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1 Introduction and summary

The spectrum of a d-dimensional conformal field theory [1] consists of local operators

labelled by conformal dimension ∆, a representation R of SO(d), and possibly a represen-

tation rG of an internal global symmetry group. The precise determination of the spectrum

of an interacting CFT is of fundamental importance. Together with the knowledge of the

OPE coefficients, it essentially amounts to a solution of the CFT.

It is well-known that in a unitary CFTd, dimensions of primary operators satisfy

certain inequalities known as unitarity bounds [2, 3]. For a spin s operator Jµ1µ2···µs in the

symmetric traceless representation of SO(d), the unitarity bound is

∆s ≥ d− 2 + s , s ≥ 1 . (1.1)

For a scalar operator O, it reads

∆0 ≥
d

2
− 1 (1.2)

and one may derive similar bounds for more general representations of SO(d). When these

inequalities are saturated, the corresponding operator satisfies some differential equation,

and it belongs to a short representation of the conformal algebra. In the case of a scalar

operator, the shortening condition is simply the wave equation ∂2O = 0, i.e. O is a free

scalar field. For a spin s operator (s ≥ 1), saturation of the bound (1.1) implies that it is

a conserved current

∂µJµµ2···µs = 0 . (1.3)
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The cases s = 1 (an exactly conserved current with ∆ = d − 1) and s = 2 (the conserved

stress tensor with ∆ = d) are familiar in any CFT. Conserved currents of higher spins

s > 2 are explicitly realized in free field theories. For example, in a free scalar CFT they

take the schematic form

Jµ1···µs =
s∑

k=0

csk∂{µ1 · · · ∂µkφ∂µk+1
· · · ∂µs}φ , (1.4)

where brackets denote traceless symmetrization and the coefficients may be determined by

the conservation equation, as we review in section 2.1. It is evident that these operators

have exact dimension ∆s = d − 2 + s in the free theory. As usual, conserved currents

correspond to symmetries of the theory. The presence of exactly conserved currents of

all spins implies that the CFT has an infinite dimensional higher spin symmetry which

includes the conformal symmetry as a subalgebra. Higher spin symmetries turn out to be

very constraining. One may prove that if a CFT possesses a spin 4 conserved current, then

an infinite tower of conserved higher spin operators is present, and all correlation functions

of local operators coincide with those of a free CFT [4–8].

In an interacting CFT, the higher spin operators are not exactly conserved and acquire

an anomalous dimension

∆s = d− 2 + s+ γs . (1.5)

An interesting class of models are those for which the higher spin symmetries are slightly

broken. By this we mean that there is an expansion parameter g, playing the role of a

coupling constant, such that for small g the anomalous dimensions γs(g) are small, and

in the g → 0 limit one recovers exact conservation of the currents. Explicit examples are

weakly coupled fixed points of the Wilson-Fisher type [9], where g corresponds to a power

of ε, or certain large N CFT’s, where g is related to a power of 1/N . At the operator level,

this implies that the non-conservation equation for the spin s operator takes the form

∂ · Js = gKs−1 (1.6)

where Ks−1 is an operator of spin s− 1, and we factored out g to highlight the fact that at

g = 0 the current is conserved. The slightly broken higher spin symmetries (1.6) can still

be used to put non-trivial constraints on the correlation functions [10]. The equation (1.6)

also gives an efficient way to determine the anomalous dimensions γs to leading order in the

small parameter g [11, 12]. As we review in section 2.2, using (1.6) and conformal symmetry

one readily finds that γs(g) ∝ g2, where the proportionality constant is simply obtained

by computing the two point functions 〈Ks−1Ks−1〉 at g = 0. This method is similar in

spirit to the one recently advocated in [13], where the leading anomalous dimension of φ at

the Wilson-Fisher fixed point in d = 4 − ε was reproduced by using conformal symmetry,

without explicit input from perturbation theory.

In this paper, we apply this method to the explicit example of interacting scalar field

theories with O(N) symmetry in various dimensions. These include the familiar Wilson-

Fisher fixed point of the φ4 theory in d = 4− ε, the large N expansion of the critical O(N)

model in arbitrary dimension d, the perturbative IR fixed points of the cubic O(N) models
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in d = 6− ε [14], and the UV fixed point of the non-linear sigma model in d = 2 + ε. In all

these examples, we determine the explicit structure of the non-conservation equation (1.6)

and use it to find the leading order anomalous dimensions of higher spin operators in

the singlet, symmetric traceless and antisymmetric representations of O(N). Many of our

findings were obtained before by different methods [15, 16], but the results in the cubic

models in d = 6 − ε and in the nonlinear sigma model in d = 2 + ε are new as far

as we know. In all examples, we pay particular attention to the large spin behavior of

the anomalous dimensions, finding precise agreement with general expectations [17–21].

Combining information from the d = 4− ε and d = 2 + ε expansions, as well as some input

from the large spin limit, in section 7 we also obtain some estimates for the dimension of

the singlet higher spin operators in the d = 3 O(N) models for a few low values of spin

s and N .

In addition to their intrinsic interest and their relevance in statistical mechanics, the

O(N) models we study in this note also play an important role in the context of the

AdS/CFT correspondence. According to a well understood entry of the AdS/CFT dic-

tionary, exactly conserved currents of spin s in CFTd are dual to massless spin s gauge

fields in AdSd+1. Interacting higher spin gauge theories in AdSd+1 were explicitly con-

structed by Vasiliev [22–25], and a class of them were naturally conjectured [26] to be dual

to the singlet sector of the free O(N) vector model. The exactly conserved currents Js with

s = 2, 4, 6, . . . are dual to the corresponding massless gauge fields in the Vasiliev theory, and

the scalar operator J0 = φiφi to a bulk scalar field with m2 = −2(d− 2)/`2AdS. As further

conjectured in [26], one may extend this duality to the interacting case, obtained by adding

to the free theory the “double-trace” interaction λ(φiφi)2. For d < 4 there is a flow to an

interacting IR fixed point1 which is conjectured to be dual to the same Vasiliev theory but

with alternate boundary conditions on the bulk scalar field [27]. A distinguishing feature

of large N interacting vector models is that the descendant operator Ks−1 appearing in

the non-conservation equation is a “double-trace” operator, schematically

∂ · Js =
1√
N

∑
JJ . (1.7)

This implies that the anomalous dimensions are γs ∼ O(1/N), which corresponds to a

quantum breaking of the higher spin gauge symmetry in the bulk: the higher spin gauge

fields acquire masses through loop corrections2 when the bulk scalar is quantized with

the alternate boundary conditions. In representation theory language, the equation (1.6)

means that the short representation of the conformal algebra with (∆ = d − 2 + s, s)

combines with the representation (∆ = d − 1 + s, s − 1) to form a long multiplet with

(∆ > d − 2 + s, s). In the bulk, this phenomenon corresponds to a higher spin version

of the Higgs mechanism [28]: the gauge field swallows a spin s − 1 Higgs field to yield a

massive spin s field. The fact that the operator on the right-hand side of (1.7) is double-

trace implies that the Higgs field is a composite two-particle state, and the breaking is

1For 4 < d < 6 there is a flow to a (presumably metastable) perturbatively unitary, UV fixed point [14].
2In the higher spin/CFT dualities, the bulk Newton’s constant GN scales as 1/N . The mass of a spin

s field in AdSd+1 is related to the dual conformal dimension by (∆s + s − 2)(∆s + 2 − d − s) = m2
s`

2
AdS,

which implies m2
s`

2
AdS ∼ 1/N for γs ∼ 1/N . To leading order at large N , m2

s`
2
AdS ≈ (2s+ d− 4)γs.
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subleading at large N . This is different from theories of Yang-Mills type, where Ks−1

in (1.6) is a single trace operator, and the anomalous dimensions are non-zero already at

planar level. In the bulk, this would correspond to a tree-level Higgs mechanism.

Let us finally mention that, although in this paper we focus on the scalar O(N) models,

the methods we use can be applied to a variety of interesting theories, such as for instance

the critical Gross-Neveu models in 2 < d < 4, conformal QEDd with Nf fermions, the

CPN model, and 3d bosonic and fermionic vector models coupled to Chern-Simons gauge

fields [10, 29, 30]. The latter models have approximate higher spin symmetry at large N

for all values of the ‘t Hooft coupling λ, and one should be able to use (1.6) to find the

anomalous dimensions to order 1/N , γs = fs(λ)/N + . . ., for all values of λ and spin.3 We

leave this to future work.

Note added in proof: after completion of our calculations, while writing up this note,

we became aware of [31], which has overlap with some of our results.

2 General method

2.1 The higher spin currents in free field theory

In this section we will setup the definitions and notations which will then be applied to

the particular models. We will also describe the derivation of the master formula which

allows to calculate the lowest-order value of the anomalous dimensions without doing any

loop calculations.

We first introduce some useful technology for the manipulation of symmetric tensors.

