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F-69622 Villeurbanne, France
dCERN, Theoretical Physics Department,

CH-1211 Geneva 23, Switzerland

E-mail: tobias.hurth@cern.ch, christoph.langenbruch@cern.ch,

nazila@cern.ch

Abstract: A method to directly determine the Wilson coefficients for rare b→ s transi-

tions using B0 → K∗0µ+µ− decays in an unbinned maximum likelihood fit is presented.

The method has several advantages compared to the conventional determination of the

Wilson coefficients from angular observables that are determined in bins of q2, the square

of the mass of the dimuon system. The method uses all experimental information in a

more efficient way and automatically accounts for experimental correlations. Performing

pseudoexperiments, we show the improved sensitivity of the proposed method for the Wil-

son coefficients. We also demonstrate that it will be possible to use the method with the

combined Run 1 and 2 data sample taken by the LHCb experiment.

Keywords: B physics, Flavour Changing Neutral Currents, Hadron-Hadron scattering

(experiments), Rare decay

ArXiv ePrint: 1708.04474

1Also Institut Universitaire de France, 103 boulevard Saint-Michel, 75005 Paris, France.

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP11(2017)176

mailto:tobias.hurth@cern.ch
mailto:christoph.langenbruch@cern.ch
mailto:nazila@cern.ch
https://arxiv.org/abs/1708.04474
https://doi.org/10.1007/JHEP11(2017)176


J
H
E
P
1
1
(
2
0
1
7
)
1
7
6

Contents

1 Introduction 1

2 The decay B0→ K∗0µ+µ− 3

2.1 Four-differential decay rate 3

2.2 S-wave contribution 6

2.3 mKπ distribution 7

3 Direct determination of Wilson coefficients 10

3.1 Detailed description of the method 10

3.2 Theory nuisance parameters 10

3.3 Mass distributions and backgrounds 12

3.4 Detector effects 12

4 Validation and performance determination 13

4.1 Pseudoexperiments 13

4.2 Fits of a single pseudoexperiment 13

4.3 Sensitivity on Wilson coefficients and nuisance parameters 17

4.4 Comparison with the q2-binned method 17

5 Conclusions 19

A Fit results for a single pseudoexperiment 21

B Projections of the probability density function 22

C Detailed comparison of the direct fit method with the q2-binned ap-
proach 24

1 Introduction

Rare flavour changing neutral current (FCNC) decays constitute sensitive probes for New

Physics (NP) since they are forbidden at tree-level in the Standard Model (SM) and can

only occur at loop order. New heavy particles can appear in competing diagrams and affect

both the branching fractions as well as angular distributions of rare processes.

The rare b→ sµ+µ− decay B0→ K∗0(→ K+π−)µ+µ−,1 exhibits a particularly rich

phenomenology since it allows access to many angular observables that are sensitive to NP

contributions. The final state of the decay is completely determined by the three decay

angles ~Ω = (cos θl, cos θK , φ), the square of the invariant mass of the dimuon system, q2,

and the decay flavour that can be inferred from the kaon charge. Angular observables are

1Charge conjugation is implied throughout this paper unless otherwise noted.
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typically determined by performing angular fits in bins of q2 that are then compared with

q2-binned SM predictions.

The angular distributions of the decay have been studied by the BaBar, Belle, CDF,

CMS and LHCb collaborations [1–10]. The LHCb collaboration has performed the first

full angular analysis using the full data sample from Run 1 of the LHC, corresponding to

an integrated luminosity of 3 fb−1 [7]. The resulting complete set of angular observables

and their correlations constitutes the most precise measurement of these observables to

date. For this analysis, some tension has emerged with the SM predictions [11–14], which

is particularly visible in the angular observable P ′5. For this observable, for definitions see

ref. [15], uncertainties from the hadronic B0→ K∗0 form factors are designed to cancel at

leading order. The local deviations in this observable correspond to 2.8 and 3.0 standard

deviations (σ) for the q2 bins 4 < q2 < 6 GeV2/c4 and 6 < q2 < 8 GeV2/c4.2 This confirms

a tension seen in an earlier analysis by LHCb that used only 1 fb−1 of data [16]. The

recent measurements of P ′5 by Belle and ATLAS [8, 9] are also in good agreement with the

LHCb result and show tensions with the SM. The analysis by the CMS collaboration is

compatible with both the SM and the LHCb result [10].

Together with the branching fractions of b→ sµµ decays reported in refs. [17–20] that

tend to lie below SM predictions and the tensions in tests of Lepton universality [21, 22],

the angular distributions of B0→ K∗0µ+µ− constitute the so-called “flavour anomalies”

in rare decays [23].

Several theory groups performed global fits of the available data on rare b→ s decays,

including the q2-binned data on the decay B0→ K∗0µ+µ−, see for example refs. [24–31].

The fits determine the Wilson coefficients, the effective coupling strengths of the contribut-

ing local operators. The global fits find that the description of the data can be improved by

a shift of the effective vector-coupling C9 of around ∆C9 ∼ −1 from its SM prediction. This

deviation is found to have a significance of around 3–5 σ, depending on the combination of

varied Wilson coefficients, the used experimental input and the handling of theory nuisance

parameters. Nuisance parameters that can impact the significance of the deviation are the

hadronic form factor parameters and uncertainties on subleading ΛQCD/mb suppressed cor-

rections of QCD factorisation. The deviations in the angular observables can be interpreted

as signs of NP, most notably new heavy Z ′ gauge bosons [32–46] or leptoquarks [47–61].

However, the B0→ K∗0µ+µ− angular observables can also be affected by contributions

from SM cc̄-loop processes [62–65], which are part of the ΛQCD/mb corrections. A large

effort from both theory and experiment is currently ongoing to disentangle these effects. A

more efficient method to exploit the experimental information on semileptonic rare b→ s

decays is therefore highly desirable.

We propose a new approach to the determination of the Wilson coefficients using

B0 → K∗0µ+µ− decays. The proposed method uses all available experimental data,

the decay angles, q2, and the B0 decay flavour to determine the Wilson coefficients in

a q2-unbinned maximum likelihood fit. Furthermore, the invariant mass of the K+π−

system is included to improve the control of contributions by the S-wave, where K+

2We note that the significances depend on assumptions on the size of ΛQCD/mb power corrections.
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and π− are in a state of relative angular momentum zero. Unlike previous q2-unbinned

approaches that fit a parameterisation of the K∗0 spin amplitudes [7, 66–68], we pro-

pose to instead fit the Wilson coefficients and nuisance parameters directly. The decay

B0 → K∗0µ+µ− can be described using QCD factorisation at low q2 [69] and an op-

erator product expansion in 1/mb at high q2 [70]. Several open-source software pack-

ages implement these calculations and provide the four-differential decay rate d4Γ(B0→
K∗0µ+µ−)/

(
dcosθl dcosθK dφ dq2

)
[24, 71–76]. We extend both the EOS software [24, 71,

72] and SuperIso [73–75] to include the S-wave contribution resulting in the five-differential

decay rate d5Γ(B0→ K∗0µ+µ−)/
(
dcosθl dcosθK dφ dq2 dm2

Kπ

)
we use as probability den-

sity function. In the following we will use SuperIso for the generation of pseudoexperiments

and EOS for their fit.

The proposed method has several advantages over the conventional method of first

determining angular observables in bins of q2 and then performing the determination of

the Wilson coefficients in a second step:

1. The direct fit uses all available experimental information resulting in a more efficient

exploitation of the available data and a more precise determination of the Wilson

coefficients. This leads to higher sensitivity to possible NP contributions.

2. The full statistics of the data is available in a single fit which leads to improved

fit stability and reduces the potential need to perform computationally expensive

coverage correction.

3. Theory nuisance parameters, in particular form factor parameters that require non-

perturbative calculation, can be better constrained using the full information on q2.

4. Finally, experimental correlations, including possible non-linear correlations, are au-

tomatically accounted for.

The paper is structured as follows: in section 2 we introduce the four-differential decay

rate of the decay B0→ K∗0µ+µ− and expand it to include the mass of the K+π− system

to constrain contributions from the S-wave. Section 3 describes the proposed procedure

to determine the Wilson coefficients from a direct fit of B0→ K∗0µ+µ− decays without

binning in q2. Section 4 details the validation of the procedure and the evaluation of its

performance using pseudoexperiments. In section 5 we conclude.

2 The decay B0→ K∗0µ+µ−

2.1 Four-differential decay rate

The four-differential decay rates for the rare decay B0 → K∗0µ+µ− and its conjugate

B0→ K∗0µ+µ− are given by

d4Γ(B0→ K∗0µ+µ−)

d~Ω dq2
=
∑
i

Ii(q
2)fi(~Ω)

d4Γ(B0→ K∗0µ+µ−)

d~Ω dq2
=
∑
i

Īi(q
2)fi(~Ω), (2.1)
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where Ii(q
2) and Īi(q

2) denote the q2-dependent angular observables given by bilin-

ear combinations of K∗0 spin amplitudes [77, 78]. Both
↪ ↩
Ii (q

2) and the angular terms

fi(cos θl, cos θK , φ) are given in table 1. The conventional approach of angular analysis

relies on integration of
↪ ↩
Ii (q

2) over a q2 bin q2
min < q2 < q2

max and determination of the

angular observables

Si(q
2
min, q

2
max) =

∫ q2max

q2min
Ii(q

2) + Īi(q
2) dq2∫ q2max

q2min

dΓ(q2)
dq2

+ dΓ̄(q2)
dq2

dq2

Ai(q
2
min, q

2
max) =

∫ q2max

q2min
Ii(q

2)− Īi(q2) dq2∫ q2max

q2min

dΓ(q2)
dq2

+ dΓ̄(q2)
dq2

dq2
, (2.2)

where the CP -averaged (CP -violating) angular observables Si (Ai) have been defined ac-

cording to ref. [78]. Neglecting lepton mass effects the CP -averaged Si reduce to the

longitudinal polarisation fraction FL = S1c, the forward-backward asymmetry AFB = 3
4S6s

and the remaining S3,4,5,7,8,9. Additional ratios of Si have been proposed as observables,

for which form factor uncertainties cancel at leading order [79, 80]. Examples are

P1 =
2S3

1− FL
,

P2 =
2

3

AFB

1− FL
,

P3 =
−S9

1− FL
and

P ′4,5,6,8 =
S4,5,7,8√
FL(1− FL)

.

