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1 Introduction

Conformal defects have played an important role in the development of conformal field
theory (CFT). Of particular interest for many purposes are conformal interfaces, those
interfaces separating two different CFTs that preserve a maximal subgroup of the confor-
mal group.

A particularly interesting class of interfaces is given by renormalization group (RG)
interfaces [1], which are associated to a renormalization group flow from CFT; to CFTa.
In addition to being of intrinsic interest, such defects may provide new tools to study the
behavior of renormalization group flows. Various such interfaces, both approximate [2—4]
and (in the presence of supersymmetry) exact [1, 5, 6] have been constructed, but in general
it is difficult to compute observables that are not protected by symmetry. In particular,
we are not aware of computations of two-point correlation functions in the particular case
of RG interfaces.

Within the AdS/CFT correspondence, conformal interfaces are typically realized using
the Janus construction [7],! for which various approximate and (in the supersymmetric
case) exact solutions are known (see e.g. [8-11]). The construction takes advantage of
the SO(d, 1) symmetry preserved by the interface to slice the bulk geometry by copies of
hyperbolic space,?

ds* = dB* + f(B)ds%a . (1.1)

Pure hyperbolic space corresponds to f(3) = cosh?3. The deformation of f(y) away from
this is sourced by scalar field gradients ¢(3), the details of which depend on the scalar

!Bulk D-branes can also play the role of interfaces. This can be understood as the thin wall limit of the
Janus construction.

2In this paper we work exclusively in Euclidean signature, in which case the vacuum bulk geometry is
(d + 1)-dimensional hyperbolic space H*!, and the conformal group is SO(d + 1, 1).
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Figure 1. (a) Janus coordinates: H%+! is sliced by copies of H?, which intersect along the defect.
(b) Mixed boundary conditions on the two halves of the boundary of H9+1.

potential. The bulk equations of motion are in general difficult to solve, and even in
those cases where solutions are available, simple observables such as two-point correlation
functions are difficult to compute: the only computation of a (non-protected) holographic
two-point function we are aware of was performed in [12].

Holographic realizations of RG interfaces have appeared in the literature: see, for
example, [13, 14]. The purpose of this paper is to introduce and study a type of holographic
RG interface that we refer to as (holographic) double trace interfaces. It has been known
since the work of [15] that whenever the gravitational dual of a CFT has a scalar field
whose mass lies in the unitarity window —% < m? < —%2 + 1, there are two consistent
choices of boundary asymptotics.® The two different choices lead to two different CFTs on
the boundary, with different spectra. For one choice, the scalar field ¢ is dual to a gauge-
invariant (single trace) operator ¢ of dimension A, while the other choice leads to an
operator ¢_ of dimension A_. These two CF'Ts are related by RG flow from CFT_ to CFT,
which is initiated on the CFT side through perturbation by the “double trace” operator
(p_)%2. This is implemented holographically by imposing on the scalar field boundary
conditions of mixed Dirichlet-Neumann type; renormalization group flow from the UV to
the IR is realized in terms of the dominant asymptotics in the near-boundary and deep bulk
regions, respectively. These RG flows are particularly simple at large N. This can be traced
to the fact that their effects are due entirely to the asymptotics of quantum fluctuations,
and as a result, gravitational backreaction occurs only at loop level. As a result, the leading
contribution to any computation takes place on a pure AdS background. This fact makes
feasible, at least at leading order, computations that are impractical in the general case.

Consider hyperbolic space H*!, with its boundary divided into two regions, A, and
A_ (figure 1), where the local physics is described by CFT and CFT_ respectively. Near
boundary region A, the quantum fluctuations of the bulk scalar field ¢ should have scaling
dimension A, while those near boundary region A_ should have dimension A_. The
asymptotics of quantum fluctuations contribute to diagrammatic computations through
the particular choice of bulk Green’s function G for ¢. The choice of Green’s function is

3Tt is possible and interesting to relax this assumption, but doing so breaks unitarity. We restrict
ourselves in this paper to unitary theories.



therefore what determines all properties of the holographic interface, and sections 2 and 3
are devoted to its analysis.

With the Green’s function in hand, in principle all observables associated to the in-
terfaces can be computed by using this Green’s function in all Witten diagrams. In this
paper, we focus on the simplest observables that can be derived from G: (1) the two-point
correlation function at tree level, and (2) the one-loop partition function. From the corre-
lation function one can further extract the spectrum of non-trivial defect operators. The
two-point function can also be compared with CFT results. In particular, we show that
our bulk expressions reproduce results that we derive in conformal perturbation theory.
Furthermore, from the conformal block expansion we can read off relations between the
bulk and bulk-boundary OPE coefficients, which allows us to derive an expression for the
defect overlap coefficients for certain operators in the large N limit. As an example, we
reproduce the large N behavior of overlap coefficients for the interfaces of [5] between ad-
jacent Wy minimal models. We further compute the contribution of Gaiotto’s interface to
the sphere partition function in the large N limit, and show that it exactly matches the
interface contribution to the bulk one-loop partition function.

The logic of this paper is as follows. Section 2 gives a detailed definition of holographic
double trace interfaces, and discusses methods available for deriving the bulk Green’s func-
tions for an arbitrary interface geometry. Section 3 turns to the explicit evaluation of the
Green’s function in the case of a spherical interface, which is done using the more pow-
erful tools of harmonic analysis on H%; these tools also allow us to derive the spectrum
of interface operators. Section 4 treats the evaluation of the CF'T two-point function at
leading order in the 1/N expansion, from which we extract the dimensions of a sequence
of primary operators living on the interface, matching the results from section 3. Section 5
computes the leading contribution of the interface to the partition function by evaluating
the one-loop vacuum bubble diagram.

Section 6 is devoted to computations in CFT, which provide two tests of our results. As
the first, we derive the CFT two-point function in the presence of double trace interfaces
within conformal perturbation theory, and show that it matches our bulk computation
in parameter regimes where both descriptions are valid. The second is to derive within
the higher spin gravity/WCFT duality of [16] the boundary g-factor and several overlap
coefficients for the RG interfaces of [5] joining the Wy, and Wy —1 minimal models. We
find that both match the results of sections 4 and 5. We close with a summary of our
conclusions and a list of interesting questions and problems for the future.

2 Double trace interfaces

The construction of a double trace interface begins with a pair of d-dimensional unitary
CFTs, CFTL, which have dual descriptions in terms of a single gravitational theory on a
weakly curved AdS space, and are related by the choice of boundary condition for a bulk
scalar field ¢ with m? = —% + v. We take the mass to lie in the unitarity window, defined
by 0 < v < 1. The two CFTs therefore differ at leading order in the 1/N expansion by the
choice of dimension Ay = % =+ v for a single operator ¢.



Our goal is to describe a conformal interface separating a region A4 whose local physics
is that of CFT,, and the complementary region A_ described by CFT_. How does one
realize such an interface? The AdS/CFT dictionary says that the field ¢ should have
boundary condition Ay near the CFTL boundary, and boundary condition A_ near the
CFT_ region. To be more precise about what we mean, consider Poincaré patch coordinates
X = (u,x) with metric*
du® + ds3 4(x)

u2

ds%[d-ﬁ-l = (21)

By boundary condition, we mean that any configuration of the field ¢ appearing in the
path integral must fall off near the boundary as

Ui (x)utt + O(u++2), X €At

P(u, x) = { U_()ud + O(ud—+2), yeA_. (22)

This is accomplished in Witten diagrams by making a particular choice of inverse for
the kinetic operator. The interface is therefore implemented in the bulk by choosing the
appropriate bulk Green’s function.

To be explicit, a double trace interface is obtained by imposing the following conditions
on the Green’s function G:

(A) G satisfies the defining equation®

(~O+m?)G(X; X') = 614+D(X, X'). (2.3)
(B) As X’ = (u/, x’) approaches a boundary point x' € AL,

1
G(X; X') = iQ—u’AiKi(X; X) 4+ 0w+ asu' — 0. (2.4)
14

The form of K* is not important for this definition, but it is in fact the bulk-boundary
propagator associated to the region A. The factor of :l:% is the standard prefactor mlfd.

We consider here two methods of solving these conditions. The first is harmonic
analysis: when the bulk geometry can be expressed as a warped product of a symmetric
space over an interval, the decomposition in terms of Laplacian eigenfunctions reduces the
above equations to an ODE. This method works whenever the wave equation is separable in
coordinates respecting the boundary geometry of the defect, as happens when the interface
is spherical or planar. Otherwise, one must use the more general methods developed to
deal with mized boundary value problems for partial differential equations; for a thorough
treatment of this subject, see for example [17]. As a simple example, we will outline at the
end of this section the application of such methods to the derivation of the bulk-boundary
propagator in the case of spherical defects; a full derivation using these methods is offered
in appendix B.

4We work throughout in units such that the AdS length fags = 1.
"We use §(z,y) to denote the covariant delta function, §(z,y) = ﬁé(z — ).



2.1 Double trace interfaces as a mixed boundary value problem

The Green’s function solves a boundary value problem in which the boundary is split into
two regions Ay and A_, such that the function in question has Dirichlet-like boundary
conditions on A4, but Neumann-like boundary conditions on A_. Such problems are known
as mized boundary value problems. (This is not to be confused with “mixed boundary
conditions”, otherwise known as Robin boundary conditions, which refer to a spatially
homogeneous linear combination of Dirichlet and Neumann boundary conditions.)

We begin by writing the mixed Green’s function in the form

G(X;X")=Ga_ (X; X)) +H(X; X') (2.5)

where Ga_ is the homogeneous Green’s function for A_ asymptotics. Then H satisfies the
free scalar equation, so it can be written as the convolution of a function on the boundary
of H™! with Ka_(X;2'), the bulk-boundary propagator for CFT_.

Let K*(u,x;x’) be the mixed bulk-boundary propagator associated to a boundary
point X’ € A;. This function is determined by the following properties:

[K1] (=0 +m*)K*(u, x; x') =0,
[K2] [KT]a_ (X)) =d(x,x') for x € Ay,
[K3] [K¥]a, (xsX') =0 for x € A_.

Here, by [f]a we mean the coefficient of u® in the expansion of f as u — 0. K+ is given
in terms of the Green’s function by the standard relation

2v
+ AT AN /
K7 (u o x) = Im —x-Glusu',x), X0 €Ay (2.6)
We claim that 1
HX;X)=— [ dN'KN(X;x")Ka_(X5)) (2.7)
21/ A+

where Ka_ is the bulk-boundary propagator for the A_ CFT. Recalling that

1
[GAi]Ai = iEKAi (2.8)
it is straightforward to verify that as a function of (u,x), H satisfies the asymptotic con-
ditions
Hla_ (v, X)) =—=[Ga]a.  x €Ay (2.9)
H]a, (xsu',xX') =0 xX€EA_. (2.10)

Defining G as in (2.5) implies that it satisfies both conditions (A) and (B). Equations (2.5)
and (2.7) therefore express G in terms of K, reducing the problem to solving [K1]-[K3].

We see thus that observables of double trace interfaces can be expressed in terms of
the bulk-boundary propagator, and thus it is this object that will be the primary focus
of what follows. We focus in particular on the case of a spherical defect. This case is



special because it preserves a maximal subgroup of the conformal group, allowing us to
solve the problem as an ODE using harmonic analysis on H?. This is done in section 3.
For any other shape, it is necessary to solve for K as a mixed boundary value problem. To
illustrate this process, we show in detail how this can be done for the spherical interface in
appendix B.

The remainder of the section will be occupied with holographic renormalization and
the extraction of correlation functions in section 2.2, and some comments on the case of
general interface shapes in section 2.3.

2.2 Holographic renormalization and correlation functions

Let us now consider the question of how to extract correlation functions from the bulk-
boundary propagator associated to a general double trace interface. The AdS/CFT dic-
tionary states that for each bulk field ¢ dual to a scalar operator ¢, the solution to the
equations of motion can be expanded in the form

d(u,x) = asJ(X)u™ +P(x)use + - (2.11)

where J denotes a source, ¥(x) is proportional to the one-point function (p(x)); in the
presence of J, and all other terms are local functionals of J and ¢; a; is a free parameter
that we will fix later. Note Aj; + A, = d. J and 1 are locally independent, but are
determined by each other upon requiring non-singular behavior in the bulk. Correlation
functions are obtained by the statement that the gravitational partition function with
boundary conditions J is equal to the generating functional of the CFT with source J:

ZCFT(J) = Zgravity(gb ~ JUA‘] + e ) . (212)

Defining W = log Z, the connected correlation functions are

B oW (J) , W)
(p(X)) g = apb(x)|s = 5700 (0)e(X)),; = 57008700) (2.13)

where the value of a, is determined by the effective action. Note that, due to the presence
of ay in (2.11), this equation differs from the standard one by a factor of a;. This is
a matter of the normalization of the operator dual to J. It would be most natural to
choose a; such that a, = 1. The standard normalization, however, sets a; = 1. If ¢ has
the A_ quantization, a, is negative, which flips the sign of certain correlators relative to
the natural expectation in CFT. Because the a, = 1 normalization is ubiquitous in the
literature, we choose a; = 1 for the A, quantization; to obtain the natural sign for the
mixed two-point functions, we therefore choose ay = —1 for the A_ quantization. We
will see in section 4 that this convention reproduces the sign of (p1¢_) that is natural in
conformal perturbation theory.

In the semi-classical limit W is expressed in terms of the on-shell classical gravitational
action Sos, W = —S,g, so this is the quantity we deal with for the rest of the section. To
render the variations well-defined, one requires a well-behaved variational principle. In
particular, this implies that if ¢ = ¢. + d¢, where ¢. solves the bulk equations and d¢



A¢ asymptotics, then the variation of the action must be finite. As is well known, to

has u
accomplish this requires the inclusion of local counterterms (holographic renormalization),
and the counterterms we add determine the allowed fluctuations.

