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1 Introduction

The effective action of string theory defined on various backgrounds provides information
about perturbative as well as non-perturbative aspects of the theory. Certain terms in
the effective action have been obtained in various cases based on spacetime as well as
worldsheet techniques. This primarily includes maximally supersymmetric string theories
in various dimensions obtained by toroidally compactifying type II string theory. In par-
ticular, BPS interactions in the effective action have been obtained in [1-18] primarily
based on considerations of supersymmetry and U-duality. The weak coupling expansion
of the moduli dependent coefficient functions of the BPS interactions matches results in
string perturbation theory at one loop [19-28]! as well as at higher loops [34-39], while the
one loop results for non-BPS interactions lead to predictions for U-duality. Thus an intri-
cate interplay between spacetime and worldsheet techniques in maximally supersymmetric
compacifications allows us constrain various terms in the effective action.

However, the effective action in theories with lesser supersymmetry has not been as
well analyzed, which is essentially because of the reduced supersymmetry leading to a more
involved analysis. Theories which preserve sixteen supersymmetries are the simplest to
analyze in this class, and result from various compactifications as well as arising as the world
volume theories of D-branes. Certain terms in the effective action of such theories have been
analyzed, for example, in [40-53] based on diverse spacetime and worldsheet techniques.

Since the low momentum expansion of the superstring amplitudes strongly constrain
the effective action, we shall consider this expansion at one loop in heterotic string the-
ory [54] in ten dimensions. This is among the simplest examples among closed string the-
ories with sixteen supersymmetries where one can perform such an analysis. In particular,
we consider the low momentum expansion of the four graviton, and the two graviton-two
gluon amplitudes in heterotic string theory at one loop in ten dimensions. These amplitudes
are the same in the Spin(32)/Zs and Eg x Eg theories.

L Also see [29-33] for relevant details regarding calculating various one loop amplitudes.



For these massless four point scattering amplitudes, the external momenta k! (i =
1,...,4) satisfy Z?:l k! =0, and the Mandelstam variables are given by

s = —(k‘l + /{?2)2, t= —(kl + k4)2, U= —(kl + k3)2 (1.1)

satisfying s+t+wu = 0. We shall neglect overall numerical factors for the various amplitudes
which are irrelevant for our purposes.

The leading interactions in the effective action obtained from the low momentum
expansion of the four graviton and the two graviton-two gluon amplitude are schematically
denoted by the R* and R2F? terms respectively, where R and F denote the Riemann
curvature and the Yang-Mills field strength respectively. For the four graviton amplitude,
we consider the first subleading contribution given by the D?R* term, while for the two
graviton-two gluon amplitude we consider the D?*R?F? and the D*R?F? terms, where
each factor of D schematically stands for an external momenta. Thus we consider all the
interactions upto ten derivatives which result from these string amplitudes.

We first consider the four graviton and the two graviton-two gluon amplitudes at
tree level and perform the low momentum expansion. This yields the various spacetime
structures that arise and also fixes the coefficients at tree level. We next consider these four
point amplitudes at one loop, and perform the low momentum expansion. To obtain the
coefficients of the various terms in the effective action, it amounts to evaluating modular
invariant integrals involving SL(2, Z) covariant modular graph functions over the truncated
fundamental domain of SL(2,7Z). While some of the graphs are quite simple for the others
we obtain second order differential equations satisfied by these graphs which allow us
to solve for them, and hence perform these integrals over moduli space. We get these
differential equations by varying the graphs with respect to the Beltrami differential on
the toroidal worldsheet, leading to compact expressions for eigenvalue equations these
graphs satisfy. These Poisson equations have source terms that are determined by the
structure of the graphs. We then extract the coefficients of these interactions at one
loop by integrating modular invariant combinations of these graphs over the truncated
fundamental domain of SL(2,7Z). This makes crucial use of the asymptotic expansions
of the various graphs which is performed separately. This generalizes similar analysis
done for the one loop amplitude in type II string theory which only involves SL(2,7)
invariant graphs [23, 27, 28, 33], and the calculation of the R*, R2F? coefficients in the
heterotic theory, as well as the anomaly cancelling terms [55-57]. These coefficients in
the heterotic theory involved integrating almost anti-holomorphic integrands with mild
holomorphicity over the truncated fundamental domain of SL(2,7Z). This has been done
by directly calculating the amplitude [56, 57], as well as by calculating the elliptic genus [55].
We shall see that the analysis we perform is considerably more involved, given the nature
of the integrands. Hence we determine these interactions at one loop which contribute to
the effective action of heterotic string theory. The various technical details are given in
the appendices.

Compared to the analysis of the interactions in the type II string theory which has
been considered to higher orders in the derivative expansion than what we do for the het-
erotic theory, we see that the analysis is considerably more involved. This is a consequence



of the reduced supersymmetry the heterotic theory enjoys compared to the type II the-
ory. While we perform the analysis only upto the D?*R* and D*R2F? interactions in the
low momentum expansion of the four graviton and the two graviton-two gluon amplitude
respectively, our method can be extended to higher orders in the momentum expansion.
It will be interesting to understand the structure of the interactions that follow at higher
orders in the momentum expansion, as well as in cases with lesser supersymmetry. It will
also be very interesting to understand the structure of the low momentum expansion of
these amplitudes at higher loops.

2 The tree level amplitudes in heterotic string theory

To begin with, we consider the low momentum expansion of the tree level amplitudes in het-
erotic string theory [58-62]. At tree level, the amplitudes are the same in the Spin(32)/Zs
and EFg x Eg theories.

2.1 The four graviton amplitude

At tree level, the four graviton amplitude is given by
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where eff,z (i =1,---,4) is the polarization tensor for the graviton which carries momentum
k; respectively, and ¢ is the dilaton.? Here we have that
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2This will be our convention at one loop as well.



leading to a manifestly crossing symmetric expression for the amplitude. In fact,

4
Hp2pspe tlsLlV1#2V2M3V3#4V4 H kiz/i (2.3)

=1

where tg is given by the standard expression. Thus the first term in (2.1) which has two
powers of K is the type II four graviton amplitude, while the rest arise from reduced
supersymmetry.

2.2 The low momentum expansion of the four graviton amplitude

We now perform the low momentum expansion of the four graviton amplitude. We shall
be interested in contact terms in the effective action resulting from terms in the amplitude
having at least eight powers of momenta. Terms with lesser powers of momenta in the
amplitude arise from contributions that result from the supergravity action involving two
derivative terms, as well as the four derivative R? contact term. These terms do not
receive contributions beyond tree level and hence they are tree level exact. At one loop
n-point amplitudes of massless particles vanish unless n > 4 which follows from a zero
mode analysis and we consider only those interactions that arise from amplitudes which
receive contributions beyond tree level. For the four graviton amplitude at tree level, these
are contact term contributions which involve at least eight powers of momenta, and they
lead to terms in the effective action which we schematically denote as D**R* for k > 0.
Along with the R* contribution which has already been analyzed in the literature, we shall
analyze the D?*R* term at tree level and at one loop. The interactions at higher orders in
the derivative expansion can be analyzed in a similar way.

The various manifestly crossing symmetric spacetime tensors that arise in our analysis
are given in appendix A.

From (2.1), we see that the R* term is given by
) 4 A 2 4 V1V2V3V4
Al = 720 H efj?uiK“1“2“3“4 [2@(3)[( - <I4,o + 512;1,0 + a,211;2,0>] , (24)
i=1
while the D?R* term is given by
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The various expressions in (2.4) and (2.5) lead to terms in the effective action that
can be written in terms of covariant expressions involving curvature tensors. Here and
elsewhere, we refrain from giving the expressions as they are not relevant for our purposes.



2.3 The two graviton-two gluon amplitude

The two graviton-two gluon amplitude is given by
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(2.6)
where 6;(}21/1' (i = 1,2) is the polarization tensor for the graviton which carries momentum
k; respectively, while eaiﬁ)% (i = 3,4) is the polarization vector for the gluon which carries
momentum k; respectively. This will also be our convention at one loop as well. The color
trace is in the vector representation of SO(32) in the Spin(32)/Zsy theory and is defined
by Try (T%T?) = 26%, and in the adjoint representation of Eg x Eg and is defined by
Tra(T*T?) = 26%°/30 in the Eg x Eg theory.

2.4 The low momentum expansion of the two graviton-two gluon amplitude

We now perform the low momentum expansion of the two graviton-two gluon amplitude,
which leads to contact terms in the effective action with at least six powers of momenta.
Terms with lesser powers of momenta arise from the Einstein-Hilbert, 72 and R? contri-
butions which do not receive contributions beyond tree level. We denote these terms which
also receive contributions at one loop as D**R2F?2.

We find it useful to define the tensors

S
J{H/—LQ — k,iLZk,lzll + 5,'7,11»1#27

t
JEHE = R kR — e, (2.7)

Thus from (2.6), we see that the R2F? term is given by
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and finally the DYR2?F? term is given by
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While the R2F? term has been analyzed in the literature, we shall also analyze the
D?R2F? and D*R2F? terms upto one loop, which is the order in the momentum expansion
to which we analyze the four graviton amplitude.



3 The one loop amplitudes in heterotic string theory

We now consider the four graviton and the two graviton-two gluon amplitudes at one
loop [56-58, 63] in the heterotic theory. Before considering the explicit expressions for
these amplitudes, we briefly go through some generalities relevant for our purposes.

For the one loop amplitudes, we have to integrate the modular invariant integrand
over the fundamental domain of SL(2,Z) parametrized by the complex structure 7 of the
torus. This integrand involves an integral over the insertion points of the vertex operators
on the toroidal worldsheet . At one loop, z; (i = 1,---,4) are the positions of insertions
of the four vertex operators on the worldsheet with complex structure 7. Thus d%z; =
d(Rez;)d(Imz;), where

1 1
~3 < Rez; < 2 0<Imz <m (3.1)

for all ¢. The various amplitudes involve the scalar Green function Gij (as well as its
derivatives) between points z; and z;, and so3

It is given by [19, 55]
R 91(2;’7') 2 27T(Imz)2
G(z;7) = —In
&0 = Mgem| T
_ l Z Lew[z(mr—l—n)—z(mﬁi—nﬂ/ﬁ + 2]n|\/%77(7')|2. (3.3)
- |mT 4+ n|?
(m,n)#(0,0)

The Green function itself enters the amplitude only in the Koba-Nielsen factor and thus the
position independent second term in the second expression in (3.3) cancels using s+t+u =
0. Only the worldsheet derivatives of the Green function arise elsewhere in the amplitudes
which follows from the structure of the vertex operators, and thus the second term in the
second expression in (3.3) can be ignored. Hence we consider the Green function to be
simply given by

1 72 n[Z(mT+n)—z(mT+n)] /2
) — o s . A4
G(Z,T) . Z |m7_+n‘2€ (3 )
(m,n)#(0,0)

Note that G(z;7) is modular invariant, and single valued as it is doubly periodic. Thus
G(zm)=G(z+1L1)=G(z+T1;7). (3.5)

We denote G(z;; 7) = G;j for brevity. This structure of the Green function is very useful for
us in the various manipulations. Using its single valuedness, we can integrate 0,G(z,w) by
parts while integrating over z without picking up boundary terms. Also from the structure
of (3.4) it follows that all one particle reducible diagrams vanish. It also follows that

/dzzﬁzG(z,w) = / d?20%G(z,w) =0 (3.6)
b )

which proves to be useful.

3We suppress the z,7 dependence in C?(zj; 7,7) and simply write it as é(Z;T) for brevity, which is
standard.



Finally, we have that
m

0w0,G (2, w) = 10 (2 — w)
T2
(3.7)

which we shall repeatedly use in our analysis.

3.1 The four graviton amplitude

The one loop four graviton amplitude is given by

4 72 4 '
— . ; dQT E? d2zl V1 V2V3V.
Aig loop(ki76(z)) _ Heﬁi)wKuwzuam /77227721 1_[/E TQeDT 1vavsva (3.8)
i=1

=1

where we have integrated over F, the fundamental domain of SL(2,Z) and d*r = dridrs.
(3.9)

Here we have defined
QC(Qk)EQk(T) = ng(T)
for kK > 2, where Gy (7) is the holomorphic Eisenstein series of modular weight 2k de-
fined by*
1
= —_— . A1

Gor(T) Z (m + nt)2k (3.11)
(m,n)#(0,0)
Also in the Koba-Nielsen factor, D is defined by

(3.12)

40/71D = 8(G12 + G34) + t(G14 + G23) + U(G13 + G24).

Finally, we consider the manifestly crossing symmetric tensor 7 H#1H2H344 Tt depends on
the locations of the insertions z; on the worldsheet, and the complex structure 7, and is

defined by
TMLUIZUISIUIZI — Aul AN2AM3AN4 _j’_ % <nN1M2R12AH3AU4 _j’_ nM1N3R13AN2AM4
o

+n/‘1#4R14A#2AN3 +n/‘2#3 RQSA,L’& AH4 +n/‘2#4R24AP‘1 A#S +T]/J‘3;U'4R34A;U‘1 AILQ)

+(2 /)2 (77#1#27]#3H4R12R34+77M1H377#2M4R13R24+7]M1#4nﬂ2ﬂ3R14R23), (313)

*A modular form &™) (7, 7) of weight (m,n) transforms under SL(2,7Z) transformations 7 — (a7 +
(3.10)

b)/(cT 4+ d) where a,b,¢,d € Z,ad —bc =1 as
M (1,7) = (er + d)™ (T + )" O (7, 7)



where®

AR 1 !
= 47 Z ]’L7

Rij = —R@?GU, (3.15)

which involves derivatives of the Green functions.