For a given a rank s tensor Jµ1µ2···µs in the symmetric traceless representation, we may

introduce an auxiliary “polarization vector” zµ, which can be taken to be null (z2 = 0),

and construct the index-free projected tensor

Ĵs ≡ Jµ1···µszµ1 · · · zµs , z2 = 0 . (2.1)

It is evident that the multiplication by zµ selects only the symmetric traceless part of

Jµ1···µs . One may always go back to the full tensor by “stripping off” the null vectors

and subtracting traces. In practice, this can be done efficiently with with the help of the

following differential operator in z-space [12, 32–34]

Dµ
z ≡

(
d

2
− 1

)
∂zµ + zν∂zν∂zµ −

1

2
zµ∂zν∂zν . (2.2)

Acting once with this operator removes a zµ, thus freeing one index of the tensor, while

taking into account the constraint z2 = 0. The unprojected Jµ1···µs can thus be recov-

ered via

Jµ1µ2···µs ∝ Dz
µ1D

z
µ2 · · ·D

z
µs Ĵs . (2.3)

The symmetrization and tracelessness of the operator obtained this way is ensured by the

properties

[Dµ
z , D

ν
z ] = 0, Dµ

zD
z
µ = 0. (2.4)

3Some results for a few low values of spins were given in [10, 29].
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Similarly, the conservation equation (1.3) of the spin s operator may be written compactly

in this notation as

∂µD
µ
z Ĵs = 0. (2.5)

Let us now construct the explicit conserved higher spin currents in the free CFT of N

real massless scalar fields. They satisfy the free wave equation

∂2φi = 0, i = 1, . . . , N (2.6)

and there is a O(N) global symmetry under which φi transforms in the fundamental rep-

resentation. This free CFT admits an infinite tower of exactly conserved higher spin op-

erators (1.4), which are bilinears in the scalars with a total of s derivatives acting on the

fields. Projecting indices with the null vector zµ, these operators can be written as

Ĵ ij =

s∑
k=0

csk∂̂
s−kφi∂̂kφj (2.7)

where we have introduced the projected derivative ∂̂ = ∂µz
µ, and csk are coefficients that

will be fixed shortly. Of course, one can separate this operator into irreducible representa-

tions of O(N), as discussed in more detail below. It is convenient to rewrite (2.7) in the

following form

Ĵ ijs = fs(∂̂1, ∂̂2)φi(x1)φj(x2)
∣∣∣
x1,x2→x

fs(u, v) =

s∑
k=0

csku
s−kvk , u = ∂̂1, v = ∂̂2.

(2.8)

where we have encoded the coefficients csk into the function fs(u, v). Now the conservation

equation (2.5) may be turned into a differential equation for the function fs, which, upon

using the free equation of motion ∂2φ = 0, reduces to4(
(d/2− 1)(∂u + ∂v) + u∂2

u + v∂2
v

)
fs = 0. (2.9)

The following ansatz for fs is convenient

fs = (u+ v)sφs

(
u− v
u+ v

)
, (2.10)

and results in the ordinary differential equation(
(1− t2)

d2

dt2
− (d− 2)t

d

dt
+ s(s+ d− 3)

)
φs(t) = 0 . (2.11)

The solution to this equation is given by the order s Gegenbauer polynomials, φs(t) =

C
d/2−3/2
s (t), which are even (odd) for even (odd) s. Hence, up to the overall normalization,

one gets the following expressions for the conserved higher spin currents

Ĵ ijs = (∂̂1 + ∂̂2)sCd/2−3/2
s

(
∂̂1 − ∂̂2

∂̂1 + ∂̂2

)
φi(x1)φj(x2)

∣∣∣∣
x1,x2→x

. (2.12)

4The same equation may be obtained by requiring that Js is a conformal primary, see e.g. [33].
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One may also write

(u+ v)sCd/2−3/2
s

(
u− v
u+ v

)
= (2.13)

=

√
πΓ
(
d
2 + s− 1

)
Γ(d+ s− 3)

2d−4Γ
(
d−3

2

) s∑
k=0

(−1)kus−kvk

k!(s− k)! Γ
(
k + d

2 − 1
)

Γ
(
s− k + d

2 − 1
)

from which one can read-off the coefficients csk in (2.7) if desired. The overall normalization

is arbitrary at this level. Note that one feature of the form (2.12) is that it vanishes at d = 3,

see the factor in front of the sum in (2.13). This vanishing is not meaningful, one could

always remove it by normalizing the currents differently. For the explicit calculations below,

we find it more convenient to use the form (2.12) in terms of Gegenbauer polynomials.

The higher spin operators may be decomposed into symmetric traceless, antisymmetric

and singlet of O(N)

J ijs = J (ij)
s + J [ij]

s + Js (2.14)

where Js ≡ J iis denotes the singlet current. It is evident by symmetry that the singlet

and symmetric traceless representations only exist for even spin, and the antisymmetric

one for odd spins. For s = 1, the antisymmetric operator J
[ij]
1 is nothing but the famil-

iar conserved current corresponding to the O(N) global symmetry. The presence of the

conserved currents of all spins implies that the free CFT has an infinite dimensional exact

higher spin symmetry. The generators can be constructed in a canonical way as follows.

First, by contracting a spin s current with a spin s− 1 conformal Killing tensor ζµ1...µs−1 ,5

we may obtain an ordinary current Jζµ,s = Jµµ2···µsζ
µ2...µs , which is conserved as it is easily

checked. From this, one can get a conserved charge Qζs in the usual way. For instance,

for s = 2, the singlet current J2 is proportional to the traceless stress tensor of the CFT,

and contracting this with the linearly independent conformal Killing vectors one gets the

(d + 2)(d + 1)/2 generators of the conformal algebra. In the interacting theory, all of the

currents (2.14), except for J
[ij]
1 and J2, will be broken. In particular, while the free CFT

has N(N + 1)/2 conserved “stress tensors”, only one of them remains conserved when

interactions are switched on.

For what follows, it will be useful to work out the normalization of the two point

function of the currents (2.12) in arbitrary dimensions d. Since the currents are bilinear in

φ there will be two propagators, which are differentiated by the hatted derivatives at both

points. The calculation is drastically simplified by using the Schwinger parametrization of

the propagator

〈φi(x)φj(0)〉 =
Γ(d/2− 1)

4πd/2
δij

(x2)d/2−1
= δij

∫ ∞
0

dα

4πd/2
αd/2−2e−αx

2
. (2.15)

Owing to the fact that ∂̂x̂ = 0, since z2 = 0, all hatted derivatives are replaced by −2αx̂

if acting at point x and +2αx̂ at point 0, so that instead of spin sums we have integrals of

Gegenbauer polynomials over the parameters α1 and α2 for the first and second propagator

5A conformal Killing tensor is a symmetric tensor satisfying ∂(µ1
ζµ2···µs) = s−1

d+2s−4
g(µ1µ2

∂νζµ3···µs)ν .
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respectively. Separating the O(N) indices, we may write

〈Ĵ ijs (x)Ĵkls (0)〉 = (δikδjl + (−1)sδilδjk)
Ns(x̂)2s

(x2)d+2s−2
(2.16)

The (−1)s comes from the property of C
d/2−3/2
s (−x) = (−1)sC

d/2−3/2
s (x). The spacetime

and zµ dependence is of course as required by conformal symmetry for a spin s conserved

operator. The normalization factor Ns is given by the following expression

(−1)s22s

(4πd/2)2

∫ ∞
0

∫ ∞
0

dα1dα2α
d/2−2
1 α

d/2−2
2 e−α1−α2(α1 + α2)2s

× Cd/2−3/2
s

(
α1 − α2

α1 + α2

)
Cd/2−3/2
s

(
α1 − α2

α1 + α2

)
=

(−1)s22s

(4πd/2)2

∫ ∞
0

dp
pd−4+2s+1

2d−3
e−p

∫ 1

−1
dq(1− q2)d/2−2(Cd/2−3/2

s (q))2

(2.17)

from which we get

Ns =
(−1)s22s

(4πd/2)2

πΓ(d+ 2s− 3)Γ(d+ s− 3)

22d−8s!(Γ(d/2− 3/2))2
(2.18)

The norms corresponding to the irreducible representations of O(N) are then

〈Ĵs(x)Ĵs(0)〉 = N(1 + (−1)s)
Ns(x̂)2s

(x2)d+2s−2
(2.19)

for the singlet,

〈Ĵ (ij)
s (x)Ĵ (kl)

s (0)〉 =
(1 + (−1)s)

2
(δikδjl + δilδjk − 2

N
δijδkl)

Ns(x̂)2s

(x2)d+2s−2
(2.20)

for the symmetric traceless, and

〈Ĵ [ij]
s (x)Ĵ [kl]

s (0)〉 =
(1− (−1)s)

2
(δikδjl − δilδjk) Ns(x̂)2s

(x2)d+2s−2
(2.21)

for the antisymmetric.

