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1 Introduction

It is now a well-known fact that holomorphic vector bundles on an elliptically fibered

Calabi-Yau, needed for heterotic string compactifications to four dimensions, are con-

structed by considering spectral covers [1]. A spectral cover is basically a ramified n-fold

cover (for an SU(n) bundle) of the base of the elliptic Calabi-Yau, representing the Wilson

lines in each elliptic fiber as points on the elliptic fiber identified with its dual. One then

introduces a twisting line bundle over the base whose first Chern class (the η class) is re-

lated to the number of instantons of the bundle. Once one has a spectral surface and a line

bundle over it, one can construct a vector bundle via the Fourier-Mukai transform using

the Poincare bundle, up to a so-called γ class corresponding to the G-flux in the F-theory

dual. For more detail of the spectral cover construction, see e.g. [1–4].

It is also now well known that the moduli space of the vector bundle is parameterized

by a set of sections of a weighted projective space bundle of a particular kind, known as

Looijenga’s weighted projective space bundle. Some time ago, for E8, E7 and E6 bundles

and other lower-rank ones Looijenga’s theorem was confirmed [1] (except for some subtlety

in E8) by explicitly constructing spectral covers by using del Pezzo surfaces. Although this

approach was enough to reveal the validity of the miraculous nature of Looijenga’s theorem,

the constructions of the bundles were done case by case and appear to be independent and

unrelated with each other. In this paper we will show that the requisite weighted projective

spaces and the Weierstrass equations describing the spectral covers for E8 through A1

bundles can be obtained systematically by a series of blowing up procedures according to

the well-known Tate’s algorithm, thereby the sections of correct line bundles claimed to

arise by the theorem can be automatically obtained. We will also explain why we can

obtain them in this way by using the structure theorem of the Mordell-Weil lattice [5].
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We will also show that the structure theorem of the Mordell-Weil lattice is useful for

understanding the relation between the singularity and the occurrence of chiral matter

in F-theory. (This new role of the Mordell-Weil lattice in F-theory was already briefly

discussed in [6].) In the literature the relation between sections and the appearance of

chiral matter is somewhat indirect. That is, on the heterotic side one considers a vector

bundle on a spectral cover and computes the cohomology by means of the Leray spectral

sequence to find that the chiral matter is localized where one or some of the “matter curves”

representing the Wilson lines go(es) to infinity (zero in the addition rule of the ℘ function).

On the F-theory side, the del Pezzo surface (or rational elliptic surface) itself in which the

spectral cover is defined becomes the fiber with an appropriate twist corresponding to the

weighted projective space bundle of Looijenga, and matter arise where the singularity is

enhanced [7–10] along the 7-brane. We will show that the structure of the Mordell-Weil

lattice ensures the compatibility of these two pictures of chiral matter generations.

The plan of this paper is as follows. In section 2, we start from the same degree

six equation in the weighted projective space WP3
(1,1,2,3) given in [1] for E8 bundles and

review the construction of the spectral cover. Then we tune some of the sections to be

in a special form so that the dP9 develops a singularity. It turns out that, by blowing

up the singularity, we are automatically led to the equation for E7 bundles discussed

in [1], where the relevant sections are precisely the ones constituting the correct weighted

projective space of Looijenga. Repeating a similar procedure, we will find a series of

spectral covers for the vector bundles from E7 through A1. In section 3 we will see that

the sections parameterizing a Looijenga’s weighted projective space are nothing but the

four-dimensional analogue of the set of independent polynomials in the six-dimensional

F-theory parameterizing the complex structure of the elliptic manifold with a singularity

orthogonal to the gauge group of the vector bundle in the whole E8. This fact is further

confirmed in the constructions of D4, A5, D6, E3 and SU(2)× SU(2) bundles. In section 4

we discuss why this is possible by introducing the structure theorem of the Mordell-Weil

lattice. The final section is devoted to conclusions.

2 Tate’s algorithm and Looijenga’s weighted projective space

2.1 E8 bundles: the generic case

We start with the construction of E8 bundles, following [1]. As pointed out there, it is

well known that E8 bundles have exceptional features but the construction is important

because it is the starting point of all the constructions of the vector bundles for other gauge

groups of lower ranks.

Let us first consider a generic degree six equation in WP3
(1,1,2,3) [1] with homogeneous

coordinates (u, v,X, Y ) ∼ (λu, λv, λ2X,λ3Y ) (λ ∈ C):

0 = Y 2 +X3 − g2
4
Xv4 − g3

4
v6

+(β4u
4 + β3u

3v + β2u
2v2 + β1uv

3)X

+(α6u
6 + α5u

5v + α4u
4v2 + α3u

3v3 + α1uv
5). (2.1)
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In a patch u 6= 0, we define affine coordinates (z, x, y) by (u, v,X, Y ) ∼ (1, v
u
, X
u2 ,

Y
u3 ) ≡

(1, z, x, y). Then we have

0 = y2 + x3 − g2
4
xz4 − g3

4
z6

+(β4 + β3z + β2z
2 + β1z

3)x

+(α6 + α5z + α4z
2 + α3z

3 + α1z
5). (2.2)

(2.1) is a dP8, and by blowing up at u = v = 0 it becomes a rational elliptic surface dP9

with section [1]. Then it can be viewed as an elliptic fibration over P1 whose coordinates

are (u : v), the affine coordinate being z in the affine patch u 6= 0.

