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1 Introduction

Stable soliton-like solutions exist in a wide variety of quantum field theories in four, and

other, dimensions. Broadly speaking, solitons may be characterised as either topological

or non-topological solitons. Topological solitons have their stability guaranteed by the

conservation of a suitable topological ‘charge’ or winding number. For example, ‘t Hooft-

Polyakov monopoles in spontaneously broken non-Abelian (3+1)-dimensional gauge the-

ories are characterised by the second homotopy group of the vacuum manifold and the

associated winding numbers. Alternatively, for non-topological-solitons stability is com-

monly ensured by a combination of energy-conservation and a conserved Noether charge

(see, for example, [1] and references therein). One particularly noteworthy class of such soli-

tons are Q-balls [2–5]: semiclassical configurations of underlying Noether-charge-carrying

scalar fields, and possibly other, additional fields too.

In most studies of Q-ball solutions, the scalar fields making up the Q-ball are explicitly

or implicitly assumed to be elementary. For instance, Q-balls that are absolutely stable, or

metastable with cosmological lifetimes, have been studied in supersymmetric extensions to

the Standard Model where the underlying scalar fields are combinations of the elementary

Higgs, slepton, and/or squark fields of the model [6, 7]. These solitons are intrinsically

interesting objects to study theoretically, and often have the additional intriguing property
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that they can provide potential dark matter candidates [6–8], so may be of relevance to

phenomenology.

In this work we show that Q-balls can exist in theories where the charged scalar

fields that make up the Q-ball are not elementary but rather composite states, with non-

perturbative dynamics leading to a low-energy effective theory described by light pion-like

pseudo-Nambu-Goldstone bosons (pNGBs) carrying a U(1) global quantum number. In

particular, with an eye towards future possible applications to Beyond-the-Standard Model

and dark matter physics, we consider theories which contain a strongly-interacting hidden

sector at TeV-scales or above, and which feature a spontaneous breaking of a non-Abelian

global symmetry similar to that of the chiral symmetry breaking of QCD, but occurring

at f ∼TeV energies or greater, rather than the scale f ∼ 100 MeV as for QCD. When

small explicit breaking of the original global symmetry is included, the previously massless

Nambu-Goldstone bosons acquire small masses. Importantly, these, now pseudo-Nambu-

Goldstone bosons, can be much lighter than all other mass scales associated with the

strongly-coupled sector, and so we can treat their low-energy dynamics separately from all

other degrees of freedom originating from the strongly-coupled theory.

For our purposes it is also important that the pNGB fields can also naturally carry

a variety of conserved U(1) ‘flavour’ quantum numbers.1 As the pNGBs are the lightest

charged states transforming under these U(1)’s, and in addition the pNGBs interact via

both derivative and non-derivative potential terms, in principle it is possible for stable

Q-balls formed out of these pNGBs to exist.2 However, in the case that the only light

fields are the pNGBs, the leading O(p2) effective Lagrangian describing the low-energy

interactions of the pNGBs fails to satisfy the energetic conditions necessary for a Q-ball to

be stable against decay into individual pNGBs. This situation can be altered by inclusion

of O(p4) terms, but only at the expense of rather large second-order coefficients [9].

Fortunately, in the situation we study in this work, the pNGBs are not the only

relevant light fields. In general the Standard Model Higgs field is even lighter than the

hidden pNGBs and, as we show in section 2, interacts with them in a particular way

via a Higgs-portal interaction. The form of the resulting pNGB-Higgs interactions is not

arbitrary, but constrained by the breaking of scale symmetry [10–12]. This then leads

to an interacting system of both charge-carrying and charge-neutral scalar fields that we

show in section 3 possesses Q-ball solutions for a range of underlying parameter values.

Specifically, in this paper we focus on the existence of small-to-moderate-charge ‘thick-wall’

Q-ball solutions which we find are applicable in a charge range up to at least Q ∼ 104, and

sometimes Q ∼ 108 depending on underlying parameters of the model — see eq. (3.21) and

figures 3–5. For this reason we expect them to be of greater phenomenological relevance

than thin-wall Q-balls. In this work we solely consider the existence and properties of these

thick-wall Q-ball solutions, leaving their possible phenomenological applications to a later

study.

1These are independent of a possible U(1) ‘baryon number’ acting on states of the UV theory.
2Here we of course require that the analogue of flavour-violating weak interactions in the hidden sector

are either not present in the theory, or the interactions mediated by these additional forces do not violate

the global U(1) we will be considering. We will discuss simple examples where this is the case in section 2.
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Before turning to the details of our particular model and the existence of Q-ball solu-

tions, we emphasise that the underlying UV strong-coupling dynamics plays almost no role

in the analysis,3 the existence and detailed properties of the Q-ball solutions depending

solely on the leading-order low-energy effective Lagrangian interactions between the pNGBs

themselves and with the Higgs. We therefore expect that similar Q-ball solutions will occur

in a wide range of effective field theories described by the Callan-Coleman-Wess-Zumino

coset construction [13, 14] supplemented by Higgs interactions. In particular it would be

interesting to study the possible existence of stable or metastable Q-balls in models where

the Higgs doublet itself is realised as a pNGB, along with other light pNGB fields [15–20].

Finally, it is worth mentioning that it is not strictly necessary that the U(1) which

stabilises our thick-wall Q-balls is an exact global symmetry. Small breaking by higher-

order terms suppressed by a high scale would render the Q-ball unstable but long-lived,

similar to the manner in which conventional neutron stars are still cosmologically long-lived

objects in the presence of sufficiently small baryon number violation. Alternatively, the

stabilising U(1) could even be an unbroken gauge symmetry, since for a gauge coupling

that is parametrically smaller than the Higgs-pNGB interaction strength, our thick-wall

Q-balls would be unperturbed to leading order [4].