Since our system involves both boundary conditions for ¢, let us first briefly review
how this works when there is no interface. We restrict to 0 < v < 1 as before, and expand

near v = 0 in the form

d(u,X) = d—()u™" + by ()ut + - (2.14)

where (---) is irrelevant to what follows. Start with the variation of the bare on-shell
action. Introduce a cutoff surface u = €, and let S¢(¢) be the cut-off bulk action. As usual,
for ¢ on-shell we write

35.(0) = [ aX5(o- Voo + moss) = [

u=

Ao/ 8¢0: (2.15)

where « is the induced metric on the cutoff surface, n is the outward-pointing unit normal,
and we have dropped the term proportional to the equations of motion. Expanding in e
(‘~" means up to terms that vanish as e — 0), we find

5.(0) = — [ dx (Bo0-00-c ¥ 4 Aroysoo +A6004). (210)

We now add counterterms, which must render the variation finite. Furthermore, if we want
A boundary conditions, then the variation of the action should depend only on d¢_, while
for A_ boundary conditions, it should depend solely on §¢4. The first can be accomplished
by the counterterm

A A_ A Y
S (0) == / ) d'x\e? = 8SLT(9) ~ / dX(A_¢_d¢_e 2 +2A_5(p1¢-))
- (2.17)
which leads to
555+ = lim (55, + 9557) = / iy (—20) 64 66 . (2.18)
€E—
Note that this gives a, = —2v. We can obtain A_ boundary conditions by instead using

the counterterm

1 — 4V
S = 5a / A = a5 = / AN (A-¢_09_€ > + A13(¢+0-))
B (2.19)
which gives

688~ = lim (5 +0857) = / dx(2v)p_66 . (2.20)
€E—r

The bulk values of ¢ are determined by either one of ¢4 or ¢_ in terms of the bulk-
boundary propagator:

P(u, x) = /ddx’ Ka, (u, ;X )o-(xX') = —/ddx’ Ka_(u,x; X )o+ (X)) (2.21)



+> + ? +

¢4 = /ddx’ [Ka]a, (06 X)é-(X) - (2.22)
From this we may obtain the standard result for the CFT two-point function:
0%(—Sos)
! =——~ % 99K ). 2.2
<(10+(X)(10+(X )>CFT+ 5¢7(X)5¢7(X/) v [ A+]A+(X7 X ) ( 3)
The same applied to CFT_ (with J_ = —¢) gives the usual value
5(—Sos)
/ 0S8 /
“(x)e—(x =————*2 = [Ka_]a_0;X). 2.24
(o-008-0err = 53p00 ) = 2 Ka Ja- () (224)

Let us now turn to our case of interest, where the boundary is divided into a region
A4 of CFT4 and a region A_ of CFT_. We can still expand any on-shell field configura-
tion ¢ as in equation (2.14). Our counterterms, and thus our identification of sources, is
however different. We must use the counterterm SCA,f in Ay, and SCAt ~ in A_. Using this
counterterm, the variation of the on-shell action becomes:

5S0s = /A dh (~20)6466- + /A dh (+20)6-06 (2.25)

The source in Ay is J4 = ¢_|4,, while in A_ the source is J_ = —¢4|a_. As before, ¢
and ¢_ are determined everywhere by these sources:

oA = [V IR A 0600 = [ a Kl (6T 00 (220
+ —
and similarly for ¢_. Here we see aj_ = —1 appearing again in the second term.
Let us use this to find the two-point function G4 (x, x’) for x,x’ € Ay. Assume we
only have a source in Ay, so that J_ = 0. The expression for the variation of the on-shell
action tells us that now

6(—Sos) = /A ddX (—2v)p+6J5 (2.27)
giving 5(—5.)
e+ 0y = 55 o =204 (x), (2.28)
and hence
N N\ _ 5¢+<X/) _ + )
G+ (x:X) = (p()p(X)) = 2v I " (KA, (6 x) - (2.29)

Replication of this procedure yields the three independent two-point functions: for x4, x/y €
A:I:a

Gt (s X)) = F20[K A, (x5 X0) (2-30a)
G—(x—x1) = —2[K 7 ]a_(x=5x1) (2.30b)
G (o xD) = =2[K7|a (x5 x) = +20[K A (X5 x4) - (2.30c)

Note that (2.30) is invariant under (+ <> —, v — —v, x <> X’), as it should be.



2.3 Interface fusion and other generalizations

As we have emphasized, the mixed boundary value problem approach can deal with more
general geometries than the Janus approach. Let us take a moment to touch on a ge-
ometry relevant to a topic of particular interest for the theory of conformal interfaces:
interface fusion.

The methods discussed above can be used to understand the fusion properties of two
double trace interfaces with the opposite orientation. As a simple example, consider the
case of two concentric spherical interfaces with opposite orientations, corresponding to
CFT_ on region A_, which is interrupted by an annular region A} = {z|R; < |z| < Ra}
of CFT,. This configuration preserves SO(d) symmetry.

The Green’s function is obtained using the tools outlined in this section (a detailed
example is worked out in appendix B): expand the bulk-boundary propagator (or the
Green’s function) using spherical wave solutions of the bulk wave equation. The region
where we impose condition [K2| is different from that of appendix B, and so the ansatz
relevant to the spherical interface — found in equation (B.6) — must be replaced by an
ansatz appropriate to the new A_. Similarly, the analog of (B.14), required to satisfy [K3],
will now give a more complicated integral equation that must be solved to obtain K.

Carrying out this procedure explicitly is complicated, and we leave it for future work.
Configurations with even smaller symmetry groups can in principle be considered, but the
difficulty of solving the mixed boundary value problem increases quickly as the degree of
symmetry is reduced.

3 Green’s function from harmonic methods

Let us now turn to the explicit computation of the interface propagators in the case of a
spherical interface. In this section we take the boundary to be spherical, and A4 to be a
hemisphere. The computation is simplest in Janus coordinates on H%! [7], which make
the SO(d, 1) symmetry of the defect manifest. We will mostly use the coordinates

d = H € (0,1 3.1
SHa+ 422(1 — 2)2 + 42(1 — 2) 2 (0,1), (3.1)
and reserve z,2’, ... to refer to points on the H? slice. (For a summary of the relationship

of these to other useful coordinate systems on H%!, see appendix A.) In these coordinates,
the boundary is split into two components: A, , which liesat z — 1, and A_, at z — 0. The
interface lies at the boundary of H?, with the limit taken along any surface of constant z.

To solve (A,B) we begin by decomposing G with respect to eigenfunctions of the
Laplacian on H?%. We choose a basis W4(z) for the eigenfunctions,

— VHaTs(z) = A\ Ts(2), (3.2)



indexed by some parameters s. The index set is equipped with a measure du(s), with
respect to which W4 (z) satisfies the normalization conditions:

/du(s) Uy (z)Ws(a)) = 6(z, ") (3.3)
/ G0 (2) T (2) = (s, '), (3.4)

with (s, s’) the normalized delta function satisfying [ du(s)d(s,s’) f(s) = f(s).

One explicit basis and its measure are given in detail in appendix C. This basis picks a
point p in H¢ and decomposes in spherical waves centered around this point. In this case,
s = (0,/) where ¢ indexes the spherical harmonics on S¢~!, and ¢ = o4 > 0 is defined by

d—1\?
As = <2> + 02, (3.5)

Since all the functions we use in this paper involve symmetric functions F'(z,z’) of
two variables on H?, it is also useful to have a basis for these functions that are Lapla-

cian eigenfunctions. As discussed in detail in appendix C, this is straightforward in the
spherical basis:

JO'(‘T’ l’/) = Z \I’J,f(‘r)‘ya,ﬁ(x/) (36)
L

is just such an eigenfunction. It depends only on the SO(d, 1)-invariant cross-ratio £, which
_ 2
in Poincaré patch coordinates (A.9) on H? is %. It further satisfies the useful identity

/000 do J,(x,2") = 6(z,2) . (3.7)

A basis for the functions on H¢ in hand, our first task is to find the general solution
to the wave equation on H%t! adapted to the Janus decomposition.
3.1 Wave equation on H%+1

We use the metric (3.1). Performing separation of variables with respect to the Janus
slicing, we look for solutions to the wave equation

(—V?{dJrl + m2)¢ =0 (3'8)
of the form ¢(z,z) = ®(2)¥4(x). This gives

d 4 d
B T D) L e S—— R P § R ) 21 d(2) =0. 3.9
{ P G R e TR T el (39)
The space of solutions is two-dimensional, but in what follows we will be interested in four
different solutions:

1 .1 .
14 14,
OE(0]2) = [4z(1 — 2)]Ae/2,py (2 TV T2 BV 00 ] p (3.10)
1+v
1 . 1 .
14 14,
OE(o]2) = [dz(1 — 2)]2+/2,F, < gV 11:’[2 v ‘ 1- 2> . (3.11)
14

~10 -



<I>£LE7 r(0|z) have the property that as we approach the left boundary (z — 0),
dE(o|2) ~ 2252 a5 20, (3.12)
while as we approach the right boundary (z — 1),
dL(olz) ~ (1—2)22  as 2z 1. (3.13)

Therefore, <I>3LE and <I>§ give bases with definite asymptotics 22%/2 on left- and right-hand
boundaries, respectively.

Having identified a basis of solutions, we can decompose any solution to the wave
equation in the form

flzm) = /dﬂ(s) 91.r(s) 7 r(0s|z) ¥(s|z). (3.14)
a==+
We are free to choose as we like whether to expand in terms of @f or @ﬁ. Note that when

it will cause no confusion, we will frequently abbreviate ®} (o|2) by @} (z), and so forth.

Connection coefficients. In what follows, we will need the linear transformation be-
tween the bases ®F and @ﬁ. This is given by Kummer’s connection formulae (E.8a):

¢ =) A%l =) A" (3.15)
b=+ b==+
with
cosh(mo) Y (1 +£v)l'(xv)
ax* = 3 2(0) axF g TUFWNGY) (3.16)
sin(mv) I'(3 £v+io)l'(5 £v —io)

Note that the connection coefficients are symmetric under the exchange of L <+ R. Apply-
ing the change of basis twice implies the consistency relation

ATEATE p AFFATE = 1 (3.17)
ATEATF 4 AFFATT = 0. (3.18)

3.2 Green’s function

We are now in a position to decompose the Green’s function with respect to the functions W
and @ﬁ - Actually, there are four linearly independent Green’s functions G with a,b = +:

go(z, X)(1 — Z)Ab/2 +O([1 - Z]Ab/2+1) s 1 (3.19)

GP(X; X) ~ { g1(z, X')28/2 4 O(x5/2*1) Y } .
Thus the standard Green’s function G+ has A, asymptotics on both boundary compo-
nents, while that with A_ asymptotics on the left boundary and A, asymptotics on the
right boundary is G~ .

Any Green’s function satisfies the condition

(=V2a +m?G(X; X)) = 6(X, X)), (3.20)
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where §(X, X') is the covariant delta function on H9!. We begin with an ansatz for G
in terms of eigenfunctions on H¢,

crxx) = [ du(s)\vs(x)ws(as'){28(”@%(05'2) o } (3.21)

s (2) D% (os]2) 2> 2

Applying (—V?2,,,, +m?) and using the resolution (3.3) of the delta function on H?, (3.20)
becomes the condition

A(2)0, 94 (2) — B(2)0,D%(2) = 277 z(1 — z)]%_1 (3.22)
which is solved by

-1 ‘I’%(Z)
WIBS,, ®9](2)
(3.23)

[SI[oH
[SI[oH

S PR oy et )

A =2 = )

with W[f, g](z) = f0.9 — g0.f the Wronskian.
Define W§ty = W[@%,, ®%], and wily by Wty = wil Wiy . The Wronskians are
found from
Wite = 2%[z(1 — 2)]2 ! (3.24)

together with the values for the connection coefficients

wip =Att wip=—A"" wi =-1 (3.25)
wip=A"" wih =—-At", (3.26)
all others being determined by w?\‘}M = —w%} - This gives the final form for the Green’s

function:

a b 'Z, P Z/
G X) = oo [ dus) AL () <x>{?§ i } (3.27)

DY (0;2)0%(0;2)) z< 2 (3.28)
D% (0;2) 0% (0:2) 2> (7 '
with A% = L explicitly given by
UJRL(O')
AfT = A1 A= =A"" (3.29)
A" =—-A"1T AT =-—ATT, (3.30)

3.3 Green’s function and the bulk-boundary propagator

Consider now the bulk-boundary propagator, which is obtained from the Green’s function
as follows: if p is a defining function on H**!, then

1 1
lim 7G(Pa$§f7’7x/) ) (331)

. / j—
K(p’:}mx)__QA*dp/—)OplA
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where A is the scaling dimension of the operator living at the boundary point 2’. In the
coordinate system (3.1) (and in the conformal frame such that the boundary metric is H?),
the defining function is p = y/42(1 — 2).

Alternatively, the bulk-boundary propagator can be characterized by [K1]-[K3]. De-
note by K(X;2') (M = L, R) the bulk-boundary propagator for the (ab) interface, with
insertion at the point 2’ on boundary M. In the notation of section 2 this means, for ex-
ample, that K~ = KL_+ and K+ = K}?'. We give expressions for K gb; the generalization
to Kj‘%ib is obvious. In the Janus conformal frame the conditions become

L (=V3u +mH)KP(X;2') =0.

