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1 Introduction

In recent years, soft graviton theorem has been studied from various perspectives — per-
turbative quantum field theory [1-31], perturbative string theory [32-43] and BMS sym-
metry [44-53]. Our goal in this paper will be to give a general proof of the subleading
soft graviton theorem in any perturbative quantum field theory that includes gravity and
gives S-matrix elements free from infrared and ultraviolet divergences. At present the only
known candidates for such theories are heterotic and type II string field theories [54] in
backgrounds with five or more non-compact flat space-time dimensions.!

Our strategy will be the same one followed in [55], with the difference that instead
of the classical action we work with the one particle irreducible (1PI) effective action.
We begin with the gauge invariant 1PI effective action and expand it in powers of all
fields including the graviton. We then gauge fix it using a Lorentz covariant gauge fixing
condition. The resulting action has manifest Lorentz invariance but not manifest general
coordinate invariance. We now introduce the soft graviton field S, by covariantizing this
action with respect to the soft graviton field.? This requires replacing the background
metric by 7, + 2.5, and the ordinary derivatives by covariant derivatives computed with
this background metric. To first subleading order in soft momentum, there are no additional
terms coupling the soft graviton to the rest of the fields. Once this replacement is made,
we can compute the amplitude involving the soft graviton from the Feynman diagrams of

"When the number of non-compact space-time dimensions is 4, the soft graviton theorem is expected to
get corrected due to infrared divergences [8, 52] unless one uses an unusual definition of the soft limit [11].
Our analysis does not include these theories.

2As mentioned in [55], for superstring field theory this procedure would follow from background inde-
pendence of string field theory that ensures that switching on a soft graviton mode of the string field is
equivalent to deforming the background target space metric used for constructing the world-sheet conformal
field theory by a soft graviton mode. This is known to be true for bosonic string field theory [56, 57] but
has not yet been proven for superstring field theory [58].
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Figure 1. Source of the leading contribution to the string loop amplitude with one external
soft graviton. ¢; and p; denote the polarization and momentum of the i-th external finite energy
particles, while €, and k denote the polarization and momentum of the external soft graviton.

the resulting quantum field theory. Our use of 1PI effective action entails that we need to
compute only the tree amplitudes.

The other technical difference from the analysis of [55] is that while covariantizing the
action we take all the fields to carry flat tangent space indices instead of curved space
indices. This allows us to deal with fermions in the same way as the bosons. We now have
to use the vielbein e, instead of the metric to describe the soft graviton field, but to first
order in S, — which is all we shall need for our analysis — this is done simply by taking
e, tobe d,  +.5," where the indices are raised and lowered by the flat background metric
1. Since Sy, = Sy, this choice of e,* amounts to gauge fixing the local Lorentz symmetry
from the beginning and allows us to include superstring field theory in our framework where
local Lorentz symmetry is gauge fixed from the beginning.

The rest of the paper is organized as follows. In section 2 we prove the subleading
soft graviton theorem for one external soft graviton but arbitrary number of finite energy
external states. Some of the technical details of this analysis are given in appendices A
and B. In section 3 we prove the leading soft graviton theorem for arbitrary number of soft
gravitons and arbitrary number of finite energy external states. In all cases our results are
valid to all orders in the perturbation theory.

2 Subleading soft theorem for one external soft graviton

In this section we shall prove the subleading soft graviton theorem for amplitudes with one
external soft graviton, but arbitrary number of finite energy external states. We begin by
describing our notations.

In a Feynman diagram we shall call a line soft if all components of its momentum
are small, nearly on-shell if it carries finite energy but satisfies the on-shell condition
approximately and hard it is neither soft nor nearly on-shell. We shall work in backgrounds
where the number of non-compact space-times dimensions is five or more, and expand the
1PI action in powers of fields around the extremum describing the vacuum solution so that
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Figure 2. Source of the subleading contribution to the string loop amplitude with one external
soft, graviton.

there are no tadpoles in the resulting Feynman diagrams. In that case by standard power
counting [59] one can show that there are no hidden inverse powers of soft momentum
coming from the 1PI vertices with at most one soft external state, even in the presence
of massless fields, as long as there are no cubic coupling without derivatives among the
massless bosonic fields. Since we shall use the vertices computed from the 1PI effective
action, we need to draw only tree graphs, and for this reason there is a clear labelling of
each line as soft, nearly on-shell or hard. We use a thin line to denote external soft particle,
and a thick line to denote external or internal particles carrying finite momentum and /
or energy. All internal lines will denote the full renormalized propagator. We also denote
by I' the amputated connected Green’s function from which propagators associated with
external legs have been removed — for three external legs this coincides with the 1PI vertex.

