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ABSTRACT: We evaluate one-interval Rényi entropy and entanglement entropy for the ex-
cited states of two-dimensional conformal field theory (CFT) on a cylinder, and examine
their differences from the ones for the thermal state. We assume the interval to be short so
that we can use operator product expansion (OPE) of twist operators to calculate Rényi en-
tropy in terms of sum of one-point functions of OPE blocks. We find that the entanglement
entropy for highly excited state and thermal state behave the same way after appropriate
identification of the conformal weight of the state with the temperature. However, there
exists no such universal identification for the Rényi entropy in the short-interval expansion.
Therefore, the highly excited state does not look thermal when comparing its Rényi en-
tropy to the thermal state one. As the Rényi entropy captures the higher moments of the
reduced density matrix but the entanglement entropy only the average, our results imply
that the emergence of thermality depends on how refined we look into the entanglement
structure of the underlying pure excited state.

KeEywoRrDS: Conformal Field Theory, AdS-CFT Correspondence, Holography and con-
densed matter physics (AdS/CMT)

ARX1v EPRINT: 1610.01362

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP11(2016)116


mailto:fengli.lin@gmail.com
mailto:rockwhj@illinois.edu
mailto:jiajuzhang@outlook.com
https://arxiv.org/abs/1610.01362
http://dx.doi.org/10.1007/JHEP11(2016)116

Contents

1 Introduction 1
2 Rényi entropy in 2D CFT: formulation and review 2
2.1 Excited state Rényi entropy via OPE 4
2.2 Thermal state Rényi entropy on a cycle 6
3 Rényi entropy for a primary excited state 7
3.1 The case for light state 8
3.2 The case for heavy state 8
3.3 Leading contribution from non-vacuum OPE block 10
3.4 Check ETH 11
4 Rényi entropy for descendant states of vacuum family 12
5 Conclusion and discussion 14
A Some details of vacuum OPE block 16

1 Introduction

It was conjectured that highly excited microstates behave like a thermal state, for example
in the context of eigenstate thermalization hypothesis (ETH) [1, 2] when probing by few-
body operators, or canonical typicality [3, 4] when considering small sub-system. This was
demonstrated in two-dimensional (2D) conformal field theory (CFT) in the large central
charge limit by comparing the two-point functions of light operators in the thermal state
with the ones in the highly excited microstate at the leading order of large central charge
expansion [5, 6]. Similarly, one can also examine the conjecture in the entanglement en-
tropy. This was done in [7, 8] by calculating the leading order entanglement entropy of
an interval for a 2D CFT highly excited microstate on a circle, and the result agrees with
the thermal entanglement entropy in [9]. On the other hand, there is simple argument [7]
against extending the above agreement to all orders, which runs as follows. The entangle-
ment entropy or Rényi entropy for a pure state obeys the complementarity equality, i.e.,
S(A) = S(A°) where A€ is the complement of interval A. However, this equality does not
hold for a mixed state such as thermal state. Thus, the full entanglement entropy or Rényi
entropy for the highly excited state shall not equal to the ones for the thermal state. This
motivates the current work to calculate the higher order results for the Rényi entropy of
the excited states in the expansion of large central charge (i.e., corresponding to the few-
body operators for general holographic CFT, which is in accordance with the requirement
in the context of ETH,) and short interval (i.e., corresponding to the requirement of small
sub-system in the context of canonical typicality). We then examine their differences from
the thermal state Rényi entropy.



It is usually difficult to calculate the entanglement entropy and Rényi entropy for
nontrivial quantum field theories, however, for a 2D CF'T one can convert the problem into
the calculation of correlation functions of twist operators [9]. Furthermore, we can use the
operator product expansion (OPE) to turn the product of two twist operators into a sum
of the so-called OPE blocks [10], i.e., the collective object of a particular primary field
and its descendants appearing in the OPE. These OPE blocks are conformal invariants.
After that, one can obtain the short-interval expansion of the Rényi entropy by evaluating
the corresponding one-point or multi-point functions of the OPE blocks. This trick has
been adopted to calculate the Rényi entropy for some special cases [11-20], such as the
Rényi entropy of two intervals on complex plane and of the one-interval on torus. In this
paper, we adopt the same trick to investigate the short-interval expansion of excited state
Rényi entropy on a cylinder, and then compare our results with the thermal state Rényi
entropy. We will consider the excited states obtained by acting on the CF'T vacuum state
with either primary field or non-primary fields of the vacuum family.! In particular, we
will consider the heavy state with its conformal weight comparable to the central charge
because this kind of microstates are believed to behave like a thermal state, especially in
the large central charge limit. We show that this is indeed the case for the entanglement
entropy, which is also obtained by the other method [7, 8]. However, the thermal behavior
will be spoiled once there are contributions of the non-vacuum OPE blocks to the excited
state entanglement entropy. On the other hand, the excited state Rényi entropy differs
from the termal state result even at the leading order, i.e. contribution from the vacuum
OPE block. Our results therefore demand more detailed understanding of the thermal
typicality or ETH from the Rényi entropy point of view.

