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Abstract: We propose a new method to evaluate jet substructure observables in inclu-

sive jet measurements, based upon semi-inclusive jet functions in the framework of Soft

Collinear Effective Theory (SCET). As a first example, we consider the jet fragmentation

function, where a hadron h is identified inside a fully reconstructed jet. We introduce a new

semi-inclusive fragmenting jet function Ghi (z = ωJ/ω, zh = ωh/ωJ , ωJ , R, µ), which depends

on the jet radius R and the large light-cone momenta of the parton ‘i’ initiating the jet

(ω), the jet (ωJ), and the hadron h (ωh). The jet fragmentation function can then be ex-

pressed as a semi-inclusive observable, in the spirit of actual experimental measurements,

rather than as an exclusive one. We demonstrate the consistency of the effective field

theory treatment and standard perturbative QCD calculations of this observable at next-

to-leading order (NLO). The renormalization group (RG) equation for the semi-inclusive

fragmenting jet function Ghi (z, zh, ωJ , R, µ) are also derived and shown to follow exactly

the usual timelike DGLAP evolution equations for fragmentation functions. The newly

obtained RG equations can be used to perform the resummation of single logarithms of the

jet radius parameter R up to next-to-leading logarithmic (NLLR) accuracy. In combination

with the fixed NLO calculation, we obtain NLO+NLLR results for the hadron distribution

inside the jet. We present numerical results for pp→ (jeth)X in the new framework, and

find excellent agreement with existing LHC experimental data.
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1 Introduction

At present day hadron colliders, collimated jets of hadrons are abundantly produced and,

hence, it is not surprising that a large fraction of the observables currently investigated at

the Large Hadron Collider (LHC) involve jets. Experiments at the LHC measure both the

inclusive jet production cross sections, as well as a variety of jet substructure observables.

In recent years, jet substructure measurements have emerged as an ideal testing ground

to study the fundamental properties of Quantum Chromodynamics (QCD). In addition,

they provide promising new observables for searches of new physics beyond the Standard

Model [1, 2]. It is, therefore, of utmost importance to continuously improve our theoretical

understanding of the QCD dynamics that govern both the total production cross section

of jets [3–11], as well as jet substructure [12–34].

In this work we propose a new formalism to study jet substructure observables in Soft

Collinear Effective Theory (SCET) [35–39], based upon semi-inclusive jet functions recently

introduced to describe inclusive jet spectra [11]. With the help of these semi-inclusive

jet functions we are able to express jet substructure observables related to inclusive jet

measurements pp→ jetX, where the sum over all particles in the final state X besides the

observed jet is performed. At present, many jet substructure observables are calculated for

exclusive processes pp→ n jets in SCET. Here, “exclusive” means that a certain number of

signal jets is identified but one vetoes additional jets. To achieve this, an upper energy cut

Λ for the total energy outside the observed n-jets in the final state can be imposed. There

are important exclusive-type jet measurements at both the Tevatron and the LHC, e.g.,

exclusive jet production associated with vector bosons [40–43]. However, lots of jet cross
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section and jet substructure measurements, e.g. jet mass, jet shapes, and jet fragmentation

functions, are usually performed for inclusive jet production [44–55]. For such observables,

one should ideally use a factorization formalism developed specifically for inclusive jet

production, rather than rely on a framework formulated for exclusive jets. Besides the fact

that this will reflect more accurately the nature of the experiments at the LHC, it will also

help eliminate potentially large power corrections of the form O(Λ/Q), where Q denotes

the hard scale of the process.

As a first example of a jet substructure observable, we consider the jet fragmentation

function (JFF) expressed as a semi-inclusive measurement in SCET. The JFF describes

the longitudinal momentum distribution of hadrons inside a fully reconstructed jet. The

exact definition will be given below. The JFF probes the parton-to-hadron fragmentation

at a differential level and it can give novel constraints for fragmentation functions. In

addition, one may gain new insights into spin dependent phenomena [56–60]. In heavy-

ion collisions the JFF plays an important role where one may study the modification of

jets when traversing the hot and dense QCD medium, the quark-gluon plasma [61–63],

and strongly complements the modification of other jet cross section and jet substructure

observables [64–67]. Experimentally, the JFF was first measured in pp̄ collisions at the

Tevatron [68], and more recently in pp collisions at the LHC [50–54]. Pioneering work for

the theoretical description of the JFF was performed in [15–19] using the framework of

SCET. Further investigation and extensions were presented in [25–33] using both SCET

and standard perturbative QCD methods. In particular, the JFF in pp collisions was

calculated for inclusive pp→ (jeth)X processes to fixed next-to-leading order (NLO) in [31–

33]. In [29], the JFF in pp collisions was addressed in the context of SCET. While the

effective field theory treatment in [29] allowed for the resummation of potentially large

logarithms in the jet parameter R, which is not achieved by fixed NLO calculations, it

was written in terms of exclusive jet functions. In contrast, in this work we present a

calculation of the JFF pp → (jeth)X in SCET written as a semi-inclusive cross section

ratio, which is consistent with the fixed NLO results of [31–33]. In addition, owing to the

effective field theory treatment, we are able to go beyond the current state-of-the-art fixed

order calculation by resumming potentially large logarithms of the jet radius parameter R

through renormalization group (RG) equations.

In order to write the JFF in SCET for inclusive jet measurements, we introduce

a new type of jet function — the semi-inclusive fragmenting jet function [69] (FJF)

Ghi (z, zh, ωJ , R, µ). Here, µ is the renormalization scale and R is the jet radius parameter.

We further define the following three large light-cone momentum components ωJ , ω, ωh
which correspond to the jet, the parton i initiating the jet and the hadron observed inside

the jet respectively. The variables z, zh are given by the ratios z = ωJ/ω and zh = ωh/ωJ .

We derive the RG equations for the semi-inclusive FJF, which take the form of standard

timelike DGLAP equations that also govern the evolution of fragmentation functions. By

solving the DGLAP equations, we are able to resum single logarithms of the jet radius

parameter αns lnnR up to next-to-leading logarithmic (NLLR) accuracy and combine it

with the fixed order results to obtain NLO+NLLR. This needs to be contrasted to the

exclusive limit of the JFF, where the dependence on the jet radius parameter is double
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logarithmic, i.e. αns ln2nR, and resummation proceeds through a multiplicative RG equa-

tion [29]. In [11], an analogous new kind of jet function Ji(z, ωJ , µ) was introduced in

order to describe single inclusive jet production in SCET pp→ jetX. For related work on

single-inclusive jet production, see also [9, 10, 70]. Understanding the underlying dynamics

of small-R jets is particularly relevant for jet substructure studies in heavy-ion collisions,

where the experiments typically choose a very small jet parameter in order to minimize the

contribution of background radiation. For example, in [53–55], the jet parameter is chosen

as R = 0.2 and R = 0.3.

The remainder of this paper is organized as follows. In section 2, we provide the

definition of the new semi-inclusive FJF and give details of its evaluation to first order

in the strong coupling for both the cone and anti-kT algorithms. In addition, we derive

the DGLAP type RG equations and we discuss their solution in Mellin moment space. In

section 3, we present numerical calculations using our new framework. We first compare to

the currently available data from the LHC, and, we then present comparisons to the fixed

NLO results for the JFF. We conclude our paper in section 4.