2. The coefficient of z2-/2 near the left-hand boundary z — 0 is the covariant delta
function §(z, z').

3. The coefficient of (1 — z)»-/2 near the right-hand boundary z — 1 vanishes.

The first and third properties imply that K can be expanded in the form
K(X;2') = /du(s) rs(2) Uy (2) D% (0y|2) . (3.32)

To impose the second property, we use the connection relations @’}% = Ab+<I>}f + AbWI)Z,
together with the fact that <I>jLE = #2842 4 O(22+/211) as z — 0. If we are to get the
covariant delta function, the coefficient of this term must give the resolution of the delta

function (3.3), implying
1

= Ab,—a

ks(x') Uy(z!). (3.33)

Hence,
K®(X;2') = /d,u(s)A:a‘lls(x)‘lls(x’)élj%(agz). (3.34)

A simple example is given by the standard bulk-boundary propagator with insertion
on the left boundary, Ka, = Kzr+. In the spherical basis, [du(s) = [do),. Carrying
out the sum over ¢ gives

K, (z,2;2') = 42(1 - 2)]3+/x

[oe)
/ da%
0 4

This integral can be evaluated straightforwardly by expanding in a power series in (1 — 2)

2
I'(3+v+io)
r'l+v)

%+y+ia,%+u—ia

JU($,x/)2F1< 1—|—l/

‘1—0.(3%)

and using the integral identity®
1 o
— / ds
T Jo

This is derived by applying the Olevskii transform to (1 + x)

I'(a+is)['(b+is)['(c+is)
T'(2is)

2 a+is,a—is I'(a+b)'(a+c)I'(b+c)
2 Fy ‘ —r | =
a+c (14z)atb

(3.36)

—a—b
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Summing the series in (1 — z), we find

KA+(Z,SU;JI/) =

—A,
L(Ay) (2248 _ TAy)  —ov—ay
7Td/2F+(V) ( Z(l — Z)) - Wd/QFJEy)( _‘2) A (3.37)

with

=2 _ 1 2 o E(@,a) +2
=% = lim v/42'(1 — 2/ X, X' = 0—r0——, 3.38
Jim VA= (XX = 2 2 (3.38)
where x3,, is the cross ratio for H*™; see equation (C.13). Equation (3.37) is related,
as it should be, by a Weyl transformation to the usual Poincaré patch expression. This
can be seen by noting that =2 is a conformal covariant factor associated to our choice of
defining functional, \/4z(1 — z). The corresponding object for the Poincaré patch is
ST =)+ (u—u)? 1(F—2)?+u?

=2 77 = i S
Epp (u, ;7)) = J}gou T =1 " . (3.39)

Replacing Z by =, 5. in (3.37) gives the standard bulk-boundary propagator.

Interface bulk-boundary propagator Kz'_. The bulk-boundary propagator for a
non-trivial defect is found in the same way. Equation (3.34) now takes the form

2

. 0o 1
K= (z,2;2)) = smﬂﬂV /0 do T <2 + ia) Jo(§)Pp(o] 2). (3.40)
Using Euler’s transformation we can write
AL /2 A_/2 1 + 10 1 10
(0| 2) = 224241 — )2/ 2F1(2 1’_2V (1—z>. (3.41)

Power expanding in (1 — z), the integral can be carried out using (3.36), and summing gives

d/2,111—=z
1—vlil14¢

_ sinmv (d/2) [dz(1 — 2)]2+/2

+- i~
KL (271'7'7:) T 7Td/2 4A+(1—Z)V

(1+&) Pk < ) . (3.42)

Using Euler’s transformation gives the form

_ i Id/2), o _ E+2Y\" d/2,—v| 1—=z

K+ (z,a:2)) = 227 =2)~ A+ RV - 4
1 (z,@;2") P} (42%) =) o, £tz (3.43)

which can also be nicely represented as

. sinty T(v)[(d/2) (€+2\" d/2,—v| 1—z
Ki~ = K"~ T I'(AL) (1—z> 2F1< 1—v ‘_ﬁ—l-z)' (344)

Other bulk-boundary propagators. All other propagators can be obtained from these

two using the relations

Kz ai2)) = KR (1 — z,ma))  K§p(zap2)) = K" (3.45)

v——v
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3.4 Interface operator spectrum

One of the key features to understand in any interface CFT is the spectrum of operators
living on the defect. Fortunately, from the holographic point of view there is a simple
and elegant way to identify the interface operators [18]. Say we have a single scalar field
¢ which couples only to the background geometry. If the background corresponds to a
conformal interface, SO(d, 1) invariance implies the linearized equation of motion can be
written in the form

(V24 +D)p(z,2) =0 (3.46)

where 2 is the coordinate on H? and D is a differential operator built using only the
transverse coordinate z. If we expand ¢ in eigenmodes of the operator D,

¢(z,0) =) da(@)a(z)  Dia(z) = miva(2), (3.47)

then ¢q(x) satisfies the standard scalar field equation on H? with mass m2. Each ¢, is
now the bulk dual to a defect operator of dimension
d—1 (d—1)2

Bo="F—tva,  va=\[ 2. (3.48)

For double trace interfaces the analysis is particularly simple, as the equation of mo-
tion is simply the standard bulk equation of motion in Janus coordinates. The relevant
eigenmodes can be found by making the substitution ic — v, in (3.10) and (3.11), giving
us two convenient bases for the solution space,

14 14,
wécL(z)Z[42(1—z)]Ai/22F1(2 V+Za,£ P
7 1%

z) (3.49)

1 1
= _ lbvty,ttv—
¢;ER(Z) [42(1 Z)]Ai/22F1< 2 v 11/a> D) 14 vy
b V

1— z> . (3.50)

Our problem now is to identify the allowed values of v,. Let us say that the left boundary
has A_ asymptotics, and the right, Ay. An allowed eigenmode must satisfy these same
asymptotics, which is only possible if wz r 1s proportional to 1/1; ;- Using the connection
coefficients (3.16) (once again replacing ioc — 1), we find that this is true when cos(my,) =
0. Throwing out redundant choices, the allowed values of v, are v, = % + a (with a =
0,1,2,...), yielding the interface operator spectrum:

d
Aa:§+a, a=0,1,... (3.51)

Of course, above we only considered those operators descending from the bulk field ¢.
However, at O(1) in the 1/N expansion this is the only bulk field modified by the defect.
Boundary primaries built from other fields simply have dimensions of the form A + n,
with A the dimension of a CFT bulk operator O; these operators are merely descendants
0, O, where y is the coordinate transverse to the interface. Only at O(1/N) does a generic
primary O develop singularities as it is brought to the defect, giving rise to a shift in the
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conformal dimension of the corresponding boundary operator. Of course, there are also
the multi-trace operators, whose dimensions in the large IV limit are simply the sum of the
dimensions of their component operators.

Finally, note that in the above we have chosen the standard quantization for all op-
erators. However, there is one operator which lies in the unitarity window: the operator
Op dual to ¢y, which has dimension %. The corresponding double trace operator has di-
mension d, matching that of the interface displacement operator [19], which can be used
to generate deformations in the interface shape. This strongly suggests that this double
trace operator should be identified with the displacement operator. Since Oy is the leading
boundary operator in the expansion of the bulk operator ¢, this is consistent with the CFT

expectation that the displacement operator takes the form #p? + - -.

4 Correlation functions

With the interface bulk-boundary propagator in hand, we turn now to the computation of
CFT observables. This section will deal with the two-point functions. Recall that the bulk
field ¢ is dual to a boundary operator ¢ of dimension Ay in A, and to an operator ¢_
of dimension A_ in A_. There are therefore three different correlation functions that we
can compute:

Gab(z,2") = (pa()pp(a’)) a,b==4, z € A,, 2’ € Ap. (4.1)

We begin in section 4.1 by deriving explicit expressions for these two-point functions from
the results of sections 2.2 and 3.3. Section 4.2 uses the conformal block expansion of the
two-point function to give an alternate derivation of the spectrum of interface primaries at
large N.

4.1 Evaluation of the two-point functions

Section 2.2 showed how to extract two-point functions from the bulk-boundary propaga-
tors. This can be done using the closed form expressions of section 3, and we do so for
Gi+ and G__ in section 4.1.1. It is, however, also instructive to work with the represen-
tation obtained from solving the dual integral equation, as this approach is more general.
To illustrate this procedure, we therefore derive G_ in section 4.1.2 using the integral
representation of appendix B.

4.1.1 (ot (z)p+(2) and (p-(z)p—(2'))

To evaluate the two-point function G, for operator insertions in the A, region, recall
that in the standard holographic normalization, G4 = 2v[K |a.. The bulk-boundary
propagator in Janus frame was given in equation (3.44).

We make our computation in Poincaré patch coordinates on the H? slices, ds%[d =

_‘2 2 . . . . .
di ;;dy , corresponding to a planar interface. We wish to compute the correlation function

—Ay

in a flat conformal frame, which requires including the additional Weyl factor (yy’)
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Combining this factor with equation (2.30a) gives the correlator

Gyy(x,2') = (?J;I)/Aﬂg 11_1%[4,2(1 — 2)] A PKT (2, 2 (4.2)
2 i I'(d/2) _ d/2, —
- (4yy’V>A+ Smﬂ'ﬂ-y 7(rd52 )§ d/22F1< > ‘ _> (4.3)

(L) [1+ sinmw D(d/2A0( +1) a, <d/2 B ’ _ )] (4.4)

|z — 2 |2A+ T N(Ay+1) Ay +1

where ¢(A}) = iﬂ?&; is the standard holographic normalization factor for scalar corre-

lators. For the planar interface, the conformal cross ratio takes the form & =

(z—a')?

dyy’
When comparing with CFT we will use the canonically normalized correlation function
1 Ay,d/2
norm. A Ay +> .
Gy (x’$)_4‘x_$/|2A+ 1+ B¢ 2F1<A++1 ‘ f)] (4.5)

with

I'(d/2)T'(v+ 1) sinmv
AL +1) T

The ¢_p_ correlator is obtained from this correlation function by combining the reflection

B= (4.6)

y — —y together with the replacement v — —v.

4.1.2 (- ()e+(X))

We evaluate this propagator using the results of appendix B, which are derived in Poincaré
patch coordinates (u,x) on H% !, The boundary points y can be expressed in spherical
coordinates with radial coordinate r; the interface is located on the sphere r = R, and
A, is in the interior region. The evaluation of this two-point function can be reduced
by SO(d, 1) transformation to the case where ' = 0. Equation (2.30c) tells us we should
compute [K;]a_. Due to equation (B.21), as 7/ — 0 the only harmonic that contributes is
¢ = 0. We will therefore evaluate the £ = 0 contribution for ' > 0, and then send r’ — 0.
(We must perform the process this way: it involves a distributional integral for which the
limit does not commute with the integral.)

Set ¢ = 0 and take r > R. We take Yy = 1, in which case ¢y = (vol §4~1)~!
Inserting (B.18) into (B.11) and using (B.12) gives

sinry 1 R 1 d [ 6(s—1")
K- =cp————> d — . 4.7
(K e=ola_ = co - rd—2/0 s(r2—32)1—” ds |:<s2_7a/2)1/ (4.7)
Once we integrate by parts, we can take the limit ' — 0 to obtain
sinty 1 [ r? v
K. - =2 — = —-1 4.8
Kramla =202 5 (15 -1) (18)

and using equation (2.30c) gives us the correlator itself,

Cq— 2\" sin v
640000 = (p- (09O = g (105 ) o =2 EGR (ag)
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Now, SO(d, 1) invariance imples that the two-point function at general x’ can be writ-
ten in the form”

R A R Ay
G-+(:x) = <TQ_R2> <R?—r’2> f(€) (4.10)
with the conformal cross ratio for a spherical defect given by
R2 X — X/ 2
E06X) = ( ) (4.11)

(R2 _ 7“2)(R2 _ 7“’2) '

At X' =0, = pr—3 TQ, SO R2 = T3F +£ We can find [K]a_ at general values of x’ simply by
making this replacement in the above expression. (Note that when ' < R < r, £ < —1.)
Setting 7' = 0 and equating (4.10) and (4.9) gives

F(&) = ey (=), (4.12)
The correlator thus becomes
R A- R A+ d/2 C+_ T2 — R2 v
<<P—(X)<P+(X/)> = Cq— (w) <R2—r’2> (—6) /2 = iz — m’\d (RQ — 7,,2)

(4.13)

If we perform a conformal transformation to planar interface coordinates x = (&, y) such

that Ay is the region given by y > 0, the correlator takes the form

(e-ese =255 (F) = a0 @

(z—a')?
dyy’

correlator G_,. With & = (7, —y) = (7, ), and £ = % = —1 —¢, this is defined by

where now £ = . For some purposes it is useful to work with the folded picture

G+ (#,2") = (0= (2) 0+ (7)) fo10a = (P= (@)1 (7)) = W(l +&6)7%. (4.15)

Finally, for comparison with CFT it is useful to give the canonically normalized folded

norm. sin v I'(d/2) (1 _i_é)fd/Q
G—+ €T, x \/7\/I‘ gl ) (2§>A7 (2y’)A+ . (4.16)

2

correlator

4.2 Fusion channels and defect spectrum

Bulk correlation functions in CFT are well known to be completely determined by the struc-
ture coefficients in the theory C%.. If ¢, denote the quasi-primary operators of the theory,

p(@)pp (a') =Y Cp Cla — ' 0p]pq(a’) (4.17)

holds as an operator equation, where Clx — 2/, 0,/] are operators depending only on con-
formal dimension. Inserting this expansion into correlation functions reduces their com-
putation to a knowledge of Czp,, which are model-dependent, and conformal blocks, which

"For a planar defect, the prefactor takes the more familiar form (—2y)~ %~ (2¢y/) "2
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are universal. The requirement of crossing symmetry — that the answer be independent
of the order in which OPEs are taken — puts powerful constraints on the spectrum and
couplings of a CFT, and underlies the recent success of the numerical conformal bootstrap
methods initiated in [20].

Using the folding trick, any interface can be thought of as a boundary of the product
CFT. In the presence of a planar boundary any primary ¢, has the boundary OPE

p(x) =Y BiDly; Oz)tha(E) (4.18)

where 1), runs over the SO(d, 1) quasi-primaries living on the boundary, and D is a function
depending only on the dimension A,. Here we have decomposed x = (Z,y), with y the
distance to the boundary. In the presence of an interface, this expansion can be used to
evaluate any bulk object in terms of interface correlators. In particular, interface two-
point functions can be decomposed in terms of boundary conformal blocks, which were
first derived in [21]. The requirement that this process yields the same result as the bulk
OPE imposes constraints on the CFT and its boundary.

