338%1 — 22338003) , (6.20)
K1K2 K2
Usy = 2, 225722 (6.21)
= Z Uny Un = Z Un—m,mv (6'22)
. B 1/1 I ’I’L min(n m) Wni W . ,
n,m — 1/1—|—2n Z k[ 1,0 1,1Y0,m—k 5 (6 3)
I'(vy +m)
Upp = ———-——W, 6.24
0 m!T (vg +2m) O (6.24)
4
W10 = 20930015003, — o B30, (6.25)
Wiy = —402 ,, (6.26)
4
W071 = 204313(11280423 — 8223 y (6.27)

where (4, Ng,, Na,,, Va, Na are defined in (A.4)-(A.6), while the I (6.16)(6.24) stands
for the Gamma-function.

Expressions given in (6.2)—(6.27) provide the complete description of the cubic ver-
tex describing interaction of two continuous-spin massless fields with one infinite chain of
massive fields. The chain of massive fields consists of every spin just once. Such chain of
massive fields is described by ket-vector (2.18). To consider vertices for two continuous-
spin massless fields and one arbitrary but fixed spin-s3 massive field (6.1), we note that the
ket-vector for massive field |¢s,) is a degree-s3 homogeneous polynomial in the oscillators
a4, ¢3 (2.16). This implies that the vertices we are interested in must satisfy the equation

(Nag + Neg — 53)‘p[§]> =0, (6.28)

which tells us that the |p;) should be degree-s3 homogeneous polynomial in the oscillators
ok, (3. Using (6.2), we verify that, in terms of vertex V (6.5)—(6.9), eq. (6.28) takes the
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form

(N33 + Na23 -+ Nagl — Sg)V =0. (6.29)

Vertex V' (6.9) is considered to be expandable in the variables Bs, a2, ags, agi. Therefore
solution of eq. (6.29) for the vertex V can be labelled by s3 and by three integers nj, na,
n3. Using the notation Vi, (n1,na,n3) for vertex V' (6.9) that satisfies eq. (6.29), we find
the general solution,

V= %3(”1)”27”3) ’
Vig(n1,n2,n3) = B?fSimimO/llSO‘g?l O‘QIZ ) (6.30)

niy,ng,n3 =0,1,2,...,00. (6.31)

Integers n1, ng, n3 in (6.30) are the freedom of our solution for vertices, i.e., these integers
label all possible cubic vertices that can be constructed for fields in (6.1). In order for
vertices (6.30) to be sensible, we should impose the following restrictions:

ni +ng < s3, ni,n2,ng € No, (6.32)

which amount to the requirement that the powers of variables Bs, a2, as3, asp in (6.30)
be non-negative integers. Relations in (6.2), (6.5)—(6.9), (6.30) and restrictions in (6.32)
provide the complete description and classification of cubic vertices that can be constructed
for two continuous-spin massless fields and one mass-ms, spin-s3 massive field.

The following remarks are in order.

i) Given s3, the integers n; and nsy take finite number of values (6.32), while the integer
ng takes infinite number of values, n3 € Ny (6.32). This implies that, given s3, a
number of cubic vertices that can be constructed for fields (6.1) is infinite.

ii) From (3.53) and (6.10), (6.11), we see that the variables z1, zo are degree-1 polynomi-
als in the momentum P?. Taking this into account and using (6.5)—(6.8), we see that
vertex p (6.2) involves all positive powers of the momentum P?. On the other hand,
from (6.30), (6.32), we see that, given s3, vertex V (6.30) is finite-order polynomial in
the momentum P?. Namely, vertex V (6.30) is a degree-(s3 — n; — n2) homogeneous
polynomial in P

iii) Vertex V (6.30) is a finite-order polynomial in the variables Bs, aj2, ags, as;. We
now show that vertex py (6.2) is also a finite-order polynomial in the variables Bs,
a2, iz, asi. To this end we note that operators vy, v (6.12), (6.13) and operators
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Wi, Wi Woa (6.25)—(6.27) satisfy the following commutation relations

[v1, Wipo] = —2Wiy, (6.33)
[v2, Wi0] =0, (6.34)
[v1,Woa] =0, (6.35)
(v, Wo1] = —2Wo 1, (6.36)
[v1, Wia] = —2Wq 1, (6.37)
(v, W] = —2Wi1, (6.38)
(W0, Wo1] = (1 —v2)Wia (6.39)

Using operator Uy, , (6.23) and commutators (6.33)—(6.38), we find the commutators

[Vla Un,m] = _2nUn,m > (640)
[1/2, Un,m] = =2mUp m, . (6.41)

Now using operator U, (6.22) and commutators (6.40), (6.41), we see that, for a
sufficiently large number N, action of the operator U, on the vertex V (6.30) gives
zero for all n > N. This implies that an action of operator Uy (6.22) on vertex
V' (6.30) gives finite-order polynomial in the variables B3, a2, aos, agy. Taking this
into account and using (6.14)-(6.21) it is clear that vertex py (6.2) is also a finite-
order polynomial in the variables B3, a2, aog, agy. For the reader convenience, we
note that operator Uy, ,,, (6.23) can equivalently be represented as

VQ 4 m mm(n,m

= m—Fk

Unm = [(vy + 2m Z) k!'(m Wo 1 W1 1Un—k0, (6.42)
LPlatn) on

UnOZ

. 4
’ n!l'(v1 + 2n) 1,0 (6.43)

iv) Four solutions for vertex V) (6.5)-(6.8) are obtained as follows. Equations (3.55),
(3.56) lead to the following two second-order equations for the vertex V&) (for details,
see appendix D):

2

(1 —(N., + 1) 0., + 4”211> V® =0, N, =20,,, (6.44)
2

<1 — (N, +1)0, + 4”;) V® =0, N, =20,,. (6.45)

Differential equations (6.44), (6.45) for the vertex V() depending on the six vari-
ables z1, zo, Bs, a12, a3, a3 (6.4), (6.10), (6.11) have four solutions presented
n (6.5), (6.6), where the vertex V depends on the four variables Bs, ai2, oos,
Q31 (6.9).

v) Using symmetry properties (4.36) of quantities 3,, P* (3.17) upon the replacement of
external line indices of continuous-spin massless fields, 1 <> 2, we verify behavior of
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quantities in (6.10)—(6.13) and (6.25)—(6.27) upon the replacement 1 <> 2,
21 < 29, V] <> Vg, Wl,O < W071 s Wl,l <~ W171 . (646)

Also, using (4.36) and (6.46), we verify that all operators U (6.14)—(6.22) are symmet-
ric upon the replacement of external line indices of continuous-spin massless fields,
12,

Uv1,v2 Hle,Uga ULQ(—)ULQ, Uﬁ(—)Uﬁ, U<<—>UC, UBHUB,
U+ U, U,, > U,,, Uw < Uy . (6.47)

vi) We see that vertices (6.5)—(6.11) are singular in the massless limit ms — 0, i.e.,
the massless limit of the cubic vertices describing interaction of two continuous-spin
massless fields with one arbitrary spin massive field is problematic. In appendix F, by
analysing equations for cubic vertices, we demonstrate explicitly that cubic vertices
describing interaction of two continuous-spin massless fields with one arbitrary spin
massless field are not consistent.