The remaining of this paper is arranged as follows. In section 2 we recall a few basic
facts, as well as reviewing the method of twist operator OPE, which we use to compute
the short interval expansion of the Rényi entropy. In section 3 we obtain the short interval
expansions of the excited state Rényi entropy for both heavy and light primary states. Our
result shows that the excited state Rényi entropy for heavy states does not agree with the
thermal state Rényi entropy. In section 4 we evaluate the excited state Rényi entropy for
the non-primary states, which is found to be different from the primary one. We conclude
the paper with discussion in section 5. In appendix A we list some details of the vacuum
OPE block.

Note added: when we are preparing the draft, there appears the paper [26] in ArXiv
that has some overlaps with our paper.

2 Rényi entropy in 2D CFT: formulation and review

Let the CFT be in a state |¢) so that the reduced density matrix for the interval A is
given by
pA = trac|¢)(¢]. (2.1)

!The states we consider are globally excited states, and they are different from the locally excited states

that are investigated in, for example, [21-23]. One can see [24, 25] for recent investigations of the globally
excited state entanglement entropy using methods that are different from the method in this paper.



Here |¢) can be any pure state, including the vacuum state [0). It is normalized such

that (¢|¢) = 1.
The Rényi entropy is then given by

1
Sp = ] logtraply . (2.2)

—n

For n — 1, it reduces to the entanglement entropy, i.e., S4 := S;_1.

By using the replica trick, the Rényi entropy of an interval of length ¢ can be obtained
by the two-point function of the twist operators for the orbifold version of the original
CFT, i.e.,

trapli = (@l (€)5(0)|®), (2.3)
where ¢ and & are the twist operators with conformal weights?
c(n?—1)
he = hs = ———, 2.4
24n (24)

and the state |®) of the orbifold CFT is defined as
n—1
@) =] o5, (25)
j=0

where the index j labels the replicas of the original CFT.

For the ground state of a CFT on the cylinder, the one-interval Rényi entropy is
universal, i.e., the result depends only on CFT’s central charge ¢ [9]. The result has been
obtained in [13, 14] and looks as follows (only the holomorphic part is shown)

g, =t (Lsm W)

12n e L
_ c(n+1) logg B m2e(n + 1) B mhe(n +1)04 B me(n + 1)¢6 o), (26)
12n € 72nL2 2160nL* 34020n L6

where L is the length of the circle on which the CFT lives. In the second equality we
expand the result in powers of ¢/ L. This will be useful for later comparison. Furthermore,
by swapping the role of time and space, one can obtain the thermal state Rényi entropy of
an interval of length ¢ for a CFT on an infinite line at temperature 1/3. The result is
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On the other hand, if |¢) is not the ground state, the Rényi entropy is no longer uni-
versal. This is the case considered in this paper and the setup is shown in figure 1. The
results will then depend on the details of the CFT, e.g., on the spectrum and structure con-
stants [20, 27-30]. In this case, we need to find some ways to obtain the approximate results.

2Note that in this paper we only consider the contributions of the holomorphic sector to the Rényi
entropy, and contributions of the anti-holomorphic sector can be calculated similarly.



Figure 1. The CFT setup for our calculation of the one-interval excited state Rényi entropy and
entanglement entropy on the interval A = [0,¢]. The CFT is defined on a cylinder with spatial size
L in the excited state |¢), which is created by acting on the vacuum state with an operator ¢.

Similar situation also holds for the CFT on tours, i.e., with a spatial circle of length L
and a Euclidean time circle of temperature 1/5. Moreover, the Rényi entropy in this case
is useful for comparison with the one in the excited state of the same CFT on the cylinder.
For this purpose, it is as good to consider the results in the expansion of ¢/L or ¢/ in
either low or high temperature limits. This in fact was done in [20] for CFT on torus by
assuming /¢ is small so that one can adopt the OPE of the twist operators to evaluate the
one-interval Rényi entropy in terms of sum of one-point functions for various conformal
families. The key point for this method to work is that one-point function on torus is a
constant by the translational symmetry. As the same is true for the one-point function on
a cylinder in excited state, we can apply the same OPE method to obtain the expansion
of Rényi entropy.

In the following subsection, we will first describe the OPE method for evaluating the
excited state Rényi entropy on a cylinder. Our description will be brief as the method is in
parallel with the details in [20] for Rényi entropy on torus. We will then review the results
in [20] for latter comparisons.