In the expression for the four graviton amplitude (3.8), the factor of 7?4 in the de-
nominator arises from the left moving oscillator modes, while £ in the numerator arises
from the lattice sum while summing over the spin structures after performing the GSO
projection. In the Spin(32)/Zy theory the sum yields®

4
1 _ _
3 > 01 = E, (3.16)
a=2
while in the Eg x Eg theory it yields
1
Z(Z %)% = E3. (3.17)
a=2

Both these sums are equal using EF = Fj, hence the four graviton amplitude is the same
in both the theories.

3.2 The two graviton-two gluon amplitude

We next consider the two graviton-two gluon amplitude, which is given by

AL P (i, €, 6D = ), ) o) o) T (gt v

piv1 - p2v2 al/3€bu
d?r 1 d2zt _
/ 27 H / ( Ruan1#2 + A“lA“2>L. (3.18)

The factor of L in the above expression involving the lattice sum is given by complex

conjugating

4 2
S 001(234; 7—)0/ (07 T)
Lq.; = o 1 !
Spin(32)/22 azzea {Oa(0;7)91(2’34;7) o

in the Spin(32)/Zs theory, and

4 2
0o (234;7)01(0;7)
Lipxp. =FEs > 68 [ ’ ’ (3.20)
s az—:z “10a(0;7)01(234;7)
5Thus, for example,
AT = ﬁ(kéﬂanl + k§153G31 + ]fffl&lGM) (3‘14)
7[5

where the term involving k{* vanishes in (3.15) using transversality on contracting with the polarization
tensor. Hence there is no potential divergence from the coincident Green function. This is, in fact, how
AMi is defined.

5We denote (0,7) = 64 for brevity.



in the Fg x Eg theory. These somewhat involved expressions can be expressed differently
as we now discuss, which is very useful for our purposes.

The sums involving theta functions in (3.19) and (3.20) can be simplified [56] using
the relation

WW] g (3.21)

Pz 1) = 02G(2;7) — Go(T) = eq_1(7) + [ea(o- T)01(2;7)

which holds for a« = 2,3,4. In (3.21), P is the Weierstrass p-function, and e,_ are defined
in terms of the theta functions by the equations

e1(r) = 2¢(2)(65 + 63),
ea(1) = 2((2)(03 — 03),
es(r) = —2C(2)(92 + 93). (3.22)
Finally, G5 is defined by”
Gal7) = Gof7) — % (3.23)

which has holomorphic modular weight 2, where G5 is defined by (3.11). Thus
Lspin(32)/z, = 2E4 <QC(Q)E6 + (053G (234,7) — CA7Y2)E4) (3.24)

on using (3.21), 322 _, 010 = 2E2 and [56]

4
> 0eq_1 = —4((2)E4Es. (3.25)
a=2
This is equal to Lg,x g, on using > 4 _, 63 = 2F, and [57]
4
> 03ea—1 = —4((2)Es. (3.26)
a=2

Thus the two graviton-two gluon amplitude is the same in both the heterotic string the-
ories [57]. Note that L as expressed in (3.24), involves Green functions rather than theta
functions, which will be very useful for us.

4 The low momentum expansion of the one loop four graviton amplitude

We want to obtain local interactions from the low momentum expansion of the one loop
amplitudes. The one loop amplitude is generically of the form

27
/}_d2f(7',f;ki) (4.1)

T

where f(7,7; k;) is modular invariant. Now (4.1) contains contributions which are analytic
as well as non-analytic in the external momenta. While the former yield local terms in the

"We denote G‘g(T, 7) as simply G (1) for brevity, as is standard.



effective action, the latter yield non-local terms. The non-local terms are obtained from the
boundary of moduli space as 79 — oo. Thus to obtain the local contributions, we expand
the integrand in powers of o’ and integrate over the truncated fundamental domain given
by [19, 20]

1
.FL:{—<7'1§2, |T| > 1, ngL}, (4.2)

and take . — oo. On the other hand, the non-analytic contribution involves an integral
over R defined by

7| >1, 7> L}, (4.3)

with appropriate integrands depending on the amplitude, leading to contributions which
are non-perturbative in the external momenta. Note that F = Fr, @R, is the fundamental
domain of SL(2,Z).

The analytic contributions are obtained by integrating over the truncated fundamental
domain of SI.(2,Z), and the integral yields terms which are finite as well as divergent in this
limit. While the finite contributions yield the desired local terms in the effective action,
the divergences cancel those coming from the integral over Ry,.

We now perform the low momentum expansion of the four graviton amplitude given
in (3.8). The first non-vanishing term in this expansion has eight powers of external mo-
menta, and terms involving lesser powers of external momenta vanish using elementary
properties of the Green function on performing the integrals over the insertion points of
the vertex operators. The leading R* contribution has been calculated using the expres-
sion (3.8) in [56].

At every order in the derivative expansion, from the expression (3.13) we obtain con-
tributions from the terms of the form A%, A2R/a’ and R?/a/? schematically from 7. Each
of these contributions must be multiplied by a term involving appropriate powers of the

external momenta that result from expanding the Koba-Nielsen factor e?

as a polynomial
in D. We list the details that yield the various contributions below.

Thus on performing the o/ expansion we get that

4

2 L2
A}l;lwp(k’i, e(i)) _ Hegi)wKulmu?,m /]: di&
i=1 L

——- xvivavsia (4.4)
72 i

where A'V172¥3%4 ig given below for the various interactions, and we have integrated over
the truncated fundamental domain.

We now give the various contributions in terms of various modular graph functions
which are summarized in appendix B.

4.1 The R* term
From the A%eP term, in the integrand we obtain

1
(4m)*

(Q1+ Q) I, (4.5)

~10 -



while from the A2ReP /o’ term, in the integrand we obtain

2 9 O/ V1VV3V4
(@nyia [(Q1 +Q3) 21,0+ 2Q1]3,0] (4.6)
Finally from the R?¢”/a’? term, in the integrand we obtain
1 9 V1UV2V3V4
(872)2a2 [(Ql + Q) 12,0 — 2@111;0,1] (4.7)
Thus, for the R* term, the total contribution is given by
vivevsve — 1 (Ql + QQ) I40 + 3[2_1 o+ iII-Q o) — QQlK V1V2V3V4 (4'8)
(4m)4 2 ' o Hh o2 %

Hence from (2.4) we see that the spacetime structures that arise at tree level and at one
loop are the same.

4.2 The D?*R* term
From the A%eP term, in the integrand we obtain

1

V1VaV3V4
(@)t {2(Q2Q3 —Qs5)141 +2(2Q7 + Qs — Q6) 15,1 — 2(Q2Q4 + Q5 + Q7)I6,1:| , (4.9)
while from the A2ReP /o’ term, in the integrand we obtain
1
GOy [(QzQs — Q5)I2.20 + (Q2Q4 + Q5 + 2Q6 — 3Q7 — 2Q3) 12,01
a/ Vivav3l4
—Z(Q2Q4 + Q5 — Qs +3Q7 + QS)ISJ] (4.10)
Finally from the R2eP / o’? term, in the integrand we obtain
9 V1VaV3V4
3227 [(Qz@s — Q5)11;30 + (2Q2Q4 +2Q5 + Q¢ — Qs)h;m] (4.11)

Thus for the D?>R* term, the total contribution is given by

2 2 4 V1V2V3V4
XVivavara (471')4 (QQQZ’) - QE,) (I471 + 5123270 + 0/2]1;3,0>
1
+W(Q2Q4 + Q5 +2Qs — 3Q7 — 2Qs)

Oé/

2
x| 1. —111—
< 2:0,1 + o T

V1VoU3V4
(Is1 + -76,1)> (4.12)

9 " 1 V1UV2U3Vy
+W(Q2Q4+Q5 — Q6 +3Q7 + Qs) K+§(15,1 —2I61) ,

where we have defined
~ 4 1
pebsts = St — ST, (4.13)

Hence from (2.5) we see that a new spacetime structure appears at one loop.
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5 The low momentum expansion of the one loop two graviton-two gluon
amplitude

We next consider the low momentum expansion of the two graviton-two gluon amplitude.
The first non-vanishing term in this expansion has six powers of external momenta, since
terms involving lesser powers of external momenta vanish using elementary properties of
the Green function. This amplitude is given by

2
1—1 ; . d*T y#1M2
Ay 5 (ki €D, ) = D) 2) e3) et T (T Fpravavars / R (5.1)
Fr T2 T,
In (5.1), the tensor YH1#2 is given by
yﬂlm — y{ﬂl& + yénm, (5.2)
where
1r d2 2 H1 42
yfl#? — TEl4 EG —E2E4 H/ z 'D(R12n, +AM1AM2>
2a
d?z R
Yy = —8n2E3 H / “ PR <122” +A“1A“2> (5.3)
o

We split the total contribution into a sum of two terms as this is useful for our purposes.
To obtain the answer at various orders in the derivative expansion, we have to expand
the Koba-Nielsen factor upto the appropriate order. We now list the contributions to the
terms in the effective action that arise from the two terms in (5.3). The R?F? term has
been obtained from (5.1) in [56].

5.1 Contribution from Yj*#?

This contributes

y’““? = Q—jE4(E6 — E2E4)J{““2 (5.4)
to the R2F? term, and
/ _
yike = —%EAL(EG — E2Ey)(Q3sJi™? — 2Q4J5M?) (5.5)
to the D?R2F? term.
This also contributes
0/2 - -
ik = -3 256E4(E6 — EyEy) [(QQSQ + (5% 4 2% + 2u”) Q26

+4utQ1g + 2(s* — ut)Qll)Jf1“2 +2Q118 T4 (5.6)

to the D*R2F2 term.
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5.2 Contribution from Y5*"?

While this does not contribute to the R2F? term, it contributes

O/

3272

g = 9 g ((Q1 Qs g 2@@“’”) (5.7)

to the D*R2?F? term, and

0/2

12872
Qs (8% + 12+ u?) I 4 25T ) — 6Qq(tuT {4 s 5

yéuuz — EZ [2Q2Q382J{“M2 4 2Q2Q4(tuJ{““2 _ Sjgluz)

+2(Qs — Qs)(2utJ{™H + sJ52)|
2

= _6j7r2 E} [<52(Q2Q3 —Qs) + ut(QaQs + Q5 +2Qs — 3Q7 — 2Q8)>J{““2
75(@2@4 + Q5 - Qﬁ + 3Q7 + QS)J51MZ:| (58)

to the D*R2F? term. Note the striking equality of the structure of the integrands be-
tween (4.8) and (5.7), and between (4.12) and (5.8) as well.

Thus the total contribution to the R%2F? term is given by (5.4), and to the D?*R2F?
term is given by the sum of (5.5) and (5.7). Finally, the total contribution to the D*R2F?
term is given by the sum of (5.6) and (5.8). Note that the two tensors J{"#? and Ji**2
which appeared in the amplitudes at tree level appear at one loop as well, and there are
no new tensors that arise.

6 Various equations for the modular graph functions

From the previous analysis, we see that the integrands we need involve modular graph
functions where the links are either Green functions Gj; or their antiholomorphic derivatives
@Gij. To evaluate these integrands, we now analyze them in detail.

6.1 Graphs obtained by direct evaluation

It is easy to evaluate graphs where every vertex has coordination number 2 and every link
is given by a Green function. For a graph with s links each given by a Green function, this
gives us

S A2t 75
gs = }_11:/2 P G12Go3...Gg = Z B E—— 55(7',7_'), (6.1)

wS|mT + n|?s
(m,n)#(0,0) | 7l

where & is the SL(2,Z) invariant non-holomorphic Eisenstein series, as depicted for & in
figure 1. For later purposes, we note that & satisfies the Laplace equation

%€
dry == =
2 9ro7

s(s —1)&s, (6.2)
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(i) (ii)
Figure 1. The graphs (i) & and (ii) Rs.2.

and it has the large 75 expansion given by

_ 2¢(2s) , 2(s—1/2)¢(2s—1) ;_,
Es(r,7) = 75_3 T3+ F(s)ﬂ_sfl/g 21
4\/7T2 s— TIMT
05 7;#)|m| Y201 gu(m) K1 jo(2m|m]7e)e*™ (6.3)

where o,(m) is the divisor function defined by

oa(m)= > d* (6.4)
dlm,d>0
Next consider the case where every vertex has coordination number 2, but some of
the links are given by the Green function Gj;, while the others are given by its antiholo-
morphic derivative 5Z-G,~j. For a graph with a total of s links, where p links involve an
antiholomorphic derivative and the remaining s — p links do not, we have that®

u d?z' - =
Rep =[] /E (02G1203Go3 . . . 0p1Gppi1)Gpripra - - - Gsi
=1

72

1 Ty P
> <
(m,n)#(0,0) (mi— + n)p 7T5_p|m7' + n|2(5_p)

(6.5)

as depicted for R32 in figure 1. We have taken the derivatives to be on consecutive links
without loss of generality as all other graphs where the derivatives are not on consecutive
links are related to it by trivial integration by parts. Note that Rso = ;.

When s = p, we have that

Ryo= Y 1 (6.6)

(mamz 00 T T

For s > 2, R, is antiholomorphic and R, s = G5(7). For s = 2, this has to be regularized,
and Roo = Go(7,7) = Go(7) — /7. Note that R, is a modular form of weight (0, p).

In fact, Rs) can be related to £/, by the action of appropriate number of modular
covariant derivatives. They are defined by

{0 im _ (0 n

8This graph is non-vanishing only if p is an even integer.
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Now D,, maps a modular form ®(™") of weight (m,n) to a modular form of weight (m +

2,n), while D,, maps ®(m:1) to a modular form of weight (m,n +2). We get that

2L (8 =p/2) =

R., = (27) ) Do . D4D2DoE,s_p o (6.8)

It is very useful for our purposes to note that R, satisfies the eigenvalue equation
473Dy Do R = (s — 1)(s — p) R p- (6.9)
Now using (6.7), we also define the modular covariant derivatives

Dy = 12Dpm, Dp=1D,. (6.10)

(m,n)

It follows that D,, maps a modular form ® of weight (m,n) to a modular form of

weight (m 4 1,n — 1), while D,, maps ®(™" to a modular form of weight (m — 1,n + 1).

