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ABSTRACT: The decay rate of a false vacuum is studied in gauge theory, paying particular
attention to its gauge invariance. Although the decay rate should not depend on the
gauge parameter ¢ according to the Nielsen identity, the gauge invariance of the result of a
perturbative calculation has not been clearly shown. We give a prescription to perform a
one-loop calculation of the decay rate, with which a manifestly gauge-invariant expression
of the decay rate is obtained. We also discuss the renormalization necessary to make the
result finite, and show that the decay rate is independent of the gauge parameter even after

the renormalization.
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1 Introduction

Calculation of the decay rate of a false vacuum (i.e., bubble nucleation rate) was formulated
in [1-3] by introducing the so-called bounce, a saddle-point solution of the Euclidean classi-
cal equation of motion. The decay rate of the false vacuum per unit volume is expressed as

v =Ae b (1.1)



Here, B is the bounce action, the Euclidean classical action of the bounce configuration.
The prefactor A is obtained by integrating out field fluctuations around the bounce config-
uration as well as those around the false vacuum. It takes account of radiative corrections
(i.e., loop corrections) to the effective action of the bounce.

When a scalar field responsible for the metastability of the false vacuum has gauge
interactions, fluctuations of the gauge fields as well as those of the Faddeev-Popov (FP)
ghosts contribute to the prefactor A. Gauge dependence of A is the main subject of this
paper. Gauge fixing is necessary for the calculation of the radiative corrections, with which
a gauge parameter (which will be called £ in our analysis) is introduced. Then, some of the
propagators of the fields acquire unphysical poles which depend on &; the {-dependence
should vanish from physical quantities. According to the Nielsen identity, the effective
action is gauge independent at its extrema [4, 5], although, in general, the effective action
is gauge dependent. In perturbative calculations of the decay rate of the false vacuum,
however, it has not been clarified how the gauge dependence vanishes and what the gauge
invariant expression of the decay rate is.

The prefactor A consists of functional determinants of second-order differential oper-
ators (so-called fluctuation operators) governing mode functions of the field fluctuations.
Such functional determinants are expressed by asymptotic values of solutions of the second-
order differential equations. Evaluation of the functional determinants has several compli-
cations in gauge theories. First, gauge and Nambu-Goldstone (NG) fields mix with each
other when the gauge symmetry is spontaneously broken, which makes the behavior of the
solutions complicated. Second, as we have already mentioned, the fluctuation operators
contain the gauge parameter £ so that the {-independence of the decay rate is not manifest.
These make it difficult not only to understand the gauge invariance but also to numerically
calculate the decay rate. Indeed, for a stable numerical calculation, the 't Hooft-Feynman
gauge with £ = 1 is usually adopted, with which the fluctuation operators become simple.
However, with a calculation based on a particular choice of the gauge parameter, the gauge
invariance of the result can not be discussed directly.

Recently, a gauge-invariant expression of the decay rate has been derived for a case
where gauge symmetry is spontaneously broken in the false vacuum [6]. In [6], a gauge
fixing function which reduces to the R gauge around the false vacuum has been adopted.
(We call such a gauge as an Rg-like gauge.) However the procedure proposed in [6] cannot
be applied if gauge symmetry is preserved in the false vacuum. This is because, in such
a case, there shows up a class of bounce configurations related by the internal symmetry,
all of which contribute to the false vacuum decay. With the Rg-like gauge fixing, the
fluctuation operators are dependent on the bounce configuration, which makes it difficult
to take account of effects of all the possible bounce configurations.

In this paper, we study the decay of the false vacuum in 4-dimensional (4D) gauge
theory, paying particular attention to the gauge invariance of the decay rate.! We improve
the analysis of [6] and present a prescription giving rise to a gauge-invariant expression of
the decay rate, which is applicable to the symmetry-preserving false vacuum. We use the

'For the study of the thermal transition rate of sphaleron, see [7].



following gauge fixing function, 7 = 9,4, (with A, being the gauge field), with which
we show that the difficulty mentioned above can be avoided. We resolve the complication
due to the mixing between the gauge and NG modes, and systematically integrate out the
fluctuations of the gauge field, NG mode, and the FP ghosts to calculate the prefactor A.
We give a manifestly gauge invariant expression of the decay rate of the false vacuum. Our
results are useful not only for understanding the gauge invariance of the decay rate but
also for simplifying the numerical calculation of the decay rate.

The organization of this paper is as follows. In section 2, we describe the model we
consider. Important formulae for our analysis are discussed in section 3. Calculations of the
functional determinants for the cases with and without the spontaneous symmetry breaking
of the gauge symmetry at the false vacuum are given in sections 4 and 5, respectively. The
issues related to the renormalization are studied in 6. The final expression of the decay
rate can be derived from egs. (6.22)—(6.26); readers who are interested only in the result
can skip to these equations. Section 7 is devoted for conclusions and discussion.

2 Set up

2.1 Lagrangian, bounce

We consider a model with U(1) gauge symmetry; application of our argument to the case
with non-abelian gauge groups is straightforward. For simplicity, we concentrate on the
case where there exists only one charged scalar field ® which acquires a vacuum expectation
value (VEV). The Euclidean Lagrangian is given in the following form:

1

£=1

FuFu + (0, +igA,)®1[(0, — igA)®] + V + Lo, + Lehost, (2.1)

where F),, = 0,A, — 0,A,, and V is the scalar potential. In addition, Lg . and Lgnest
are the gauge fixing terms and the Lagrangian of the FP ghosts, respectively. The scalar
potential V' has true and false vacua. We denote the scalar amplitude at the false vacuum
to be v/v/2, and choose the field configuration of the false vacuum as

(Aua <b)falsevacuum = (Oa 'U/\/i) (2'2)

In the path integral formulation, the decay of the false vacuum is dominated by a
classical path, i.e., an O(4) symmetric solution of the 4D Euclidean classical equation of
motion with appropriate boundary conditions (the so-called bounce) [1-3]. The bounce
solution settles to the false vacuum at the infinity of the Euclidean space:

lim (A,,, ®)pounce = (0,/V2), (2.3)

T—00

where r = | /x,7, is the 4D radius in the Euclidean space. The bounce is characterized by
the function ¢(r) which obeys

D2 + §ar<1> — Ve =0, (2.4)
" ¢/ V2



where Vg = 0V/0®. It also satisfies
rp(r = 0) =
(T = ) v,

where the center of the bounce is set to be 7 = 0. We assume that ¢ is a real function of
r. The bounce configuration is given by (A4,,®) = (0,¢/v/2) when v # 0, while that for
the case of v = 0 is not unique as we will explain later.

It is important to understand asymptotic behavior of the function ¢. Let us assume
that the leading term of the scalar potential around the false vacuum is quadratic. Then,
because ¢ settles to the false-vacuum amplitude at » — oo, the asymptotic behavior of ¢
can be understood by using the following equation:

06+ 0,6 m3(6—v) =0, (2.7)

where mi is the curvature of the potential around the false vacuum. We parameterize the
asymptotic behavior of ¢ as

€—m¢,7‘

&(r%oo):v-i—mw,

(2.8)

where & is a constant.

In some of the previous studies [8, 9], a gauge fixing function which reduces to that
of the R¢ gauge in the false vacuum has been adopted: F¢) = 9,4, — 26g(Re®)(Im®).
However, such a gauge fixing function causes a problem when v = 0 [6]. In such a case,
the symmetry is restored in the false vacuum and there appears a class of independent
bounce configurations related by the internal U(1) symmetry. The configuration is given
by (A, ®) = (9,0/g, ¢e’® /\/2), where the function © obeys

0?0 + %are — %gg%? sin 20 = 0. (2.9)
The above configuration satisfies the classical equation of motion as well as the boundary
condition given in eq. (2.3). The function © is required to be finite, and is determined
by its value at » = 0; an independent set of the bounce configurations is obtained with
0 < ©(0) < 2r. When v = 0, we should take account of all the bounce configurations
labeled by ©(0) for the calculation of the decay rate of the false vacuum. However, it is
highly non-trivial because the fluctuation operators around the bounce depend on ©(0),
and also because we have to understand the measure for the integration over ©(0).
Such complications can be avoided with a gauge fixing function which does not contain
the scalar field [10]. In our analysis, we adopt the following gauge fixing function:

F = 0,A,, (2.10)
with which the gauge fixing term is given by

Lor = 75]-"2 (2.11)



In addition, the FP ghosts become free fields:
Lghost = —C€0,0,c. (2.12)

With the gauge fixing function given in eq. (2.10), we find a class of solution of the
classical equation of motion, which is given by

(A;u (I))classical solution — (07 Q_S(T’)ew/\/i), (2'13)

with ¢ being a constant, parameterizing the configurations of the classical solutions. When
v # 0, only one configuration with ¢ = 0 satisfies the boundary condition given in eq. (2.3).
Then, we can easily integrate out the fluctuations around the bounce, as we will discuss
in section 4. On the contrary, when v = 0, all the classical solutions parameterized by 1
contribute to the false-vacuum decay because all the bounce parameterized by 9 has the
same asymptotic value at r — oo, and contributes to the vacuum decay. This issue will be
discussed in section 5.