2.2 Anomalous dimensions of the weakly broken currents

Let us consider a CFT with a parameter g playing the role of a coupling constant, such

that in the g = 0 limit there are exactly conserved currents Js. When a non-zero coupling g

is turned on, the currents will be no longer conserved for general s and acquire anomalous

dimensions

∆s = d− 2 + s+ γs(g) . (2.22)

The non-conservation of the currents means that a non-zero operator of spin s − 1 must

appear on the right hand side of (1.3), or equivalently (2.5)

∂µD
µ
z Ĵs = gK̂s−1 , (2.23)

– 7 –
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where we have pulled out an explicit factor of g in front of the descendant to stress that the

right hand side vanishes when g = 0. Here g is assumed to be a small expansion parameter,

and may be either a power of ε in the Wilson-Fisher type models, or a power of 1/N in

the large N approach. We now proceed by noting that in a CFT the form of the two-point

function of the spin s operators is fixed by conformal symmetry to be

〈Ĵs(x1)Ĵs′(x2)〉 = δss′C(g)
Îs

(x2
12)∆s

(2.24)

where

Î = Iµνz
µ
1 z

ν
2 , Iµν = ηµν − 2

xµ12x
ν
12

x2
12

. (2.25)

Acting on this two-point function with ∂µD
µ
z on both operators (with different projection

vectors z1 and z2), one gets, using the form of the non-conservation equation (2.23)

∂1µD
µ
z1∂2µD

µ
z2〈Ĵs(x1)Ĵs(x2)〉 = g2〈K̂s−1(x1)K̂s−1(x2)〉. (2.26)

On the other hand, differentiating the right hand side of (2.24), setting z1 = z2 at the end,

and dividing by the two-point function of J ′s, one finds the relation [11, 12]

g2x̂2 〈K̂s−1(x1)K̂s−1(x2)〉
〈Ĵs(x1)Ĵs(x2)〉

= −γs(g2)s(s+ d/2− 2)
[
(s+ d/2− 1)(s+ d− 3)

+ γs(g
2)(s2 + sd/2− 2s+ d/2− 1)

]
. (2.27)

The right-hand side being proportional to γs is not a coincidence and follows from the con-

servation of the higher-spin current at zero coupling (2.5). From a CFT standpoint, (2.27)

is an exact relation. In practice, when doing perturbation theory in g, one computes the

correlators on the left hand side in powers of the coupling. It is then evident that (2.27)

allows to gain an order in perturbation theory. To obtain the anomalous dimensions of the

broken currents to leading order in g, one has simply to evaluate ratio of correlators in the

free theory, g = 0. In particular, this only involves finite tree-level correlators, avoiding the

issues of regularization and renormalization.

The considerations above are general and apply to any CFT with weakly broken higher

spin operators (2.23). For the explicit examples discussed in the rest of the paper, it will

be useful to determine the general form of the descendants Ks−1 in the scalar theories.

Applying the divergence operator to the higher spin currents (2.12), we find in terms of

the function fs(u, v):

∂µD
µ
z Ĵ

ij
s =

[
hs(∂̂1, ∂̂2)∂2

1 + (−1)shs(∂̂2, ∂̂1)∂2
2

]
φi(x1)φj(x2)

∣∣∣∣
x1,x2→x

,

hs(u, v) ≡ (d/2− 1)∂ufs +
u− v

2
∂2
uufs + v∂2

uvfs .

(2.28)

Of course, this is zero in the free theory where ∂2
1 = ∂2

2 = 0. In the interacting theory, (2.28)

allows to determine the form of the descendent once the equation of motion for φ is known

– 8 –
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in the specific model of interest. The function hs(u, v) can be evaluated more explicitly

using the recurrence relations between the Gegenbauer polynomials, and one finds

hs(u, v) = (u+v)s−1(d−3)

[
(d/2− 1)C

d/2−1/2
s−1

(
u− v
u+ v

)
− 2(d− 1)v

u+ v
C
d/2+1/2
s−2

(
u− v
u+ v

)]
.

(2.29)

As discussed above, the vanishing at d = 3 is superficial and is a consequence of the

normalization of the currents (2.12).

Note that the methods described in this section can also be used to fix the leading

order anomalous dimension of a nearly free field. For instance, in the case of a scalar field,

the equation of motion takes the form

∂2φ = gV (2.30)

where V is some operator of spin zero and bare dimension d/2 + 1. By an analogous

calculation as the one described above for the higher spin operators, one can show that

to leading order γφ ∝ g2, where the proportionality constant is related to the two point

function 〈V V 〉 at g = 0. We will use this method in the next section to reproduce the

well-known anomalous dimension of φ at the Wilson-Fisher fixed point, see also [13]. The

analogous calculations in the large N approach and in the nonlinear sigma model in d = 2+ε

are given in section 4 and 6 respectively.

3 O(N) model in d = 4 − ε

We now apply the general formulae obtained in the previous section to the case of the

critical O(N) φ4 model in d = 4− ε dimensions, with action

S =

∫
ddx

(
1

2
∂µφ

i∂µφi +
λ

4
(φiφi)2

)
. (3.1)

The one-loop beta function is well known and reads

β(λ) = −ελ+
(N + 8)λ2

8π2
(3.2)

and thus there is a IR critical point at λ∗ = 8π2

N+8ε + O(ε2). Before moving on to the

higher spin operators, let us show how to reproduce the leading order anomalous dimension

of φ using the classical equations of motion, following the methods reviewed above, see

also [13]. In the free theory, when λ = 0, the elementary field φi has canonical dimension

∆0 = d/2 − 1, thus saturating the unitarity bound and obeying ∂2φi = 0. The tree-level

two-point function of φi is given by

〈φi(x1)φj(x2)〉 =
Γ(d/2− 1)

4πd/2
δij

(x2
12)d/2−1

. (3.3)

When we turn on the interaction, the equation of motion is modified to

∂2φi = λφiφjφj , (3.4)
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Figure 1. The 2-loop diagram yielding the leading order anomalous dimension of the φi field in

the O(N) model in the standard approach.

and the two-point function receives corrections. At the conformal point, the exact two-

point function is constrained by conformal symmetry to be

〈φi(x1)φj(x2)〉 = δij
C(λ)

(x2
12)d/2−1+γφ

. (3.5)

Applying the equation of motion twice, i.e. taking the ∂2
1∂

2
2 on both sides and taking the

ratio one gets:

λ2
∗(x

2
12)2 〈φiφkφk(x1)φjφlφl(x2)〉

〈φi(x1)φj(x2)〉
= 4γφ(γφ + 1)(d− 2 + 2γφ)(d+ 2γφ). (3.6)

The fact that the right-hand side is proportional to γφ is expected and is due to the

shortening condition at zero coupling, ∂2φi = 0. To get the leading order in ε for γφ we

notice that in the left hand side λ2
∗ ∼ ε2, so in the two-point function ratio we can just

plug d = 4 propagators

〈φi(x1)φj(x2)〉 =
1

4π2

δij

x2
12

. (3.7)

In the right-hand side we get

4γφ(γφ + 1)(2− ε+ γφ)(4− ε+ 2γφ) = 32γφ +O(ε3) (3.8)

since it is evident that γφ ∼ ε2. Now, the two-point function in the numerator of (3.6),

evaluated at tree level, yields

〈φiφkφk(x1)φjφlφl(x2)〉0 =
1

(4π2)3
(2N + 4)δij

1

(x2
12)3

(3.9)

Finally, taking the ratio by the free propagator and equating the right-hand side (3.8), we

recover the well-known result

γφ =
λ2
∗

(4π2)2

N + 2

16
=

N + 2

4(N + 8)2
ε2. (3.10)

One can contrast this to the usual calculation, which is technically quite different. There,

the leading order correction to the two-point function of the φi field is given by extracting

the logarithmic divergence of the standard two-loop diagram in figure 1.

We may now proceed to studying the higher spin currents using the same method. We

use the definition of the currents (2.12) and the descendant (2.28). To lowest order the ε
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dependence is fixed by the the critical coupling λ∗, so we can use d = 4 everywhere. The

currents are then:

Ĵ ijs = (∂̂1 + ∂̂2)sC1/2
s

(
∂̂1 − ∂̂2

∂̂1 + ∂̂2

)
φi(x1)φj(x2)

∣∣∣∣
x1,x2→x

, (3.11)

and the descendant:

K̂ij
s−1(x) =

(
hs(∂̂1 + ∂̂3 + ∂̂4, ∂̂2) + (−1)shs(∂̂2 + ∂̂3 + ∂̂4, ∂̂1)

)
× φi(x1)φj(x2)φk(x3)φk(x4)

∣∣∣
x1,2,3,4→x

,

hs(u, v) = (u+ v)s−1

[
C

3/2
s−1

(
u− v
u+ v

)
− 6v

u+ v
C

5/2
s−2

(
u− v
u+ v

)] (3.12)

Note that this form is redundant in the sense that we could combine ∂̂3 + ∂̂4 into ∂̂3 acting

on φiφi(x3), but it makes all the symmetries of the diagrams we will need to calculate

explicit. A few examples might be useful. For instance, for s = 1 the only non-zero current

is the antisymmetric one, for which the descendant vanishes as it should since it’s the

current in the adjoint of O(N). For s = 2 we have non-zero currents for the symmetric

traceless and the singlet representations, and the descendant is

K̂ij
1 = 2(∂̂3 + ∂̂4 − ∂̂1 − ∂̂2)φi(x1)φj(x2)φk(x3)φk(x4)

∣∣∣∣
x1,2,3,4→x

= −2∂̂(φiφj)φkφk + 2φiφj ∂̂(φkφk) (3.13)

This vanishes for the singlet as it is the conserved stress-energy tensor. It does not van-

ish for the symmetric traceless representation, as the corresponding operator acquires an

anomalous dimension in the interacting theory. As another example, the spin 3 descendant

of the spin 4 singlet current is

K̂3 = 20(φiφi∂̂3(φkφk)− 6∂̂(φiφi)∂̂2(φkφk) + 33(φi∂̂2φi − 30∂̂φi∂̂φi)∂̂(φkφk)

−3∂̂(3φi∂̂2φi − 4∂̂φi∂̂φi)φkφk (3.14)

The master formula (2.27) at the leading order yields the following for γs:

γs = − λ2
∗

s2(s+ 1)2

x̂2〈K̂s−1(x)K̂s−1(0)〉
〈Ĵs(x)Ĵs(0)〉

. (3.15)

For the two-point function of the currents one has in d = 4, according to (2.17):

〈ĴsĴs〉 = 2N
1

(4π2)2

(2x̂)2s

(x2)2s+2

πΓ(2s+ 1)Γ(s+ 1)

s!(Γ(1/2))2
= 2N

(2s)!