2.1 Excited state Rényi entropy via OPE

To calculate the excited state Rényi entropy is just to calculate the two-point function of
twist operators, i.e.,

traply = (@[ ()5 (0)[®)cy1- (2.8)

As introduced in [10], the OPE of two operators of the same conformal weight can be
expressed as the sum of conformal invariant objects, called the OPE blocks.? Take the

3If the two operators of the OPE have different conformal weights, then the OPE blocks are not conformal
invariants [10]. Moreover, in this paper we adopt the OPE by quasiprimary operators and their derivatives.



product of the twist operators as example, one has

o(21)6(x2) = |z — 29|27 Z Cos0pBa(r1,72) , (2.9)
Oa

where the sum runs over all primary fields Oa’s, and Cy50, is the OPE coefficient. The
OPE block Ba(x1,x2) is a succinct notation for the sum of the primary operator O and
its descendants appearing in the OPE. As shown in [10] the OPE blocks in (2.9) are the
conformal invariant kinematic objects. Obviously, the Rényi entropy obtained via (2.8)
and (2.9) will depend on the spectrum and the OPE coefficients, and thus not universal.
It is known that the OPE block for the vacuum family is related to the modular
Hamiltonian H4 [10]. This fact leads to the first law of entanglement thermodynamics

ASy = A(Hy), (2.10)

where ASy is the change of the entanglement entropy due to the change of CFT state |¢),
similarly for A(H4). Beside the vacuum family, there are also contributions to the Rényi
entropy from the other conformal family, which will then lead to the deviation from the
first law.

Therefore, we can evaluate the one-point functions of the OPE blocks to obtain the
Rényi entropy. In particular, for small ¢ one can express the Rényi entropy in the powers
of ¢ with each term being calculated explicitly. The contribution from the vacuum family*
can be expanded as follows:

Cn
tralh = [1 Fbr(T)ol + (balA)g + brr(T)3) (2.11)
+ (b8(B)o + bp(D) g + braTs(A)g + brrr(T)3) € + 0(58)] ,
with (---)¢ = (@] |P)eyl, ¢ is the normalization of the twist operators, and the coeffi-

cients b’s are given as follows [20]

bT:n2—1 bA:(nQ—l)2
12n ' 288n3 '
(n? —1)% (2n?(35¢ + 61) — 93) (n? —1)3
b = — ; bp = ;
10368n°(70c + 29) 10368n°
brp — (n? — 1)[5e(n + 1)(n — 1)2 + 2(n? + 11)]
1440cn3 ’
n? —1)%[5¢(n+1)(n — 1)* 4+ 4(n* + 11
bra = ( )=[5¢( +17)2(800n5) +4(n” + )]’ (2.12)
S (n—2)(n2—1)[3502(n+1)2(n—1)3+426(n2—1)(n2+11)—16(n+2)(n2+47)].
362880¢2n5

“Note that twist operators are operators of the n-fold CFT, which we call CFT™. Using the vacuum
family of the original CF'T we can not only get the vacuum family of CFT" but also some nonidentity
conformal families. Here by vacuum family we mean that of the original CFT, not that of CFT™.



We can then obtain the expansion of the excited state Rényi entropy contributed from the
vacuum OPE block in terms of the associated one-point functions

cn+1), ¢ 1 1
Sq(lo) — Wlogf — n_l{bT<T>¢€2 + |:bA<.A>¢ + <bTT - 2b%> <T>i] o

€

+ |:b3<8>¢ + bD<D>¢ + (bra — bTbA)<T>¢><-A>¢

+ <bTTT — brbrr + ;&%) <T>§;] o0+ 0(68)}. (2.13)

Furthermore, one can consider the contribution to the Rényi entropy from the OPE
blocks other than the one of vacuum family. For the OPE block with primary field v
of conformal weight (hy,0), its leading order contribution to the Rényi entropy up to the
lowest conformal weights comes from 1,15, with j; < j2 [12], and the leading order result is

1
S = ———buy ()30 + O(FeH), (2.14)
with
i2h¢, 1
byy = 2h Z y 2hy (2.15)
0‘111(2”) v 1<js (Sin (]1*;2))”‘) v

However, in the usual consideration of the Rényi entropy for the holographic CFT, it
is usually assumed that there is a sparse light spectrum with no order ¢ expectation value
so that the vacuum OPE block dominates the Rényi entropy [6, 7].

2.2 Thermal state Rényi entropy on a cycle

The above formulation is in parallel with the one used in [20] in which the one-interval
Rényi entropy was calculated for CFT on a circle at finite temperature, i.e., CFT on a
torus. The results in [20] agree with the gravity and CFT results in [27-30]. The result
contributed from the vacuum OPE block is the same as (2.13), except that the one-point
functions in it should be evaluated with respect to the torus geometry, i.e., change (---)4
by (---)7 with 7 denoting the torus. As the result is useful for latter comparison with the
Rényi entropy for highly excited state, we will write down it explicitly. Moreover, in the
following we will always arrange the expansion of the result in the following manner

Sy = Sy SNLp gNNL 4 (2.16)
where S,, can be either 57(10) or 57(11/1)7 and the superscript L denotes leading order (of 1/c¢

expansion), NL as next-to-leading order and so on. We will see that this is the just the
large ¢ expansion with S% of O(c), SN* of O(1), and so on.



In the high temperature limit, i.e., 8 < L, after evaluating the one-point functions on
the torus, the resultant thermal state Rényi entropy is

(n—i—l) ¢ me(n+1) 02

S = logé Yo ®
(g et )t
( ngéé&l zebn _27%" Pl 0@'3’) 566 ~or),
s <_ all ;;ggn +H>qf4+o<qf5>>gi
B <4776(n + 1)(2gzsn4gc271n2 — 345)(],4 L0 (q,5)> 266 o). (2.17)

with ¢/ = e 27L/F « 1. We see that the leading order result agrees with (2.7) as expected,
except that there are finite size corrections which are manifested in the infinite number
of terms such that they are exponentially suppressed. We can also obtain the expansion
in the low temperature limit, i.e., 8 > L, and the result is related to (2.17) by replacing
B with iL and ¢ with ¢ := e 2™8/L_ Again, except the infinite number of exponentially
suppressed terms, the leading term agrees with (2.6) as expected.