2 The structure of the model

We assume that there are two sectors: the Standard Model (SM) and a hidden sector (HS).

As described in the Introduction, the HS possesses a spontaneously broken almost-exact

global symmetry, which gives rise to pNGBs. The HS also possesses an unbroken global

U(1), under which some of these pNGBs transform. In this section we describe the origin

of the Higgs coupling to the HS pions resulting in the Lagrangian in eq. (2.10).

2.1 Structure of the hidden sector

For definiteness, we consider a HS with a QCD-like SU(Nc) Yang-Mills theory with Nf

flavours of HS ‘quarks’ in the fundamental of SU(Nc). This theory possesses an SU(Nf )L×
SU(Nf )R chiral flavour symmetry which is spontaneously broken to the diagonal subgroup

SU(Nf )V .4 Then, by Goldstone’s theorem, there will be N2
f −1 massless Nambu-Goldstone

bosons that parameterise the coset space SU(Nf )L × SU(Nf )R/ SU(Nf )V . Furthermore,

the HS quark mass matrix, M , explicitly breaks the chiral symmetry, which becomes only

approximate in this limit. The NGBs will therefore acquire a non-zero mass, i.e., they

become pNGBs. The mass matrix M also breaks SU(Nf )V if it is not proportional to the

unit matrix: in the situation that no two HS quark masses are equal, the surviving global

symmetry acting on the pNGBs is U(1)Nf−1, in the absence of other interactions.

3The exception being the presence or otherwise of a Fermi repulsion term depending on the fermion or

boson nature of the underlying matter degrees of freedom in the UV theory.
4We ignore the fact that the symmetry group is generally U(Nf )L×U(Nf )R since the one non-anomalous

U(1) from the U(Nf )L × U(Nf )R, that in the SM case corresponds to baryon number, acts trivially on the

pNGBs, so it is not of interest to us here.
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As usual, we can describe the light pNGBs transforming under the non-linearly realised

SU(Nf )L × SU(Nf )R symmetry by a unitary matrix field of unit determinant built from

the N2
f − 1 pNGBs, πa:

Σ = exp(iπaT a/f). (2.1)

Then, under the global vectorial symmetry, Σ transforms as

Σ→ Σ′ = V ΣV †, (2.2)

where V is in general given by V = exp(−iX) with X Hermitian and traceless. The

Noether current associated to this transformation is

Jµ = i
f2

4
tr
(

[Σ†, X]∂µΣ + [Σ, X]∂µΣ†
)
, (2.3)

where we have assumed the usual leading order chiral Lagrangian

L =
f2

4
tr
(
∂µΣ∂µΣ†

)
− B0f

2

2
tr
(
M(Σ + Σ† − 2)

)
. (2.4)

For generic diagonal M , the transformation eq. (2.2) is a symmetry when X is one of

the possible Nf − 1 diagonal matrices. The pseudoscalar sector can both possess global

symmetries, and have a non-trivial potential given by the second term in eq. (2.4), so it

is reasonable to ask whether stable Q-balls can be present in this sector. However, to

address this question (which ultimately requires some numerical analysis) we need to be

more specific about the coupling of this HS to the SM, and also about the HS itself, as well

as the exact form of the global U(1) that we will be using.

For concreteness, suppose that the HS is very similar in form to the SM itself, but

with the analogue of U(1)Y ungauged. Thus we take the HS gauge group to be SU(3)′ ×
SU(2)′ with, minimally, one ‘generation’ of matter fermions in the same SU(3)′ × SU(2)′

representations as the SM matter fields. This guarantees the anomaly freedom of the

matter content with respect to these two symmetries. We also require the HS quarks to

acquire bare masses, so the HS must also have an SU(2)′-doublet scalar state, S, which

acquires a vacuum expectation value (VEV), analogous to the Higgs doublet in the SM

sector. This scalar doublet is coupled via Yukawa interactions to HS chiral quarks which

acquire a mass upon the spontaneous breaking of SU(2)′. The Yukawa terms in our HS

Lagrangian are

LHS ⊃ yijQL,iSqR,j + h.c., (2.5)

where Q (q) are the doublet (singlet) HS quarks and yij are Yukawa couplings.

The SU(3)′ is asymptotically free and confines at low energies with a corresponding

confinement scale Λhs
χ . We require the HS quarks of the first generation to be light relative

to Λhs
χ and assume that any additional generations beyond the first are heavy.5 The light

HS quarks will then hadronise into a massive but light triplet of HS pions as a consequence

of chiral symmetry breaking — see figure 1 for a schematic of the spectrum.

5This setup has obvious similarities with Mirror World [21–23] and Twin Higgs [24–26] scenarios, and

in particular the Fraternal Twin Higgs models [27–31], although in our case we are taking the HS SU(3)′

dynamical scale Λhs
χ & 1 TeV rather than the few GeV appropriate for the Twin Higgs models.
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χ

HS pions ∼ O(few TeV)

vh

... heavy HS mesons

and baryons

Figure 1. Spectrum of hidden sector states.

To ensure that the HS pions are absolutely stable in the presence of SU(2)′ interactions,

the HS ‘leptons’ — minimally one generation — must have masses above the HS pion

masses.