In this work, we use the q2-dependent amplitudes AL,R
0,‖,⊥,t that are given by

AL(R)
⊥ = N

√
2λ

{[
(Ceff

9 + C′eff
9 )∓ (Ceff

10 + C′eff
10 )
] V (q2)

mB +mK∗
+

2mb

q2
(Ceff

7 + C′eff
7 )T1(q2)

}
AL(R)
‖ = −N

√
2(m2

B −m2
K∗)

{[
(Ceff

9 − C′eff
9 )∓ (Ceff

10 − C′eff
10 )
] A1(q2)

mB −mK∗

+
2mb

q2
(Ceff

7 − C′eff
7 )T2(q2)

}
AL(R)

0 = − N
2mK∗

√
q2

{[
(Ceff

9 − C′eff
9 )∓ (Ceff

10 − C′eff
10 )
]

×
[
(m2

B −m2
K∗ − q2)(mB +mK∗)A1(q2)− λ A2(q2)

mB +mK∗

]
+ 2mb(Ceff

7 − C′eff
7 )
[
(m2

B + 3mK∗ − q2)T2(q2)− λ

m2
B −m2

K∗
T3(q2)

]}
At =

N√
q2

√
λ

{
2(Ceff

10 − C′eff
10 ) +

q2

mµ
(CP − C′P )

}
A0(q2), (2.3)

where N denotes a normalisation factor given by

N = GFαem|VtbVts|

√
q2
√
λβ`

3 · 1024π5m3
B

,
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i Ii(q
2) fi(~Ω)

1s 3
4

[
|AL
‖ |

2 + |AL
⊥|2 + |AR

‖ |
2 + |AR

⊥|2
]

sin2 θK

1c |AL
0 |2 + |AR

0 |2 cos2 θK

2s 1
4

[
|AL
‖ |

2 + |AL
⊥|2 + |AR

‖ |
2 + |AR

⊥|2
]

sin2 θK cos 2θl

2c −|AL
0 |2 − |AR

0 |2 cos2 θK cos 2θl

3 1
2

[
|AL
⊥|2 − |AL

‖ |
2 + |AR

⊥|2 − |AR
‖ |

2
]

sin2 θK sin2 θl cos 2φ

4
√

1
2Re

(
AL

0AL∗
‖ +AR

0AR∗
‖

)
sin 2θK sin 2θl cosφ

5
√

2Re
(
AL

0AL∗
⊥ −AR

0AR∗
⊥
)

sin 2θK sin θl cosφ

6s 2Re
(
AL
‖A

L∗
⊥ −AR

‖A
R∗
⊥

)
sin2 θK cos θl

7
√

2Im
(
AL

0AL∗
‖ −A

R
0AR∗
‖

)
sin 2θK sin θl sinφ

8
√

1
2 Im

(
AL

0AL∗
⊥ +AR

0AR∗
⊥
)

sin 2θK sin 2θl sinφ

9 Im
(
AL∗
‖ A

L
⊥ +AR∗

‖ A
R
⊥

)
sin2 θK sin2 θl sin 2φ

10 1
3

[
|AL

S |2 + |AR
S |2
]

1

11
√

4
3Re

(
AL

SAL∗
0 +AR

SAR∗
0

)
cos θK

12 −1
3

[
|AL

S |2 + |AR
S |2
]

cos 2θl

13 −
√

4
3Re

(
AL

SAL∗
0 +AR

SAR∗
0

)
cos θK cos 2θl

14
√

2
3Re

(
AL

SAL∗
‖ +AR

SAR∗
‖

)
sin θK sin 2θl cosφ

15
√

8
3Re

(
AL

SAL∗
⊥ −AR

SAR∗
⊥
)

sin θK sin θl cosφ

16
√

8
3 Im

(
AL

SAL∗
‖ −A

R
SAR∗
‖

)
sin θK sin θl sinφ

17
√

2
3 Im

(
AL

SAL∗
⊥ +AR

SAR∗
⊥
)

sin θK sin 2θl sinφ

Table 1. Dependence of the angular observables Ii(q
2) on the transversity amplitudes AL,R

0,‖,⊥ and

the corresponding angular terms fi(cos θl, cos θK , φ). The angular observables Īi(q
2) are given by

complex conjugation of all weak phases A → Ā.
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and λ is given by λ = m4
B +m4

K∗ + q4 − 2
(
m2
Bm

2
K∗ +m2

K∗q2 +m2
Bq

2
)

[78]. The symbols

A0,1,2(q2), V (q2) and T1,2,3(q2) denote the q2-dependent hadronic form factors.

The form factors require non-perturbative calculations and are determined using light

cone sum rules (LCSR) [11, 81, 82] or lattice calculations [12, 13]. This paper uses the

full form factor approach with the results from ref. [11] for the decay B0 → K∗0µ+µ−,

determined from a combination from LCSR [11] and lattice calculations [12, 13]. We also

include the correlations between the form factor parameters.

2.2 S-wave contribution

Besides contributions to the final state B0→ K+π−µ+µ− from the decay of the vector-

meson K∗0 (P-wave) the K+π− system in the final state can also be in an S-wave config-

uration that can originate either from a non-resonant decay or from the decay of scalar

resonances. This results in two additional complex amplitudes AL,R
S0,St that contribute to

the decay and that affect the distributions in the decay angles and q2. As a result, the

four-differential decay rate in eq. (2.1) needs to be modified according to

d4Γ(B0→ K−π+µ+µ−)

d~Ω dq2
= (1− FS)

d4Γ(B0→ K∗0µ+µ−)

d~Ω dq2

∣∣∣∣
P−wave

+
3

16π
FS sin2 θl +

9

32π

(
I11(q2) + I13(q2) cos 2θl

)
cos θK

+
9

32π

(
I14(q2) sin 2θl + I15(q2) sin θl

)
sin θK cosφ

+
9

32π

(
I16(q2) sin θl + I17(q2) sin 2θl

)
sin θK sinφ, (2.4)

where the I10−17(q2) are again given in table 1 and the four-differential decay rate for the

process B0→ K+π−µ+µ− is given by the replacements Ii(q
2) → Īi(q

2). The fraction of

S-wave is denoted by FS, which is defined as

FS =
|AL

S |2 + |AR
S |2

|AL
0 |2 + |AR

0 |2 + |AL
‖ |2 + |AR

‖ |2 + |AL
⊥|2 + |AR

⊥|2 + |AL
S |2 + |AR

S |2
.

The S-wave amplitudes are given by [83, 84]

AL(R)
S0 = N0

√
λK∗

0

q2

{[
(C9 − C′9)∓ (C10 − C′10)

]
f+(q2) + (C7 − C′7)2mb

fT (q2)

mB +mK∗
0

}
ASt = N0

1√
q2

2(C10 − C′10)(m2
B −m2

K∗
0
)f0(q2), (2.5)

where N0 denotes a normalisation factor given by

N0 = GFαem|VtbVts|

√
q2
√
λK∗

0
β`

3 · 1024π5m3
B

,

and λK∗
0

is given by λK∗
0

= m4
B +m4

K∗
0

+ q4− 2
(
m2
Bm

2
K∗

0
+m2

K∗
0
q2 +m2

Bq
2
)

. The symbols

f+(q2), fT (q2) and f0(q2) denote the q2-dependent hadronic form factors. In the large

energy limit they reduce to a single soft form factor ξ‖(q
2) = f+(q2) = mBfT (q2)/(mB +

mK∗
0
) = mBf0(q2)/(2E). Following ref. [84] we use the soft form factor approach with

ξ‖(q
2) = 0.22± 0.03 for the S-wave contribution.

– 6 –
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n
d
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e(
B

W
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K
, 
|B

W
2 |*

K
|B

W

1−

0

1

2

3

4

5

6

7

Figure 1. (Blue) |BWK∗(m2
Kπ)|2, (teal) |BWK∗

0
(m2

Kπ)|2 and (magenta) the interference term

Re(BW†K∗(m2
Kπ)BWK∗

0
(m2

Kπ)) when varying gκ and the relative phase between P-wave and S-

wave as discussed in the text.

2.3 mKπ distribution

To statistically separate the contributions of the S-wave from the P-wave, the mass of the

K+π− system is extremely valuable. The K+π− mass is included following refs. [83, 84].

The different amplitudes are affected as follows:

AL,R
0,‖,⊥,t(q

2,m2
Kπ) = AL,R

0,‖,⊥(q2)× BWK∗(m2
Kπ)

AL,R
S0,St(q

2,m2
Kπ) = AL,R

S0,St(q
2)× BWK∗

0
(m2

Kπ), (2.6)

where the mKπ dependent terms are given by

BWK∗(m2
Kπ) =

√
mK∗ΓK∗/π

m2
K∗ −m2

Kπ − imK∗ΓK∗

BWK∗
0
(m2

Kπ) = Nm

[
− gκ

(mκ − iΓκ/2)2 −m2
Kπ

+
1(

mK∗
0
− iΓK∗

0
/2
)2 −m2

Kπ

]
, (2.7)

and the normalisation factor Nm is determined by the normalisation condition∫∞
0 |BWK∗

0
(m2

Kπ)|2dm2
Kπ = 1. The symbol K∗0 refers to the K∗0 (1430) with mass mK∗

0
=

(1425±50) MeV/c2 and width ΓK∗
0

= (270±80) MeV/c2. The symbol κ refers to the K∗0 (800)

state with mκ = (658 ± 13) MeV/c2 and Γκ = (557 ± 24) MeV/c2 [85]. For simplicity, the

masses and widths of the K∗0 and κ will be fixed to their central values in the following.

The complex coefficient gκ determines the relative magnitude and phase of the two contri-

butions. We allow this parameter to vary in the range 0 < |gκ| < 0.2, following ref. [83],

and 0 < arg(gκ) < 2π. Figure 1 gives the resulting mKπ distribution of the P-wave and

S-wave contributions in the SM, as well as their interference depending on the parameter

gκ. Good separation between the P-wave and S-wave component is observed.

The five differential decay rate d5Γ(B0→ K+π−µ+µ−)/
(
dcosθl dcosθK dφ dq2 dm2

Kπ

)
including both the P-wave and the S-wave contributions is given by eq. (2.4) when including

– 7 –
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Figure 2. Differential B0→ K∗0µ+µ− branching fraction depending on q2, the three decay angles

cos θl, cos θK and φ and m2
Kπ in the q2 range 0.1 < q2 < 8.0 GeV2/c4. The blue solid line denotes

the full P+S-wave prediction, the blue dashed line the P-wave component, the teal dotted line the

S-wave component and the magenta dash-dotted line the P-wave/S-wave interference. Both the

S-wave component and the interference are scaled by a factor 10 to improve readability.

the mKπ dependence for the decay amplitudes AL,R
0,‖,⊥,t and AL,R

S0,St as detailed in eq. (2.6).

For illustration, projections of the differential branching fraction on q2, the decay angles,

and m2
Kπ are given in figure 2 for low q2 and in figure 3 for high q2.
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Figure 3. Differential B0→ K∗0µ+µ− branching fraction depending on q2, the three decay angles

cos θl, cos θK and φ and m2
Kπ in the q2 range 15.0 < q2 < 19.0 GeV2/c4. The blue solid line denotes

the full P+S-wave prediction, the blue dashed line the P-wave component, the teal dotted line the

S-wave component and the magenta dash-dotted line the P-wave/S-wave interference. Both the

S-wave component as well as the interference are scaled by a factor 10 to improve readability. The

q2 distribution is only given for illustration, since the prediction relies on integration over a large

q2 range and does not predict any of the present and seen charmonium structures in this q2 region.
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3 Direct determination of Wilson coefficients

3.1 Detailed description of the method

An unbinned maximum likelihood fit is performed to determine the Wilson coefficients,

using as input the three decay angles, q2, mKπ and the reconstructed B0 mass, as well

as the B0 decay flavour determined by the kaon charge. As probability density function

(PDF) for the signal decay B0→ K+π−µ+µ−, eq. (2.4) is used after including the mKπ

dependence according to eq. (2.6). The normalised signal PDF in the low q2 region 0.1 <

q2 < 8.0 GeV2/c4 is then given by

S(~Ω, q2,m2
Kπ|C7,9,10, ~λ) =

dΓ5(
↪ ↩
B 0→K+π−µ+µ−)

d~Ω dq2 dm2
Kπ∫ dΓ5(

↪ ↩
B 0→K+π−µ+µ−)

d~Ω dq2 dm2
Kπ

d~Ω dq2 dm2
Kπ

=

∑
i Ii(q

2,m2
Kπ)fi(~Ω)∑

i

∫
Ii(q2,m2

Kπ)dq2 dm2
Kπ ×

∫
fi(~Ω)d~Ω

, (3.1)

where ~λ denotes the nuisance parameters, including the form factor parameters and pa-

rameters describing subleading corrections, as well as quark masses, CKM parameters and

S-wave parameters that will be discussed in detail in section 3.2. Where constraints from

theory on the nuisance parameters are available, they are included in the fit using Gaussian

constraints. The signal PDF is implemented using the EOS [24, 71, 72] and SuperIso [73–75]

software packages that are extended to include the S-wave contribution. Since the oper-

ator product expansion at low recoil relies on quark hadron duality it is only valid when

integrating over a large q2 range. For the high q2 region 15 < q2 < 19 GeV2/c4 we therefore

use the q2-binned prediction in the fit.

The low and high q2 regions are fitted simultaneously using an extended unbinned

maximum likelihood fit. The signal yields at low and high q2 can be used to constrain the

branching fraction of the decay, however in this paper we concentrate on the differential

distribution and do not relate the determined yields to the total branching fraction. We use

the Minuit minimiser to determine the Wilson coefficients and the nuisance parameters.