(4π2)2

(2x̂)2s

(x2)2s+2
(3.16)

for the singlet and similarly

〈Ĵ (ij)
s Ĵ (kl)

s 〉 =

(
δikδjl + δikδjl − 2

N
δijδkl

)
(2s)!

(4π2)2

(2x̂)2s

(x2)2s+2
(3.17)

〈Ĵ [ij]
s Ĵ [kl]

s 〉 = (δikδjl − δikδjl) (2s)!

(4π2)2

−(2x̂)2s

(x2)2s+2
(3.18)
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where we used the fact that the singlet and symmetric traceless representations exist for

even spins only, and the antisymmetric one for odd spins.

To obtain the anomalous dimensions via eq. (3.15), we have to compute the two-point

function of the descendant at tree level. Each descendant (3.12) consists of a differential

operator acting on four φ fields. We simply have to compute the free field Wick contractions

between the fields (contractions of fields on the same descendant are of course excluded)

〈φi(x1)φj(x2)φm(x3)φm(x4) , φk(y1)φl(y2)φn(y3)φn(y4)〉0 (3.19)

and then act with the differential operator in (3.12) on the resulting product of free prop-

agators, setting x1,2,3,4 → x and y1,2,3,4 → 0 at the end. It is straightforward to do this for

any given spin: the problem is purely algebraic and there are no integrals to compute. How-

ever, to obtain a general result as a function of spin, it is convenient to use the Schwinger

representation (2.15) of the propagator and carry out the resulting integrals of products

of Gegenbauer polynomials. Some technical details of this are collected in appendix A.

The final result takes the following form. For even spins, based on symmetry we get the

structure

〈K̂ij
s−1K̂

kl
s−1〉 = (AsN + Cs)

δikδjl + δilδjk

2
+Bsδ

ijδkl , s = 2, 4, 6, . . . (3.20)

and similarly for odd spins

〈K̂ij
s−1K̂

kl
s−1〉 = (A′sN + C ′s)

δikδjl − δilδjk

2
, s = 1, 3, 5, . . . (3.21)

The As (and A′s) terms come from contracting the first pair of φ fields at different points

with each other and the second pair as well (hence the O(N) indices form a closed loop);

the Bs term is from contracting the pairs across (pair one with pair two and vice-versa);

the Cs (and C ′s) term is from contracting one φ from the first pair with one from the second

one (so that the O(N) indices thread the diagram without loops). The final result for the

coefficients As, Bs, Cs, A
′
s, C

′
s is:

As = −(s− 1)s(s+ 1)(s+ 2)(2s)!
(2x̂)2s−2

(x2)2s+2(4π2)4

Bs = 4s(s+ 1)(2s)!
(2x̂)2s−2

(x2)2s+2(4π2)4

Cs = −2(s− 2)s(s+ 1)(s+ 3)(2s)!
(2x̂)2s−2

(x2)2s+2(4π2)4

A′s = −As , C ′s = 2As

(3.22)

From (3.20) and (3.21), we can readily extract the singlet, symmetric traceless and

antisymmetric parts. They are

〈K̂s−1K̂s−1〉 = (As +Bs)N
2 + CsN

〈K̂(ij)
s−1K̂

(kl)
s−1〉 =

AsN + Cs
2

(
δikδjl + δikδjl − 2

N
δijδkl

)
〈K̂ [ij]

s−1K̂
[kl]
s−1〉 = −As

2
(N + 2)

(
δikδjl − δikδjl

)
.

(3.23)
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It is now straightforward to extract the one-loop anomalous dimensions, using the gen-

eral formula (3.15) and the normalization of the currents (3.16), (3.18). For the singlet

operators, we get6

γs =
ε2(N + 2)

2(N + 8)2

(
1− 6

s(s+ 1)

)
(3.24)

This vanishes for s = 2 as it should, corresponding to the conservation of the stress-energy

tensor. For the symmetric traceless operators, we get

γs(ij) =
ε2(N + 2)

2(N + 8)2

(
1− 2(N + 6)

(N + 2)s(s+ 1)

)
(3.25)

and for the antisymmetric ones

γs[ij] =
ε2(N + 2)

2(N + 8)2

(
1− 2

s(s+ 1)

)
. (3.26)

The latter vanishes for s = 1, corresponding to the exact conservation of the current in the

adjoint of O(N). All these results are in agreement with [15].

It is worth mentioning the analysis of these results done in [20, 21], where the asymp-

totic s→∞ behavior for the twist, τs = ∆s−s and consequently the anomalous dimension

of higher-spin currents is established. Namely one should get for the twist of the higher

spin operator of the form φ∂̂sφ

τs = 2τφ −
cτmin

sτmin
+ . . . , (3.27)

where τmin is the minimal twist among the operators present in the φφ OPE. First of all,

we see that the limiting value is equal to ε2(N+2)
2(N+8)2

= 2γφ as follows from expanding (3.27)

to order ε. Second, the leading correction behaves as 1
s2

, which is a manifestation of having

a tower of operators with twist 2, which at this order in ε are the higher-spin currents and

the φiφi operator (see [20] for more details). In principle, the coefficient cτmin is determined

by the certain three-point functions of these operators with φ. We will go into more detail

about this in the next two sections.

4 The large N critical O(N) model

To develop the 1/N expansion of the φ4 theory, one may introduce a Hubbard-Stratonovich

auxiliary field σ, so that the action (3.1) may be rewritten as

S =

∫
ddx

(
1

2
∂µφ

i∂µφi +
1

2
σφiφi − σ2

4λ

)
. (4.1)

6It is amusing that the spin dependent factor in brackets in (3.24) is the same as the central charge of

the unitary minimal models M(s, s+1), which have c = 0, 1/2, 7/10, . . . for s = 2, 3, 4, . . .. Similarly, the re-

sult (3.26) for the antisymmetric representation is proportional to the central charge c = 3
2

(1− 8/(p(p+ 2)))

of the N = 1 supersymmetric minimal models for p = 2s. One may wonder if there is a deeper significance

to these apparent coincidences. We thank Igor Klebanov for bringing this to our attention.
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In the IR limit for d < 4, the last term becomes unimportant and can be dropped.7 To

develop perturbation theory, it is convenient to rescale σ so that the action becomes

S =

∫
ddx

(
1

2
∂µφi∂

µφi +
1

2
√
N
σφiφi

)
. (4.2)

The σ field then acquires an effective non-local propagator upon integrating out φi,8

〈σ(x1)σ(x2)〉 =
Cσσ

(x2
12)2

, Cσσ =
2d+2Γ(d2 −

1
2) sin(πd/2)

π
3
2 Γ(d2 − 2)

(4.3)

so that σ, which replaces the scalar operator φiφi, is a primary operator of dimension

2+O(1/N) at the interacting fixed point. Systematic perturbation theory can be developed

using this effective propagator, the canonical propagator (3.3) for φi and the σφiφi vertex,

with 1/
√
N playing the role of the coupling constant.

The equation of motion for φ is

∂2φi =
1√
N
σφi (4.4)

and the equation of motion for σ is formally φiφi = 0 after we drop the last term of (4.2) in

the IR limit. The role of this equation is to “subtract” from the theory the operator φiφi,

which is replaced by σ. This fact will play an important role in our calculation below.

Before turning to the higher spin currents let us calculate as a warmup the anomalous

dimension γφ of the φ field, without computing Feynman diagrams. Using the equations

of motion (4.4) and acting on the φ two-point function with ∂2
1∂

2
2 , we get

1

N
(x2

12)2 〈φiσ(x1)φjσ(x2)〉
〈φi(x1)φj(x2)〉

= 2γφ(γφ + 1)(d− 2 + 2γφ)(d+ 2γφ). (4.5)

From this, the leading order value of γφ immediately follows

γφ =
Cσσ

4Nd(d− 2)
=

2 sin(πd/2)Γ(d− 2)

NπΓ(d2 − 2)Γ(d2 + 1)
(4.6)

which is a well-known result. It is quite remarkable how simple the calculation is, provided

we know Cσσ. It is also helpful that one completely avoids (to the lowest order) the issues

of regularization and renormalization, which are actually somewhat thorny in the 1/N

expansion.