6.1.1 The equations for Q1, Q2, Q4 and Q11
Thus based on the discussion above, we have that

Q1 =2C(4)Ey, Q2= 2((2)52, Q4 =7Do&E Qi = %Do&a- (6.11)

Thus these graphs are very easily related to simple covariant modular forms.

6.2 Graphs obtained by solving differential equations

The remaining modular graph functions do not belong to the class of graphs we have
discussed above, and we next deduce differential equations satisfied by them. In order to
deduce these equations, rather than analyzing the variations of these graphs with respect
to the complex structure 7, we find it convenient to analyze the variations with respect to
the Beltrami differential. In this way of analyzing deformations of the complex structure,
only the worldsheet metric is deformed, and hence in the modular graph functions we need
to vary only the Green functions and their worldsheet derivatives.

To obtain these variations, we note that for the Beltrami differential y, the holomorphic
variation ¢, ¥ for any ¥ is given by

1
5,V = / d?2p70.. 0. (6.12)
TJy

On the torus, the Beltrami differential p; = 1, but it leads to non-trivial variations.
We denote the holomorphic and anti-holomorphic infinitesimal variations as d, and dj
respectively.

On using the known formulae for the variations of the prime form, period matrix and
the Abelian differential in (6.12) [64, 65], the relevant variation of Gj; is given by

0uG(21,22) = —1/ d2z82G(z,z1)8zG(z,22), (6.13)
)

™
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while the relevant variations of 9;G;; are given by

5N521G(Zl7 22) = 0,

030, G (21, 22) = —i@zl/dQ,z@zG(z,zl)azG(z, 29). (6.14)
%

We note that 5#521G(z1, z9) = 0 is true only in the bulk of moduli space. It can receive
contributions from the boundary of moduli space which we shall discuss separately.!'®

We now explain why we find it very convenient to analyze the variation of the complex
structure in terms of variations of the Beltrami differential rather than directly analyzing
variations of 7. This is because of the structure of the modular graph functions that arise
in our analysis. Since the vertices of the graphs are integrated over, every graph only
depends on 7 and 7. However, in the explicit calculations to determine the variations, we
have to perform the variations of the Green functions and their derivatives that are the
links of the graphs. These variations are simpler for the Beltrami differentials rather than
the complex structure itself. In fact, we have that

—%%G(z,O) = —iTsDoG(2,0) + zgaGéz’ 0),
i 0G(20)  _  0G(x0)  9G(x0)
i(SMT = ZTQDl 82 + 29 822 (615)

leading to involved calculations if variations of 7 are directly studied. Note that the varia-
tion with respect to 7 arises in a covariant way since it involves D,,, where m depends on
the modular weight of the object on which §, acts.

Note that graphs in (B.1) that remain to be analyzed are (0, p) modular forms, where
p = 2,4. Thus since 5u5ZG(Z,O) = 0 upto contributions that arise from the boundary of
moduli space, our primary strategy will be to first act with ¢, on them, and then with
0, which will yield an eigenvalue equation we shall shortly discuss. On manipulating the
equations we obtain, this will yield modular covariant second order differential equations
the various graphs satisfy on also including the contributions that arise from the boundary
of moduli space.

We now analyze the action of J,, and J; on the various modular graph functions that
are relevant for our purposes, where the vertices are integrated over. We first act with 9,
on (0,p) modular forms, which are graphs with p links involving G, while the remaining
links involve G. For links involving GG, we use the identity

— i(SuG(Zij) = —2’L'T2DOG(Zij) + 2 Imzli + IIIIZji G(Zij), (616)
821' 8Zj

while for links involving OG we use the identity

iTQDogiG(Zij) = (Imziﬁazi + Iij;%)aiG(zij), (617)

9To deduce the first equation in (6.14), we also use dgwz0. = 7r62(z — w)gz.
9Tn fact, this is also true of §;8,0,, G(21, 22) = 0.
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which trivially follows from §,0;G(z;;) = 0 and hence is true upto boundary terms. Includ-
ing all the contributions and using momentum conservation at each vertex, all the terms
involving derivatives of z; cancel leading to

5, = 2Dg (6.18)

on the (0,p) graph.

After acting with 4, on the (0,p) graph, in all the cases we shall encounter, we are left
with graphs having either 2 or 0 G links, while the remaining links are all given by G.!!
We now have to act on them with d;. If the graph has no links given by 0G and hence
is SL(2,7Z) invariant, then simply using the complex conjugate of (6.16) on every link and
momentum conservation at the vertices, we see that

6z = 2Dy. (6.19)

Finally if there are ¢ links given by G as well, let us consider the action of 0z on the
graph. We use the complex conjugate of (6.16) for the links involving G, and the complex
conjugate of

— Z(SuaZG(ZU) = —2i7’2D18@'G(ZZ‘j) +2 (Imzi(;z + Iija(z> 8ZG(Z”) (6.20)
{ J

for those involving OG. Adding the contributions and using momentum conservation at
each vertex, we see that
6p = 2D,. (6.21)

Thus, based on the cases we consider and modular covariance, we obtain the general result
that acting on a modular form of weight (m,n), we have that

6, = 2Dy, s =2Dy, (6.22)

simply yielding modular covariant derivatives.
Thus first acting with J,, and then with J; on the various graphs we get second order
differential equations, with the operator acting on the graphs given by

630, = 4Dy,_1Dy, = 473Dy, Dy, (6.23)

which maps a modular form of weight (m,n) to a modular form of weight (m,n). Hence
this is a modular covariant Laplacian of SL(2,Z). Note that acting on the modular form of
weight (m,n) in the reverse order, one can also define another modular covariant Laplacian

6,05 = 4Dy 1Dy, = 473 Dy, Dy, (6.24)
They satisfy the simple relation
4(Dyn-1Dm — Dm—1Dyn) =n — m, (6.25)

and hence they commute only when m = n.

"There is also a case where the resulting graph has two links with G on them. The action of §; on it
can be trivially obtained by complex conjugation of what we have described above.
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This generalizes the analysis for SL(2,Z) invariant graphs. Note that the SL(2,Z)
invariant Laplacian acting on them is given by

_ _ o?
A =4D_1Dy=4D_ 1Dy = 4T§ﬁ. (6.26)
TOT

Before proceeding, we consider the issue of possible contributions to the differential
equations that arise from factors of 5M(§zG (z,w) in the graphs. As we have mentioned above,
such contributions vanish in the bulk of moduli space on simply using (6.14). However,
this manipulation involves using the relation

O <§ZG(2, w)) = g8u52(z —u)+ 7_12(% (G(u, w) — G(u, z)) (6.27)
which has a contact term contribution, which can give a non-vanishing answer even though
it leads to a total derivative. These are interpreted as potential contributions coming from
the boundary of moduli space when z and u are coincident.'? In fact, indeed in some of
the cases we consider, there are non-vanishing contributions.

Let us first consider the simplest example where this happens, which captures the main
issue that is central to all the other cases. Consider the graph Q2 which is a weight (0,2)
modular form given by

2 .
— d2zz
Q2 2 Zl;[l T

which arises in our analysis. On acting with J,, we see that the entire contribution comes

_ _ 1
= lim, 2
01G1202G12 = lim ao( E);g(o ) (m + n7)2|m + nr | (6.28)

from the factors of 5M5G in the integrand. However, instead of evaluating it directly this
way, let us evaluate it using the expression given by the lattice sum. Naively on setting
s = 0, it is antiholomorphic and hence (5”(?2 vanishes, leading to an incorrect answer
simply because this is not modular covariant, and one needs to regularize it as in (6.28) to
obtain a modular covariant expression. It is this regularization that breaks antiholomorphy

leading to
= T
0,G2 = — (6.29)
T2
which trivially follows from the asymptotic expansion of 52 given by
— _ ™ ™
Go(1,T) =Ga(1) — — =2¢(2) — — + ..., (6.30)
T2 T2

where we have ignored terms that are exponentially suppressed as 75 — oo which are
functions only of 7. Thus we see that §,0G yields non-vanishing contributions for Q2. In
fact, we see that 5”67’2 receives contribution only from the second term in the last equation
in (6.30) which has less transcendentality than the first (we assign zero transcendentality
to 72 and k to ((k)). In fact, in this case, this is the only contribution.

12Such boundary contributions, along with the boundary contributions that arise from 7 — oo, are part
of the definition of the Deligne-Mumford compactification of the moduli space of Riemann surfaces with
punctures.
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This is the route we take in determining possible contributions to a graph that arise
from factors of 6M5G in the integrand, rather than calculating them directly. We start
with the regularized expression for the graph expressed as a lattice sum and perform the
asymptotic expansion and keep only the terms that are power behaved as 79 — oco. These
terms separates into two distinct kinds of contributions:

(i) A set of terms that precisely match with those in the asymptotic expansion obtained
by acting with J,, on the graph, and simply setting 5H5G = 0 for all the links. This is
done by directly obtaining the variation of the graph and performing the matching.

(ii) The rest, which gives the non-vanishing contributions that must result from the
variations 5ME§G along the various links.

The contribution (i) from J, acting on the graph yields an SL(2,Z) covariant expression.
Thus we then extend the power behaved terms in (ii) that give additional contributions
to 6, acting on the same graph, to its SL(2,Z) covariant completion to get the complete
answer. For the cases we are interested in, (ii) yields simple expressions which have obvious
SL(2,Z) covariant completions. It will be interesting to obtain these results by directly
computing the J,, variations acting on OG in the graphs for more general cases. Perhaps
generalizations of the techniques in [66-68] will be useful in evaluating these boundary
contributions.

Thus this leads to the complete equation for §,, acting on any graph @. Further acting
on it with 65 gives the desired SL(2,Z) covariant Poisson equation of the form

526,Q = ..., (6.31)

where the terms on the right hand side are easily determined.'?
For the cases we consider, there are some common features that arise in our analysis
for the contributions from 5M5G to a graph as mentioned above:

(i) These contributions to a graph @ that arise from the boundary of moduli space are
given by very simple SL(2,7Z) covariant modular forms. On the other hand, the
remaining contributions to @ satisfy involved SL(2,Z) covariant Poisson equations.
Heuristically this is expected as boundary terms result from regularized expressions
and they receive very few power behaved contributions in the large 7o expansion,
which have simple SL(2,Z) covariant completions for the cases we consider.

(ii) The asymptotic expansions of these contributions that arise from the boundary of
moduli space have less transcendentality than the terms with maximal transcenden-
tality in the asymptotic expansion of the remaining terms which arise from the bulk

of moduli space.!?

13For the cases we consider, 6,Q does not yield any graph with G as a link on which the subsequent
action of d; gives a non-vanishing contribution. For cases where there are such contributions, we have to
evaluate them by taking complex conjugate of the results that follow from the discussion above.

Note that there also some contributions with reduced transcendentality that arise in the asymptotic
expansion of the remaining terms. These boundary terms are directly determined in our analysis and do
not have to be dealt with separately.
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(iii) Finally, there is a very simple diagnostic to ascertain which graphs receive contribu-
tions from the boundary of moduli space resulting from non-vanishing §,0G: these
are the only ones which have a factor of (9;G12)? in the integrand. Heuristically this
is expected, because it is only G which needs regularization, and has (01G12)? as
the integrand. Note that R, ), for s > 3 do not receive such contributions. Thus for
example, §,R3 2 ~ /. It would be interesting to check if this diagnostic works in
all cases.

Hence among the various graphs we consider only (2, Q3, @5, Q9 and Q1o receive
such contributions. Thus only for these graphs, we have to determine these boundary
terms separately.

We now obtain modular covariant eigenvalue equations of the Poisson type having
source terms for the various graphs, based on the discussions above. In the equations
below, the vertices in the various graphs are always integrated with measure d?z/7m5. The
relevant asymptotic expansions of the various graphs are described in detail in appendix C.

Let us now summarize the strategy we follow in obtaining the eigenvalue equations in
the analysis below. We first consider §,@Q for any graph @, ignoring contributions of the
form 5M5G, leading to

5,Q = Q (6.32)

where Q is modular covariant. This leads to a modular covariant Poisson equation for Q
on further acting on (6.32) with ¢; given by

010,Q = 9:Q. (6.33)

We next match the power behaved terms in the large 7o expansion of ) obtained from (6.33)
with the exact asymptotic expansion of ) analyzed in appendix C. Note that this also
includes the zero mode of the modular covariant Laplacian. This can lead to extra contri-
butions which modify (6.32) to the exact equation

0,Q =Q+ f, (6.34)

where f is modular covariant and includes the contributions from 5M5G acting on @. This
finally leads to the exact Poisson equation

for the graph Q.

For the various cases we consider, in the process of matching the power behaved terms
in the asymptotic expansions obtained from (6.33) with the exact analysis in the appendix,
the extra terms in @ that lead to f in (6.34) (this includes the zero mode of the Lapla-
cian) can be completed to SL(2,Z) covariant modular forms,'® hence leading to additional
contributions to ). In the analysis below, we present the exact equations.