To serve as a part of compactifications of F-theory [11] to lower dimensions, this P1

must be further fibered over some base space B, where the coefficients αi (1, 3, . . . , 6) and βj
(j = 1, . . . , 4) as well as the coordinates are promoted to sections of some appropriate line

bundles over the P1 fibration. More precisely, we regard this dP9 as a part of an elliptic K3

in the stable degeneration limit, which itself is fibered over B in such a way that the total

space is an elliptic Calabi-Yau Y, whose base W itself is a P1 fibration over B. We take

X ∈ Γ((L ⊗N )2),

Y ∈ Γ((L ⊗N )3),

v ∈ Γ(N ),

u ∈ Γ(L6), (2.3)

where Γ denotes the space of the sections, L is the anti-canonical line bundle of the base B,
and N is the “twisting” line bundle over B,1 characterizing the vector bundle of the dual

heterotic string theory compactified on an elliptic Calabi-Yau Z of complex dimension one

less, whose complex structure is identical to that of the elliptic fibration at z = ∞. At the

same time, the fiber of this elliptic fibration at infinity also plays the role of the “dual”

torus, at which the values of rational sections of (2.1) describe the spectral surface [1], i.e.

the holonomies of the flat connections, and hence the moduli space of the heterotic vector

bundle V .2 Then the affine coordinates (z, x, y) transform as

z ∈ Γ(M),

x ∈ Γ((L ⊗M)2),

y ∈ Γ((L ⊗M)3) (2.4)

as sections of line bundles over B, where M ≡ L−6⊗N . They are also sections of some line

bundles over the P1 with (u : v) being its coordinates. Due to the Calabi-Yau condition for

Y, W is required to be such that the base B part of the anti-canonical class of W coincides

with L ⊗M (2.4).

For example, if we take B to be P1 and Z to be an elliptic K3, then L is an O(2) bundle

whose sections are described by quadratic polynomials of the affine coordinate z′ of the

1The first Chern class of N is customarily referred to as “the η class”.
2We assume c1(V ) = 0 throughout this paper.
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base P1. Also N is chosen to be an O(12 + n) = L6 ⊗Ln

2 bundle, corresponding to 12 + n

instantons for one of the two E8 gauge groups of the six-dimensional heterotic string theory.

M is Ln

2 . The corresponding dual F-theory description chooses [7, 8] W to be a Hirzebruch

surface Fn so that the base P1 part of the anti-canonical class is L ⊗ M = O(2 + n) (or

O(2− n) depending on the choice of the divisor “at infinity”), geometrically realizing the

twisting of the spectral cover of the heterotic dual. Then we are led to the well-known

Weierstrass equation on a Hirzebruch surface [7, 8]

0 = y2 + x3 + f(z, z′)x+ g(z, z′), (2.5)

f(z, z′) = f8+4n + zf8+3n + z2f8+2n + z3f8+n + · · · ,
g(z, z′) = g12+6n + zg12+5n + z2g12+4n + z3g12+3n + · · · , (2.6)

where f8+(4−i)n and g12+(6−j)n (i, j = 0, 1, 2, . . .) are polynomials of z′ with subscripts being

their degrees in z′.3

In the general case, we write (2.1) in the Neron-Tate’s form:

0 = y2 + x3 + (a1,0 + a1,1z + a1,2z
2 + · · · )xy

+(a2,0 + a2,1z + a2,2z
2 + · · · )x2

+(a3,0 + a3,1z + a3,2z
2 + · · · )y

+(a4,0 + a4,1z + a4,2z
2 + · · · )x

+a6,0 + a6,1z + a6,2z
2 + · · · . (2.7)

The coefficients must be

f8+4n = β4 = a4,0 ∈ Γ(L−20 ⊗N 4) = Γ(L4 ⊗M4)

f8+3n = β3 = a4,1 ∈ Γ(L−14 ⊗N 3) = Γ(L4 ⊗M3)

f8+2n = β2 = a4,2 ∈ Γ(L−8 ⊗N 2) = Γ(L4 ⊗M2)

f8+n = β1 = a4,3 ∈ Γ(L−2 ⊗N 1) = Γ(L4 ⊗M1)

g12+6n = α6 = a6,0 ∈ Γ(L−30 ⊗N 6) = Γ(L6 ⊗M6)

g12+5n = α5 = a6,1 ∈ Γ(L−24 ⊗N 5) = Γ(L6 ⊗M5)

g12+4n = α4 = a6,2 ∈ Γ(L−18 ⊗N 4) = Γ(L6 ⊗M4)

g12+3n = α3 = a6,3 ∈ Γ(L−12 ⊗N 3) = Γ(L6 ⊗M3)

(g12+2n = α2 = a6,4 ∈ Γ(L−6 ⊗N 2) = Γ(L6 ⊗M2))

g12+n = α1 = a6,5 ∈ Γ(L−0 ⊗N 1) = Γ(L6 ⊗M1). (2.8)

In the above equations we have also displayed on the leftmost side the corresponding

coefficient polynomials of the Weierstrass form for the well-studied six-dimensional com-

pactification.

Now Looijenga’s theorem states that the moduli space of the vector bundle is param-

eterized by the sections

ak = Γ(L−dk ⊗N sk) (k = 0, . . . , rankG), (2.9)

3In the four -dimensional compactifications of F-theory, one also needs to specify the so-called γ class

(G-flux), but it is irrelevant for the discussion here.
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where dk is 0 (k = 0) or the degree of the independent Casimir of G, and sk is 1 (k = 0)

or the coefficient of the k-th coroot when the lowest root −θ is expanded.

In the present case, the minus of the powers of L in the middle column of (2.8) read

0, 2, 8, 12, 14, 18, 20, 24, 30, (2.10)

which precisely coincide with (“0” and) the set of degrees of independent Casimirs of E8,

while the powers of N are close to identical to the coefficients of the (co)root (E8 is simply

laced) expansion:

−θ = 2α1 + 3α2 + 4α3 + 6α4 + 5α5 + 4α6 + 3α7 + 2α8, (2.11)

except that the power for g12+n = α1 = a6,5, which should be 2, is 1. If g12+2n = α2 = a6,4
were taken instead, then the power would become 2 which is correct, but then the power of

L−1 would be 6 which does not agree with Looijenga’s statement. Thus in this E8 case, we

have obtained the weighted projective space WP8
(1,2,2,3,3,4,4,5,6) but (2.9) is not completely

true [1].

2.2 E7 bundles by blowing up (A1 singularity)

In [1] it was shown that E7 bundles can be constructed in terms of a degree-4 equation in

WP3
(1,1,1,2). Sections of Looijenga’s weighted projective bundle are similarly parameterized

by the coefficients of the Weierstrass equation, which themselves are sections of a particular

set of line bundles specified by Looijenga’s theorem (2.9). In this section we will show that

these setups naturally arise by blowing up the singularity on the degree-6 equation in

WP3
(1,1,2,3) for E8 discussed in the previous section, according to a well-known procedure

known as Tate’s algorithm.