7 Conclusions

In this paper, we applied the light-cone gauge formalism to build the parity invariant cubic
interaction vertices for continuous-spin massless fields and arbitrary spin massive fields. We
considered two types of cubic vertices: vertices describing interaction of one continuous-
spin massless field with two arbitrary spin massive fields and vertices describing interaction
of two continuous-spin massless fields with one arbitrary spin massive field. We found the
full lists of such vertices. Also we demonstrated that there are no cubic vertices describing
consistent interaction of continuous-spin massless fields with arbitrary spin massless fields.
We expect that our results have the following interesting applications and generalizations.

i) In this paper, we studied interaction vertices for fields propagating in flat space and
demonstrated that there are no cubic vertices describing consistent interaction of
continuous-spin massless fields with arbitrary spin massless fields. Following ideas
in ref. [46], we believe then that consistent interaction of continuous-spin fields with
arbitrary spin massless fields can be constructed by considering fields propagating
in AdS space. Metric-like gauge invariant Lagrangian formulation of continuous-spin
free AdS field was developed in refs. [6, 7]. We note however that, in the literature,
there are many other interesting approaches which, upon a suitable generalization,
could also be helpful for studying an interacting continuous-spin AdS field. For the
reader convenience, we briefly review various approaches which could be used for the
description of an interacting continuous-spin AdS field. In the framework of frame-
like approach, interacting higher-spin AdS fields are considered in refs. [47-50], while,
in the framework of ambient space metric-like approach, interacting higher-spin AdS
fields are considered in refs. [51-56].11 In this respect, recent interesting discussion of

"1n frame-like approach, equations of motion for continuous-spin field were studied in ref. [57].
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ii)

iii)

iv)

interacting higher-spin AdS fields may be found in refs. [58, 59]. In the frameworks of
world-line particle and twistor-like approaches, higher-spin fields are considered, e.g.,
in refs. [60] and [61-64]. Interesting approach for analysing interacting conformal
higher-spin fields in curved background is discussed in ref. [65]. The light-cone gauge
formulation of arbitrary spin free AdS fields was developed in refs. [34, 66, 67]. It
would be interesting to extend such formulation to the case of interacting continuous-
spin fields. Extension of Hamiltonian form of AdS higher-spin fields dynamics [68]'2
to the case of continuous-spin field could also be of some interest.

In this paper, we developed the light-cone gauge formulation for the bosonic
continuous-spin fields. It would be interesting to extend a light-cone gauge formu-
lation to the case of fermionic continuous-spin fields and apply such formulation for
studying vertices that describes interaction of fermionic continuous-spin fields with
arbitrary spin massive fields as well as for studying supersymmetric continuous-spin
field theories. Continuous-spin supermultiplets are studied refs. [8, 11]. Recent inter-
esting discussion of higher-spin supersymmetric theories may be found in refs. [72-74].

The methods for building so(d —1, 1) Lorentz covariant formulation of field dynamics
by using light-cone gauge so(d — 2) covariant formulation [33] are most suitable for
studying parity invariant vertices. Moreover such Lorentz covariant formulation turns
out to be BRST gauge invariant. Therefore, we think that the parity invariant
vertices obtained in this paper, can relatively straightforwardly be cast into BRST
gauge invariant form. For example, the full list of the parity invariant light-cone
gauge cubic vertices for arbitrary spin massless and massive fields in ref. [31] has
straightforwardly been cast into BRST gauge invariant form in ref. [38]. BRST
formulation of continuous-spin free field was discussed in ref. [75] and it was noted
that such formulation has interesting interrelations with the formulations in terms of
the unconstrained higher-spin gauge fields in ref. [76]. Discussion of other interesting
formulations in terms of unconstrained gauge fields can be found, e.g., in refs. [77-79].
BRST formulations in terms of traceceless higher-spin gauge fields may be found in
refs. [80, 81]. Use of BRST gauge fixed Lagrangian for the computation of partition
functions of higher-spin fields is discussed in refs. [82, 83].

In this paper, we studied totally symmetric continuous-spin fields. As is known,
string theory spectrum involves mixed-symmetry fields. Therefore from the perspec-
tive of studying interrelations between continuous-spin fields and string theory it
seems reasonable to extend our study to the case of mixed-symmetry fields. We note,
presently, even at the level of free fields, little is known about Lagrangian formulation
of a continuous-spin mixed-symmetry fields. On the other hands, many interesting
formulations for mixed-symmetry massless and massive higher-spin fields were de-
veloped (see, e.g., refs. [84-95]). Extension of such formulations to continuous-spin
fields could be also of some interest.

2 Alternative Hamiltonian formulations of AdS higher-spin field dynamics may be found in refs. [69-71].
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v) In this paper, we studied cubic vertices for continuous-spin massless fields and arbi-
trary spin massive fields. Extension of our study to quartic vertices by using meth-
ods and approaches in refs. [96-101] might contribute to better understanding of
continuous-spin field dynamics.
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A Notation and conventions

The vector indices of the so(d — 2) algebra take the values i, j,k,l = 1,...,d — 2. Creation
operators o, v, ¢ and the respective annihilation operators a‘, 0, ¢ are referred to as os-
cillators in this paper. Commutation relations, the vacuum |0), and hermitian conjugation
rules are fixed by the relations

The oscillators of, & and v, U, ¢, ¢, transform under the respective vector and scalar
representations of the so(d — 2) algebra. We use the following notation for the scalar
product of the oscillators

o? =ald, at=a'a’, N, = d'a’, Ne = (¢, N, =v0v, (A.3)
Throughout this paper we use the following definitions for momentum P! and quantities
Ba: Qgp

. 1 .. . ai IP)Z i

P = 3 Z Bape, » Ba = Ba+1 — Bat2 B, = g ) Qab = (A.4)
a

a=1,2,3

where B, = [,+3. Various quantities constructed out of the B,, ay and derivatives of the
By, ag are defined as

NBa = BaaBa s Naab = Oéabaaab y 8Ba = 8/8Ba, 8aab = 8/80&@, (A5)
d—4

Va = Naaa+1 + Naa+2a + PN (AG)

Na:NBa+Naaa+1+Na 5

a+2a ?

B Continuous-spin field in helicity basis

Throughout this paper, we use the so(d — 2) covariant basis of light-cone gauge fields
propagating in R 1! with arbitrary d > 4. For d = 4, light-cone gauge fields can also be
considered in a helicity basis. As a helicity basis is popular in many studies we decided, for
the reader convenience, to work out light-cone gauge formulation of continuous-spin field
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in such basis. To discuss continuous-spin field in a helicity basis we introduce complex

coordinates %, x¥ defined by the relations
1 1
= — (2! +iz?), at = —
\/i( ) V2

In the frame of the complex coordinates, a vector of the so(2) algebra X’ is decomposed

(2t —iz?). (B.1)

as X' = X% X% while a scalar product of so(2) algebra vectors X*, Y is represented
as XYY" = XBYT 4+ X'Y R We decompose the vector oscillators as o' = o, o’ and, in

place of the so(2) covariant form of ket-vector |¢) (2.10), we use a helicity basis ket-vector

given by
6) = [60) +16%) +10") (B2)
o) = 00®I0), 167 =3 Lau@l0), 161 =D T e L)), (B

n=1 ’ n=1

ap = af', ap = aF, where ¢o(p) is a scalar field, while ¢1,(p) are fields having helicities
+n,n=1,2,...,00. We assume the following hermitian conjugation rules for the fields:
gb(];(p) = ¢o(—p), oh (p) = ¢—n(—p). The oscillators and a vacuum |0) satisfy the relations

[@" af =1, [@% " =1, a®l0y=0  a"|0)y=0. (B.4)

In the frame of the complex coordinates, the spin operator M’ is decomposed as M? =
M?®, M*, while the so(2) algebra generator M% = —MJ? is represented as M™*. We now
note that, in the frame of the complex coordinates, a realization of kinematical generators
and dynamical generators (2.24)—(2.28) in terms of differential operators acting on ket-
vector |¢) (B.2) is given by

Kinematical generators:

PR =p*, Pt =p", Pt =, (B.5)
JHR=8.8, JH=0e8,  Jt =08,  (B6)
JEL = pRapR — pLapL + MR- , (B?)