15This completion is unique, given the power behaved terms in the large 7 expansion, modular covariance
and the boundary condition that all other subleading contributions are exponentially suppressed as 172 — co.
Note that we are neglecting contributions from cusp forms in our analysis.
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6.2.1 The equation for Q3

We first consider the equation for the graph Q3. Varying with respect to the Beltrami

differential u, we get that
T

2
0,Qs = =&y — (6.36)
T2

T2

where the second term on the right hand side is a boundary contribution we have fixed

using the asymptotic expansion. Note that each of the contributions is modular covariant.
This further leads to

056,Q3 = 4Q4, (6.37)
yielding the differential equation
12Dy DQ3 = Q4 = mDyEs. (6.38)

Now to solve for Q3, we consider the eigenvalue equation satisfied by D&, given by

s(s—1)

TQQDQDO(Dogs) = 4

(Doés). (6.39)
Thus (6.38) yields the solution
Qs = 27 D&y — 2C(2) s, (6.40)

since By ~ Do&; is a covariant solution of the homogeneous equation (6.38) having modular
weight (0,2), and the normalization is fixed by the asymptotic expansion. Thus we have
that

Q3 =2Q4 — Q2. (6.41)

Hence we see that the boundary contribution to (3 simply involves E» which is a zero
mode of the covariant Laplacian.

6.2.2 The equation for Qg

We next consider the graph ()19. Proceeding as above, we have that
4 us
0uQ10 = —&3 — —&, (6.42)
T2 T2

where the second term is a boundary term whose structure is determined by the asymptotic
expansion. This further leads to

0u0,Q10 = 12Q11 — 2Q4, (6.43)
which we rewrite as
9 = 1 _ T =
7'2 DQDQQlU = 3@11 — 5@4 = 27TD053 — §D052. (644)

On using (6.39) for s = 2 and s = 3, we get the covariant solution

dr _
Quo = 5 Do&s — mDo&s. (6.45)
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Thus we obtain the relation

Q10 =2Qu — Q4. (6.46)

Note that a contribution proportional to Eg, the zero mode of the covariant Laplacian
is ruled out based on the asymptotic expansion. Also the boundary term contribution
involves Dy&s, which is not a zero mode of the Laplacian.

6.2.3 The equation for Qs

We next consider the equation for Q5. We have that

T w2 _ 472 _
0uQs5 = ——Q10 — —DoE2 = ———D&3, (6.47)
T T 379

where the boundary contribution arising from 6M3G is given by —72 D& /7. This has been
chosen such that it cancels a contribution from ()¢ based on the asymptotic expansion.
This further leads to

8r2 - _
0p0uQs = —8R54 = ——-DaDo&s, (6.48)
where we have used
_ 3 679
0pDo8s = 5 -0pQ1 = —5 Rs4. (6.49)

Thus we obtain the equation

73 D4 D@5 = —27:[721_)053- (6.50)
On using the eigenvalue equation
2DaDo(DaDosy) = CFVE=D 5 piey, (6.51)
we get the solution
Qs = —237T2D2D053 + 237T21_?2D052, (6.52)

since B4y ~ DsDyEy is a covariant solution of the homogeneous equation (6.50) having
modular weight (0,4), and the constant is fixed based on the asymptotic expansion. Thus

Qs = —2R54 + Q1. (6.53)

Hence the boundary contribution to Q)5 arising from 5N5G is proportional to Do DyE, which
is a zero mode of the covariant Laplacian.

Thus we see that the graphs Q3, Q10 and Q)5 are given by very simple expressions
which solve the eigenvalue equation. The remaining graphs require more involved analysis,
to which we now turn. Of these graphs, (g, ()7 and (Jg do not receive any boundary
contributions arising from 5ME§G contributions.
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6.2.4 The equation for Qg

We next consider the equation for Qg, which gives us'
27 s m
6uQ6 = —Qu + —Q10 — —&E0Q2. (6.54)
T2 T2 T2
Now using (6.49), the relations
3T 2T
05Qi=""Q1, bu€r=""Qu, (6.55)
and!”
- T
0uQ2 = 4rTaDa D&y = ?2(5Q1 - Q3), (6.59)

we get the eigenvalue equation

_ 3 1 1
13Dy DoQs = 4R5 4 — *Ql — *Q2Q4 - Z(5Q1 —Q3)&
472 3{( ) 3 d =2
= T DyDy ——E——ED T (B, E
5 &3 5 22 ) 36( 4 9)E2
472 4
:3DD6—%UE—2m@&) (6.60)

satisfied by Qg which is considerably more involved than the earlier ones. However, this
can be simplified using the relation

 Dy(€2B5) = B DiDy(Rs2B) 92575‘;) o) (6.61)
and also (6.51), and we see that (6.60) reduces to
3 D4Dg <Q6 + 2R3 2By — 4§D2D053) =0, (6.62)
leading to the covariant solution
Q6 = —7;2R3,2E2 + 47;2]-_72]-_7053 + ukEy, (6.63)

where p is a constant, which is fixed using the asymptotic expansion (C.70) giving us

p=—2¢(4). (6.64)

16Using the various expressions for the asymptotic expansions given in appendix C, it is straightforward

to check (6.54) for the power behaved terms. This provides a non-trivial check of the boundary term
contribution to Q1o.
1"We have used the regularized expression

&1 = —In(r2n(r)|"), (6.56)
which leads to .
Do&r = %Ey. (6.57)
We also use the identity
DyFs = 5(By _E). (6.58)
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Thus we have that

2 = 472 _ _ _
Q6 = —?R3,2E2 + ?D2D053 —2C(4)Ey

= —Q2Q4 +4R5 4 — Q1, (6.65)

leading to a simple equation at the end of the analysis.

6.2.5 The equation for Q~

We next consider the equation for 7, where we obtain
i 7 m
0,Q7 = —Qu + —Q10 — —&2Q2. (6.66)
T2 T2 T2
Now from (6.54), we have that
7r T
6u(Q6 — 2R5.4) = —Q10 — —&2002, (6.67)
T2 T2
while from (6.66), we get that
T s
6u(Q7 — R54) = —Q10 — —&2Q2. (6.68)
T2 72
Thus modular covariance yields the relation

Qe =Q7+ Rs54 (6.69)

between the various graph functions. Given the various asymptotic expansions, it is
straightforward to check this equality for the power behaved terms.

6.2.6 The equation for Qg

Proceeding as above, for Qg we have that
2 27 27
0,Q8 = ——Q11 — — Q10 + —&E20Q. (6.70)
T2 T2 T2
Thus from (6.66) and (6.70) we obtain

0u(2Q7 + Qs) =0, (6.71)

leading to the simple relation between the graphs

2Q7+ Qs =0 (6.72)

based on modular covariance. Again, this relation is easily seen to hold for the power
behaved terms in the asymptotic expansion mentioned in the appendix.
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(i) (ii)

Figure 2. (i) P; and (ii) P».

1 3
_ ( >
k \ i /

Figure 3. The auxiliary diagram A.

6.2.7 The equation for Qg

Finally, we consider the equation for Q9 which gives us
27 27 3 271'
0uQo = 72131 7P2 - *52 (6.73)

72

where the graphs P; and P» are defined by

=115

as depicted in figure 2.
The last two terms in (6.73) have been fixed using the asymptotic expansion. While
the expression for P, is known [21, 28], we need to express P; in a way such that it is useful

2 z
Py = II/d Gly=E&+((3) (6.74)

for our analysis.

To do so, it is very useful for our purposes to introduce an appropriate auxiliary
diagram [27]. This is a diagram which trivially reduces to the diagram we want to evaluate
using (3.7) along with other easily tractable terms, however, on the other hand it can be
evaluated independently leading to a simplified expression. Equating the two results leads
to the desired expression.

For this case, we introduce the auxiliary diagram A defined by

4 .
a2z - _
A= H/ Z*(81G12)28153G1333G2333G34G24 (6.75)
s T2

as depicted in figure 3. Evaluating it trivially using (3.7) for the 1 — 3 link gives us

A="p — T0,Qu. (6.76)
T2 T2
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On the other hand, moving the 9 in the 1 — 3 link to the left gives us that

3 9 3
A=-Zp+ T g (6.77)
P P
This gives us that
2T 27r
0,Q9 = *53 + JQ2Q4 — *52 + — (6.78)

T
leading to the eigenvalue equation

BD:DuQs = 3Qu1 + 55 (5621 Q2)Qs + 1@252 _ §Q4

372 3w
18 (E4 — E2)D052 + C( )EzSQ — 7D0€2. (6.79)

= 27TD053 +

Hence manipulating the various terms in (6.79) as before, we get that
9 = 47 _ m2—=
75 Do Dy Q9 — ?Dogg +4nDoEy — ?Ezgg =0, (6.80)

leading to the relation

4
Qo = ?FDOSS — 4w D&, —i— 3 E252 +4¢(2 )

= 2Q11 —4Q4 + Q2E2 + 2Q)2

= 2Q11 — 2Q3 + Q28 (6.81)
on adding a contribution to QY9 given by 4¢ (2)52 on using the asymptotic expansion for QQg.

7 Relations between various modular graph functions

From the above discussion, we see that there are several non-trivial relations between the
different modular graph functions, given by

Q3 = 2Q4 — Q2,

Q10 = 2Q11 — Q4,

Qs = —2R5 4+ Qx,

Qs = —Q2Q4 +4Rs5 4 — Q1,

Q7 = Q¢ — Rs 4,
Qs = —2Q7,
Qo = 2Q11 — 2Q3 + Q2&5. (7.1)

Thus topologically distinct graphs can be related, which also reduces the number of ele-
ments in the basis of graphs with a fixed modular weight. This is analogous to similar
relations which exist among several SL(2,Z) invariant graphs that arise in the type II the-
ory. However, unlike that analysis, the relations between graphs in heterotic string theory
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7>7

Figure 4. A pattern for the boundary terms.

involve modular covariant, rather than modular invariant graphs. We expect a rich struc-
ture of similar relations between topologically distinct graphs for all modular weights that
arise in the low momentum expansion of the string amplitude at all orders in the derivative
expansion. It will be interesting to analyze such modular covariant relations in general.

Note that for the cases we have considered, from (7.1) it follows that all the graphs
can be expressed in terms of a few elementary ones involving R, leading to an enormous
simplification. Clearly this is not true in general, and at higher orders in the derivative
expansion we shall encounter graphs which cannot be expressed in this way. In order
to obtain their contribution to the string amplitude, one has to directly use the Poisson
equations they satisfy to reduce their contribution to boundary integrals over moduli space
upto source terms that have to be separately considered, as in the type II analysis. In fact,
expressing the various integrands as total derivatives is a powerful technique in calculating
the integrals, which we shall heavily use in the analysis below.

Before proceeding, let us consider the equations the graphs (03, Q19,5 and Qg satisfy
in (7.1), which are the only graphs in the list in (7.1) which have a factor of (01G12)? in
the integrand. Apart from the contributions on the right hand side of (7.1) to these graphs
that directly arise in our analysis using the variation of the Beltrami differentials, there
are also boundary contributions to each of these graphs that we fixed using the asymptotic
analysis as discussed earlier, which naively vanish using 5#(5G) = 0. For these graphs, we
see these contributions are given by!®

Q3 — —Q2, Qo — —Q1, Qs5—Q1, Q9 — —2Qs3. (7.2)

These contributions suggest a striking pattern that can be summarized by figure 4. That
is, in each of these graphs, to obtain these non-trivial contributions, simply erase the factor
of (51G12)2 in the integrand, and replace it by —5%(312 keeping the rest of the graph intact.
Whether this pattern is more general or not and deriving it if so, will be interesting. It
suggests that these boundary contributions should be determined in general by simple
properties of how the factor of (9;G12)? is embedded in the integrand of the graph, and is
independent of various details of the rest of the graph.

8 Evaluating the various four point amplitudes

Using the equations satisfied by the various modular graph functions, we shall now per-
form the integrals over the truncated fundamental domain of SL(2,7Z) and evaluate the

8For Qg, this actually arises from the sum of (C.107) and (C.108).
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coefficients of the various interactions that arise from the low momentum expansion of the
amplitudes upto ten derivatives. We first consider the four graviton amplitude, and then
the two graviton-two gluon amplitude.

8.1 The four graviton amplitude

To simplify the notation, we define the tensors

2 4 K123 4
1H2H43 4
Zyhesh — <I4,0+ 512;1,0+ 0/211;2,0> ;

)

9 4 [l p2 s
[1popsps _
Zy = (14,1 + 512;2,0 + o2 I1;3,0>

. 1 2 O/ M1 2 43 g
Z4HeEshs — (-72;0,1 + =111 — g(fs,l + 16,1)> ;

o o

I M1 243 e
Zjrhaksts — (K + 5(15,1 - 216,1)) : (8.1)

Using the tensors in (8.1) and various relations between the modular graph functions
in (7.1), from (4.4) we obtain the expressions for the R* term given by

4

Al*lOOp _ 1 (’L) K/,L1/,L2/,L3/,L4 d27— Ez 2 Z 2 K
R4 - H Cpiv; - 7_22 ﬁ (Ql + Qz) 1— 21
) L

i| vivav3va

, (82

and the D?R* term given by

4 —
Algloi’lp = 2 @) grmpapapa / dﬁ@ [(2622@4 — Q- Q% + 2R; 4) 75
DR (477')4 Pl Hils 7 7-22 ﬁ24 )

-2 (2Q2Q4 +20Q1 — 9R5,4> Z3 + (Q2Q4 +Q1— 3R5,4) Zy

:| vivav3vy

(8.3)

Let us first consider the terms involving @ and Q3 in the integrand. These are
particular cases of the general integral

d*r =m
I, = / —QF(T)EQ (8.4)
Fr T2

where F(7) is a purely holomorphic modular form, which we evaluate in a somewhat
different way from [55], which we very briefly outline.'® From (6.56), we have that

412 DoDoéy = 1, (8.5)
leading to
——=m_ _ 27 9 [l
T, =4 d*TF EDDgz/d2<F E )
! /]_-L TE(7)Ey DoDosy 3(m+1) L T@T (T)E,
T (FE 8.6
= s (FOE )|, (5.5

9For our purposes, F(7) depends on Eay(7) for k > 2 and n(7).
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where we have used (6.57) and the antiholomorphicity of F'(7). In the last term, we have
that ¢ = e2™7, where the subscript means that we have to keep the coefficient of the g° term
only while expanding the resulting modular form around the cusp 79 — oo in non-negative
integer powers of g. Here Foi(7T) is given by

e n2k—1qn
Ean(r) =1+ ek ) - o (8.7)
n=1
for k > 1, where
—1)k(2m)2k
ey = T (8.8)
['(2k)((2k)
We shall need the values
cog=—24, ¢4 =240, cg=—504, cg=480, c19= —264. (8.9)
in our analysis. We also need the expression for the Dedekind eta function given by
(0.9
n(r)=¢"* T[(1—q"). (8.10)
n=1
Thus using (8.6) we have that
&2+ B2 &2 E202
/ = %ﬁl = 4807C(4), / = 332 = 1927((2)% (8.11)
Fo T2 M Fo 720N
leading to the expression for the R* term given by [56]
4
Aggloor = T el gmvmmans (7, — Ky, (8.12)
i=1

We now focus on the other integrals that are needed in evaluating the D?>R* term. To
start with, we consider the integral

d’r E?
12:/ — - Rs 4. (8.13)
FL 7_22 7724

Given the non-holomorphic factor E%/ 7%* in the integrand, we would like to act with
the Laplacian 47'22D01_7p on the other factor in the integrand using its eigenvalue equation,

to easily perform the calculation®’

on integrating by parts. However, this does not prove
to be directly useful as

473 DoDyRyi1p =0 (8.14)

leading to zero eigenvalue, and ours is a particular case with p = 4. So we proceed to
evaluate the integral somewhat differently.