Physically, an E7 bundle implies an SU(2) unbroken gauge symmetry of one of the

two E8 of heterotic string theory. Mathematically, this is a reflection of the structure

of the Mordell-Weil lattice [5] stating the complementarity in E8 of the sections and the

singularities of a rational elliptic surface dP9.

Below we use in the process of blowing up, even in the general case not restricted to

the six-dimensional case, the notation:

f8+(4−i)n := a4,i, (2.12)

g12+(6−j)n := a6,j , (2.13)

by using the dictionary (2.8).4 In that case, n no longer has the meaning of the number of

instantons, but is rather just a dummy variable with its coefficient specifying the powers

of the twisting line bundle to which the sections belong. This notation is intended for the

convenience of, and will be particularly useful to, the readers who are familiar with the well-

known six-dimensional F-theory compactification [7–9]. This enables us to easily recognize

that the sections parameterizing a Looijenga’s weighted projective space are nothing but

4More generally, a degree (an+ b) polynomial in z′ in the 6D F-theory compactification corresponds to

a section of L−d ⊗N s with d = 6a− b

2
and s = a.
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the set of independent polynomials parameterizing the complex structure of the elliptic

manifold in F-theory with a singularity, which is the orthogonal complement in E8 of the

gauge group of the vector bundle. Why they are the orthogonal complement of each other

will be explained in section 4.

In order to have an SU(2) = A1 = I2 singularity, we assume that the coefficients f8+4n,

g12+6n and g12+5n in (2.6) can be written in term of some h2n+4 ∈ Γ(L2 ⊗M2) as [9]

f8+4n = −3h22n+4,

g12+6n = 2h32n+4,

g12+5n = −h2n+4f8+3n. (2.14)

Then the discriminant

∆ = 4f(z, z′)3 + 27g(z, z′)2 (2.15)

becomes O(z2) or higher at z = 0, implying an A1 singularity. The location of the singu-

larity is y = z = 0 but x = h2n+4, so it is not at the origin in general. So we define

xnew ≡ x− h2n+4, (2.16)

then (2.5) becomes

0 = y2 + x3new + 3h2n+4x
2
new + (f8+3nz + f8+2nz

2 + f8+nz
3 + f8z

4)xnew

+(h2n+4f8+2n + g12+4n)z
2 + (h2n+4f8+n + g12+3n)z

3

+(h2n+4f8 + g12+2n)z
4 + g12+nz

5 + g12z
6. (2.17)

By construction it has a singularity at xnew = y = z = 0 so we blow it up at (xnew, y, z) =

(0, 0, 0) ∈ C3 by defining

C̃3 =
{

((xnew, y, z), (ξ : η : ζ)) ∈ C3 × P2|(xnew, y, z) ∈ (ξ : η : ζ)
}

, (2.18)

where (xnew, y, z) ∈ (ξ : η : ζ) means that (xnew, y, z) and (ξ : η : ζ) are parallel to each

other.

Let x′ ≡ ξ
ζ
, y′ ≡ η

ζ
in the affine patch with ζ 6= 0, then

(xnew, y, z) = (x′z, y′z, z). (2.19)

Plugging this into (2.17) and dividing it by z2, we have

0 = y′
2
+ x′

3
z + 3h2n+4x

′2 + (f8+3n + f8+2nz + f8+nz
2 + f8z

3)x′

+(h2n+4f8+2n + g12+4n) + (h2n+4f8+n + g12+3n)z

+(h2n+4f8 + g12+2n)z
2 + g12+nz

3 + g12z
4. (2.20)

One can show that this is a smooth curve unless

f2
8+3n − 12h2n+4(h2n+4f8+2n + g12+4n) = 0 (2.21)
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is satisfied. In fact, the left hand side of (2.21) is the coefficient of the O(z2) term of the

discriminant ∆, so that (2.21) implies ord(∆) ≥ 3 at z = 0. Note that this is a necessary

condition for the curve to be singular, and even if (2.21) holds, (2.20) still remains regular

unless some additional conditions are satisfied, as we see in the next section.

Now we observe that (2.20) is nothing but a degree-4 equation in WP3
(1,1,1,2)

((u, v,X ′, Y ′) ∼ (λu, λv, λX ′, λ2Y ′)):

0 = Y ′2 +X ′3v + a2,0X
′2u2

+(a4,1u
3 + a4,2u

2v + a4,3uv
2 + a4,4v

3)X ′

+(a6,2u
4 + a6,3u

3v + a6,4u
2v2 + a6,5uv

3 + a6,6v
4) (2.22)

expressed in the affine patch with u 6= 0 in terms of the affine coordinates (u, v,X ′, Y ′) ∼
(1, v

u
, X

′

u
, Y

′

u2 ) ≡ (1, z, x′, y′):

0 = y′2 + x′3z + a2,0x
′2

+(a4,1 + a4,2z + a4,3z
2 + a4,4z

3)x′

+(a6,2 + a6,3z + a6,4z
2 + a6,5z

3 + a6,6z
4) (2.23)

with

a2,0 = 3h2n+4

a4,1 = f8+3n

a4,2 = f8+2n

a4,3 = f8+n

a4,4 = f8

a6,2 = h2n+4f8+2n + g12+4n

a6,3 = h2n+4f8+n + g12+3n

a6,4 = h2n+4f8 + g12+2n

a6,5 = g12+n

a6,6 = g12. (2.24)

The degree-4 equation in WP3
(1,1,1,2) (2.22) is precisely the one found in [1] for E7

bundles. Thus we see that the set up for the construction of E7 bundles in [1] is naturally

obtained by blowing up the singularity of the Weierstrass equation in WP3
(1,1,2,3) for E8

bundles.