Dynamical generators:

B 2pRpL + m2

P = _T bl (B-S)

1 1
J = —0pp" + 0, P” + BMRLpR + BMR’ (B.9)

1 1
J L= —85pL + apRP_ — EMRLpL + BML , (B.10)

where we use the notation

B=pt, dg =0/08, 8pR = 0/0p", 8pL =0/0p". (B.11)
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The spin operators M M* and M* appearing in (B.7)—(B.10) are given by

M = Np—N., Np=a"a", N,=a‘a", (B.12)
M" = g a"o —valigp 1", (B.13)
M* = gpa*v — val g II"7 (B.14)

where quantities gg , II**, and II** are defined by the relations

F 1/2 F 1/2
9r = <Rg> ) gr = <L2> ) (B.15)
2 (Np+1) 2 (N, +1)
FR:HZ—NR(NR—F].)TTZQ, FL:K/2_NL(NL+1)m2, (B16)
1 1
HRL =1- L ~R HLR =1 R ~L . Bl
a NL+1a , « NR+1a (B.17)

Relations in (B.5)—(B.17) provide the complete description of a realization for the gen-
erators of the Poincaré algebra iso(3,1) in terms of differential operators acting on the
ket-vector |¢) (B.2). To our knowledge, the realization of the operators M*%, M" for

continuous-spin field in R3! with arbitrary x% > 0 and m? < 0 given in (B.13)—(B.17) has

not been discussed in earlier literature.'?

For the reader convenience, we note the following commutators for the spin operators:

[M? M) = —m?M" [M"E MR = M*®, [MRE MY = —M*". (B.18)

Action of the operators IT#*, IT*# (B.17) on various ket-vectors defined in (B.3) is given by

11" |go) = [¢bo) , ™) = 1¢™) " |¢") =0, (B.19)

IT"%|o) = [¢0) , II*%[¢") =0, II"%]g") = [¢") . (B.20)

We note the following helpful relations for the operators 11" TT1*# (B.17) and the oscillators

10 0R0 Y G § CZS ¥ (200 (L § UL ¥ (L2 Ly 023y (B.21)

m*a* =0, m“*a® =0, a1t =0, a*mm* =0. (B.22)
Hermitian conjugation rules for various quantities above-defined are given by

ot = ar, o't =af, (B.23)

NI =Ny, Nl =N, et = ik -7t = [ee (B.24)

To quadratic order in fields, a field representation for generators of the Poincaré algebra
takes the form

Groy = / BB (6(p)|Gulo®) . (@(p)] = o), (B.25)

where G in (B.25) are given in (B.5)-(B.10). The Poisson-Dirac commutator for fields
entering ket-vector takes the form

1
(61 ('), O (D)) | equuat ot = 75,5(5/ + B8N (0 + " Voo, KK €Z.  (B.26)

13For continuous-spin massless field, m = 0, the operators M, M* were discussed in section 2 in ref. [11].
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C Derivation of cubic vertices p;, (4.2), (5.2)

Our aim in this appendix is to outline some details of the derivation of cubic vertices given
n (4.2), (5.2). We would like to divide our derivation in ten steps which we now discuss
in turn.

Step 1. Realization on py. First, we find realization of operators G, p2, Gg (3.54) on
vertex p; (4.3). To this end we use J~ (3.30) with the spin operators M, a = 1,2, for the
arbitrary spin massive fields (2.40) and the spin operator M}, a = 3, for the continuous-
spin massless field (2.34)(2.38). Doing so, we find that action of J=*f (3.30) on P (4.3)
can be cast into the form (3.54) with the following expressions for the G, p2, Gg:

— (%} a’l}
Gl,P2 = Gl 5 G27]P’2 == GQ, GS,]P’2 G3+P IBB m.gfkid% %3 5 (Cl)
Gl = <B3_Blg,u38v5) 3a31 — <BQ+ ﬁ m2C2> 8a12+ (ﬁl 1+m2> (931 +m18<1 s
B3 B2 2\ b
(C.2)
_ Ba P2 2 —m2
= Bl_fglml a12_ BS_‘_B gv3av3 aa2s+2 62 Mg —1Mmy aB2 +m2a§2v (0'3)
1
= <BZ_m2<2> a3 <Bl+gjm1<1> 8a31+§(m%_m%)833+v3gv3
Gus Ou, 2061 203
+2N33_d3 2(/831633(9&31—!- ,B B28338a23
—|—2a128a318a23+oz118a31+a22 a23 Z (‘333), (04)
3 b=1 2
1 1 1
Gﬁ:—*N,B—*leclaBl—ﬁm2<2832_729v36v3333v (C.5)
B B 55 3

where ¢, and fq, Ng are given in (2.37) and (3.34) respectively, while the Bg, ogp, N are
given in (A.4)-(A.6). Using (3.40), (3.54), and operators G, p2, G5 (C.1)-(C.5), we see that
requiring the density |j[;]l> to respect equations (3.43) amounts to the egs. (3.55), (3.56).

Step 2. Realization on V), At this step, we fix dependence of P (4.3) on the
oscillator v3. To this end, we note that in view of constraint (2.11), vertex py; (4.3) should
satisfy the constraint

(Nag _NU3)|p[§]> =0. (C.6)

Introducing a vertex V(1) by the relations
P =Uu VY, Uy =0v",  N3=Np,+ Nag + Nog, (C.7)
and using (C.6), we find that the V() is independent of the oscillator vs, i.e., we get

V(l) = V(l) (/Bau Ba7 Qaa+1 Clu C2) . (08)
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Using (C.7), we find that, on vertex V(1) (C.8), operators G, G (C.2)~(C.5) are realized as

Gl = (BS_g;g?» (N3+1)) 80131 - <B2+g mQCQ) 8a12+ (gi 1+m2> 831 +m16C1 )
(C.9)
- (B 62 52 2 2
- 1_7C1m1 a12_ B3+@g3 (N3+1) a0123,_'— 62 —mq aBQ +m26C2 )
(C.10)
B3 Lo o o
= Bz—*mﬁz Oovgs — Bl+6*m1C1 3a31+§ (mf—m3) OB, +9g3
g5 <N3+2 26, 26,
+ 2N3_|_d 2) <5318B38a31+ 55 B20B, 004,
+20¢126a318a23+04118a31+06228ng3 Z b833> , (C.ll)
B3 b=1,2
1 1 1
Gs= _ENﬁ_ ?mmla& - ?m2C28B2 ——393(N3+1) 0By, (C.12)
1 2 3
_ (1) —
93 = Gus ‘]\7@34)]\73 ) 931 = Gus }NU3HN3+1 ) (013)

where Ny, = v30,,, N3 is defined in (C.7), while g, is given by (2.37), (2.38) for m? = 0.

Step 3. Realization on V(). We find it convenient to introduce a vertex V(2 by the

relations 12
2NsT (N3 + 452)
v =y @ U:< 2) C.14
; = (T (C14)
We note that the vertex V(2 depends on the same variables as vertex V1) (C.7),
V) =V (5, Ba, Gaar1 (1, G2) (C.15)

On the vertex V(2| realization of G,, G5 (C.9)—(C.12) takes more convenient form given by

Gi= (BgBIQg) Oz, — <Bg+ b m2(2> Oayy+= <Bl my +m2) 0p,+m10¢,, (C.16)

B3 B2 B1
_ 62 52 2 2
= Bl—*Clml Oory — Bz+@/€3 3a23+ 5,2 Op,+made,, (C.17)
1 2(N3+1
= <B2—m2C2> evas — <B1+ﬂ3m1C1> oz, + = (mi—m3) 8B3+M
,8 2 K3
K3 2631 232
+2N3—|—d 2</3 B16336a31+ 55 3283380!23
+204126a318a23+04118a31+a228323 Z 833> , (C.18)
3 b= 12
1 1 1 K
Gp= _BNB_ F%m1C18B1 - @mzCﬁBz - F:Q)aB3 : (C.19)
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Namely, as compared with operators (C.9)—(C.12), operators (C.16)—(C.19) do not involve
square roots of N3 (C.7). Note, it is the quantities gs, gél) (C.13) that enter square roots
of the Nj.