In the presence of an interface, non-trivial constraints arise already at the level of two-
point functions, and so the structure implied by the bulk and boundary OPEs should be
realized in the two-point functions G,. Since at leading order in the 1/N expansion double
trace interfaces do not see coupling to any other fields, the conformal block structure at this
order should only involve operators realized holographically in terms of the field ¢ itself.
We will show in this section that the operator dimensions predicted by the conformal block
decomposition of the two-point functions match those derived in section 3.4, and so indeed
satisfy this condition. Furthermore, we use our results to derive relations between OPE
coefficients, which we will compare in specific cases to known CFT results in section 6.

In what follows we work with the canonically normalized correlation function Ggp.

4.2.1 Bulk fusion channel

We begin with the bulk fusion channel, derived from the OPE as £ — 0. The correlator of
two scalar bulk operators O and O’ has the bulk conformal block decomposition [21]

1

R €T BTN 8 BIF(AL, A - A6 (4.19)

q

(O(x)0'(2")), =
where ¢ runs over bulk quasi-primaries, and the bulk channel conformal block is

1 1 _
Fa019) = (24 TR ) (420)
2

When the argument § = 0 we simply omit it. In the case of 2d CFT this is the expression
for the global conformal block; these are the only blocks that will be visible in our decom-
position even in 2d CF'T, since Virasoro blocks degenerate to global conformal blocks at
large central charge.
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Gnorm

Ror™:. The bulk fusion channel is obtained from an inspection of (4.5). The first term
corresponds to the identity block, while the leading behavior of the second term corresponds
to an operator of dimension 2A . A closed form for the conformal block decomposition of
the second term follows from the formulae of appendix E.1.3,

A+ d/2, AJr _ — (W)n(v + 1)n(A1)n
o F ( At g;> = z:; WA f DB Tt n)n;f(zA+ +2nlz). (421

Therefore the ¢4 OPE contains a quasiprimary O,, with non-vanishing one point func-
tion for every dimension A, = 2A; +2n (n =0,1,...). This result has a straightforward
interpretation: the only operators contributing to the exchange channel at this level are
double trace operators built from the descendants of . Such an interpretation is con-
sistent with the fact that the interface is built from only one bulk field ®. We can be
much more precise: at leading order in the 1/N expansion, the OPE coefficients satisfy the
relation

on pid sinvy T'(d/2)T'(v 4+ 1) W)n(v+ 1) (A,
prevTm g DAL +1) nl(AL+1Dp(Ay +v+n),

The same analysis applies to G*™ under v — —v.

(4.22)

G2™ . To apply the BCFT formulac we work with a planar interface in the folded
picture on the upper half plane. Write

X F—d/2 . .
(GRorm. $,I/ — 0/5— X d/2 1+ —d/2 4.23
T (0,0) = ¢y X A1+ (1.23)
with ¢ = ,/sinmv__L(d/2) so that
™ /T(AT(AS)’
JEV2(1 4 €672 = Zcq o, BUF (DG, 2018). (4.24)

Applying (E.9) with a = %, b=c,a=A4, f=6_,v= % + 1 gives the decomposition

. R (A (AL, d d — R
NP1+ =) Mg&(g ijz " ) 1)]—"(d+ o, 2w |€).  (4.25)
n=0 ' n [

This implies that there is a contribution from fusion channels containing operators O,, of
dimension A,, = d + 2n.

These have a quite transparent interpretation in terms of the ¢p_p; OPE: since ¢_
and ¢ live in different sectors of the product CFT their OPE is non-singular, and clearly
closes in terms of the double trace operators built from descendants of ¢_ and ¢4. In
particular, we can read off the coefficient product

cor, BS =c. (4.26)

Obviously, the operator Oy can simply be chosen as the normal-ordered coincidence limit
0o = (p1p—) — (divergence). In this normalization,

B = (4.27)

0
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4.2.2 Boundary fusion channel

The bulk-boundary OPE
v) = B_D[y, 0sltha(F) (4.28)

allows bulk operators to be expanded in terms of boundary primary operators ¢, and their
descendants, which we take to be orthogonal

Naéab

|z — 2/|Aa

(Ya(D)p(T)) = (4.29)

Inserting this OPE into a two-point function, one can derive the representation [21]
(0@ @) = 5 r—s S NuBBBbFoAal€) (4:30)
(2y)2(2y")% <

where the boundary channel conformal block Fjy is given by

d
fa(A!§)=§_A2F1<A7A_2+1 —1>

IAN—d+2 | ¢ (4.31)

Gnorm.

Using the hypergeometric indentity (E.8b), we can write

, 1 siny I'(d/2)I'(v) _ d/2,—
Grite ) = (dyy )2+ 7 (F<A)+)( )g v < / ‘_> (432

which is in the appropriate form to apply (4.31). The decomposition follows from the

results of appendix E.1.3 and takes the form

1 sinmv I'(d/2)T (v)
(yy)> ™ DAy

k' (d/2), (1 +v),
@R 0),

so that we have a contribution from a pair of boundary operators of dimension %l + k for

M8

Gioil’n (1,’ x/) —

kFo <d + k|§> (4.33)

i

each k =0,1,... The fusion coefficients are given explicitly by

_ sinv I'(d/2)I(v) kNd/2)k(1 + v)y
B“@*B“]Z*N T I'(AL) (2K (1 —v)g

(4.34)

This is the same as the boundary operator spectrum found in section 3.4. Note that as we

approach the boundary, the dominant contribution comes from a boundary operator ¢ of

dimension %,

1 »
p4(a) ~ girold) + - (435)

where
. o sinmv T(d/2)T(v) 1
<7/)O(33)¢}0($ )>D = r(Ay) |@-— x’\d

As discussed in section 3.4, it is very natural to guess that 1 fuses into the displacement

(4.36)

operator,

D(z) ~ :pp:(x), (4.37)
which has dimension d. In particular, we expect that the displacement operator two-point
function is determined at leading order by the ¢@p¢p¢ four-point function.
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Gnorm

o Write the folded picture correlator

G (a,0/) =

G- y)e e (4.38)
1 a a ’
= s @yE 2 B BeNeFo(Bal )
Setting a = %, b=cin (E.9) we have
> d/2 14k, —k d4k14+k| o
—d/2 _ ) 2 ) -1
Z 2F1< ) ’1>2F1< 94 2% ’ 13 > . (4.39)

k=0

113 ’7

The first hypergeometric function can be evaluated by replacing the parameter 1 by
1 + ¢, using Gauss’ summation formula, and taking the limit ¢ — 0, giving (—)*. We

therefore obtain

k! d 2 d
= Z / VFo(AR€)  Ap= 5 Tk (4.40)
k=0

matching the spectrum derived in 3.4. The fusion coefficients satisfy

BE . BE N, = c’(—)kw. (4.41)

5 Interface partition function

We now turn to the computation of the simplest quantum effect of double trace interfaces:
the leading contribution to the sphere free energy due to a double trace interface on the
equator, at large N. In the specific case d = 2, this quantitiy coincides with the boundary
entropy, or g factor [22], of 2d CFT. The defect free energy is the leading non-extensive
contribution to the thermal free energy in the expansion in 3/L, where 37! is the temper-
ature and L is the length of a very long semi-infinite cylinder. Thus, for example in 2d
BCFT one can write

c L
logZ—ﬁEHogg—kO(ﬂ/L). (5.1)

Computing the overall one-loop correction to the free energy requires both UV and IR
regulators. The defect contribution to the free energy, however, can be expressed as the
difference of two free energies defined using the same UV regulator, which is a UV finite
quantity. Our construction is as follows. Take the bulk theory to be CFT ® CFT_. Into
this theory we can introduce the double trace interface joining CFT on the left to CFT_
on the right, and vice versa. Consider the difference AF of the free energy of this theory
with the defect, Ff@)_, and without the defect, Flyg_. The bulk contribution to the free
energy cancels between these two terms, and so we have

1 1
Fdefect - EAF - §(F+_ + F_+ — F+_|_ — F__) . (52)
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Here F,; denotes the free energy of a theory with a single copy of C'FT, on the left and
CFTy on the right. The g factor is given by

9 Zg‘%(aTci®CFT_ _ ([det DT [det 2] ) —1/2

9 = “vacaum _ _
2O &CFT- [det 2]t~ [det 7]~

with [det 2]® the functional determinant of 2 = (—O + m?) with (a,b) boundary condi-
tions. Using

(5.3)

#[n log 7] — / dLY /g Geb(X, X) (5.4)

and % = % + m? we find
a;il/loggz = —y/dd“X\/m%”(X) (5.5)
where
A (X) = Jim (G+—(X; XN+ G (X X) - GTH(X X)) - G (X; X’)) . (56)
Since when v = 0 the defect is trivial (and hence g = 1), the value of g is given by the
integral log g* = [/ dv' 14 log g°.

5.1 Regulator

Equation (5.5) is infrared divergent and must be regularized by cutting off the bulk integral.
Expressing the metric in the form

ds2ae1 = dp? +sinh?p (d6? + dQ3_,), (5.7)

we choose the cutoff surface defined by p = p., which corresponds to computing the CFT
partititon function on the sphere. To compute the one-loop contribution of the interface,
we need to express the cutoff surface in Janus coordinates [23]. For our purposes the
coordinate system

dr?
e TG

is useful; note however that the function 7(z) is 2-to-1 and symmetric about z = 1/2.

1
dstap = + ;ds%d , T=4z(1-2) (5.8)

Writing the metric on H? in the form
dw?

w(l + w)

the Poincaré ball coordinates and Janus coordinates are related by

1+2 2
coshp = e tanh p sinf = 4/ 1 +u; . (5.10)
T w

The intersection of the cutoff surface with a leaf of given 7 is therefore defined by the

dsta = + 4w(1 4+ w)dQ3_,, (5.9)

relation w = w,(7), where

1
V2 = ¢(1 + 2w, = : 5.11
T €(1+2wy), €= Py (5.11)
Note that w, > 0, which means that the minimum value of 7 is given by
T>T, =€, (5.12)

~ 93 -



5.2 Sphere free energy and the g-factor

To proceed, we use equation (3.28) to write # in the form

200 = o [ a0 o (0t @056 - (e R4)
- PR + R ()
where
Ny =|T,0(0)?. (5.14)

Kummer’s formulae (3.15) allow us to write this as

2
(i +v+io)
I'l+v)

H(X) = 1/0 doN, Y ca[0p(2)]?,  ew = omm ]
s==+

2 cosh o 4%v

(5.15)
The trace now takes the form

/dd“X,/ingH,}f(X) = ;/ do Ny Y~ cs x /ddﬂx,rmﬂ(@;)?. (5.16)
0 s=+

To evaluate the inner integral, note that the integral over H¢ in Janus coordinates simply
gives the regulated volume (vol H%),. For z < %, a quadratic transformation of o F allows
us to express @f in the form

b 1/1
@f(z):TAmegFl(ai’ i‘T), with ai:(bi)*:(iy—i—io’), cr=14+v.

Ct 2\ 2
(5.17)
Since the integral is symmetric under z +— 1 — z, in the above integral we may make the
replacement
A X /G (95)2 — (vol HY), 2 L dr a0 y (5.18)
9Hda+1(PL Vo = 27d/2+1\/ﬁ7 241 e T 3 o

the factor of 2 is required since 7 only covers half the geometry. Using the identities

2
a,b 2a,2b,a + b
F ’ ‘ .y 20 5.19
[2 1<a+b+§ T>] ’ 2<a+b+;,2a+2b T) (5.19)
and
1 1 1/2 20,3 2bs l‘i_SV
/dTTSV_ (1—7‘)/3F2 ’ )2 ‘7’
2 1+sv,142sv
T lI‘ 2 9 2sv
_ (21) (SV)SFZ as, bs,Sl/ ‘1 € _|_O(€1+su) (5‘20)
I'(5 + sv) 14 sv,142sv sv
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together with the doubling formula for I', this becomes

I'(sv)[(1 + sv) 2a,,2bs, sV 7Y
1HY), |4 F T ) = 5.21
(vol H) [ (1 + 2sv) a2 14 sv,1+42sv sV + (5.21)
with -+ vanishing as e (and thus 7,) approaches 0. We obtain
o0
/dd+1\/ng+1%(X) = (Vol Hd)* Z/ do 2281}71./\/'065
0
S
L(sv)I'(1+ su)3 ; 3+ svtio, 5+ sv—io,sv ‘ 1) €25V . (5.22)
I'(1+ 2sv) 1+ sv,1+42sv sV

This expression has two sources of IR divergence. The first is from the volume
(vol HY),, while the second is due to the term proportional to e . (vol H%), has an expan-
sion (for d ¢ 2N) in powers e} =9*2™ m =0,1,2,.... Provided d is not an odd integer, the
divergences fall into two non—overlapping series, which can presumably be eliminated by
counterterms that do not affect the finite part of the trace. Alternatively, we can define the
integral with s = — by analytic continuation to v < 0. Either way, the e 2" divergence can
be dropped, and the regularized volume replaced by the standard renormalized hyperbolic
volume (vol H%)e,. We do this from now on.