20This will also be the case, for example, in (8.32) where the integrand has an extra factor of Ez which
has a mildly holomorphic part as well. We shall evaluate those integrals based on similar ideas.
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Consider the integral

hd d27' 712,
Lsp = / —— LR (8.15)
S,p ]:L 7_22 7724 S,p
where s # p + 1. Using
43 DoDyRs, = s(s —p — 1) R, (8.16)
we have that 12 ~
- Evo . _
s(s —p—1)I,, = 2/ / dﬁ%ppRs,p\ﬁ:L%O. (8.17)
1/2

Defining ¢ = s — (p + 1) and letting ¢ — 0, we want to analyze (8.17). The left hand side
yields (p + 1)€Z,, where
~ d27' E12,
I, = / ——"LR,1 (8.18)
FL 7-22 n* rer
and hence Z, = T», which is the integral we want to evaluate.
Now first let us evaluate the right hand side of (8.17) when s = p + 1, which yields a
contribution proportional to
1/2 Eio E
/ dle =24+ C12—p + Cpt2- (819)

=24 |7'2:L%oo

-1/2 n

Now the only possibilities are p = 2,4, 6,8, for which 24 + ¢12—, + ¢,42 = 0 on using (8.9),
and hence the right hand side of (8.17) is actually O(e). Thus taking € to be very small,
we now evaluate the right hand side of (8.17) to O(e), noting that the O(1) term cancels.

To do so, we first consider the terms in D, R;, that are independent of 71. Using (6.8)
and (6.3), we see there are two such contributions given by

2(=1)P/%¢(2s —p — DI'(s — p/2)T(s —p/2 ~ 1/2)
mo P21 (s)T (s — p)

o 2<(28 - p) Ts—p

Rsp = 2 T 7%, (8.20)

leading to
5025~ p) ot
Ts—P 2
(s —p— 1)(=1)"+2/2¢(25 — p— DI(s — p/2)T(s — p/2— 1/2)
w1 () (s — p)3 |

DpRsm =

_l’_

(8.21)

In the small € expansion, ignoring the O(1) contribution, the contribution of the first term
on the right hand side of (8.21) to fp is given by

_ 2 L 1 2¢(p+2)
Iy = _(24 + c12-p)C(p +2) |In— + it DN (8.22)

hence leading to a contribution that diverges logarithmically as . — oco. Such contribu-

tions signal the possible presence of a term that is non-analytic in the external momenta
arising from the integral over Ry defined in (4.3) [20]. Schematically it is of the form
apln(—a’Ls)D?*R* such that the InL term cancels between the contributions from F, and
Rr. Hence the coefficient ag is fixed in the process. Thus this leads to a non-analytic term
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in the effective action of the form In(—a’us)D?*R* where the scale p involves contributions
both from F;, and Rj. However, since

In(—a'us)D*R* = In(—/p/'s) D*R* + In(u/ /) D*RY, (8.23)

we see that changing the scale amounts to mixing the analytic and non-analytic contribu-
tions, and hence it is the total contribution which is invariant. Thus our analysis yields the
total contribution from F. Note that such a logarithmic contribution also arises in the
type II theory, however the scale of the logarithm is irrelevant as D?*R* = (s +t+u)R* =0
in the type II theory, but not in the heterotic theory due to the different tensor structure.

Next note that the second term on the right hand side of (8.21) has an overall factor
of € and its contribution to ip is given by

- (=) 2(cyy_, + 24 D0(p/2 +1/2)T(1 2
7, = 22D e wﬁ)rc((éo:p))Lg{ FUATA+P/2) o (g oy

as L — oco. Hence this does not contribute to Zs.

Finally, consider the contribution to (8.17) from terms in D,R;, which depend on 7.
In this analysis, we keep only those terms that are non-vanishing as 75 — oo. These are
obtained from the last term on the right hand side of (6.3) on setting

x) — \/Ze_x, (8.25)

as subleading contributions vanish, leading to

2
— - /2
Es_pjo(7,7) = NeEYR) mzjlms P2l o (m)E™, (8.26)
which gives us the relevant terms
_ m)PHl ©
DypRsp = 2(_1>1+p/2 Z m°o1-2s1p(m)q" (8.27)

in the expression for D,Rs,. Thus its contribution to (8.17) is given by

- p+1 > E
sel, = 4(—1 )Hp/Q Z m*o1—254p(M) 1277 pd” K (8.28)
q
On using
E _qm
e A R (8.29)
n q°

and ignoring the O(1) term, we get the contribution

Mip+1)
T(p+1(p+2)

7, = A(—1)P/? (27 )Pt

(8.30)
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Thus (8.22) and (8.30) yield non-vanishing contribution to Z, leading to

Iy = —@ (lmr +7 - % - 25;((;;)) (8.31)

d*r B2E
I3:/ 5 A2 Ry, (8.32)

To evaluate it, we start with the integral

- d*>1 Eio_ E
Ts.p :/ o Rap (8.33)
Fr T n

where s # p + 1. Using (8.16) we have that

s V2 g B
s(s—p—1)$7p:2/ dﬁ%

=L— 24
~1/2 n nRELTee o

_ 6 d*1 E1o_,p -
DpRs,p| - /}_ TiQQTprRs,p' (8-34)
L

Expanding (8.34) for small € = s — (p + 1), we see that the left hand side gives (p + 1)eJ,
where

~ d27' El()_ EQ
Tp = / P2 R, 8.35
p 7 7_22 7724 p+1,p ( )

and hence J» = T3, which is the integral we want. We now expand the right hand side
of (8.34) for small e. The O(1) term is proportional to

2E10-pEpr2Eo _6/ &EIO—pEp+2 (8.36)
7724 & T JF, 7_22 7724

which vanishes using (8.6), and hence we consider the O(e) term.

We first consider the contribution coming from the first term on the right hand side
of (8.34), which is a boundary term. The analysis is very similar to the analysis for fp and
we get a non-vanishing contribution

7 2¢10-pC(p + 2) [ 1 2¢(p+2)
P T p+1 ((p+2)

Mp+1)
Fp+1)I'(p+2)

. (8.37)

—lnw] +4(—1)P/2(27)P+1

We now consider the contribution from the second term on the right hand side of (8.34) at
O(e€) for which we have to evaluate the integral

~ d*t Evo—p =
Jo :/ 727134pr}28713 (8.38)
Fr 7901

to O(e), while ignoring the O(1) term. Now using the identity

47'22D0Dp+2Rs+1,p+2 =[s(s =p—1) = (p+ 2)|Rss1p42, (8.39)
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and noting that DR, ~ Rsi1,p+2, we have that

. 1/2 B _ _
ss=p=1) =+ =2 [ dnTR2 DD, Ry,

—-1/2

(8.40)

To=L—00

and hence the integral has been reduced purely to a boundary term, which we now evaluate.
Proceeding as before, we see that the only finite contribution as L — oo comes from the
71 dependent part of D, 2D, R;,, arising from (8.26) leading to

I(p+1)

Jo = 4(—1)P/2(2m)P+2 : 8.41
Thus from (8.37) and (8.41) we get that
3273 11 2¢(4)
I3=——-—|1 - — = . 8.42
3 3 ( nm + vy 6 C(4) ( )
As an aside, let us also consider the integral
d*r E?  _ =2
K1 :/ —5 - (By — E5)&s. 8.43
B B (5.43)

This does not arise in our analysis given the very simple equations satisfied by the various
graphs, but we expect integrals of this type to be relevant for higher point amplitudes
where the relevant graphs need not satisfy such simple equations. In fact, as discussed
before, in the cases we are considering, the Poisson equations could be always solved to
obtain elementary relations between the graphs. This is not going to persist for generic
interactions, and we shall have to directly deal with the Poisson equations which will involve
integrating source term contributions over F7. The integral (8.43) is a simple example of
such a case.
Now using

473 Do DoEy = 2&s, (8.44)
we easily get that

2

1/2 _ -2 _
]Cl = / dTlf;i(Ezl — E2)D0(€2
-1/2 n

7
s (8.45)

2

To=L—00

Thus while the first term is a boundary term, the second term has already been evaluated
above.
Hence let us evaluate the boundary term

ERE . B
/ dr1—; (Ey — Ey) Do (8.46)

-1/2 n

To=L—00

that arises in /C;. Considering the power behaved contribution to Dy&», we see that the

O(72) term given by

2§r(24) T (8.47)
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—2
combines with the O(1/72) term in Ey given by

6 _
_ By (8.48)

T
to give a finite contribution. There is no contribution from the 71 dependent terms in Dy&s,

leading to

V2 B} 0 =2 12{(4) EZE
/ dTl_ii(Ezl—EQ)DOSQ = Al >44 2 = 64, (8.49)

3 724
—1/2 N To=L—00 n n q°

hence leading to

6.
K1 = 647 + —3 (8.50)

Thus adding the various contributions, we see that the contribution to the D*R* term
from Fp, is given by

Ao = f[ e), Frmatisha [AZz + BZs+ 024] Vwmm, (8.51)
where _
A= 48(:3878;5 N 4lf5ﬂ5 (o +7) + 64; : (ii“((j ((Z))>
b= 24607857r5 - 22;;5 (Inm +7) = 647° LSLJCC/((:)) 352/((6))>
o2 uoel§-58) e

8.2 The two graviton-two gluon amplitude

Next we consider the low momentum expansion of the two graviton-two gluon amplitude.
We define the tensor

4 a V1 UV2V3 V.
Tnpn = €0, €2, eB) el (o) KTversvs (8.53)

to simplify the notation.
Now from (5.1), we obtain the expression for the R2F? term given by

1—loop C(Q) 01 d? 7_E‘2E4 A
Aszz - _67711#2*]11 ’ . 7_22 7724 (E E2E4)’ (8'54)
while the D?R2F? term is given by
/ 2 i _ 3
1—loop & d°T Ey Q3 = o Ey 2 1
Apegzpe = —§E1u2 /fL 2 [(3(E6 — By Ey) + F(Ql +Q3) |sJi
(%‘ (Bg — EyEy) — §Q1> J;W?} . (8.55)
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Finally the D*R?F? term given by

Aljloor | — Alloop iy plloon e (8.56)
where
_ o &7 Ey(Eg — EyF
Apeondt = _77L1M2/ —5 X L 1 [<82(4Q11 —4Q4 +4Q28 + 2Q2)
3256 72 b
—2ut(2Q4 — 3Q11 + 2@252))J{“”2 + 28@11%“”2}7
12 2 2
1-loopy, _ _ @ A"t By [( 2
Apigars = —@Emz /fL 7227724[(5 (Q2Q3 — Qs)
Fut(Q2Qs + Qs + 2Qs — 3Qr — 2Qs) ) {1
~5(QaQ1 + Q5 — Qo + 3Q7 + Qs) J4 7, (8.57)

where we have also used the expressions for Qg9 and @11 using (7.1).
The coefficient of the R2F? term in (8.54) is obtained using (8.6), leading to [56]

473

A = =5 T 2. (8.58)

Again on using (8.6), the relations between the graphs (7.1), and the definitions (8.18)
and (8.32), we obtain the expression for the D*R?F? term in (8.55) which is given by

—loo o 1920¢(4) 2 -
A})21R2}‘77:2 = 73727LIH2 |:<7_[_C() + 5(1—2 - IB)) SJ{“'“Q
960¢(4) 2 -
—i—( o _ —(Tp — Ig))Jﬁ““z]. (8.59)
m 3
Now using 27, = —73, we get that
—loo w3 1 204
AlDlezp}‘z = _Tnlm [(11177 +7+ 6 C(El))>sjflu2
17 2C’(4)>
—|Inm+~v— — — JhH L 8.60
( 5w )" (500
We now consider the contribution to the D*R2F? term in (8.56). To start with, we

1—loop,V1

consider the contribution coming from A DARZE2 5

where we calculate the various integrals
that have already not been calculated.