3 Rényi entropy for a primary excited state

Given the formalism in the previous section, we can then evaluate the excited state Rényi
entropy by calculating the one-point function of the OPE blocks. In this section, we will
consider the excited state |¢) by acting on the vacuum state with a holomorphic primary
operator of conformal weight hg. We can obtain the one-point function on the cylinder from
the one on the complex plane by the conformal transformation z — f(z) = exp(27iz/L).
The result for the vacuum OPE block is

72(c — 24hy) 74 (c(5e + 22) — 240(c + 2)hy + 2830h3)
Mo = ——%1z (Ao = 180L* ’
275 (31c — 504h
<B>¢ = - ( 525L6 ¢)7
7T6
(D)o = 3157700 T 3]0 [c(zc —1)(5¢ + 22)(Tc + 68)
—72(70¢® + 617¢* + 938¢ — 248)hy (3.1)

+1728(c + 4)(70¢ + 29)h3 — 13824(70c + 29)h§;] .



Plugging these one-point functions into (2.13), we get the Rényi entropy. We now obtain
the explicit results for the state |¢) to be either light or heavy, and compare them with the
thermal state ones.

3.1 The case for light state

We first consider the state |¢) to be light, i.e., hy ~ 1 so that in the large central charge
limit we have hy < c¢. We can then organize the Rényi entropy in the expansion of powers
of central charge, i.e., as in the form of (2.16), and the results for the first few orders are

cn+1), £ er?(n+ 1) cent(n+ 1)t B em(n 4 1)46

L 8
=2 " log- — - ¢
S 12n 8¢ 7onL2 2160n L~ sa020nzs T O
2 1)hyt? 4 D(n?2+1)hgt* 275 D (n*+n2+1)hyt
S}:ILZW(TH—;(;, +7r(n+)(7”1+)¢ +7r(n+)(n+n+)¢ + o),
3nL 90L4n3 2835 L6n5
7 (n+ D(n2+ 110204 75(n 4+ 1)(2n* + 9n2 + 37)h2¢6
SNNL ( )( )t ) )y, Lo, (3.2)
45en3 L4 945cn5 L6
878(n + 1)(n? — 4)(n? + 47)h3 46
STI:INNL _ ( )( )( ) ¢ —|—O<€8)
2835¢2n° L6

We can take n — 1 limit to obtain the entanglement entropy.

Note that the leading term agrees with (2.6). However, there are nonzero sub-leading
O(1/¢) corrections, which encode the information of the excited state as indicated by
the appearance of hy. Moreover, the result in (3.2) is also quite different from the low
temperature expansion of the thermal state Rényi entropy, i.e., (2.17) with S replaced
by iL and ¢ by ¢ := e 2™5/L In the latter case, even in the leading order there are
infinite number of g-power terms, and all the sub-leading corrections are dressed by the
q powers so that they vanish at zero temperature limit. These ¢ dressing terms are the
non-perturbative corrections due to the finite-size effect of torus geometry in temporal
direction, and they are absent for the excited state on cylinder. This is of no wonder, since
there is no correspondence between the low energy eigenstate and the low temperature
thermal state. For Rényi entropy there is difference at leading order, and for entanglement
entropy the difference appears at the sub-leading orders. We see that Rényi entropy is a
more powerful tool to distinguish different states.

3.2 The case for heavy state

We now consider the case for which the excited state is heavy in large c limit, i.e., hg ~ c.
In this case we introduce
h¢) = C€gp, (33)

with €4 being of order one. We then obtain the Rényi entropy contributed by the vacuum
OPE block as follows

cn+1), ¢ n er?(n+ 1)(24e4 — 1)

0) — log =
S 12n P 72nL?
et (n + 1){24e¢ [2(n? 4+ 11)eg — (n® + 1)] + n2}€4
B 2160n3 L4



emS(n + 1){12€¢ [8(71—2)(71—1—2)(712—1—47)63j +3(2n*+9n2+37)ey — 2(n* +n2+1)] +n4}€6

34020n° LS
+ 0(68) (3.4)

We see that the result is of order ¢, and there are no sub-leading corrections. This is the
result of straightforward calculation, and is also quite unexpected. The equations (3.2)
happens to be not only an expansion of large central charge ¢, but also an expansion of
small conformal weight hg. After setting hy = cey, we find that all the sub-leading terms
can be absorbed into the leading term. We do not know if there is any deep reason for
this result.

The result is very different from the thermal state Rényi entropy in the high tempera-
ture expansion, i.e., (2.17). Note that the sub-leading corrections in (2.17) are exponentially
suppressed. In the high temperature limit, (2.17) is reduced to (2.7). However, even in this
limit the result is also different from (2.7) because we cannot find a universal identification
of €4 with 8 to turn (3.4) into (2.7) term by term.