The Hesse algorithm is used for the determination of the covariance matrix.

3.2 Theory nuisance parameters

The theory nuisance parameters are summarised in table 2. The central values for the

CKM parameters used in the generation of the pseudoexperiments are taken from ref. [86].

In the fit we allow their variation inside ±3σ with σ denoting their uncertainty. Their

uncertainties are furthermore included as Gaussian constraints in the fit.

The mass parameters mc and mb are also allowed to vary ±3σ around their central

values [87]. The uncertainties are also included as Gaussian constraints in the fit. For

simplicity the top mass mt and the scale µ = 4.2 GeV are fixed.

For the form factor parameters we use the results from the combined fit to lattice and

LCSR calculations from refs. [11–13]. The central values of the form factor parameters are
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Parameter Value

CKM parameters

A 0.807± 0.02

λ 0.22535± 0.00065

ρ̄ 0.128± 0.055

η̄ 0.375± 0.060

Quark masses and scales

mc (1.275± 0.025) GeV

mb (4.18± 0.03) GeV

mt 173.3 GeV

µ 4.2 GeV

Subleading corrections

Re(a0,‖,⊥) 0± 0.1

Im(a0,‖,⊥) 0± 0.1

Re(b0,‖,⊥) 0± 0.25

Im(b0,‖,⊥) 0± 0.25

Re(c0,‖,⊥) 0± 0.1

Im(c0,‖,⊥) 0± 0.1

S-wave parameters

ξ‖ 0.22± 0.03

δS π (∈ [0,+2π])

|gκ| 0.1 (∈ [0, 0.2])

arg(gκ) π/2 (∈ [0,+2π])

Parameter Value

Form factor parameters

αA0
0 0.37± 0.03

αA0
1 −1.37± 0.26

αA0
2 0.13± 1.63

αA1
0 0.30± 0.03

αA1
1 0.39± 0.19

αA1
2 1.19± 1.03

αA12
1 0.53± 0.13

αA12
2 0.48± 0.66

αV0 0.38± 0.03

αV1 −1.17± 0.26

αV2 2.42± 1.53

αT10 0.31± 0.03

αT11 −1.01± 0.19

αT12 1.53± 1.64

αT21 0.50± 0.17

αT22 1.61± 0.80

αT230 0.67± 0.06

αT231 1.32± 0.22

αT232 3.82± 2.20

Table 2. Nuisance parameters from theory used in the pseudoexperiments. The given uncertainties

indicate the Gaussian constraints used in the fit. The form factor parameters are constrained in

the fit using the full covariance matrix reported in ref. [11].

given in table 2. For the uncertainties we use the full covariance matrix reported in ref. [11]

and include it in the fit using a multivariate Gaussian constraint.

For the S-wave contribution the soft form factor ξ‖(q
2) = 0.22 ± 0.03 from ref. [84] is

used. In the fit we apply a scale factor S(ξ‖) to the central value and include the relative

uncertainty as Gaussian constraint. Further nuisances concerning the S-wave contribution

are the fraction and relative phase of the κ which are allowed to float as discussed in

section 2.3. Finally, the S-wave contribution is allowed an overall relative phase δS with

respect to the P-wave that is unconstrained in the fit.

With respect to the non-factorisable subleading ΛQCD/mb corrections at low q2 we

follow refs. [14, 26] and include them as multiplicative factors
(
1 + ai + bi(q

2/6 GeV2)
)

with i = 0, ‖,⊥ and ai, bi ∈ C to the corresponding hadronic terms. At high q2 we

multiply the full transversity amplitudes with the factor (1 + ci) with ci ∈ C. For the

subleading corrections we use Gaussian constraints of ±0.1 around zero for the real and

imaginary parts of ai and ci. The real and imaginary parts of bi use Gaussian constraints

– 11 –



J
H
E
P
1
1
(
2
0
1
7
)
1
7
6

of ±0.25 around zero. We note that the size of these Gaussian constraints are currently

assumptions. Larger values of the (non-factorisable) power corrections cannot be ruled out

at present, however a new approach using analyticity properties of the physical amplitudes

may allow for real estimates of such contributions [88]. Such a parameterisation of the

power corrections based on analyticity methods can also be implemented in the direct fit

approach, which should be explored in future work.

3.3 Mass distributions and backgrounds

For a realistic description of backgrounds, we use fsig = Nsig/(Nsig + Nbkg) = 0.6,

corresponding to the signal fraction found by LHCb integrated over the full q2 region

[0.1, 8.0] GeV2/c4 ∪ [15.0, 19.0] GeV2/c4. Both signal and background yields are allowed to

vary and are determined in the fit. To separate the signal from the background contribu-

tion, which is predominantly combinatorial in nature, the reconstructed B0 mass is used:

P(~Ω, q2,m2
Kπ,mKπµµ) = fsig × S(mKπµµ)× S(~Ω, q2,m2

Kπ)

+ (1− fsig)× B(mKπµµ)× B(m2
Kπ)× B(~Ω)× B(q2). (3.2)

The mKπµµ distribution of the signal is modeled using a double Crystal Ball shape, as

published in ref. [7]. The signal mass parameters are fixed in the fit, as is also the case

in ref. [7]. The combinatorial background is modelled using an Exponential function, the

slope is allowed to vary in the fit. The angular and m2
Kπ and q2 distributions of the

background are generated flat in our pseudoexperiments. In the fit the distributions are

modeled using first order polynomials. For simplicity, the background distributions are

assumed to factorise. It should be noted that instead of parameterising the background

contribution, it is also possible to statistically subtract it using the sPlot technique [89].

3.4 Detector effects

The reconstruction and selection of the signal decay B0→ K∗0µ+µ− leads to a distortion

of the angular distribution, as well as q2 and potentially also mKπ. This acceptance effect

can be accounted for in the signal PDF using the efficiency ε(~Ω, q2,m2
Kπ), resulting in

S(~Ω, q2,m2
Kπ|C7,9,10, ~λ) =

ε(~Ω, q2,m2
Kπ)

∑
i Ii(q

2,m2
Kπ)fi(~Ω)∑

i

∫
ε(~Ω, q2,m2

Kπ)Ii(q2,m2
Kπ)fi(~Ω)d~Ω dq2 dm2

Kπ

=
ε(~Ω, q2,m2

Kπ)
∑

i Ii(q
2,m2

Kπ)fi(~Ω)∑
i

∫
Ii(q2,m2

Kπ)ξi(q2,m2
Kπ)dq2 dm2

Kπ

, (3.3)

where the angular integration results in the q2 and mKπ dependent terms ξi(q
2,m2

Kπ). The

efficiency ε(~Ω, q2,m2
Kπ) can be parameterised using the Legendre polynomial technique used

in ref. [7], the multiplicative factor in the numerator can be neglected in the minimisation

of the negative logarithmic likelihood. For simplicity, all pseudoexperiments in this paper

are performed with flat acceptance.

It should be noted that, in principle, the probability density function given in eq. (3.1)

needs to be convoluted with the detector resolution in the decay angles, as well as q2 and
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mKπ. The variation of the probability density function with the decay angles is very slow

compared to the angular resolution, and angular resolution effects are thus neglected. The

natural width of the K∗0 is large compared to the experimental resolution and therefore

the resolution in mKπ is neglected as well. To study the effect of the resolution in q2 we

perform pseudoexperiments in which we smear the generated q2-value with the dimuon

mass resolution at LHCb published in ref. [20]. The pseudoexperiments are then fitted

neglecting the q2-resolution. We find no significant change in sensitivity or bias in the

observables and thus neglect the resolution in q2 in the following.

4 Validation and performance determination

4.1 Pseudoexperiments

To validate the proposed method and to evaluate its sensitivity to the Wilson coefficients

and nuisance parameters we perform pseudoexperiments. To this end, ensembles of 500

simulated samples are generated using an accept/reject method and then fitted. For the

validation of the method, the pull distributions are of central importance. For a parameter

x, the pull of pseudoexperiment i is calculated according to pi = (xfit
i − xgen)/σi(x)fit.

The pull distributions are expected to be compatible with Gaussians centered around zero

with a width of one if the fit is unbiased and the uncertainties are evaluated correctly. The

sensitivity of the method for a certain observable is taken from the width of the distribution

of fit values, it corresponds to the expected fit uncertainty on the parameter.

Each simulated sample contains 9.6 k signal candidates which is four times the size of

the Run 1 data sample. This choice corresponds to the expected signal yield at LHCb after

Run 2. The background is modeled as described in section 3.3, the signal fraction integrated

over q2 and in the 5170 < mKπµµ < 5700 MeV/c2 mass range is given by fsig = 0.6. The

SM values of the Wilson coefficients are used in the generation of the pseudoexperiments.

An overview of the nuisance parameters from theory used in the generation is given in

table 2. While the central values for the nuisance parameters are used in the generation,

in the subsequent fit these parameters are allowed to float.

4.2 Fits of a single pseudoexperiment

Results for the fit of a single pseudoexperiment, determining the Wilson coefficients Re(C7)

and Re(C9) while fixing Re(C10), are given in table 4 in appendix A. Projections of the

fitted PDF on q2, the decay angles and mKπ are given in figures 4 and 5. Good agreement

between simulated events and the PDF projections is observed. In figure 6a we show the

confidence regions for the two Wilson coefficients resulting from the profile likelihood. The

solid, dashed and dotted lines correspond to the 68.3%, 90% and 95% confidence regions,

respectively. The SM values for the Wilson coefficients used in the generation are indicated

by the dash-dotted grey lines. They lie within the 1 σ confidence region. Furthermore, we

perform a fit of Re(C9) and Re(C10) while fixing Re(C7). The results are given in table 4

and the fit projections are shown in figures 7 and 8 in appendix B. The confidence regions

for the Wilson coefficients are shown in figure 6b. In summary, a good behaviour of the
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Figure 4. Results from the fit of a single pseudoexperiment varying the Wilson coefficients Re(C7)

and Re(C9). Simulated events are overlaid with projections of the fitted PDF on q2, the three

decay angles cos θl, cos θK and φ and m2
Kπ in the q2 range 0.1 < q2 < 8.0 GeV2/c4. The simu-

lated events and projections are shown for the signal region ±50 MeV/c2 around the B0 mass to

enhance the signal fraction. The black solid line denotes the full PDF, the blue solid line the sig-

nal component. The blue dashed line gives the P-wave and the teal dotted line the S-wave part.

The magenta dash-dotted line finally gives the P-wave/S-wave interference and the red line the

background contribution.

direct fit method is observed for a single pseudoexperiment. To get a quantitative estimate

of the performance of the method and to validate it, it is however necessary to study the

full ensemble of pseudoexperiments, as detailed in section 4.3 below.
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Figure 5. Results from the fit of a single pseudoexperiment varying the Wilson coefficients Re(C7)

and Re(C9). Simulated events are overlaid with projections of the fitted PDF on q2, the three decay

angles cos θl, cos θK and φ and m2
Kπ in the q2 range 15.0 < q2 < 19.0 GeV2/c4. The simulated events

and projections are shown for the signal region ±50 MeV/c2 around the B0 mass to enhance the

signal fraction. The black solid line denotes the full PDF, the blue solid line the signal component.