2.2 Coupling the two sectors

The leading interaction between the two sectors is due to a Higgs-portal interaction. Specif-

ically, the scalar potential for the SM Higgs and the HS doublet is given by

V (H,S) = −µ2hH†H + λh(H†H)2 − µ2sS†S + λs(S
†S)2 + λp(H

†H)(S†S) . (2.6)

This potential induces spontaneous symmetry breaking in both sectors. We write the

VEV of S as 〈S〉 = vs/
√

2 and the VEV of H as 〈H〉 = vh/
√

2, with vh = 246 GeV the

electroweak VEV.

We introduced a portal term in the above Lagrangian with a coupling λp. This is a

marginal operator which can arise from integrating out heavier degrees of freedom and is

allowed by the symmetries of the two sectors. The portal coupling results in the mixing of

the SM and HS Higgs gauge eigenstates h′ and s′ into the mass eigenstates h and s (see

appendix A for details). Working in the small mixing angle limit, θ � 1, s′ can be written

in terms of the mass eigenstates as

s′ ≈ s− θh ≈ s− λpvh
2λsvs

h. (2.7)

Furthermore, when the HS pions are heavier than the lightest mass eigenstate h, the

form of the couplings of h to the HS pions is fully determined by the breaking of scale

symmetry in the HS theory. In particular, following the work of Voloshin and Zakharov [10,

11], later explicated by Chivukula et al. [12], we may first write down the effective chiral

Lagrangian for the interactions with the HS gauge eigenstate s′, which is given at leading

order by

L =

(
1 +

4nh
3β0

s′

vs

)
f2

4
tr
(
∂µΣ∂µΣ†

)
+

(
1 +

[
1 +

2nh
β0

]
s′

vs

)
B0f

2

2
tr
(
M(Σ + Σ† − 2)

)
.

(2.8)
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Here, nh is the number of heavy flavours — i.e., the number of quarks q with mq > Λhs
χ

— and β0 is the one-loop beta function in the HS, given for general SU(Nc) with n` light

flavours by

β0 =
1

3
(11CA − 4TFn`) , (2.9)

where CA = Nc and TF = 1/2 sets the normalisation of the generators. The additional

terms in eq. (2.8) that couple s′ to the HS pions originate either from integrating out heavy

quarks (terms proportional to nh) or via the Yukawa terms in eq. (2.5) — for details of

the numerical coefficients, see [12]. Finally, the Lagrangian in eq. (2.8) can be rewritten in

favour of h/vs using the relation in eq. (2.7) as

L =

(
1− θ2η

3

h

vs

)
f2

4
tr
(
∂µΣ∂µΣ†

)
+

(
1− θ (1 + η)

h

vs

)
B0f

2

2
tr
(
M(Σ + Σ† − 2)

)
,

(2.10)

where we have defined η ≡ 2nh/β0 (and neglected interactions with the scalar s on the

grounds that it is much heavier than the other scalar states). We will show in the following

section that the field theory defined by the Lagrangian eq. (2.10) admits thick-wall Q-ball

solutions.

3 Higgs assisted thick-wall Q-balls

We will show in this section that thick-wall Q-balls formed from the light scalars of the

theory (the HS pions and the SM Higgs) can exist. We will present two cases: an analytic

example with no heavy quarks in the HS, and a numerical example with arbitrarily many

heavy quarks. One can ask whether thick-wall Q-balls exist in the chiral Lagrangian alone,

i.e., with no coupling to the Higgs field. This is not possible (see appendix B for details).

3.1 Constructing and minimising the energy functional

The thick-wall Q-ball limit corresponds to the limit in which the field values at the centre of

the Q-ball are small such that terms quartic (and higher) in the fields can be neglected [5].

Expanding Σ in the Lagrangian given in eq. (2.10), using eq. (2.1), and including terms

involving the Higgs alone gives, to cubic order,6

L =

(
1− θ2η

3

h

vs

)(
∂µπ

+∂µπ− +
1

2
∂µπ

0∂µπ0
)

−m2
π

(
1− θ (1 + η)

h

vs

)(
π+π− +

1

2
π0π0

)
+

1

2
∂µh∂

µh− 1

2
m2
hh

2 − λvhh3.
(3.1)

This Lagrangian is invariant under a global U(1) which we can take without loss of general-

ity to act as π± → e±iαπ±, π0 → π0 (the labels on the pions thus refer to their charge under

6Here we have written the Higgs cubic coupling in terms of the electroweak VEV vh and a dimensionless

parameter λ, which is a function of the parameters of eq. (2.6). See appendix A for details.
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this U(1) symmetry, not to their electromagnetic charge). The Noether current associated

with this symmetry is

Jµ = i

(
1− θ2η

3

h

vs

)
π+
↔
∂ µπ

−. (3.2)

The Hamiltonian density is given by

H =

(
1− θ2η

3

h

vs

)(
π̇+π̇− +

1

2
π̇0π̇0 + ~∇π+ · ~∇π− +

1

2
~∇π0 · ~∇π0

)
+

1

2
ḣ2 +

1

2
~∇h · ~∇h+ U(~π, h),

(3.3)

where the potential U(~π, h) is

U(~π, h) ≡ m2
π

(
1− θ (1 + η)

h

vs

)(
π+π− +

1

2
π0π0

)
+

1

2
m2
hh

2 + λvhh
3. (3.4)

We want to minimise the total energy for a fixed Noether charge Q > 0. This is most

easily accomplished using the method of Lagrange multipliers [32]. To do this, we define

an energy functional Eω with Lagrange multiplier ω:

Eω = E + ω

(
Q−

∫
d3x J0

)
, (3.5)

where E is the integral of the Hamiltonian density, given in eq. (3.3). Inserting the above

expressions for the Noether current and the Hamiltonian density, we obtain

Eω =

∫
d3x

[(
1− θ2η

3

h

vs

)(∣∣π̇+ − iωπ+∣∣2 +
1

2
π̇0π̇0

)
+

1

2
ḣ2

+

(
1− θ2η

3

h

vs

)(
~∇π+ · ~∇π− +

1

2
~∇π0 · ~∇π0

)
+

1

2
~∇h · ~∇h+ Û(~π, h)

]
+ ωQ,

(3.6)

where

Û(~π, h) = U(~π, h)−
(

1− θ2η

3

h

vs

)
ω2π+π−. (3.7)

The only explicit time dependence of Eω has been isolated in the first line of eq. (3.6).