The leading contribution to the amplitude, carrying one power of soft momentum k in
the denominator, comes from the diagrams of the type shown in figure 1. We shall use the
sign convention that all external momenta enter the diagram so that incoming (outgoing)
particles carry momentum labels with positive (negative) energy component. If M; denotes
the mass of the i-th external particle then on-shell condition gives

together with conditions on polarizations that will be discussed later. Now if we take the
internal particle carrying momentum p; + k to have the same mass M;, then the propagator
gives a terms proportional to {(p; + k)? + M?}~! = (2p; - k)~!. This is responsible for
producing the inverse power of soft momentum in the amplitude.

The first subleading contribution in powers of soft momentum comes from the sub-
leading contribution from figure 1 as well as the leading contribution from figure 2. r
in figure 2 denotes amputated Green’s function from which the contributions of the type
shown in figure 1 have been subtracted. As a result ' has no contribution containing
inverse powers of momentum.

For computing the contributions from these diagrams we need to determine the cou-
pling of the soft graviton to the rest of the fields. This is done by following the procedure



outlined in the introduction. We introduce vielbein eﬂa and the inverse vielbein E. " in

terms of the soft graviton field S, to first order in Sy, as
elf = 5H“ + SM“, Er=461r—-SH, (2.2)

where all indices are raised and lowered by the flat metric . Let {®,} denote the collection
of all the fields in the theory, transforming in some large reducible representation of the
Lorentz group.? Now in the Lorentz invariant gauge fixed 1PI effective action we replace
derivatives of the fields ®,, as follows:

Oay - 04, Pa = Eafl“ . -Ea’:"D#1 ...Dy, 0, (2.3)
where

1
01D, 0380 = 010,0380 + O1 5wl (Ju) 020, wil = (85,0 =05,1) . (2.4)

Here the O;’s denote any collection of covariant derivative operators, and J are the angu-
lar momentum generators, normalized such that if ® carries covariant vector indices, then

(‘]ab)cd = 5ac77bd - 5bcnad : (25)

Note that in the expression for D, in (2.4) we have not included the terms involving the
Christoffel symbol I'},,, needed for defining D,, acting on another covariant derivative D,
hidden inside Oy. We have provided the justification of this in appendix A.

First let us evaluate the contribution from figure 2. This analysis will be more or
less identical to the one given in [55]; so we shall be brief. Since we are interested in
computing the leading contribution from this graph, we can ignore terms involving w/‘jb since
they involve derivatives of S, and therefore have one or more powers of soft momentum.
Therefore for this amplitude the effect of coupling the soft graviton can be obtained by
replacing the vielbeins as in (2.2) with S, given by the constant polarization tensor €,,,,.
This is equivalent to replacing, in the amplitude without the soft graviton, the vielbeins as

=00 4el Ef =05l —c. (2.6)

Instead of making this replacement inside each vertex and propagator of f, we can also
make this replacement in the final amplitude written in the constant vielbein background.
Now since the fields and hence the polarization tensors carry flat tangent space indices, the
only place where a vielbein enters in the final expression for the amplitude is in converting
the indices of the external momenta p; from space-time indices to flat indices. This can be
achieved by using the combination E," Pip = pm—é‘abpib. Once this is done the indices can be
contracted with each other by the metric  without any reference to the vielbeins. Therefore
the effect of coupling soft graviton in the amplitude in figure 2 is to shift p;, by —, pip.

3Even though superstring field theory has infinite number of fields, for any given scattering process
we can work with an effective field theory of a finite number of fields by integrating out fields that are
sufficiently heavy so that they are not produced in the scattering [54]. Therefore we can assume that the
number of fields is finite.