The blue dashed line gives the P-wave and the teal dotted line the S-wave part. The magenta

dash-dotted line finally gives the P-wave/S-wave interference and the red line the background con-

tribution. We note again that the q2 distribution in the high q2 region is only shown for illustration,

as it is not used in the direct fit method.
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Figure 6. Confidence regions for (a) Re(C7) and Re(C9) and (b) Re(C9) and Re(C10) for a single

pseudoexperiment. The results from the direct fit method are given by the blue contours, the results

from the determination using q2-binned angular observables are given by the green contours. The

contours correspond to confidence levels of 68.3%, 90% and 95% for the solid, dashed and dotted

lines, respectively. The SM values for the Wilson coefficients used in the generation are indicated

by the grey dash-dotted lines.
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4.3 Sensitivity on Wilson coefficients and nuisance parameters

To validate the direct fit method and estimate its performance the pseudoexperiments are

fit using several different configurations for the Wilson coefficients. First, fits of single

Wilson coefficients are performed, while all other Wilson coefficients are fixed to their

SM values. Detailed results for fits of Re(C7), Re(C9) and Re(C10) are given in table 5–7

in appendix C, where background parameters are omitted for brevity. The first column

of the tables gives the sensitivity to the parameters, determined from the width of the

distribution of fitted parameter values. The uncertainty on the given sensitivity is the

statistical error due to the limited number of pseudoexperiments. Furthermore, the mean

values and widths of the pull distributions are given for every parameter. The physics

parameters have pull distributions that are centered around zero with a width of one. The

direct fit method is thus unbiased and the parameter uncertainties are correctly estimated.

The nuisance parameters are also determined without bias and with correct uncertainties,

with the exceptions of the two S-wave parameters |gκ| and arg(gκ). These parameters show

non-Gaussian behaviour due to the small size of the S-wave contribution, however this does

not negatively affect the other parameters. The sensitivities to the Wilson coefficients are,

as summarised in table 3a, σRe(C7) = 0.0139 ± 0.0004, σRe(C9) = 0.1534 ± 0.0049 and

σRe(C10) = 0.1833± 0.0058.

Furthermore, it is instructive to see how well the direct method performs when sep-

arating contributions from different Wilson coefficients. We therefore perform studies in

which we vary two Wilson coefficients simultaneously. First, we vary both Re(C7) and

Re(C9), while keeping Re(C10) fixed. The results are given in table 8 in appendix C. The si-

multaneous fit has a sensitivity of σRe(C7) = 0.0193±0.0006 and σRe(C10) = 0.2130±0.0068.

In a second study we allow both Re(C9) and Re(C10) to vary, while fixing Re(C7). Table 9

gives expected uncertainties of σRe(C9) = 0.1715 ± 0.0054 and σRe(C10) = 0.2054 ± 0.0065

in this case. In both cases, the pull distributions show that the fit is unbiased and the

uncertainties are correctly estimated.

Besides the Wilson coefficients, it is interesting to also study the expected sensitivities

of the fit to the nuisance parameters. Theoretical constraints on theory nuisance parameters

are included in the fit using Gaussian constraints as discussed in section 3.2 and detailed in

table 2. If the expected uncertainty from the fit is significantly smaller than the Gaussian

constraint this shows that the data is able to further constrain these parameters. This

is particularly visible for the form factor parameters. Their uncertainties are significantly

reduced through the q2-unbinned fit to the data. For the subleading corrections we observe

a reduction in uncertainty at high q2 compared to the Gaussian constraints. We however

do not observe a significant reduction of uncertainty at low q2, which is due to the fact

that the parameterisation of the subleading corrections affects only a part of the decay

amplitudes as discussed in section 3.2.

4.4 Comparison with the q2-binned method

To compare the performance of the direct fit with the conventional q2-binned approach the

same 500 pseudoexperiments are split into bins of q2 and maximum likelihood fits similar
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Direct fit method

sensitivity rel. sens. [%] pull mean pull width

Single Wilson coefficients

Re(C7) 0.0139± 0.0004 4.14± 0.13 0.03± 0.04 0.98± 0.03

Re(C9) 0.1534± 0.0049 3.59± 0.11 −0.02± 0.04 0.99± 0.03

Re(C10) 0.1833± 0.0058 4.39± 0.14 −0.00± 0.05 1.03± 0.03

Pairs of Wilson coefficients

Re(C7) 0.0193± 0.0006 5.74± 0.18 0.03± 0.05 1.02± 0.03

Re(C9) 0.2130± 0.0068 4.98± 0.16 −0.04± 0.05 1.02± 0.03

Re(C9) 0.1715± 0.0054 4.01± 0.13 −0.01± 0.04 0.97± 0.03

Re(C10) 0.2054± 0.0065 4.92± 0.16 0.03± 0.05 1.01± 0.03

(a)

q2-binned observables

sensitivity rel. sens. [%] pull mean pull width

Single Wilson coefficients

Re(C7) 0.0159± 0.0005 4.73± 0.15 0.08± 0.05 1.04± 0.03

Re(C9) 0.1610± 0.0051 3.77± 0.12 0.01± 0.05 1.02± 0.03

Re(C10) 0.2278± 0.0072 5.46± 0.17 −0.01± 0.05 1.06± 0.03

Pairs of Wilson coefficients

Re(C7) 0.0252± 0.0008 7.49± 0.24 0.06± 0.05 1.07± 0.03

Re(C9) 0.2555± 0.0081 5.98± 0.19 −0.04± 0.05 1.05± 0.03

Re(C9) 0.1869± 0.0059 4.37± 0.14 0.03± 0.05 1.02± 0.03

Re(C10) 0.2663± 0.0085 6.38± 0.20 0.00± 0.05 1.06± 0.03

(b)

Table 3. Summary of the sensitivity to the Wilson coefficients (absolute and relative to the SM

value of the Wilson coefficient) as well as the means and widths of the pull distributions for (a) the

direct fit method and (b) the conventional q2-binned approach.

to ref. [7] are performed to determine the angular observables in bins of q2. For the binned

angular observables the Pi basis is used, consisting of FL, P1,2,3 and P ′4,5,6,8. The Si basis

consisting of FL, AFB and S3,4,5,7,8,9 gives consistent results. The q2 binning is analogous

to the binning used for the likelihood fit in ref. [7]. To constrain the S-wave contribution,

the mKπ distribution is used in the angular fit.

After the angular observables and their correlations are determined in bins of q2, a

χ2-minimisation is performed, using the binned angular observables and their correlations

as input. The EOS software package is used to provide the binned predictions from theory.

We perform fits of the pseudoexperiment studied using the direct fit method in section 4.2

determining pairs of Wilson coefficients. The resulting confidence regions are given by

the green contours in figure 6, indicating that the direct fit method allows a more precise

determination of the Wilson coefficients than the q2-binned approach.
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Subsequently, we study the full ensemble of pseudoexperiments and perform fits of

the single Wilson coefficients Re(C7), Re(C9) and Re(C10), while all other coefficients are

fixed to their SM values. Detailed results are given in table 5–7 in appendix C. The

q2-binned fit is shown to be unbiased and the parameter uncertainties are determined

correctly. The sensitivities of the binned fit of single Wilson coefficients to Re(C7), Re(C9)

and Re(C10) are found to be σRe(C7) = 0.0159 ± 0.0005, σRe(C9) = 0.1610 ± 0.0051 and

σRe(C10) = 0.2278 ± 0.0072, as summarised in table 3b. The expected uncertainties from

the q2-binned approach are therefore significantly larger than from the proposed direct

fit method.

We furthermore perform simultaneous fits of two Wilson coefficients using the q2-

binned approach. The results of a simultaneous fit of Re(C7) and Re(C9) are given in table 8

in appendix C. The sensitivities found for the simultaneous fit of the Wilson coefficients

are σRe(C7) = 0.0252± 0.0008 and σRe(C9) = 0.2555± 0.0081. Results for the simultaneous

fit of Re(C7) and Re(C9) are given in table 9. The expected uncertainties for the Wilson

coefficients in this case are σRe(C9) = 0.1869±0.0059 and σRe(C10) = 0.2663±0.0085. As for

the q2-unbinned approach, the binned fit method is unbiased and the uncertainties are cor-

rectly estimated. However, the uncertainties are significantly larger than the uncertainties

achievable using the proposed direct fit method detailed in section 4.3.

The binned method also allows to constrain nuisance parameters. Comparing the

expected uncertainties of the form factor parameters with the Gaussian constraints listed

in table 2 shows a reduction of the uncertainties. However, the binned approach is less

powerful in reducing the uncertainties than the direct fit of Wilson coefficients.

5 Conclusions

We present a method to determine the Wilson coefficients directly from a q2-unbinned fit

of B0 → K∗0µ+µ− decays. This direct fit method uses all available experimental data

on the decay, namely q2, the decay angles, the B0 decay flavour, and mKπ in a more

efficient way than the conventional q2-binned approach. The method is validated and shown

to be unbiased and to correctly determine the parameter uncertainties. In comparison

with the conventional q2-binned method the direct fit method gives increased sensitivity

to the physics parameters of interest, the Wilson coefficients. The q2-unbinned direct

fit method is particularly useful for the simultaneous determination of pairs of Wilson

coefficients where the different q2 dependencies of the contributions can be exploited. The

statistical uncertainties for the determination of pairs of Wilson coefficients in the direct

fit approach are reduced by 8− 23% compared to the q2-binned method, corresponding to

an increase in signal yield of around 20 − 70%. In addition, theory nuisance parameters

can be better constrained through the more efficient use of the data. An example are

the form factor parameters that can be further constrained in the direct fit. We note

that the parameterisation of non-factorisable contributions (including leading and power

corrections) based on analyticity properties which was very recently proposed in ref. [88] is

possible within the direct fit approach and should be explored in future work. Furthermore,

the direct fit method can also be applied to other b→ s`` decays like B0
s→ φµ+µ−.
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In light of the advantages of the direct fit method we would encourage its use in

future analyses of the decay B0→ K∗0µ+µ− at LHCb and Belle II. Publishing background

subtracted and efficiency corrected data samples should also be discussed. A drawback of

the direct fit method is that it depends on the calculation and assumptions for nuisance

parameters used in the fit. It is thus crucial to continue to also determine and publish the

q2-binned observables that are independent of theory considerations.
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A Fit results for a single pseudoexperiment

Parameter Result Pull [σ]

Re(C7) −0.345± 0.019 −0.4

Re(C9) 4.55± 0.22 1.3

CKM parameters

ACKM 0.824± 0.020 0.8

λCKM 0.22613± 0.00064 1.2

ρ̄CKM 0.073± 0.053 −1.0

η̄CKM 0.369± 0.059 −0.1

Quark masses

mc 1.282± 0.024 0.3

mb 4.185± 0.029 0.2

Form factor parameters

αA0
0 0.389± 0.018 1.1

αA0
1 −1.14± 0.22 1.1

αA0
2 0.6± 1.4 0.4

αA1
0 0.309± 0.017 0.7

αA1
1 0.57± 0.16 1.2

αA1
2 1.77± 0.95 0.6

αA12
1 0.725± 0.100 1.9

αA12
2 1.23± 0.59 1.3

αV0 0.384± 0.022 0.3

αV1 −0.97± 0.21 0.9

αV2 1.1± 1.3 −1.0

αT10 0.334± 0.019 1.1

αT11 −0.77± 0.15 1.5

αT12 0.9± 1.5 −0.4

αT21 0.67± 0.14 1.2

αT22 2.06± 0.78 0.6

αT230 0.737± 0.056 1.2

αT231 1.25± 0.21 −0.3

αT232 1.9± 2.1 −0.9

Subleading corrections

Re(asl0 ) −0.008± 0.100 −0.1

Im(asl0 ) −0.095± 0.100 −1.0

Re(bsl0 ) −0.16± 0.24 −0.7

Im(bsl0 ) 0.32± 0.24 1.3

Re(asl⊥) −0.088± 0.097 −0.9

Im(asl⊥) −0.085± 0.097 −0.9

Re(bsl⊥) −0.05± 0.24 −0.2

Im(bsl⊥) 0.17± 0.24 0.7

Re(asl‖ ) 0.039± 0.097 0.4

Im(asl‖ ) −0.096± 0.095 −1.0

Re(bsl‖ ) 0.08± 0.24 0.3

Im(bsl‖ ) −0.35± 0.24 −1.5

Re(csl0 ) 0.007± 0.059 0.1

Im(csl0 ) 0.046± 0.059 0.8

Re(csl⊥) 0.073± 0.072 1.0

Im(csl⊥) −0.026± 0.069 −0.4

Re(csl‖ ) 0.077± 0.061 1.3

Im(csl‖ ) 0.040± 0.061 0.7

S-wave parameters

S(ξ‖) 0.951± 0.090 −0.5

δS 3.31± 0.18 0.9

|gκ| 0.19± 0.17 0.5

arg(gκ) 1.09± 0.64 −0.8

Parameter Result Pull [σ]