Since

ai,j ∈ Li ⊗Mi−j = L6j−5i ⊗ (L6 ⊗M)i−j , (2.25)

we have

a2,0 ∈ Γ(L−10 ⊗ (L6 ⊗M)2)

a4,1 ∈ Γ(L−14 ⊗ (L6 ⊗M)3)

– 7 –
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a4,2 ∈ Γ(L−8 ⊗ (L6 ⊗M)2)

a4,3 ∈ Γ(L−2 ⊗ (L6 ⊗M)1)

a6,2 ∈ Γ(L−18 ⊗ (L6 ⊗M)4)

a6,3 ∈ Γ(L−12 ⊗ (L6 ⊗M)3)

a6,4 ∈ Γ(L−6 ⊗ (L6 ⊗M)2)

a6,5 ∈ Γ(L−0 ⊗ (L6 ⊗M)1). (2.26)

Note that a4,4 ∈ Γ(L4) or a6,6 ∈ Γ(L6) does not have information of the vector bundles

but describes the complex structure of the Calabi-Yau on the heterotic side, and that of

the elliptic fibration connecting the two dP9 fibrations on the F-theory side.

We see in (2.26) that the minus of the powers of L read

0, 2, 6, 8, 10, 12, 14, 18, (2.27)

which coincides with the set of degrees of independent Casimirs of E7 (including 0), and

the powers of N are the coefficients of the expansion of the highest root of E7:

−θ = 2α1 + 2α2 + 3α3 + 4α4 + 3α5 + 2α6 + 1α7, (2.28)

being (this time) in complete agreement with Looijenga.

2.3 E6 bundles (A2 singularity)

Next we suppose that (2.21) is satisfied. Since the first term is a square of a section, so

must be the second term. This is achieved by requiring [9]

h2n+4 = h2n+2

f8+3n = 12hn+2H2n+6

g12+4n = 12H2
2n+6 − h2n+2f8+2n (2.29)

for some hn+2 and H2n+6. These conditions are the ones for the exceptional curve to

factorize into two lines, and the singularity becomes I3 of the Kodaira classification.5 This

is smooth unless

−2H2n+6(h
2
n+2f8+2n + 4H2

2n+6) + h3n+2(h
2
n+2f8+n + g12+3n) = 0 (2.30)

is satisfied, in which the order of the discriminant would become higher than 3 and we

would need a further blow-up. Plugging (2.29) into (2.17), we find

0 = y2 + x3new + 3h2n+2x
2
new + (12hn+2H2n+6z + f8+2nz

2 + f8+nz
3 + f8z

4)xnew

+12H2
2n+6z

2 + (h2n+2f8+n + g12+3n)z
3 + (h2n+2f8 + g12+2n)z

4 + g12+nz
5 + g12z

6.

(2.31)

5The eqs. (2.29) as well as (2.42) and (2.54) are the conditions for a so-called “split” singularity of the

corresponding type [9] (see also [12]).
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We can further rewrite it in terms of

ynew ≡ y −
√
3i(hn+2xnew + 2H2n+6z) (2.32)

as

0 = y2new + x3new + 2
√
3ihn+2xnewynew + 4

√
3iH2n+6zynew + (f8+2nz

2 + f8+nz
3 + f8z

4)xnew

+(h2n+2f8+n + g12+3n)z
3 + (h2n+2f8 + g12+2n)z

4 + g12+nz
5 + g12z

6. (2.33)

Note that xnew = y = 0 ⇔ xnew = ynew = 0 at z = 0. Similarly to (2.19) in (2.17), we set

(xnew, ynew, z) = (x′z, y′z, z) (2.34)

to find

0 = y′
2
+ x′

3
z + 2

√
3ihn+2x

′y′ + 4
√
3iH2n+6y

′ + (f8+2nz + f8+nz
2 + f8z

3)x′

+(h2n+2f8+n + g12+3n)z + (h2n+2f8 + g12+2n)z
2 + g12+nz

3 + g12z
4. (2.35)

Again, this is a fourth-order equation in WP3
(1,1,1,2) ((u, v,X

′, Y ′) ∼ (λu, λv, λX ′, λ2Y ′)):

0 = Y ′2 +X ′3v + a1,0X
′Y ′u+ a3,1Y

′u2

+(a4,2u
2v + a4,3uv

2 + a4,4v
3)X ′

+a6,3u
3v + a6,4u

2v2 + a6,5uv
3 + a6,6v

4 (2.36)

expressed in terms of the affine coordinates (u, v,X ′, Y ′) ∼ (1, v
u
, X

′

u
, Y

′

u2 ) ≡ (1, z, x′, y′) in

the patch u 6= 0:

0 = y′2 + x′3z + a1,0x
′y′ + a3,1y

′

+(a4,2z + a4,3z
2 + a4,4z

3)X ′

+a6,3z + a6,4z
2 + a6,5z

3 + a6,6z
4 (2.37)

with

a1,0 = 2
√
3ihn+2

a3,1 = 4
√
3iH2n+6

a4,2 = f8+2n

a4,3 = f8+n

a4,4 = f8

a6,3 = h2n+4f8+n + g12+3n

a6,4 = h2n+4f8 + g12+2n

a6,5 = g12+n

a6,6 = g12. (2.38)
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In this case we have

a1,0 ∈ Γ(L−5 ⊗ (L6 ⊗M)1)

a3,1 ∈ Γ(L−9 ⊗ (L6 ⊗M)2)

a4,2 ∈ Γ(L−8 ⊗ (L6 ⊗M)2)

a4,3 ∈ Γ(L−2 ⊗ (L6 ⊗M)1)

a6,3 ∈ Γ(L−12 ⊗ (L6 ⊗M)3)

a6,4 ∈ Γ(L−6 ⊗ (L6 ⊗M)2)

a6,5 ∈ Γ(L−0 ⊗ (L6 ⊗M)1), (2.39)

which is consistent with the facts that the degrees of the independent Casimirs of E6

(including 0) are

0, 2, 5, 6, 8, 9, 12 (2.40)

and the (co)root expansion of the highest root is

−θ = 1α1 + 2α2 + 2α3 + 3α4 + 2α5 + 1α6. (2.41)

Thus we have seen that not only E7 bundles but E6 bundles can also be constructed

from WP3
(1,1,1,2). In contrast, instead of WP3

(1,1,1,2), WP3
(1,1,1,1) was used in FMW [1], which

can be obtained by a further blow-up as we will see in the next section. Note, however,

that in the case of the I3 = A2 singularity the exceptional curve arising in the I2 = A1

singularity simply splits into to two lines, in which no additional blow-ups are needed, and

therefore WP3
(1,1,1,2) suffice. Of course, one is free to blow it up so it is not a contradiction.