On the other hand, by taking n — 1 limit we can obtain the entanglement entropy
as follows

S0 _ ¢4 1 N em?(24ey — 1)02  om(24e, — 1)20% om5(24e, — 1)3(6
6 B 36L2 1080L* 17010L5

+0(£%). (3.5)

It is easy to see that the result (3.5) agrees with (2.6) of n — 1 for e4 < 1/24 if we identify
L in (2.6) with L//T — 24eg. Similarly, (3.5) agrees with (2.7) of n — 1 for e5 > 1/24 if
we identify 3 in (2.7) with L/,/24e4 — 1. This implies that the excited state entanglement
entropy behaves the same way as the ground/thermal state entanglement entropy in the
low/high temperature limit. This is consistent with the expectation of ETH [1, 2] or
canonical typicality [3, 4], i.e., a typical eigenstate can mimic the thermal or finite-size
effect. Moreover, for €, = 1/24 we have

SO = g log g (3.6)
which behaves like the ground state entanglement entropy on a complex plane.

In summary, the one-interval entanglement entropy with interval length ¢ for a heavy
pure state |¢) with hy = cep on a circle of length L is equivalent to the one-interval
entanglement entropy with the same interval length for the CFT ground state or thermal
state depending on the value of €4 as following. (i) When e, < 1/24 it behaves as the
entanglement entropy for the CFT ground state on a circle of length L//1— 24e4;° (ii)
when €, > 1/24 it behaves as the entanglement entropy for a CFT thermal state on an
infinite straight line with temperature /24e5 — 1/L; and (iii) when e; = 1/24 it behaves
as the entanglement entropy for the CFT in ground state on an infinite straight line. We
summarize the results in figure 2 by tuning the parameter €4 from e < 1/24 to €5 > 1/24.

"We may also say that it behaves as the entanglement entropy of an interval of length £y/T — 24eg for
a CFT living on a circle of length L. Since we are discussing about a CFT, the two statements are in fact
equivalent.
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Figure 2. When we tune the parameter ¢, from es < 1/24 to €4 > 1/24, the entanglement entropy
of the short interval on cylinder in excited state |¢) with hy = chy behaves as the entanglement
entropies of the same interval length on different manifolds. When €4 < 1/24 there are cylinders
with periodic boundary condition in the spatial direction, and the cylinder becomes ‘fatter’ when
€4 becomes larger. When ¢4 = 0, it is the complex plane. When ¢, > 1/24 there are cylinders with
periodic boundary condition in the temporal direction, and the cylinder becomes ‘thinner’ when €4

becomes larger.

Through just straightforward calculation, our result here is quite provoking. In sum-
mary, the high temperature limit is the same as the micro-canoical emsemble, and thus
our result can be phrased as follows: both the excited state Rényi entropy and the entan-
glement entropy are different from the thermal state ones of the canonical ensemble by the
sub-leading corrections in the large ¢ expansion. However, in the high temperature limit,
i.e., the canonical ensemble is turned into the micro-canonical one, the excited state entan-
glement entropy agrees with the thermal state one. This agrees with what one will expect
from ETH or canonical typicality. On the other hand, the excited Rényi entropy still fails
to behave as the micro-canonical thermal state one because without taking n — 1 limit it
is impossible to identify a universal temperature in terms of €4 for all orders of £ expansion
of (3.4). The Rényi entropy encodes higher moments of the reduced density matrix than
the entanglement entropy, our above result implies that the emergence of thermality of the
excited state depends on how detailed we compare the entanglement structures.

3.3 Leading contribution from non-vacuum OPE block

By following the discussion around (2.14), we now evaluate the leading order result of
the excited state Rényi entropy contributed from the non-vacuum OPE block. For a
holomorphic primary operator v of conformal weight A, we have the one-point function

as following
2mri\ v
(¥)y = <L> Coyo- (3.7)

where Cyyg4 is the OPE coefficient. Therefore, there is nonzero contribution to the one-
interval Rényi entropy for the excited state |¢) from the corresponding OPE block charac-
terized by the primary field ¢ only if the structure constant Cyye is nonvanishing. In this

~10 -



case from (2.14) we have
C2 E th,
S §Z¢ <L> L Oy, (3.8)

As the result depends on the OPE coefficient, it is not universal. Moreover, by taking
n — 1 limit we obtain the nonzero contribution to the entanglement entropy, which will
then spoil the thermal behavior of (3.5) for the vacuum OPE block. On the other hand,
if there is a gap in the low energy spectrum of CFT as it is usually assumed for the
holographic CFT, then the non-thermal deviation from the non-vacuum OPE blocks will
be highly suppressed.

3.4 Check ETH

If ETH holds, one would expect that the one-point functions of some set of local physical
operators {Opny} for some microstate are the same as the ones for the thermal state. In
the context of this paper, we expect

<Ophy>¢ = <Ophy>T (39)
after the following identification of the conformal weight h, and the inverse temperature (:

h 3 L
= c€y, = —.
e Ve, — 1

In section 3.2 we have shown that the excited state Rényi entropy does not match with

(3.10)

the thermal state one even after the identification of (3.10), despite that the entanglement
entropy does match. We now like to check if the ETH relation holds universally for all
physical observables or not.