2.2 Fluctuation operators

For the evaluation of the decay rate of the false vacuum, it is necessary to integrate out
the fluctuations around the bounce. Such an integration can be performed by calculating
the functional determinants of the second order differential operators (i.e., fluctuation
operators). It is convenient to decompose the gauge field and ® as

1,y - ,
Ay=a, &= Eel (¢ + h+ip), (2.14)
with A and ¢ being real modes. Hereafter, we call h and ¢ as “Higgs” and “NG” modes,
respectively.
With the gauge fixing function given in eq. (2.10), the fluctuation operator of the gauge
and NG modes around the bounce configuration is

_625;“/ + <1 - 2.) a,ual/ + .92&2 g(auq_b) - ng_)au
M Awe) = (82 _) (2.15)
29(9,0) + gpd, —0% + j

Here, the derivatives act on everything to the right unless brackets exist; for example,
with the expression (8,@5), the derivative acts only on ¢. The calculation of the functional
determinant of M(4#%¥) is the main subject of this paper.

Because the bounce configuration is O(4) symmetric [11, 12], the fluctuations can be
expanded by using hyperspherical functions on S®. The hyperspherical functions are labeled
by the quantum numbers of the rotational group of the 4D Euclidean space, i.e., SU(2) 4 X
SU(2)p (the so-called A- and B-spins). Namely, we denote Vjm, mp = (F|J,ma, mp);
f is the coordinate on S®, the eigenvalue of S% and S]% is J(J + 1), and that of Sa3
(Sp3) is ma (mp), where generators of SU(2)4 and SU(2)p are denoted as S4 and Sp,



respectively. With introducing radial mode functions denoted as ag, ar,, a1, and ara, a,
can be expanded as

xT T
au(x) > aS(T)TMyJ,mA,mB + aL(T)*aMyJ,mA,mB

L
+ a7 (T)iepupavy(l)chryJ,mA,mB + aT2(T)iﬁpypavl,(z)LpoyJ,mA,mB7 (216)
where V" and V;{?) are (arbitrary) two independent vectors, Ly, = %(xp(% — 250,), and
L=+/4J(J+1). (2.17)

(Notice that Ly, LY imams = LQyJ,mA,mB.) Here, we omit subscripts J, m4, and mp
from the mode functions for notational simplicity, and summations over J, m4, and mp
are implicit. There is no L- or T-mode for J = 0. The scalar bosons can be expanded as

h(SU) > O‘h(r)yJ,mA,mB, (218)
() 3 aw(r)Vgmamp- (2.19)

The behavior of the radial mode functions are governed by the fluctuation operators. In
the following, we show explicit expressions of the fluctuation operators for each angular
momentum.

The fluctuation operator for (o, oy, o,) and that for (a1, ar2) are decoupled from
each other. For J > 0, the fluctuation operator for (ag, ar, ay) is given by

3 . 2L o
—Ay+ 2 +9°¢° sl 9¢' — 90,
2L 1 - L -
MIPEE) = —— —Aj— 5+ —=g¢
r r T
_ _ 3 - L - JANY)
299" + g¢0r + —g¢ ——g¢ —As+ (Lo?)
r r 10}
3 3 1 1
F+=0,— —L<6r—2) 0
1 T T T T
N <1 _ ) 1. 3 2 (2.20)
L{=0,+ > ——= 01"
0 0 0
where ¢/ = 0,¢, and
L2
Ay=8%+ §8T -5 (2.21)
T r

For J = 0, az-mode does not exist, and the fluctuation operator is in the form of 2 x 2
differential operator; Mgiﬁ) is obtained from eq. (2.20) by eliminating the second row and

the second column:

1 3 _ _ _
(S.0) g <AO + 7‘72 + 592¢2> g¢/ - g¢ar
7@ —
Mo =7y (B0d)
29¢" + g0, + ;gé —Ap + 3

(2.22)




In addition, the fluctuation operator of the transverse modes is given by

M =—A)+ g%, (2.23)
while that of the FP ghosts is
MED) = _A; (2.24)

The radial mode functions can be expanded by using the eigenfunctions of these fluctuation
operators.

We also need fluctuation operators around the false vacuum, which are denoted as
M\(A“"p), /T/l\((]S’L’QD), M\ST), and so on. (In this paper, the “hat” is used for objects around
the false vacuum.) They can be obtained from the corresponding fluctuation operators
around the bounce by replacing ¢ — v, and ¢’ — 0. For the case of v = 0, (Ag¢)/¢ should
be replaced by mi

Finally, let us comment on the contribution of the Higgs mode. In this paper, we
concentrate on the case where there exists only one charged scalar field which has non-
vanishing amplitude. However, assuming renormalizability, extra neutral scalars are nec-
essary to make the scalar potential to have both false and true vacua; we implicitly assume
that this is the case. The neutral scalar fields may mix with the charged scalar when the
U(1) symmetry is broken. Thus, the fluctuation operators of the CP-even scalars (which
includes the Higgs mode) are highly model dependent.? However, the fluctuation opera-
tors of the CP-even scalars do not depend on &, and hence have nothing to do with the
gauge dependence of the decay rate of the false vacuum, which is of our primary concern.
Therefore, we do not discuss the effects of the Higgs mode.

2.3 Prefactor A
The prefactor A in eq. (1.1) is given by [2]

B2 = c.t.
A= HA/(}L)A(A”’@)A(C’C)A(eXtra)6_8( )7 (225)

where A'(") AAu#) and A®9) are contributions of the Higgs mode, (A, ¢), and the FP
ghosts, respectively. The “prime” on A" indicates that the effect of the zero modes in
association with the translational invariance is omitted [2]. If there exist extra fields other
than those mentioned above, their contribution is denoted as A©*3): hereafter, we do not
consider A7) Tn addition, S(*) is the counter term to subtract the divergences.

At the one-loop level, each contribution is obtained by evaluating the functional de-
terminants of the fluctuation operators. In particular, formally, A4»%) is given in the
following form

AAu) — (2.26)

Det M (An®) —1/2
Det./T/l\(AH"P)

2In our study, we assume no significant CP violation in the scalar sector, i.e., no mixing between CP-even
and CP-odd scalars.



It can be further decomposed into the contributions of (ag,ar,¢) and (a1, ars), which
are denoted as A L#) and AT respectively, as

A = ABEDATD (2.27)
where
500 [DetMBA] T 2 [Depm(SE#) —(211)2/2
L) _ | 2% Det M ;"
A a MS) 1 7(S,L,p) ) (228)
DetMO J=1/2 DetMJ
00 1 —(2J41)?
AT =11 DetMy (2.29)
J:1/2 Det./\/lf,T)
Furthermore, the ghost contribution is given by
o) (e,c (2J+1)2
AT =1 Detr, (2.30)
J=0 DetM‘(]QC)

2.4 Functional determinant

In order to evaluate the functional determinants, we use the method given in [3, 13-15]. For
fluctuation operators ML(]X) and Mf,X), which are N x N differential operators in general, we
first consider N independent functions 1/1§X)(r) and {%X) (r) (with I =1 — N), which obey

MG — o, (2.31)
MGG = (2.32)

In addition, gX) and 12)\§X) are regular at r — 0. With these functions, we introduce the
following quantities:

DO (r) = det(piM (1) - {0 (1), (2.33)
DO(r) = det(@{ (r) - BV (). (2.34)

When ) IX (r ) and 1Z§X) (r) have the same boundary condition at r — 0, the quantity
Det./\/l /Det./\/l ) is given by the ratio of Dgx)(r — 00) and ﬁSX) (r — o0). For a general
boundary condition at r = 0, the ratio of the functional determinants is given by

X X -1
Detmy [PV = 0] DYV (rao) (2.35)
Det M) D= 0)| DY)

where 74, is the abbreviation of » — oo. This relation is derived in appendix A.

3 Useful formulae

In this section, we summarize properties of the functions used in our calculations of the
functional determinants in later sections. The formulae given in this section are applicable
both for v # 0 and v = 0.