2 The semi-inclusive fragmenting jet function

In this section, we introduce the definition of the semi-inclusive fragmenting jet func-

tion in SCET, perform its calculation to NLO, and, finally, derive and solve its RG

evolution equation.

2.1 Definition

The semi-inclusive fragmenting quark and gluon jet functions can be constructed from the

corresponding gauge invariant quark and gluon fields in SCET, which are given by [35–39]

χn = W †nξn, Bµn⊥ =
1

g

[
W †niD

µ
n⊥Wn

]
. (2.1)

Here, nµ is a light-cone vector with its spatial component along the jet axis. It is convenient

to introduce another conjugate light-cone vector n̄µ, such that n2 = n̄2 = 0 and n · n̄ = 2.

In eq. (2.1), the covariant derivative is iDµ
n⊥ = Pµn⊥+ gAµn⊥, with Pµ the label momentum

operator. On the other hand, Wn is the Wilson line of collinear gluons,

Wn(x) =
∑

perms

exp

[
−g 1

n̄ · P n̄ ·An(x)

]
. (2.2)

With these collinear quark and gluon fields at hand, the semi-inclusive FJFs for quark

and gluon jets are defined as

Ghq (z, zh, ωJ , µ) =
z

2Nc
δ

(
zh−

ωh
ωJ

)
Tr

[
n̄/

2
〈0|δ (ω−n̄ · P)χn(0)|(Jh)X〉〈(Jh)X|χ̄n(0)|0〉

]
,

(2.3)

Ghg (z, zh, ωJ , µ) =− z ω

(d−2)(N2
c −1)

δ

(
zh −

ωh
ωJ

)
〈0|δ (ω − n̄ · P)Bn⊥µ(0)|(Jh)X〉

× 〈(Jh)X|Bµn⊥(0)|0〉, (2.4)

– 3 –



J
H
E
P
1
1
(
2
0
1
6
)
1
5
5

where (d − 2) is the number of polarizations for gluons in d space-time dimensions. Note

that we only consider massless quark flavors. The state |(Jh)X〉 represents the final-state

unobserved particles X and the observed jet J with an identified hadron h inside, denoted

collectively by (Jh). On the other hand, ω is the quark or gluon energy initiating the jet,

while ωJ and ωh are the energy of the jet and that of the identified hadron inside the jet,

respectively. The energy fractions z and zh are defined as follows

z =
ωJ
ω
, zh =

ωh
ωJ

. (2.5)

Note that the variable z also appears in the closely related calculation of the semi-inclusive

jet function presented in [11]. In addition, we would like to point out that the semi-

inclusive fragmenting jet function can also depend on the jet radius R, i.e. we have in

general Gi(z, zh, ωJ , R, µ). However, in the remainder of this paper we leave this dependence

implicit to shorten our notation.

2.2 NLO calculation

Since the semi-inclusive FJFs Ghi (z, zh, ωJ , µ) describe the distribution of hadrons inside

the jet, and, thus, contain hadronization/non-perturbative information, they are not di-

rectly calculable in perturbation theory. In this respect, they are different from the purely

perturbative semi-inclusive jet functions introduced in [11]. Nevertheless, following the

standard perturbative QCD methodology, one can evaluate the partonic fragmenting jet

functions to obtain their renormalization properties. In other words, we replace the hadron

h by a parton j, and compute Gji (z, zh, ωJ , µ) as a perturbative expansion in terms of the

strong coupling constant αs.

We are now going to outline the calculation of the semi-inclusive FJF for quark and

gluon initiated jets Ghq,g(z, zh, ωJ , µ). Although the results depend on the jet algorithm, to

facilitate our presentation, we mostly focus on the calculation for the anti-kT algorithm. We

only list results for the cone algorithm at the end, see eq. (2.36), and we point out important

differences along the way. At leading order the results only involve two delta functions

Gq,(0)
q (z, zh, ωJ) = Gg,(0)

g (z, zh, ωJ) = δ(1− z)δ(1− zh) . (2.6)

Note that z = 1 corresponds to the case where the total energy of the initiating parton

is transferred to the jet. On the other hand, zh = 1 corresponds to the case, where the

fragmenting parton inside the jet carries the total jet energy. Both quantities are unity at

leading-order but they will have a more complicated functional form at NLO and beyond,

allowing generally z, zh < 1.

At NLO, the SCET Feynman diagrams which contribute to the quark semi-inclusive

FJF are shown in figure 1. See [11] for the corresponding diagrams for the gluon semi-

inclusive FJF. The semi-inclusive FJF is obtained by summing over all possible cuts of the

Feynman diagrams shown in figure 1. We choose to work in pure dimensional regularization

with d = 4 − 2ε dimensions. We start by considering only cuts through loops, i.e. we

only calculate the contributions where there are two final-state partons. The remaining

cuts are virtual contributions leading to scaleless integrals which vanish in dimensional
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ℓ

q

ℓ− q

(A) (B) (C) (D)

Figure 1. Feynman diagrams that contribute to the semi-inclusive quark fragmenting jet function.

The quark initiating the jet has momentum ` = (`+, `− = ω, 0⊥), with ω = ωJ/z = ωh/(zzh) and

ωJ , ωh are the jet and hadron energies respectively. Note that the dashed (curly) lines correspond

to collinear quarks (gluons).

(A) (B) (C)

Figure 2. The three contributions that need to be considered for the semi-inclusive quark frag-

menting jet function: (A) both the quark and the gluon are inside the jet, (B) only the quark is

inside the jet, (C) only the gluon is inside the jet.

regularization. Effectively, virtual contributions only change IR poles to UV poles except

for the IR poles that will eventually be matched onto the standard collinear fragmentation

functions. In the end, we will be left with UV poles only, which will be subtracted by

renormalization.

As displayed in figure 2, for the quark semi-inclusive FJF there are two contributions

that we need to consider (A) and (B)+(C), similar to the semi-inclusive jet function con-

sidered in [11]. To be specific, let us consider Gqq (z, zh, ωJ). As displayed in figure 1 — the

incoming quark has momentum `− and the final-state quark has momentum `−−q−. From

these momenta we can define the branching fraction x = (`− − q−)/`−. At this order in

perturbation theory there are only the following two possibilities. First, if both quark and

gluon are inside the jet, as in figure 2 (A), we have z = 1 and zh = x. Second, if the gluon

exits the jet, as shown in figure 2 (B), we have z = x and zh = 1. Such considerations can

be generalized to all other partonic splitting channels i → jk, which we will now discuss

in detail.

1. Both partons are inside the jet: this situation is shown in figure 2(A) for a quark

initiated jet. In this case, all the initial quark energy ω is translated to the jet,

hence, we have z = ωJ/ω = 1. On the other hand, the energy of the fragmenting

parton ωh can be less than the jet energy and we will find in general for the ratio

zh = ωh/ωJ < 1. For a splitting process i → jk, where j denotes the fragmenting

parton, the one-loop bare semi-inclusive FJF in the MS scheme can be written as

Gjk,(1)
i,bare (z, zh, ωJ , µ) = δ(1− z)

αs
π

(eγEµ2)ε

Γ(1− ε) P̂ji(zh, ε)
∫

dq⊥
q1+2ε
⊥

Θalg . (2.7)
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The superscript “jk” indicates that this is the O(αs) contribution where both partons

jk remain in the jet. The functions P̂ji(z, ε) are given by

P̂qq(z, ε) = CF

[
1 + z2

1− z − ε (1− z)

]
, (2.8a)

P̂gq(z, ε) = CF

[
1 + (1− z)2

z
− ε z

]
, (2.8b)

P̂qg(z, ε) = TF

[
1− 2z(1− z)

1− ε

]
, (2.8c)

P̂gg(z, ε) = CA

[
2z

1− z +
2(1− z)

z
+ 2z(1− z)

]
. (2.8d)

In the case when both partons are inside the jet, the jet algorithm constraints Θalg

for cone and anti-kT algorithms with a jet radius R are given in terms of the following

theta functions:

cone: Θcone = θ

(
(1− zh)ωJ tan

R
2
− q⊥

)
θ

(
zhωJ tan

R
2
− q⊥

)
, (2.9)

anti-kT: Θanti-kT
= θ

(
zh(1− zh)ωJ tan

R
2
− q⊥

)
, (2.10)

where R is related to the jet radius R as follows

R ≡ R

cosh η
, (2.11)

with η the jet rapidity. For details, see [11].