We first consider the case when Opny = T. The result of (T)4 is given in (3.1), and
the result for (T')7 in high temperature is given in [20], i.e., it is

n?c  8m? 5  127? B 2472,

+ O0(¢”), (3.11)

with ¢/ := e 27L/B_ If the relation (3.9) holds for this case, then we get the following

identification

o C(L2 +B2) 2L2q/2 3L2q/3 6L2q/4
P 24p? g2 2 P

Note that in the large ¢ limit, it reproduces (3.10). We now substitute (3.12) into (3.1) to

obtain

+0(q"). (3.12)

mle(belt — 20L26% +28%)  8w(cL? — 2682)q”

o = 180L4 34 3123
44 L2_22 13 84 *8_[/2*22 14 ,
At L254ﬂ LA (e L)2,64 F)a +0(¢"”), (3.13)
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which is very different from the thermal state one given in [20], i.e.,

mte(5c+22)  87t(5c+22) L N 1274 (5¢ + 22) 4 N 1687*(c + 6)

T = 505 3pr ¢ B 1 B4

¢" +0(c").
(3.14)
Therefore, the ETH relation (3.9) does not hold universally for the descendant operators

of the vacuum family.

From the above, we can also infer that the relation (3.9) will not hold universally for the
other primary field O because (O)7 depends on all the non-vanishing structure constants
Cyo, of O with all primary operators {¢}, but (O), only depend on the structure constant
Cy0g¢. For example, if Cypy = 0, we have (O)g = 0, but generally (O)7 # 0.

4 Rényi entropy for descendant states of vacuum family

For curiosity, we now consider the Rényi entropy for the excited state |¢) obtained by acting
on the vacuum state with the descendant operator of the vacuum family, i.e., explicitly we
will consider the following |¢),

1 1 1 1
=<10), T), oT), 9°T), A}, 4.1
) = { 0. =11 —=lom). 10T =14 (11)
with
aT:g, agr = 2¢, agep = 20c, aA—C(Scl—ng). (4.2)

For such kind of excited states, we only need to consider the contribution to the Rényi
entropy from the vacuum OPE block because the one-point function of the non-vacuum
OPE block in this kind of state is zero, i.e.,

(Bazo)y = 0. (4.3)

The first thing we need for carrying out the evaluation is the one-point function of the
operators in vacuum OPE block. The result is as follows

[ 7w?c m(c—48) 7(c—72) 7 (c—96) w(c— 96)
( >¢’_{6L2’ 6L2 ' 6L2 ' 6L* = 6L? }
(A), = {7740(50 +22) 74(c +480)(5¢ + 22) 7*(c+ 2160)(5¢ + 22)
¢ 180LF 1807 ’ 1804 ’
74 (c + 5568)(5c + 22) 74 (5% + 4822¢ + 69504)
180L4 ’ 180L4 }

(B), = { _ 627% 27%(120929¢ + 1008) 2m°(1088609¢ + 243432)
¢ 52516’ 52516 ’ 52516 ’
279 (4838369¢ + 1477728) 27%(241889¢ 4 1066464)
525 L5 ’ 52516 }
(D), = {7760(20 —1)(5¢ +22)(7Tc+ 68) 70(c+ 1584)(2c — 1)(5c + 22)(7c + 68)
216(70c + 29) L6 ’ 216(70c + 29) L6 ’

(4.4)
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78(c + 6696)(2c — 1)(5c + 22)(Tc + 68)

216(70c 4 29) L6 ’
70(c +16992)(2¢c — 1)(5c + 22)(7c + 68)
216(70c + 29) L6 ’
70(2¢ — 1)(7c + 68)(5¢% + 15862¢ — 614592)
216(70c 4 29) L6 }

We also include the results for the vacuum state in the first entries for comparison, and its
Rényi entropy has been obtained in this way in [13, 14]. It is nothing but (2.6).
For |¢) = \/%—T|T>, we obtain the corresponding Rényi entropy

cn+1) £ m2e(n + 1)02 B mte(n +1)(121n2 — 120)¢

L
= " og -
S 12n B¢ 72nL2 2160n3 L%
m0¢(n + 1)(n* — 126002 + 1260)¢5 8
B 34020n5 L6 +0(6),
o _ 2+ 1) L n 4 1)(n® + 1t
. 3L2n 45L4n3
47%(n + 1)(22n* + 211n? — 230)(5 8
/
+ 2835 L0615 +0(6),
47t D(n?2+11)¢*  4#5 1)(2n?* 2 A
gL _ 4 (n+ )(;@ 4+ )¢ 4An®(n+1)(2n ?9671 +37) L0, (45)
45¢en3L 945¢n° L
GNNNL _  647%(n +1)(n® — 4)(n* + 47)6 + 0.
2835¢2n5 L6

As expected, the result is different from the (3.2) with hy = 2 for the primary excited state.
More importantly, it is interesting to see that the difference even occurs at the leading order,
i.e., Sk is different from (2.6). This is in contrast to the case for the entanglement entropy
by taking n — 1, and the result is

c ¢ wlel? wdel? 766

L 8

= — 1 _ — — —

§ =108 .~ 3612 ~ Tosord  trotors T O

Ar20?  4nied g A

NL 8

— ¢
5 3z T aspt Toaspe T O
32740t 128766
GNNL _ _ 25T T o3, (4.6)

~15cL4  315¢L6
204875¢°
SNNNL —_ S5 ZL0 —i—O(fS).