3.1 FP ghosts and transverse modes

The fluctuation operator for the FP ghosts is given in eq. (2.24). We define the function
(FP) _ .
f; =7 which obeys

AP =0, (3.1)
and fﬁFP)(O) is required to be finite; we normalize fﬁFP) as
RGET (3.2)

(For J =0, féFP)(r) = 1.) The differential equation M\F]E’C) f(]FP) = 0 has the same solution:

A =150, (3.3)
Using eq. (2.35),
Det/\/l(é’c)
Det/\/lf’C

For the functional determinants for the transverse modes, we define the functions f}T)

and ﬁT) , obeying

(A - g* M) =0, (35)
(A — g2 D =0, (3.6)
with
SO0 = 0) ~ F = 0) ~ 72, (3.7)
Then,

DetMST) B f‘(]T)(roo)
Det M) PP (rs)

(3.8)

3.2 S, L, and NG modes with J # 0

In this subsection, we consider the functional determinants of the fluctuation operators for
the S, L, and NG modes with J # 0. For this purpose, we should consider the equations

MPER Y — (3.9)
and

MPERG — 0. (3.10)



First, we consider eq. (3.9). It is convenient to use the fact that the solutions of
eq. (3.9) can be expressed by using three functions which we call x, 1, and . Let us define

1 ¢’
Or - —2——
 (top) X rg? g2 n 9233
U= | gmid | = [ L |4 1 a0 |+ 0 : (3.11)
g (bot) T_X Lr?g%¢? Ol ) 1
gox 0 —(
g9
where the functions y, 7, and ¢ obey the following equations:
2¢/ 2, (3
Ajyy=—2 pirZo (2 ¢) —¢c, 3.12
IX= gt <92¢SC &¢ (3.12)
B 2(2)/ 2L2Q§l
Ay — g*d*)n — =29, (r’n) = - = 3.13
(Ay—g%¢°)m 25 (r*n) wé, (3.13)
AyC =0. (3.14)

Then, using the equation for the bounce solution given in eq. (2.4), we can show that
U satisfies eq. (3.9). Thus, the function ¥ given in eq. (3.11) has the right property to

calculate the functional determinant of MSSLW)

, assuming that W(r = 0) is finite. In
addition, the following equations hold for the top and middle components of ¥, which are

also useful for the following argument:

9, wltop) _ _gqj(tOP) + %\I,(mid) e (3.15)
, L 1 (mi 1

Notice that eq. (3.15) can be translated to ar + £¢ = 0, where ar is the radial mode
function of the gauge fixing function, i.e., () 3 ar(r)Vima,mp-

If three independent solutions of eq. (3.9) are given (which we call ¥; with I = 1,
2, and 3), the functional determinant of ./\/lf]S’L’cp) can be related to the function DSS’L’SO)
defined as

DR (1) = det(W, (r) Ua(r) Ty(r)). (3.17)
We consider the following three independent solutions, which are composed of the functions
XTI, NI, and CI'

1. We take 71 = (; = 0; this condition is consistent with egs. (3.13) and (3.14). Then,
eq. (3.12) can be easily solved to obtain y; by requiring its regularity at the origin;
we normalize i as

xi(r) =r*/, (3.18)
which gives
2.Jr2/ 1
Ui(r)=| Lr?/~1 |. (3.19)
girt!

,10,



2. We take (2 = 0 (which is consistent with (3.14)), while y2 and 7, are non-vanishing.
For the boundary conditions at r — 0, we take

1
c

ma(r = 0) =~ 1?7, (3.21)

where ¢¢ is the scalar amplitude at the center of the bounce:

oo = ¢d(r =0). (3.22)
We find
1 2J+1
8(J+1)
Uy (r — 0) =~ J(‘]L;r 2>r2j+1 (3.23)
1
2Jgéc TZJ
3. For U3, we take

G(r) =1, (3.24)

and x3(r — 0) ~ n3(r — 0) ~ O(r?>/72). Then, we find

4

J
Us(r —0) ~ _E&QJH . (3.25)
Lo
9¢c

1 §T2J+1

Combining egs. (3.19), (3.23), and (3.25), we obtain

J(T+1)E+JT] 65
Tooe (3.26)

In order to express the homogeneous solution of eq. (3.13) with ¢ = 0, we introduce
the function f (77), which obeys

2
D) (1 0) =

- 24/
(Ay — g?F) " - 250 (r2r57) =0, (3.27)
whose boundary condition is taken to be
fﬁ") (r —0) ~r?/. (3.28)

(For J =0, fén) (r—0)~1.) At r — oo, fﬁn) behaves as

f(n) (r— 00) ~c e [1 + O(r_l)] (3.29)
J = 37 ) :

— 11 —



where ¢, is a constant. We emphasize here that the function ff,m is independent of £. The
homogeneous solutions of eqgs. (3.12) and (3.14) (that of eq. (3.13)) are given by fl(,FP) (fﬁ")).

For the case of v # 0, we also define the function f(n), obeying
(Ay— g2 [ =0, (3.30)
and
P00 — 0) 12 (3.31)
The function AL(,") is given by
F(r) = 2274102 + 2)(gv)<2l+1>I2J“T(W), (3.32)

where 5741 is the modified Bessel function. Notice that, when v = 0, we will not use the
function f(]n) and hence is not defined.

3.3 S and NG modes with J =0

In this subsection, we consider the S and NG modes with J = 0. The fluctuation operator
ME,S:’“S) is in 2 x 2 form, and the solutions of the equation,

S7
MOy =, (3.33)
can be written as follows:
&
—2-"_¢

(top) dr 273
e (‘Il(bOt)) = <g¢x - ] o (3.34)

—(

99

where the functions x and ¢ obey eq. (3.12) with = 0 and eq. (3.14), respectively.
As two independent solutions, we adopt the followings:

1. We take (; =0, and

xi(r) =1, (3.35)
which gives
Uy (r) = (;) . (3.36)
2. We take
Ga(r) =1, (3.37)
while x2(r — 0) ~ O(r2). Then,
£
nirso~| . (3.38)
géc

— 12 —



Consequently, we find

D (r = 0) ~ iég&cr- (3.39)

4 Functional determinants: case with v # 0

Now, we are at the position to discuss the decay rate of the false vacuum. In this section, we
consider the case with v # 0. Choosing the false vacuum as (A, ®)alse vacuum = (0,v/ V2),
the bounce solution is uniquely determined:

(Aua (b)bounce = (0, QE/\/i) (4.1)

As we show in eq. (2.25), the prefactor A is given by the product of the functional
determinants of the fluctuation operators. In the following, we discuss each contribution
separately.

4.1 v # 0: contribution of J # 0

Let us discuss the behavior of the functions ¥ at r — oo. The behavior of x7, 17, and
can be understood by using the fact that ¢ is exponentially suppressed at 7 — co.

1. Because x1(r) = r?/,

2JT’2J—1

Uy(r—o0)~ | Lr2/-1 |. (4.2)

g’U’I"QJ

2. Because s is given by the sum of a homogeneous solution and a particular solution
(which we denote 6)((77)), the second set of the mode functions can be expressed as

x2(r) = ar®’ + (5X(77)(r), (4.3)
157, (4.4)

n2(r)

where a1 is a constant. (Here and hereafter, dumping modes are neglected.) The
function oy satisfies the following equation:

24/

() —
Agox = 20

£ (4.5)

We eliminate a term proportional to 72/ in 6x( with the redefinition of a;. Then,
at r — 00, 0x behaves as

2mgk

Sx ™ (r — o0) ~ — €_m¢rf§n) +eee (4.6)

0% (g0 — mg)2ro?
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(In appendix B, we discuss a procedure to derive asymptotic behavior of the solu-
tions of the differential equation of this type.) Thus, the asymptotic behavior of W,
is given by

0(7”71 L(]W))

1 (n)
Lg%QanJn ' (4.7)
O(T—5/2e—m¢rf§n))

Uy (r — o00) ~ a1 W (r — o) +

3. For U3, we denote

x3(r) = bir?” + badx P (r) + 65X (1), (4.8)
na(r) = baf " (r) + 0n(r), (4.9)
G(r)=r%, (4.10)
with b; and by being constants. The functions 0x(¢) and 61(©) obey the following
equations:
2¢/ 2 ¢’
Ao = Z—on©) + 28, [ —=r2T) —er? 4.11
J X T‘g2¢)3 77 r38 g2¢37~ 57" Y ( )
_ 24/ 2L o,
— 26\ en©) _ 22 25,0 = 22 ¥ 271
(Ay—g°97)on Tgé&ﬂ (7‘ on ) o (4.12)
and they asymptotically behave as
1
5x©) AP — A 4.1
67 (r — 00) ~ 0. (4.14)
Then, we obtain
¢ (2J 4 2)r2/+1
Ws(r — o0) = bWy (r — o) +baWa(r — 00) — ———— Lr2/+1 . (4.15)
8(J +1) gur2J+2