Step 4. Realization on V), At this step, we fix dependence of V(2 (C.15) on the
momenta S1, B2, B3. To this end, we use the transformation

@ _ (3) _ B B _ Bs
Vv UV, Us eXP< 25 > m110B, — 2ﬂ2m2C2332 253’6‘3333) (C.20)

On vertex V3 (C.20), operators Gy, G (C.16)-(C.19) are realized as'*

1 1 1
Gl = <Bg+21€3> 80[31 — <BQ—2m2C2> 8a12+§m§831 +m18§1 y (0.21)
1 1 1,
Bl—i—2(1m1 oy — B3—§H3 8a23—§m1832+m28<2 , (C.22)
1 1 1 9 9
B2+ 2m2C2 a3 Bl_§m1C1 6&31—1_5 (ml_mQ) aBg
3 3
+2N3—|—d 9 Bi+— mlgl aBs 31 BQ_§m2C2 83380123
1
+2a128a318a23 —|—a118a31 +a228§23 2 (m%—i—m%) 8%3> , (023)
1
Gﬁ = —*Nﬁ. (C.24)

g

We find then the following equations for the vertex V),

> Ba0s, VP =0, NgV® =0, (C.25)
a=1,2,3

Namely, the first equation in (C.25) is obtained from (3.60), while the second equation
in (C.25) is obtained by using (3.56) and (C.24). Equations (C.25) imply that the vertex
V) does not dependent of the momenta (1, B2, #3. Thus we have the following represen-
tation for the vertex V(®):

V(g) - V(3) (Baa Qaa+1 Cla CQ) . (026)

Step 5. Realization on V®). We find it convenient to introduce a vertex V(* by the
relations

(3) (4) m% m%
Vv UCV , UC exp < s 41831 + ng C2832> (C 7)
We note that the vertex V®) depends on the same variables as vertex V) (C.26),

VW = VO (B, aaer1 1, G) - (C.28)

1To analyse equations like G,V = 0 we find it convenient to use equivalence classes for the operators
Go. Namely, the operators G, and (2N, + d — 2)G, are considered to be equivalent.
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On the vertex V¥, realization of G, (C.21)-(C.23) takes more convenient form given by

1 m24+m3
Gi= <33+2/€3> 8a31 — <BQ—§2<2> 6a12+m18§1 , (0.29)
ma
m2+m?2 1
Go= (B1—|— éml 2C1> &m — <Bg—2f£3> 8a23+m28§2 , (0.30)
m3—m? m2—m?2 1
G3 - (BQ—I_;TnQ:LCQ) 0&23 - <B1+;Tn1<1> a0131 +§ (m%_mg) aBg
K3 3m?+m3 3m3+m?
— | 1—-( Bj+———= - By———=——= o
+2A&+d—2< ( o Q>833 3 < 2T oy 2 ) OBa0az

1
+204128a318a23 +()é11(9a31 —1—04228325 5 (m%+m§)8]233) . (0.31)
Namely, as compared with (C.21), (C.22), the G1, G2 in (C.29), (C.30) are independent of
0B,, 0B,-

Step 6. Realization on V(®), At this step, we fix dependence of V(* (C.28) on the
variables (1, (2. To this end, we use the transformation

V@ — UBV(5)
+
Up = eXp(( 2 By — QB - m2C1C2) e

mso 2mm

1 1
Cl <Bg + 2K3> 6a31 + — G2 <Bg — 2/%3) 8a23> . (C.32)
ma

mq
On vertex V®) (C.32), operators Gy, Gg (C.29)-(C.31) are realized as
G1 =m0 , G =m0, , (C.33)
G3 = B20ny; — B10as, + %(m
<1 — B10B,0as, — B20B,0aq;,

- m% ) aB3
K3

+ 2N3 +d—2
1
+ 2012003 Oag + (011 + (F) 05, + (@22 + G5) 05y, — 5 (M + m%)51293>~ (C.34)
Using (C.33) in (3.55) when a = 1,2, we see that the vertex V) is independent of the

oscillators (1, (o,
VO = VO(By, aaar1) - (C:35)

Thus all that remains is to solve the equation
GsV0®) =0 (C.36)

with G3 as in (C.34). Up to this point our treatment has been applied on an equal footing
to vertices for massive fields having the same masses (4.1) and for massive fields having

different masses (5.1). From now on, we separately consider eq. (C.36) for vertices (4.1)
and (5.1).
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Step 7. Case m; = my. Realization on V%), We now cast operator Gz (C.34) and
eq. (C.36) into more convenient form. First, we set m; = mg = m in (C.34). Second, in
place of the Bs, we use variable z3 (4.8). Third, we note that in view of constraint (2.17),
contribution to commutators (3.25) of (caq+(3)-terms, a = 1,2, appearing in (C.34) cancel
out. Therefore we drop down the just mentioned terms in G3 (C.34). Also we multiply
eq. (C.36) by the factor (2N3 + d — 2)/k3. Doing so, and using notation in (4.8), (4.15)—
(4.19), we verify that equation for the V(®) takes the form as in (C.36) with the following
expression for Gg:

G3=1-02 + X0, +Y(Noyy +13)+2Z, Ny =230, (C.37)

Step 8. Case m; = ms. Realization on V(®) . Operator G3 (C.37) is a second-order
differential operator with respect to the variable z3. We now use the transformation

1 1
V(5) — UZQV(G) , U22 = eXp <223X + 4Z§Y> 9 (038)

and verify that, on the vertex V(®) operator G3 (C.37) is realized as
G3 =—02, + O3, (C.39)

where Q3 is given in (4.18). Remarkable feature of G35 (C.39) is that operator Q2 (4.18) is in-
dependent of the z3. Solution to equation for V() (4.31) can be presented as in (4.5), (4.6).

Step 7. Case m; # msy. Realization on V(®), Here we cast operator G3 (C.34) and
eq. (C.36) to more convenient form. First, in place of Bz, we introduce variable z3 (5.8).
Second, we note that in view of (2.17), contribution to commutators (3.25) of (aaq + ¢2)-
terms, a = 1,2 appearing in (C.34) cancel out. Therefore we drop down the just mentioned
terms in Gy (C.34). Also we multiply eq. (C.36) by overall factor (2N3 + d — 2)/k3. Doing
so, and using notation in (5.9) and (5.18)—(5.21) we verify that equation for the V) takes
the form as in (C.36) with the following G3

Gs3=1- (Nz3 +V3+1)823 + X0, + (NZ3 +us+1)Y+ 7. (C.40)

Step 8. Case m; # ms. Realization on V(). Operator G3 (C.40) is a second-
order differential operator with respect to the variable z3. To simplify the G3, we use the
transformation

VO = VO U, = XtBY (C.41)
and verify that, on the vertex V(%) operator G3 (C.40) is realized as
G3=1— (N +v3+1)0., + W, W=272+XY. (C.42)

Remarkable feature of G (C.42) is that operator W (C.42) is independent of the zs.
Therefore, as we demonstrate below, the equation G5V = 0 can be solved in terms of
the Bessel functions.
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Step 9. Case mi # msy. Realization on V(7). To get more convenient form for
G3 (C.42), we use the transformation

vOo —u, v U, =" (C.43)

and verify that, on the vertex V(7 operator G3 (C.42) is realized as

03

G3:1—(N23+1)823+@,

03 =03 +4W. (C.44)

Solution to equation G3V(7) = 0 with G5 as in (C.44) can be expressed as
VD = I0,(Vaz)V',  Ko,(Viz3)V', V' =V/'(By,Ba,a12,a03,a31).  (C.45)

where Io,, Kq, are the modified Bessel functions. Operator vz (5.9) entering Q3 (C.44) is
diagonal on vertex V' (C.45), while the operator 23 is not diagonal.

Step 10. Case mq # ms. Realization on V&), Our aim is to diagonalize operator
Q3 (C.44). To this end we use the transformation

F(I/g + ’I’)’L) m

m!T (v3 + 2m) (C.46)

VO =Uyv® Uy =>"
m=0

Using the relation
(V3 +4W) Uy = Ui, (C.47)

we see that, on the vertex V(¥ operator Q3 (C.44) becomes diagonal and operator
G3 (C.44) takes the form

2
Gs=1—(Ny +1)0,, + 3. (C.48)
4Z3

Solutions to equation G3V®) = 0 with G3 as in (C.48) are given in (5.5)~(5.7). Thus we
see that the vertex py; takes the form given in (5.2)-(5.21).