The o integral now takes the form

F(SV)I‘(1+8V)1/°°
SO o) ), ¥

P(%L +io)D(L +i0)?D(L + sv + io) ||
T(d/2)T(1 + sv)T'(2i0)

« 5 F %+sy+i0,§+su—ia,su‘1 (5.23)
1+sv,14 2sv

K
The renormalized volume integral then takes the form

T(1 4+ sv) Ag,sv,1+ sv
H(X 1 HY) F ).
</ ( ))r VO renz PA+1 ( +2SV)32 A5+1,1+281/
(5.24)
Equation (5.24) can be evaluated using the 3-term 3F5 relation (E.20) given in the

where C7 = 2 L(d/2) sinmv YW can evaluate the o integral using the results of section E.3.
2 (4m)d/2

appendix. Combining this with (5.24) and (5.5) gives the value

d v cosTv I'(AL)T(AL) d
—logg® = — 1H e - 5.25
dv 89 Ama?  T(d+1) (vol H) (5.25)

Under dimensional regularization the volume of H¢ becomes [24]

_ 1
(vol Hpon = 72 T (dQ) : (5.26)

so that
, cos Y N(ALT(AL)

—logg? = —
- logg Y os ¢ T(1+d)

(5.27)
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It is interesting to compare this to the value of the difference between the renormalized
action of CFT and CFT_ [24]:

d sinTv T'(AL)T(AL)
—(S -8 = ,
(Scer, cFT-) =V sin %d I'(1+d)

- (5.28)

from which one can extract the shift in central charge. It is amusing to speculate that
the similarity of these expression may indicate some deeper relation between the change in
central charge under RG flow, and the g factor for the corresponding RG defect.

Note that our result diverges as d approaches odd integers, corresponding to a logarith-
mic divergence with respect to €. This reflects the fact that in odd dimensions, the defect
free energy is associated to a conformal anomaly localized on the interface locus [25-27].

Explicit values. As examples, we give explicit expressions in several cases where the g
factor has no ambiguities.

d=2: J
d—ylog g = ng cot v (5.29)
d=14 J
2 _ _ T 20 N2
Elogg T (1 —v)°cot v (5.30)
d==6 p
W log g% = %1/2(1 —v)?(2 —v)?cot v (5.31)

6 Comparison to field theory results

In this section we check our bulk results against computations we make directly in the CFT.
We are interested in particular in the coefficients appearing in the correlation functions of
section 4.1, and in the g factor of section 5.2. We will compute two-point functions for
small v by means of conformal perturbation theory in section 6.1, and show they coincide
at large N with the results of section 4.1. We further calculate the g factor and several
overlaps of the solvable RG interfaces constructed in d = 2 coset models by Gaiotto in [5].
We will show in section 6.2 that, assuming the higher spin/W-CFT correspondence of [16],
these coincide at large N with our bulk results in two dimensions for all values 0 < v < 1.

6.1 Coefficients from conformal perturbation theory

A check of the coefficients appearing in the correlation functions of section 4.1 can be made
against conformal perturbation theory. A CFT can be perturbed by adding a term

68 = ked=Bo /ddx O(x) 4+ Sex. (6.1)
to the Euclidean action, where O is an operator of conformal dimension Ay, « is a dimen-

sionless coupling constant, and € is a (scheme-dependent) length scale which we will take
to be a position space short-distance cutoff. S is the counterterm action arising during
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the renormalization procedure. Correlation functions of (renormalized) local operators O;
of the perturbed CFT can be expressed schematically in terms of the correlation functions

et <(’)( ) O )75S>
<01 (1'1) o On(xn»pert = — (6—6Z>$n . .

For short flows, the right-hand side can be expanded in powers of the renormalized coupling

(6.2)

constants.
We are interested in deforming by an operator of the form ¢?, the normal-ordered

product of ¢_ with itself, in the case where A, = % —v with 0 < v < 1. When
v = 0 the interface is trivial, while small values of v give rise to short RG flows. If

the CFT has a weakly curved bulk dual, and if ¢_ is dual to a bulk scalar appearing
in the path integral, then in the large N limit ¢_ is a “generalized free field” (see [28]
and reference [29] therein). This means that correlation functions factorize into two-point
functions by Wick contraction. The conformal dimension of this operator is then given
by twice the dimension A_ of y_, making ©? a marginally relevant operator for small
values of v. In the large N limit it is also expected that ¢? is the only non-trivial relevant
operator in the OPE of ¢? with itself. Denote the coefficient of ¢? in this OPE by C.
In the OPE (position-space cut-off) scheme, the beta function corresponding to x of the
double trace deformation reads

1
B=(d=2A )k~ S A1 CrK? + O(K%), (6.3)
d
where Ag_1 = 1%?;) is the volume of S?~!. The value of « at the IR fixed point (where
g =0)is therefore
dv
= 6.4

such that perturbative results in x correspond to perturbative results in v.

Let us consider a planar interface. Like in section 4.1.1 we will use the coordinates
x = (#,y) but work in the flat conformal frame. Recall that in section 4.1.1 we compute
the correlation function for two scalar insertions ¢_ at points  and 2/, whose distance
from the interface is denoted y and 3’. To first order in s, this correlation function is
perturbatively given by

(P~ (2)p—() )y, = (o)) = 20 [ el (2 (@ @) (@) - (65)
y'<

The integral runs over the half-space y” < 0, which does not include the two points x
and 2’. Conformal invariance allows us to take both x and 2’ to lie on the positive y axis.
The correlator inside the integral has the form

(2 (" )p- (@) () = C'la" —al 22 a" — o[22~ (66)

so that the right-hand side of (6.5) is proportional to the integral

I= / diz" |2 — x|~ — 2|77, (6.7)
y"'<0
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Using spherical coordinates parallel to the interface, and z = —y”, we have
> d—2¢,2 -4/ 2 n2y—24
I—/ dz/drdegr (r*+(z4+y)) 20"+ (z+y)°) 2. (6.8)
0

The angular integral yields the volume A4_5 of S92, while the integral over r is of the form

a  Agor (a+ A
P 2A4 9 ab ’ (6.9)

/ dr =2 (r? 4 a?) "5 (r2 4 0?)
0

valid for a,b > 0. For the remaining integral over z we use

oo 224+ y+y /oo d /
g - + {y <y}, (610
/0 2(22+y+yl)d(z+y)(2+y/) 0o Cz+y+y)Uz+y) {ye vt ( )

with

o0 dz B 1 Z/—y
| ey - m 1(d+1 > (6.11)

Using (6.9), (6.10) and (6.11), (6.7) is

_Ad—l 1 dad y/_
=20 [(2y)d2FI<d+1 2% )”Wy}]

L A o (d/2,d)2) (W —y)?
_d(4yy’)d/22 1( %+1 ) 1y . (6.12)

Combining (6.4), (6.6), (6.12), and restoring the x and 2’ dependence, (6.5) becomes

<S07(x)907($/)>pert — |x_x/|—2A, <1 _ I;g 4 % <d/22+d{2‘_ )) ’ 6 13)

733/)2

where £ = (I4yy, is the conformal cross ratio. To first order in v, this formula coincides

with the one obtained in section 4.1.1, which was

G_=——— |1+ B R Ao/ ‘ =<1
|z — 2/ |28~ A_+1 (6.14)
5 D@20 - v)sinmv '
N NA_+1) T
provided that
C=20C". (6.15)

This relation holds due to the fact that at leading order, ¢_ is a generalized free field.
Using Wick contraction it is simple to verify that (6.15) is satisfied. Let us illustrate
this in the context of the large-N free/Wilson-Fisher interface of the O(N) vector model
in d dimensions.® The theory contains N scalar fields ¢q, ..., ¢n. The scalar field ¢_,

8The RC interface between the O(N) free and Wilson-Fisher critical points for finite N was investi-
gated in [4].
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corresponding up to normalization to the operator ¢;¢;, and the double trace operator 2,
corresponding to (¢;¢;)?, have the OPEs

o (2o (0) = a7 ) 22t o (0)+ 2N - N+3) 20+, (6.16)
@2 0) a4 PN on g g BEED a2

where ellipses stand for omitted irrelevant operators. For N — 0o, we obtain
C'=v2, C=2V2, (6.17)

in agreement with (6.15).

The two-point function of ¢4 can be obtained, to first order in perturbation theory,
in a manner analogous to the one just described by perturbing the IR action with the
marginally irrelevant operator Lpi. If the analogous conditions apply for the OPEs of ¢
and %, we indeed obtain the result (4.5) (and (4.6)).

To compute the perturbative overlap across the interface, which we will compare with
section 4.1.2, we start with two insertions of the operator ¢_ on the y axis at positions
y’ > 0 and —y < 0. Let the perturbation run over the half space {z” |y” > 0}, so that

(- (=9)P=(1)) pert = (o= (=9)—(¥)) — re*>=71 / ) gld:c” (@ (") (—y)p-(y)) -
" (6.18)
This time we need to cut off the integral over z” at radius € away from ¢’. In order to
compute this, let us split the integral into two parts: one where the coordinate 3" is outside
of the slab s = (¢ — €,3 + €), and one where it is inside the slab.
Outside of the slab we have to compute the integral

o= [ a2 (2o (0o 0)

= C’Ad—2/ dy"/d’" r2 (" 4+ ) D) (Y — )2 ) (6.19)
y”%se

for which we use (6.9) again to obtain

/

C’ y' —e (y 4 y/)l—d ] (2y// +y— y/)lfd
Touwt = — Ag— / dy” +/ dy” . 6.20
P [ 0 W+y)W =v")  Jyse ~ WY)W =) (620)

The first integral in the square brackets evaluates to

v (y +9)" 1 y ¢
dy” = log = —log —— | . (6.21)
/0 y+yNy —y")  (y+y)e Y y+y —e

In the other integral we can split the integrand and shift 1", such that

00 2" _.\1—d 00 d d
/ dy"( %/ +y %) : :/ < z ——+ /j - ) (6.22)
vre W@ —v)  Jo \Q2z+y+y)z  2z+y+y)Nz+y+y)
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Using the analogue of (6.11) one has

/°° dz _ 1. y+y
. 2z+y+y)iz (2097 d+1

1 €
= (s g2 e v@ ) 00, 629

where v is the digamma function and ~ is Euler’s constant, together with

/°° dz B 1 F< d,d >
e Qrty+y)iEtyty) QRu+y)dT '\d+112

B 2(lery’)d (1/1 (d—zﬂ) —v (g)) ) (6.24)

such that the contribution from outside the slab becomes
C'Ag—4 < y' € <d+1> 1 (d
Ioyt=——— | log=—2lo —log2+— w ——Y | =) —v(d)—v|. (6.25
Inside the slab we must cut off the integral over the directions parallel to the interface at an
appropriate distance from the y axis, depending on the value of 3”. Rescaling integration

variables by y + v/, we have

In = / da" (2 (2" (—y)p-(y)) =

//68
_ U A4 2/ / pd=2002 2~ 2, 2\-¢

+r9) 72 (n+1) 7)) 72, 6.26
S [ (7 1) (12 +) (6.2

where 7 is the rescaled 3", and €’ is the rescaled cut-off. As 7 is very small, we can expand
the last factor of the integrand. All odd powers of 1 will drop out in the integration, so

that we can write

! d—2
I, = 29 A 2/ / T ayow)) .  (621)
v +v) V@ (2 +1r2)2 (14 12)%

Changing coordinates to 72 = 1% 4+ r? and expanding the factor (1+7%) = (1472 —7?) in

7 again, this expression can be written as

QC/Ad 2 77 d=3 o _d 2
Iy = —— d d - = 1 1+0 . 6.28
s [y [T et (o) 629
We now employ the binomial series
e R = 2k
k=0

which is valid on the domain of integration. Note that the 7 integral of the k"™ term of the

7 2k+1

sum yields a suppression by e , while its leading contribution to the 7 integral is

/oo dr (€)dr2tD) ” <d/2,d/2+kz‘ 1 >
o 72+2k(72+1)% T d+2k+1) 7! 3 4k (¢)?

1 1 .
= oy <2k+1 +O(e )) . (6.30)

— 30 —



We therefore find
20/./4 _ 00 d—3 -1 k
Iy = ——22 ( >( CU” L ow. (6.31)

,:0 <d/5:))(2(k_i)1k)2: 47r Fr(é;) <’y+log4+w<g>>, (6.32)

and thus
e ( (3)) +or
Iiy=———— (7v+logd+vy | = + O(€) . (6.33)
2(y+y)" 2 )
Combining the contributions I,y and Ii,, and using the identity
1 d+1 1 d
vid) - L <2> Ly (2) ~ log? (6.34)

together with the value (6.4) of the coupling constant in the IR, the value of the perturbed
correlation function (6.18) becomes

ny -t 2w e — & loa Y
(- (=9)e-(¥)) pert = Gt O g (21 e gy/) . (6.35)

This expression still contains a divergence in €, which is eliminated by an appropriate
counterterm. Conformal invariance dictates that to first order in v, the correlation function
must take the form

(- (=v)er () = m (6.36)

where £ +1 = (z — 2/)2/(4yy’) = (y + /)?/(4yy/) is the conformal cross ratio. Since the
case v = 0 corresponds to the identity interface, the function fl,(f) must satisfy fo(é) =
(1+ é)_%. Expanding (6.36) to first order in v and using the dimensions Ay = % + v leads
to the condition

Nd .
M A fu(€)],_, +log g, : (6.37)
(yy')2 Y

!
% <210g y—iy’ —|—log§,> +ct. =
where “c.t.” stands for the counterterm contribution. We observe that the condition
C = 2C' leads to the cancellation of the logy/y’ term on both sides. The remaining
part of the left-hand side must then be a function of é alone. In the OPE scheme the coun-
terterm can only depend on the distance y + 4/ of the two field insertions, and therefore
cannot do anything other than precisely eliminate the logarithmic divergence. We therefore
conclude that

0uf(&)|,_o =0, (6.38)

which makes (6.36) indeed agree with the gravitational result (4.16).
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6.2 Checks from minimal model holography in d = 2

In d = 2, the duality between Vasiliev Higher Spin theory in the bulk and Minimal Model
CF'Ts on the boundary belongs to the best-understood examples of non-supersymmetric
holography [16, 30]. The classical bulk contains one massless field of spin s for every
integer s > 2, which transform under the higher spin algebra hs(v), depending on (the
square of) an a priori arbitrary complex number v. The theory includes a complex scalar
field (with a propagating degree of freedom, unlike the topological higher spin fields) of
mass m? = v?>—1, with —1 < v < 1. A single higher spin gravity gives rise to two boundary
theories: under v — —v the algebra hs(v) remains unchanged, while in the unitary window
the scalar field of dimension A, acquires the alternate quantization A_.