Re(C9) 4.45± 0.18 1.0

Re(C10) −4.08± 0.19 0.5

CKM parameters

ACKM 0.824± 0.020 0.8

λCKM 0.22613± 0.00064 1.2

ρ̄CKM 0.073± 0.053 −1.0

η̄CKM 0.369± 0.059 −0.1

Quark masses

mc 1.283± 0.024 0.3

mb 4.185± 0.029 0.2

Form factor parameters

αA0
0 0.389± 0.018 1.1

αA0
1 −1.14± 0.22 1.1

αA0
2 0.6± 1.4 0.4

αA1
0 0.309± 0.017 0.7

αA1
1 0.57± 0.16 1.2

αA1
2 1.77± 0.95 0.6

αA12
1 0.726± 0.100 1.9

αA12
2 1.23± 0.59 1.3

αV0 0.384± 0.022 0.3

αV1 −0.98± 0.21 0.9

αV2 1.1± 1.3 −1.0

αT10 0.334± 0.019 1.1

αT11 −0.77± 0.15 1.5

αT12 0.9± 1.5 −0.4

αT21 0.66± 0.14 1.2

αT22 2.06± 0.78 0.6

αT230 0.737± 0.056 1.2

αT231 1.25± 0.21 −0.3

αT232 1.9± 2.1 −0.9

Subleading corrections

Re(asl0 ) −0.009± 0.100 −0.1

Im(asl0 ) −0.095± 0.100 −1.0

Re(bsl0 ) −0.16± 0.24 −0.7

Im(bsl0 ) 0.32± 0.24 1.3

Re(asl⊥) −0.088± 0.097 −0.9

Im(asl⊥) −0.085± 0.097 −0.9

Re(bsl⊥) −0.05± 0.24 −0.2

Im(bsl⊥) 0.17± 0.24 0.7

Re(asl‖ ) 0.038± 0.097 0.4

Im(asl‖ ) −0.096± 0.094 −1.0

Re(bsl‖ ) 0.08± 0.24 0.3

Im(bsl‖ ) −0.35± 0.24 −1.5

Re(csl0 ) 0.007± 0.059 0.1

Im(csl0 ) 0.046± 0.059 0.8

Re(csl⊥) 0.073± 0.072 1.0

Im(csl⊥) −0.026± 0.069 −0.4

Re(csl‖ ) 0.077± 0.061 1.3

Im(csl‖ ) 0.040± 0.061 0.7

S-wave parameters

S(ξ‖) 0.950± 0.090 −0.6

δS 3.31± 0.18 0.9

|gκ| 0.19± 0.17 0.5

arg(gκ) 1.08± 0.64 −0.8

Table 4. Results from the direct fit method for a single pseudoexperiment varying (left) the Wilson

coefficients Re(C7) and Re(C9) and (right) the Wilson coefficients Re(C9) and Re(C10). Background

parameters are omitted for brevity.
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Figure 7. Results from the fit of a single pseudoexperiment varying the Wilson coefficients Re(C9)

and Re(C10). Simulated events are overlaid with projections of the fitted PDF on q2, the three

decay angles cos θl, cos θK and φ and m2
Kπ in the q2 range 0.1 < q2 < 8.0 GeV2/c4. The simu-

lated events and projections are shown for the signal region ±50 MeV/c2 around the B0 mass to

enhance the signal fraction. The black solid line denotes the full PDF, the blue solid line the sig-

nal component. The blue dashed line gives the P-wave and the teal dotted line the S-wave part.

The magenta dash-dotted line finally gives the P-wave/S-wave interference and the red line the

background contribution.
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Figure 8. Results from the fit of a single pseudoexperiment varying the Wilson coefficients Re(C9)

and Re(C10). Simulated events are overlaid with projections of the fitted PDF on q2, the three

decay angles cos θl, cos θK and φ and m2
Kπ in the q2 range 15.0 < q2 < 19.0 GeV2/c4. The sim-

ulated events and projections are shown for the signal region ±50 MeV/c2 around the B0 mass to

enhance the signal fraction. The black solid line denotes the full PDF, the blue solid line the signal

component. The blue dashed line gives the P-wave and the teal dotted line the S-wave part. The

magenta dash-dotted line finally gives the P-wave/S-wave interference and the red line the back-

ground contribution. We note again that the q2 distribution in the high q2 region is only shown for

illustration, as it is not used in the direct fit method.
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C Detailed comparison of the direct fit method with the q2-binned ap-

proach

sensitivity pull mean pull width

Re(C7) 0.0139± 0.0004 0.03± 0.04 0.98± 0.03

CKM parameters

ACKM 0.0206± 0.0007 −0.00± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.09± 0.05 1.03± 0.03

ρ̄CKM 0.0529± 0.0017 0.04± 0.04 0.99± 0.03

η̄CKM 0.0589± 0.0019 0.00± 0.04 0.98± 0.03

Quark masses

mc 0.0235± 0.0007 −0.04± 0.04 0.98± 0.03

mb 0.0298± 0.0009 −0.04± 0.05 1.02± 0.03

Form factor parameters

αA0
0 0.0179± 0.0006 −0.03± 0.05 1.04± 0.03

αA0
1 0.2115± 0.0067 −0.01± 0.04 0.99± 0.03

αA0
2 1.3459± 0.0428 −0.05± 0.04 0.95± 0.03

αA1
0 0.0172± 0.0005 −0.04± 0.05 1.01± 0.03

αA1
1 0.1499± 0.0048 −0.05± 0.04 0.97± 0.03

αA1
2 0.9163± 0.0291 −0.05± 0.04 0.96± 0.03

αA12
1 0.0976± 0.0031 −0.02± 0.04 0.99± 0.03

αA12
2 0.5869± 0.0187 −0.02± 0.04 1.00± 0.03

αV0 0.0222± 0.0007 −0.03± 0.04 1.00± 0.03

αV1 0.2130± 0.0068 −0.03± 0.05 1.02± 0.03

αV2 1.3687± 0.0435 −0.02± 0.05 1.01± 0.03

αT10 0.0194± 0.0006 −0.02± 0.05 1.00± 0.03

αT11 0.1585± 0.0050 −0.03± 0.05 1.05± 0.03

αT12 1.4405± 0.0458 −0.00± 0.04 0.93± 0.03

αT21 0.1357± 0.0043 −0.03± 0.04 1.00± 0.03

αT22 0.7237± 0.0230 −0.02± 0.04 0.93± 0.03

αT230 0.0570± 0.0018 −0.02± 0.05 1.02± 0.03

αT231 0.1905± 0.0061 −0.05± 0.04 0.93± 0.03

αT232 1.9632± 0.0624 −0.00± 0.04 0.96± 0.03

Subleading corrections

Re(asl0 ) 0.0982± 0.0031 −0.01± 0.04 0.99± 0.03

Im(asl0 ) 0.1040± 0.0033 0.04± 0.05 1.04± 0.03

Re(bsl0 ) 0.2407± 0.0077 −0.02± 0.05 1.01± 0.03

Im(bsl0 ) 0.2465± 0.0078 −0.08± 0.05 1.02± 0.03

Re(asl⊥) 0.0983± 0.0031 0.01± 0.05 1.02± 0.03

Im(asl⊥) 0.0906± 0.0029 −0.01± 0.04 0.94± 0.03

Re(bsl⊥) 0.2485± 0.0079 −0.06± 0.05 1.06± 0.03

Im(bsl⊥) 0.2499± 0.0079 0.04± 0.05 1.05± 0.03

Re(asl‖ ) 0.0939± 0.0030 −0.01± 0.04 0.99± 0.03

Im(asl‖ ) 0.0943± 0.0030 0.06± 0.05 1.01± 0.03

Re(bsl‖ ) 0.2309± 0.0073 0.04± 0.04 0.99± 0.03

Im(bsl‖ ) 0.2434± 0.0077 0.11± 0.05 1.04± 0.03

Re(csl0 ) 0.0590± 0.0019 −0.06± 0.04 0.97± 0.03

Im(csl0 ) 0.0581± 0.0018 0.00± 0.04 0.97± 0.03

Re(csl⊥) 0.0692± 0.0022 −0.05± 0.05 1.01± 0.03

Im(csl⊥) 0.0659± 0.0021 0.09± 0.04 0.99± 0.03

Re(csl‖ ) 0.0569± 0.0018 −0.03± 0.04 0.97± 0.03

Im(csl‖ ) 0.0566± 0.0018 0.01± 0.04 0.96± 0.03

S-wave parameters

S(ξ‖) 0.0861± 0.0027 0.05± 0.05 1.04± 0.03

δS 0.1776± 0.0056 0.10± 0.05 1.13± 0.04

|gκ| 0.0527± 0.0017 0.27± 0.04 0.91± 0.03

arg(gκ) 0.8666± 0.0275 0.01± 0.07 1.64± 0.05

sensitivity pull mean pull width

Re(C7) 0.0159± 0.0005 0.08± 0.05 1.04± 0.03

CKM parameters

ACKM 0.0205± 0.0007 −0.00± 0.05 1.00± 0.03

λCKM 0.0007± 0.0000 −0.09± 0.05 1.03± 0.03

ρ̄CKM 0.0532± 0.0017 0.04± 0.04 0.99± 0.03

η̄CKM 0.0589± 0.0019 0.00± 0.04 0.98± 0.03

Quark masses

mc 0.0237± 0.0008 −0.04± 0.04 0.98± 0.03

mb 0.0298± 0.0009 −0.05± 0.05 1.02± 0.03

Form factor parameters

αA0
0 0.0197± 0.0006 −0.14± 0.05 1.06± 0.03

αA0
1 0.2407± 0.0076 −0.04± 0.05 1.02± 0.03

αA0
2 1.4745± 0.0469 0.01± 0.05 1.01± 0.03

αA1
0 0.0188± 0.0006 0.07± 0.05 1.04± 0.03

αA1
1 0.1636± 0.0052 0.02± 0.05 1.00± 0.03

αA1
2 0.9523± 0.0303 −0.03± 0.04 0.98± 0.03

αA12
1 0.1148± 0.0037 −0.06± 0.05 1.00± 0.03

αA12
2 0.6432± 0.0205 −0.00± 0.05 1.01± 0.03

αV0 0.0241± 0.0008 0.09± 0.05 1.01± 0.03

αV1 0.2385± 0.0076 0.05± 0.05 1.05± 0.03

αV2 1.3483± 0.0429 −0.06± 0.04 0.99± 0.03

αT10 0.0209± 0.0007 0.10± 0.05 1.03± 0.03

αT11 0.1735± 0.0055 0.06± 0.05 1.08± 0.03

αT12 1.4726± 0.0468 −0.03± 0.04 0.94± 0.03

αT21 0.1484± 0.0047 0.04± 0.05 1.02± 0.03

αT22 0.7400± 0.0235 −0.03± 0.04 0.94± 0.03

αT230 0.0615± 0.0020 −0.00± 0.05 1.06± 0.03

αT231 0.2085± 0.0066 −0.03± 0.04 0.96± 0.03

αT232 2.0483± 0.0652 −0.01± 0.04 0.99± 0.03

Subleading corrections

Re(asl0 ) 0.1030± 0.0033 −0.04± 0.05 1.03± 0.03

Im(asl0 ) 0.0986± 0.0031 −0.01± 0.04 0.99± 0.03

Re(bsl0 ) 0.2605± 0.0083 0.07± 0.05 1.07± 0.03

Im(bsl0 ) 0.2419± 0.0077 −0.03± 0.04 1.00± 0.03

Re(asl⊥) 0.0997± 0.0032 −0.06± 0.05 1.03± 0.03

Im(asl⊥) 0.0952± 0.0030 −0.00± 0.04 0.99± 0.03

Re(bsl⊥) 0.2260± 0.0072 0.01± 0.04 0.95± 0.03

Im(bsl⊥) 0.2553± 0.0081 −0.05± 0.05 1.07± 0.03

Re(asl‖ ) 0.0994± 0.0032 0.03± 0.05 1.04± 0.03

Im(asl‖ ) 0.0936± 0.0030 −0.02± 0.05 1.00± 0.03

Re(bsl‖ ) 0.2373± 0.0075 0.08± 0.05 1.01± 0.03

Im(bsl‖ ) 0.2309± 0.0073 0.03± 0.04 0.98± 0.03

Re(csl0 ) 0.0654± 0.0021 0.11± 0.05 1.00± 0.03

Im(csl0 ) 0.0611± 0.0019 −0.04± 0.04 0.96± 0.03

Re(csl⊥) 0.0716± 0.0023 0.05± 0.05 1.01± 0.03

Im(csl⊥) 0.0668± 0.0021 0.04± 0.04 0.97± 0.03

Re(csl‖ ) 0.0638± 0.0020 0.05± 0.05 1.02± 0.03

Im(csl‖ ) 0.0630± 0.0020 −0.05± 0.05 1.02± 0.03

Table 5. Results from pseudoexperiments determining Re(C7) using (left) the proposed direct fit

method and (right) the q2-binned approach.
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sensitivity pull mean pull width