Consequently, the determinant defined in eq. (3.17) behaves as

O(TQ‘]_I) O(T—l §n)) O(r”“)
DSS’LM)(T’ — OO) ~ det O(T2J71) O(ﬁ(}ﬂ)) 0(7“2J+1) , (4.16)
O(r?’) O(T—5/2e—m¢rf5n)) O(r2/+2)

and

DSS’L’W) (r — oc0) ~ J—gfy’)rzuﬂ. (4.17)

For the calculation of the decay rate of the false vacuum, we also need the functional
determinants around the false vacuum. Notice that, in the argument so far, we have only

— 14 —



used the fact that ¢ is a solution of the classical equation of motion and is non-vanishing.
Thus, three independent solutions of eq. (3.10) can be obtained by the same argument but
replacing ¢ — v. (Notice that ® = v/+/2 is also a solution of the classical equation of
motion.) We find

’DL(,S’L’@) (r—0) v

BT o) o0 e
and
DSS,L,cp)(T 5 0) _ §n) (419)
ﬁb(,S’L’cp)(r — 00) 377)7
leading to
DetM, 7 _ bl () (4.20)

Detﬂf}S,L,so) o vf(}ﬂ)(roo) '
4.2 v # 0: contribution of J =0

The case of J = 0 is similar to that for J # 0. Thus, we just show the results. Using
eq. (3.39),

D (r —»0)  ¢c

— = (4.21)
D (r —0) v
In addition, the asymptotic behavior of ¥; (with I =1 and 2) is
0
Uy(r — 00) ~ ( ) , (4.22)
qgu
1 2r
Us(r — 00) = bWy (r — o0) — =¢ 5 | (4.23)
8 qgur
with b; being a constant, and hence
DSS’L’w) (r = o)
NESA =1. (4.24)
D" (r — o0)
Consequently,
DetM(()S’W) v
Det Mg~ ¢c
4.3 v # 0: final result
Combining the contributions of J = 0 and J # 0, we obtain
AL = <¢C) / !¢Cf i (T"“)] (4.26)
v J>1/2 U/j(ln) (7o)
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The above expression is manifestly é-independent. In addition, the other contributions are

given by
s —(2J+1)?
f(T) (roo)
AT — H 7;&) , (4.27)
J=1/2 L/J (roc)
AEO) =1, (4.28)

When v # 0, f(]n) (roo) ~ ]’{(]oo) (r; gv), and f(]T) (roo) ~ f(]OO) (r; gv), where

f(]w)(r;m) = \/EF(QJ +2) (%)_QJ (;:;/2' (4.29)

Notice that the contribution of each angular momentum .J is finite.

The above result can be compared with that with another gauge fixing function,
Fle) = 9,4, — 269(Re®)(Im®), which has been used in literature. For v # 0, the
calculation with F(¢) has been performed in [6]. We can see that the two analyses give
the same expression for the decay rate of the false vacuum.

5 Functional determinants: case with v =0

Next, we discuss the case in which the U(1) symmetry is unbroken in the false vacuum,
ie., v = 0. As discussed in section 2, when v = 0, there exists a class of bounce (i.e.,
the solution of the classical equation of motion with relevant boundary condition). All the
bounce configurations are related by the global U(1) transformation which is unbroken at
the false vacuum. We parameterize the bounce configurations for the gauge fixing function
given in eq. (2.10) as

(Aua (I))bounce = (07 (Eeiﬁ/\@), (51)

where 0 < ¥ < 2m. We need to take account of all the bounce configurations in the
calculation of the decay rate, as we will discuss below, which requires the integration over
the variable 9.

Importantly, expanding the gauge and scalar fields as eq. (2.14), the fluctuation oper-
ators are ¥-independent. This is an advantage of taking the gauge fixing function given in
eq. (2.10), with which the integration over ¥ is easily performed.

5.1 v = 0: contribution of J # 0

In this subsection, we consider the contribution of J # 0 modes to AS-L%) Even for the
case of v =0, egs. (3.11)—(3.14) are useful to study the functional determinants.

The behavior of the function ¥; around r — 0 is insensitive to the value of v; thus,
D((]S’L’So)(r — 0) is given in eq. (3.26) even for v = 0. Next, we consider the asymptotic
behavior of DSS’L’W) (r — o00).
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1. For the first solution Wq, we are taking

x1(r = 00) = r2/, (5.2)
and hence
2.Jr2 -1
Uy(r—o0)~ | Lr2/~1 |. (5.3)
0

2. For the second set of mode functions, y2 and 72 behave as

1
X2(r — 00) ~ apr®’ — ny’) 4o, (5.4)

ma(r — 00) = f17, (5.5)

with a; being a constant. Here, we have used fﬁn)(r — 00) o r~2; this asymptotic
behavior can be derived by using the fact that, in the left-hand side of eq. (3.27), the
last term dominates when r — oo. One can see that the leading order contributions
to the top and the middle components of Wy vanish. For the calculation of the top
and middle components, it is convenient to use egs. (3.15) and (3.16) to obtain

o)

fﬁf{]’?

2r ()
Uy(r — 00) ~ a1V + _ﬁfj . (5.6)

I ()
2mygor J
Notice that \IfgbOt) (1 — 00) ~ O(e™s” [r3/2),
3. For V3, we find
x3(r — 00) =~ byr? — __ £ - L r*l 4+ (5.7)
- 2meg?pir’’  g2¢? ’
n3(r — 00) ~ bgfgn) +2Jr% 4. (5.8)
3(r — 00) =17, :

C 2J 5.9

with b; and by being constants. Again, using eqs. (3.15) and (3.16),

(J+1)§— Jr2‘7+1

4(J +1)
Us(r — 00) ~ b1 Uy + baWo + _2J[(J +1)§ — (J + 2)]r2J+1 ) (5.10)
AL(J 4+ 1)

O($T2J+2)
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Using egs. (5.3), (5.6), and (5.10), the determinant is given by

CAT2[(T 1)+ ST
B 2L3myg¢ '

D) (1 5 o0) (5.11)

For the calculation of the functional determinants around the false vacuum, we find
the following solutions of eq. (3.10):

2Jr2/-1
Ui(r)=| Lr27-1 |, (5.12)
0
2L2
Uo(r) = | (JADE=(T+2) 2 |, (5.13)
AL(J +1)
0
0
s(r)=| o0 |. (5.14)
7
Here, the function K(JU) satisfies
Ay —m) Y =0, (5.15)
with
17— 0) =%, (5.16)

The explicit form of f(Ig) is given by

_ I
fJO') ('I") _ 22J+1F(2J + 2)m¢ (2J+1) 2J+1’r('m¢r) ] (517)

Then, we find

ﬁSS,L,@) (r) = _QJ[(J ‘Z?f +J] 744J]?1(]0) (r). (5.18)

Using eqgs. (3.26), (5.11), and (5.18), we obtain

DetMSS’L’Sa) _ Joc fﬁn) (roo)
Det/TA\SS’L’cp) Mg roogZ)(roo)i(,a)(roo)

(5.19)

Importantly, the above result is £-independent.

We also give an alternative expression of the ratio of DetM(JS’L’w) to Detﬂ&s’L’@),
which is useful for the numerical calculation. Consider the limit of vanishing gauge coupling
constant g. Even in such a limit, eq. (5.18) is still valid if we evaluate fb(,n) with g = 0.
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(S,Lyp)

In addition, when g = 0, the fluctuation operator M given in eq. (2.20) is block-

diagonal; the upper 2 x 2 part becomes independent of the bounce ¢, leading to

Dot P| T DA, +m)
Thus, the following relation holds:
Joo [flgmolre) £ (rec) o
N V- C PR VRN (5:21)
¢ To(To0) [y (To0) [ (7o)
where the function [ fl(,n)} g=0 Obeys
2¢>’
A1 w0 = 1350 (P o= ) = 0. (5.22)
with
[ gm0 (r — 0) = 127, (5.23)
while fl(,U) is the function which satisfies
D)) (o
a0 - S0 —o, (5.24)
with
fﬁg) (r — 0) ~r2. (5.25)
Using eq. (5.21), the ratio of the functional determinants can be rewritten as
S,L, o
DetMy 7 _ 1) )0 (5.26)

Det MEE? 1 () [£7]2(roo)

We note here that the evolution equations of the functions f}g) and f§a), which are given in
egs. (5.15) and (5.24), respectively, are asymptotically the same at r — oo; the same 1s true
for the evolution equations of the functions | fﬁn)]gzo and ff, Thus, the ratios f J / A(o)
and fﬁn) /1 f§n)]g:0 converge to constant values in the limit of » — oco. Numerically, the
right-hand side of eq. (5.26) converges much faster than that of eq. (5.19) at r — oo. Thus,
eq. (5.26) is useful for the numerical calculation.