2.4 D5 bundles (A3 singularity)

In this section we consider the case in which (2.30) is satisfied and the curve in the previous

section becomes singular. Then the discriminant ∆ bedomes ord(∆) ≥ 4. In this case we

require [9]

H2n+6 = hn+2Hn+4 (2.42)

for some Hn+4. Due to (2.30), we need to have

g12+3n = 2Hn+4(f8+2n + 4H2
n+4)− h2n+2f8+n. (2.43)

Then (2.35) becomes singular at x′ = −2Hn+4, y
′ = z = 0. To resolve this singularity we

define

x′new ≡ x′ + 2Hn+4, (2.44)

then

0 = y′
2
+ x′new

3
z + 2i

√
3hn+2x

′

newy
′ − 6zHn+4x

′

new
2

+x′new
(

z
(

f8+2n + 12H2
n+4

)

+ f8+nz
2 + f8z

3
)

+z2
(

h2n+2f8 − 2Hn+4f8+n + g12+2n

)

+z3 (−2Hn+4f8 + g12+n) + g12z
4. (2.45)
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The singularity is located at x′new = y′ = z = 0, so defining

y′ = ỹ′z (2.46)

and factoring z out, we derive

0 = ỹ′2z + x′new
3
+ f8x

′

newz
2 + g12z

3

+2i
√
3hn+2x

′

newỹ
′ − 6Hn+4x

′

new
2

+x′new
((

f8+2n + 12H2
n+4

)

+ f8+nz
)

+z
(

h2n+2f8 − 2Hn+4f8+n + g12+2n

)

+z2 (−2Hn+4f8 + g12+n) . (2.47)

Rewriting this equation as

0 = ỹ′2z + x′new
3
+ a4,4x

′

newz
2 + a6,6z

3

+a1,0x
′

newỹ
′ + a2,1x

′

new
2

+x′new (a4,2 + a4,3z)

+a6,4z + a6,5z
2, (2.48)

we see that this is a third-order equation in WP3
(1,1,1,1) ((u, v,X

′, Ỹ ′) ∼ (λu, λv, λX ′, λỸ ′)):

0 = Ỹ ′2v +X ′3 + a4,4X
′v2 + a6,6v

3

+u2
(

a4,2X
′ + a6,4v

)

+u
(

a1,0X
′Ỹ ′ + a2,1X

′2 + a4,3X
′v + a6,5v

2
)

, (2.49)

expressed in terms of the affine coordinates (u, v,X ′, Ỹ ′) ∼ (1, v
u
, X

′

u
, Ỹ

′

u
) ≡ (1, z, x′new, ỹ

′)

in the patch u 6= 0, with the identifications

a1,0 = 2
√
3ihn+2

a2,1 = −6Hn+4

a4,2 = f8+2n + 12H2
n+4

a4,3 = f8+n

a6,4 = h2n+2f8 − 2Hn+4f8+n + g12+2n

a6,5 = −2Hn+4f8 + g12+n (2.50)

(a4,4 = f8, a6,6 = g12).

The relevant sections are

a1,0 ∈ Γ(L−5 ⊗ (L6 ⊗M)1)

a2,1 ∈ Γ(L−4 ⊗ (L6 ⊗M)1)

a4,2 ∈ Γ(L−8 ⊗ (L6 ⊗M)2)

a4,3 ∈ Γ(L−2 ⊗ (L6 ⊗M)1)

a6,4 ∈ Γ(L−6 ⊗ (L6 ⊗M)2)

a6,5 ∈ Γ(L−0 ⊗ (L6 ⊗M)1), (2.51)
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which agree with the degrees of Casimirs of D5 with 0:

0, 2, 4, 5, 6, 8 (2.52)

and the coroot expansion:

−θ = 1α1 + 2α2 + 2α3 + 1α4 + 1α5. (2.53)

Thus we have derived WP5
(1,1,1,1,2,2) from a third-order equation in WP3

(1,1,1,1). This con-

struction of D5 bundles was not explicitly mentioned in FMW.

2.5 A4 bundles (A4 singularity)

If we further assume [9]

f8+2n = −12H2
n+4 + 12hn+2pn+6,

g12+2n = 12p2n+6 + 2f8+nHn+4 − f8h
2
n+2 (2.54)

for some pn+6 in (2.45), we have ord(∆) ≥ 5 and the exceptional curve again splits into two

lines. In this case, unlike the case for E6 bundles, the singularity of (2.45) is not resolved

by (2.46) but we also need to scale x′new. This can be done, but we can still use (2.49) to

see which sections are independent. Then (2.50) reads

a1,0 = 2
√
3ihn+2

a2,1 = −6Hn+4

a4,2 = 12hn+2pn+6

a4,3 = f8+n

a6,4 = 12p2n+6

a6,5 = −2Hn+4f8 + g12+n, (2.55)

where we see that a4,2 and a6,4 are simplified. They are the coefficients of the u2 term

in (2.49) so using

a3,2 = 4
√
3ipn+6, Ỹ ′

new = Ỹ ′ − 2
√
3iupn+6 (2.56)

we have

0 = Ỹ ′2
newv + a3,2Ỹ

′
newuv +X ′3 + a4,4X

′v2 + a6,6v
3

+u
(

a1,0X
′Ỹ ′ + a2,1X

′2 + a4,3X
′v + a6,5v

2
)

. (2.57)

a4,2 and a6,4 in (2.49) are thus eliminated. In this way, for A4 bundles, we have obtained a

third-order equation in WP3
(1,1,1,1) (which is singular but can be smooth by a blow up) with

a1,0 ∈ Γ(L−5 ⊗ (L6 ⊗M)1)

a2,1 ∈ Γ(L−4 ⊗ (L6 ⊗M)1)

a3,2 ∈ Γ(L−3 ⊗ (L6 ⊗M)1)

a4,3 ∈ Γ(L−2 ⊗ (L6 ⊗M)1)

a6,5 ∈ Γ(L−0 ⊗ (L6 ⊗M)1). (2.58)
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Again this agrees with the set of Casimirs of A4 with degrees (with 0):

0, 2, 3, 4, 5 (2.59)

and the expansion

−θ = 1α1 + 1α2 + 1α3 + 1α4. (2.60)

2.6 A3, A2, A1 bundles (D5, E6, E7 singularity)

So far we have considered bundles for the E series up to E4 = A4. Since E3 or E2 is not a

simple Lie algebra, we need a separate discussion for them. Instead, however, A3, A2 and

A1 bundles can be similarly constructed by setting hn+2, Hn+4 and pn+6 to zero in this

order. In either case, one can show that there is an agreement between the powers of the

line bundles and the degrees of the independent Casimirs and the expansion coefficients

of the highest weight. Note that in these cases there is still a singularity at z = 0 to be

further blown up.