Re(C9) 0.1534± 0.0049 −0.02± 0.04 0.99± 0.03

CKM parameters

ACKM 0.0206± 0.0007 −0.01± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.09± 0.05 1.03± 0.03

ρ̄CKM 0.0531± 0.0017 0.04± 0.04 0.99± 0.03

η̄CKM 0.0587± 0.0019 −0.00± 0.04 0.97± 0.03

Quark masses

mc 0.0235± 0.0007 −0.04± 0.04 0.97± 0.03

mb 0.0296± 0.0009 −0.04± 0.05 1.01± 0.03

Form factor parameters

αA0
0 0.0179± 0.0006 −0.04± 0.05 1.04± 0.03

αA0
1 0.2130± 0.0068 −0.02± 0.04 1.00± 0.03

αA0
2 1.3281± 0.0422 −0.04± 0.04 0.95± 0.03

αA1
0 0.0171± 0.0005 −0.05± 0.05 1.01± 0.03

αA1
1 0.1471± 0.0047 −0.04± 0.04 0.96± 0.03

αA1
2 0.9074± 0.0288 −0.04± 0.04 0.96± 0.03

αA12
1 0.0971± 0.0031 −0.01± 0.04 0.99± 0.03

αA12
2 0.5825± 0.0185 −0.01± 0.04 0.99± 0.03

αV0 0.0221± 0.0007 −0.04± 0.05 1.00± 0.03

αV1 0.2050± 0.0065 −0.02± 0.05 1.01± 0.03

αV2 1.3732± 0.0436 −0.01± 0.05 1.01± 0.03

αT10 0.0181± 0.0006 −0.04± 0.05 1.03± 0.03

αT11 0.1482± 0.0047 −0.02± 0.05 1.03± 0.03

αT12 1.4485± 0.0460 0.01± 0.04 0.94± 0.03

αT21 0.1295± 0.0041 −0.03± 0.04 0.99± 0.03

αT22 0.7279± 0.0231 0.00± 0.04 0.94± 0.03

αT230 0.0566± 0.0018 −0.02± 0.05 1.02± 0.03

αT231 0.1927± 0.0061 −0.05± 0.04 0.94± 0.03

αT232 1.9581± 0.0622 0.01± 0.04 0.95± 0.03

Subleading corrections

Re(asl0 ) 0.0977± 0.0031 −0.01± 0.04 0.98± 0.03

Im(asl0 ) 0.1044± 0.0033 0.04± 0.05 1.05± 0.03

Re(bsl0 ) 0.2404± 0.0076 −0.03± 0.05 1.01± 0.03

Im(bsl0 ) 0.2475± 0.0079 −0.08± 0.05 1.02± 0.03

Re(asl⊥) 0.0963± 0.0031 0.01± 0.05 1.02± 0.03

Im(asl⊥) 0.0900± 0.0029 −0.00± 0.04 0.94± 0.03

Re(bsl⊥) 0.2530± 0.0080 −0.07± 0.05 1.06± 0.03

Im(bsl⊥) 0.2553± 0.0081 0.04± 0.05 1.06± 0.03

Re(asl‖ ) 0.0921± 0.0029 −0.01± 0.04 0.99± 0.03

Im(asl‖ ) 0.0935± 0.0030 0.07± 0.05 1.01± 0.03

Re(bsl‖ ) 0.2317± 0.0074 0.04± 0.04 0.99± 0.03

Im(bsl‖ ) 0.2438± 0.0077 0.10± 0.05 1.04± 0.03

Re(csl0 ) 0.0588± 0.0019 −0.06± 0.04 0.97± 0.03

Im(csl0 ) 0.0582± 0.0018 −0.00± 0.04 0.97± 0.03

Re(csl⊥) 0.0693± 0.0022 −0.05± 0.05 1.01± 0.03

Im(csl⊥) 0.0656± 0.0021 0.09± 0.04 0.98± 0.03

Re(csl‖ ) 0.0566± 0.0018 −0.05± 0.04 0.97± 0.03

Im(csl‖ ) 0.0566± 0.0018 0.00± 0.04 0.96± 0.03

S-wave parameters

S(ξ‖) 0.0864± 0.0027 0.04± 0.05 1.05± 0.03

δS 0.1779± 0.0057 0.09± 0.05 1.12± 0.04

|gκ| 0.0525± 0.0017 0.28± 0.04 0.91± 0.03

arg(gκ) 0.8531± 0.0271 0.09± 0.09 2.02± 0.06

sensitivity pull mean pull width

Re(C9) 0.1610± 0.0051 0.01± 0.05 1.02± 0.03

CKM parameters

ACKM 0.0205± 0.0007 −0.02± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.08± 0.05 1.03± 0.03

ρ̄CKM 0.0528± 0.0017 0.04± 0.04 0.98± 0.03

η̄CKM 0.0589± 0.0019 0.01± 0.04 0.98± 0.03

Quark masses

mc 0.0234± 0.0007 −0.02± 0.04 0.96± 0.03

mb 0.0298± 0.0010 −0.04± 0.05 1.01± 0.03

Form factor parameters

αA0
0 0.0197± 0.0006 −0.14± 0.05 1.06± 0.03

αA0
1 0.2400± 0.0076 −0.03± 0.05 1.02± 0.03

αA0
2 1.4643± 0.0467 0.00± 0.05 1.00± 0.03

αA1
0 0.0188± 0.0006 0.07± 0.05 1.04± 0.03

αA1
1 0.1624± 0.0052 0.02± 0.04 0.99± 0.03

αA1
2 0.9478± 0.0302 −0.04± 0.04 0.98± 0.03

αA12
1 0.1145± 0.0037 −0.06± 0.05 1.00± 0.03

αA12
2 0.6453± 0.0206 −0.00± 0.05 1.02± 0.03

αV0 0.0240± 0.0008 0.09± 0.05 1.01± 0.03

αV1 0.2371± 0.0076 0.04± 0.05 1.05± 0.03

αV2 1.3559± 0.0432 −0.07± 0.04 0.99± 0.03

αT10 0.0202± 0.0006 0.08± 0.05 1.02± 0.03

αT11 0.1698± 0.0054 0.05± 0.05 1.06± 0.03

αT12 1.4814± 0.0472 −0.03± 0.04 0.95± 0.03

αT21 0.1464± 0.0047 0.03± 0.05 1.01± 0.03

αT22 0.7476± 0.0238 −0.04± 0.04 0.95± 0.03

αT230 0.0614± 0.0020 0.00± 0.05 1.06± 0.03

αT231 0.2078± 0.0066 −0.03± 0.04 0.96± 0.03

αT232 2.0454± 0.0652 −0.01± 0.04 0.99± 0.03

Subleading corrections

Re(asl0 ) 0.1034± 0.0033 −0.03± 0.05 1.04± 0.03

Im(asl0 ) 0.0982± 0.0031 −0.01± 0.04 0.99± 0.03

Re(bsl0 ) 0.2600± 0.0083 0.07± 0.05 1.06± 0.03

Im(bsl0 ) 0.2411± 0.0077 −0.03± 0.04 0.99± 0.03

Re(asl⊥) 0.0989± 0.0032 −0.08± 0.05 1.04± 0.03

Im(asl⊥) 0.0953± 0.0030 0.00± 0.04 0.99± 0.03

Re(bsl⊥) 0.2284± 0.0073 0.02± 0.04 0.95± 0.03

Im(bsl⊥) 0.2565± 0.0082 −0.05± 0.05 1.06± 0.03

Re(asl‖ ) 0.0990± 0.0032 0.03± 0.05 1.05± 0.03

Im(asl‖ ) 0.0932± 0.0030 −0.01± 0.05 1.00± 0.03

Re(bsl‖ ) 0.2358± 0.0075 0.09± 0.05 1.00± 0.03

Im(bsl‖ ) 0.2310± 0.0074 0.03± 0.04 0.98± 0.03

Re(csl0 ) 0.0655± 0.0021 0.11± 0.05 1.01± 0.03

Im(csl0 ) 0.0611± 0.0019 −0.05± 0.04 0.96± 0.03

Re(csl⊥) 0.0720± 0.0023 0.06± 0.05 1.01± 0.03

Im(csl⊥) 0.0668± 0.0021 0.04± 0.04 0.97± 0.03

Re(csl‖ ) 0.0636± 0.0020 0.04± 0.05 1.01± 0.03

Im(csl‖ ) 0.0630± 0.0020 −0.05± 0.05 1.02± 0.03

Table 6. Results from pseudoexperiments determining Re(C9) using (left) the proposed direct fit

method and (right) the q2-binned approach.
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sensitivity pull mean pull width

Re(C10) 0.1833± 0.0058 −0.00± 0.05 1.03± 0.03

CKM parameters

ACKM 0.0206± 0.0007 −0.01± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.09± 0.05 1.04± 0.03