Note that the expression in (2.7) agrees with earlier work where the exclusive limit

of the cross section was considered [17, 29], except for the overall δ(1− z). In other

words, part of the inclusive result is given by the exclusive FJF up to a trivial prefactor

ensuring z = 1. For the anti-kT algorithm, the constraint in eq. (2.10) leads to the

following q⊥ integral∫
dq⊥
q1+2ε
⊥

Θanti-kT
=

∫ zh(1−zh)ωJ tan R
2

0

dq⊥
q1+2ε
⊥

= − 1

2ε

(
ωJ tan

R
2

)−2ε

(zh(1− zh))−2ε .

(2.12)

After substituting this expression into eq. (2.7), we obtain the contribution when

both partons are inside the jet:

Gjk,(1)
i,bare (z, zh, ωJ , µ) = δ(1− z)

αs
2π

(eγEµ2)ε

Γ(1− ε) P̂ji(zh, ε)
(
−1

ε

)
× (zh(1− zh))−2ε

(
ωJ tan

R
2

)−2ε

. (2.13)

2. Only one parton is inside the jet: the situation where one parton is inside and another

parton is exiting the jet is illustrated in figure 2(B) and (C) for a quark initiated

jet. In this case, the final-state quark (or gluon) forms the jet, with a jet energy

– 6 –
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ωJ = (` − q)− = z `−. In other words, only a fraction z of the incoming quark

energy ω is translated into the jet energy. On the other hand, at this order in

perturbation theory, all the jet energy is translated to the fragmenting parton inside

the jet. Therefore, we will have an overall delta function ensuring zh = ωh/ωJ = 1. It

is important to contrast this situation with earlier work [17, 29], where the exclusive

limit of the FJF was considered. In that case, an upper cut Λ for the total energy

outside the measured jets was imposed to ensure the exclusive n-jet configuration. It

was shown explicitly in the context of angularities in [14] that for the exclusive case

this contribution is power suppressed as O(Λ/Q), where Q is the large scale of the

process. In our case, when calculating an inclusive cross section, we do need to take

into account this situation, as there is no constraint requiring that the energy of the

exiting parton to be less than Λ. Instead, we need to integrate over all momentum

configurations similar to the case of fragmentation functions. In turn, this implies

that we do not have to impose anymore that the energy outside the reconstructed

jets needs to be small, hence, we do not have power corrections of the form O(Λ/Q).

The constraints from the jet algorithms require that one of the partons is outside the

jet, which can be written in the following form for both cone and anti-kT algorithms

Θcone = Θanti-kT
= θ

(
q⊥ − (1− z)ωJ tan

R
2

)
. (2.14)

Note that this constraint is written in terms of z, whereas the constraints in eq. (2.9)

involve the variable zh. We consider again the splitting process i→ jk, where only the

parton j remains inside the jet and eventually fragments into the observed hadron.

We can express this part of the bare semi-inclusive FJF as

Gj(k),(1)
i,bare (z, zh, ωJ , µ) = δ(1− zh)

αs
π

(eγEµ2)ε

Γ(1− ε) P̂ji(z, ε)
∫

dq⊥
q1+2ε
⊥

Θalg , (2.15)

where the superscript “j(k)” indicates that parton k exits the jet. The structure

here is very similar to eq. (2.7) except for the different overall delta function and a

different jet algorithm constraint Θalg. We can now perform the q⊥ integral as in [11]

∫
dq⊥
q1+2ε
⊥

Θalg =

∫ ∞
(1−z)ωJ tan R

2

dq⊥
q1+2ε
⊥

=
1

2ε

(
ωJ tan

R
2

)−2ε

(1− z)−2ε . (2.16)

Eventually, we can write the second contribution of the bare semi-inclusive FJF as

Gj(k),(1)
i,bare (z, zh, ωJ , µ) = δ(1− zh)

αs
2π

(eγEµ2)ε

Γ(1− ε) P̂ji(z, ε)
(

1

ε

)
(1− z)−2ε

(
ωJ tan

R
2

)−2ε

.

(2.17)

Adding the two contributions above in eqs. (2.13) and (2.17), we obtain the following
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result for the O(αs) correction to the bare semi-inclusive FJF

Gji,bare(z, zh, ωJ , µ) = Gj,(0)
i,bare(z, zh, ωJ , µ) + Gjk,(1)

i,bare (z, zh, ωJ , µ) + Gj(k),(1)
i,bare (z, zh, ωJ , µ)

= δijδ(1− z)δ(1− zh) +
αs
2π

(eγEµ2)ε

Γ(1− ε)

(
−1

ε

)(
ωJ tan

R
2

)−2ε

×
[
δ(1−z)P̂ji(zh, ε)(zh(1−zh))−2ε − δ(1− zh)P̂ji(z, ε)(1− z)−2ε

]
.

(2.18)

Note that the leading-order result in eq. (2.6) only needs to be added for the case of i = j.

As mentioned above, it can be seen here that the result to one-loop has always at least one

delta function δ(1 − z) or δ(1 − zh). However, this does not hold to higher orders in αs,

where both z, zh can be smaller than one simultaneously.

We now continue by substituting the explicit expressions for P̂ji(z, ε), as given in

eq. (2.8), and perform the expansion in powers of ε. We obtain the following results for

the semi-inclusive FJFs up to O(αs):

Gqq,bare(z, zh, ωJ , µ) = δ(1− z)δ(1− zh) +
αs
2π

(
−1

ε
− L

)
Pqq(zh)δ(1− z)

+
αs
2π

(
1

ε
+ L

)
Pqq(z)δ(1− zh)

+ δ(1− z)
αs
2π

[
2CF (1 + z2

h)

(
ln(1− zh)

1− zh

)
+

+ CF (1− zh) + 2Pqq(zh) ln zh

]
− δ(1− zh)

αs
2π

[
2CF (1 + z2)

(
ln(1− z)

1− z

)
+

+ CF (1− z)

]
, (2.19)

Ggg,bare(z, zh, ωJ , µ) = δ(1− z)δ(1− zh) +
αs
2π

(
−1

ε
− L

)
Pgg(zh)δ(1− z)

+
αs
2π

(
1

ε
+ L

)
Pgg(z)δ(1− zh)

+ δ(1− z)
αs
2π

[
4CA

(1− zh + z2
h)2

zh

(
ln(1− zh)

1− zh

)
+

+ 2Pgg(zh) ln zh

]
− δ(1− zh)

αs
2π

[
4CA

(1− z + z2)2

z

(
ln(1− z)