D Derivation of cubic vertex p (6.2)

In this appendix, we outline some details of the derivation of cubic vertex (6.2). We divide
our derivation in ten steps which we now discuss in turn.

Step 1. Realization on pg. First, we find realization of operators G, p2, Gg (3.54)
on vertex py (6.2). To this end we use J~= (3.30) with the spin operators M!, a = 1,2,
related to the continuous-spin massless fields (2.34)—(2.38), m = 0, and the spin operator
M}, a = 3, related to the arbitrary spin massive field (2.40). Doing so, we find that action
of J7' (3.30) on pg; (6.2) can be cast into the form (3.54) with the following expressions
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for the G p2, Gg:

gUa a'Ua 2

_28
Ga,IPQ G + P l83 am Bg a = 1, 2, G3,P2 = Gg, (Dl)
1
Gl — <B3 - ggmi’)CS) aa31 - (3280112 + gl gvzavg) aalg - 577’1%831 + Ulgm
Gv, O 2 20
+ m <2BQaBlam 3 = B30B, Oagy + 202300150,
+ 04338231 l3l28m3 6%1> ’ (DZ)
1
1
G2 = (DB — @gvlavl 80412 — | B3+ @m3g3 80123 + 7m§832 + V20,
B B3 2
Gus Ou 2033 25
2]\]2j_d22< ,3 336328a23 + ﬁ 1B18328a12 + 20&318a12aa23
2
Gs3 = <B2 — gzgvgav2> Onoy — <31 + gi’gvla > Oasy + 265 m3333 +m30g, (D.4)
1 1 1 1
Gﬁ = _BN - 7291)18111831 - 7291}281)2632 - ?m3<3833 9 (D5)
1 2 3

where g, is given in (2.37), (2.38) for m = 0, while 3,, N are given in (3.34). The By,
agp, Ng are defined in (A.4)—(A.6). Using (3.40), (3.54), and explicit form of operators
Gop2, Gg (D.1)-(D.5), we see that requiring the density ]j[gf) to respect equations (3.43)
amounts to the equations (3.55), (3.56).

Step 2. Realization on V(1. Here, we find dependence of P (6.3) on the oscillators
v1 and vo. To this end, we note that in view of constraint (2.11), vertex p; (6.3) should
satisfy the constraints

(Na, — Ny )lp) =0, a=1,2. (D.6)

Introducing a vertex V(1) by the relations

p[;] = le,U2V(1) ) UU1,U2 _U{\h ) » Ni=Np,+Naj,+Nay,, No=Np,+Naj,+Nay,,

(D.7)
we verify that eqs. (D.6) imply that the vertex V(1) does not depend on the vy, v, i.e.,
we get

V(l) = V(l) (ﬁaa Bay Aga+1 CS) . (D8)

_41 -



Using (D.7), we find that, on vertex V(1) (D.8), operators G, G (D.2)~(D.5) are realized
as

1
Gi= (BS_Blm?)C?)) aa31 - (BZ+6192(N2+1)> aCMlZ _imgaBl +91

B3 B
(1)
N142) (252 283
+ 2]\754-612 <BB26B1 a0112 +—= B B3aB1 86!31 —|—20£236a128a31
—|—Oé338231 Bzﬂl 38%1) ’ (Dg)

1
Ga= (Bl—gigl (N1+1)> Oayy — <B3+§2m3C3> 3a23+§m§532 +92

g5 (Na+2) (283 28,
W(ﬁBi’ﬁBza&zs"i_ ,3 318323a12 +2a316@128a23
+agd2,, + fums ajgz) , (D.10)
65
B B3 B3 By
Gz = 32*@92 (N2+1) ) Oagy — Bl+Egl (N1+1) aa31+25 m30p, +m3de,, (D.11)
1 1 1 1
Gﬁz—fN 291 (N1+1)831 (N2+1)832 2m3C3833, (D.12)
B /82 B3
91= goy | 92 = Gu, | 91" = gu, | 95" = gu, |
V1[N, =Ny’ V2| Ny, Ny ? 1 VLN, N1 92 V2| Ny, —Na+1"
(D.13)
Step 3. Realization on V(). We find it convenient to introduce a vertex V® by the
relations
ONIT (N, 4+ 4=2) 9N (N, 4+ 4=2)\ 1/2
v = g,V ® U12:< (M +57) (No + 2)> , (D.14)
’ ’ L(N:+1) I'(Ny+1)
VE® = V(8 By, Qaas1,G3) (D.15)

where, in (D.15), we show that vertex V@ depends on the same variables as vertex
V) (D.7). On the vertex V), realization of Gy, G (D.9)~(D.12) takes more conve-
nient form given by

2

K1 <252 253

1 1
Gy = (BS - gj)}mSCZ’)) aasl - <B2 + gl"ﬂ) 8a12 - imgaBl + ag% (Nl + 1)

7328318012 + 3383180431 + 2a238041280t31

YN rd 2 -
+ agsdi,, + BQBTB 8%1> , (D.16)
Gy = <B1 - gim) Oary — <B3 + Zm;&;:.) Oags + %m%&BQ + ;gg (No + 1)
+ Ww’iﬁ <2§ 2 B30, 00g, + ; L B10B, Oy + 203100150
+ ag302,, + 51[;?3 8]232> , (D.17)
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Gs3 = (BQ — ﬁ3/€2> 80,23 — (Bl + ﬁ/ﬂ) 8a31 + &m§833 + m38¢3 R (D.18)
B2 B1 283
1 1 1 1
Gﬁ = —EN Bl Iﬁ@Bl — ﬁQ Ii2(932 — Fgm3C3aBS . (D.lg)

Namely, as compared with operators (D.9)—(D.12), operators (D.16)—(D.19) do not involve
square roots of the operators N1, No (D.7). Note, it is the quantities g4, g5, a = 1,2 (D.13)
that enter square roots of the Ny, Ns.

Step 4. Realization on V), At this step, we fix dependence of V() (D.15) on the
momenta (1, B2, #3. To this end, using notation in (3.17), we introduce the transformation

Ba

)
v — UgV(?’) , Ug = exp < 28, 5 K10B, — 25,

2653 m3C3833> . (DQO)

—Ko0B, —

On vertex V® (D.20), operators G, G (D.16)~(D.19) are realized as

1 1 1
Gl = <B3+ 2m3C3> 31 <B2_2K/2> 80412 _§m§8B1

R1

3 3
+m (1_ <BZ+2K/2> 83180412 - <B3_2m3§-3> a3180431 +2a23aa128a31

+(1338§31 m§8%1>, (D.21)

1 1
G2 = (Bl+2'%1> 8(112 - <B3_2m3c3> 8&23+ mSaBg

K 3 3
+W2d_2 (1_ <B3+2m3<3> aBQaagg - (BI—QK/I) aBQaa12 +205318a128a23
+04338323 m%&?ﬁ), (D.22)
1 1
Gs= <BQ+2I€2> 6a23 — <Bl—2/€1> 8(131 +m38¢3 , (D.23)
1
Gg= _BN_ (D.24)

We find then the following equations for the vertex V),

37 Bads, VP =0, Ngv® =0, (D.25)
a=1,2,3

The first equation in (D.25) is obtained from (3.60), while the second equation in (D.25) is
obtained by using (3.56) and (D.24). Equations (D.25) imply that the vertex V) (D.20)
is independent of the momenta (1, 82, #3. Thus, we have the following representation for

the V3.
VO = VO (B,, dagrr ,(3) - (D.26)
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Step 5. Realization on V®), At this step, we fix dependence of V) (D.26) on the
oscillator (3. To this end, we use the transformation

(3 1 (3 1
V(3) = U(V(4) , UC = exp <m3 B — 5/%1 8a31 — s By + — 2 8a23 . (D27)
On vertex V4 (D.27), operators G, G (D.21)~(D.23) are realized as

1 1
Gl = B38a31 - <B2 - 2H2> 8a12 - 5771%831

K1

3
+ m <1 — (BQ =+ 2%2) 831 (9(112 — BgaBl 6@31 =+ 2a238a126a31

1
+ (as3 + G3)02,, — 2m§51291>, (D.28)

1 1
Gy = (Bl + 2f£1> Oary — B30ays + 5771%832

K 3
+ m <1 — B38B28cx23 - <B1 — 2/11) 8328a12 =+ 205318a128a23

1
+ (O£33 + C?)) a3 277138%2), (D29)

Gy =m30 - (D.30)

Using (D.30) in (3.55) for a = 3, we see that the vertex V*) is independent of the oscilla-
tor <3,

VW = VEO(By, agar1) - (D.31)
Thus all that remains is to solve the equations
GVW =0, GVW =0, (D.32)

where G, G2 take the form given in (D.28), (D.29).