5.2 v = 0: contribution of J =0

Now, we consider the functional determinants of M(S ) and ./\/l ) for the case of v = 0.
When v = 0, the J = 0 mode requires special treatment because all the classical solutions
given in eq. (2.13), parameterized by 1), becomes the bounce and contributes to the decay

(S, )

rate. As a consequence, the fluctuation operator M7’ has a zero mode [10]. Because

of the zero mode, Det./\/l( "p) vanishes if one naively calculates the functional determinant,
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resulting in a divergent behavior of the decay rate of the false vacuum. In the following,
we discuss how to calculate the J = 0 contribution to obtain a meaningful result.

For the case of J = 0, we need solutions of eq. (3.33). From eq. (3.12) (with n = 0),
the following equations can be derived:

1 T
p(top) — —frg/ driri(r), (5.27)
0
(bot) - P T AL -7 I
WO = —egd et [ dri— [ draricrs)| 496 | dri———C'01),  (5.28)
1 Jo g2 ¢*(r1)
where ¢ is an arbitrary constant, and ¢’ = 9,(. These equations are useful to derive the
solutions of eq. (3.33). For J = 0, the first solution of eq. (3.33) is obtained by taking

x1(r) =1 and ¢ (r) = 0:

Uy (r) = (;15) . (5.29)

The second solution is obtained with x2(0) = 0 and (2(r) = 1:

1
Uy (r) = 1 BE (5.30)
—§§7°29¢

In addition, two independent solutions of /ﬂés’¢)\ff = 0 are taken to be

Uy = (g) : (5.31)

Uy = (f:g)> . (5.32)

One can see that ¥y(r — oco) ~ 0, and DetMSiO) = 0. This is a consequence of the
zero-mode eigenfunction of Mf,i“g). Indeed, the following function:
(zero-mode) __ —1 0
Y =NVooo 5] (5.33)

satisfies the conditions to be the zero-mode eigenfunction, i.e., Més’ga)‘lf(zero‘mo‘ie) =0, and
g (zero-mode) (1. 6) = (0. Here, N is the normalization factor, given by®

N? / d*r¢? = 2. (5.34)

3We adopt the normalization of the mode functions so that the path integral is defined as IL. de™,
with ¢™ being the expansion coefficient of the wave function with respect to the mode functions:
T =3 c"uM (Ineq. (5.35), dc™™°9) is denoted as DY (*™°d) ) Some of the previous studies
use different definition of the path integral as [], (dc'™ /v/27), with which the right-hand side of eq. (5.34)
should be 1.
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The zero mode stems from the global U(1) symmetry which is preserved in the false
vacuum; such a U(1) symmetry relates the bounce configurations parameterized by ¢ (see
eq. (5.1)). The zero mode given in eq. (5.33) is nothing but the mode generated by the
global U(1) transformation of the bounce. Thus, the path integral of the zero mode should
be understood as the integration over the bounce configurations related by the U(1) trans-
formation. Based on this consideration, we can perform the following replacements [10]:

1 21
D\I,(zero—mode) / Ao 5.35
/ S5 (535)

where [ D (zero-mode) Japgtes the path integral of the zero mode, and, using the fact that
the fluctuation operators do not depend on 1,

—1/2
DetMt()S’w)] " (5.36)

Det/ M(*¥) e
=(5.2) N )
Det M~

Det/T/l\és’(p)

where Det’ implies that the zero eigenvalue is omitted from the functional determinant.
The zero eigenvalue can be omitted with the use of the following modified fluctuation
operator:

MSS’W) + diag(v, v),

where v is a (small) constant. Each eigenfunction of M(()S’@ is also an eigenfunction of the
above modified fluctuation operator; the eigenvalue increases by v. Especially,  (zero-mode)
given in eq. (5.33) is an eigenfunction of the above modified fluctuation operator with the

eigenvalue of v. Thus, we eliminate the zero eigenvalue from DetM[()S’SO) as

Det’MéS’sp) . 1Det [M(()S’SD) + diag(v, v)]
Det M v v=0v Det M e

For the calculation of the functional determinant of the modified fluctuation operator,
we solve the following equation:

M 4 diag(v, 1/)} ¥ =, (5.38)

with the condition lim,_,o ¥®) = ¥;. Defining

det(TW) (1) Wy(r))

(S0 (0 — 1
D5 (r) = lim ) ), (5.39)
we obtain
-1

Det! M*?  [DSD(r =0y DI (ro) (5.40)

Det M7 [ D5 0)| DI (ra)

For the calculation of ¥®) up to O(v), we expand T®) ag

v =0 0¥ 4+ 002, (5.41)
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with which

DI (r0) = det(T(ra) Ua(roo)). (5.42)
Here, U should satisfy
Mg — 0 (5.43)
g9
The solution of the above equation is given in the following form:
¢ -
. T, (top) > -2 2 *3C
oo (T ) = ()| e, )
v gox 1
g9
with the functions y and ¢ obeying
2 7,3(5/ . _
AoX = =0 — —&C, 5.45
ox= 50 (55¢) - & (5.45)
Aol = g* 9. (5.46)
Notice that, from eq. (5.46), ¢ is given by
. T T1 _
(= / drlrl?’/ dror3g? ¢ (ra), (5.47)
0 0

and hence ((r — o) is a constant. Notably, ¥(*P) and ¥(P°Y) satisfy similar equations as
egs. (5.27) and (5.28), respectively:

00P) (1) _5%3 /0 "), (5.48)

y (bot) (r) = —£g¢ /7‘ drlr% /0’”1 drar3C(ra) + go /r dry ¢'(r1). (5.49)
1

1
929 (r1)
We are interested in their behaviors at r — 0o; in such a limit, (i) U (top) ig proportional to r
because (r — o0) is a constant, and (ii) the asymptotic behavior of (") is obtained from
the fact that the first term of the right-hand side of eq. (5.49) vanishes when r — oo and
that {'(r — 00) ~ ¢*/mN?r3. Remembering that ¢(r — o) is approximately proportional
to e”™Me"/ r3/2 the asymptotic behavior of ¥ is found to be

1 .
5 —157"(
U(r — o0) ~ g (5.50)
27N 2myr3 e
Consequently, we obtain
~1/2 ~1/2
Det./\/l(()s’“o) / 1 /
DetM™ 2mmg et d(Teo) fi/ (Too)

where we have used féo) (0) = 1. Notice that fég) (1 — 00) o ™" /r3/2 and that the above
quantity is finite.
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5.3 v = 0: final result

The contributions of the S, L, and NG modes are

1/2 Jé f(??)( ) —(2J+1)2/2
n 3 7 o T
ABELe) = on [27Tm¢¢crgoq§(roo)]/”g )(roo)} H [ mo J A(Oz) ,
J>1/2 ¢ Too(b(roo)fj (Too)
(5.52)
while the other contributions are
o0 (T) —(2J+1)?
A = T | ) (TW)] (5.53)
T )
J=1/2 ff] )(Too)
Alee) = 1. (5.54)

For the case of v = 0, f(]n) (Too) o< 772 and ]/”t(]T) (reo) o 727, We emphasize that the final
result is £-independent.

Before closing this section, we comment on the calculation based on the R¢-like gauge
fixing function, F) = 9,4, — 26g(Re®)(Im®). As we have mentioned, in the case of
v = 0, there exists a class of bounce configuration which depends on the function ©(r)
obeying eq. (2.9); the function © is determined by its value at the origin, ©(0). One
technical difficulty is that the bounce configurations, as well as the fluctuation operators
around the bounce, depend on ©(0). If we adopt F%) | we need to calculate the functional
determinants as functions of ©(0), and somehow integrate over ©(0). Such an analysis is
beyond the scope of this paper, because we have shown that the final result can be obtained
with the use of the gauge fixing function 7 = 9, 4,,. Just for a comparison, we have calcu-
lated the functional determinants around the bounce configuration with ©(0) = 0 (which
results in © = 0), adopting F (Re) . Based on the calculation with angular-momentum de-
composition, we have checked that the contributions from the modes with J # 0 agree
with the results of the present calculation. However, the contribution of the J = 0 mode
is hardly compared with our present result because the measure for the integration over

O(0) is unknown. Notice that a hasty substitution of Det’ [M[()S’W)] Re /Det[/(/l\és’w)] R, for

© =0 into eq. (5.36) will give a gauge dependent result, where [M(()S,w)] R, and [./\//\lés’sp)] Re

are fluctuation operators based on the R¢-like gauge.