3 Relation to the independent polynomials characterizing the complex

structure

In the preceding sections we have seen that for E7, E6, D5, A4, A3, A2 and A1 bundles

(besides E8 bundles which are exceptional) the necessary sections which constitute the cor-

responding weighted projective space stated in Looijenga’s theorem are naturally obtained

by a series of singularity enhancements of the elliptic manifold followed by the blowing-up

procedure. We can now notice that they are nothing but the four-dimensional analogue of

the set of independent polynomials in the six-dimensional F-theory [7–9] parameterizing

the complex structure of the elliptic manifold. The type of the singularity is always the

one orthogonal to the gauge group of the vector bundle in the whole E8. Indeed, as shown

in table 1, there is a perfect correspondence between the set of independent polynomials

describing the complex structure in 6D and the set of numbers d and s characterizing the

sections required by Looijenga’s theorem, for all the cases of the bundle groups discussed

in the preceding section, as well as the other cases for simple, simply-laced gauge groups

listed in [9]. As we already noted in the previous footnote 4, a degree (an+ b) polynomial

in z′ corresponds to a section of L−d ⊗N s with d = 6a− b
2 and s = a.

For D4 bundles, which are not discussed in the previous section, we consider curves

with a D4 singularity. This can be obtained by restricting hn+2 and H2n+6 to be zero in

the A2 curve (used for E6 bundles) and requiring the sixth-order term of the discriminant

to be of the form [9, 13]

4f3
2n+8 + 27g23n+12 = j2n+4k

2
n+4(j

2
n+4 + k2n+4) (3.1)

for some jn+4 and kn+4, which are precisely the polynomials with correct degrees needed

to constitute the weighted projective space.
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Bundle gauge

group (= H)

Singularity

(= G)

6D neutral

matter

Independent

polynomial
d s

E7 A1 (18n+ 83)1 g12+n 0 1

f8+n 2 1

g12+2n 6 2

f8+2n 8 2

h2n+4 10 2

g12+3n 12 3

f8+3n 14 3

g12+4n 18 4

E6 A2 (12n+ 66)1 g12+n 0 1

f8+n 2 1

hn+2 5 1

g12+2n 6 2

f8+2n 8 2

H2n+6 9 2

g12+3n 12 3

D5 A3 (8n+ 51)1 g12+n 0 1

f8+n 2 1

Hn+4 4 1

hn+2 5 1

g12+2n 6 2

f8+2n 8 2

A4 A4 (5n+ 36)1 g12+n 0 1

f8+n 2 1

pn+6 3 1

Hn+4 4 1

hn+2 5 1

A3 D5 (4n+ 33)1 gn+12 0 1

fn+8 2 1

pn+6 3 1

Hn+4 4 1

A2 E6 (3n+ 28)1 gn+12 0 1

fn+8 2 1

pn+6 3 1

A1 E7 (2n+ 21)1 gn+12 0 1

fn+8 2 1

D6 A1 ⊕A1 (10n+ 54)1 wn+12 0 1

qn+8 2 1

hn+4 4 1

hn 6 1
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(Cont’d)

v2n+12 6 2

p2n+8 8 2

h2n+4 10 2

A5 A2 ⊕A1 (6n+ 37)1 wn+12 0 1

qn+8 2 1

vn+6 3 1

hn+4 4 1

hn+2 5 1

hn 6 1

D4 D4 (6n+ 44)1 gn+12 0 1

fn+8 2 1

jn+4 4 1

kn+4 4 1

g2n+12 6 2

Table 1. Independent polynomials as sections of weighted projective space bundles.

D6 and A5 bundles, which also do not appear in the previous section, are interesting

because they are the cases where the singularity has two non-abelian factors. For D6

bundles, one can show that the relevant curve is, again in the 6D notation,

0 = y2 + x3 + 3(h2n+4 + hn+4z)x
2

+z(z + hn)(p2n+8 + qn+8z + s8z
2)x

+z2(z + hn)
2(v2n+12 + wn+12z + y12z

2). (3.2)

This curve has an A1×A1 (SU(2)×SU(2)) singularity. The lines z = 0 and z+hn = 0 are

the loci of the 7-branes responsible for the two unbroken SU(2) gauge symmetries. Indeed,

the discriminant takes the forms

∆ = z2h2nh
2
2n+4K4n+16 +O(z3)

= z̃2h2nh̃
2
2n+4K̃4n+16 +O(z̃3), (3.3)

where z̃ = z + hn and h̃2n+4 = h2n+4 − hn+4hn. K4n+16 and K̃4n+16 are given by

K4n+16 = 9(12h2n+4v2n+12 − p22n+8),

K̃4n+16 = 9(12h̃2n+4ṽ2n+12 − p̃22n+8), (3.4)

where h̃2n+4, ṽ2n+12 and p̃2n+8 are the coefficient polynomials appearing when (3.2) is

re-expressed in terms of z̃ as

0 = y2 + x3 + 3(h̃2n+4 + hn+4z̃)x
2

+z̃(z̃ − hn)(p̃2n+8 + q̃n+8z̃ + s8z̃
2)x

+z̃2(z̃ − hn)
2(ṽ2n+12 + w̃n+12z̃ + y12z̃

2). (3.5)
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(3.3) is consistent with the fact that the 6D heterotic charged matter consists of n (2,2)

and 4n+ 16 ((2,1)⊕ (1,2)) computed by the index theorem. Note that the loci of h2n+4

and h̃2n+4 do not contribute to charged matter since the enhanced fiber type there is III

in the Kodaira classification so the singularity type is unchanged. One can also verify that,

in the six-dimensional case, the total number of degrees of freedom of these polynomials

(n+ 13) + (n+ 9) + (n+ 5) + (n+ 1) + (2n+ 13) + (2n+ 9) + (2n+ 5)− 1 (3.6)

is equal to 10n + 54 which precisely matches the number of neutral hypermultiplets. We

can see that the sections wn+12, qn+8, hn+4, hn, v2n+12, p2n+8 and h2n+4 are precisely the

polynomials expected to arise by Looijenga’s theorem as are shown in table 1.