Step 6. Realization on V#®. Here we cast Gy, Gy (D.28), (D.29), and eq. (D.32)
to more convenient form. First, in place of By, B (3.53), we introduce variables z,
9 (6.10), (6.11). Second, we note that in view of (2.17), contribution of (ag3 + (3)-
terms (D.28), (D.29) to commutators (3.25) cancel out. Therefore we drop down the just
mentioned terms in G, Gy (D.28), (D.29). Also we multiply first and second equations
in (D.32) by the respective overall factors (2N; +d — 2)/x1 and (2N2 + d — 2)/k2. Doing
so, and using notation in (6.10)—(6.13), we verify that equations for V4 take the form as
in (D.32) with the following G1, Ga:

2 2K
Gi=1- (N21 + 11 + )azl —|— (Nzl + 11+ 1) B36a31 — 1338,218&31
2m3 21431/62
+ 201930015003, + . (Nyy +v14+1) 22000, — ——5—02 00y (D.33)
3

2 2K
Go=1-— (Nz2 + v + 1) 8 (NZ2 + v + 1) B36a23 + 23387;28&23

2m2 2K1K
+ 2031y Oy + ﬁ?; (N., 4 v2 4 1) 2100y, — #a@a@m , (D.34)
3
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where N,, = z,0,,. The Gy, Gy (D.33), (D.34) are 2nd-order differential operators w.r.t.
21, z2. Our next aim is to simplify operators G1, G2 (D.33), (D.34).

Step 7. Realization on V(®) . To simplify G, Go, (D.33), (D.34), we use the
transformation
2K1K 2 2K
VO = U,V Uy =exp <1226a12 + 2 By, — 22338&23) . (D.35)
m3 m3 m3

and verify that, on the vertex V), operators Gy, Gy (D.33), (D.34) are realized as

2
Glzlf(NZ1+y1+1)8zl+

/{71 (NZ1 + v + 1) Bgaa31 + 2&23(9a128a31

2m?3 4 4
H1I<532 (Nz1 —+ 11 + 1) z28a12 — 4228212 — %22B3aa126a31 — m—§B§6231 , (D.36)
2
GQ =1- (NZ2 + o + 1) 822 + ;2 (NZ2 + o + 1) Bgaa23 + 2()(318a128a23
2m?2 4 4
Hmi’; (N2, + v 4+ 1) 2100y, — 42102, — K—llegamaazs - m—§B§a§23 . (D.37)

As compared with (D.33), (D.34), operators G, G2 in (D.36), (D.37) do not involve 0,,04,,-
terms and B30,,0q,,-terms, a =1, 2.

Step 8. Realization on V(). To get more simple form for G1,Go (D.36), (D.37), we
use the transformation

2

2 2 2
V(S) = Uz2v(6) , U.o = exp < M3 212260412 + Z1B30a31 - Z2B38a23> ) (D38)
K1KR2 K1 K2

and verify that, on the vertex V(%) operators Gy, Gy (D.36), (D.37) are realized as

4

Gi=1- (Nz1 —+ v+ 1)8,21 + 2&238a128a31 — 42’28312 — WB%(?;“ , (D39)
3
4

Go=1— (N, + v+ 1)0s, + 203100150005 — 42104, — WB?,@C%ZS : (D.40)
3

As compared with (D.36), (D.37), operators (D.39), (D.40) do not involve N, 0y,,-terms,
a=1,2.

Step 9. Realization on V(7). 1In order to remove the dependence of the Gy on the
variable z3 (D.39) and the dependence of the G2 on the variable z; (D.40) we use the
transformation

VO =, v U, =y (D.41)
and verify that, on the vertex V(7 operators G, Ga (D.39), (D.40) are realized as
07 2 2
Gi=1- (Nzl + 1)&21 + E s Ql =]+ 4W170 + 4W171 , (D42)
1
03 2 2
Go=1-— (N22 + 1)822 + E s Q2 =V + 4W0’1 + 4W171 , (D43)
2

where Wi g, Wo 1, W11 are defined in (6.25)—(6.27).
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Step 10. Realization on V&), Using commutators (6.33)-(6.39), we verify that QF,
Q32 (D.42), (D.43) are commuting, [Q2,03] = 0. We then find a transformation that casts
the 02, Q2 into a diagonal form. Namely, we introduce the transformation

VO = Uy v® (D.44)
where operator Uyy is defined in (6.22)—(6.27). Using the relations

Oy = Uwvi,  Q3Uw = Uyis, (D.45)

we see that, on the vertex V() operators Q7, Q3 (D.42), (D.43) become diagonal, i.e., on
the vertex V®) | operators G1, Gy (D.42), (D.43) are realized as

I/2 I/2
Gi=1— (N, +1)0, +-1, Go=1— (N, +1)0,, + 2. (D.46)
4z 4z9

Solutions to equations G1V®) = 0, GoV®) = 0 with G, G5 as in (D.46), are given in (6.5)—
(6.8). Thus, we see that the vertex pg, takes the form given in (6.2)-(6.27).

E Analysis of equations to vertices for one continuous-spin massless field
and two massless fields

In this appendix, we prove that one continuous-spin massless field and two arbitrary spin
massless fields have no consistent cubic interaction vertices. We divide our proof into the
five steps.

Step 1. Realization on pg. Using the shortcut (0, x)csy for continuous-spin massless
field and the shortcut (0, s) for spin-s massless field we consider the cubic vertex for the
following three fields:

(0, 81)-(0, s2)-(0, K3) csF one continuous-spin massless field and two massless fields.
(E.1)
Our notation in (E.1) implies that spin-s; and spin-sy massless fields carry external line
indices a = 1,2, while the continuous-spin massless field corresponds to ¢ = 3. Using
notation in (3.53), we note that a general form of parity invariant vertex that respect
J¥-symmetries is given by

Dy = P (Ba, Ba s 2aat1,v3) - (E2)

To find realization of G, p2, G (3.54) on py (E.2) we use J=1 (3.30), where operators
M, a = 1,2, for arbitrary spin massless fields are equal to zero, (2.41), while operator M},
a = 3, for continuous-spin massless field can be read from (2.34)—(2.38) for m? = 0. Doing
so, we find that action of J=*' (3.30) on pp; (E.2) can be cast into the form (3.54) with the
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following G, p2, Gg:

Gip2 = G1, Gyp2 = Ga, Gspe = G3 + P~ ﬁg 32]\,?)_3‘_8;3231293 ; (E.3)
G = <Bg — g;gy?ﬁ%) Oasgy — B204,, , (E.4)
Gy = B10g,, — <33 + g gv3av3> Oorns » (E.5)
G3 = B20ny; — B10as, + U360,

mzvfdwz (25 L B103, 0y + 2/3’5 2 Bo 3, g + 2a128a318a23) . (E6)
Gp = _BNB - 13%91138113833 : (E.7)

where g, is given in (2.37), (2.38) for m = 0, while 3,, Ng are given in (3.34). The B,,
Qap, Ng are defined in (A.4)-(A.6). Using (3.40), (3.54), and operators G, p2, G (E.3)-
(E.7), we see that requiring the density | ][gf> to respect equations (3.43) amounts to the
egs. (3.55), (3.56).