Let us now turn to the higher spin currents. These have the same form (2.12), and

using (2.28) and the equations of motion (4.4), one ends up with

∂µD
µ
z Ĵ

ij
s =

1√
N
K̂ij
s−1 (4.7)

7For d > 4, the last term can be dropped in the UV limit, corresponding to a non-trivial UV fixed point.
8The quadratic term in the resulting σ effective action is just proportional to the two-point function

〈φiφi(x)φjφj(y)〉0 in the free theory. The σ propagator is obtained by Fourier transforming to momentum

space, inverting, and transforming back to x-space.
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where

K̂ij
s−1 =

(
hs(∂̂1 + ∂̂3, ∂̂2) + (−1)shs(∂̂2 + ∂̂3, ∂̂1)

)
φi(x1)φj(x2)σ(x3)

∣∣∣∣
x1,2,3→x

, (4.8)

and the function hs(u, v) is given in eq. (2.29).9 It is possible, and convenient for what

follows, to decompose the descendant in products of the conformal primaries Ĵs, σ and

their derivatives. We find

K̂ij
s−1 =

s−2∑
s′=0

s−s′−1∑
k=0

Cs′k∂̂
s−s′−k−1Ĵ ijs′ ∂̂

kσ (4.9)

where the coefficients Cs′k are given explicitly by

Cs′k =

(s− s′)(2s′ + d− 3)

(
s− s′ − 1

k

)(
−s− s′ + k − d+ 3

k + 1

)
, s− s′ even

0 , s− s′ odd

(4.10)

An important point is that so far we have only used the φ equation of motion (4.4), and

not the equation for σ whose role is to formally project out J0 = φiφi from the theory. This

implies that in fact the form of the descendant (4.9) only applies as written to the non-

singlet currents. For the singlets, one obtains the correct descendant by the prescription

that the term s′ = 0 should be dropped from the sum. As an example, for s = 2 we get

from (4.9)

K̂ij
1 = (d− 1)(d− 3)

(
(d− 2)Ĵ ij0 ∂̂σ − 2(∂̂Ĵ ij0 )σ

)
(4.11)

For the symmetric traceless K
(ij)
1 , on the right hand side we have Ĵ

(ij)
0 = φ(iφj) and

the descendant is non-vanishing. However, for the singlet we would have J0 = φiφi, which

should be thrown away. This leads to K̂1 = 0, as it should be according to the conservation

of the stress-energy tensor. In a similar way, the spin 3 descendant of the spin 4 singlet

current is

K̂3 = (d+ 3)(d+ 1)
(
(d+ 2)Ĵ2∂̂σ − 2(∂̂Ĵ2)σ

)
(4.12)

At d = 3, we see that K̂3 ∝ Ĵ2∂̂σ − 2/5(∂̂Ĵ2)σ, in agreement with [10].

We can now compute the anomalous dimensions using (2.27). Let us first discuss

the case of the non-singlet currents, where we can use directly the form (4.8), equivalent

to (4.9). The descendant two-point function can be computed similarly to the previous

section and one ends up with

γs(ij) = γs[ij] = 2γφ
(s− 1)(d+ s− 2)

(d/2 + s− 2)(d/2 + s− 1)
, (4.13)

where γφ is the anomalous dimension of φ field. This is the correct result, in agreement [16].

Let us now turn to the case of the singlet currents, which is slightly more involved due

9Note that the vanishing of hs at d = 3 is of course not meaningful, and just follows from the normaliza-

tion of the currents that we have chosen. Such factors of (d−3) cancel out in the ratio 〈Ks−1Ks−1〉/〈JsJs〉.
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to the J0 projection discussed above. The correct singlet descendant is given by (here as

usual we denote by Js′ = J iis′ the singlet operators)

K̂s−1 =

s−2∑
s′=2

s−s′−1∑
k=0

Cs′k∂̂
s−s′−k−1Ĵs′ ∂̂

kσ = K̂naive
s−1 − K̂0

s−1

K̂0
s−1 =

s−1∑
k=0

C0k∂̂
s−k−1Ĵ0∂̂

kσ

(4.14)

where K̂naive
s−1 coincides with (4.8), with O(N) indices traced. Its two-point function leads

to a contribution equal to (4.13) to the anomalous dimension. To subtract the contribution

of the term K̂0
s−1 proportional to J0, we note that

〈K̂naive
s−1 K̂naive

s−1 〉 = 〈K̂s−1K̂s−1〉+ 〈K̂0
s−1K̂

0
s−1〉 (4.15)

since K̂s−1 and K̂0
s−1 are orthogonal, due to orthogonality of the spin s primaries (〈JsJs′〉 ∼

δss′). Then, the correct singlet anomalous dimension is obtained by simply subtracting

from (4.13) the contribution of the two-point function 〈K̂(0)
s−1K̂

(0)
s−1〉. By this procedure, we

get the final result

γs = 2γφ
1

(d/2 + s− 2)(d/2 + s− 1)

[
(s− 1)(d+ s− 2)− Γ(d+ 1)Γ(s+ 1)

2(d− 1)Γ(d+ s− 3)

]
, (4.16)

in agreement with [16]. One may also check that setting d = 4 − ε, (4.16) and (4.13)

precisely match the the results (3.24), (3.25), (3.26) expanded to order 1/N .

It is again interesting to mention the s→∞ behavior [20, 21]. The expansion at large

s yields

γs = 2γφ − 2γφ
Γ(d+ 1)

2(d− 1)

1

sd−2
− 2γφ

d(d− 2)

4

1

s2
+ . . . ,

γs(ij) = 2γφ − 2γφ
d(d− 2)

4

1

s2
+ . . .

(4.17)

We see a tower of higher spin currents (1/sd−2) in the singlet channel, as well as the σ

(1/s2) in both the singlet and the traceless parts. The higher-spin contribution vanishes

for the symmetric traceless. The 1/s2 coming from σ is universal and can be calculated.

The coefficient cτmin in (3.27) is given by the formula (3.18) of [20] which reads in terms of

two- and three-point function coefficients

cτmin =
Γ(τmin + 2smin)

2smin−1Γ( τmin+2smin
2 )2

Γ(∆)2

Γ(∆− τmin
2 )2

C2
OOOτmin

C2
OOCOτminOτmin

(4.18)

In this theory, O = φ, Oτmin = σ. Here ∆ = d/2−1, τmin = 2, COτminOτmin
is the three-point

function coefficient of φφσ, Cφφ = Γ(d/2−1)

4πd/2
, Cσσ is defined above. Plugging all the factors,

the coefficient of 1/s2 is exactly reproduced.
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5 Cubic models in d = 6 − ε

let us consider the following model with N+1 scalars and O(N) invariant cubic interactions

S =

∫
ddx

(
1

2
∂µφ

i∂µφi +
1

2
(∂µσ)2 +

g1

2
σφiφi +

g2

6
σ3

)
. (5.1)

As argued in [14], in d = 6− ε this model posseses IR stable, perturbatively unitary fixed

points which provide a “UV completion” of the large N UV fixed points of the O(N)

model in d > 4. This proposal has passed various non-trivial checks [14, 35, 36]. These

perturbative fixed points exist for N > 1038(1 +O(ε)), and are expected to be unitary to

all orders in ε and 1/N expansions. However, non-perturbative effects presumably render

the vacuum metastable via instanton effects. In this section we just perform perturbative

calculations, and in particular we obtain further non-trivial agreement with the large N

expansion in d > 4.10

In this model, a novel feature in the calculation of the anomalous dimension of the

higher spin operators is that the free theory contains two independent towers of conserved,

O(N) singlet, higher spin currents:

Ĵs,φ =
1√
N

(∂̂1 + ∂̂2)sC3/2
s

(
∂̂1 − ∂̂2

∂̂1 + ∂̂2

)
φi(x1)φi(x2)

∣∣∣∣
x1,x2→x

Ĵs,σ = (∂̂1 + ∂̂2)sC3/2
s

(
∂̂1 − ∂̂2

∂̂1 + ∂̂2

)
σ(x1)σ(x2)

∣∣∣∣
x1,x2→x

(5.2)

where we have normalized Js,φ so that both currents have 〈JsJs〉 ∼ O(1). Once interactions

are turned on, we expect these operators to mix non-trivially, and one should determine

the appropriate eigenstates of the dilatation operator.

The equations of motion are

∂2φi = g1σφ
i ∂2σ =

1

2
(g1φ

iφi + g2σ
2) . (5.3)

It is evident that the equations of motion will induce the mixing between the currents,

since 〈∂ · Js,φ∂ · Js,σ〉 6= 0 due to the g1-dependent interactions in (5.3). The descendant

operators (in this case we find it more convenient to include the coupling constants into

the definition of the Ks−1’s)

∂µD
µ
z Ĵs,φ = K̂s−1,φ , ∂µD

µ
z Ĵs,σ = K̂s−1,σ (5.4)

can be computed in a straightforward way by following similar steps as in the previous

sections. Explicitly, they are given by

K̂s−1,φ =
1√
N

(
hs(∂̂1 + ∂̂3, ∂̂2) + 1↔ 2

)
g1φ

i(x1)φi(x2)σ(x3)

∣∣∣∣
x1,2,3→x

(5.5)

K̂s−1,σ =
(
hs(∂̂1+∂̂3, ∂̂2)+ 1↔ 2

)(g1

2
φi(x1)σ(x2)φi(x3) +

g2

2
σ(x1)σ(x2)σ(x3)

)∣∣∣∣
x1,2,3→x

hs(u, v) = 6(u+ v)s−1

[
C

5/2
s−1

(
u− v
u+ v

)
− 5v

u+ v
C

7/2
s−2

(
u− v
u+ v

)]
10Calculations of anomalous dimensions of higher spin operators in a similar cubic model with an adjoint

scalar and trφ3 interaction were carried out in [37, 38].
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We can then use the general relation (2.27), suitably generalized to the present case with

non-trivial mixing, to obtain the following anomalous dimension mixing matrix g21
48·4π3

(
1− 6

(s+1)(s+2)

)
− g21

4π3
1

8(s+1)(s+2)

√
N

− g21
4π3

1
8(s+1)(s+2)

√
N

g21
4π3

1
2·48N +

g22
2·48·4π3

(
1− 12

(s+1)(s+2)

)
 (5.6)

where the non-diagonal terms comes from the non-zero two-point function 〈K̂s−1,φK̂s−1,σ〉.
From this mixing matrix, one can compute the two eigenvalues to leading order in ε and

finite N , using the expression for the fixed point couplings given in [14]. The resulting

finite N expressions are easy to get, but rather lengthy. At large N , using the expressions

for the fixed point couplings [14]

g∗1 =

√
6ε(4π)3

N

(
1 +

22

N
+

726

N2
− 326180

N3
+ . . .