The asymptotic quantum symmetry algebra W, () associated to hs(v) also arises as
the 't Hooft limit of the algebra Wy ;. This is the chiral algebra of the CFT My based

on the coset
su(N)p @ su(N);

SU(N )11

: (6.39)

which has central charge

k kE+2N+1

= (N —1 .
vk = SN TR AN

(6.40)

The 't Hooft limit takes N,k — oo at fixed v = NL%“J Irreducible representations of the

coset (6.39) are labelled by a pair A = (AT, \7) of representation labels of su(N); and

su(N)gy1, respectively.'?

We will only consider charge-conjugate theories with diagonal
modular invariant: i.e., the theory contains only left-right symmetric pairs of representa-
tions, A ®71~\ with A ~ A, and for each such pair in the Hilbert space, the charge conjugate
pair A ® A is present as well. Despite the left-right symmetry, we write tildes over right-
movers for the purpose of clarity.

The large-level limit of such theories is in general a rather subtle issue [33, 34] and leads
to continuous orbifold theories [35-37]. However, the equivalence with the ., algebras in
fact holds for finite N and k£ — and therefore finite ¢ — since an extension of level-rank
duality identifies Wik = Wao(525) if ¢ = en i [30, 38].

For the unitary theories (where N and k are positive integers) there exists a well-
known relevant deformation of the CFT My which has My ;_; as its IR fixed point [39].
Gaiotto introduced interfaces corresponding to this RG flow and gave a recipe for com-
puting its UV-IR overlaps in [5]. The renormalization group flow from My to My k_1
was proposed in [16] to be the double trace flow from CFT_ to CFT,, and the one-loop
computations of [40] support this proposal. Therefore, we expect Gaiotto’s interface to be
realized holographically as a double trace interface.

Because the bulk scalar field is complex, we must take care to include additional factors
of 2 when comparing log g and the overlap coefficients with our bulk computations.

For other coset models and their RG flows in the 't Hooft limit see e.g. [31, 32].
10Here we follow the common convention to suppress an su(NN); representation label, which is automati-
cally fixed by the choice of A* and A~. Our conventions for su(/N) can be found in appendix F.
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6.2.1 RG interface construction at finite IN and k

Before we come to the results in the 't Hooft limit let us briefly explain how the interface
is constructed at finite (positive integer) N and k. We give the interface as a boundary
condition in the folded theory CFTyy ® CFTir. The chiral algebra of the folded theory is

su(N) @ su(N); - su(N)—1 ® su(N)y
su(N)jy1 su(N ) ’

(6.41)

where we distinguish the IR copy of the level 1 algebra from the UV copy by a prime.
The Hilbert spaces of the UV and IR theories decompose into products of representa-
tions A; ® A;, where A; and A; (i = UV, IR) are representations of the left- and right-
moving chiral algebra respectively. The Hilbert space of the folded theory will then con-
tain the product of representations Ayy @ Ajg for the left-moving and Ayy ® Arg for the
right-moving degrees of freedom.

The boundary condition corresponding to the RG interface consists of a projection
in the su(N)j sector, a permutation brane in the su(N); sectors, and a Cardy state in
the sector su(N)g_1/su(N)gs1 of (6.41) [3]. The projection can be implemented by the
topological interface [5]

1
1= Z Z@H(A,A—)UV®(S\+7,\)IR (6.42)
At A= A FOoA

of the product theory. Here S[()lf\) is a modular S matrix entry of the su(N); WZW model.
The operators II project onto the subscript representation'! (A, A7)py @ (AT, )7z, which
are the products of UV and IR representations sharing a common label \ of su(N);. When
summed over ), these operators implement the isomorphism!? [41]

AT =P A v @ (A, Mg, (6.43)
X

where the left-hand side denotes a representation of the diagonal coset

SU(N)gp—1 @ su(N); ® su(N);
SU(N )41 '

(6.44)

In particular, this isomorphism identifies the su(N); current operators J¥e = jk—Ta 4
J(14 of the two copies of su(N); in the product theory.

The boundary condition corresponding to the RG interface is given by the fusion
product of the topological interface Z with the boundary state

|B) = SISV A ), (6.45)
At}

The prime in this expression indicates that the sum only runs over representations {:\*’, A7}
where the (suppressed) labels of the two su(N); parts are identical. The Ishibashi states

1 Only the left-moving degrees of freedom are indicated here.
12Notice that two representation labels of su(N); are suppressed on both sides in equation (6.43).
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{AT, A7} )z, are defined such that they implement a permutation (indicated by the sub-
script Zs) of these su(N); parts [42—44].
The prescription for computing the operator overlaps is therefore as follows. Suppose

(I)UV

we want to compute the overlap of the UV operator and the conjugate of the IR

operator ®/f, which are composed of left- and right-moving parts
UV — gUVguv IR — §IRGIR (6.46)

The operators ¢VV ¢! and ¢UV ¢! then constitute the left- and right-moving part of the
corresponding operator in the doubled theory, respectively. If ¢UV is an operator in the
representation (AT, A7), and #'E is in the representation conjugate to (5\+, 5\_), we write
pUV ! as a state in the representation {A*, A"} of the left-hand side of (6.43). This
image only exists if the representation labels of su(N)y agree, i.e. if AT = A

After the projection we compute the inner product of ¢VV ¢! and the Z, flipped image
of oUV ¢!B where the latter is obtained by exchanging all degrees of freedom of su(N); and
su(N)y.. This requires that the (suppressed) representation labels of su(N); and su(N)j/
agree. Finally, the resulting inner product must be multiplied with the corresponding
coefficient of the boundary state, leading to the formula

(k—1) g(k+1)
A+ 0A—
(VYR RG) = OAT <¢ ¢(A+ (¢ A~ )¢(A+ N )> (6.47)
SO)\
6.2.2 The RG interface in the ’t Hooft limit

For finite N and k, one way to quantify the length of an RG flow is to consider the reflectiv-
ity of the RG interface [3]. Reflectivity is measured here with respect to specific parts of the
chiral symmetry algebra, and different definitions exist. A coefficient which exists for any
conformal interface measures reflection and transmission of energy and momentum [45].
From the matrix

R—4i4,<ﬁwﬂwmﬂ<ﬁwwﬂmw . (M e (6.48)
(O|RG) <TUVTIR|RG> <TIRTIR|RG> "\ Ra1 Ra '
one defines the reflection and transmission coefficients
RZNfl(Rll + Ra9), TZNfl(ng + Ra1), (6.49)
where enr e
Nk Nk—1
N = ZRM S E— (6.50)

i,
These coefficients have the property that R + 7 = 1. Also, 0 < R < 1 for interfaces
between unitary CFTs, with R = 0 for topological interfaces and R = 1 for interfaces
which are (totally reflective) conformal boundary states.
For our RG interfaces, the matrix R of (6.48) is rather easy to compute. The (left-
moving) energy-momentum tensor components of the UV and the IR are given by

TV = 7®) ) _pt) = pIR _ ph=1) () _pk) (6.51)
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where

W = - i ¥ > gWa gk, (6.52)

is the standard Sugawara energy momentum tensor of the su(N); WZW model. Following
the prescription of identifying J(®e = jk—1a 1 j1a and applying the Zo transformation
JWa « J(10a one obtains [3]

N?2-1 k+2N+1 1, 11
= = _ 1 - =
Ry Skt NE R N1 5V ( +1/)+(’)<k,N>,
(N —=1)(k—1)(k+2N +1)
2(k+ N)?

(142 + O (; ]1V> , (6.53)

Ri2 = Ro1 =

N 1
— 2 (1—-p% - =
g (1= =5

N2 -1 E—-1 1 11
Ros = = 21— O~ .
2T 9k + NPZk+N -1 gV (L=t (kN)

We observe that in the 't Hooft limit, the entries Ry and Rgo (related to reflection) remain
finite, while the off-diagonal entries Rjo and Rs; (related to transmission) diverge. The
coefficients R and T, however, remain finite, and asymptote to R =0 and 7 =1, as for a
topological interface. Notice that in spite of the finite change

2N — 1)N(N + 1)
N+k-D(N+k)(N+k+1)

CNk — CNk—1= ( =23 + O(kiZ, N72) (654)
in central charge, there is in fact no contradiction here, since the central charges of the
UV and the IR theory are both infinite in the 't Hooft limit. The RG interface in the 't
Hooft limit is in general not the identity, as shown by the non-trivial boundary entropy
computed in section 5.2 and confirmed in the next subsection.

One could at this point also compute the overlaps — the matrix R — for higher spin
fields Wy instead of T'. Each higher spin field of the bulk corresponds to a descendent of
the vacuum representation of the boundary CFT. In the coset numerator theory, the state
corresponding to the field of spin s has the form [46]

W) = 3" Ansarantnobun I - T8 O gm0y, (6.55)
n=0

where S, ., is proportional to the totally symmetric invariant tensor of rank s present
for 2 < s < N in su(N). The coefficients A, are determined by requiring that |Wj)
transforms trivially under the denominator subalgebra, and by the normalization condition
(W4|Ws) = ¢/s. For the example s = 3 one finds

Aog=nk(k+N)(2k+N), Ay =—3n(k+N)(N+1)(2k+N),
Ay=3n(k+N)(N+1)(N+2), As=-n(N+1)(N+2), (6.56)

[NIES

N
77:<18(N2—4)(N+1)2(]\7+2)(k:+N)2(2k+N)(k:+N+1)2(2k:+3N+2)) ’
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which leads to the overlap matrix

2 _ v (v
Ry = — (V-1 (N+2)(k+2N+1)  A+1) O(i;])

3(k+ N2 2k+N)(N+k+1)  32-v)
o |(2k+ N -2)(2k+3N +2) (N —1) (k— 1) (k+2N +1)
fi2 = B _\/ 2k + N) (2k + 3N) 3(h+ N)? (6.57)

N wt—502 -4 11
= (1) 4+ =" - — =
s =)+ 5a +O<k’N>’

(N?=1) (N +2)(k—1) v3(1—v) O(l 1).

Ry = _ 11
2T 3 k+ N2k +3N) (k+N—1) 3(2+v) KN

The fact that Ri; is negative for unitary theories is an indication that the conformal
RG interface breaks the higher spin algebra. Also, the four entries do not sum up to
(enk + cnk—1)/3, such that they do not provide a sensible measure of reflection and
transmission.

6.2.3 RG interface boundary entropy

In the boundary state formalism, the g factor of the RG interface is the coefficient of the
vacuum Ishibashi state in the defect boundary state, i.e.,

k+1 k—
2 _ SkoSe Y
=) (6.58)
00

The modular S matrix elements of the right-hand side can be found in the standard liter-
ature (see e.g. [47]), and are reproduced for convenience in appendix F. We observe that
the g factor can be written as a product

> =P Py (6.59)

with

N-1

B (k+ N)? T
Pr= ((k+N+1)(k+N—1)> ’

N-1 : ™ : ™m N-m
sin (77757 ) sin(vr)
P.=]] ( () : (6.60)
m=1 k+N

In the 't Hooft limit, the logarithm of P; only contributes at subleading order in 1/N,

N -1 1 1 2
log P = ——— [log (1 + k+N) + log (1 - k:+N>] = ;—N + O(N?). (6.61)

In order to compute the logarithm of P, define

m™m ™

k+N’ k+ N

(6.62)

xr =
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The following expansion in dx holds:

- sin <W> sin (%) _ ( $2) (LTQ + 0(51:4) ' (6.63)

. - 2rcotr — — 3
sin x sin x sin“x /) T

With (6.62) and (6.63) we can express the leading contribution to log P for large k and
N as

al x z? ox 2
log Py = mZ:l (V - ;) <2x cotx — sin2x> — + 0 (]\[2) . (6.64)
The sum is convergent as long as every x is smaller than 7, which means that the expansion
is valid in the case 0 < v < 1. In the 't Hooft limit the sum becomes an integral. Since the
error term is of order 1/N?, the sum will yield the correction up to first order in 1/N. By
the Euler-Maclaurin formula we obtain

1 e T $2 V2 _2
10gp2:7r/0 (V—)(Qaccotx— — >d$+2N+(’)(N )

m sSm- T

1 TV 2

= z? cotxdx + ;—N + O(N7?) (r<1). (6.65)
0

Combining the results (6.61) and (6.65) we find that

v 2
g = PPy =exp [7r / M cot(m\) dA + VN + O(N‘2)] : (6.66)
0
In the Hooft limit we therefore have
d
. log g% = mv? cot(mv) . (6.67)

After including the factor of 2 for the complex field, this agrees precisely with the bulk
result (5.29).

6.2.4 Matching of coefficients for two-point functions

We can also use the recipe of section 6.2.2 to check the coefficients in the two-point functions
of section 4.1. The bulk scalar field is dual on the IR side of the interface to the CFT
operator ¢ = (I)gfo)’ and to p_ = @%‘3) on the UV side, where f denotes the fundamental
representation of su(N). The conformal dimensions of CI){]I[?O) and CI)%E;) for finite N and
k are

N -1 N+1 N -1 N+1
Mty ="t (eyin) o A= () 689

The first coefficient we would like to match is the constant B in (4.5). Writing the OPE
of the scalar field in the IR as (I){fo) X @{ﬁ)) ~ 1+ C}R(I)(Ieﬁlj,o)’ the constant B is given by
the expression

B =Cirg (@l 01d"V|RG). (6.69)
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The operator <I>(a 41,0) corresponds to the double trace perturbation in the IR.

For finite N and k, the value of C'j; can be obtained, e.g., from Coulomb gas meth-
ods [48, 49]. Since this calculation is not in the focus of this paper we refrain from per-
forming it here, and only point out that in the 't Hooft limit the OPE coefficients of UV
and IR coincide, with C” approaching 1. The coefficient C' goes to 2, in agreement with
condition (6.15).