ρ̄CKM 0.0530± 0.0017 0.05± 0.04 0.99± 0.03

η̄CKM 0.0588± 0.0019 −0.00± 0.04 0.98± 0.03

Quark masses

mc 0.0237± 0.0008 −0.04± 0.04 0.98± 0.03

mb 0.0296± 0.0009 −0.04± 0.05 1.01± 0.03

Form factor parameters

αA0
0 0.0178± 0.0006 −0.05± 0.05 1.03± 0.03

αA0
1 0.2117± 0.0067 −0.02± 0.04 0.99± 0.03

αA0
2 1.3447± 0.0427 −0.04± 0.04 0.95± 0.03

αA1
0 0.0170± 0.0005 −0.06± 0.05 1.01± 0.03

αA1
1 0.1497± 0.0048 −0.05± 0.04 0.97± 0.03

αA1
2 0.9260± 0.0294 −0.04± 0.04 0.97± 0.03

αA12
1 0.0973± 0.0031 −0.02± 0.04 0.99± 0.03

αA12
2 0.5855± 0.0186 −0.02± 0.04 1.00± 0.03

αV0 0.0223± 0.0007 −0.04± 0.05 1.01± 0.03

αV1 0.2095± 0.0067 −0.04± 0.05 1.02± 0.03

αV2 1.3687± 0.0435 −0.02± 0.05 1.01± 0.03

αT10 0.0180± 0.0006 −0.04± 0.05 1.04± 0.03

αT11 0.1529± 0.0049 −0.03± 0.05 1.04± 0.03

αT12 1.4414± 0.0458 −0.00± 0.04 0.94± 0.03

αT21 0.1340± 0.0043 −0.04± 0.05 1.01± 0.03

αT22 0.7302± 0.0232 −0.01± 0.04 0.94± 0.03

αT230 0.0571± 0.0018 −0.03± 0.05 1.02± 0.03

αT231 0.1921± 0.0061 −0.06± 0.04 0.94± 0.03

αT232 1.9618± 0.0624 −0.00± 0.04 0.96± 0.03

Subleading corrections

Re(asl0 ) 0.0979± 0.0031 −0.02± 0.04 0.98± 0.03

Im(asl0 ) 0.1047± 0.0033 0.03± 0.05 1.05± 0.03

Re(bsl0 ) 0.2414± 0.0077 −0.03± 0.05 1.01± 0.03

Im(bsl0 ) 0.2479± 0.0079 −0.08± 0.05 1.02± 0.03

Re(asl⊥) 0.0962± 0.0031 0.02± 0.05 1.02± 0.03

Im(asl⊥) 0.0890± 0.0028 0.00± 0.04 0.93± 0.03

Re(bsl⊥) 0.2480± 0.0079 −0.06± 0.05 1.06± 0.03

Im(bsl⊥) 0.2482± 0.0079 0.04± 0.05 1.05± 0.03

Re(asl‖ ) 0.0946± 0.0030 −0.01± 0.04 1.00± 0.03

Im(asl‖ ) 0.0940± 0.0030 0.06± 0.05 1.01± 0.03

Re(bsl‖ ) 0.2311± 0.0073 0.04± 0.04 0.99± 0.03

Im(bsl‖ ) 0.2418± 0.0077 0.11± 0.05 1.04± 0.03

Re(csl0 ) 0.0592± 0.0019 −0.06± 0.04 0.97± 0.03

Im(csl0 ) 0.0582± 0.0018 −0.01± 0.04 0.97± 0.03

Re(csl⊥) 0.0691± 0.0022 −0.05± 0.05 1.01± 0.03

Im(csl⊥) 0.0657± 0.0021 0.09± 0.04 0.98± 0.03

Re(csl‖ ) 0.0569± 0.0018 −0.04± 0.04 0.97± 0.03

Im(csl‖ ) 0.0565± 0.0018 −0.01± 0.04 0.96± 0.03

S-wave parameters

S(ξ‖) 0.0858± 0.0027 0.04± 0.05 1.05± 0.03

δS 0.1785± 0.0057 0.10± 0.05 1.14± 0.04

|gκ| 0.0533± 0.0017 0.26± 0.04 0.97± 0.03

arg(gκ) 0.8466± 0.0269 0.02± 0.07 1.58± 0.05

sensitivity pull mean pull width

Re(C10) 0.2278± 0.0072 −0.01± 0.05 1.06± 0.03

CKM parameters

ACKM 0.0206± 0.0007 −0.01± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.09± 0.05 1.03± 0.03

ρ̄CKM 0.0530± 0.0017 0.05± 0.04 0.98± 0.03

η̄CKM 0.0588± 0.0019 0.00± 0.04 0.98± 0.03

Quark masses

mc 0.0237± 0.0008 −0.04± 0.04 0.98± 0.03

mb 0.0296± 0.0009 −0.04± 0.04 1.00± 0.03

Form factor parameters

αA0
0 0.0197± 0.0006 −0.14± 0.05 1.06± 0.03

αA0
1 0.2408± 0.0076 −0.04± 0.05 1.02± 0.03

αA0
2 1.4634± 0.0464 0.01± 0.04 1.00± 0.03

αA1
0 0.0188± 0.0006 0.06± 0.05 1.04± 0.03

αA1
1 0.1622± 0.0051 0.01± 0.04 1.00± 0.03

αA1
2 0.9500± 0.0301 −0.04± 0.04 0.98± 0.03

αA12
1 0.1146± 0.0036 −0.07± 0.04 1.00± 0.03

αA12
2 0.6426± 0.0204 −0.01± 0.05 1.01± 0.03

αV0 0.0242± 0.0008 0.09± 0.05 1.02± 0.03

αV1 0.2358± 0.0075 0.04± 0.05 1.05± 0.03

αV2 1.3573± 0.0431 −0.07± 0.04 0.99± 0.03

αT10 0.0195± 0.0006 0.07± 0.05 1.03± 0.03

αT11 0.1692± 0.0054 0.04± 0.05 1.06± 0.03

αT12 1.4759± 0.0468 −0.02± 0.04 0.96± 0.03

αT21 0.1462± 0.0046 0.03± 0.05 1.02± 0.03

αT22 0.7442± 0.0236 −0.03± 0.04 0.95± 0.03

αT230 0.0617± 0.0020 −0.00± 0.05 1.06± 0.03

αT231 0.2082± 0.0066 −0.04± 0.04 0.96± 0.03

αT232 2.0536± 0.0651 −0.01± 0.04 0.99± 0.03

Subleading corrections

Re(asl0 ) 0.1030± 0.0033 −0.04± 0.05 1.03± 0.03

Im(asl0 ) 0.0984± 0.0031 −0.00± 0.04 0.99± 0.03

Re(bsl0 ) 0.2597± 0.0082 0.07± 0.05 1.06± 0.03

Im(bsl0 ) 0.2408± 0.0076 −0.03± 0.04 0.99± 0.03

Re(asl⊥) 0.0970± 0.0031 −0.08± 0.05 1.03± 0.03

Im(asl⊥) 0.0944± 0.0030 0.01± 0.04 0.98± 0.03

Re(bsl⊥) 0.2279± 0.0072 0.00± 0.04 0.97± 0.03

Im(bsl⊥) 0.2500± 0.0079 −0.04± 0.05 1.05± 0.03

Re(asl‖ ) 0.1000± 0.0032 0.03± 0.05 1.05± 0.03

Im(asl‖ ) 0.0930± 0.0029 −0.02± 0.04 1.00± 0.03

Re(bsl‖ ) 0.2356± 0.0075 0.08± 0.05 1.01± 0.03

Im(bsl‖ ) 0.2279± 0.0072 0.04± 0.04 0.97± 0.03

Re(csl0 ) 0.0656± 0.0021 0.11± 0.05 1.01± 0.03

Im(csl0 ) 0.0613± 0.0019 −0.05± 0.04 0.96± 0.03

Re(csl⊥) 0.0719± 0.0023 0.06± 0.05 1.01± 0.03

Im(csl⊥) 0.0667± 0.0021 0.04± 0.04 0.97± 0.03

Re(csl‖ ) 0.0637± 0.0020 0.04± 0.05 1.02± 0.03

Im(csl‖ ) 0.0629± 0.0020 −0.05± 0.05 1.02± 0.03

Table 7. Results from pseudoexperiments determining Re(C10) using (left) the proposed direct fit

method and (right) the q2-binned approach.
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sensitivity pull mean pull width

Re(C7) 0.0193± 0.0006 0.03± 0.05 1.02± 0.03

Re(C9) 0.2130± 0.0068 −0.04± 0.05 1.02± 0.03

CKM parameters

ACKM 0.0204± 0.0006 −0.00± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.10± 0.05 1.03± 0.03

ρ̄CKM 0.0529± 0.0017 0.04± 0.04 0.99± 0.03

η̄CKM 0.0588± 0.0019 0.00± 0.04 0.98± 0.03

Quark masses

mc 0.0236± 0.0008 −0.04± 0.04 0.98± 0.03

mb 0.0298± 0.0009 −0.04± 0.05 1.02± 0.03

Form factor parameters

αA0
0 0.0179± 0.0006 −0.05± 0.05 1.04± 0.03

αA0
1 0.2126± 0.0068 −0.03± 0.04 0.99± 0.03

αA0
2 1.3563± 0.0431 −0.05± 0.04 0.96± 0.03

αA1
0 0.0171± 0.0005 −0.06± 0.05 1.01± 0.03

αA1
1 0.1515± 0.0048 −0.05± 0.04 0.97± 0.03

αA1
2 0.9288± 0.0295 −0.04± 0.04 0.97± 0.03

αA12
1 0.0974± 0.0031 −0.02± 0.04 0.99± 0.03

αA12
2 0.5866± 0.0186 −0.02± 0.04 0.99± 0.03

αV0 0.0225± 0.0007 −0.05± 0.05 1.01± 0.03

αV1 0.2166± 0.0069 −0.03± 0.05 1.03± 0.03

αV2 1.3718± 0.0436 −0.02± 0.05 1.01± 0.03

αT10 0.0196± 0.0006 −0.03± 0.05 1.01± 0.03

αT11 0.1614± 0.0051 −0.02± 0.05 1.06± 0.03

αT12 1.4383± 0.0457 0.01± 0.04 0.93± 0.03

αT21 0.1385± 0.0044 −0.03± 0.05 1.01± 0.03

αT22 0.7301± 0.0232 −0.01± 0.04 0.94± 0.03

αT230 0.0575± 0.0018 −0.03± 0.05 1.02± 0.03

αT231 0.1914± 0.0061 −0.06± 0.04 0.93± 0.03

αT232 1.9653± 0.0625 −0.00± 0.04 0.96± 0.03

Subleading corrections

Re(asl0 ) 0.0981± 0.0031 −0.00± 0.04 0.99± 0.03

Im(asl0 ) 0.1040± 0.0033 0.04± 0.05 1.04± 0.03

Re(bsl0 ) 0.2408± 0.0077 −0.02± 0.05 1.01± 0.03

Im(bsl0 ) 0.2474± 0.0079 −0.08± 0.05 1.02± 0.03

Re(asl⊥) 0.0982± 0.0031 0.02± 0.05 1.02± 0.03

Im(asl⊥) 0.0904± 0.0029 −0.01± 0.04 0.94± 0.03

Re(bsl⊥) 0.2536± 0.0081 −0.06± 0.05 1.06± 0.03

Im(bsl⊥) 0.2519± 0.0080 0.05± 0.05 1.05± 0.03

Re(asl‖ ) 0.0951± 0.0030 −0.01± 0.04 0.99± 0.03

Im(asl‖ ) 0.0942± 0.0030 0.06± 0.05 1.01± 0.03

Re(bsl‖ ) 0.2315± 0.0074 0.04± 0.04 0.99± 0.03

Im(bsl‖ ) 0.2417± 0.0077 0.10± 0.05 1.03± 0.03

Re(csl0 ) 0.0592± 0.0019 −0.06± 0.04 0.97± 0.03

Im(csl0 ) 0.0582± 0.0018 −0.00± 0.04 0.97± 0.03

Re(csl⊥) 0.0696± 0.0022 −0.05± 0.05 1.01± 0.03

Im(csl⊥) 0.0657± 0.0021 0.10± 0.04 0.98± 0.03

Re(csl‖ ) 0.0571± 0.0018 −0.05± 0.04 0.97± 0.03

Im(csl‖ ) 0.0567± 0.0018 0.00± 0.04 0.96± 0.03

S-wave parameters

S(ξ‖) 0.0869± 0.0028 0.04± 0.05 1.06± 0.03

δS 0.1785± 0.0057 0.10± 0.05 1.14± 0.04

|gκ| 0.0529± 0.0017 0.27± 0.04 0.93± 0.03

arg(gκ) 0.8346± 0.0265 0.02± 0.07 1.62± 0.05

sensitivity pull mean pull width

Re(C7) 0.0252± 0.0008 0.06± 0.05 1.07± 0.03

Re(C9) 0.2555± 0.0081 −0.04± 0.05 1.05± 0.03

CKM parameters

ACKM 0.0205± 0.0007 −0.00± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.09± 0.05 1.03± 0.03