In order to express the result in a convenient form, let us introduce the symbol I"é) (pi)

to be the quantity such that

(0%
€0l

(i) =T(e1,p15. .5 en,pN) (2.7)
where the right hand side denotes the amputated N-point Green’s function with general
off-shell momenta pq,...,py and polarization tensors €1, ..., ey without the external soft

i
With this notation, the result of the previous paragraph can be used to express the ampli-

photon. Therefore the arguments €1, p1;...;en, py other than ¢;, p; are hidden in F(O‘)(pi).

tude shown in figure 2 as
N
0
= e Peia s —TfBi) (2.8)

We now turn to the contribution from figure 1. For this we need to study the three
point coupling between a single soft graviton and two finite energy particles to the first
subleading order in the soft momenta. By our previous argument this may be obtained
by covariantizing the quadratic term in the manifestly Lorentz invariant, gauge fixed 1PI
effective action without the soft graviton. We begin by writing the general form of the
quadratic part of the 1PI effective action in momentum space:

/ d’q1 dPq

1
s = (2m)P (2m)D

5 o (1)K (42)p(a2) (2m)767) (a1 + 42) (2.9)

where ®,,(q) now denotes the Fourier transform of the field ®, introduced earlier and D is
the number of non-compact space-time dimensions. We shall take X% (q) to be symmetric:*

K28 (q) = K (—q). (2.10)
In this case the propagator is given by
Dr(@)ag = i(K(@) ™ as (2.11)

where ¢ is the momentum flowing from the end carrying the label 8 to the end carrying the
label a.. Noting that the derivative operator d,, in position space becomes a multiplicative
operation by ig, in the momentum space, and using (2.3), (2.4), we see that effect of
coupling a soft graviton field S, = qweik'x with

Euv = Evp, Klepw =0=keu, n"ew =0, (2.12)
can be obtained by making the following replacement in (2.9):

5P (g1 + g2) K (go)

= 6P+ ¢2) K (o) (2.13)
— 0PN g1+ g2 + k) |epwds =K (g2) + 1(/~ca by — kb €q )i’C‘”(qz) (J“b) 5] :
g aQQu 2 a : 36]2u Y

4For grassmann odd fields there will be an extra minus sign on the right hand side of (2.10), but this
does not affect the rest of the analysis.



This gives the part of the action describing the coupling of a soft graviton field S, =
5#,,6“’“'” to a pair of other fields to be

1 dPq, dPq
59 =3 [ G g 2080+ w o+ B) (2.14)

v 8 (03 1 8 (0% Qa B
Oa) | et = 02) = = o) 5K a2) (1) ] 0.

Therefore the three point vertex of a soft graviton of momentum k, a ®, particle of mo-
mentum p and a ®g particle of momentum —p — k£ is given by

' 0 0
3B (e foop —p— k) = 2| — 5 A B(_p— k) — ep” Box
(Ea 3Dy, =P ) 2 EM (p + ) apulc ( p ) 8# p 8p,u,c (p)

1 0 B
- _ oYy ab

g Fachn = o ca) 5 K (—p = K) (v )7
1 0 a

- _ By ab
2(k7a 5bu kb an)apulc (p) (J )}y :| . (215)

The contribution from the amplitude shown in figure 1 may now be expressed as
€i,a F(S)aﬁ(‘ga k;pi, —pi — k) Z‘{K:_l(_pi - k)}ﬁ(sr((sz) (pi + k) ) (216)

where I'(;y has been defined in (2.7). It has been shown in appendix B that as long as €; o
and p; satisfy the on-shell condition

€1,a K (—p;) =0, (2.17)
(2.16) can be reduced to

— 4 o — 14 8 o
(pi - k) ! Epv pf p; 5i7ar(i) (pi) + (pi - k) ! v pf i €iakp ;i 11(2‘) (pi)
ip

(i) b s (J). T () (2.18)

After summing over ¢ and adding the contribution (2.8) from figure 2 we get the subleading
soft graviton theorem for one soft graviton:
N
(e, kien,pis-senspn) = > (pi- k)~ e ol DY enal 3 (0)

~.

v

_ 0
+ {(pi k) e pt ol k, — prpg} €ira G o (i)

=1

N
+ 2; (pi : k)_l kq Ebp pi‘l €i,a(<]ab)7a FZZ) (pz) s (2'19)
with F'(YZ.) (pi) defined through (2.7). In order to compare with the result of [6] we rewrite
this as
N
(e, kier,pis- . sen,pn) = Y (i k)~ e bl Y eial ) (pi) (2.20)
i=1
Y 0 0
. —1 14 . « v P v\ « Y .
+Z (pz k) Euv Py kp €i,0 |:5,y {pi 3pz‘p b; apw} + (Jp )7 :| F(i)(pz)-

i=1



Figure 3. Two external soft gravitons attached to different external lines carrying finite momenta.