Step 2. Realization on V(). At this step, we fix dependence of P (E.2) on the
oscillator v3. To this end, we note that in view of constraint (2.11), vertex py; (E.2) should
satisfy the constraint

(Naa - Nv3)|p[§]> =0. (ES)

Introducing a vertex V(1) by the relations
Py =Un VY, Uy =0,  N3=Np,+ Nag + Ny, » (E.9)
we obtain from eq. (E.8) that the vertex V() is independent of the oscillator vs, i.e., we get
v = vW(8,, By, atgat) - (E.10)

Using (E.9), we find that, on vertex V(1) (E.10), operators G,, Gg (E.4)—(E.7) are real-
ized as

G = <Bg — 293 (N3 + 1)) 8a31 — Bg@a12 , (E]_l)

Go = B104,, — <B3 + gzgg (N3 + 1)) Oaos » (E.12)

G3 = B20ny; — B10as, + 93

M (N3 +2) (28 23
QJV?,(—FCZQ) (,81B18B38a31 + 52328333a23 + 2@126a318a23> , (E.13)
1 1
Gg = —BNg—ngg (N3 +1)0p,, (E.14)
3
_ (1) _
93 = Jus ‘Nv3—>N3 J 93" = Gus |Nv3—>N3+1 ’ (E.15)

where Ny, = v30,,, N3 is defined in (E.9), while g, is given by (2.37), (2.38) for m? = 0.
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Step 3. Realization on V), We find it convenient to introduce a vertex V(2 by the
relations

2T (N + 452\ (E.16)
(N3 +1) .

V(l) = USV(Q) y V(Q) = V(2) (/Bth B(M aaa-‘rl) ) U3 = (

Note that vertex V(?) (E.16) depends on the same variables as vertex V(1) (E.10). On vertex
V() (E.16), realization of G4, G5 (E.11)—(E.14) takes more convenient form given by

G1 = <Bg — 61%3) 8a31 — B28a12 y (E17)
B3
_ o
Gy = Blf)au — | Bg+ Fﬂg &m , (ElS)
3
2(N3+1
G3 = B280423 - Blaagl + gg(ljs)
K3 265 2535
+ m <B3B18338a31 + %3283380[23 + 2a128a318a23> s (Elg)
1 K3
Gy =—5Ns - 6—?2’833 : (E.20)

Namely, as compared with operators (E.11)—(E.14), operators (E.17)—(E.20) do not involve
square roots of N3 (E.9). Note, it is the quantities gs, gél) (E.15) that enter square roots
of the Nj.

Step 4. Realization on V). At this step, we remove the dependence of operators
G, (E.17)—(E.19) on the momenta i, 2, 3. To this end we use the transformation

VO =uv® VO =vO (8, By, agar1),  Us=exp (—2653/@3633> . (BE21)
On vertex V® (E.21), operators G, Gz (E.17)~(E.20) are realized as

G = (B;g-l—;li;g) Oy — B20ay, (E.22)

G2 = B104,, — <Bg — ;Fag) Oorgs » (E.23)

3 = BoOagy — B10oy, + zzv;ﬁ (1— B105,0asy — B20, gy + 2012003, gy ), (E-24)

Gg= —;Ng. (E.25)

Step 5. Realization on V(4. Solution to equations for vertex V) (E.21)
GiVv® =0, Gv® =0, (E.26)
with G, G2 as in (E.22), (E.23) is given by
ve = v (B, 2), (E.27)
1

1
7 = Bg(Bloégg + Boag + Bgam) + 5/@3(31(123 — Bgagl) — Zﬁgalg . (E.28)
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Multiplying (E.24) by the factor (2N3+4d —2)/k3, we verify that equation G3V3) = 0 with
Gs and V) as in (E.24), (E.27) amounts to the following equation for V®* (E.27):

(B1B2(2Nz +d — 4)97 +1)VW =0. (E.29)

Solutions to eq. (E.29) are given by

VO = WS a6 (VAW V) | VO = W K (VAW)V O (E.30)
2 2
Z
6) _ 6 (p _ . E.31
vE =v6)(B,), W= n s (E.31)

Taking into account expression for Z (E.28), we see that a power series expansion of
vertices V4 (E.30) in the Bj, By involves negative powers of the Bj, Bs. Therefore
vertices (E.30) are not consistent. To summarize, in the flat space, there are no cubic
vertices describing consistent interaction of two arbitrary spin massless fields with one
continuous-spin massless field.

F Analysis of equations to vertices for two continuous-spin massless
fields and one massless field

In this appendix, we prove that two continuous-spin massless fields and one arbitrary
spin massless field have no consistent cubic interaction vertices. We divide our proof into
five steps.

Step 1. Realization on pg. Using the shortcut (0, x)csy for continuous-spin massless
field and the shortcut (0,s) for spin-s massless field we consider a cubic vertex for the
following fields

(0, K1) csr-(0, K2)csr-(0, S3) two continuous-spin massless fields and one massless field.
(F.1)
Our notation in (F.1) implies that continuous-spin massless fields carry external line indices
a = 1,2, while the spin-s3 massless field corresponds to a = 3. Using notation in (3.53), we
note that a general form of parity invariant vertex that respect J%-symmetries is given by

Pz = Ppg (Bas Ba s Qaa+1,01,02) - (F.2)

To find realization of G, p2, G (3.54) on p (F.2) we use J=1 (3.30), where operators
M}, a = 1,2 for continuous-spin massless fields can be read from (2.34)—(2.38) for m? = 0,
while operator M!, a = 3, for arbitrary spin massless field is equal to zero (2.41). Doing
so, we find that action of J=f (3.30) on py; (F.2) can be cast into the form (3.54) with the
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following G, p2, Gg:
25 Gu, Ou, 2
B33 “2N +d—2"P

Gl = B3aa31 - (B28Cx12 + gl gvga’ug) aau + U19v,

 GuiOvn Oy ( 2032 203

Ga,IP’Q G +P — a = 1, 2, G3’[p>2 = Gg s (F3)

B o
2N1+d 5 \ 3, P00z + 57

yguda B Doy + 200,00 )« (F)
<Bl g’U1 ) aalz - B3ao¢23 + U2g'l)2
+

v av 2 2
Jv2 oy ( 53333323@3 + b

BlaBgaoqg + 2a31804128a23> ) (F5)

2N, + d—2\ B o
B
= B2 g’U2 Ug) 80423 - (Bl + F?gvlavl a0431 3 (FG)
1
Gﬂ - /BN 291}161)1831 - 7291}2@1)2632 ) (F7)
1 2

where g, is given in (2.37), (2.38) for m = 0, while j3,, N are given in (3.34). The By, o,
N, are defined in (A.4)-(A.6). Using operators G,p2, Gg (F.3)-(F.7) in (3.40), (3.54),
we see that requiring the density | ]@f) to respect equations (3.43) amounts to equa-
tions (3.55), (3.56).