This integral is positive semidefinite, and to minimise its contribution to the energy the

fields must have the following time dependence:

π±(x, t) = e±iωtπ±(x), π0(x, t) = π0(x), h(x, t) = h(x). (3.8)

Our problem now involves four real degrees of freedom: π±(x), π0(x), and h(x). To

proceed, we assume that the spatial profile of each of the fields has, up to normalisations,

the same form:

π±(x) = π(x), π0(x) = βπ(x), h(x) = απ(x) , (3.9)

– 7 –
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where we allow for α and/or β to be zero. This ansatz is sufficient for the purpose of

demonstrating the existence of Q-balls; in reality, the spatial profiles of the fields might

differ, but this extra freedom in the minimisation process can only further lower the Q-

ball energy. With these proportionality relations, we can write Eω solely in terms of the

field π(x). In addition to the gradient-squared and field-squared terms, we also have the

cross-term

− θ2η

3

α

vs

(
1 +

1

2
β2
)
π(~∇π)2. (3.10)

This term can be dropped to leading order in a self-consistent approximation scheme for

the Q-ball solution. This is because it is suppressed relative to the (~∇π)2 term by the

mixing angle and 〈π〉/vs, where 〈π〉 is the maximum value of the pion VEV inside the

Q-ball, and to the π3 term in eq. (3.7) by spatial gradients, which we will a posteriori

check to be small. This term is also exactly absent when η ∝ nh = 0.

It now remains to minimise the energy functional with respect to the function π(x)

and the three variables α, β, and ω. To do this, it is useful to redefine the fields and the

coordinates in eq. (3.6) in order to isolate them in a dimensionless integral (see appendix C

for details). After these redefinitions, the energy functional becomes

Eω
Qmπ

=
Sψ
Qα2

(
1 + 1

2β
2 + 1

2
m2
h

m2
π
α2 − Ω2

)3/2 (
1 + 1

2β
2 + 1

2α
2
)3/2(

mπ
vs
θ(1 + η)

[
1 + 1

2β
2 − 2η

3(1+η)Ω
2
]
− λvh

mπ
α2
)2 + Ω, (3.11)

where Ω ≡ ω/mπ and Sψ is given by

Sψ =

∫
d3ξ

(
~∇ξψ · ~∇ξψ + ψ2 − ψ3

)
, (3.12)

where ξ and ψ are the spatial coordinate and field in dimensionless units, defined in

eq. (C.1). This has the same form as the bounce action for an analogous Euclidean tun-

nelling problem in three dimensions, and so we can make use of previous results on this

subject [33–35]. In particular, the integral is minimised when the field is spherically sym-

metric, and thus we expect all Q-ball solutions to be spherically symmetric. The value of

eq. (3.12) when minimised is approximately 38.8 [36].

A global minimum with Eω/Qmπ < 1 corresponds to a classically stable Q-ball solution.

After minimisation with respect to ω, which enforces the fixed-charge constraint, and α

and β, the Q-ball has a mass MQ = Eω. The radius, RQ, of the Q-ball is ∼ 1 in terms of

the dimensionless coordinate ξ. Translated into the parameters of the model, it is given by

R−1Q ∼ mπ

(
1 + 1

2β
2 + 1

2
m2
h

m2
π
α2 − Ω2

)1/2
(
1 + 1

2β
2 + 1

2α
2
)1/2 . (3.13)

We will minimise Eω in two cases: first, we will analytically study the case that there

are no additional quarks with masses above the chiral symmetry breaking scale in the HS,

and with the Higgs acting as a massless mediator; second, we will numerically study the

– 8 –
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Figure 2. The schematic behaviour of the dimensionless energy functional Eω/Qmπ in eq. (3.11)

as a function of α and β, for typical choices of parameters. It can be seen that the formation of a

Higgs VEV inside the Q-ball is energetically favoured, whilst the formation of a neutral pion VEV

is not.

case that there are arbitrarily many heavy quarks in the HS, allowing the Higgs mass and

self-coupling to be non-zero.

The qualitative dependence of the energy functional on α and β is shown in figure 2,

for typical parameter choices. Physically we expect that, for m2
h/m

2
π � 1, β will be zero

for the following reason. The neutral pion has no cubic interactions with the charged

pions, unlike the Higgs, and thus no direct way to lower the energy of the Q-ball. It does,

however, have a cubic interaction with the Higgs, which will acquire a VEV at the centre of

the Q-ball along with the charged pions, and this cubic interaction may favour the neutral

pion acquiring a VEV of its own. However, since this interaction is quadratic in the neutral

pion, the Higgs VEV in the Q-ball must be sufficiently large that this term dominates the

neutral pion mass term. We hence expect that for pions much heavier than the Higgs, the

neutral pion will have a VEV of precisely zero. We will see that this is so in both the

analytic and the numerical analysis of the subsequent two sections.