)
(5.7)

g∗2 = 6

√
6ε(4π)3

N

(
1 +

162

N
+

68766

N2
+

41224420

N3
+ . . .

)
(5.8)

one finds that the eigenvalues are given by

γ1 =
2ε

N

(s− 2)(s+ 5)(s2 + 3s+ 8)

(s+ 1)2(s+ 2)2
+O(1/N2)

γ2 = ε+
16ε

N

5s4 + 30s3 + 38s2 − 21s− 25

(s+ 1)2(s+ 2)2
+O(1/N2)

(5.9)

The higher order corrections can be obtained to any desired order, but for simplicity we

have listed here only the leading order in 1/N . We see that the γ1 eigenvalue vanishes at

s = 2, and one can check that this is true for any N . This eigenvalue then corresponds

to the tower of “single-trace” higher spin currents which include the stress-energy tensor.

Indeed, one can explicitly verify that γ1 matches the 1/N expansion result (4.16) expanded

in d = 6− ε. The dimension corresponding to the second eigenvalue is

∆2 = d− 2 + s+ γ2 = 4 + s+
16ε

N

5s4 + 30s3 + 38s2 − 21s− 25

(s+ 1)2(s+ 2)2
+O(1/N2) (5.10)

which suggests that this should match the “double-trace” operator σ∂sσ ∼ φ2∂sφ2 in

the large N approach. Indeed, one can match (5.10) with the result given in [16] for the

dimension of such composite operators of spin s. For s = 0, this is the scalar operator σ2 of

the large N model, which has dimension ∆ = 4− 100ε/N + . . . near d = 6 and corresponds

to a particular mixture of the mass operators φiφi and σ2 in the cubic model [14].

One can also study the spin s operators in the symmetric traceless and antisymmetric

representations of O(N), where no mixing occurs (since Ĵs,σ is a singlet of O(N)). Following

similar steps to the previous sections, we obtain the result

γs(ij) = γs[ij] =
(g∗1)2

192π3

(s− 1)(s+ 4)

(s+ 1)(s+ 2)
=

2ε

N

(
1 +

44

N
+ . . .

)
(s− 1)(s+ 4)

(s+ 1)(s+ 2)
(5.11)
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The order 1/N is seen to exactly match the large N result (4.13). Furthermore, we checked

that the 1/N2 term also matches with the result obtained in [39] using large N methods

for arbitrary d.11

Let us now study the large spin limit of these results. For the eigenvalues of the singlet

mixing matrix, the large spin expansion can be written in a simple form, valid for finite

N , in terms of the fixed point couplings

γ1 =
(g∗1)2

192π3
− (g∗1)2

32π3

1

s2
+ . . . ,= 2γφ −

(g∗1)2

32π3

1

s2
+ . . .

γ2 =
(g∗1)2N + (g∗2)2

384π3
− (g∗2)2

32π3

1

s2
+ . . . = 2γσ −

(g∗2)2

32π3

1

s2
+ . . .

(5.12)

where we have used the known expression for the one-loop anomalous dimensions of φ and

σ in the cubic model [14]. The leading terms are precisely consistent with the expected

large spin limit. The subleading 1/s2 contributions are clearly coming from the exchange

of the σ field, which has ∆σ = τ = 2. We can check explicitly the prediction of the

formula (4.18) for the coefficients of the 1/s2 terms. For the γ1 eigenvalue, we should take

that O = φ,Oτmin = σ. The two-point function coefficients are Cφφ=Cσσ = 1
4π3 . The three

point function coefficient is given at the lowest order by a diagram with one g1φ
iφi vertex

in the middle. The diagram is given by the integral:

g1

(4π3)3

∫
d6x0

x4
10x

4
20x

4
30

=
g1

(4π3)3

π3

x2
12x

2
23x

2
31

(5.13)

Combining the factors we get cτmin = 2
(g∗1)2

(43π6)2
(4π3)3 =

(g∗1)2

32π3 . Overall, we then get

τs,φ = d− 2 +
(g∗1)2

192π3
− (g∗1)2

32π3

1

s2
+ . . . = 2τφ −

(g∗1)2

32π3

1

s2
+ . . . (5.14)

since τφ = ∆φ = d/2− 1 +
(g∗1)2

384π3 to the leading order. The same applies for the eigenvalue

γ2, corresponding to τs,σ, where we get:

τs,σ = d− 2 +
(g∗1)2N + (g∗2)2

384π3
− (g∗2)2

32π3

1

s2
+ . . . = 2τσ −

(g∗2)2

32π3

1

s2
+ . . . (5.15)

where τσ = ∆σ = d/2− 1 +
(g∗1)2N+(g∗2)2

768π3 is the leading order dimension (and thus twist) of

σ. The coefficient of 1/s2 is reproduced the three-point function 〈σσσ〉.
The cubic model in d = 6− ε also admits non-unitary fixed points which are of interest

in statistical mechanics. The simplest case is the N = 0 model, which just consists of a

single scalar field σ with cubic interaction g2/6σ
3. This model has a non-unitary fixed

point at

(g∗2)2 = −128π3

3
ε+O(ε2) (5.16)

As pointed out by Fisher [40], this theory is related to the Lee-Yang edge singularity of the

Ising model. For d = 2 (ε = 4), the fixed point corresponds to the non-unitary minimal

11As far as we know, the 1/N2 term in the large N expansion of the anomalous dimensions of the singlet

higher spin operators has not been obtained in the literature.
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model M(2, 5). Using the result (5.6) for g1 = 0, N = 0, we can deduce the dimension of

the higher spin operators ∼ σ∂sσ in the Fisher model to be

γs = 2γσ

(
1− 12

(s+ 1)(s+ 2)

)
= − ε

9

(
1− 12

(s+ 1)(s+ 2)

)
+O(ε2) . (5.17)

where we have used γσ =
(g∗2)2

768π3 at one loop.

Another interesting non-unitary model is obtained at the formal value N = −2. In

this case the model is equivalent to a theory of a complex anticommuting scalar θ and a

commuting scalar σ [41]

S =

∫
ddx

(
∂µθ∂

µθ̄ +
1

2
(∂µσ)2 + g1σθθ̄ +

1

6
g2σ

3

)
. (5.18)

with Sp(2) global symmetry. The IR stable fixed point occurs at [41]

g∗2 = 2g∗1 , g∗1 = i

√
(4π)3ε

5
(1 +O(ε)) , (5.19)

where the first equality holds to all orders in perturbation theory. For such a relation be-

tween couplings, one can verify that the model has an enhanced “supersymmetry” OSp(1|2)

which implies that the dimension of θ and σ are equal. It turns out that this OSp(1|2)

invariant fixed point is equivalent to the q → 0 limit of the q-state Potts model [42]. The

dimension of the Sp(2) invariant higher spin currents at the fixed point can be obtained

from (5.6) setting N = −2 and g2 = 2g1. This yields the two eigenvalues

γ1 =
(g∗1)2

192π3

(s− 2)(s+ 5)

(s+ 1)(s+ 2)
= − ε(s− 2)(s+ 5)

15(s+ 1)(s+ 2)

γ2 =
(g∗1)2

192π3

(s(s+ 3)− 16)

(s+ 1)(s+ 2)
= − ε(s(s+ 3)− 16)

15(s+ 1)(s+ 2)

(5.20)

We see that the first eigenvalue corresponds to the tower which includes the stress tensor of

the theory, since it vanishes at s = 2 (this eigenvalue corresponds to an OSp(1|2) singlet).

In the large spin limit one gets

γ1 = − ε

15
+

4ε

5s2
+ . . .

γ2 = − ε

15
+

6ε

5s2
+ . . . .

(5.21)

The equality of the leading terms is a consequence of ∆θ = ∆φ, as follows from the OSp(1|2)

symmetry. One may also obtain the dimension of the non-singlet currents, which are the

same as in (5.11), with g1 given in (5.19).

6 Nonlinear sigma model

It is well established that the critical behavior of the O(N) φ4 model can be related to the

critical nonlinear sigma model, see e.g. [43] for a review. One of the ways to understand
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this relation is via the 1/N expansion, which provides an explicit “interpolation” between

the UV fixed points of the sigma model in d = 2+ε and the IR fixed points of the φ4 model

in d = 4 − ε. In this section, we calculate the anomalous dimensions of the higher-spin

currents at the critical point of the sigma model in d = 2 + ε, at finite N . As far as we

know, this result has not been obtained elsewhere.

We start with the action with an auxiliary field inserted to resolve the sphere constraint

on the φi field, φiφi = 1/g2

S =

∫
ddx

(
1

2
∂µφ

i∂µφi + σ(φiφi − 1

g2
)

)
. (6.1)

To develop perturbation theory, one may resolve the constraint by introducing a set of

N − 1 independent fields. A convenient parametrization is

φa = ϕa, a = 1, . . . , N − 1;

φN =
1

g

√
1− g2ϕaϕa =

1

g
− g

2
ϕaϕa +O(g3).