To begin, we consider the integral

d27 Ey(Eg — By F
14:/ 72T il 6—24 : 4)R472 (8.61)
-7:L 7-2 77

since Q11 = R42. Using the relation

DyEy = §(E6 — EyEy) (8.62)
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and noting that DgEg = 2E4D4E4, we have that

3 DsEs -

I, = — | d&Pr==DyDsR 8.63
4= - T 721 021142 ( )

where we have also used the eigenvalue equation for R4 9. Thus we have that

3 1/2 D8E8 B 3
Z4 - g _1/2 dTl 7724 D2R4’2 To=L—00 + ﬁzéa (864)
where we have used
3Dy Dg By = —2Fg (8.65)
and
T =
R5,4 = §D2R4,2. (8.66)

We next consider the integral

&1 EyEo(Es — B>E
I5:/ 727— el ?24 : 4)52- (8.67)
Fr T2 n
Proceeding as above and using the eigenvalue equation for &, we get that
3 [V (DsEs)Es - 3 -
50 ), o Dol - 5l 2T), (8.68)

where we have used the definitions (8.18) and (8.32).
Again, as an aside we also consider the integral

Ey(Eg — EoBy) . =2 9 Dy Eg)(DoE
/CQZ/ gl Ul 4)(E4—E2)D082:—2 d%wpo&, (8.69)
7L n 2% J n

which is not needed for our analysis, but is useful to analyze keeping generic amplitudes
in mind. Proceeding as before, we get that

Ka m 24 &|

An? -1/2 n

To=L—00

9 1/2 DsFE3)(D E 3
/ i, (PsEi) (D2 F2) + 5 (K1 + 275) (8.70)

on using (8.43) and (8.67).

Hence to obtain the expression for A>,/0%:)1

DAR2F?
ing boundary contributions in (8.64), (8.68) and (8.70) using the asymptotic expansions.

and Ko, we have to calculate the remain-

Proceeding as before, we get that

12 Defg - 16¢(6) Fs 12874
dri——D = =\ =
/1/2 n 724 2R472|72:L—>oo EE 15
2 (DgEs)Es - 8¢(4) E4(2B,Ey — Eg) 32072
e Dobal ;o = 5 2d = ’
—1/2 n 2 ™ U] 0 3
1/2 d (DgEg)(DgEg) . 44(4) E4(3E2E4 - E@) . 22471’2 871
N1 2|72=Lﬁoo -T2 724 3 (8.71)
-1/2 n m n 7

on only keeping finite terms as L — oo.
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These integrals involving D2R4,2, Dy&y and &5 do not receive contributions from the
71 dependent part of these modular forms, given the structure of the other factor in the
integrands. Thus using the various relations, we have that

3 !
7, - 16w <1n7r—|—’y—197— 2¢ (6))7

5 60  ¢(6)
17 2(’(4))
Is = —80m | Inm 4+ v — — — 8.72
: < GNGEY &7
which are relevant for calculating A;l%’;g '. Thus we get that
1—loop, Y1 a” 1.2 / w12 ! TH1H2
AD4R2};2 = _mnlllﬂ (A s“+ B Ut)Jl + C $J2 s (873)
where
11825673 275273 102473 (¢'(4)  3¢'(6)
A = - 1
225 15T+ ( ROBENRG )
2741673 35273 25673 (¢'(4)  9¢'(6)
B = — 1 - -
5 T ap W) -3 ( (4~ 20¢(6) )
3273 197 2¢'(6)
' =-"11 - - . 8.74
5 ( MY 60 T o) (8:74)

Finally, we need to calculate AIDZ{,OQZI;;%JQ in (8.56). This is obtained in a straightforward
manner following the discussion in section 5.2, given the equality of the various integrals

that arise in this case and the D?*R* amplitude, leading to

2
Alfloop,yg o «

DiRaia’ = ~Tog=a Twins {(ms? + But)JiHz — 20 s k2 | (8.75)

where A, B and C are given by (8.52).

9 Some modular graph functions at higher order in the momentum ex-
pansion

This method of analyzing modular graph functions generalizes to all orders in the o/ expan-
sion. However, the technical details get more involved as the graphs get more complicated.
Though we have not done a detailed analysis for the graphs that arise for interactions with
twelve derivatives, we present some elementary results for illustrative purposes.

Among the several graphs that arise at this order in the derivative expansion, consider
the graphs Q12, Q13 and Q14 given in figure 5. As usual, the vertices are integrated with
measure d?z/my. For the sake of brevity, we write down the equations satisfied by the
action of J,, on these graphs pictorially, where the analysis is done along the lines of that
done before, and then the action of 650, on every graph can be easily obtained. None of
these graphs have a factor of (0;G12)? in the integrand, and hence we do not expect any
non-vanishing contributions from 5M5G.
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(ii) (iii)

Figure 5. (i) Q12, (i) Q15 and (iii) Q14.

TD -0 b

Figure 6. The equation for §,Q12.

AN - N OD
B+ 0040

Figure 7. The equation for ¢,Q13.

Figure 8. The equation for §,(14.
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@) (i1)
Figure 9. The graphs (4)S; and (i%)Ss.

<

<>
@) (i1)

Figure 10. The graphs ()53 and (i7)S;.

@)

(ii)

Figure 11. (i) the equal graphs, and (ii) the auxiliary graph.

The equations for §,Q12, 6,(Q13 and ,Q14 are given by figures 6, 7 and 8 respectively,
where we have suppressed a factor of 1 /7 for each term on the right hand side for brevity.?!
While the equations for 6,Q12 and ¢,Q13 are straightforward, the equation for 4,014
involves simplifying the graphs S7 and Ss given in figure 9. To do so, we introduce the
auxiliary graphs Ss and Sy respectively given in figure 10.

In fact, there are also some simple relations between graphs of distinct topologies.
They are obtained by starting with appropriate auxiliary graphs and generalize the analysis
of [27] for modular invariant graphs. One such relation is given by (i) in figure 11, which is
obtained by starting with the auxiliary graph (i7), and evaluating it in two different ways.
Another such relation is given by (i) in figure 12, which is obtained by starting with the
auxiliary graph (i7). Note that in these auxiliary graphs, there is a link of the form 9°G.

2Tn the last term on the right hand side of 6, Q14, we have suppressed a factor of 7> instead.
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(ii)

Figure 12. (i) the equal graphs, and (ii) the auxiliary graph.
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A Various crossing symmetric combinations

To denote the various spacetime structures that arise in our analysis of the four graviton
amplitude at tree level and at one loop, we introduce the manifestly crossing symmetric
combinations given below.

The tensor involving two factors of n*¥ is given by

m 2 n m 2 n
[rakemsi <O‘/8) (a’ Ut) 2 st | <O/t) (a’ Su) A H2is
Lm,n 4 16 4 16

odu\" [ a?st\"
_|_<4) < T > ks phzh (A1)

The two tensors involving one factor of n*¥ are

/ 2 n
t
Jianpsns _ <0‘8> (O‘ u ) (b ol o3 - ppaia iz i)

2 4 16
o\ [ a%su\"
#() " (oY a4 it

T = ( ) [77’””2 (EhUS K 4 ko) 4+ Pk (el he uké‘?”ffl)]
<Oit> {nuw (kY RY2 + ukf2RY®) 20 (sky k! +U’f§”’f§4)]
<o/u> [n“1“3(sk“4k“2 N T IR LT O L k”g)}
(A.2)
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i ii iii
Figure 13. (1) 82G12 = —81(}’12, (11) 52G12 = —51G12 and (111) 8152G12.

Finally, the three tensors involving no factors of n*¥ are

H1H2p3 4
I4,n - (

K123 4
I5,n - (

/t n ! n
e g + (O ) meeerge (O Mo,

G S o )

4

4
o't " V3 1.2 1.V1 1.V4 V2 1.V3 1.V1 1.V4

+ (KPP kP ks kst + k2 kg kg ky*)
/ n

+<Oé u) (kzlzgkgalkzlklzjg+k11/4k§2]€§1k13)7

/ n
g = (O ) (R R OR + PR

/ n
() O R R + KPR)

/ n
() R R - ) (A3)
which repeatedly arise in our analysis.

Thus note that

H1H2H3 e — 4 IH1#2#3#4 _ 1[#1#2#3#4' (A4)
a/Q 1;0,1 9 3,0

B The various modular graph functions

In the main text, various modular graph functions arise which we summarize below. They
are SL(2,7Z) covariant expressions which are functions of the complex structure of the
torus. The vertices of these graphs are the locations of the vertex operators on the toroidal
worldsheet which are integrated with measure d?z/7my, while the links are either given by
Green functions or their derivatives. These arise while performing the derivative expansion
of the one loop amplitude. The graphs we need to consider for our analysis have either two
of four factors of G, and hence are modular forms of weight (0,2) of (0, 4) respectively.

We find it very convenient for our analysis to denote the graphs diagrammatically.
In the various graphs, black links stand for the Green function. On the other hand, the
notations for links having holomorphic and antiholomorphic derivatives acting on the Green
function are given in figure 13, along with the notation for a link having a single Green
function having both these derivatives.

For our purposes, the relevant graphs are those that appear in the amplitude that
yield terms with upto ten derivatives in the effective action, and are given in figure 14. Of
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0 (i) (i)
(iv) ) (vi)
(vii) (viii) (ix)
x) (x0)

Figure 14. The graphs (i) Q1, (ii) Qo, (iii)) Qs, (iv) Q4, (v) @5, (vi) Qg, (vil) Q7, (viil) Qs, (ix)
Qo, (x) Q1o and (xi) Q1.

them, the graphs Q2, Q3, Q4, Q9, Q10 and Q11 have two links involving OG while the rest
involve GG, and hence are weight (0,2) modular forms. The remaining graphs Q1, @Qs, Q¢,

Q7 and Qg have four links involving G while the rest involve G, and hence are weight

(0,4) modular forms. These combine with other modular covariant expressions to yield

modular invariant integrands which have to be integrated over the truncated fundamental

domain of SL(2,Z) to give us coefficients of appropriate terms in the effective action.

The relevant graphs are

T2 T

4 . ) .
d2z1 = — _ _ dQZz _ B
Q1 = H/ 02G1203G2304G'3101 G 14, Q2 = H/ . 01G1205G 12,
i=17/% PRy

2 24 ~ - 3 2o B
Q3 = H/ G1201G1202G12, Q4 = H/ 02G1203G23G 13,
=/ T2 =175 T2
1 >z - - = -
Qs = H/Z - 01G1202G1203G23G'3404G 14,
—1
4 d?z = = = =
Qe = 1_[/Z p G1200G1203G2304G3401G 14, (B.1)
i=1
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as well as

T

4 .
22" - = = =
Q7 = H 02G1203G2304G34G1402G24,
=172 12

4 ; 2 .
d2z’ = = = = dgzl _ _
Qs = H/ 02G1203G2304G3401G 114G, Qg = H/ G2,01G120:G12,
im1/T T2 i—1/T T2
3 A2 - - 4 2 )
Q10 = H/ . G13G2301G1202G12, Q1 = H/ - 02G1203G23G34G 1y,
i=17% i=17%

(B.2)

as depicted in figure 14.

C Asymptotic expansions of the various modular graph functions

In the main text, the asymptotic expansions of the various graphs provide a useful check not
only of the structure of the differential equations but they also provide data to determine
the boundary terms. The asymptotic expansion as well provides necessary boundary data
in order to calculate the integrals. In our analysis, we shall consider the terms that are
independent of 7 and power behaved in 75 in the large 7 expansion. In general, such
expansions lead to powerful constraints in analyzing the graphs [20, 21, 69] using various
techniques.

For our analysis, we shall obtain the terms in the asymptotic expansion by setting
various subsets of the lattice momenta to zero, and performing Poisson resummation over
some of the appropriate remaining lattice momenta. On setting the dual winding momenta
to zero, we shall obtain the necessary terms in the series. The various powers of 75 that
arise are determined by the set of lattice momenta that are set to zero. This method (which
has been used in the type II theory [20]) gives a clear intuitive picture of the source of origin
of the various terms, apart from being tractable enough to implement for the graphs we
are interested in.

In our analysis, we shall make use of the asymptotic expansions

2(2s) , , 25~ DI(s—1/2)

(95(7—, 77—) — 7'(5 2 77_371/21_‘(8) 7—2 + ey
Gor(T) = 2¢(25) + .. ., (C.1)
for k > 2 in the large 79 limit, and
Co(r,7) = 20(2) — =+ ..., (C.2)

2

where the terms we have neglected are exponentially suppressed in 75 and also depend on
71. We now consider the asymptotic expansions of the various graphs needed in the main
text, focussing on only those terms that are power behaved in the large m expansion.
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C.1 Asymptotic expansions of Q3 and Q1o
From (B.1), we have that

!/

— T2
@ = Z w(my + n17)(ma + noT)|mg + na7|?’

/ 2

)

@ =~ Z w2(my + n17)(mag + naT)|ms + ny7|*’ (C-3)

where the sum is over the integers m;, n; satisfying the constraints
(mi,ng) #(0,0), i=1,2,3, > mj=)» n;=0. (C.4)
i i

In our analysis, we extract the contributions that are power behaved in 7o by setting
n; = 0 in the sums for appropriate i, which determines the 75 dependence. In the discussions
below, we mention which of the n; are set to zero, while it is implied that the others take
only non-zero values.

For all the expressions involving Qs, . . ., Q9 the leading contribution at large 75 is given
by setting all n; = 0. For Q3 we get

/

T asymp 1
_ T gesvme — 9W(1,1,2) — 4W(2,1,1), C.5
3 Z mima(my + mz)? ( ) ( ) (C5)
while for Q19 we get
2 d 1
_ T e — 2W(1,1,4) — 4W(4,1,1). C.6
2 10 Z mimea(my + me)* ( ) ( ) (C.6)

In (C.5) and (C.6), the sum is over integers m;j, mo satisfying the constraints

Here we make use of the expression for the Tornheim sum or the Witten zeta function
W (o, oz, 8) defined by??