Similarly, the curve for an A5 bundle is given by

0 = y2 + x3 + 3(h2n+2 + hn+4z)x
2

+z(z + hn)(12hn+2vn+6 + qn+8z + s8z
2)x

+z2(z + hn)
2(12v2n+6 + wn+12z + y12z

2), (3.7)

which has an E3 = A2 × A1 (SU(3) × SU(2)) singularity. Here the O(z2) term in (3.3)

vanishes (K4n+16 = 0 in (3.4)) and the A1 singularity at z = 0 is enhanced to A2. The

discriminant in this case is

∆ = z3h2nh
3
n+2K4n+18 +O(z4)

= z̃2h3nh̃
2
2n+4K̃3n+16 +O(z̃3), (3.8)

being in agreement with the fact that the 6D heterotic charged matter hypermultiplets are
n
2 ((3,2) ⊕ (3̄,2)), 2n + 9 ((3,1) ⊕ (3̄,1)) and 3n + 16 (1,2). The number of degrees of

freedom of the polynomials also agrees with the number of neutral hypermultiplets 6n+37.

Again, the sections wn+12, qn+8, vn+6, hn+4, hn+2 and hn have the desired set of d and s

as are shown in table 1.

Finally, let us consider E3 = SU(3)×SU(2) bundles and SU(2)×SU(2) bundles. These

groups are the orthogonal complements of A5 = SU(6) and D6 = SO(12) in E8. Although

these are not simple groups (and hence outside the assumption of Looijenga’s theorem), it

is interesting to examine whether or not a similar characterization of the bundles is possible

in these cases.6

For E3 = SU(3)×SU(2) bundles, we consider curves with a A5 singularity. It is realized

by further tuning the complex structure of the A4 singularity (A4 bundles) parametrized

by the polynomials (2.55) to the following special forms:

hn+2 = h̃n+2−rtr,

Hn+4 = H̃n+4−rtr,

pn+6 = h̃n+2−rur+4,

fn+8 = f̃n+8−rtr − 12H̃n+4−rur+4,

gn+12 = 2f̃n+8−rur+4 + 2f8Hn+4 (3.9)

6E2 contains U(1) and hence is beyond the scope of this paper.
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for some hn+2−r, tr, H̃n+4−r, ur+4 and f̃n+8−r, which describes the heterotic configuration

with 4+r of 12+n instantons are in SU(2) in E3 and the remaining 8+n−r are in SU(3).

Apparently, besides f8 which describes the complex structure of the heterotic Calabi-Yau

manifold, these five sections are needed to parametrize the moduli space of the bundle.

However, defining

pn+6 ≡ h̃n+2−rur+4,

f
(1)
n+8 ≡ f̃n+8−rtr,

f
(2)
n+8 ≡ H̃n+4−rur+4,

g′n+12 ≡ 2f̃n+8−rur+4, (3.10)

(3.9) can be formally written as

hn+2 =
2pn+6f

(1)
n+8

g′n+12

,

Hn+4 =
2f

(1)
n+8f

(2)
n+8

g′n+12

,

pn+6 = pn+6,

fn+8 = f
(1)
n+8 − 12f

(2)
n+8,

gn+12 = g′n+12 + 2f8Hn+4 (3.11)

(2f8Hn+4 can be absorbed in gn+12 by redefinition). Therefore, provided that 2pn+6f
(1)
n+8

and 2f
(1)
n+8f

(2)
n+8 are divisible by g′n+12, they are parametrized by the four independent

combinations pn+6, f
(1)
n+8, f

(2)
n+8 and g′n+12. The corresponding set of d and s are then 3,

2, 2, 0 and 1, 1, 1, 1, respectively. Thus we have seen that, though non-simple, the E3

bundle is also parametrized by the sections specified by the Casimirs of A2 = SU(3) and

A1 = SU(2), which are {3, 2} and {2}, and the coroot expansion coefficients −θ = α1 + α2

and −θ = α1.

For SU(2)× SU(2) bundles, the relevant curve is the one with a D6 singularity. Such

a curve is realized by setting

h̃n+2−r = 0 (3.12)

in the A5 curve (3.9). Consequently, pn+6 = 0 in (3.10), so that the moduli space of

SU(2)× SU(2) bundle is parametrized by f
(1)
n+8, f

(2)
n+8 and g′n+12. The corresponding set of

d and s are 2, 2, 0 and 1, 1, 1, respectively. These agree with the Casimirs and the coroot

expansion coefficients of the two SU(2)’s.

4 Why should this be so?: The Mordell-Weil lattice

In the previous sections we have seen that the sections of a particular set of line bundles

coordinatizing Looijenga’s weighted projective spaces can be automatically obtained as the

– 17 –



J
H
E
P
1
1
(
2
0
1
6
)
0
5
3

coefficients of curves arising from a series of blow-ups in dP9. They can be thought of as

the four-dimensional analogue of the set of independent polynomials in the six-dimensional

F-theory parameterizing the complex structure of the elliptic manifold, in which the gauge

group of the bundle and the singularity are orthogonal to each other in E8. In this section

we explain why this is so.

As we stated in the previous section, the dP9 we have blown up is supposed to be a half

of a K3 in the stable degeneration limit, and the values of sections at infinity determine

the spectral cover of the dual heterotic string theory.

Physically, a spectral cover describes the Wilson lines in the elliptic fibers of the het-

erotic Calabi-Yau over which the vector bundle is defined. Therefore, if the algebra of the

Wilson lines is H, the Lie algebra of the unbroken gauge subgroup G is the commutant of

H in E8. Thus it is natural to derive H bundles when the singularity of dP9 is G. This

is a “physical” explanation, but there must also be a pure “mathematical” explanation

which accounts for why the series of vector bundles are derived by the series of blow-ups,

without referring to the heterotic/F-theory duality. What makes it possible is the structure

theorem of the Mordell-Weil lattice.