(6.2)

In terms of the ϕa fields, the action is

S =

∫
ddx

(
1

2
∂µϕ

a∂µϕa +
g2

2

(ϕa∂µϕ
a)2

1− g2ϕaϕa

)
(6.3)

To leading order in perturbation theory and in d = 2 + ε, the coupling constant has the

beta function

β =
ε

2
g − (N − 2)

g3

4π
(6.4)

and there is a UV fixed point at [44, 45]

g2
∗ =

2πε

N − 2
(6.5)

The factor of N − 2 is due to the fact that the O(2) model is conformal and has a trivial

beta function in d = 2. Consequently, the perturbative UV fixed point in d = 2 + ε only

exists for N > 2.

Before moving onward to the higher spin operators, we will calculate the anomalous

dimension of the ϕ field (or equivalently φi in the action (6.1)) using the classical equations

of motion. To leading order in g, they are given by12

∂2ϕa = −g2ϕa∂µϕ
b∂µϕ

b +O(g4) . (6.6)

In full analogy with the discussion in d = 4− ε, we can apply the equations of motion (6.6)

to the two-point function of ϕ field, obtaining

g4x4 〈ϕa(∂µϕc)2(x)ϕb(∂µϕ
d)2(0)〉

〈ϕa(x)ϕb(0)〉
= 4γφ(γφ + 1)(d− 2 + 2γφ)(d+ 2γφ) . (6.7)

12These may be also obtained starting from the equations of motion coming from (6.1), which are ∂2φi =

−g2φi∂µφj∂µφj , and resolving the constraint by (6.2).
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To specialize to the expansion in d − 2 = ε we need to mention several important points:

γ will be of the order ε and not ε2, unlike in d = 4− ε. This means that the third term in

the right-hand side is of the order ε as well. Second, the bare propagator is

〈ϕa(x)ϕb(0)〉 =
Γ( ε2)

4ππε/2(x2)ε
, (6.8)

and applying derivatives to it produces powers of ε. They will combine with Γ(ε/2) =
2
ε + O(1). Since g4

∗ ∼ ε2 at the critical point, only terms of order ε2 are needed from the

two-point function in the numerator, since we have three Γ′s on top and one on bottom,

which amounts to 1/ε2. Having said that, the relevant term of the two-point function is

easy to calculate. The first and the second derivatives of the propagator are:

∂µ
1

(x2)ε/2
= −ε xµ

(x2)ε/2
, (6.9)

∂ν∂µ
1

(x2)ε/2
=

−ε
(x2)ε/2+1

(
δµν −

2xµxν
x2

)
+ ε2

xµxν

(x2)ε/2+2
. (6.10)

It is evident then that the only way to get O(ε2) is to contract ϕa and ϕb which would be

undifferentiated, and the other ϕ’s accordingly so that the ε from (6.10) is picked up two

times. Overall one gets for the left hand side of (6.7)

g4
∗(N − 1)

2 · 2 · ε2

(4π)2

22

ε2
= (N − 1)

4ε2

(N − 2)2
. (6.11)

The right-hand side of (6.7) yields 8γφ(ε+ 2γφ) to leading order in ε. Solving the resulting

quadratic equation for γφ gives

γφ =
ε

2(N − 2)
, (6.12)

which is the well-known result [44, 45].

Let us now move to the higher spin operators, restricting to the case of the O(N)

singlets. The form of the higher spin currents is most easily written in terms of the

constrained fields φi, i = 1, . . . , N appearing in the action (6.7). In terms of these fields,

they take the same form (2.12)

Ĵs = (∂̂1 + ∂̂2)sC−1/2
s

(
∂̂1 − ∂̂2

∂̂1 + ∂̂2

)
φi(x1)φi(x2)

∣∣∣∣
x1,x2→x

. (6.13)

where we have set d = 2 since we will only perform a leading order calculation.

It turns out that due to the properties of C
−1/2
s (x), in the currents (6.13) all terms

have both φi(x1) and φi(x2) differentiated at least once, so that after resolving the con-

straint (6.2), we have in terms of ϕa

Ĵs = (∂̂1 + ∂̂2)sC−1/2
s

(
∂̂1 − ∂̂2

∂̂1 + ∂̂2

)(
ϕa(x1)ϕa(x2) +

g2

4
ϕaϕa(x1)ϕbϕb(x2)

)∣∣∣∣
x1,x2→x

+O(g4)

(6.14)

One may check, for instance, that for s = 2 this yields the correct stress tensor coming

from (6.3). The reason that we have to keep the term of order g2 is that, when we compute
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the descendant by ∂µD
µ
z Ĵs, both terms in (6.14) yield a contribution of order g2 (because

the first term is a conserved current at g = 0, but the second is not). Using the general

equation (2.28), we have (recall that s is even)

∂µD
µ
z Ĵs =

(
hs(∂̂1, ∂̂2)∂2

1 + hs(∂̂2, ∂̂1)∂2
2

)(
ϕa(x1)ϕa(x2) +

g2

4
ϕaϕa(x1)ϕbϕb(x2)

)∣∣∣∣
x1,x2→x

.

(6.15)

When acting with ∂2 on the first term, we use the equation of motion (6.6). When acting on

the second term, on the other hand, we can actually use the free equation of motion ∂2ϕa =

0 to this order, so that ∂2
1ϕ

aϕa(x1) = 2∂µϕ
a∂µϕa. The final result for the descendant to

order g2 can then be written in the form

∂µD
µ
z Ĵs = g2K̂s−1

K̂s−1 = −
(
hs(∂̂1 + ∂̂3 + ∂̂4, ∂̂2) + hs(∂̂2 + ∂̂3 + ∂̂4, ∂̂1)− hs(∂̂4 + ∂̂3, ∂̂1 + ∂̂2)

)
×

× ∂3µ∂4µϕ
a(x1)ϕa(x2)ϕb(x3)ϕb(x4)

∣∣∣∣
x1,2,3,4→x

hs(u, v) = 2v(u+ v)s−2C
3/2
s−2

(
u− v
u+ v

)
(6.16)

Note that all O(N) indices here run from 1 to N − 1. The rest of the calculation is

almost exactly the same as in the d = 4 − ε case. Computing the descendant two-point

function, using (2.27) for d = 2 and the current two-point function (2.19) (with N → N−1),

we find the result

γs =
g4
∗

4π2
(N − 2)

(
1

s
− 1

2
+Hs−2

)
=

ε2

N − 2

(
1

s
− 1

2
+Hs−2

)
(6.17)

where Hk =
∑k

n=1 1/n is the harmonic number. The 1/N expansion of this result precisely

matches the expansion of (4.16) in d = 2+ ε. In the large spin limit, we see the logarithmic

behavior (since Hk ∼ log(k) at large k)

γs =
ε2

N − 2

(
log(s) + γ − 1

2
− 1

2s
+O(1/s2)

)
. (6.18)

Also, we note that the leading order in γs is ε2, although the leading order anomalous

dimension of the φ field is ε (6.12). This may seem to contradict the expected s → ∞
behavior. The simple resolution of this “paradox” is suggested by looking at the large N

result (4.17) for the singlet currents, expanded near d = 2 + ε:

γs =
ε

N
− ε

N

Γ(3 + ε)

2(1 + ε)

1

sε
+ . . . =

ε2

N
log(s) + . . . (6.19)

We see that for the singlets the 2γφ term is canceled by the expansion of the second

term, coming from the higher-spin current tower, and the log(s) is exactly what one gets

from expanding the harmonic number Hs−2. As for the non-singlet operators, from (4.17)

one gets γs(ij) = ε
N + O( 1

s2
), and it is evident that the leading order is indeed 2γφ as
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expected [17–21]. Thus, a finite N calculation of the anomalous dimensions of the non-

singlet operators should yield a result starting at order ε, unlike (6.17). We leave the more

detailed discussion of the non-singlet currents for future work.

7 Some d = 3 estimates

For the O(N) models with N ≥ 3, we can combine the information from the d = 4 − ε
and d = 2 + ε expansions to obtain some estimates for the anomalous dimensions of the

singlet higher spin currents in d = 3. The simplest way to do this is to use a “two-sided”

Padé approximant. For any given physical quantity assumed to be a continuous function

of dimension d, we can construct the Padé approximant

Padé[m,n](d) =
A0 +A1(4− d) +A2(4− d)2 + . . .+Am(4− d)m

1 +B1(4− d) +B2(4− d)2 + . . .+Bn(4− d)n
, (7.1)

where the coefficients are fixed by matching the known perturbative expansions in d = 4−ε
and d = 2+ε. Rather than performing this procedure on γs(d) itself, guided by the expected

large spin behavior [17–21], we find it more convenient to consider the quantity

fs(d) = γs(d)− 2γφ(d) (7.2)

From the results (3.24), (6.17), we can obtain the ε expansion of this quantity to order ε2.