Note that this is the same as (3.2) of n — 1 by setting hgy = 2. Thus, we have checked
up to order % that with the contributions only from the vacuum family, the entanglement
entropy cannot distinguish the primary state from the vacuum descendant state with the
same conformal weight; on the other hand, the Rényi entropy can.

There are similar stories for the other three excited states, and we just list the Rényi

entropies. For the case with |¢) = —2=|0T), we have

agT
oL _ cln+1), £ wen+1)*  7le(n+1)(481n° — 480)¢*
" 12n € 72nL? 2160n3 L4
70c(n + 1)(5039n* + 2520n2 — 7560)¢° 3
+ 34020L5n> +0(6);
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m(n+ 1) w'(n+1)(37n* — 43)¢*

SNL _
" nlL? 90n3 L4
278(n + 1)(57n* + 911n? — 965)¢5 s
‘
* 94515 L6 +0(6),
4 2 4 6 4 2 6
+1 +11) ¢ 1)(106 1093n% — 1343)¢
SENL:_W (n )(”4 ) +7T(n+ )(106n" + n ) o),
5cn3L 315cnS L6
870(n + 1)(n? — 4)(n? + 47)(°
SNNNL — O(¢®). 4.7
" 105¢2n> L6 +0() (47)
: _ 1 2
For the case with |¢) = m\a T), we have
oL _ cin+1), £ meln+ 1) wle(n+1)(1201n% — 1200)¢*
" 12n € 72nL2 2160n3 L
mOc(n +1)(32759n — 7560n? — 25200)¢° S
* 3402015 L6 +0(6),
GNL _ Aln+1)m**  2x'(n+1)(33n* — 35)¢
"o 3L 45n3 L4
27%(n + 1)(1264n* + 8047n% — 9299)¢° g
* 2835n5L6 +0(6),
SN _ 1674 (n + 1)gn24+ 11)¢4 N 1675 (n + 1)(466n* + 4725712 — 5421)(8 o),
45cn3L 4725¢n° L
51279 (n + 1)(n? — 4)(n? + 47)¢5
NNNL 8
= - ®). 4.
Sn 2835¢2n° L6 +0(8) (48)
For the case with |¢) = %A]A% we have
oL _ c(n+1) o ¢ me(n+ 1) 7whe(n+1)(241n* — 240)¢*
nT T ian 8 72nL? 2160n3L1
_WGC(n + 1)(n* — 252002 4 2520)£° Lo,
34020n° L6
GNL _ Ar*(n+ 1) 4x'(n+1)(5n* - 6)¢*
" 3nl? 45m3 LA
475(n + 1)(86n* + 1073n? — 1153)£° 5
14
* 2835n5 L6 +0(6),
SN _ 1674 (n + 1)(n24+ 11)¢4 N 1675 (n 4 1)(144n* + 1495n2 — 1879)¢6 o).
45¢n3L 4725cn® LS
51275 (n 4+ 1)(n? — 4)(n? + 47)£°
GNNNL _ O(/3). 4.9
" 2835¢2n5 L6 +0(F) (4.9)

5 Conclusion and discussion

In this paper we calculate the large central charge and short-interval expansion of the one-
interval Rényi entropy and entanglement entropy for the excited state of a 2D CFT on a
circle. Our primary goal is to compare the result with the thermal state Rényi entropy and
entanglement entropy, and see if these entanglement quantities can tell a highly exited state
from the thermal state or not. To carry out the calculation we adopt the trick of OPE to
turn the two-point function of the twist operators in the excited state of the replica CFT,
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which is the replica of the reduced density matrix for evaluating Rényi entropy, into sum
of the one point functions of the OPE blocks. After evaluating the associated one-point
function we can then obtain the Rényi entropy and entanglement entropy in the short-
interval expansion up to the sixth order for both heavy (i.e., with its conformal weight
order of the central charge) and light (i.e., with order one conformal weight) pure states.

We then compare our results with the previous results for the thermal state Rényi
entropy and entanglement entropy. We first consider the contribution to the Rényi entropy
only from the vacuum OPE block. Our result shows that unlike the thermal state case, the
excited state Rényi entropy or entanglement entropy for the heavy state receive no sub-
leading correction in the large central charge expansion. The absence of such corrections
indicates that thermality apparently fails for both the Rényi entropy and entanglement
entropy. However, in the high temperature limit, we can neglect these exponentially sup-
pressed corrections. We then find that the short-interval epansion for the excited state
entanglement entropy agrees with the thermal state expansion after identifying an effective
temperature corresponding to the heavy state. This agrees with the expectation from the
ETH or canonical typicality, as well as the earlier checks in the literatures. However, when
the Rényi entropy is considered, we find it impossible to identify such an effective temper-
ature that make the short-interval expansion of the excited state Rényi entropy agree with
the thermal state one.