6 Renormalization

So far, we have calculated the functional determinants by integrating out the field fluctu-
ations around the bounce configuration and also around the false vacuum. Because these
quantities are divergent [8], the renormalization is necessary to make the decay rate finite.
In this section, we outline how to perform the renormalization. As in the previous sections,
we pay particular attention to the effects of the gauge bosons and NG boson.

First, for notational simplicity, we introduce

5% = p* — 2, (6.1)
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and

with

Here, ) is the value of € around the false vacuum (and hence is a constant):

2,2 .
ﬁ:{g;’ Hu7 0 (6.4)
my U= 0
The calculation of the functional determinant of M=) can be performed by treating d¢>
and 69 as perturbations; M(A#%¥) is given by the sum of the terms with different numbers
of the insertions of §¢? and 5).

Because we are interested in renormalizable theories, all the divergences are related to
operators with mass dimension 4 or smaller. In the present model, such divergences show
up at finite orders of the gauge or quartic scalar couplings at the one-loop level. In other
words, the divergences are with limited numbers of the insertions of §¢? and 6. The pro-
cedure to obtain renormalized decay rate is to calculate the functional determinant without
the divergent part, which will be defined below, by the method adopted in the previous
sections. The divergent part is separately calculated with the dimensional regularization
using ordinary Feynman rules, and is made finite with the MS subtraction.

The divergent part can be obtained by expanding the functional determinant with
respect to §¢? and €2, and keeping the terms corresponding to operators with mass di-
mensions less than or equal to 4. Importantly, the divergent part should be properly
subtracted from the functional determinant for each J. It may be performed with the
fluctuation operators given in egs. (2.20) and (2.22), which are obtained from the gauge
fixing function of our choice. However, the calculation can be made easier if we use the
fluctuation operators obtained from the R¢-like gauge fixing function; it is allowed because
we have confirmed that the results of the calculations based on the two different gauge
fixing functions agree with each other at least for J # 0 [6]. Hereafter, we use these facts
to simplify our calculation.

With a straightforward calculation, the divergent part of In[Det M (Ar9)/Det M(Aw#)]~1/2
is obtained as

1 T B 2572
2 +9202} 51T {9 L ¥ 5202 L ¥ 520?

58((1;3,“’@) =Tr {g26¢2

+ 1Tl“ [591/\] — 1Tl" [59 ! =612 ! A}
2 -02+Q] 4 —0?2+Q  -924Q
- 1 - 1
—2Tr {(gau@_au_g%g(gauﬁb)w} ; (6.5)
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which means

DetM(Al—h(p)
Det M (Au-2)

In

~1/2
] + 6849 = (finite). (6.6)

As we see below, (58( 2

can be used to subtract the divergences with a relevant renor-
malization scheme (hke the MS scheme). Notice that the divergent part of the functional
determinant of our interest is £-independent, and hence the decay rate of the false vacuum
is gauge invariant even after the renormalization.

(A quD)

Hereafter, we calculate S, with two different procedures. One is a decomposition

with respect to the angular momentum, which is based on the following equality:

5857 = 58 v oS (6.7)
where
(A, -
s — 1|1 Det(M( ! SO)JF(SJVI) ) [ln Det(—82+g2v2+925¢2)} (6.8)
div. T o Det/\/l( u,tp) Det(—0%+g2v?) (5(;,2)2’ '
(OM)?
(T) _ Det(—0?+g%v +g25$2)
OSaiv = |In Det(—0?+g¢?v?) (5(]32)2’ (6.9)
with
CilAwe) _ (207 +g%0%)0w 0
2572 7
9%06%0, 29(0,9)
oM = i . 6.11
( 29(0up) 00 (6.11)
Here, [---]p~ indicates that the quantity in the square bracket is evaluated up to O(PN).

We note that M\E‘éi ’;p) is the fluctuation operator of A, and ¢ in the R¢-like gauge with

& =1 around the false vacuum. In addition, ./(/l\gz‘; ’;p) + dM is the one around the bounce
configuration with ©(r) = 0. Because the results based on our choice of the gauge fixing
and the Rg-like gauge fixing give the same result, egs. (6.8) and (6.9) properly take account
of the divergent part for each J. With eq. (2.35), the right-hand sides of egs. (6.8) and (6.9)
can be evaluated. The result is given as the sum of the contribution from each angular
momentum. We denote

OSET =3 s, (6.12)
J=0

58D = Z (1), (6.13)

Notice that, comparing eq. (6.9) with eq. (2.23), we can see that In AT 4 53}1?;) is finite.
Thus, In ASL®) 4 58((5\;]:’@) also is. A prescription for the calculation of the counter terms
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. S,L,
for each angular momentum, i.e., sg 2

and (C.18)).
The quantity Sc(lf“,‘“@) is also calculated with ordinary Feynman rules. The result is

and SST), is given in appendix C (see egs. (C.17)

divergent; using the dimensional regularization based on D-dimensional theory, S((iﬁ,“"p)
-1 _ _2

constrains a term proportional to € ° = 55 — 7 + In4x (with v here being the Eular’s

constant). Such a term is exactly cancelled out by the counter term in the MS-scheme. We
define 55%‘ #) from 555;:," ) Via the MS-subtraction:

5SAn#) = 55 Ane) ‘14
SMS de MS-subtraction | (6 )

which is finite. With the bounce solution ¢, the explicit expression of 55’%‘ ) i given by
A , —
6557 = [97667] py (0)Ta (g%0?)
_1 d4k [ 2(5$2] (—k) [ 25$2] (k)I <k2' 2,U2 2?}2)
2 (271_)4 g T g FT 2 39 » g

+ 51690 OT(@)

_1 / d'k 6y (—k) [0Q] oy (k) T2 (k2 0, Q)

4/ (2m)?
4 ~
—2 / (;lwl;z [90]pT(—k)[gd]er (k) k> T2 (K*; g°0°, Q), (6.15)

where [F]pr(k) is the Fourier transformation of the function F'(x):

[Flpr(k) = / dze** F(z), (6.16)
and the loop functions Z; and Z» are given by
m2
167°Z1(m?) = m? <ln i 1) , (6.17)
1. m? 1. m3 m? —m3 . m3
2 2,2 2\ _ 1 2 1 2 2
167TIQ(k,m1,m2):—§lnF—§ HF+2—T1 m%
2 k2 4+ m? +m3 — k2B(k%;m?,m3)’ '

with

(k) + 2k%(m] + m3) + (mf — m3)”

(6.19)

and p being the renormalization scale.

Because the bounce configuration is O(4) symmetric, we can simplify the expression
of 58%‘ ), Redefining k = \/k,k,, the Fourier transformations of spherically symmetric
functions are given by

[Flpr(k) = 472 /OO dm«3M

0 CE(r). (6.20)
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Then,

o 1.3
(58( ;MP) [ 25¢2] ( )21(921)2) - 2/0 1438716-”43 [ 25¢2] ( )Ig(k2;92112,g21)2)

A~ 3 —~ —~
+ 500 OT@) - [T 50 (DTG 2.9)
3 ~
—2/ ij[gcb]m( VKT (k%5 g0*, Q). (6.21)
0

Based on the above argument, the functional determinant is renormalized as follows:

{DetM(Au,sﬂ)} 12 e 681(\?3“ ? 5$§1Avu i {DetM(Aw‘F’)] e .
The decay rate of the false vacuum is evaluated as v = Ae™ B, with
B?  h) (L) (T) 4(c) —8SEoY
A= 47772“4% )A%’ ) .A )A Je 055 (6.22)
Here,
(tot) _ ¢ o(Aup)
5Sm = 5SM78“ + ey (6.23)
where “ -7 indicates the contributions from the fields other than A, and ¢ (i.e., the Higgs

mode, for example). In addition, the subscript “R” is for “renormalized” objects after
subtracting the divergences. For the S, L, and NG modes,

2 5 —(2J+1)%/2
A(SvL790) (S L,p) DetM(S ) -1/ H (S L,p) DetM(S Loe) ( " (6 24)
t DetM | 1L, De tM(S L) .
while the contribution of the transverse mode is
—(2J+1)?
00 Det (T)
A%T) - eséT) H essf,T) %] (6.25)
J:I/Q DetMJ

The expressions for the functional determinants for the case of v # 0 (v = 0) are given in
egs. (4.26) and (4.27) (egs. (5.52) and (5.53)). Furthermore, the ghost contribution is

AL — 1. (6.26)

Obviously, the decay rate is gauge invariant even after the renormalization.