3.2 An analytic example: no heavy quarks

In order to determine the conditions for the existence of Q-balls in this theory, as well as

the nature of the Q-balls should they exist, we must minimise the energy functional given in

eq. (3.11) with respect to Ω, α, and β. This is not possible to do analytically in the general

case: minimising with respect to Ω requires finding the roots of a sixth-order polynomial.

The barrier to analyticity comes from the term proportional to Ω in the denominator of

Eω. Thus, to gain an analytic understanding of the Q-ball, we assume that there are no

heavy quarks in the HS: this sets η = 0 and therefore removes the problematic term. To

make the results more straightforward and illuminating, we will also take the Higgs mass

and cubic self-coupling to zero; it is possible to analytically study the system without

this assumption, but at the expense of making the results more opaque. This assumption

is valid provided the pion mass terms and the cubic coupling of the pions to the Higgs

– 9 –
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dominate the aforementioned terms in the Lagrangian; that is,

1

2

m2
h

m2
π

α2 � 1 and
λvhvs
θm2

π

α2 � 1. (3.14)

We will leave a more general discussion of this type of hidden sector until section 3.3, where

we relax this assumption and the assumption that nh = 0 with a numerical minimisation

of the Q-ball energy, scanning over the parameters of the model.

Setting η = 0 and mh = λ = 0 in eq. (3.11), we first minimise with respect to α to

obtain α2 = 4 + 2β2. Substituting this back into the energy functional, we observe that,

for Ω2 > 0, the expression is a strictly increasing function of β, and hence is minimised

when β = 0 (as argued in the previous section). Thus

α = 2 and β = 0. (3.15)

The energy of the Q-ball is minimised when the VEV of the neutral pion inside the Q-ball

is zero, whilst the VEV of the Higgs is double that of the charged pions.

With these substitutions, we have an energy functional of the same form, as a function

of Ω, as that given in [5]. We can therefore translate those results across to our case. The

energy functional is minimised with respect to Ω if

ε ≡ 4

9
√

3Sψ

Qθ2m2
π

v2s
= Ω

(
1− Ω2

)1/2
, (3.16)

which has a solution for Ω provided 0 < ε < 1/2. The expression for Ω at the minimum is

Ω =

(
1 +
√

1− 4ε2

2

)1/2

. (3.17)

Substituting this back into the energy functional and expanding in ε yields

MQ

Qmπ
= 1− 1

6
ε2 −O(ε4), (3.18)

where MQ is the energy of the Q-ball. The expression on the right-hand side is clearly less

than unity for ε > 0. Thus, this solution is (classically) stable for Q > 0.7

From eq. (3.13) we find that the radius of the Q-ball is given by

R−1Q ∼
εmπ√

3

(
1 +

1

2
ε2 +O

(
ε4
))

. (3.19)

This characteristic (inverse) length scale is proportional to the small parameter ε, thus

justifying our earlier assertion that spatial derivatives are suppressed in the thick-wall case.

7If the Higgs mass is appreciable compared to that of the pions, there is a lower bound on the charge

Q due to the fact that the Higgs provides an unfavourable contribution to the mass-to-charge ratio of the

Q-ball. Note also that the charge needs to be sufficiently large that quantum fluctuations are under control

and the semiclassical approximation is valid. Here we take this to imply Q & 10.
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Finally, the maximal value of the charged pion VEV occurs in the centre of the Q-ball

and takes the value

〈π(0)〉 ∼
(
1− Ω2

) vs
2θ
∼
(
2× 10−5

)
Q2θ3

(
mπ

vs

)3

mπ. (3.20)

This solution is subject to the following theoretical constraints. Firstly, we require the

charge to be sufficiently small that the thick-wall analysis is valid. Secondly, we must check

that the Q-ball number density is not so large that the Fermi degeneracy pressure due to

the quarks which constitute the pions becomes important.

Thick-wall validity. The thick-wall analysis is only valid in the low charge regime. This

is represented by the condition that ε < 1/2, which can be rearranged to give

Q . 76

(
vs
θmπ

)2

. (3.21)

We have assumed that the quartic terms in the energy functional are small compared to

the quadratic and cubic terms, which are approximately equal in size in the centre of the

Q-ball. There are two types of quartic term we need to consider: the π4 term and the h4

term.8 Demanding that the Higgs quartic is indeed negligible when the pion VEV is given

by its maximum value, eq. (3.20), yields

Q� 150
vs

θmπ

√
λ
. (3.22)

Demanding that the pion quartics are negligible likewise gives the constraint

Q� 430
vsf

θm2
π

. (3.23)

Note that these constraints merely place limits on the validity of the thick-wall analysis, not

on the existence of a Q-ball of any description. If these constraints are strongly violated,

then stable Q-balls are best described using the thin-wall analysis [2, 32]. We will return

to the issue of existence and properties of thin-wall Q-balls in this class of hidden sector

models in future work. In the intermediate charge region, we expect that stable Q-balls

will still exist, though these will be of neither thick- nor thin-wall type.

Fermi degeneracy pressure. The final important consideration arises due to the fact

that the scalars from which these Q-balls are built are in fact composites of fermions, the

HS quarks. If the density of pions in the Q-ball is too high, Fermi degeneracy pressure

due to these quarks can become significant. In this case, we expect that the radius of the

Q-ball will increase to counteract this pressure and reduce the contribution to the Q-ball

energy from the filled Fermi sphere. Nevertheless, we can put a conservative upper bound

on the charge of the Q-ball by demanding that, for the Q-ball radius as calculated above,

such energy contributions are lower than the binding energy.