The Mordell-Weil lattice [5] is the Mordell-Weil group [14, 15] equipped with a certain

bilinear form. The Mordell-Weil group E(K) of a rational elliptic surface (=dP9) is defined

as an Abelian group of rational sections of dP9, where K is the field of rational functions

of the coordinate z of the base P1 of dP9. The addition of two sections is defined by the

addition rule on an elliptic curve applied fiberwise, that is, as the addition of the two

arguments of the ℘ (and also ℘′) function parameterizing the two sections. As is well

known, the argument variable inside ℘ (and ℘′) is nothing but the complex coordinate

itself if the fiber torus is expressed as a parallelogram with the two sets of sides identified.

E(K) is called the Mordell-Weil lattice [16] if it is endowed with a bilinear form, or a

height pairing, (P,Q) for sections P,Q ∈ E(K) such that7

(P,Q) = P ·O +Q ·O − P ·Q+ 1−
∑

v∈singularities

contrv(P,Q), (4.1)

(P, P ) = 2 + 2P ·O −
∑

v∈singularities

contrv(P, P ), (4.2)

where · denotes the intersection pairing. For each singularity v, the function contrv of a

pair of sections P,Q is defined as

contrv(P,Q) =

{

0 if i(P ) = 0 or i(Q) = 0,

(C−1
v )i(P ),i(Q) otherwise,

(4.3)

where Cv is the Cartan matrix corresponding to the singularity v, and i(P ) (i(Q)) is either

of 0, 1, . . . , rankCv labeling the fiber component of v which (uniquely) intersects with the

section P (Q). The fiber labeled as “the zeroth” (i = 0) is the one that intersects with the

zero section.

7The fact that the arithmetic genus of dP9 is one is taken into account here.
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One of the remarkable results of [5] is that then E(K) is roughly the orthogonal

complement of the singularity in the E8 root lattice. More precisely [5],

E(K) ≃ L∗ ⊗ (T ′/T ), (4.4)

where T is the singularity lattice embedded into the E8 root lattice ΛE8
, L is its orthogonal

lattice with respect to the specified embedding into ΛE8
, L∗ is the dual of L, and

T ′ = T ⊗Q ∩ ΛE8
. (4.5)

This is a geometrical manifestation of the fact that if the instanton is in the group

H, the unbroken gauge group is the commutant of H in E8. By this theorem we can now

explain why we could derive EN bundles by blowing up the A9−N singularities: as we

mentioned earlier, an EN bundle is constructed from the spectral cover, whose equation

determines as the intersections with the elliptic fiber at infinity the Wilson lines of the

vector bundle. As one can check explicitly, these intersection points are extended into

sections in the dP9 [4, 17], obtaining the EN weight lattice generated by the sections.

The structure theorem of the Mordell-Weil lattice then tells us that this occurs precisely

when the singularity lattice is the orthogonal compliment of the EN weight lattice, which

is A9−N .

We should mention that the rational elliptic surfaces with various sections and singu-

larities are known to be identified [18–24] as the total spaces of Seiberg-Witten curves for

the four-, five- and six-dimensional so-called EN theories [25, 26], where the u parameter

becomes the coordinate of the P1 base. Indeed, the curves we considered in section 2 are

exactly the same as the ones found in [19, 21], although the line bundles of the sections

and their relation to Looijenga’s weighted projective spaces were not investigated there.

We also note that the values of sections at infinity are known to determine the mass pa-

rameters of the gauge theory whose Seiberg-Witten curve (together with the u-plane (P1))

is a rational elliptic surface allowing those sections.

The Mordell-Weil lattice also provides us with an understanding of the relation between

the singularity and the occurrence of chiral matter in F-theory. (This fact was already

observed and briefly mentioned in [6].) In the standard explanation for the chiral matter

generation [10], one considers an enhanced singularity [7–9], at which the light membrane

(in the M-theory dual picture) wrapping the extra shrinking two-cycle is identified as the

origin of the chiral matter. On the other hand, it was shown by using the Leray spectral

sequence [2, 3] that chiral matter is localized where one or some of the sections of dP9 goes

to the zero section. Again, the relation between the two pictures of matter generation may

also be understood as a consequence of the structure theorem of the Mordell-Weil lattice.

Indeed, the theorem says if some of the sections disappear in dP9, then the singularity

lattice, which is the orthogonal complement in E8, becomes larger, leading to a singularity

enhancement. Also, in view of the isomorphism between the string junction algebra and

the Picard lattice of a rational elliptic surface [22], it gives support to the understanding

of matter generation in F-theory in terms of string junctions [6, 13, 27].
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5 Conclusions

We have shown that the holomorphic vector bundles for gauge groups EN (N = 4, · · · , 8)
and An (n = 1, 2, 3) can be obtained systematically by a series of blowing-ups in the rational

elliptic surface according to Tate’s algorithm. The sections of correct line bundles claimed

to arise by Looijenga’s theorem have been found automatically by this procedure. We have

also pointed out that the sections parameterizing a Looijenga’s weighted projective space

are nothing but the four-dimensional analogue of the set of independent polynomials in

the six-dimensional F-theory parameterizing the complex structure of the elliptic manifold

with a singularity orthogonal to the gauge group of the vector bundle in the whole E8.

We have explained the reason for this by using the structure theorem of the Mordell-Weil

lattice. We have also used it to elucidate the relation between the singularity and the

occurrence of chiral matter in F-theory.

The Mordell-Weil lattice is classified into 74 different patterns of decompositions of

the E8 root lattice, of which we have used only the ones with a simple Mordell-Weil group

(Nos. 2, 3, 4, 5, 6, 8, 9, 16, 27 and 43 of [5]). The additional patterns not considered in

this paper correspond to the cases where the gauge group of the bundle is non-simply-

connected [14, 15] or a direct product of simple groups as we encountered in section 3

(Nos. 15 and 26). It would be interesting to extend the analysis to these cases and a

thorough investigation of these types of curves will be reported elsewhere.
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