1− z

)
+

]
, (2.20)

Ggq,bare(z, zh, ωJ , µ) =
αs
2π

(
−1

ε
− L

)
Pgq(zh)δ(1− z) +

αs
2π

(
1

ε
+ L

)
Pgq(z)δ(1− zh)

+ δ(1− z)
αs
2π

[2Pgq(zh) ln(zh(1− zh)) + CF zh]

− δ(1− zh)
αs
2π

[2Pgq(z) ln(1− z) + CF z] , (2.21)

Gqg,bare(z, zh, ωJ , µ) =
αs
2π

(
−1

ε
− L

)
Pqg(zh)δ(1− z) +

αs
2π

(
1

ε
+ L

)
Pqg(z)δ(1− zh)

+ δ(1− z)
αs
2π

[2Pqg(zh) ln(zh(1− zh)) + 2TF zh(1− zh)]

− δ(1− zh)
αs
2π

[2Pqg(z) ln(1− z) + 2TF z(1− z)] . (2.22)
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Here, the logarithm L is given by

L = ln

(
µ2

ω2
J tan2(R/2)

)
, (2.23)

and the functions Pji(z) are the usual Altarelli-Parisi splitting kernels

Pqq(z) = CF

[
1 + z2

(1− z)+

+
3

2
δ(1− z)

]
, (2.24a)

Pgq(z) = CF
1 + (1− z)2

z
, (2.24b)

Pqg(z) = TF (z2 + (1− z)2) , (2.24c)

Pgg(z) = CA

[
2z

(1− z)+

+
2(1− z)

z
+ 2z(1− z)

]
+
β0

2
δ(1− z) , (2.24d)

with β0 = 11/3CA − 2/3Nf . The “plus”-distributions are defined as usual via∫ 1

0
dz f(z)[g(z)]+ ≡

∫ 1

0
dz(f(z)− f(1))g(z) . (2.25)

It is important to realize that the first poles (multiplied by Pji(zh)δ(1 − z)) for all the

Gji,bare in eqs. (2.19)–(2.22) are IR poles that will be matched onto the standard collinear

fragmentation functions as discussed below. On the other hand, the second poles (mul-

tiplied by Pji(z)δ(1 − zh)) in these results are UV poles after taking into account virtual

corrections. Since the UV poles only involve the variable z, one should expect that the

renormalization of the semi-inclusive FJF will also only involve the variable z. When deal-

ing with the renormalization, the variable zh will only be a parameter. However, since the

IR poles involve only the variable zh, it will be the relevant variable when matching onto

the fragmentation functions. The renormalization and matching will be discussed below.

Note that we are only left with single poles 1/ε and single logarithms L here. All 1/ε2

poles and L2 terms that appear at intermediate steps of the calculations drop out. In fact,

these terms cancel between the two contributions to the semi-inclusive FJF where both

partons are in the jet and where one parton exits the jet. This is a crucial difference to the

exclusive FJF [17, 29]. Basically, the exclusive FJF is given by the first part only, where

both partons remain in the jet. In this case, there are 1/ε2 poles as well as L2 terms.

The fact that here we only have single logarithms, whereas the exclusive case has double

logarithms, leads to a very different renormalization and evolution of the exclusive and the

semi-inclusive FJF as we are going to discuss in the next sections.

2.3 Renormalization and RG evolution

Our next step will be to renormalize the semi-inclusive FJF Gji and, afterwards, to match

onto the (also) renormalized partonic fragmentation functions in order to deal with the

remaining IR divergences. The bare and renormalized semi-inclusive jet functions are

related in the following way

Gji,bare(z, zh, ωJ , µ) =
∑
k

∫ 1

z

dz′

z′
Zik

( z
z′
, µ
)
Gjk(z′, zh, ωJ , µ) , (2.26)
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where Zik(z/z
′, µ) is the renormalization matrix. We would like to emphasize that only

the variable z is involved in this convolution and, hence, in the renormalization, since

the UV poles only involve the variable z as demonstrated in last section. On the other

hand, the variable zh is only a parameter here, but it will be the relevant variable when

matching onto the fragmentation functions. The renormalized FJF satisfies the following

RG evolution equation

µ
d

dµ
Gji (z, zh, ωJ , µ) =

∑
k

∫ 1

z

dz′

z′
γGik

(
z

z′
, µ

)
Gjk(z′, zh, ωJ , µ) , (2.27)

where the anomalous dimension matrix is given by

γGij = −
∑
k

∫ 1

z

dz′

z′
(Z)−1

ik

(
z

z′
, µ

)
µ
d

dµ
Zkj

(
z′, µ

)
. (2.28)

The inverse of the renormalization matrix is defined via

∑
k

∫ 1

z

dz′

z′
(Z)−1

ik

(
z

z′
, µ

)
Zkj(z

′, µ) = δijδ(1− z). (2.29)

For the renormalization matrix up to O(αs), we find

Zij(z, µ) = δijδ(1− z) +
αs(µ)

2π

(
1

ε

)
Pji(z) , (2.30)

and, hence, the anomalous dimension matrix is given by

γGij(z, µ) =
αs(µ)

π
Pji(z) . (2.31)

This implies that the renormalized semi-inclusive FJF follows the usual timelike DGLAP

evolution equation for fragmentation functions [71–74]

µ
d

dµ
Ghi (z, zh, ωJ , µ) =

αs(µ)

π

∑
k

∫ 1

z

dz′

z′
Pki

( z
z′

)
Ghk (z′, zh, ωJ , µ) , (2.32)

where we have switched back from the semi-inclusive partonic FJF to the hadronic FJF.

An analogous result was found for the semi-inclusive jet function in [11]. The leading-order

evolution kernels Pji(z) were defined in (2.24). We would like to again contrast this finding

to the exclusive limit of the FJF as considered in [17, 29]. The exclusive FJF satisfies a

multiplicative RG equation and its anomalous dimension has a logarithmic dependence.

Solving this RG equation leads to the exponentiation of double logarithms αns ln2nR. In

our case, we have the DGLAP convolution structure and its solution, as discussed below,

will lead to the resummation of single logarithms αns lnnR.

– 10 –



J
H
E
P
1
1
(
2
0
1
6
)
1
5
5

For completeness, we list all four renormalized semi-inclusive partonic FJFs here for

the anti-kT algorithm

Gqq (z, zh, ωJ , µ) = δ(1− z)δ(1− zh)+
αs
2π

(
−1

ε
− L

)
Pqq(zh)δ(1−z)+

αs
2π
LPqq(z)δ(1−zh)

+ δ(1− z)
αs
2π

[
2CF (1+z2

h)

(
ln(1−zh)

1−zh

)
+

+CF (1− zh)+2Pqq(zh) ln zh

]
− δ(1− zh)

αs
2π

[
2CF (1 + z2)

(
ln(1− z)

1− z

)
+

+ CF (1− z)

]
, (2.33a)

Ggg (z, zh, ωJ , µ) = δ(1−z)δ(1−zh)+
αs
2π

(
−1

ε
− L

)
Pgg(zh)δ(1− z) +

αs
2π
LPgg(z)δ(1− zh)

+ δ(1− z)
αs
2π

[
4CA

(1− zh + z2
h)2

zh

(
ln(1− zh)

1− zh

)
+

+ 2Pgg(zh) ln zh

]
− δ(1− zh)

αs
2π

[
4CA

(1− z + z2)2

z

(
ln(1− z)

1− z

)
+

]
, (2.33b)

Ggq (z, zh, ωJ , µ) =
αs
2π

(
−1

ε
− L

)
Pgq(zh)δ(1− z) +

αs
2π
LPgq(z)δ(1− zh)

+ δ(1− z)
αs
2π

[2Pgq(zh) ln(zh(1− zh)) + CF zh]

− δ(1− zh)
αs
2π

[2Pgq(z) ln(1− z) + z] , (2.33c)

Gqg(z, zh, ωJ , µ) =
αs
2π

(
−1

ε
− L

)
Pqg(zh)δ(1− z) +

αs
2π
LPqg(z)δ(1− zh)

+ δ(1− z)
αs
2π

[2Pqg(zh) ln(zh(1− zh)) + 2TF zh(1− zh)]

− δ(1− zh)
αs
2π

[2Pqg(z) ln(1− z) + 2TF z(1− z)] . (2.33d)

The remaining poles here are IR poles which we are going to match onto the collinear

fragmentation functions in the next section.