8In principle, there is also an h2π2 term, but this arises due to a dimension-six operator suppressed by

an independent mass scale. This scale can naturally be much larger than Λhs
χ , thus decoupling this quartic

interaction.
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In the non-relativistic limit, the average additional energy contributed to the Q-ball

per constituent fermion is

E =
3

5
EF =

3

10mf
(3π2n)2/3, (3.24)

where mf is the fermion mass and n its number density. We will demand that

2QE < Qmπ −MQ. (3.25)

This leads to

Q . 0.1

(
mf

mπ

)3/2

. (3.26)

We hence see that Fermi degeneracy pressure can be quite significant. Given that the

pions are pseudo-Nambu-Goldstone bosons of an approximate spontaneously-broken chiral

flavour symmetry, we expect them to be relatively light compared to the other scales in the

theory. In particular, the appropriate masses of the constituent (dressed) quarks should

be of order the chiral symmetry breaking scale, Λhs
χ . This is undetermined and can in

principle be arbitrarily high; as such, we will not worry further about this constraint.

One might wonder whether the chiral symmetry breaking scale, if sufficiently high,

might give rise to unnaturally large corrections to the Higgs mass through pion loops. The

cubic Higgs-pion coupling gives rise to corrections merely logarithmic in Λhs
χ /mπ, however,

and therefore naturalness is not a concern in this case.

3.3 A numerical example: arbitrarily many heavy quarks

The task of analytically minimising the energy functional, eq. (3.6), is intractable in the

general case, but can be done numerically. In this section we present the results of a

numerical minimisation of the energy functional with respect to α, β, and Ω for various

choices of nh, scanning over the parameters in eq. (3.6). Across the entirety of parameter

space we find that the energy functional is minimised when β = 0. This is in line with

the heuristic argument presented in section 3.2 that the neutral pion should not acquire a

VEV inside the Q-ball.

The results are almost entirely independent of the number of heavy quarks. This is

perhaps to be expected, since the number of heavy quarks enters only through a small

modification to the denominator of eq. (3.11). Consequently, we have chosen to use nh = 4

as an illustrative example of the full numerical analysis; the most important differences

between the analytic and numerical results arise from neglecting the Higgs mass and cubic

coupling in the former case. We therefore also present a numerical analysis where we take

nh = 0, mh/mπ → 0 and λ→ 0; this ‘minimal’ case is meant as a cross-check against the

analytic example discussed in section 3.2.

The parameters were randomly sampled uniformly on a logarithmic scale. They are

listed, along with their lower and upper bounds used for the scan, in table 1. A set of

randomly chosen parameters was rejected if it resulted in an energetically unfavourable

solution — i.e., if eq. (3.6) had no minimum such that Eω/Qmπ < 1. The Higgs cubic

coupling λ was treated as an independent parameter since it is poorly constrained by LHC

Higgs measurements [37, 38].
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Parameter Range Distribution

Q [1, 108] log-uniform

vs [TeV] [1, 10] log-uniform

mπ [TeV] [0.5, 2vs] log-uniform

θ [10−4, 0.1] log-uniform

λ [10−6, 10−1] log-uniform

Table 1. Scan parameters and their ranges. Log-uniform means uniformly distributed on a loga-

rithmic scale.

102 104 106 108

Q

10−6

10−5

10−4

10−3

10−2

10−1

1
−
M
Q
/Q

m
π

nh = 0, mh/mπ → 0, λ→ 0

103 105 107

Q

10−4

10−3

10−2
1
−
M
Q
/Q

m
π

nh = 4

Figure 3. Number of Q-ball solutions with different fractional binding energies for different choices

of Q-ball charge. The shade of a given cell corresponds to the number of solutions in that cell; a

lighter (more yellow) shade corresponds to more solutions. The left and right panels show the result

of the scan for the minimal case and the full case respectively.

In the following figures, the solutions are clustered in cells and the cell brightness is

directly proportional to the number of solutions it contains; the lighter (more yellow) the

cell, the larger the number of solutions contained in it. In each figure, the left (right) panel

shows the results for the minimal (full) case.

Figure 3 shows the result of the scan for the fractional binding energy, 1 −MQ/Qmπ,

versus the total Q-ball charge. The figure shows that thick wall Q-balls exist for a wide

range of charges (indeed, across the entire range of charges scanned over), with (for small

charges) there being a preference for larger binding energy the larger the charge. This

is consistent with the expression eq. (3.18) in the analytic example. When the Higgs

mass is appreciable, there is some preference for larger binding energy, across a range of

charges. This can be attributed to the fact that the Higgs mass results in an unfavourable

contribution to the Q-ball energy, and so favourable contributions from the other terms

in the energy functional are required to be larger to offset this. The typical scale of the

binding energy is thus increased.
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nh = 0, mh/mπ → 0, λ→ 0
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Q
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Figure 4. The distribution of Q-ball solutions in the mass-charge plane. See caption of figure 3

for more details.

102 104 106 108

Q
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10−2

10−1

1

R
Q

[f
m

]

nh = 0, mh/mπ → 0, λ→ 0

103 105 107

Q

10−3

10−2

R
Q

[f
m

]

nh = 4

Figure 5. The distribution of Q-ball solutions in the radius-charge plane. See caption of figure 3

for more details.

Figures 4 and 5 show the behaviour of the physical Q-ball parameters, namely its mass

and radius, with respect to the charge of the Q-ball. In figure 4 there is a strong linear

correlation between the mass and charge of the Q-ball in both the minimal case and the full

case. This is consistent with expression eq. (3.18) in the analytic example, which predicts

a linear relation between the mass and charge, to leading order.