Though our result is obtained straightforwardly, it is striking in the sense that we
explicitly demonstrate that the thermality of the heavy pure state fails for Rényi entropy,
while it holds for entanglement entropy. In some sense, the Rényi entropy encodes the
higher moments of the reduced density matrix, our results implies that the thermality of
heavy pure state emerges in the entanglement structure only in the average sense, i.e.,
the entanglement entropy, but not in the more refined entanglement structure, i.e., the
Rényi entropy. If our observation holds in the more general cases such as beyond the
context of CFT, then it is the caveat when one tries to formulate or apply the ETH or
canonical typicality.

Besides, we also consider the contribution to the excited state Rényi entropy and
entanglement entropy from the non-vacuum OPE blocks, which cannot be neglected if
there is no low energy gap in the CFT spectrum. In this case, it is easy to see that
the thermality of the heavy pure state fails even for the entanglement entropy. However,
there are evidences showing that the holographic CFT is gapped so that this kind of
corrections can be neglected in the large central charge limit. Finally, we also consider the
excited state created by acting on CFT’s vacuum state with the descendant operators of
the vacuum family.

To summarize, we find in this paper that the whether thermality emerges or not
depends on how refined we look into the entanglement structure of the underlying pure
state. The calculations in this paper provide some clues for further studies. In this paper
we examine the issue by the short-interval expansion of the Rényi entropy, and there may
have a rare chance that the thermality may be encoded in a highly nontrivial way in the full
Rényi entropy. In any case, our results could be a step stone to the route of uncovering the
caveats for the emergence of thermality beyond the context of ETH and canonical typicality.

~15 —



Acknowledgments

We would like to thank Bin Chen, Thomas Faulkner, Song He and Jie-qiang Wu for valuable
discussions. JJZ would like to thank Peking University for hospitality during the concluding
stage of this work. We thank Matthew Headrick for his Mathematica code Virasoro.nb that
could be downloaded at http://people.brandeis.edu/~headrick/Mathematica/index.html.
FLL was supported by Taiwan Ministry of Science and Technology through Grant No. 103-
2112-M-003-001-MY3 and No. 103-2811-M-003-024. HJW was supported by DARPA YFA
contract D15AP00108. JJZ was supported by NSFC Grant No. 11222549 and No. 11575202.

A Some details of vacuum OPE block

We list the holomorphic quasiprimary operators in vacuum family to level 6. In level 2, we
has the quasiprimary operator T', with the usual normalization ar = 5. In level 4, we have

B 3 9 _ c(bc+22)
A= (TT) 108 T, ag= ST (A.1)
In level 6, we have
B 4 1y ~36¢(70c + 29)
B = (0T0T) 5(8 TT) 428 T, = —— e
9 1 93
D = (T(TT)) — —(?*TT) — —=*'T + -— A2
(T(TT)) 10(8 ) 28a + 7Oc+29B’ (4.2)
o — 3c(2¢ — 1)(5e + 22)(7c + 68)
P 4(70c + 29)
Under a general coordinate transformation z — f(z), we have
_ Ty e S g 52 (i C
T() = fPT() + s, A) = AN + 2 s (£2T() + o2 ),
8 70c + 29 70c + 29
B(z) = f’ﬁB(f) - gf/43-'4(f) - WfﬂlsaZT(f) + TmfIQ(fISI —2f"s)0T(f)

L (28(5¢ + 22) f"2s? + (T0c + 29)(f*s" — 51 s + 5f"s)) T(f) (A.3)

1050
_m (7445° + (70¢ + 29) (455" — 55'%))
2¢—1)(7c+68) (5 5c+ 22 c
D — /6D ( Y o4 /2T -~
() = o000 + C IO (2 pary + 22 (12100 + ) ).
with the definition of Schwarzian derivative
f"(z) 3 <f”(2)>2
s(z) = - = . A4
B =0 2\ e (A9
In the calculations we need the structure constants
c(be + 22 2¢(70¢ + 29
Crrr = ¢, Crra = ¥7 Crrs = — ¥7
10 35
2¢(bc + 22 c(bc+ 22)(bc + 64
Crrp =0, Craa = (5)7 Caan = ( 2)5( ), (A.5)
o _ Ae(5e +22)(14c + 73) o _ 6¢(2¢ — 1)(5c + 22)(7c + 68)
AAB = 35 ’ AAD = 70¢ + 29 ‘
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For a general primary operator ¢ with conformal weight hy4 and normalization factor ag =
1, we have the structure constants

he(5hg + 1 2hy(14hy + 1
Core = he, C¢A¢=7¢( ; ), C¢B¢=——¢( 35¢ ),
hel(70c 4+ 29)h2 + (42¢ — 57)hy + (8¢ — 2
Cypg sl( )hi + ( )ho + ( )N (4.6)
70¢ + 29
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