2.4 Matching onto standard collinear fragmentation functions

At a scale µ � ΛQCD, we can match the semi-inclusive FJF Gji (z, zh, ωJ , µ) onto the

fragmentation functions Dh
i (z, µ) as follows:

Ghi (z, zh, ωJ , µ) =
∑
j

∫ 1

zh

dz′h
z′h
Jij
(
z, z′h, ωJ , µ

)
Dh
j

(
zh
z′h
, µ

)
, (2.34)

a relation valid up to the power correction of O(Λ2
QCD/ω

2 tan2(R/2)) [17, 29]. Note that

the convolution variable here is zh, whereas z is a mere parameter. Other than that, this

procedure is completely analogous to the case of exclusive FJF [17, 29]. To obtain the

matching coefficients Jij , we replace the hadron h by a parton state, using the perturba-

tive results for the renormalized Gji (z, zh, ωJ , µ) and Dj
i (zh, µ). While the Gji (z, zh, ωJ , µ)

are given in eq. (2.33), the perturbative renormalized standard collinear fragmentation

functions Dj
i (zh, µ) up to O(αs) using pure dimensional regularization in the MS scheme
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are given by

Dj
i (zh, µ) = δijδ(1− zh) +

αs
2π
Pji(zh)

(
−1

ε

)
. (2.35)

Finally, the matching coefficients Jij(z, zh, ωJ , µ) for both anti-kT and cone algorithms are

given by

Jqq(z, zh, ωJ , µ) = δ(1− z)δ(1− zh) +
αs
2π

{
L [Pqq(z)δ(1− zh)− Pqq(zh)δ(1− z)]

+ δ(1− z)

[
2CF (1 + z2

h)

(
ln(1− zh)

1− zh

)
+

+ CF (1− zh) + Ialg
qq (zh)

]
− δ(1− zh)

[
2CF (1 + z2)

(
ln(1− z)

1− z

)
+

+ CF (1− z)

]}
,

Jgg(z, zh, ωJ , µ) = δ(1− z)δ(1− zh) +
αs
2π

{
L [Pgg(z)δ(1− zh)− Pgg(zh)δ(1− z)]

+ δ(1− z)

[
4CA

(1− zh + z2
h)2

zh

(
ln(1− zh)

1− zh

)
+

+ Ialg
gg (zh)

]
− δ(1− zh)

[
4CA

(1− z + z2)2

z

(
ln(1− z)

1− z

)
+

]}
,

Jqg(z, zh, ωJ , µ) =
αs
2π

{
L [Pgq(z)δ(1− zh)− Pgq(zh)δ(1− z)]

+ δ(1− z)
[
2Pgq(zh) ln(1− zh) + CF zh + Ialg

qg (zh)
]

− δ(1− zh) [2Pgq(z) ln(1− z) + CF z]

}
,

Jgq(z, zh, ωJ , µ) =
αs
2π

{
L [Pqg(z)δ(1− zh)− Pqg(zh)δ(1− z)]

+ δ(1− z)
[
2Pqg(zh) ln(1− zh) + 2TF zh(1− zh) + Ialg

gq (zh)
]

− δ(1− zh) [2Pqg(z) ln(1− z) + 2TF z(1− z)]

}
, (2.36)

where Ialg
ij (zh) are jet algorithm-dependent functions with the following expressions

Ianti−kT
ij (zh) = 2Pji(zh) ln zh , (2.37)

Icone
ij (zh) = 2Pji(zh) ln(zh/(1− zh))θ(1/2− zh) . (2.38)

Note that at this order in perturbation theory only the terms Jij(z, zh, ωJ , µ) ∼ δ(1 − z)

have jet algorithm-dependent contributions. This can be understood in the sense that

up to O(αs), all terms ∼ δ(1 − zh) correspond to a configuration where there is only one

parton inside the jet and the jet algorithm constraints for both cone and anti-kT jets are the

same, cf. eq. (2.14). After taking into account the different conventions used in this work

and the formalism developed in [32], where the NLO calculation was performed, we find

full agreement between the two approaches at this level. However, having obtained those

results within the effective theory framework, we can go beyond the fixed order calculation.
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With the help of the derived DGLAP renormalization group equations we can now resum

single-logarithms in R, which will be discussed in the next section. Before we do that, it is

useful to remind the reader that we do not assume any hierarchy between z and zh. Recall

that z is the energy of the jet compared to the initiating parton energy, whereas zh is the

energy of the hadron divided by the jet energy. As can be seen form the above equations,

at leading-order, we have both z = zh = 1. At NLO, either z = 1 or zh = 1. Beyond

NLO both z and zh can be smaller than one simultaneously, but there is no hierarchy

between them.

The first step toward resummation, discussed in the following section, is to choose a

scale µ for the matching coefficients listed above, such that it minimizes the large loga-

rithms. From the explicit expressions, one finds that an obvious choice is

µ = µG = ωJ tan(R/2) , (2.39)

which sets the logarithms L as defined in (2.23) to zero. It might be instructive to real-

ize that

µG = ωJ tan(R/2) = (2pT cosh η) tan

(
R

2 cosh η

)
≈ pTR ≡ pTR, (2.40)

where we have used eq. (2.11) and the fact that the jet energy is ωJ = 2pT cosh η. Evolving

the semi-inclusive FJF from this scale µG ∼ pTR to the hard scale of the process µ ∼ pT ,

we are thus resumming the logarithms in R. Furthermore, we would like to point out

that the derived matching coefficients satisfy certain sum rules after integrating over the

fragmenting parton variable zh, as also pointed out in [17, 32]. By summing over the

quark and gluon initiated contributions respectively and integrating over zh, we obtain the

semi-inclusive jet functions Jq,g(z, ωJ , µ) introduced in [11]∫ 1

0
dzh zh

[
Jqq(z, zh, ωJ , µ) + Jqg(z, zh, ωJ , µ)

]
= Jq(z, ωJ , µ) , (2.41)∫ 1

0
dzh zh

[
Jgg(z, zh, ωJ , µ) + 2NfJgq(z, zh, ωJ , µ)

]
= Jg(z, ωJ , µ) . (2.42)

2.5 lnR resummation

We define the following renormalized and matched semi-inclusive FJFs for quarks

and gluons

Ghq (z, zh, ωJ , µG) =

∫ 1

zh

dz′h
z′h

[
Jqq(z, z′h, ωJ , µG)Dh

q

(
zh
z′h
, µG

)
+Jqg(z, z′h, ωJ , µG)Dh

g

(
zh
z′h
, µG

)]
, (2.43a)