ρ̄CKM 0.0525± 0.0017 0.04± 0.04 0.98± 0.03

η̄CKM 0.0587± 0.0019 0.01± 0.04 0.97± 0.03

Quark masses

mc 0.0238± 0.0008 −0.04± 0.04 0.99± 0.03

mb 0.0296± 0.0009 −0.04± 0.05 1.01± 0.03

Form factor parameters

αA0
0 0.0197± 0.0006 −0.14± 0.05 1.06± 0.03

αA0
1 0.2408± 0.0076 −0.05± 0.05 1.02± 0.03

αA0
2 1.4688± 0.0466 −0.00± 0.04 1.00± 0.03

αA1
0 0.0188± 0.0006 0.07± 0.05 1.04± 0.03

αA1
1 0.1632± 0.0052 0.01± 0.04 1.00± 0.03

αA1
2 0.9549± 0.0303 −0.04± 0.04 0.98± 0.03

αA12
1 0.1147± 0.0036 −0.08± 0.04 1.00± 0.03

αA12
2 0.6430± 0.0204 −0.02± 0.05 1.01± 0.03

αV0 0.0241± 0.0008 0.09± 0.05 1.01± 0.03

αV1 0.2377± 0.0075 0.03± 0.05 1.05± 0.03

αV2 1.3600± 0.0431 −0.07± 0.04 1.00± 0.03

αT10 0.0208± 0.0007 0.09± 0.05 1.02± 0.03

αT11 0.1730± 0.0055 0.04± 0.05 1.07± 0.03

αT12 1.4766± 0.0468 −0.04± 0.04 0.95± 0.03

αT21 0.1488± 0.0047 0.03± 0.05 1.02± 0.03

αT22 0.7448± 0.0236 −0.04± 0.04 0.94± 0.03

αT230 0.0615± 0.0020 −0.00± 0.05 1.06± 0.03

αT231 0.2098± 0.0067 −0.04± 0.04 0.97± 0.03

αT232 2.0523± 0.0651 −0.02± 0.04 0.99± 0.03

Subleading corrections

Re(asl0 ) 0.1031± 0.0033 −0.04± 0.05 1.03± 0.03

Im(asl0 ) 0.0983± 0.0031 −0.01± 0.04 0.99± 0.03

Re(bsl0 ) 0.2594± 0.0082 0.07± 0.05 1.06± 0.03

Im(bsl0 ) 0.2409± 0.0076 −0.03± 0.04 0.99± 0.03

Re(asl⊥) 0.0998± 0.0032 −0.07± 0.05 1.03± 0.03

Im(asl⊥) 0.0953± 0.0030 0.00± 0.04 0.99± 0.03

Re(bsl⊥) 0.2290± 0.0073 0.01± 0.04 0.95± 0.03

Im(bsl⊥) 0.2565± 0.0081 −0.05± 0.05 1.06± 0.03

Re(asl‖ ) 0.1004± 0.0032 0.03± 0.05 1.05± 0.03

Im(asl‖ ) 0.0948± 0.0030 −0.02± 0.05 1.01± 0.03

Re(bsl‖ ) 0.2385± 0.0076 0.08± 0.05 1.01± 0.03

Im(bsl‖ ) 0.2310± 0.0073 0.04± 0.04 0.98± 0.03

Re(csl0 ) 0.0653± 0.0021 0.10± 0.04 1.00± 0.03

Im(csl0 ) 0.0607± 0.0019 −0.04± 0.04 0.96± 0.03

Re(csl⊥) 0.0720± 0.0023 0.06± 0.05 1.01± 0.03

Im(csl⊥) 0.0674± 0.0021 0.05± 0.04 0.98± 0.03

Re(csl‖ ) 0.0635± 0.0020 0.04± 0.05 1.01± 0.03

Im(csl‖ ) 0.0628± 0.0020 −0.05± 0.05 1.01± 0.03

Table 8. Results from pseudoexperiments determining Re(C7) and Re(C9) using (left) the proposed

direct fit method and (right) the q2-binned approach.
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sensitivity pull mean pull width

Re(C9) 0.1715± 0.0054 −0.01± 0.04 0.97± 0.03

Re(C10) 0.2054± 0.0065 0.03± 0.05 1.01± 0.03

CKM parameters

ACKM 0.0205± 0.0007 −0.01± 0.05 1.00± 0.03

λCKM 0.0007± 0.0000 −0.10± 0.05 1.03± 0.03

ρ̄CKM 0.0530± 0.0017 0.04± 0.04 0.99± 0.03

η̄CKM 0.0584± 0.0019 −0.00± 0.04 0.97± 0.03

Quark masses

mc 0.0237± 0.0008 −0.04± 0.04 0.98± 0.03

mb 0.0296± 0.0009 −0.03± 0.05 1.01± 0.03

Form factor parameters

αA0
0 0.0180± 0.0006 −0.05± 0.05 1.04± 0.03

αA0
1 0.2119± 0.0067 −0.02± 0.04 0.99± 0.03

αA0
2 1.3510± 0.0429 −0.04± 0.04 0.95± 0.03

αA1
0 0.0171± 0.0005 −0.05± 0.05 1.00± 0.03

αA1
1 0.1511± 0.0048 −0.05± 0.04 0.97± 0.03

αA1
2 0.9289± 0.0295 −0.04± 0.04 0.97± 0.03

αA12
1 0.0972± 0.0031 −0.02± 0.04 0.99± 0.03

αA12
2 0.5864± 0.0186 −0.02± 0.04 0.99± 0.03

αV0 0.0224± 0.0007 −0.04± 0.05 1.00± 0.03

αV1 0.2147± 0.0068 −0.03± 0.05 1.03± 0.03

αV2 1.3701± 0.0435 −0.02± 0.05 1.01± 0.03

αT10 0.0195± 0.0006 −0.03± 0.05 1.00± 0.03

αT11 0.1600± 0.0051 −0.02± 0.05 1.05± 0.03

αT12 1.4404± 0.0457 0.00± 0.04 0.93± 0.03

αT21 0.1372± 0.0044 −0.03± 0.05 1.01± 0.03

αT22 0.7294± 0.0232 −0.01± 0.04 0.94± 0.03

αT230 0.0572± 0.0018 −0.02± 0.05 1.02± 0.03

αT231 0.1923± 0.0061 −0.05± 0.04 0.94± 0.03

αT232 1.9576± 0.0622 −0.00± 0.04 0.95± 0.03

Subleading corrections

Re(asl0 ) 0.0980± 0.0031 −0.01± 0.04 0.98± 0.03

Im(asl0 ) 0.1047± 0.0033 0.04± 0.05 1.05± 0.03

Re(bsl0 ) 0.2403± 0.0076 −0.03± 0.05 1.01± 0.03

Im(bsl0 ) 0.2479± 0.0079 −0.08± 0.05 1.02± 0.03

Re(asl⊥) 0.0983± 0.0031 0.02± 0.05 1.02± 0.03

Im(asl⊥) 0.0896± 0.0028 0.01± 0.04 0.93± 0.03

Re(bsl⊥) 0.2534± 0.0080 −0.06± 0.05 1.06± 0.03

Im(bsl⊥) 0.2550± 0.0081 0.05± 0.05 1.06± 0.03

Re(asl‖ ) 0.0949± 0.0030 −0.02± 0.04 0.99± 0.03

Im(asl‖ ) 0.0937± 0.0030 0.07± 0.05 1.01± 0.03

Re(bsl‖ ) 0.2318± 0.0074 0.04± 0.04 0.99± 0.03

Im(bsl‖ ) 0.2421± 0.0077 0.10± 0.05 1.03± 0.03

Re(csl0 ) 0.0593± 0.0019 −0.06± 0.04 0.98± 0.03

Im(csl0 ) 0.0584± 0.0019 −0.00± 0.04 0.97± 0.03

Re(csl⊥) 0.0696± 0.0022 −0.05± 0.05 1.02± 0.03

Im(csl⊥) 0.0652± 0.0021 0.09± 0.04 0.98± 0.03

Re(csl‖ ) 0.0571± 0.0018 −0.05± 0.04 0.97± 0.03

Im(csl‖ ) 0.0565± 0.0018 0.00± 0.04 0.96± 0.03

S-wave parameters

S(ξ‖) 0.0864± 0.0027 0.04± 0.05 1.05± 0.03

δS 0.1774± 0.0056 0.10± 0.05 1.13± 0.04

|gκ| 0.0526± 0.0017 0.28± 0.04 0.91± 0.03

arg(gκ) 0.8599± 0.0273 0.00± 0.07 1.63± 0.05

sensitivity pull mean pull width

Re(C9) 0.1869± 0.0059 0.03± 0.05 1.02± 0.03

Re(C10) 0.2663± 0.0085 0.00± 0.05 1.06± 0.03

CKM parameters

ACKM 0.0205± 0.0007 −0.01± 0.05 1.01± 0.03

λCKM 0.0007± 0.0000 −0.09± 0.05 1.03± 0.03

ρ̄CKM 0.0526± 0.0017 0.04± 0.04 0.98± 0.03

η̄CKM 0.0582± 0.0018 0.01± 0.04 0.97± 0.03

Quark masses

mc 0.0239± 0.0008 −0.04± 0.04 0.99± 0.03

mb 0.0298± 0.0009 −0.05± 0.05 1.02± 0.03

Form factor parameters

αA0
0 0.0198± 0.0006 −0.14± 0.05 1.06± 0.03

αA0
1 0.2413± 0.0077 −0.04± 0.05 1.02± 0.03

αA0
2 1.4661± 0.0465 0.00± 0.04 1.00± 0.03

αA1
0 0.0188± 0.0006 0.06± 0.05 1.04± 0.03

αA1
1 0.1629± 0.0052 0.02± 0.04 1.00± 0.03

αA1
2 0.9539± 0.0303 −0.04± 0.04 0.98± 0.03

αA12
1 0.1144± 0.0036 −0.07± 0.04 0.99± 0.03

αA12
2 0.6414± 0.0204 −0.01± 0.05 1.01± 0.03

αV0 0.0242± 0.0008 0.09± 0.05 1.01± 0.03

αV1 0.2382± 0.0076 0.04± 0.05 1.05± 0.03

αV2 1.3610± 0.0432 −0.06± 0.04 1.00± 0.03

αT10 0.0207± 0.0007 0.09± 0.05 1.02± 0.03

αT11 0.1727± 0.0055 0.05± 0.05 1.07± 0.03

αT12 1.4731± 0.0468 −0.03± 0.04 0.94± 0.03

αT21 0.1478± 0.0047 0.03± 0.05 1.02± 0.03

αT22 0.7426± 0.0236 −0.03± 0.04 0.94± 0.03

αT230 0.0618± 0.0020 −0.00± 0.05 1.06± 0.03

αT231 0.2089± 0.0066 −0.04± 0.04 0.96± 0.03

αT232 2.0531± 0.0652 −0.01± 0.04 0.99± 0.03

Subleading corrections

Re(asl0 ) 0.1032± 0.0033 −0.04± 0.05 1.03± 0.03

Im(asl0 ) 0.0986± 0.0031 −0.01± 0.04 0.99± 0.03

Re(bsl0 ) 0.2592± 0.0082 0.07± 0.05 1.06± 0.03

Im(bsl0 ) 0.2405± 0.0076 −0.03± 0.04 0.99± 0.03

Re(asl⊥) 0.0992± 0.0031 −0.07± 0.05 1.03± 0.03

Im(asl⊥) 0.0951± 0.0030 0.00± 0.04 0.98± 0.03

Re(bsl⊥) 0.2294± 0.0073 0.01± 0.04 0.95± 0.03

Im(bsl⊥) 0.2547± 0.0081 −0.05± 0.05 1.06± 0.03

Re(asl‖ ) 0.1006± 0.0032 0.04± 0.05 1.04± 0.03

Im(asl‖ ) 0.0941± 0.0030 −0.02± 0.05 1.01± 0.03

Re(bsl‖ ) 0.2391± 0.0076 0.09± 0.05 1.02± 0.03

Im(bsl‖ ) 0.2312± 0.0073 0.03± 0.04 0.98± 0.03

Re(csl0 ) 0.0654± 0.0021 0.10± 0.05 1.00± 0.03

Im(csl0 ) 0.0610± 0.0019 −0.04± 0.04 0.96± 0.03

Re(csl⊥) 0.0720± 0.0023 0.06± 0.05 1.01± 0.03

Im(csl⊥) 0.0671± 0.0021 0.04± 0.04 0.98± 0.03

Re(csl‖ ) 0.0634± 0.0020 0.03± 0.05 1.01± 0.03

Im(csl‖ ) 0.0631± 0.0020 −0.05± 0.05 1.02± 0.03

Table 9. Results from pseudoexperiments determining Re(C9) and Re(C10) using (left) the proposed

direct fit method and (right) the q2-binned approach.
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