Now consider the overlap of the IR operator (I>( di,0) with the identity in the UV. In
the numerator su(N)g_1 ® su(N)ys of the IR coset, the chiral state corresponding to this
operator can be written as

|<;S (adi,0) > \/1N (Jgkfl) 2N +k—-1)J" (1 )a) |J (k—1) > (6.70)

with normalization constant
N =(N?-1)2N +k—1)(2N +k). (6.71)

n (6.70), a sum over the indices a of the currents is implied, and indices are raised and
lowered with the Killing form K. The state |J(5k71)> is the corresponding Virasoro highest-
weight state present in the su(N);_; adjoint representation.

Following the recipe of section 6.2.1 we compute the overlap

<( dUV¢ (adj,0) )ZQ( d ¢ (adj,0 )> (672)
by replacing J1, by Jlll in the Zs-flipped state. This yields
1 1-v1
Uuv i _ _
(647 38 0) Za(offy0id”)) = o = T 7 (6.73)

The Ishibashi state coefficient is
(k—1) o(k+1)
SadJ 0 : S(()O
S5

Its computation is similar to that of the g factor in the section above. Using equation (F.1)

(6.74)

of the appendix we find that

SaoShs’ _ o Sn(ED) sin(E) -
k _g . 2 9 ( )
(So,o) (sin(gv=1))

where we used the expression for the g factor from the previous section. In the 't Hooft
limit, the right-most factor goes as

;crgr]\lf\;r—ll)) 51 (71;5:\1[\7__11)) _ k?sin®(7v)

G E)?  m2(1- )
The two factors (6.72) and (6.74) therefore combine into
.m(N N—
\/sm( kELNJr—l)> sin( kng 1))

sin(

+ Ok). (6.76)

(®{; 0id"" |RG) = g

1
=+ Ok, N1, (6.77)

_ 9
= sin(7v) 1
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and we therefore have )
p = Snlm) (6.78)
m(1+v)

Comparing with (4.6) we observe that we have a precise match.

Choosing the two insertions to be on the UV side can be done in the analogous way,
and in the limit merely results in the replacement v +— —v.

It is also straightforward to verify the overlap of the scalar across the interface we
found in section 4.1.2. In the UV theory, the chiral part of the scalar ¢_, corresponding

to (I)(o f)» can be written as a state in the numerator of the UV coset as

bl y) = L)), (6.79)

where w; denotes the first fundamental weight (which is the highest weight in the funda-
mental representation) of su(N), and |w;)() is the highest weight state of the fundamental

representation of su(N);. In order to have a non-vanishing overlap we insert the conjugate
IR

) ding to B ).

ator lies in the product f*~Y @ f(I') of the antifundamental representation of su(Ng—_1)

of the scalar ¢4 in the IR, corresponding to The chiral state in the IR coset numer-

and the fundamental representation of su(Ny/). It is given by

| : \/>Z Vwn_1 —an_1 — ai>(k_1)|w1 —aq —...—ai_1>(1/), (6.80)

where wpy_1 is the highest weight of the antifundamental representation, «; are the simple
roots of su(N), and |A\)(*) denotes the basis state of weight X in the fundamental (or anti-
fundamental) representation of su(N)x. For finite NV and k, the overlap coefficient of one
scaler field insertion on each side of the interface is

(—1) ok D)
of Pof -
<q)%‘,/f)q){ﬁ0)\RG> = T((Cf)%ﬁ)#ﬁo))zﬂﬂof ¢ fo)» (6.81)
00

In the prefactor of modular S matrices we notice that for any level k,

gk N-1 o m(mt1)

of SN =77 sin(mv) sin(7v) »
Sélé) 7]{_:[1 sin g sin(rv/N) % +0( ) (6.82)

Using the explicit expressions (6.79) and (6.80), the other factor in (6.81) becomes

1
(D091 o) Z2 (D0, f)¢> (7, e N (6.83)
The RG overlap in the 't Hooft limit is therefore

sin(7v) .

(0. ([0 |RG) = g —— (6.84)

v

Dividing by g = (1) and including a factor of 2 for the complex scalar, this is indeed what
we obtain as coefficient from (4.16).
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7 Conclusions and discussion

In this paper, we gave a semi-classical holographic construction of double trace interfaces
— RG interfaces associated to an RG flow initiated by double trace deformation. We
discussed methods for constructing double trace interfaces of any shape and computing
observables using mixed boundary value problem techniques. We gave a simple integral
representation for the bulk Green’s function associated to a spherical interface, as well as
the bulk-boundary propagators and CFT two-point correlation functions in closed form.
From these results we obtained the leading contribution of the spherical defect to the CFT
partition function (yielding for d = 2 the boundary entropy).

Double trace interfaces have arisen previously in concrete systems of interest, allowing
us to test our gravitational results against CFT computations. We derived the two-point
function in the presence of double trace interfaces in conformal perturbation theory, and
showed that the result matches the weak-coupling limit of our gravitational computation
in the large-N limit, where the single trace operator becomes a generalized free field. This
result generalizes the special case of a Wilson-Fisher/free field interface near d = 4, studied
in [4] using bootstrap methods. It would be interesting to compute the correlator at large
N in the most physically relevant dimension d = 3. This should be doable by standard
methods; we leave this to future work.

In d = 2, the Wy minimal model RG defects constructed in [5] are realized as double
trace interfaces within the higher spin gravity/WCFT proposal of [16]. Using our results,
we were able to compute several interface overlap coefficients in the semi-classical limit. We
computed the same coefficients using the exact results of [5] and showed that they coincide
at large N. Furthermore, we computed the exact boundary g-factor in these models, and
showed that its large N limit is reproduced by our one-loop gravitational result.

Questions and future directions. There are several further observables associated to
double trace interfaces that would be interesting to compute. One is the leading (one-
loop) correction to the stress tensor two-point function (which in d = 2 reduces to the
transmission/reflection coefficients of [45]) and other operators, and the leading (classical)
contribution to the higher-point functions.

A further question, of interest for the theory of conformal interfaces, would be to study
the fusion of double trace interfaces. This computation was outlined in section 2.3.

There are two further general points of possible interest we would like to mention. The
first is related to defect conformal bootstrap. For free fields, the work of [50] showed that
the two-point function for Dirichlet and Neumann boundary conditions of a free field could
be reproduced by imposing crossing symmetry. We constructed the large- N spectrum of
non-trivial defect operators, and saw that the conformal block decomposition of our two-
point functions closes on these operators in the boundary channel, and on double trace
operators in the bulk channel. It is interesting to ask whether our two-point functions are
the unique solution to the crossing equations that can be generated in this way at large
N it is further possible that, using this boundary spectrum as a starting point, one could
push the analytic bootstrap results of [4] past leading order in e. It is also tempting to
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apply Mellin bootstrap [51] methods to this problem, since there the effects of double trace
operators are included automatically in the Mellin space representation.

The second point is that the match between the gravitational partition function and the
g-factor for Gaiotto’s defect provides further evidence for the proposal of [16] that Zamolod-
chikov’s integrable RG flow is implemented holographically as a double trace deformation.
The starting-point of this RG flow is described on the one hand by the alternative quan-
tization, but according to the original duality it should be described also by a higher spin
gravity with the standard quantization but (at finite N) a slightly different value of v.
This suggests a duality between distinct higher spin gravity theories. It was shown in [40]
that the one-loop correction to the central charge is also consistent with this hypothesis.
It would be of interest to pursue this question further.
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A Coordinate systems on hyperbolic space

We word exclusively in Euclidean signature in this paper, so we are concerned with hyper-
bolic space H4t! in d + 1 dimensions.

A.1 Standard coordinates

The standard Poincaré patch metric for hyperbolic space of unit radius is

du? + dx'dy’
—_—

dszd+1 - (Al)

U
It is also natural for us to work with spherical defects, in which case it is helpful to use

radial coordinates on the flat boundary:

du? + dr? + rzdﬁz_l

ds?{d+l = 'LL2 (A2)
The boundary of H%*! is located at u = 0.
We also work with the Poincaré ball model, whose metric is
ds* = dp? + sinh?p ds?gd . (A.3)

The defining function is 2e™?, and the conformal boundary is the sphere located at p — oo.

A.2 Janus coordinates

The Janus decomposition is a slicing of H%! by surfaces whose geometry is H?. The
standard form of the Janus decomposition is

1
dsta = pre (dp® + ds3a) - (A.4)
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In this coordinate system, the boundary is split into two components, located at u = £7.
The interface between the two boundary components is located at the boundary of H¢.

We work rather in terms of the following coordinate systems:

1
sinh 8 = tan z = 5(1 — sin p) (A.5)
in terms of which
_ 1 2 2
dSHd-H = m (dZ + Z(]. - Z) dSHd) (A6)
= dpB* + cosh?B ds?y, . (A7)

Defining function. Choosing a member of the conformal class of metrics on the bound-
ary is equivalent to choosing a defining functional ¢ with the following properties.

1. In a neighborhood U of the boundary, ¢ vanishes on the boundary but nowhere else.

2. In U, the metric can be written in Fefferman-Graham form

_dC? + i5(¢, ) dat dad

2
dS C2 )

(A.8)

where ((,z) form a coordinate system, and lim¢_,0v45(¢, ) yields a non-degenerate
metric for all z.

The defining function adapted to Janus coordinates is ( = /4z(1 — z), inducing the bound-
1
2
z+ 1 — 2z, but it is a good coordinate in a neighborhood of either boundary component.

ary metric ds?d M= ds%d. Note that ( is not a coordinate at z = 3 since it is invariant under

A.3 Coordinates on H?

We use the following coordinate systems for the H¢ slices of the Janus geometry. The
standard Poincaré patch and ball metrics are

dy? +di? A (dP? +72d9 )

dsya = R TR (A.9)
Rather than 7, we find the following coordinate more useful:
w = 1i2f2 , (A.10)
in terms of which
ds?y = _dw? dw(l + w)dQ3_, . (A.11)
w(l+ w)
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B Bulk-boundary propagator from dual integral equations

The purpose of this section is to explicitly derive an expression for the mixed bulk-boundary
correlator by solving a mixed boundary value problem. The setup is as follows: the interface
is the sphere || = R, which separates the CFT region in the interior from the CFT_ region
of the exterior. Throughout this section we use the Poinaré patch coordinates (u, x).
Here we compute the mixed bulk-boundary propagator K (u,x;x’) for [x'| < R. We
will do so by imposing properties [K1]-[K3] in order. Property [K1] can be satisfied by
expanding K in solutions to the wave equation with an unspecified coefficient function 1,

Ky(u,x:xX) = > Yi(x X)Ke(u, 1) (B.1)
L
on 1 > /2
Ketuorir) = s | Al w K (€u) T (60). B2

Here my = E—i—%— 1,7 =[x/, and x = % is the unit vector in the x direction. This expansion
is in terms of boundary spherical waves r'=%2Y,(, X')Jpm, (€r) of Laplacian eigenvalue ¢2,
in which Yy(x,x’) denotes the spherical harmonic rotationally symmetric around the Y’
axis with Laplacian eigenvalue —¢(¢ +d —2) (¢ =0,1,...). Using

WK ()]s = a0 WK (€], = o€ an =27 T() by = )
(B.3)
we obtain the asymptotics of K as u — 0,
Ko = s [ 4667 (€0 (B.4)
b oo
Kila, = s [ 466 T (€ (6) (B.5)

Property [K2] says that [K]a
imposing the ansatz

. should vanish when r > R. This can be guaranteed by

R
U(©) =€ [ dsgi() (). (B.6)
a fact verified as follows. Since v < 1, this integral exists provided g,,(s) is bounded on
[0, R]. Using the relation
L n(es)] = e e (B.7)
ds
we see that

b B ds d o1 [ 0
[’CK]A+ - Td/gl/o Smg—i—l—ygﬁ(s)% |:S ¢ +1/0 d€&" Jim, (§7) Imy—v+1(§8)| - (B.8)

The inner integral is a Weber-Schafheitlin discontinuous integral (see e.g. (11.4.33) of [52]),
and takes the value

v Sufmgfl e

/O 6" T (€)1 (69) = iy 05— 7). (B.9)
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We thus find

2vh B s d [ 0(s—r
Kea, = e _OV)TL’/O Sé+d/2—r/g£(s)£ [(52(_7,2))4 . (B.10)

In particular, [K7]a, vanishes for r > R, and so our ansatz guarantees that [K2] is satisfied.
We must also impose the condition [[;Ja_ = 6 (z — ') for 7 < R. Inserting our
ansatz gives

R 00
Kida: = gos [ dsats) [T ase e dn ). a1

Once again the inner integral is a Weber-Schafheitlin discontinous integral, and takes the

value - S
/ 0E € T (€0) Ty (€8) = — T i ) (B.12)
0

ao (r2 — s2)1-v

so that for r < R,

1 T Sm[—l/
Kela_ = M/o dé‘gz(s)m- (B.13)
Let us now impose the condition that [[Co|a_ = ¢p(r), i.e.,
/T ds gg(s)L = =20, (r) . (B.14)
0 (r2 — s2)1v
This is an integral equation of Abel type. For 0 < a < 1, the equation
AL

|, 7 - wor ’

has solution

sin(ra) d /5 h'(t)g(t)du
_ d B.16
=75 )y ) — weas (10
(see e.g. (2.3.2) of [17]). With the substitutions
a—1-v h(t) — 2 f(s) = s™ 7V ge(s) g(r) — 4 20,(r) (B.17)
we obtain (x) a1, )
2 sin(mv) d [ uTC dp(u)du
= — _— . B.18
g@(S) sMe—v T ds /0 (82 — ug),/ ( )
Our particular condition is [K]a_ = 6(¥(z — 2’). The delta function can be expanded
o(r—1") L
§D(z—a') = — D eY(d,a') (B.19)
12
where 1
o = —=Yi(&, 3" with N, = / dQq_1(2)|Ye(2)]?. (B.20)
N gd—1
This means that ¢¢(r) = 7 0(r — 1), and therefore
sin(mv) sy yg—ajera d [ 0(s —1')
=2¢p——= — | - B.21
gg(S) Ce T rs ds (82 _T-IQ)V ( )
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Together with equations (B.2) and (B.6), this yields an explicit integral representation for
the mixed bulk-boundary propagator K. The relevant integrals can be evaluated in terms
of hypergeometric functions, and one can verify that (up to a change in conformal frame)
the result matches (3.44).