7 Conclusions and discussion

In this paper, we have studied the false vacuum decay in gauge theory, paying particular
attention to the gauge invariance of the decay rate of the false vacuum. Using the model
with U(1) gauge symmetry, for which the scalar field responsible for the metastability of
the false vacuum has non-vanishing charge, we have shown that the decay rate of the false
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vacuum is indeed gauge invariant at least at the one-loop level. We have adopted the
gauge fixing function of the form F = 0,4,. We emphasize that such a choice of gauge
fixing function is advantageous when the gauge symmetry is preserved in the false vacuum.
This is because the zero-mode fluctuation in association with the internal symmetry can
be successfully integrated out. Such an integration was hardly performed with the R¢-like
gauge fixing function. We have also discussed a procedure to perform the renormalization
to remove divergences, and have shown that the decay rate of the false vacuum is gauge
independent even after the renormalization.

Our main results are summarized at the end of section 6 (see eqgs. (6.22)—(6.26)). The
decay rate of the false vacuum is related to the asymptotic values of the solutions of the
second-order differential equations which are gauge independent (i.e., f (), f (1) and so on);
for a given scalar potential with a false vacuum, the second-order differential equations can
be solved numerically once the bounce configuration is determined. Our results simplify
the numerical calculation of the decay rate because we only have to study evolution of
the gauge-invariant functions which do not mix with the other functions. In a brute-force
calculation, on the contrary, one should solve simultaneous differential equations containing
unphysical modes, which makes the numerical calculation unstable.

Our results would have various phenomenological applications because false vacuum
decay and phase transition are important subjects in particle physics and cosmology. For
example, with the measurements of the Higgs mass at the LHC experiment [16] as well as
those of top mass [17], it has been realized that the standard-model Higgs potential becomes
unstable when the Higgs amplitude becomes extremely large [8, 18-23].* In various models
of physics beyond the standard model, the metastable vacua also show up. Supersymmetry
is one of the important examples because there may exist color and/or charge breaking
minima of the scalar potential [24-33].
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A  Functional determinant

In this appendix, we study eq. (2.35). A mathematical proof of a formula similar to
eq. (2.35) has been provided in [14, 15]. Because the set up adopted in [14, 15] is different
from ours, we give a proof for the functional determinants of MSS’L’“D) and Més’¢). For the

“In the case of the Higgs potential of the standard model, which is dominated by the quartic term when
calculating the decay rate of the false vacuum, the asymptotic behavior of the bounce at r — oo is different
from that adopted in the present analysis. Such a case will be studied elsewhere.
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fluctuation operators of the transverse mode, Higgs mode, and FP ghosts, similar argument
holds and we can use eq. (2.35). In this appendix, M (M\) denotes MSS’L’@) or /\/l(()s’cp)
(./T/I\SS’L’@ or M\(()S,w))_

In order to explicitly impose the boundary condition to the eigenfunctions, we first
consider the functional determinant for the eigenfunctions defined in the finite interval
0 < r < R; at the end of the calculation, we take R — oo. Let us denote the n-th eigenvalues
of M and M as Apn and Xn, respectively. Then, the corresponding eigenfunctions, denoted
as ¢, and @n, respectively, satisfy

Mwn = )\nwn7 (Al)
M\"Zn = /):n{b\n 5 (A2)

with
%(R) = {p\n(R) = 0. (A'S)

Notice that we are interested in the functional determinant of Hermitian operators, and
hence A,, and \,, are real.
We start with introducing the ¢ functions:

mls) =D A" (A.4)

C(s) = Z A (A.5)
Then, the ratio of the functional determinants is defined as
D [ !
etM (0= (A.6)

Det/T/l\

For the calculation of the ¢ functions defined above, we introduce the function wu(r;\),
which satisfies

Mu(r; N) = du(r; A), (A.7)

where )\ is a complex constant, and u(r — 0; \) is required to be finite.
We first show that there are three (two) independent choices of u(r;A) for J # 0
(J =0). To see this, we expand u(r; \) as

u(r;A) =r" Zcprp, (A.8)
p=0

where v is a non-negative constant because of the regularity at the origin, and ¢, are
constant 3-component (2-component) objects for J # 0 (J = 0) satisfying ¢y # 0. In order
for u(r; \) to obey eq. (A.7), the following relation should hold:

M*r¥cy =0, (A.9)
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where M* is obtained from M by taking ¢ — 0, ¢’ — 0, and Agp — 0; it gives terms
with the lowest power in 7 (i.e., terms of O(r*~2)) in eq. (A.7). The above equation has
solutions if det[r?~* M*r”] = 0. (Notice that 72~Y M*7" is a constant 3 x 3 (2 x 2) matrix
for J #0 (J =0).) It gives the following values of v:

V_{QJ-l,QJ,2J+1:J¢0 (A10)

0,1 :J=0"

We can repeat the above argument for M to define the function u(r; A), which satisfies

—

Mau(r; N) = Au(r; A). (A.11)

We can see that u(r — 0; \) and u(r — 0; A) have the same power-law behavior at r — 0.
We choose the boundary conditions as follows: for J # 0,

2.Jr27 -1
ur(r — 0;\) =~y (r — 0;\) ~ | Lr2/=1 |, (A.12)
0
0
ug(r = 0;A) ~u(r - 0; )~ | 0 |, (A.13)
7,2J

(J+1)¢— J7’2J+1

212
uz(r — 0;0) ~uz(r — 0;0) ~ | (J+1E—(J+2) Q20+ | (A.14)
AL(J +1)
0
and for J =0,

~ 0
ur(r = 0; ) ~ Uy (r — 0; ) =~ <1>, (A.15)
us(r — 05 \) = Ta(r — 05 \) =~ (g) (A.16)

Now we express the ¢ functions using the functions u; and u;. To make our argument
explicit, we concentrate on the case of J # 0; similar argument holds for the case of J = 0.
For the calculation the ¢ functions, we use the following relation:

det(ui(r =Ry A= Ap) ua(r = R A= X\) ug(r=R; A= \p)) =0, (A.17)
det(Ty(r = Ry A = M) Ua(r = RiA = ) Us(r = RiA = Ap)) =0, (A.18)
which are based on the boundary conditions on the eigenfunctions of the differential oper-
ators (see eq. (A.3)). Thus, the logarithmic derivatives of above determinants with respect

to A have simple poles with unit residue at the eigenvalues of corresponding fluctuation
operators, and hence we can express the ¢ functions as [14, 15]

1 o d | det(ur(R; \) ug(R; A) us(R; \))
= [ aw—sd A.19
i /CO X det(ay (R \) Ta (R \) Gs(Rs ) (A-19)

Cm(s) = Ciz(s)
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branch cut

\Q':! e

Figure 1. The contours Cy, Ci,, and Coy on the complex A plane. The blobs on the real axis
indicate the eigenvalues of the fluctuation operators. The dotted line is the branch cut of \™*.

where Cj is a contour along the real axis, surrounding all eigenvalues in counterclockwise
direction (see figure 1). The contour Cy avoids the branch cut of A™%, which is defined to
be a straight line starting from the origin with the angle « to the real axis.