Step 2. Realization on V(). We find dependence of the vertex P on the oscillators
v1 and vz. To this end, we note that in view of constraint (2.11), vertex py (4.3) should
satisfy the constraints

(NOéa _Nva)’p[g]> =0, a=12. (FS)

Introducing a vertex V(1) by the relations

P = UU17U2V(1) o Unin _U{\h 3 s Ni=Np, +Naj;+Nay,, No=Np,+Nay,+Nags ,
(F.9)
and using egs. (F.8), we find that the vertex V(1) does not depend on the vy, v9, i.e., we get

v = v(8,, By, dtaatt) - (F.10)

Using (F.9), we find that, on vertex V() (F.10), operators G,, G (F.4)-(F.7) are real-
ized as

Gy = B380<31 - <B2 + ?92 (NQ + 1)) aau + 0

(1)
g1 (N1 +2) (25 285
m g, 820 0ary + =By, Dasy + 2023012000 | (F.11)
G2 - (Bl - gjgl (Nl + 1)) a0412 - B38a23 + g2
(1)
m 73363281123 + ,8 BlaB2aa12 +204318a128a23 R (F12)
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G3 = (BQ — gzgg (Ng + 1)> 8a23 — (Bl + gjgl (Nl + 1)) 8a31 , (F13)
1 1 1
5 /81 2
= 9o = s 1 = gu ) = g
91 = Jvi|n, »n 0 92 = Juzin,, N, 91 F Juln, N+ 920 T Jv2in,, et

(F.15)

Step 3. Realization on V(). We find it convenient to introduce a vertex V() by the

relations
1/2
2MIT (N + 952) 2827 (N, + 452
V(l) — []1 2v(2) , (]1 9 = ( 1 2 ) ( 2 2 ) , (F16)
’ ’ L'(Ny+1) ['(Ny+1)
v® =v@(8,, By, dtaat) (F.17)

where, in (F.17), we show that the vertex V() depends on the same variables as vertex
V) (F.10). On the vertex V() the realization of G,, G (F.11)-(F.14) takes more
convenient form given by

1
Gl = B3aa31 - (BQ + /81H2> a0112 + 79% (Nl + 1)

B2
! 202 203
+ 2N1 T d—2 (ﬁleaBlaam + B BSaBlaagl +2a238a128a31> , (F]_S)
1
<Bl - K/1> a12 3380423 + 7‘9% (N2 + 1)
K2 233 23
4+ — 5N, 1 d_2 < 5 B30B, 00,5 + - 1B18328a12 + 2a318a128a23> , (F.19)
<32 o '%2> Q23 (Bl + ZK1> aa31 ’ (FQO)
1
“e = BN B2 708 - 7320 (F.21)

Namely, as compared with operators (F.11)—(F.14), operators (F.18)—(F.21) do not involve
square roots of the operators N1, No (F.9). Note, it is the quantities g, g, a=1,2 (F.15)
that enter square roots of the Ny, Ns.

Step 4. Realization on VZ%). We study dependence of 174 (F.17) on the aos and as;.
Namely, we note that solution to equation G3V ) = 0 with V), G3 as in (F.17), (F.20),
is given by

v = (2) 5 (Bas Bayo12,Z) 7 = (B1 + gm) Qo3 + (Bz - [;352> ag . (F.22)
1 2

~ 51 —



Using (F.22), we find that, on vertex VZ(? (F.22), operators Gi, Gy (F.18), (F.19) are

realized as

G1 = B3 <Bz - 2%2) 0z — (BQ + 2%2) Oays

K1 23 253 Bs
N1 ad_3\1t 3B By — == F.2
" 2N1z +d—2 ( + b1 208, 0cn> + 5~ B ( 2 52”2 0,0z | , (F.23)
Gy = <Bl - 5"‘“) Oayy — B3 (31 + ﬂsm) 0z
il B
K2 253 B 2B1
+ 2Ny +d—2 <1 + 5, Bsg (31 + o) m) 0B,0z7 + 5 ——B10B,0ay, | , (F.24)
Niz = N, + Noy, + Nz, Noz = Np, + Ngyy + Nz (F.25)

Step 5. Analysis of equations for Vz(zﬁ). We now analyse equations for vertex
Vs (F.22),

le(z) - 0 5 G2v(2) = O ) v( ) V(Q) (/Bth Bav O[12, Z) I (F26)

Z8 Z8 zp

where G, Go are given in (F.23)—(F.25). As the vertex Vz(ﬁ) is considered to be expandable
in the B3 we use the following power series expansion:

VZ(? = Z Vi, NB3Vn =nV,, Vi, = Vn(ﬁay By, a9, Z) , (F27)
n=0

where V, is a degree-n monomial in Bs. Equations (F.26) then imply

CiVo=0,  GaVo=0, (F.28)
_ b1 K1 4 252
G = <B2 + 3, Iig) Oays + N1y +d—2 ( 3 Bzagl8a12> , (F.29)
2
G2 = (Bl — gi/ﬁﬂ) 80(12 + Mﬂlﬁ ( ﬁﬁl B18328a12> y (F30)

where Nyz, Noy are given in (F.25). As Vj is considered to be expandable in the Bj, Bs,
we use the following power series expansion in the B, Bs:

‘/0 - Z Vn; (NBl + NBQ)VTL — nan Vn - Vn(ﬁaa Bl) B27 a12, Z) . (Fgl)

From (F.28)—(F.31), we get the following equations for the vertex Vp:

<— (2N1z +d — 2) Oa,y + m?) Vo =0, (F.32)
1

< (2Noz 4 d — 2) Bayy + ”2?> Vo = (F.33)
2

where Nyz, Noy are given in (F.25). Subtracting (F.33) from (F.32), we get the equation

K152 Fd2ﬁ1>
— Vo=0, F.34
<f€2ﬂ1 k1b2) (F-54)
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which implies
Vo=0. (F.35)

Using (F.35) in (F.28)—(F.31), we get the following equations for the vertex V;:

2
( <2le +d— 2) 8a12 + :1ﬁ2 328316a12 + Klg2> V1 =0, (F.36)
2 1
2
( (2Naz + d — 2) Bayy + :251 B10,0a,, + ”2?> Vi =0, (F.37)
1 2

where Njz, Naoy are given in (F.25). Subtracting (F.37) from (F.36), we get the equation

2 2
<( 9Np, + 2NB,) Dayy + :2“82 BoOp, Oy — w2t L B O, Oy + 2 rfs ”ﬁl) Vi=0.

K153 ka1 K1B2
(F.38)
Now, in place of the By, Bo, we introduce new variables By,
2 2
By = ﬁ31 + &Bg , (F.39)
K1 K9
and note that, in terms of the By, equation (F.38) takes the form
k1B2  K2fi
—4B_0p_ 0, Vi=0. F.40
( B Oara + Ko H152> b (E-40)

As the vertex V; is a degree-1 homogeneous polynomial in the B, B_ (F.31), we use the
expansion
Vi=BiViy+B_Vi_, (F.41)

and verify that eq. (F.40) amounts to the equations

K102 5251> (Klﬂz ko1
— 49, Vie + — V _ =0,
2 (5251 K152

"41251 5152

) Viy =0. (F.42)

The 2nd equation in (F.42) implies Viy = 0. Setting then Vi, = 0 in the 1st equation
n (F.42), we find V1 = 0, i.e., vertex V; (F.41) is trivial,

Vi=0. (F.43)

Thus we have demonstrated that eqs. (F.28) and relations in (F.29)—(F.31) lead to Vo = 0
and V; = 0. We now use the induction method. Suppose egs. (F.28)—(F.31) lead to trivial
Vi, =0fork=0,1,...,n—1. Then we are going to prove that V;, = 0. To this end we note
that if V;, =0, for k =0,1,...n — 1 then eqgs. (F.28) and relations in (F.29)—(F.31) lead to
the equation for V;, which is obtained by replacement Vi — V,, in (F.36), (F.37). Therefore
repeating analysis we used above for the vertex Vi, we obtain the following equation for
the vertex Vi,:

K K —
( AB_0p, Oay, + ﬂ;gj - ﬁig;) V,=0. (F.44)
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By definition (F.31), the vertex V,, is a degree-n homogeneous polynomial in variables
By (F.39). Therefore, we can present the vertex V;, as

n
Vo=>Y BYB" "4, (F.45)
k=0

where V,, 1. are independent of the By. Plugging (F.45) into (F.44), we verify that V,,, =0

for all £k = 0,1,...n, i.e., V;, = 0. Using the induction method, we conclude then that
Vi, =0foralln =0,1,...00. In other words, V5 = 0 (F.31). Using the relation V5 = 0 and
applying the induction method to the vertices V,, in (F.27) we find therefore that V,, = 0 for
alln =0,1,...,00. Thus we conclude that VZ(Qﬁ) =0 (F.27). This implies that vertex (F.2)

is trivial, pg = 0.
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