Further information in d = 4− ε can be obtained using the result of [37], who derived the

anomalous dimensions of the higher spin operators in the O(N) theory to order ε3.13 For

the singlet currents, it reads

γs =
(N + 2)λ2

(
s2 + s− 6

)
128π4s(s+ 1)

(7.3)

−
(N + 2)(N + 8)λ3

(
16s(s+ 1)Hs + s

(
s3 + 2s2 − 39s− 16

)
+ 12

)
4096π6s2(s+ 1)2

+O(λ4)

where Hs is the harmonic number. This vanishes at s = 2, as expected. It is also interesting

to check the large spin behavior, which yields (using the known result for γφ to order λ3,

see e.g. [47])

γs = 2γφ −
(N + 2)

(
12π2λ2 + (N + 8)λ3 (log(s)− γ − 5/2)

)
256π6s2

+O(1/s3) . (7.4)

We see that a logarithmic term arises at subleading order in the coupling constant, consis-

tently with general expectations [20, 48]. Using the value of the critical coupling [47]

λ∗ =
8π2ε

N + 8
+

24π2(3N + 14)ε2

(N + 8)3
+ . . . (7.5)

13For N = 1, the result is known to order ε4 [46].
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N 3 4 5 6 10 20

γs=4 (Padé[3,2]) 0.0261 0.0257 0.0208 0.0195 0.0158 0.0082

γs=6 (Padé[3,2]) 0.0318 0.0310 0.0258 0.0240 0.0191 0.0100

γs=8 (Padé[3,2]) 0.0342 0.0332 0.0278 0.0259 0.0206 0.0110

γs=10 (Padé[3,2]) 0.0353 0.0343 0.0289 0.0269 0.0214 0.0115

Table 1. Padé estimates for the anomalous dimensions of the singlet currents with s = 4, 6, 8

in the 3d critical O(N) models. The estimates are obtained by constructing a “two-sided” Padé

approximant of the function (7.2) and adding at the end the contribution 2γφ using the available

results collected in [49]. For N = 10, 20, the value of γφ is obtained from the large N result known

to order 1/N3 [50, 51].

we can obtain the ε expansion of γs around d = 4 to order ε3. Further using the ε expansions

of γφ near d = 2 and d = 4, we can get the function f(d) defined in (7.2) to the same order

fs(4− ε) = − 3ε2(N + 2)

s(s+ 1)(N + 8)2
+O(ε3)

fs(2 + ε) =

(
− ε

N − 2
+

(N − 1)ε2

(N − 2)2

)
+

ε2

N − 2

(
1

s
− 1

2
+Hs−2

)
+O(ε3)

(7.6)

where for simplicity we did not write explicitly the O(ε3) in d = 4 − ε, it can be read

off from (7.4). This allows to construct Padé approximants (7.1) with a maximum value

n+m = 6. Carrying out this procedure for general N , we find that Padé[3,2] (which only

uses f(4− ε) to order ε2) and Padé[4,2] appear to give the best agreement with the analytic

large N result (4.16) over the full range 2 ≤ d ≤ 4, with Padé[3,2] in fact working slightly

better. Using this approximant, we obtain a d = 3 estimate for the function fs(d) in (7.2).

To obtain the anomalous dimensions γs, we can then add back the contribution 2γφ using

the best available estimates that were collected in table 2 of [49] for a few low values of N .

The results of this procedure for s = 4, 6, 8, 10 and for several values of N are listed in the

table below. For comparison, the large N formula (4.16) gives for d = 3

γs =
16(s− 2)

(2s− 1)3π2

1

N
+O(1/N2) . (7.7)

Using this for N = 20, one would get γ4 = 0.0077, γ6 = 0.0098, γ8 = 0.0108, γ10 = 0.0114.

The results for s = 4 given in table 1 appear to be consistent with the ones given in [52].

For N = 1 and N = 2, the nonlinear sigma model result cannot be used since there is

no perturbative fixed point in d = 2 + ε for these values of N . Simple Padé approximants

of the d = 4 − ε result appear to yield poles in 2 < d < 4 in this case, so we will resort

to the unresummed ε expansion to obtain some estimates. For N = 1, setting ε = 1 in

f(4 − ε) expanded to order ε3, and adding back the 3d value of 2γN=1
φ = 0.0363 [53–56],

we obtain the following d = 3 estimates

γN=1
s=4 = 0.0240 , γN=1

s=6 = 0.0300

γN=1
s=8 = 0.0324 , γN=1

s=10 = 0.0336 .
(7.8)
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While we do not expect these to be high precision results, we observe that they appear to

be quite close to the estimates derived in [48]. For the spin 4 operator, [57] obtained the

slightly lower value γ4 = 0.0208(12). For N = 2, following a similar procedure and using

2γN=2
φ = 0.0381 [58], we obtain

γN=2
s=4 = 0.0252 , γN=2

s=6 = 0.0315

γN=2
s=8 = 0.0340 , γN=2

s=10 = 0.0353 .
(7.9)

In all cases, we observe that the anomalous dimensions of the higher spin operators is rather

small (similarly to what happens for the anomalous dimension of φ). From the results in

table 1, and (7.8), (7.9), we also notice some non-monotonic behavior as a function of N ,

with a maximum between N = 3 and N = 4. A qualitatively similar non-monotonic behav-

ior can be observed in the sphere free energy [59, 60] and CT [49]. It would be interesting

to understand better the origin of this behavior and the relation between these quantities.
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A Technical details on the computation of the descendant 2-point func-

tion

The calculation of the descendant two-point functions is carried out using the relation

of Gegenbeauer polynomials to hypergeometric functions (see appendix of [61]). We will

illustrate the technique to calculate the function As (see eq. (3.20)) as a function of s in

terms of Gegenbauer integrals. The calculation of the other structures is similar. After

introducing the Schwinger parametrization, the hs function can be written as:

hs(−2α1x̂− 2α3x̂− 2α4x̂,−2α2x̂) = (−1)s−1(2x̂)s−1(α1 + α2 + α3 + α4)sh̃s(1− 2α̃2);

α̃n =
αn

α1 + α2 + α3 + α4
, (A.1)

h̃s(x) = C
3/2
s−1(x)− 3(1− x)C

5/2
s−2(x)

and analogously for other arguments. The contraction is then compactly written as:

(−1)s−1(2x̂)2s−2

(4π2)4

∫ ∞
0

4∏
n=1

dαn

( 4∑
n=1

αn

)2s−2

exp

(
− x2

4∑
n=1

αn

)
(h̃s(1− 2α̃2) + (−1)sh̃s(1− 2α̃1))2 (A.2)
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It is convenient to separate the integration other the sum
∑4

n=1 αn by introducing a delta

function
∫∞

0 dpδ(
∑4

n=1 αn − p):∫ ∞
0

dpp2s−2+3 exp(−x2p)

∫ 1

0

4∏
n=1

dα̃nδ

( 4∑
n=1

α̃n − 1

)
(h̃s(1− 2α̃2) + (−1)sh̃s(1− 2α̃1))2

=
(2s+ 1)!

(x2)2s+2

∫∫
0<1−α̃1−α̃2<1

dα̃1dα̃2(1− α̃1 − α̃2)(h̃s(1− 2α̃2) + (−1)sh̃s(1− 2α̃1))2 (A.3)

The goal now is to calculate the integral of functions h̃. First we study the integral of two

h̃ with the same argument: ∫ 1

0
dα̃(1− α̃)2(h̃s(1− 2α̃))2 (A.4)

The idea now is to employ the Rodrigues formula for the Gegenbauer polynomial:

Cνs (1− 2α̃) =
4s

s!

Γ(s+ ν)Γ(s+ 2ν)

Γ(ν)Γ(2s+ 2ν)
(α̃(1− α̃))−ν+1/2 d

s

dα̃s
(α̃(1− α̃))s+ν−1/2 (A.5)

We again split the integral into two parts:∫ 1

0
dα̃(1− α̃)2

(
C

3/2
s−1(1− 2α̃)− 3(2α̃)C

5/2
s−2(1− 2α̃)

)
h̃s(1− 2α̃1) (A.6)

We now act on the second h̃ with the C
3/2
s−1 using the Rodrigues formula, by integrating by

parts s− 1 times. The boundary terms vanish thanks to the power of α̃(1− α̃) under the

derivative. The pre-factor (α̃(1− α̃))−1 combines with (1− α̃)2 combines to 1
α̃ − 1. Then,

since h̃s(1− 2α̃) is a polynomial of degree s− 1 in α̃:

h̃s(1− 2α̃) =

s−1∑
k=0

ckα̃
k, (A.7)

after s− 1 integrations by parts only two terms survive the differentiation

(−1)s−1 d
s−1

dα̃s−1
cs−1α̃

s−1 = (−1)s−1(s− 1)!cs−1;

(−1)s−1 d
s−1

dα̃s−1
c0

1

α̃
=

(s− 1)!

α̃s

(A.8)

The remaining integrals are now of the beta-function type, for instance,∫ 1

0
dα̃cs−1(α̃(1− α̃))s∫ 1

0
dα̃c0(1− α̃))s

(A.9)

This is the main idea of the calculation, the rest is basically collecting all the coefficients and

applying the same method to the other integrals which will appear (all of them will be of the
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same type though). For the sake of reference the coefficients of h̃s(1−2α̃) are obtained most

easily by using the relation of Gegenbauer polynomials to the hypergeometric function:

Cνs (1− 2x) =
(2ν)s
s!

F

(
− s, s+ 2ν; ν +

1

2
;x

)
(A.10)

(this is the reason we used 1 − 2α̃ as the argument). After collecting all the factors, the

overall answer for the integral in (A.3) is:

(s− 1)s(s+ 1)(s+ 2)

8(2s+ 1)
(A.11)
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