Ghg (z, zh, ωJ , µG) =

∫ 1

zh

dz′h
z′h

[
Jgg(z, z′h, ωJ , µG)Dh

g

(
zh
z′h
, µG

)
+
∑
i=q,q̄

Jgi(z, z′h, ωJ , µG)Dh
i

(
zh
z′h
, µG

)]
, (2.43b)
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which constitute the initial conditions for the DGLAP equations at scale µG ∼ pTR. Fol-

lowing eq. (2.32), the timelike DGLAP evolution equations for the semi-inclusive FJF can

be cast into the following form

d

d log µ2

(
GhS(z, zh, ωJ , µ)

Ghg (z, zh, ωJ , µ)

)
=
αs(µ)

2π

(
Pqq(z) 2NfPgq(z)

Pqg(z) Pgg(z)

)
⊗
(
GhS(z, zh, ωJ , µ)

Ghg (z, zh, ωJ , µ)

)
, (2.44)

where the Pji(z) denote the leading-order Altarelli-Parisi splitting kernels as given in (2.24)

and ⊗ denotes the usual convolution which is here taken in the variable z only

(f ⊗ g)(z) =

∫ 1

z

dz′

z′
f(z′)g(z/z′) . (2.45)

It is important to emphasize again that the above DGLAP equations only evolve the semi-

inclusive FJFs in (z, µ) space, while the zh-dependence in Ghq,g(z, zh, ωJ , µ) is completely

determined by the initial conditions in eq. (2.43) and remains unchanged in the evolution.

The function GhS(z, zh, ωJ , µ) in (2.44) is the singlet semi-inclusive FJF given by the sum

over all quarks and anti-quarks

GhS(z, zh, ωJ , µ) =
∑
i=q,q̄

Ghi (z, zh, ωJ , µ) . (2.46)

Note that here we also need to consider a separate non-singlet evolution as the

Ghi (z, zh, ωJ , µ) depend on fragmentations functions that can be different for all quark

flavors i = q, q̄, i.e. due to the difference in zh-dependence. This is different to the semi-

inclusive jet function Ji(z, ωJ , µ) considered in [11] which is purely perturbative and de-

pends on z only, and thus it is the same for all quark flavors. We follow the conventions

of [75] for performing the separate non-singlet evolution.

The initial condition for the DGLAP equations at the scale µG involve delta functions

and “plus” distributions. Therefore, we solve the evolution equations in Mellin moment

space following the method of [75]. The Mellin moments of any z-dependent function are

defined as

f(N) =

∫ 1

0
dz zN−1f(z) . (2.47)

The Mellin moments of delta functions and “plus” distributions are simple functions in

Mellin moment space. This way, we can perform the evolution from the initial scale µG to

any scale µ in Mellin space and take an inverse transformation afterwards, which is given

by a contour integral in the complex N plane as defined below (2.52). An advantage of

the treatment in Mellin moment space is that the convolution structure of the DGLAP

equations in (2.44) is turned into simple products in Mellin space. In general, one has

schematically

(f ⊗ g)(N) = f(N) g(N) . (2.48)

Taking into account the fact that the singlet evolution matrix in (2.44) only depends on the

scale µ through the strong coupling constant αs(µ), we can write down the leading-order
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solution for the timelike DGLAP evolution equation for the semi-inclusive FJFs as [75](
GhS(N, zh, ωJ , µ)

Ghg (N, zh, ωJ , µ)

)
=

[
e+(N)

(
αs(µ)

αs(µG)

)−r−(N)

+ e−(N)

(
αs(µ)

αs(µG)

)−r+(N)
]

×
(
GhS(N, zh, ωJ , µG)

Ghg (N, zh, ωJ , µG)

)
, (2.49)

where r+(N) and r−(N) denote the larger and smaller eigenvalue of the leading-order

singlet evolution matrix, see (2.44),

r±(N) =
1

2β0

[
Pqq(N) + Pgg(N)±

√
(Pqq(N)− Pgg(N))2 + 4Pqg(N)Pgq(N)

]
. (2.50)

The projector matrices e±(N) in (2.49) are defined as

e±(N) =
1

r±(N)− r∓(N)

(
Pqq(N)− r∓(N) 2NfPgq(N)

Pqg(N) Pgg(N)− r∓(N)

)
. (2.51)

The evolved semi-inclusive FJFs in z-space can be obtained by performing a Mellin inverse

transformation

GhS,g(z, zh, ωJ , µ) =
1

2πi

∫
CN
dN z−NGhS,g(N, zh, ωJ , µ) , (2.52)

where the contour in the complex N plane is chosen to the right of all the poles in

GhS,g(N, zh, ωJ , µ). Note that the outlined solution here only leads to a leading-logarithmic

(LLR) resummation since we evolve the semi-inclusive FJF using the leading-order splitting

kernels. However, it is straightforward to extend the solution of the evolution equations

to NLLR accuracy. Using NLO splitting kernels and by expanding the solution in Mellin

space around its leading-order solution, we may directly achieve a combined precision of

NLO+NLLR. See [11, 75, 76] for more detailed discussions. In [11], it was shown that the

difference between LLR and NLLR is only of the order of a few percent for the inclusive jet

production cross section. The difference is even less significant for the JFF which is given

by a ratio of two (LLR or NLLR) resummed quantities, see eq. (3.7) below. Nevertheless,

for consistency with the non-perturbative fragmentation functions that are evolved using

NLO splitting kernels, we choose to evolve the semi-inclusive FJFs also at NLLR accu-

racy. In addition, similar to hadron-inclusive cross sections, it is consistent to use the NLO

splitting kernels in order to fully capture all O(α3
s) effects.

Our evolution code [11] is a modified version of the evolution code for fragmentation

functions presented in [76], which in turn is based on the Pegasus evolution package

for PDFs [75]. We would like to emphasize again that we have to solve two DGLAP

equations now. The fragmentation functions Dh
i (zh, µ) describing the parton-to-hadron

fragmentation inside the jet enters the semi-inclusive FJF through eq. (2.43), and are

evolved from their initial scale, ∼ 1 GeV, up to the scale µG ∼ pTR using the standard

timelike DGLAP equations. This part of evolution is directly associated with the variable

zh. In addition, the semi-inclusive FJFs are evolved as a whole from µG ∼ pTR to µ ∼ pT
using also the same timelike DGLAP evolution equations, though the evolution now is

directly tied to the variable z in eq. (2.44).
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3 Phenomenology for pp → (jeth)X

Following [11, 32], we can write the cross section for pp→ (jeth)X as

dσpp→(jeth)X

dpTdηdzh
=

2pT
s

∑
a,b,c

∫ 1

xmin
a

dxa
xa

fa(xa, µ)

∫ 1

xmin
b

dxb
xb

fb(xb, µ)

×
∫ 1

zmin
c

dzc
z2
c

dσ̂cab(ŝ, p̂T , η̂, µ)

dvdz
Ghc (zc, zh, ωJ , µ) , (3.1)

where
∑

a,b,c stands for a sum over all parton flavors, and fa/b(xa/b, µ) are the usual parton

distribution functions. On the other hand, the relevant semi-inclusive FJFs Ghq,g(z, zh, ωJ , µ)

are evolved from their natural scale µG ∼ pTR to the scale µ as in (2.49). Here, s, pT and