This is the standard form of the subleading soft graviton theorem given in [6] with the
term inside the curly bracket representing orbital angular momentum operator and J#”
representing the spin angular momentum operator.

It was shown in [14] that in certain theories the soft graviton amplitude is determined
by the form of the on-shell three point vertex of one soft graviton and a pair of finite
energy particles. Our analysis shows that the subleading soft graviton amplitude is in
fact completely determined in terms of momentum and spin of the external finite energy
particles, and no further information on the three point function is required.

3 Leading soft theorem for multiple soft gravitons

We shall now consider amplitudes with multiple soft gravitons. A general form of the lead-
ing order amplitude with multiple soft gravitons was given in [2]. This analysis was based on
the structure of the on-shell three point function of a soft graviton and a pair of finite energy
particles of arbitrary mass and spin, which in turn was derived in [1]. However the analysis
of [1] was done in four space-time dimensions in which the graviton polarization tensor of a
given helicity can be represented as the square of the photon polarization vector of the same
helicity. We believe that with a little effort it may be possible to generalize this proof to
arbitrary dimensions, but we shall follow a different approach based on the general relation
between the off-shell three point functions and off-shell two point functions given in (2.15).

We shall first analyze the case where we have two soft external gravitons carrying
momenta k1 and ky. In this case the leading contribution has two powers of soft momenta
in the denominator, arising from diagrams where the two soft gravitons attach to different
external legs as in figure 3 or both soft gravitons attach to the same external leg as in
figure 4. In either of the diagrams, the product of the leading contributions from the three
point vertex and the internal propagator that follows it is given by

5uup?pzl'j (pi . g)_l 3 (31)
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Figure 4. Two external soft gravitons attached to the same external line carrying finite momenta.

where p; is the (nearly) on-shell momentum entering the vertex, ¢ is the polarization of the
soft graviton and p; + £ is the momentum carried by the internal propagator that follows
the vertex. The derivation of this is identical to the derivation of the first term on the right
hand side of (2.18) and follows easily from the analysis given in appendix B.

From this point onwards the analysis proceeds as in [55]. The contribution from figure 3
takes the form

1
maﬁy)pé‘pi’/ X msg,)p?p? x I'(e1,p1;...;€en,pN) + less singular terms. (3.2)
i j

On the other hand the contribution from figure 4 takes the form

1
mgf}l} ol x mgg?pgpg x T(e1,p1;...;€n,pN) + less singular terms.
(2 (2
(3.3)

There is another contribution where the external soft lines carrying momenta ki and ko
are exchanged in (3.3). Adding this to (3.3) we get
1 .
ma}(}l}pfp;’ X mag?pfpg x T'(e1,p1;...;en,pn) + less singular terms. (3.4)
After summing over all possible insertions of the two soft gravitons on N external lines
carrying finite momentum, we get [2]

N N

1 1 .
Zmeﬁg Ipy ngg%)pfp? x T(e1,p1;...;en,pN) + less singular terms.
i=1 j=1
(3.5)
For m external soft gravitons the leading term will have m powers of soft momentum
in the denominator, coming from diagrams where each external soft graviton gets attached
to a mnearly on-shell line. After summing over all possible insertions we arrive at the

generalization of (3.5):

m N
1
DM kys 56" ks, s senspw) = [ [E ik 8;(1511)19?1721 D(e1,p1;...;€n,PN)
s=1 Li=1 £ 7%

+less singular terms. (3.6)
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A Justification for dropping Christoffel symbols from covariant deriva-
tives

In defining the covariant derivative operator D, appearing in (2.3) using (2.4), we dropped
possible terms involving the Christoffel symbol I',,. These Christoffel symbols arise when
D,, acts on another covariant derivative D, . In this appendix we shall justify this.