C Spectral decomposition on H?

Start with the metric (A.11) on H¢,

dw?
2__= 2
ds® = w(l + ) + 4w(1 +w)dQ_1(7), w € [0,00) (C.1)

with v coordinates on S9!, We look for solutions to the equation
— V3, U =\T. (C.2)

Let ¢ index the harmonics Y; on the unit sphere S~!, and denote by L, the eigenvalues of
—V%d_l; Ly = k(k + d — 2) for an integer k. Decomposing ¥ = Yyi)(w), we have

([wu Pl L1 )2 (1)) L+ A) bw) =0, (C3)

This equation is hypergeometric, and has a unique solution that is finite as w — 0:

1.1
_ 5t10,5—1
U (W) = Nio 02 (1 4 w)? (d+k)/22F1<2 ga+2k J‘_w> (C.4)
2

_1)2
where we have expressed the eigenvalue in the form A = o2 + %.

We can find the normalized eigenfunctions in the following way. First of all, let Y, be

normalized,
[ 490 () Vi)V a) = b (C5)
The Olevskii transform gives a resolution of the radial delta function of the form
d
1w 2 k1
— S(w—w')= :
( ” > (w—w'") (C.6)
2
00 T(Lio (&=t kag 1 1
1/ o (5+io)I( 2d+ +io) , 1( 2+2;7,2 w‘—w>2F1< 2—i—zda,2 ic ‘ —w')
m™Jo F(QZU)F(§+]€) g‘i‘k) §+k
Setting

20-0/2 (1 i) T (42 + k + io)
ko — . d (07)
NZ3 I'(2i0)L(5 + k)

and Wy 5 (w,7) = Yy(7)¢r,0(w), we obtain the identity

& —_— 1 ggd—1 , ’
do Yy o(w, 7 )Wy o (w,y) = S(w—wo(y—7+) = ow —w)o(y,v) .
/ ST T ag0,3) = ol =)ol o) = Y = )it
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Similarly, from the inverse Olevskii transform we find that
/ 27 Uy (1) (@) = Sp.0 60 — o) (C.9)
Hd

where 2* denote the coordinates on H¢.
Thus the functions ¥y, form a complete basis for the normalizable functions on H a.

SO(d, 1)-invariant bifunctions. Our primary interest is in bifunctions on H?, i.e. func-
tions u(x, 2) of two points =, 2’ € H? that are symmetric and invariant under SO(d, 1), that
are also eigenfunctions of the Laplacian. As with any function, it is possible to expand it
with respect to eigenfunctions of the Laplacian uy(z, z") satisfying the same properties. At
fixed eigenvalue A, such functions can be decomposed as a sum over spherical harmonics
of the ¥, , functions:

un, (2,2') = ep(a)) Uy o (). (C.10)

4

Such a function depends only on the hyperbolic distance, and so it suffices to set 2’ = 0
(i.e. w' = 0). The expression is further rotationally invariant around 2’ = 0, which implies
that only the ¢ = 0 mode contributes. We thus find

u(z,0) = ¥, (w); (C.11)

of course, for £ = 0 there is no dependence on the angular variables . To recover the
general expression, we simply express the result in terms of the hyperbolic distance.
The invariant distance between the point ' with w’ = 0 and the point z = (w,~) is

d(z,2') = /Ow [s(1+ 5)]Y2ds = 2sinh ™! (w'/?) (C.12)

which gives 4w(1 + w) = sinh? d(z,2’). A simple expression for the hyperbolic distance in

. 7 . 2 “2 . . .
Poincaré patch coordinates % can be given in terms of the cross-ratio X?i:

(-2 +(y—y)?
dyy’

For w' = 0, x3 = w, so u(z,0) above can be covariantized to general 2’ by replacing

d(z,2") = cosh_l(l + 2X¢21) , x§ =

(C.13)

w > XA
A bifunction of particular interest for us is

Z‘I’eo Woq(a'). (C.14)

Equation (C.8) implies that [do J,(z,2") = d(z,2’), which is invariant under SO(d, 1)
transformations; because SO(d, 1) doesn’t mix eigenvalues of the Laplacian, this implies
that J,(z, ') itself is invariant under SO(d, 1) transformations.

By acting with a conformal transformation, we can set ' = 0, in which case all modes

but k = 0 drop out. With Yp(y) = (vol S 1)~1/2,
2
1,1 _
5 +10,5 —10
F 2 ’2 ‘_ .
2 1< d/2 w>

(C.15)

1 2 w)1= 42 r'(: +20)F(d2 +i0)

Jo(2,0) = —— g1 5 (1 I'(2i0)T (%)
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As we saw above, we can find its value at general z’ by replacing w Xﬁi

2
1 T(d/2) | T +io) T (2 +io - 1ol io
Ja(m,x')— ( / ) (2 ) ( 2 ) (1+X§)1 d/22F1<2 2 ‘_X§>

T (4m)d2 7w I'(2i0)0(2) d/2
(C.16)
2
1 T(d/2) |T(3+io) (% +io) » dgl—i—z'a,dgl—ia’_ 2\ (can)
N T(2i0)0 (%) 2 d/2 Xaj-
We often require the value at coincidence:
2
1 T(d/2) |T(3 +io)[(&E +io)
Ny = J,(z,2) = 2 2 C.18
(z,) @iE T io)(d) (C.18)

D Integral transforms

In Janus coordinates, we make extensive use of a hypergeometric index integral transform.
The transform in question is a generalization of the Mehler-Fock transform that was first
discovered by Weyl [53]. His work was largely forgotten, and the same integral transform
was later rediscovered by Titchmarsh [54] and Olevskii [55].

Let a,c > 0, and f(z) be a sufficiently well-behaved function (say, smooth and of
compact support) on Ry. The transform J, .{f} of f is

a—+1is,a—1s

0(5) = TaolFHs) = / T dratte (14 x)F( e

)—m> f(z). (D)

The inversion theorem (see, e.g., [56]) states that f(z) is recovered by the following formula:

2 a—+1is,a—1s
F ’ ’—x s).
2 1( 0t e >9()

(a+is)I'(c+is)
I'(2is)'(a + ¢)

f(x) =T Ho (@) = % /O°° s ‘F

E Hypergeometric functions
The Gauss hypergeometric function is defined by

2F1<a’cb‘z> —iWi (E.1)

n=0

We also encounter the generalized hypergeometric function

(e |) = S e £2)

b
Differential equation. Set F(z) = 2F} <a, ‘z) Then F' satisfies
c

2(1=2)F"+ [c—(a+b+1)z]F' —abF =0. (E.3)
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E.1 Identities

E.1.1 FEuler identities

a,b —a— c—a,c—b
2F1( ‘z):(l—z) b2F1< )z) (E.4)
c c
= (1—2)7%,F a’c_b)— : (E.5)
B 2 c 11—z '
—(1—2),F C_a’b’— : (E.6)
B 2 c 1-z ’
E.1.2 Kummer’s connection formulas
Defining
_ 1.h—
<I>1—2F1<a7b‘z> @2—z102F1<a ct+1L,b c+1‘z> (E.7a)
c 2—-c
Dy = o F a,b ‘1—,2 By = (1— z)ea by [ €T @CT0 )1—z (E.7b)
ST N a+b—c+1 e Ne—a-b+1 '
_ a,a—c+11 —b b—c+1,01
D5 = (—2) % F Z) B = (—2) " F - E.7
5= (=2 1( a—b+1 z) 6= (=2 1<b—a—|—1 z) (B-Tc)
we have
I(e)T'(c—a—b) I'(e)'(a+b—c)
P = d d E.8
T Te—a)T(c—b) ° T(al(b)  * (E-8a)
L'(e)I'(b—a) I'(c)T'(a —b)
P E.8b
F(B(c—a) ° T(al(c—b) ° (E-8b)

These are guaranteed to be valid for 0 < Rz < 1 and Rz < 0, respectively; for general
values of z one needs to take care with the branch cuts.

E.1.3 Sum relations

The decomposition into conformal blocks of section 4.2 is accomplished using equation
(4.3.11) of [57],

(L,b _ - (Oé)k(ﬁ)k _ k (I,b,’}/—Fk’—l,—k a_‘_kaﬁ—i_k
(1) e (T e ().
(E.9)

valid for any choice of a, 5,y such that the identity makes sense. For our two-point function,
4 F3 reduces to 3F5, and we apply Saalschiitz’s theorem

(l7b,—k (C_a)k(c_b)k
3 1) = k=0,1,2,... E.1
3 2<c,a+b+1—c—k‘ ) ()(c—a—Db) 0.1,2, (E-10)
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E.2 Integrals

When the sum (E.2) converges uniformly on [0, 1], Taylor expansion together with the beta
integral implies

! 1 i ar,...,ap L(w)T(v) Wy, ..., ap
/0 dzz' (1 = 2) qu(bl,...,bq ‘Z> - F(;H—u)p+1Fq+l<M+y,b1,...,bq‘Z>
(E.11)
provided the integral exists. If the integrand is bounded as z — 1 but diverges at z = 0,
subtraction of the power law divergences is equivalent to performing analytic continuation
in u. Only a finite number of terms give rise to divergences; the most divergent contribution
has the form —%.

E.3 Index integrals of hypergeometric functions

Let a1, a9,a3,a4 € R, and consider the integral

1 [ |T(a1+io)l(ag+io)(az+io)T(ag+io) a1 +io,a1—io,by,...,b,
- do . pr2ly ‘z .
T Jo I'(2i0) Cly..-,Cq
(E.12)
Expanding in powers of z and using the De Branges-Wilson integral
2
1 Iy T(ai +io) [Lic; T(ai + ay)
— do : = (E.13)
7 Jo I2io) I, )
we see that it equals
. I'(a; + a; .
[Lic; T(a; J)p+3 - a1 + az, a1 + az, a1 + aq, by, 7bp‘z . (E.14)
F(Ez a;) Zz Qi,C1,...,Cq

E.4 Three-term relations for g3F5(1)

ag,ai,a ag,a1,a
The purpose of this section is to provide a sum rule for 3f2< 0, E1 2)—3F2( 0, 2‘1).

by, 02 b1,b2
With a= (ao a“ a2>’ define

by bo
H2_0 sin ma; < ag, ai, as >
u(a) Hlesinwbigfz b1, b (E.15)
and set

ap—by+1la;—by+1lax—b1+1
= E.16
Tl(a) ( 2—b1 bg—b1—|—1> ( )

ap—by+1la;—by+1laz—by+1
= ) E.17
T2(a) ( by — by +1 2 — by ) ( )
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We utilize the following standard 3-term relation (see, e.g., [58], whose notation we follow):

y(a) +y(ni(a)) +y(m(a)) = 0. (E.18)

o <31/ 1+ sv Ag ) (.19)

14+2sv Ag+1+¢€

Applying this to

and taking the limit ¢ — 0 gives the relation

1 sv, 1+ sv, Ag NAPI(AL)
——t — = =0. E.2
g tan(mv) gi:lsm ( 1+ 250, Ay + 1> D) (E:20

F Conventions for su(INV)

Our conventions for su(/V) and its affine algebras follow [47]. Here we collect some facts
which are important for our section 6.2.

The dimension of su(N) is N2 — 1, and the dual Coxeter number is g¥ = N. Bases
of generators are denoted J% a = 1,...,N? — 1. The weight and root lattice of su(N)
can be realized in RY with standard basis e1,...en: the roots are given by a = ¢; — ¢,
for ¢ # j, and we define the positive roots to be those with ¢ < j. A set of simple roots
is then provided by «; = ¢; —e;41 for ¢ = 1,..., N — 1. The root lattice consists of all
vectors of the form va | nie; with n; € Z and ), nZ = 0. The Weyl vector, given by half
the sum of all positive roots, is represented by p= 3 Zl 1 (N 4+1—2i)e;. The fundamental

weights are w; = " - Zj 1ej for i = 1,...,N — 1; every weight is given by

j:l
A= ZN 1 \;w; with Dynkin labels A;. In our case we need in particular the fundamental
and antifundamental representations with highest weights w; and wy_1, respectively. The
fundamental representation contains the weights wy; — Z;:l a;, and the antifundamental
representation contains the weights wy_1 — Z;:l an—j; fori=0,1,..., N —1 (empty sums
are 0). We also need the adjoint representation 6, which has Dynkin labels 1,0, ...,0, 1.

In the su(N), WZW model, the chiral fields J%(z) can be decomposed into modes
J%, n € Z, where J§ act as —J* on the Virasoro highest weight states |\) labeled by
su(N) weights, and J%A) = 0 for n > 0. The |\) have (chiral) conformal dimension
(A, X+ 2p)/2(k + N), where the inner product coincides with the standard one on R¥.
Highest weight operators with respect to the su(N)y algebra only occur if (A, 0) < k.

The formula for the elements in the first column of the (symmetric) modular S matrix is

— |det((a);)| 2 (k+ N)~ "= [ 2sin ( 2”;”). (F.1)

In this formula, the o) denote the coroots, which in RY coincide with the roots.

For the coset su(N)g ® su(N)y/su(N)xy1, we recall that representations are given by
a triple A = (A®) XD AEHD) of weights of the respective affine su(N) algebras. The
condition that A(®) 4+ X(1) — X(++1) peeds to be in the root lattice then allows precisely one
A for a given pair (AR, \(E+1)),
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