Figure 5 shows that, for a given charge, there are Q-ball solutions with radii ranging

from around 10−3 fm to around 1 fm in the minimal case. The radius (for small charges)

tends to be larger on average for smaller Q; this is consistent with the expression eq. (3.19)
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Figure 6. The distribution of Q-ball solutions with different fractional binding energies and radii

(in units of the pion mass). See caption of figure 3 for more details.

in the analytic example. We also note that the radius is bounded above by about 10−2 fm

in the full case, when the Higgs mass is accounted for. This effect can be traced back

to eq. (3.13), with mh acting to reduce the radius of the Q-ball. Indeed, if we take the

limit Ω→ 1, then whilst the Q-ball gets arbitrarily large in the minimal case, its radius is

bounded above by ∼ mh/mπ in the full case. Physically we expect a lighter Higgs to yield

a longer range attractive force, in turn stabilising bigger Q-balls.

Figure 6 shows the relationship between the Q-ball fractional binding energy and ra-

dius, in units of the pion mass. In the minimal case there is an exact relation between

these two quantities; note that eq. (3.18) and eq. (3.19) are both functions solely of ε. To

leading order this relation is linear with gradient −2. In the full case there is no such fixed

relation, but nevertheless the binding energy is bounded above for a given radius, with

there being a preference for binding energies close to this bound.

4 Summary and conclusions

In this work we have demonstrated, by both analytic and numerical methods, the existence

of Q-ball solutions in an interacting, hidden sector pNGB-Higgs boson system. The specific

class of low-energy effective Lagrangians we study, eq. (2.10), are simple generalisations

of the usual chiral Lagrangian to hidden sector QCD-like strong dynamics, supplemented

by Higgs-portal-mediated interactions with the (lighter) physical Higgs boson. We find,

in the small-to-moderate charge range (10 . Q . 104–8) we study, that thick-wall Q-ball

solutions exist. These Q-balls are relatively weakly bound, eq. (3.18) and figure 3, and

have size parametrically large compared to the inverse pNGB mass, eq. (3.19) and figure 5.

The range of Q-ball properties that we find numerically are illustrated in figures 3–6. We
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emphasise that we have shown that Q-balls can exist in theories where the global charge-

carrying states are composite, rather than elementary, scalars.

Such Q-ball solutions may be relevant to dark matter properties in a variety of Beyond-

the-Standard-Model theories, in particular those of asymmetric dark matter and pNGB-

Higgs theories. To assess whether this is the case requires a dedicated study of Q-ball

production dynamics in the early Universe. Naively, there is no analogue of a decay of an

Affleck-Dine condensate [6, 39] as applies in supersymmetric Q-ball models of dark matter.

Thus we are left with solitosynthesis and aggregation build up along the lines of [40–42] as

the likely dominant mechanism, though the details are different. Although we expect that

we never reach the thin-wall limit, it would also be interesting to study the existence and

properties of thin-wall Q-ball solutions in pNGB-Higgs systems.
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A Scalar masses and mixing angle

The scalar potential eq. (2.6) is generically minimised when both |H| and |S| acquire non-

zero VEVs, which we write as vh/
√

2 and vs/
√

2 respectively. Expanding around these

VEVs and diagonalising the resulting quadratic terms in the potential gives the masses mh

and ms of the light and heavy scalar mass eigenstates of the theory. These can be read-off

directly from [43]. We have

m2
h = λhv

2
h + λsv

2
s −
√
D (A.1)

m2
s = λhv

2
h + λsv

2
s +
√
D, (A.2)

where

D =
(
λhv

2
h − λsv2s

)2
+ λ2pv

2
hv

2
s . (A.3)

The two scalar mass eigenstates h and s are related to the gauge eigenstates h′ and s′ by

the rotation that enacts the aforementioned diagonalisation. That is to say,

(
h′ s′

)
·M2 ·

(
h′

s′

)
=
(
h s
)
· M̂2 ·

(
h

s

)
with

(
h

s

)
=

(
cos θ − sin θ

sin θ cos θ

)(
h′

s′

)
, (A.4)

where M̂ = diag(mh,ms). We identify the lightest scalar mass eigenstate, h, as the SM

Higgs. It is the coupling of the pions to this particle that is of most interest to us, on

account that it can mediate a long-range attractive force between the pions by virtue of its

relative lightness. Given that it is the HS gauge eigenstate s′ which couples to the pions,

it is necessary to find an expression for the mixing angle θ. We have

tan(2θ) =
λpz

λsz2 − λh
, (A.5)
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where z is defined as ratio of the VEVs, z ≡ vs/vh. For z large, assuming λh and λs
are comparable in size, we can write the mixing angle in eq. (A.5) in terms of the small

parameter ζ ≡ z−1,
tan(2θ) =

λpζ

λs − λhζ2
=
λp
λs
ζ +O(ζ3). (A.6)

In this limit, the small angle approximation for θ is also valid and we find that

θ ≈ λpvh
2λsvs

. (A.7)

Finally, can write the SM Higgs cubic coupling λvh which appears in eq. (3.1) in terms of

the couplings in the scalar potential. We have

λvh = λhvh cos3 θ − λsvs sin3 θ +
λp
2

(
vh cos θ sin2 θ − vs sin θ cos2 θ

)
, (A.8)

and so

λ ≈ λh −
λ2p
4λs

. (A.9)