The relevant place where the appearance of these Christoffel symbol terms could affect
our analysis is in (2.14). Let us suppose that we have a term in the action of the form

/de Eci“ e Ec;l-h DPayam Dpy - Dy, Vo, o, (A1)

with the free indices a;, b;, ¢; contracted with the flat metric n. Here E.” are the inverse
vielbeins and ® and ¥ are appropriate tensor fields carrying tangent space indices. Upon

expressing Dy, as 0y, + -+, a typical term in - -- that was ignored in (2.4) is of the form
D ,
- /d £ ES - B2 ®yq,, Dy Dy 10, Dy Dyuy Dy Dy -+ Dy Wy,
(A.2)

In the soft limit T'},,,; carries a factor of the soft momentum and a factor of soft graviton
polarization. Therefore we can replace the rest of the covariant derivatives by ordinary
derivatives, ignore terms involving derivatives of I and replace E./ by §./. With this (A.2)
reduces to

— / dPa o - 5T Ry, OpOpy -+ Oy, O

il Hi+1 ’

o 8#1—18

Hj+1

<0y, Wy, - (A3)
Let us now return to (A.1) and, using integration by parts, express this as
(=1)" / dPzE M - B Uy, Dy - Dy @y, - (A.4)

Note that integration by parts will reverse the order in which the covariant derivatives
act, but since the commutator of two covariant derivatives is proportional to the Riemann
tensor and carries two powers of soft momentum, we can ignore the reversal of order. For
grassmann odd fields there will be an additional minus sign in (A.4), but this will cancel
with an additional minus sign that will appear in going from (A.5) to (A.6). The fields will
also carry spinor indices contracted with appropriate Lorentz covariant tensors, but this
does not affect the analysis. By expanding the expression for D,,, in (A.4) we shall get the
analog of (A.2), and from this the analog of (A.3):

Oy 0

Hi+1

By Py, -
(A.5)

Hit1 "

—(=1)" / dPz Sttt Fﬁiuj\lfbl...bnf)p({)m 0y, 0



We shall now again integrate by parts and ignore derivatives of I' since that will generate
two powers of soft momentum. This takes (A.5) to

—(—1)7"(—1)’"1/de50f1~-5Cfrfﬁiuj¢)al...am8p8m“-Bui1(‘9“ ;1 Opjr O Wy by -
(A.6)
We now see that (A.3) and (A.6) cancel each other. This shows that once we express (A.1)

as

i1 41"

% /de chl o chr [(I)mmamDm Dy Wy, + (_I)T\I/bl---anm o 'Du1q)a1~~-am] )
(A.7)
the terms involving Christoffel symbols drop out.

The alert reader may worry that the above derivation assumes that the two point
function computed from the 1PI action has the form of a polynomial in derivatives while
in practice this is not so. We can allay this fear by working in momentum space. Suppose
that in the absence of the soft graviton, the quadratic term of the 1PI effective action
involving single powers of ® and ¥ takes the form

D
/ (;lﬁ)pD By (=) ferer () Uyt () (A.8)

contracted with n’s. Here ® and ¥ are Fourier transforms of the fields that appear in (A.1)
and f is some function of the momentum p. Then after coupling to the soft graviton, the
unwanted terms given in (A.3) have the form

D 2
_ ;/ (;ZT()])D ‘I’al...am(_p - k)ijbl“'bn (p) (—ipp) qu(k) , (AQ)

where I now denotes the Christoffel symbol computed using soft graviton in the momentum
space. In arriving at (A.9) we have used the fact that in momentum space 9, is replaced
by i py.

Now by making a p — —p change of variables in (A.8) we arrive at a similar formula
with the ¥ and ® exchanged

dPp
(27T>D \Ilblbn (_p)fclc'r (_p)q)alam (p) ) (Alo)
Its covariantization will generate the analog of (A.9)

1 de 82f01---cr(*p) .
—Z/@ﬂDWW%kw—k)émﬁMQMWAMwaWA@~ (A11)

Now making a change of variables p — —p — k we get

1 / dPp (—p— k) O?feroer(p+ k)
ay1-Nn

5 (27T)D ap,uapz/

Wiy () 0+ Bp)TE (). (A12)
Averaging over (A.9) and (A.12), and using the fact that I" already contains one power of

soft momentum, we now easily see that the integrand has two powers of k. Therefore it
vanishes to the first subleading order in the soft momentum k.