The next task is to deform the contour to enclose the branch cut of A™%. To do so,
information about the behavior of the integrand at |\| — oo is necessary. We can use the
fact that ur(r; \) should satisfy

ur(r; A) = uj(r) +/ drir3G(r,ri; N)OM(r)ur(ry; N), (A.20)
where OM = M — M*. Here, the function G is given by

2
Glr1,720) = 55 [on s ol (735 ) = w33 of (72 V)]

A
+ 5 [oa(r Mw (12 ) = wa(ri Ao (rz; V)]

+ %A [v3(r1; Awg (ra; A) — w3 (ri; Ao (25 M)] (A.21)

where

O,
vi(r;\) = £ Ner

r

0

) Saa11(VAEr) (A.22)
L

1 9 J2J+1(fr)
2 —0,r \r )
0

va (T3 N)

(A.23)

Joy+1(VAr)

v3(r; A) = Jor

(A.24)

1

with Joy,11 being the Bessel function of the first kind, and w; are obtained from v; by
replacing Jojy1 — Noji1 (with Nojiq being the Bessel function of the second kind).
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Furthermore, u} are solutions of the following differential equation:
(M* = XN uj =0, (A.25)

which are regular at » — 0. Requiring the boundary conditions given in eq. (A.12), (A.13),
and (A.14) for uj, u}, and uj, respectively,

—(27-1)
uy(r)=4r'(2J+2) <\/§7)\> vi(r;A), (A.26)
—2J
us(r)=2I'(2J+2) <\§> v3(r; A), (A.27)

2

—(2J-1) —(2J-1)
usr) = LT <ﬁ> (N - BT (VER) T . (azs)

With large enough A\, we can see that the second term in the right-hand side of
eq. (A.20) is at most O(|A|7'/2) compared to the first term. This can be understood
by rewriting eq. (A.20) with a new dimensionless variable p = \/Wr; with such a new vari-
able, 0 M can be treated as a perturbation and we can expand the solution with respect to
qgmax/ \/W where ¢max is the scale of the maximal amplitude of the bounce configuration.
Thus, we expect that

ur(r A — 00) ~uk(r) + O(N~Y?). (A.29)
A similar analysis applies to 7, which results in
Ur(r; A = 00) ~ub(r) + O(AY?). (A.30)

Thus, u; and u; have almost the same functional form when A — oo and, for Im\ ## 0,

d . det(ui(R; ) ua(R; \) us(R; \))

-y n -~ —3/2y ‘
dX det(@y (R \) @a(R; \) ais(R; ) O(A™7) (A.31)

A—00

This implies that, when Res > —%, the integration at A — oo does not contribute.’

Based on the above consideration, we can replace fCo - . c , where the contours

in+Cout
Cin and Cyyt are those along the branch cut incoming to and outgoing from the origin (see
figure 1). Using the fact that the functions u; and u; are continuous at the branch cut

of \7%,

DY il | | |
dx " det(@1 (R; €N\ )aa(R; e Nz (R; €0 N))
(A.32)

Cm(s) = Cq(s) = e

e / ™ s 4 det(ur (B N ua(B; 2N us(R; €2)
0

™

°For the calculation of (a(s) — (z(s), convergence of the integration around A ~ 0 requires Res < 1.
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Combining the above result with eq. (A.6), and taking R — oo, we come to the most
important formula in this appendix:©
Det M det(u1(roo; A = 0) u2(roe; A = 0) u3(reo; A = 0))
DetM  det(U1(roo; A = 0) U (Too; A = 0) Us(Toe; A = 0))

(A.33)

Notice that, for the convergence of the above quantity, M and M should have the same
asymptotic behavior at r — oo, which holds for the case of our interest. In the discussion
given in sections 4 and 5, the initial conditions of the solutions of egs. (A.7) and (A.11)
are taken to be different. (However, notice that we take three independent solutions for
ML(]S’LW) and ./(/I\SS’L’W , which are linear combinations of u; and uy, respectively.) Then,
we should use eq. (2.35).

B Solutions of inhomogeneous differential equation

In this appendix, we discuss the asymptotic behavior of the inhomogeneous differential
equation of the following form:

(A —m?)F(r) = S(r), (B.1)
where m is a constant, and the source term S behaves as
S(r — 00) ~ sor Pe. (B.2)

Using the modified Bessel functions, Io;,1 and Ko 41, the solution of the above equation
is given by

I K
2J+1ﬁ(m7“) tex 2J—|—; (mr)

1 T T
—i—; |:IQJ+1(m7'>/ dr’r'2K2J+1(mr’)S(r’)—KQJH(mr)/ dr'v"? Iy 1 (mr)S(') |,

F(ry=ct (B.3)

where ¢y and cg are constants.

Using the properties of the modified Bessel functions, i.e., Ioy 1 (z — 00) ~ (272)~1/2e*

and Koy 1(z — 00) ~ (7/22)/2e7*, the asymptotic behavior of the function F(r) with
the source term given in eq. (B.2) can be expressed as’

Ioji1(mr) Ky ji1(mr) 50 por

F(r — ~
(r —o00) ~cr ; + ci " +)\2—m2T

(B.4)

Instead of eq. (A.3), we may take an alternative boundary condition: 1}, (R) = @;(R) = 0. A similar
argument holds for this boundary condition; the result is given by eq. (A.33) with replacing u; — u}
and Uy — 7.

"Notice that, with the asymptotic behaviors of the modified Bessel functions, the integrations in eq. (B.3)
can be expressed by using the incomplete gamma function as

/ " A Iy () S() ~ ;Tm (=m — A)? [T(g, —(m + A)ro) — T(g, —(m + \)r)]

/ " Ky (mr)S(r) = Jox(m = 27 [D(g, (m+ N)ro) = (g, (m + M)

with ¢ = (2p — 5)/2. (Here, mro > 1 and mr > 1 are assumed.) In addition, in deriving eq. (B.4), we also
use T'(q, z — +o00) ~ 27 te

—z
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In the above expressions, the arbitrariness of the lower boundaries of the integrations are

absorbed into the constants ¢; and cg.

C Functional determinant with small perturbations

In this appendix, we outline the prescription to calculate (58((115:;L’¢) and 68(51? given in

egs. (6.8) and (6.9), respectively. We expand the functional determinants with respect to
small perturbations, and calculate the functional determinant up to a finite order of the
perturbation.

The second term of 5S§§;L’@ as well as 65(5? are described by the following quantity
with N = 2:

Det(—§2 2,2 2552
(N = [ln el +gzv —;92 ¢)] ) (C.1)
Det(—0? + g?v?) (426$2)N
where, as introduced in section 6, [- - - ]p~ indicates that the quantity in the square bracket

is evaluated up to O(PY). Using the angular-momentum decomposition, and also using
eq. (2.35), the ratio of the functional determinants in eq. (C.1) is given by

(2J+1)2
o B o
J fJ(Too)
where the functions f; and fJ satisfy
(Ay = g*v® — g°6%) f1 =0, (C.3)
(A =g fr =0, (C.4)
with f7(r — 0) ~ f;(r — 0) ~ r2/.
Treating 04 as a perturbation, we expand the function f; as
£10r) =3 17 (). (C.5)
n=0

where f§n) is obtained by iteratively solving
(Ag =) = g8 £, (C.6)

with £ = 7 and f§"70(r = 0) ~ O(2+1).
In order for the calculation of the counter terms for each angular momentum, we
decompose (V] a5

(N =5 (C.7)
J=0

Then,

n=0 fJ(Too)

V=Rl — (27 4 1)%In [Z #n (W)] . (C.8)
t—1
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For the calculation of E!}V], we expand the right-hand side of the above equation with respect
to t, neglect terms of O(tP) with p > N + 1, and take ¢ — 1. In particular,

= Ao (120} 1 ()
0 = (2T + 1) + N (C.9)
fJ(Too) fJ(Too) fJ(Too)
Eq. (6.8) contains functional determinants of the fluctuation operators in the matrix
form. Even in such a case, we can expand the functional determinant of our interest with

respect to perturbations. For the calculation of the first term of the right-hand side of
eq. (6.8), we introduce 3 x 3 functions F ;(r) for J > 0, which are expanded as

=S "F(). (C.10)
n=0
They obey the following differential equations:
2L
Aj— %—922)2 — 0 - _
r r g%6¢* 0 2g¢/
(n) _ Y (n—1)
% AJJF%_QQUQ 0 F'=[ 0 g¢%¢* 0 [F/7), (C11)
r r N 299/ 0 0Q
0 0 A;—Q
forn > 1, and
2J’F2J_1 —LT2J+1 0
FO(r —0)~ | Lr2/-1 202741 o |. (C.12)

0 0o r

For J =0, F j—g is a 2 X 2 object; it satisfies

3
Ap— 2 g2 0 2552 903/
0 Ag—0 99
with
FO(r - 0) ~ (g ?) (C.14)

With the functions F';, we define

LY = 27+ 1% [F7 () F Y (1) 4+ 5 (o) PP ()|

2J +1)2 [l 1 e
B B )P B P )] . (15)
where F J= FSO). Then, the first term of eq. (6.8) is expressed as
( #799)
1 | Det(Mp, + M) 1.2 (N=2] 0 (N=2]
5 DetM(A“ > =3 Z Ly~ > (C.16)
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In summary, the divergent parts given in egs. (6.8) and (6.9) are given by

o [e.9]
(SLyp) _ 1 [N=2] [N=2] _ ,IN=2]
0S4y = 5 DLy = Ty (C.17)
J=0 J=0
oo
084 =Y v, (C.18)
J=0
Comparing the above equations with eq. (6.12) or (6.13), we can obtain the counter terms
for each angular momentum, SL(IS’L’@ and SST).
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