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ABSTRACT: It is now well known that the moduli space of a vector bundle for het-
erotic string compactifications to four dimensions is parameterized by a set of sections
of a weighted projective space bundle of a particular kind, known as Looijenga’s weighted
projective space bundle. We show that the requisite weighted projective spaces and the
Weierstrass equations describing the spectral covers for gauge groups Exy (N = 4,---,8)
and SU(n 4+ 1) (n = 1,2,3) can be obtained systematically by a series of blowing-up pro-
cedures according to Tate’s algorithm, thereby the sections of correct line bundles claimed
to arise by Looijenga’s theorem can be automatically obtained. They are nothing but
the four-dimensional analogue of the set of independent polynomials in the six-dimensional
F-theory parameterizing the complex structure, which is further confirmed in the construc-
tions of D4, As, Dg, E5 and SU(2) x SU(2) bundles. We also explain why we can obtain
them in this way by using the structure theorem of the Mordell-Weil lattice, which is also
useful for understanding the relation between the singularity and the occurrence of chiral
matter in F-theory.
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1 Introduction

It is now a well-known fact that holomorphic vector bundles on an elliptically fibered
Calabi-Yau, needed for heterotic string compactifications to four dimensions, are con-
structed by considering spectral covers [1]. A spectral cover is basically a ramified n-fold
cover (for an SU(n) bundle) of the base of the elliptic Calabi-Yau, representing the Wilson
lines in each elliptic fiber as points on the elliptic fiber identified with its dual. One then
introduces a twisting line bundle over the base whose first Chern class (the 7 class) is re-
lated to the number of instantons of the bundle. Once one has a spectral surface and a line
bundle over it, one can construct a vector bundle via the Fourier-Mukai transform using
the Poincare bundle, up to a so-called « class corresponding to the G-flux in the F-theory
dual. For more detail of the spectral cover construction, see e.g. [1-4].

It is also now well known that the moduli space of the vector bundle is parameterized
by a set of sections of a weighted projective space bundle of a particular kind, known as
Looijenga’s weighted projective space bundle. Some time ago, for Fg, E7 and Eg bundles
and other lower-rank ones Looijenga’s theorem was confirmed [1] (except for some subtlety
in Eg) by explicitly constructing spectral covers by using del Pezzo surfaces. Although this
approach was enough to reveal the validity of the miraculous nature of Looijenga’s theorem,
the constructions of the bundles were done case by case and appear to be independent and
unrelated with each other. In this paper we will show that the requisite weighted projective
spaces and the Weierstrass equations describing the spectral covers for Fg through A;
bundles can be obtained systematically by a series of blowing up procedures according to
the well-known Tate’s algorithm, thereby the sections of correct line bundles claimed to
arise by the theorem can be automatically obtained. We will also explain why we can
obtain them in this way by using the structure theorem of the Mordell-Weil lattice [5].



We will also show that the structure theorem of the Mordell-Weil lattice is useful for
understanding the relation between the singularity and the occurrence of chiral matter
in F-theory. (This new role of the Mordell-Weil lattice in F-theory was already briefly
discussed in [6].) In the literature the relation between sections and the appearance of
chiral matter is somewhat indirect. That is, on the heterotic side one considers a vector
bundle on a spectral cover and computes the cohomology by means of the Leray spectral
sequence to find that the chiral matter is localized where one or some of the “matter curves”
representing the Wilson lines go(es) to infinity (zero in the addition rule of the p function).
On the F-theory side, the del Pezzo surface (or rational elliptic surface) itself in which the
spectral cover is defined becomes the fiber with an appropriate twist corresponding to the
weighted projective space bundle of Looijenga, and matter arise where the singularity is
enhanced [7-10] along the 7-brane. We will show that the structure of the Mordell-Weil
lattice ensures the compatibility of these two pictures of chiral matter generations.