,10,



B Derivation of (2.18)

Our goal in this appendix will be to prove the equality of (2.16) and (2.18). We begin by
studying some properties of the matrix K*?(q) appearing in the kinetic term (2.9), and the
propagator D defined in (2.11). Let us also define Z(q) via

2(q) = (¢* + M?) Dp(q) =i (> + M*)K(q)™", (B.1)

where M is the mass of the external state that we shall be interested in. Z(gq) obviously
depends on M, but this dependence is not displayed explicitly. At a generic value of ¢,
=(g¢) has the same rank as that of K(q) or Dp(q), i.e. the total number of fields. But in the
limit ¢? + M2 — 0, we expect Z(q) to approach a finite matrix of rank that is typically less
than the total number of fields, since only a subset of particles have mass M producing a
pole in the propagator D at ¢> + M? = 0.5

Using (B.1) we get

K(g)E(q) =i (¢* + M?). (B.2)
Differentiation of both sides of (B.2) with respect to ¢, gives
9K(q) 9=(q)

=(q) + K(q) =2iqgM. (B.3)

Oqu Oqu

Now suppose €, denotes the polarization of an on-shell state carrying momentum ¢ and
mass M. Then we have

eak®(q) =0, at ¢*+M*=0. (B.4)
Combining this with (B.3) we get
oK “
€a [ (@) E(q)] =2ieyq, at >+ M?=0. (B.5)
0qu N

Next we shall study the consequence of Lorentz invariance. First of all, since we use a
Lorentz covariant gauge fixing condition, the matrix K and Z must be Lorentz covariant:

0K (q) 0K (q)

K@) (J) + K7 (q)(T)* = (B.6)

Iqp 0a
- - 9Zap(q)  59Zas(q)
= aby v _ = aby v _ ,a s\d _ b s\d B
Ear(@)(J?) 5" = Eyp(a)(J®)d = ¢ i Tt (B.7)

It is easy to see, using (B.5), (B.6) and (B.7) that at ¢> + M? = 0,

T ana?iq@ _p P ) (q)r
7 9qp0q, 04404, 5

0K (q) < . 92(9) bcﬂq))r
_l’_ —
v [ 9qu \" 00, ! 04 5
+2ig" ea(Jab)A/O‘ — 2ie, (q“n“b - qbn““) . (B.3)

oK (q)
0qu

[1]

(U5 | 5D =)

v

[1

5For massless particles the propagator may have double poles in some gauges, e.g. in a generic covariant
gauge the propagator of a massless gauge field is given by (n** — B8 k"k” /k*)/k* for some constant 5. We
shall assume that our gauge fixing condition is such that we avoid propagators with double poles.

— 11 —



Next we turn to the analysis of the three point vertex F(S)aﬁ(s,k;p, —p — k) given
in (2.15). Using (B.6) we can simplify the second line of (2.15) and get

' K (—p — k) 9K (p)
I®aB(c poony —p_ k) = 2| — 5 ) [ S ANt LA
(8) 7p7 p ) 2 EM (p + ) apu gu p 8]9“

1 8K7B(_p — k) aby «

_§<ka €ou — kb Cap) ap ~(J*),
1 0 OKB(—p—k) LK (—p—k)
—(kaepy — kp€a a _

g (Ra o = R oy )810“ {p Ipe b OPa }

(B.9)

B a
; KT ) (o) ] |

_*<ka Ebu — ky 5au) apu y

Using (2.12), (2.10), expanding K“?(—p — k) in the first term in a Taylor series expansion
in k,, and keeping terms up to first subleading order in the soft momentum £, we can
express (B.9) as

; KB (—p) 02K (—p)
OB fp —p—k) = - | —2e,p’ 0 P 9g g, S TP) B.10
(e kip—p—k) = 5 w5, P e (B.10)
D?K*B(—p) K (=p) [ ap\ @
k-peyy— ) (e ke eay) P (@ .
DS IpuOpe (o by = o) Ipy ( >v}

We now turn to (2.16). Substituting (B.10) into (2.16) we get the net contribution
to (2.16) to first subleading order in the soft momentum:

€i0 TP (e, ks ps, —ps — k) H{K ™ (=pi = k) }as Ty (pi + &) (B.11)
K (—pi) 02K (—pi) 02K (—pi)
— | 2eupt ) ek, TP gy S R
27 pb Opiy wb OpisOpiy, P Sou OpipOpip
D)

a d
o ab -1/ . 9 .
Hlka e =y 2an) = = (v )J{/c (—pi k)}m[lwpapm]r(l)(pz).