η correspond to the center-of-mass (CM) system energy, the jet transverse momentum

and the jet rapidity, respectively. The hard functions dσ̂cab(ŝ, p̂T , η̂, µ) are functions of

the corresponding partonic variables: the partonic CM energy ŝ = xaxbs, the partonic

transverse momentum p̂T = pT /zc and the partonic rapidity η̂ = η − ln(xa/xb)/2. The

variables v, z can be expressed in terms of these partonic variables

v = 1− 2p̂T√
ŝ
e−η̂, z =

2p̂T√
s

cosh η̂ . (3.2)

Up to O(αs), the hard functions take the form

dσ̂cab
dvdz

=
dσ̂

c,(0)
ab

dv
δ(1− z) +

αs(µ)

2π

dσ̂
c,(1)
ab

dvdz
. (3.3)

As pointed out in [11], the hard functions here are the same as the partonic cross sections

for the processes pp → jetX and pp → hX, see also [77]. The corresponding expressions

were presented in [4, 78]. Finally, the integration limits in (3.1) are customarily written in

terms of the hadronic variables V,Z,

V = 1− 2pT√
s
e−η, Z =

2pT
s

cosh η , (3.4)

and are given by

xmin
a = 1− 1− Z

V
, xmin

b =
1− V

1 + (1− V − Z)/xa
, zmin

c =
1− V
xb

− 1− V − Z
xa

. (3.5)

The corresponding inclusive jet production cross section pp→ jetX including lnR resum-

mation was derived in [11] and is given by

dσpp→jetX

dpTdη
=

2pT
s

∑
a,b,c

∫ 1

xmin
a

dxa
xa

fa(xa, µ)

∫ 1

xmin
b

dxb
xb

fb(xb, µ)

×
∫ 1

zmin
c

dzc
z2
c

dσ̂cab(ŝ, p̂T , η̂, µ)

dvdz
Jc(zc, ωJ , µ) , (3.6)

where Jc(zc, ωJ , µ) is the semi-inclusive jet function introduced in [11]. It was shown in [11]

that Jc(zc, ωJ , µ) follows a similar DGLAP type evolution from the initial scale µJ ∼ pTR
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to the hard scale µ, which resums single-logarithms lnR. Here µJ is the characteristic

scale for semi-inclusive jet function Jc(zc, ωJ , µ), as shown in [11]. As mentioned above,

the hard functions here, dσ̂cab, are the same as in eq. (3.1). In addition, all kinematic

variables and integration limits are the same as in eq. (3.1). Note that power corrections

to both factorization formulas in eqs. (3.1) and (3.6) are of the order of O(Λ2
QCD/ω

2) in

the massless case we consider, see e.g. [79]. In addition, there are power corrections that

are purely of kinematic origin, such as hadron mass corrections, which lead to corrections

of O(m2
h/ω

2), where mh denotes the hadron mass. The JFF, as measured by experiments

is given by the following ratio

F (zh, pT ) =
dσpp→(jeth)X

dpTdηdzh

/dσpp→jetX

dpTdη
, (3.7)

where zh = phT /pT , pT and η are integrated over certain bins. We choose to match the

lnR resummation onto the fixed NLO calculation in the sense that we do not take into

account O(α4
s) contributions that appear in the convolution of the hard functions dσ̂cab and

the semi-inclusive FJF Ghc . Schematically, we have(
dσ̂

c,(0)
ab + dσ̂

c,(1)
ab

)
⊗
(
Gh,(0)
c + Gh,(1)

c

)
=
(
dσ̂

c,(0)
ab + dσ̂

c,(1)
ab

)
⊗ Gh,(0)

c + dσ̂
c,(0)
ab ⊗ Gh,(1)

c

+O(α4
s) , (3.8)

where the term dσ̂
c,(1)
ab ⊗ Gh,(1)

c is at the order of O(α4
s), i.e., part of NNLO contributions,

and will be dropped for consistency. This way, we get back to the fixed NLO calculation

of [32] in the limit of no evolution µG → µ for the semi-inclusive FJF. Since the initial

scale of the evolution depends on R, we obtain the limit of no evolution for R → 1. Even

though the limit of no evolution, R → 1, is beyond the approximation of narrow jets, it

serves as an important numerical check of our DGLAP based resummation code. As can

be seen from eq. (3.8), we need to evolve all Gh,(0)
i and Gh,(1)

i separately in order to achieve

the correct matching at NLO. Numerically, this procedure is particularly challenging as

the initial condition at leading-order is Gh,(0)
c ∼ δ(1− z). Also the one-loop semi-inclusive

FJF Gh,(1)
c involve delta functions and “plus” distributions at the initial scale µG . Even

with a long evolution µG → µ, the evolved functions are divergent for z → 1 and can

not be simply substituted into the expression for the cross section in eq. (3.1). We deal

with this issue by adopting a procedure developed in [80] in the context of the evolution of

fragmentation functions for quarkonia. For more details, we refer the reader to [11], where

the same procedure was adopted for the semi-inclusive jet function in the application for

pp→ jetX.

3.1 Comparison to LHC data

We will now compare the numerical results obtained within the new formalism at

NLO+NLLR to experimental data on light charged hadrons inside a jet in proton-proton

collisions at the LHC. See also [29, 32] for detailed discussions. For all data sets presented

here, the anti-kT algorithm was used to reconstruct the jets. The ATLAS experiment has

published data for the JFF at a CM energy of
√
s = 7 TeV [50] and

√
s = 2.76 TeV [49].
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For the data at
√
s = 7 TeV, the ATLAS experiment uses a jet radius parameter R = 0.6,

the jet rapidity is integrated over the interval |η| < 1.2, and the jet transverse momen-

tum pT is divided into several bins ranging from 25 to 500 GeV. On the other hand, for√
s = 2.76 TeV, a jet radius parameter R = 0.4 is used, the jet rapidity interval is |η| < 1.6,

and the jet transverse momentum ranges from 45 to 260 GeV. So far, the only published

data from the CMS collaboration that we can compare to was taken at a CM energy of√
s = 2.76 TeV using a jet radius parameter R = 0.3 [52]. The CMS data is presented for

only one jet transverse momentum interval 100 < pT < 300 GeV and the rapidity interval

is 0.3 < |η| < 2. Both experiments considered the distribution of light charged hadrons

h = h+ + h− inside the jet. For our numerical calculations, we use the CT14 NLO par-

ton distribution functions [81] and the DSS07 NLO fragmentation functions [82, 83]. In

addition, we make the default scale choices of µ = pT and µG = µJ = pTR.

In figure 3, we show the comparison of our calculations (solid blue lines) to the AT-

LAS data (red circles) taken at a CM energy of
√
s = 7 TeV [50]. The numbers in square

brackets denote different jet transverse momentum bins. For example, [25, 40] means

25 < pT < 40 GeV. Note that the DSS07 fragmentation function are only valid for

0.05 < zh < 1 and 1 < µ2 < 105 GeV2. Beyond this range, our calculations rely on

extrapolations using the distributed package from the authors [82, 83]. Overall, we find

very good agreement between theory and data. We would like to emphasize that we do

obtain improved agreement with the data in comparison to the results in [29], where the

exclusive fragmenting jet function was used to describe the same data set. While the

approximations considered in [29] may not be suitable for precision phenomenology, we

would like to point out that a reasonable estimate of the cross section can still be achieved.