1
W(O(l;OéQ;B) = Z maan‘?(m—l-n)B

SIS (RIS TSR

r+s=a1+asg;r,s>0

Thus
e = (1)1 22) = s,
2
we = 2+ ) +33) = P2 )

22The multi zeta value is defined by

C(Sl,...,ST): Z ﬁ (08)

ni'n?...n
ny>ng>..>np>1 0 1 2 r
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on using the relations

13,1 = 502,2) =), 4(5,1) = 3(6) - 203,
(24 = ~CBP +3506), (4,2 =CE)?- §<(6>, 2((3,3) = ¢(3)* = ¢(6)

12
(C.11)

between multi zeta values and Riemann zeta functions.

We would now like to obtain the subleading contributions in the large o expansion in
a systematic way. To perform these asymptotic expansions, we consider the general sum
given by

0=_ Z (m1 + n17)(ma + not)75? (C.12)

3 my + n1T|251 | mg + naT|?52|mg + ngT|2%8

Thus Q3 corresponds to the case where s; = sy = s3 = 1, while (Q1g corresponds to the case
where s1 = so = 1,s3 = 2. While the leading contributions are given by (C.10), for our
cases the first subleading contribution is obtained from the sector ng = 0. On relabelling
the indices, this is given by

753 QAP — Z 27_283 (ma2 + na7)((m1 + m2) + not) . (C.13)
m17£0,n270,m2 my* mg 4 naT|251|(my + ma) + naT|?s2
To extract the asymptotic behaviour, we perform a Poisson resummation on ms on using
the integral representation
1 1 & 2

= [ AT e ETA C.14

i ) (€40
for the two denominators. Thus A is the Schwinger parameter denoting the proper time
for the propagator involving the lattice momenta. Naming the integer that is summed over
after Poisson resummation as mg (thus is it the winding momentum label), we see that the
only 71 dependence appears as a phase e2™2"271  Hence to consider the 7, independent
terms, we set mo = 0, leading to

7.[.1/27_53 00 )\81—1p82—1
71—53 asymp __ 2 / d\d
? 2 T (s)0(s2) Jo 0 A+ p

m17#£0,n27#0

2
[2()\1+ ) (jiml)z —n%é]e”%(w)m%ﬂ/@ﬂ))- (C.15)
p p

We have dropped the purely imaginary term iTomina(A — p)/(A + p) in the bracket in the
integrand as it is odd in m; as well as ny (it also vanishes on setting s; = so which we shall
eventually take) and hence it vanishes. Thus the expression is manifestly real.

To obtain a systematic asymptotic expansion, we now define

A
c=A+p, w=—, 0<w<l (C.16)
o
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On further substituting = nZr30, we get that

47.‘_1/2 1 00
7_‘_33Qasymp _ 7_1—1—53—281—252 E dxx51+5273/2
F(Sl)F(SQ) 2 m233n231+232—1
m1>0,n2>0 71 2 0
! 1
-1 so—1|,,2,_2 2| —z—w(l—w)m2x/n2r2.
X / dww™ (1 — w) [nQTQ <2—1> —w(l—w)ml] e 1%/13T2
0 T

(C.17)

Let us now consider the leading term in the asymptotic expansion. To obtain this, we
set the term in the exponential e—w(l-w)miz/nir] equal to one. Thus to leading order we
have that

A58 QYD LI/Q TETSA 2252 0(9,6)( (251 4 259 — 3)
[(s1 + s2) 2 ’

ee 1
X /0 dzg1ts273/2 (290 = 1) e ”. (C.18)

The z integral yields
(2*81 *82)1—‘(51 +82*3/2). (019)

We now see why it is very useful and important for us to start with arbitrary s; and ss.
For s; = s2 = 1, the second zeta function in (C.18) diverges, while the multiplicative factor
in (C.19) vanishes. Thus we take s; = s3 = 1 + ¢, and take the limit ¢ — 0.2% In this limit

(2 — 81 — SQ)C(zsl + 259 — 3) — —1/2 (0.21)

giving us a finite answer.?? Thus at leading order in this sector we get that

Qgsymp — _2<<2)7 ?Bymp — _2<7TME)7—2_ (C.23)

Note that unlike the leading order expressions in (C.10), this contribution arises from a
regularized expression, and has transcendentality one less than what would be naively
expected. This is because 0((1) yields a constant of vanishing transcendentality on taking
the limit, while {(1) formally has transcendentality one. We interpret such contributions
as coming from the boundary of moduli space in the differential equation, as discussed in
the main text.

23 Alternatively, we use the identity
C(2s1 + 252 — 3)(2 — s1 — s2)T(s1 + 52 — 3/2) = w2 1729277/20(4 — 25) — 255)T(3 — 51 — s2)  (C.20)

which gives a finite value.
241n fact, this is exactly how Gy is defined by

Go=limeso Y L , (C.22)

2 2s
(mz0,0) (M nT)2m 4 0Tl

The regularization introduces the non-holomorphicity.
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It is very useful for our purposes to have an alternative representation for Q*¥™P. To
do so, we use a different representation for (C.15) when 72 = 0 given by (generalizing the
analysis in [20])

7T53Qasymp — Z 7-;3 /OO d (’u + ingTz)(M Tt inng) (0.24)

2s3 + inoTo|?51 |u 4+ my + ingTa|?52”
g0 M1 S0 |1+ a2 2 g 4y 2T2|

The equality easily follows by introducing Schwinger parameters A and p for the two prop-
agators in (C.24) with powers 2s; and 2sy respectively, using (C.14) and integrating over
w. Let us set s1 = so = s and consider the limit s — 1. Thus we have that

3+s3—4s

g oy Y B ), )

m1>0,m2>0 1 2

where

a) = I(s —a) — o , viv+a)—1
I(s;a) = I(s; )—/Ood )+ a1 (C.26)

a = my/nam. We note that I(1;a) = 0 for all a, and thus we can write?
I(s;a) = (s — 1)I(s;a). (C.28)

Now the leading contribution in the large 7 limit is obtained by setting I(s;a) = I(s;0)
in (C.25) which leads to (C.23) as before. This contribution arose from regularizing
the product of a vanishing integral and a divergent sum over the integer ns to yield a
finite number.

What about a possible contribution from a potential divergence from the sum over
the integer m1? We now heuristically argue that this can lead to a contribution that is
subleading in the large 7 expansion.

For @3, this can yield a term of the form 1/75. Thus in this sector

QP = —2¢(2) + 2. (C.29)
T2

To show the possible existence of the term involving cg, it is very convenient to consider

QLT e

S—— C.30

0Ty 3 ( )

simply because ¢y is obtained as the leading contribution in (C.30). From (C.25), we
have that

Q™M 16(1 — s) Z 7'24(175) 4 Z 7';(178) 0I(s;a)
om 2 iS00 miny* 2 miny** - Oa

25This can also be directly seen on using

I(s;a) = 2¢/7(1 — s) F(2I§2—(S?;/2) /0 dogy +xa;x8 = i;;_s/z (C.27)

on introducing the Feynman parameter x and performing the v integral.
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The contribution from the first term vanishes as s — 1, as the sum involves Q5" which
is finite on regularization. On the other hand, the second term which has a prefactor of
O(1/73) can yield a potentially non-vanishing contribution. This happens on evaluating
0I(s;a)/0a at a = 0. This yields an integral over v which trivially vanishes for arbitrary
s. However, the sum over mj then formally yields (1) which diverges. Thus only such
a contribution can yield a non-vanishing result on regularizing, giving us (C.29). Rather
than obtaining this coefficient by a direct computation, we shall later argue for its value
using modular covariance.

Note that unlike the constant term in (C.29) whose regularization only depended on
s1 and sg, the regularization of the second term also depends on s3. While the vanishing
of the integral involving 9I(s;a)/da evaluated at a = 0 is trivial, what is non-trivial is the
divergence arising from the sum over m; which is dictated by the value of s3. The product
of these two contributions can lead to a finite answer.

In fact, proceeding similarly we get that

asymp __ 2((4) 1

— + =, C.32
10 T T2 7_22 ( )
where we start by considering
Q™ _ b (C.33)
ot 5

Thus this heuristic argument shows that the potential non-vanishing subleading contribu-
tion is obtained simply by Taylor expanding I(s;a) around a = 0 to the appropriate power
determined by s3, and then by regularizing the product of a trivially vanishing integral and
a divergent sum.

Next we consider the further subleading contribution where ny = 0 in (C.12) (ng =0
gives the same result since s; = s3). The total contribution from these two cases is given by

S3 e'e] -
4 asymp Ty (1 + ingT2)
T = =2 Z m2s1~1 / an |+ inaTa|?52|p + my + ingTe|?3
ml;é07n27é0 1 -

DS [ -

= — vV s

o M nam) =2 Lo O )+ a)? 1
(C.34)

where we have Poisson resummed over the momenta mo and set the winding mode o = 0.
Thus for Q3 we have that

1
asymP — 4r. , C.35
@ 2 m;é%>0 nre(m? + 4n2722) ( )
while for Q)19 we have that
272 m? + 8n’r2
asymp — 22 2 __. (C.36)
10 T Z n373(m?2 + 4n?r3)?

m#0,n>0 2
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To evaluate (C.35) and (C.36), we first perform the sum over m by simplifying the sum-
mands using partial fractions and using

1
E = mcotmz. (C.37)
m—+z
meZ
Thus, we have that
3)  2m((2)
asymp _ 4 T coth? = —C( : .
D E Y < 4n2 5 + 57 co 7Tn72> 7_22 + p (C.38)

where we have ignored terms that are exponentially suppressed at large 5. Similarly,

asymp _ @ + SC(4)

10 3 2
TS 275

(C.39)

Finally, the remaining contribution comes from nq # 0,ny # 0,n1 + no # 0. Poisson

resumming over my and ma, we set the winding modes 1m; = 0 and g = 0, leading to%°

asymp Z/ dm/ djis (p1 +in172) (2 + ingTo)
|M1 + Zn1T2’2|N2 + in272\2|u1 + po + i(nl + 712)7'2|27
(C.40)
where the sum is over integers n; satisfying
ni 7& 0,n9 7é 0,11 + no 7é 0. (0.41)

Defining u; = |n;|vima, we get that

asymp _ , , (v1 4+ isgn(ny)) (v + isgn(ng))
RZ FTQZ/ d 1/ d ( v+ 1)(v3 + D)[(|n1|v1 + |n2lve)? + (n1 + n2)?]’

(C.42)
where the sign function sgn(n) = +1 if n = 0. Performing the integrals, we get that

Qasymp _ E i 1+ Sgn(nl)sgn(n2) 2 i -
3 T Ing + no|(|n1| + |ne| + [n1 + n2|) = (m +n)?
2 e~ — 1 2 g
= IN - T+ X (C.43)
T2 o n 79 T2

where in the final expression we also have a formally divergent term of O(1/72) which has
transcendentality less than 3, which has to be appropriately regularized by starting with
arbitrary s;.

Proceeding similarly, we get that

asymp _ Z (14 sgn(ni)sgn(n2))(|n1| + [n2| + 2|n1 + nal)
10 272 \nl +n2[3(Ina| + [n2| + [n1 4 n2)?

3
- QQWZZ i e (o). (C.44)

26For this choice of n;, the sector with mini + mengs = 0, with m; # 0, M2 # 0 is also independent of

71. However these terms are exponentially suppressed in 72.
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Note that the terms involving ¢(2) and ¢((4) in (C.43) and (C.44) cancel terms in (C.38)
and (C.39) respectively. This is crucial for the consistency of the differential equations
deduced in the main text.

Thus adding all the contributions, we get that

Qgsymp _ (4C(4) C(B)) - 2<<2) + co + 6O

T T2_TQ2 T2 ’
asvin 4C(6 5 2((4 3((3 2
- () K0, X e

In each case, the terms in parentheses have uniform transcendentality, which is more than
that for the other terms that we have determined. We interpret these terms having lesser
transcendentality, as boundary terms. For these contributions, given the 79 dependence and
the leading terms, we write down the exact power behaved 75 dependent terms based on
modular covariant expressions, which also fixes the undetermined constants. This gives us

e = (K0, S) (s 1)

™ T T2
asym 4¢(6 o 20 (4 3
0= ( fT(Q)Tg_frg-g)> _ﬂ< C7;(2)72_ 2C7(r7'22>’ (C.46)

which have SL(2,Z) covariant completions given by

Q3 = 27 D& — 2((2) B,

47 _
Q10 = ?Dor‘:z —mDo&s. (C.47)
Thus we have that
co+Co = . (C.48)

Note that for the power behaved terms, we have obtained the answer for the boundary
terms which need regularization based on the asymptotics and modular covariance, and
have not explicitly determined all the coefficients. This is also true for the later graphs we
analyze. A general understanding of such regularized contributions will be quite useful.

Now there is a good reason why we separately covariantized the two sets of contri-
butions in (C.46) to obtain SL(2,7Z) covariant expressions. This is simply because (C.47)
agrees with (6.40) and (6.45). While for the first term on the right hand side of each equa-
tion this is a non-trivial consistency check of the eigenvalue equation, for the boundary
contributions the asymptotic behavior is then used as an input in 6, which has been
covariantized.

We now consider the asymptotic expansions of the other graphs. A lot of the primary
arguments follows the analysis done above, hence we give only the results in such cases
and skip the details. Also in the various sectors, the dual winding number shall always
be set to zero for the momentum that is Poisson resummed, which is very similar to the
above analysis.
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C.2 Asymptotic expansion of Qs
From (B.1), we have that

/
72

Q=2 7(m1 + n17)(ma + na7)(ms + na7)2|ms + ng2’

(C.49)

where the sum is over integers m;, satisfying (C.4). The leading contribution, obtained by
setting all n; = 0, is given by

™ ' !