Replacing the K1 (—p; — k) factor using (B.2) after setting M = M;, the mass of the i-th
external state, and using (p; + k)* + M? = 2p; - k, we may express (B.11) as

—%(2]%'16)_16@',@ [QEWM‘%C;Z(;M) +2€Wp5kaw— 'pﬂbuw
ket 2 P (1) |z 18y (B.12)
= —%(2pi-kz)_1ei7a [26“ypgw+2suypg’kg(m—k-pisbum
+(kaebu—kb€au)w (Jab>7a] {Eﬁé(—Pi)JrkaW} [Hk”aZJ 0 (pi)-
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If p? + M? = 0, then the ¢;, in (B.12) is a physical state of mass M;. Therefore we can
now use (B.5) to express (B.12) as

KB (—p;)

i v
P (pi : k) ! €i,a EpvP; ko 8[)‘ 8])‘ :*55(_171') F((S,L) (pz)
icOPip

(iR el el 00— &

i O?ICB (—py)
1,0 7~ 7 F 7
+7 Giacp Opndpis Zo5(—pi) T (1)

0K () | ()
apz,u p 8pzp

—1 €i,o (2pi : k) ! 5;wpz F((Si) (pz)

«

B ., B
+(pi - k)" e P DY €10 ip o L) (pi)
Pip

i B %8(_p.) a
—— lk‘ 1 e kia —k a R L0 ab = —Pi FJ. i) . B.1
100 B bz, = ko) =5 2 () 7 Zas(-p) Ty () (B.13)

Using (B.8) and (2.12) we can manipulate the last line in (B.13) and express (B.13) as

- 2B (..
. -1 wov . « . ¢ . 1 v o°K ( pl) - A\ 170 )
(pl : k) Euv Dy D; 6170[1_‘(2-) (pz) - 5 (pz : k) €i,a EuvP; ko 3}%03;01'“ _‘55(_171) I‘(z) (pz)
i D?ICB (—py)
+—€aly—m——F—— 2 ) L0 (i
1 bu Opin Oy Ess(—pi) (i )(p )

JOK(—pi) | 9Zs5(—
)
8pzu apzp

—1 €. (21%‘ : k)il 5ul/pz ) F((SZ) (pz)

— v 8 (0%
+(pi - k)" e P DY €10 kip Tr(i) (pi)

i . O?K(=pi) _ ,0°K(=pi)
—=(pi-k 1ka€ 5io¢|:{ b f - }
2 v ) ot apzbapw apiaapip
KPR C[OK(=pi) [ JOE(=pi)  yOE(=pi)\]" v /.

2 (pz k) kq Ebu i, |: apw D 3]%1; p; apm F(l) (pl)
+(pi : k)il kq Ebp pi‘l €ia (Jab)'ya F’(YZ) (pl) . (B‘14)

This can be simplified to

. 21°aB (...
. -1 Hov. T (o v "KP (—pi) = AT .
(pz : k) Euv Py D; €Z7ar(i) (pz) - Z €i,a Ebp api,uapib Hﬁ&(_pz) F(z) (pz)
_ 0 i OK(—pi) O=(—pi) 1*
.. 1 oy Q) . 8
+(pz k) Euv Dy Pi Cio kﬂ 8pipr(z) (pl) 2 Ebu €i,a [ 8]%’“ apib F(l)( )
(01 k) b 2t €10 (T2 T (1) (B.15)

The sum of the second and fourth term of (B.15) may be written as
i 0?

. 2—
_ e Lo B I Es(=pi) 1y
4€z,a5bu apiuapib Ez,ongu’C ( pz) F(l) (pz)-

4 OpiuOpip
(B.16)

Using (B.2) the first term can be shown to be proportional to e,7% and hence it vanishes
due to (2.12). On the other hand the second term vanishes due to (2.17). This allows us

K“B(—pi)Egy(—pi)] in) (pi)+

,13,



to express (B.15) as

8 «
2 %F(i) (pi)

+H(pi - k) ka o bl €60 (J) T (0) - (B.17)

(pi - k) e 1l D €i,al Gy (i) + (pi - k) e 1l DY €ia b

This proves (2.18).
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