B Absence of thick-wall Q-balls in the pure chiral Lagrangian

Here we show that thick-wall Q-balls cannot exist within the leading order SU(2) chiral

Lagrangian. To do this, we need to show that the functional eq. (3.5), using the Lagrangian

eq. (2.4) and current eq. (2.3), has no minima for Q 6= 0. Just as in eq. (3.6), we can write

the functional as a sum of time-dependent and time-independent pieces:

Eω =
f2

4

∫
d3x tr

(∣∣∣Σ̇−iω[Σ, X]
∣∣∣2+~∇Σ†·~∇Σ−2B0M

(
Σ+Σ†−2

)
−ω2[Σ, X][X,Σ†]

)
+ωQ. (B.1)

The first term in the integral contains all of the time dependence, and is positive semidef-

inite. Thus the functional is minimised by choosing

Σ(x, t) = exp(−iωXt)Σ0(x) exp(iωXt), (B.2)

where Σ0(x) is an SU(2) matrix which depends only upon spatial coordinates. Substituting

this into the above functional and choosing X = σ3/2, we find

Eω =

∫
d3x

[(
1

2
~∇π0 · ~∇π0 + ~∇π+ · ~∇π−

)(
1− 1

3f2
(
π0π0 + 2π+π−

))
+

1

6f2

(
π0~∇π0 + π+~∇π− + π−~∇π+

)2
+

1

2
m2
ππ

0π0 + (m2
π − ω2)π+π−

− m2
π

24f2
(π0)4 − 1

6f2
(m2

π − 2ω2)(π0π0)(π+π−)− 1

6f2
(
m2
π − 4ω2

)
(π+π−)2

]
+ ωQ, (B.3)
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where we have defined m2
π ≡ B0trM , and expanded Σ0 to quartic order in the π fields (using

eq. (2.1)) on account that there are no cubic terms in the chiral Lagrangian. As is usual

in the thick-wall analysis, we ignore higher-order terms, which will stabilise the potential.

This integral is exactly that describing tunnelling through a quartic potential barrier in

three dimensions [33–35], with the potential having the schematic form U(π) ∼ m2π2−λπ4.
The solutions to the associated bounce equation are spherically symmetric.

The quartic terms containing derivatives are suppressed relative to the kinetic terms

by a factor of f2 and to the other quartic terms by spatial gradients, which are small. We

will hence ignore these terms.

Notice that in the limit ω → mπ, i.e., the thick-wall or small-field limit, the last two

quartic terms have positive coefficients. In order for a potential barrier to exist (and,

therefore, a bounce solution to exist), we require that the overall contribution of all three

quartic terms be negative. Consequently, the VEV of the neutral pion in the centre of the

Q-ball must be large relative to that of the charged pions, but since this will contribute

a large amount of mass to the Q-ball without contributing to its charge, we might expect

that no stable Q-balls exist.

To see this quantitatively, we relate the profiles of the pion fields as before: π0(x) =

βπ(x) and π±(x) = π(x). We thus find that

Eω =

∫
d3x

[(
1 +

1

2
β2
)
~∇π · ~∇π +m2

π

(
1 +

1

2
β2 − Ω2

)
π2 − λ(Ω, β)π4

]
+ ΩQmπ,

(B.4)

where Ω ≡ ω/mπ, and

λ(Ω, β) ≡ m2
π

6f2

[
β4

4
− β2(2Ω2 − 1)− (4Ω2 − 1)

]
(B.5)

is the quartic coupling, which must be positive. Choosing

ξi = mπ

(
1 +

1

2
β2
)−1/2(

1 +
1

2
β2 − Ω2

)1/2

xi,

ψ =
1

mπ

(
1 +

1

2
β2 − Ω2

)−1/2
λ(Ω, β)1/2 π,

(B.6)

we may transform Eω to

Eω = mπ

(
1 + β2/2

)3/2 (
1 + β2/2− Ω2

)1/2
λ(Ω, β)

Sψ,4 + ΩQmπ, (B.7)

where

Sψ,4 =

∫
d3ξ

(
~∇ξψ · ~∇ξψ + ψ2 − ψ4

)
(B.8)

is a positive, dimensionless number [36], whose precise value will not concern us in the

following.
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Now Eω must be minimised with respect to Ω and β. Minimising with respect to Ω

yields

0 =
∂Eω
∂Ω

=
7m3

πSψ,4Ω

6f2λ(Ω, β)2
(1 + β2/2)5/2

(1 + β2/2− Ω2)1/2

(
1 +

1

2
β2 − 4

7
Ω2

)
+Qmπ. (B.9)

This is positive semidefinite for Ω ∈ [0, 1], vanishing only when Q = 0 and Ω = 0. As such,

there is no Q-ball solution.

C Field redefinitions

The following rescalings of the spatial coordinates xi and the field π are necessary to remove

all parameters of the theory from inside the integral in eq. (3.6):

ξi = mπ

(
1 + 1

2β
2 + 1

2
m2
h

m2
π
α2 − Ω2

)1/2
(
1 + 1

2β
2 + 1

2α
2
)1/2 xi,

ψ = α

mπ
vs
θ(1 + η)

(
1 + 1

2β
2 − 2η

3(1+η)Ω
2
)
− λvh

mπ
α2

mπ

(
1 + 1

2β
2 + 1

2

m2
h

m2
π
α2 − Ω2

) π.

(C.1)

These redefinitions allow us to minimise the resulting dimensionless integral, via the cal-

culus of variations, in a manner independent of the parameters of the theory.

Open Access. This article is distributed under the terms of the Creative Commons
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