Qasymp _ Z
D) 5 mlmg(ml + m2)4

= 2W(1,1,4) — AW (4,1,1) (C.50)

where m; satisfies (C.7), leading to

4¢(6
QY = _K©) )7'2 (C.51)
™
To consider the subleading contributions, as before we start with
0= E/: (my + na7)(ma + nat)(ms + ng7)>r5? (©.52)

ng‘ml + an‘Qsl‘mZ + n27’|282|m3 + 7137"253"'4'

The first subleading contribution is given by ns = 0 and needs to be regularized as s; =
s9 = s — 1. The analysis is exactly along the lines of what we did for ()3 and ()19 leading to

C2
QEVIP — 2¢(4) + = (C.53)
where ¢ shall be determined later using modular covariance. Once again this is interpreted

as a contribution coming from the boundary of moduli space.
The contributions from n; = 0 and ny = 0 are the same, and they together give

D I WA L

a0 5 (m? + 4n27'22) 47'51 27’23

where we have dropped terms that are exponentially suppressed at large 75 as before, which
we continue to do later as well.
From the sector (C.41) we get that

(14 sgn(n1)sgn(nz2))|ni|
SVHP — n1l, |nal, |n1 + nal), C.55
5 473 E:,n1+n2‘5 (mal+ [l + [ + 72 ’>3f(| 1], [n2l, [n1 + n2l) (C.55)

where
f(nal, Inal, [ny + nal) = —9Iny + nal® + 9ny + na|(|na| + |n2|)?
+5(|n1| 4 [n2])In1 + nal® + 3(|na| + [na])?. (C.56)
Thus
asymp __ WC(?)) 7-‘-C(4)

5 a 27'5’ 275

(C.57)

from this sector.
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Adding all the contributions, we get that

1(6) __ ¢(5) 7C(3) + 262

asymb — [ 222 = 20(4) + —————=. C.58
Q= (M + ) 2 + (©58)

This naturally leads us to the asymptotic expansion

4¢(6) _ ¢(5)
asymp _ 20(4 C.59
o = (X + ) (©59)

which has an SL(2,7Z) covariant completion given by

2m? - 2m? -

Qs = —77; DoDoEs + 77; Do Dy&s, (CGO)

in agreement with the structure obtained in (6.52).

We next consider the graphs Qg, @7 and g which do not require any regularization in
performing their asymptotic expansions. For these graphs for the sake of brevity, we simply
mention which n; is vanishing in a certain sector without mentioning which m; is Poisson

resummed (and hence which 7i; vanishes), as this is very much like the analysis before.
C.3 Asymptotic expansion of Qg
From (B.1) we start with Qg, which is given by

!/

— T2
@s = Z 7(my + n17)|ma + na7|?(mg + n37)3’

(C.61)

where the sum is over integers m;, satisfying (C.4). The leading contribution, obtained by
setting all n; = 0, is given by
m d 1
T gasyme _ :2<W 1,2,3) + W(2,3,1 —W3,1,2> C.62
= Y TP (1,2,3) + W(2,3,1) - W(3,1,2))  (C62)

where m; satisfies (C.7), leading to

6
Qi _ <©)_ (C.63)
m
When ng = 0, we get that
1 ¢(2)¢(3)  m¢(4) <)
asymp _ o = — + , C.64
L 2 m%w nam2(m?2 + 4n?72) 2 473 87y ( )
while when ny = 0, we have that
Qe = 0. (C.65)
Finally, when n; = 0, we get that
2 _12n%72 3¢(5)  w((4)
asymp _ o m 2 __ _ - . C.66
@ 2 mgwo nra(m? + 4n273)3 875 473 ( )
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Thus we get that

_ C.67
Q6 T2t 722 27’23 + 275l ’ ( )

asymp _ €(6) _ C(2)CB) _ wC(4) | <)

apart from the contribution from the (C.41) sector. Instead of performing this calcula-
tion, we can fix it simply by demanding consistency with (6.54), which yields that this
contribution is equal to

~ 5 (6 =), (C.68)
leading to?”
asym 6 2)¢(3 3 5
g = 40, , ><< ) w2<T<§> ) g<4> ©70)

Note that the term 7((4)/275 cancels in (C.67) on adding it to (C.68), while the term
—7((3)/275 remains in the sum, which has transcendentality less than the other terms.
The origin of this boundary term is the presence of Q2Q4 in (6.65). This also happens in
the analysis for Q7 and Qg below.

C.4 Asymptotic expansion of Q7
From (B.1), we have that

/
72

@7 = Z 7r(m1 + nﬁ)]ml + 7’L1T’2(m2 + noT)(ms + 7137)2’

(C.71)

where the sum is over integers m;, satisfying (C.4). The leading contribution, obtained by
setting all n; = 0, is given by

!/

™ asym ]‘
ECED Do e s —2(W(1,2,3) + W(2,3,1) - W(3,1,2))  (C72)
1
where m; satisfies (C.7), leading to
6
QY™ = L9, (C.73)
T
When ns = 0, we get that
1 ¢(2)¢(3) m¢(4)  <(5)
asymp _ o = — , C.74
@ 2 m%w nram2(m? + 4n?73) 3 473 + 873 ( )
and when no = 0, we have that
1 ¢(5)  m¢(4)
asymp _ _ 4 = — . C.75
@7 2 m%ﬂ) nra(m? +4n273)2 41y 473 ( )

2TIn fact, direct calculation of this contribution yields

womp _ T g — T(Ll + sgn(ni)sgn(n2)) __.T (C(g) - §(4)> (C.69)

3 2|(Ina] + [na| + 1 +n2l)® — 275

in precise agreement with (C.68).
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Finally when n; = 0, we have that
ZVEP = . (C.76)

Thus we get that

asymp _ G(6) C(2)¢(3)  w¢(4) | 3¢(5)
Q7yp__7772+ 722 B 27‘5’ +87‘§1’

(C.77)

apart from the contribution from the (C.41) sector. Instead of performing this calculation,
once again we fix it simply by demanding consistency with (6.66), which yields that this
contribution is equal to

T
~ 5 (CB) =), (C.78)
leading to
asym ¢(6)  ¢(2)¢(3)  w¢(3)  3¢(5)
ymp _ — . .7
@ T =t 722 27'5’ + 87’51 (C.79)
C.5 Asymptotic expansion of Qg
From (B.1), we have that
/
T2
= ) C.80
s Z w(m1 + n17)2|mg + nat|2(ms3 + n37)? ( )

where the sum is over integers m;, satisfying (C.4). The leading contribution, obtained by
setting all n; = 0, is given by
us 4 1
— QY = E =6 W(2,2,2 C.81
T 8 m%m%(ml + mg)? ( ) ( )

where m; satisfies (C.7), leading to

2¢(6
Qgsymp — C( )7_2’ (082)
7
while when n3 = 0 (as well as ny = 0), we get that
m? — 4’3 2(2)¢(3)  3(5) | @)
Qgsymp — 4y 2 — — + (C83)
m¢%>0 m2nTo(m? + 4n?73)? T3 473 3
on adding the two contributions. Finally when no = 0, we have that
&Y = 0. (C.84)
Thus we have that
2¢(6 2¢(2)C(3 3¢(5 4
Qgsymp — C( )7_2 _ C( )2<( ) _ C( )+ 76(3 )’ (085)

4
™ TS 4, Ty

apart from the contribution from the (C.41) sector. This can be easily determined by using

Qs = —2Q)7 as deduced in the main text, hence leading to the contribution
™
(¢ -cw) (C-86)

2
from this sector, leading to

asymp _ 2G(6)  2¢(2)¢(3)  3¢(5) | m¢(3)
= 7rT2 7'22 4T§+723.

Qs (C.87)
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C.6 Asymptotic expansion of Qg
Finally from (B.1) we consider the asymptotic expansion of (g, which is given by

!/

2
72
=— , C.88
@9 Zﬂz(ml+n17")(m2+n2%)]m3+n37]2|m4+n47]2 ( )
where the sum is over integers m; satisfying
(mi,ni) #(0,0), i=1,2,3,4, Y mi=)» n;=0. (C.89)
i i

The leading contribution at large 7 is obtained by setting all n; = 0 in (C.88). This
gives us

asymp. _ 475 C(2)C(4)—2¢(2) (W(1,1,2)—2W(2,1,1))+3<W(1,1,4)—2W(4,1,1))}

2
= 117%6) 3. (C.90)

The contribution from the nsz = ng4 = 0 sector is given by

2 3—4s
T2

2T -
gy =2 § —2———I(s,a) (C.91)
us mZm2n3s~
n1>0,m3#0,ma#0 3 4771

in the limit s — 1, where I(s, a) is defined by (C.26) and

G Matma (C.92)
n1TY
In obtaining (C.91) we have Poisson resummed over m; and set 7; = 0. Thus
asymp IOC(4)
Qo =——"7 (C.93)

™

at leading order, on regularizing the expression. The subleading contributions can be
heuristically argued as before, and yield
asymp __ IOC(4)

C4
= — — C.94
9 - T2 + c3 + p ( )

in this sector. Essentially, c3 arises from the divergence in the sum over ms (and also
separately from my) obtained from a term linear in a in expanding I(s,a), while c4/72 is
obtained from a simultaneous divergence in the sums over ms and my4 obtained from msmy
in expanding I(s,a) to quadratic order in a. As before, these potential contributions
can arise by regularizing the product of a vanishing integral and a divergent sum. Now

from (C.31) we directly see that

c3 = 44752)00 (C.95)

which shall be useful later.
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Next we consider the contribution from the n; = ny = 0 sector which is given by?®

47’2 1
asymp __ x2
Qo™ " = —— )

ns>0,m1 20.ma£0 mimans[(my + ma)? + 4ni73]

_m3) C(;l) n ¢(5) (C.96)

T TS 27r723 '

Also there are four equal contributions from the (ni,n3) = (0,0), (n1,n4) = (0,0),
(n2,n3) = (0,0) and (ng2,n4) = (0,0) sectors. The total contribution is given by?"

Qasymp . @ Z mi + ms3
9 N 2 2 2.2
90,111 20,1570 mim3ne|(m1 + ms)? + 4n3rs]
4
_ sy BTG, @) 34(5) o)

5
319 T4 21Ty

In both the expressions (C.96) and (C.97), we have dropped terms that are exponen-
tially suppressed in the large m expansion.
The contributions from the ng = 0 and ns = 0 sectors are equal. Hence the total
contribution is?’
!/

e _ 93 (1 + sgn(n1)sgn(ng))(Ini| + |naf + [n1 + nal)
’ m3|ny + na|[(|n1] + |n2| + [n1 + nel)? +m3/73]

— 8@+ a2 (o) o) + 5 (@ -). ©om)

2

where the sum in the first line is over the integers (C.41) and mg # 0, and we have
dropped exponentially suppressed terms. We also have a formally divergent constant term
of transcendentality less than 4 which needs regularization. Now from (C.43) we again
directly see that

Co (C.99)

which we shall use later.

The contributions from the ny = 0 and no = 0 sectors are equal, and for n; = 0 we
Poisson resummed over mo, ms and set mo = m3 = 0. On relabelling variables, the total
contribution is

!/
2w 1
Qasymp _2n
? T Z|n1|]n1+n2|(|n1|+|n2]+|n1+n2|)
2 o 1
_Z , C.100
2 2 ToxToor + mlfa] + = T 7] (C-100)
where the sum is over the integers satisfying (C.41) and we have neglected exponentially

suppressed contributions. This gives3!

Qi _ 8“23) - Ci;;) (C.101)

28We have Poisson resummed over ms and set 73 = 0.

29%or (n1,m3) = (0,0), we have Poisson resummed over mz and set 7h2 = 0.

3OFor ng = 0, we have Poisson resummed over mi, ma and set mi = mo = 0.

31 Apart from some of the relations in (C.11), we also use the relation ¢(2,1) = ¢(3).



Finally we consider the contribution from the sector where

n1#0, ne#0, ng#0, ni—+no+ns#0. (C.102)
Poisson resumming over my, ms, ms, and setting m; = g = m3 = 0, this contribution
gives3?
asymp __ 1 Z 1+ Sgn(nl)s.gn(n2)
) T2 [n3||n1 + ng 4+ ng|(|n1] + |n2| + |n3| 4 [n1 + n2 + n3l)
1
= La - 8¢(3)], (C.103)
T2

where the sum is over (C.102), and we also have a formally divergent contribution of order
1/75 having transcendentality less than 4. This has to be regularized, and will add to the
coefficient ¢4 in (C.94).

Thus adding the various contributions, we get that

Qgsymp _ 11C(6) 2 4 ﬂ-C(3) o @

B 7r2 2 37’2 7'('7'5’
10¢(4 3 _ cy+¢
106 SO e Bt (C.104)

where we have also absorbed a term of the form 7((2)/72 in (c4+¢4)/72. We simply rewrite
this expression as

asymp __ <114(6)T WC( ) ¢(B) 45(4)72 B C(3)>
9 2 2 37 7r723 0 272
(B, S0 g

p)
2 2173 To

(C.105)

on using (C.48). The terms in the first line of (C.105) precisely agree with what we obtain
from 0,Q9 in the main text, on ignoring all contributions arising from 5M5G. Note that
while the first three terms have transcendentality 4, the last two have transcendentality 3.
They arise from the term of the form 1/75 in Q2 in the factor involving Q2Q4 in (6.78).
These boundary terms of reduced transcendentality are already included in our analysis,
and contributions coming from 5u5G add more such terms. These terms are given in the
second line of (C.105). Thus based on the asymptotic expansion and modular covariance,
we are led to the expansion

asymp _ <11C(6) 7_2 + 7-((( ) _ C(5) 4((4) C(?’))

D)
9 72 379 Ty 272

(Qi(z)m—g > <1 m) (C.106)
2

Note that the terms in the first line can be completed SL(

(2,7Z) covariantly to give

A _ —
%Dogg — 1 Do&Ey + %EQSQ, (C.107)

32The contribution from >,mung = 0, m; # 0 is also independent of 71, however these terms are

exponentially suppressed in 7.
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while the terms in the second line give

— 37 Do& + 4C(2) B, (C.108)
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