Furthermore, we find that our results here are very similar to the results of the fixed NLO

calculation in [32]. This is to be expected, as the jet parameter R = 0.6 is relatively large

and resummation effects are less relevant.

In figure 4, we compare our theoretical calculations (solid blue lines) to the preliminary

ATLAS data of [49] (red circles) and to the CMS data from ref. [52] (green triangles) in

proton-proton collisions at a CM energy of
√
s = 2.76 TeV. Here in particular, we find ex-

cellent agreement with the data sets for both jet radius parameters R = 0.4 (ATLAS) and

R = 0.3 (CMS), superseding the achieved precision of the fixed NLO results in [32]. Espe-

cially at large-zh, there is a clear indication that a fixed NLO calculation is not sufficient

to describe the data. As shown below in figure 5, this is the region, where lnR resumma-

tion effects turn out to be most relevant. With these results in mind, we expect that our

calculations will be very relevant for studies of the JFF in heavy-ion collisions [52–54]. For

these measurements, the jet radius R was also chosen relatively small R = 0.2, 0.3.

Note, that the CMS data shown in figure 4 reaches a maximum toward low-zh and starts

to fall again toward even lower zh. In this region, small-zh logarithms are expected to be

dominant and we can not describe the data without taking them properly into account.

We are planning to address this issue in the future.
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Figure 3. Comparison of our numerical calculations (solid blue lines) to the ATLAS experimental

data [50] (red circles) in proton-proton collisions at
√
s = 7 TeV. Jets are reconstructed using the

anti-kT algorithm with R = 0.6 and |η| < 1.2. The numbers in the square brackets correspond to

different jet transverse momentum bins in the range of 25–500 GeV.

3.2 Comparison of NLO and NLO+NLLR

We now present a comparison between the fixed NLO calculation of [32] with our new results

that include the resummation of lnR. In figure 5, we show the ratio of the NLO+NLLR
resummed results and the fixed NLO calculation as a function of zh for two exemplary

bins of the jet transverse momentum 60 < pT < 80 GeV (left) and 260 < pT < 310 GeV

(right). We choose a CM energy of
√
s = 7 TeV, a rapidity interval of |η| < 1.2 and two

phenomenologically relevant values of the jet parameter R = 0.6 (red) and R = 0.3 (blue).

In addition, we show the result for R = 0.99 (black) illustrating that the resummed result

does indeed converge to the fixed order result in the limit R→ 1, which is the limit of no

evolution. As it turns out, the lnR resummation effects are particularly relevant for large-

zh (enhancement) and small-zh (suppression). Keeping in mind that the JFF is calculated

as a ratio of lnR resummed quantities, the resummation effects are in fact surprisingly large

and can lead to an enhancement (or suppression) of roughly 50% for R = 0.3. The main

reason is that within the SCET calculation at NLO+NLLR, we evaluate the fragmentation

functions at the scale µG = pTR. Instead, for the conventional NLO result, the FFs are

evaluated at the hard scale µ = pT . Therefore, the enhancement and suppression at large-
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Figure 4. Comparison of our numerical calculations (solid blue lines) to LHC data in proton-

proton collisions at
√
s = 2.76 TeV. The solid red circles correspond to the preliminary ATLAS

data form ref. [49] and the green triangles are the CMS data from ref. [52].

zh and small-zh respectively is consistent with a standard DGLAP-type evolution to a

lower scale. As shown in figure 4 above, this leads to a better agreement with the data

than the fixed NLO calculation.

Finally, we present results of NLO+NLLR accuracy for the QCD scale uncertainty in

figure 6. As an example, we choose the kinematics of the ATLAS data set [49] as show in

figure 4, where we have
√
s = 2.76 TeV, |η| < 1.6 and R = 0.4. We vary all three scales

µ, µG , µJ independently by a factor of two around their central values µ = pT and µG,J =

pTR. We then take the envelope of these variations which is shown by the hatched red band

in figure 6 for two sample bins of the jet transverse momentum 60 < pT < 80 GeV (lower

band) and 160 < pT < 210 GeV (upper band). All data points lie within the displayed

uncertainty bands. We would like to point out an important difference compared to the

results presented in [29, 32]. At NLO and also in the resummed exclusive approximation to

the JFF, there are points of vanishing scale dependence for some value of zh for any given

jet transverse momentum pT and rapidity η. The vanishing scale dependence in jet cross

sections is generally considered to be unphysical, see for example [9, 10]. However, in our

new formalism, where single logarithms of the jet radius parameter R are resummed, we

do not obtain any unphysically small scale dependence. At the same time the overall QCD
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Figure 5. Ratio of the NLO+NLLR resummed cross section to the fixed NLO calculation as a

function of zh for two bins of the jet transverse momentum 60 < pT < 80 GeV (left panel) and

260 < pT < 310 GeV (right panel). We choose
√
s = 7 TeV, |η| < 1.2 and two phenomenologically

relevant values of the jet radius parameter R = 0.6 (red line) and R = 0.3 (blue line). In addition,

we show the result for R = 0.99 (black line) illustrating that our new result indeed converges to the

NLO result in the limit R→ 1.

scale uncertainty band does remain of similar size to the one in [29, 32]. The absence of

points with unphysical scale dependence is consistent with the results for single-inclusive

jet production considered in [9–11].

4 Summary

In this work, we introduced a new kind of jet function, the semi-inclusive fragmenting jet

function. We also developed the related new formalism that allows us to calculate the

JFF as a semi-inclusive observable, rather than an exclusive one within SCET. This ap-

proach is closer in spirit to the way in which jet substructure experimental measurements

are usually performed. We found that our results without lnR resummation are consis-

tent with previous fixed next-to-leading order (NLO) results using methods from standard

perturbative QCD. We further derived DGLAP type renormalization group equations for

the semi-inclusive fragmenting jet functions, which allow for a next-to-leading-logarithmic

resummation of single-logarithms of the jet parameter R. In combination with the fixed

order results, we achieved NLO+NLLR accuracy. Numerical results using this new formal-

ism were also presented and compared to the available proton-proton data on JFFs from

LHC experiments at
√
s = 7 TeV and

√
s = 2.76 TeV to demonstrate excellent agreement

between data and theory. Our findings are also applicable to e+e− annihilation and ep scat-

tering, the latter being particularly important for a future Electron-Ion Collider (EIC). In

the future, we plan to extend our new formalism to other jet substructure observables,

which can now be calculated as inclusive quantities rather than using exclusive approxima-

tions or through the requirement that experiments measure exclusive n-jet configurations.

In addition, we expect that this framework will facilitate the combination of lnR resumma-
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Figure 6. Results for the QCD scale uncertainty bands at NLO+NLLR accuracy using the

kinematics of the ATLAS measurement [49] as an example, as show also in figure 4. We have√
s = 2.76 TeV, |η| < 1.6 and R = 0.4 and we choose two sample bins of the jet transverse mo-

mentum 60 < pT < 80 GeV (lower band) and 160 < pT < 210 GeV (upper band). We vary all

three scales µ, µG , µJ independently by a factor of two around their central values µ = pT and

µG,J = pTR. The envelope of these variations is shown by the hatched red band.

tion with other types of resummation, such as threshold resummation. Finally, we expect

significant improvements from our new framework in the ability to describe jet substructure

observables in heavy-ion collisions, a rapidly growing field.
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