The plan of this paper is as follows. In section 2, we start from the same degree
six equation in the weighted projective space WP?LLQ,S) given in [1] for Eg bundles and
review the construction of the spectral cover. Then we tune some of the sections to be
in a special form so that the dPy develops a singularity. It turns out that, by blowing
up the singularity, we are automatically led to the equation for FE7 bundles discussed
in [1], where the relevant sections are precisely the ones constituting the correct weighted
projective space of Looijenga. Repeating a similar procedure, we will find a series of
spectral covers for the vector bundles from F7 through A;. In section 3 we will see that
the sections parameterizing a Looijenga’s weighted projective space are nothing but the
four-dimensional analogue of the set of independent polynomials in the six-dimensional
F-theory parameterizing the complex structure of the elliptic manifold with a singularity
orthogonal to the gauge group of the vector bundle in the whole Fg. This fact is further
confirmed in the constructions of Dy, A5, Dg, E3 and SU(2) x SU(2) bundles. In section 4
we discuss why this is possible by introducing the structure theorem of the Mordell-Weil
lattice. The final section is devoted to conclusions.

2 Tate’s algorithm and Looijenga’s weighted projective space

2.1 Eg bundles: the generic case

We start with the construction of Eg bundles, following [1]. As pointed out there, it is
well known that Eg bundles have exceptional features but the construction is important
because it is the starting point of all the constructions of the vector bundles for other gauge
groups of lower ranks.

Let us first consider a generic degree six equation in W}P’?l 1,2,3) [1] with homogeneous
coordinates (u,v, X,Y) ~ (Au, Av, A2X, \3Y) (A € C):
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In a patch u # 0, we define affine coordinates (z,z,y) by (u,v,X,Y) ~ (1,2,
(1,z,z,y). Then we have
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+(ag + asz + g2 + azz® + o 2°). (2.2)

(2.1) is a dPg, and by blowing up at v = v = 0 it becomes a rational elliptic surface dPy
with section [1]. Then it can be viewed as an elliptic fibration over P! whose coordinates
are (u : v), the affine coordinate being z in the affine patch u # 0.

To serve as a part of compactifications of F-theory [11] to lower dimensions, this P!
must be further fibered over some base space 3, where the coefficients «; (1,3,...,6) and ;
(j =1,...,4) as well as the coordinates are promoted to sections of some appropriate line
bundles over the P! fibration. More precisely, we regard this dPy as a part of an elliptic K3
in the stable degeneration limit, which itself is fibered over B in such a way that the total
space is an elliptic Calabi-Yau ), whose base W itself is a P! fibration over B. We take

X e T((LoN)?),

Y e T((L@N)?),

v eTT(N),

u € (L%, (2.3)
where I' denotes the space of the sections, L is the anti-canonical line bundle of the base B,
and N is the “twisting” line bundle over B,! characterizing the vector bundle of the dual
heterotic string theory compactified on an elliptic Calabi-Yau Z of complex dimension one
less, whose complex structure is identical to that of the elliptic fibration at z = co. At the
same time, the fiber of this elliptic fibration at infinity also plays the role of the “dual”
torus, at which the values of rational sections of (2.1) describe the spectral surface [1], i.e.

the holonomies of the flat connections, and hence the moduli space of the heterotic vector
bundle V.2 Then the affine coordinates (z,z,y) transform as

z € (M),
z € T((L®M)?),
y e T((L® M) (2.4)

as sections of line bundles over B, where M = £L79®N. They are also sections of some line
bundles over the P! with (u : v) being its coordinates. Due to the Calabi-Yau condition for
Y, W is required to be such that the base B part of the anti-canonical class of W coincides
with L@ M (2.4).

For example, if we take B to be P! and Z to be an elliptic K3, then £ is an O(2) bundle
whose sections are described by quadratic polynomials of the affine coordinate z’ of the

'The first Chern class of N is customarily referred to as “the 1 class”.
2We assume c1 (V) = 0 throughout this paper.



base P'. Also AV is chosen to be an O(12 +n) = £%® L2 bundle, corresponding to 12 +n
instantons for one of the two Eg gauge groups of the six-dimensional heterotic string theory.
Mis £z. The corresponding dual F-theory description chooses [7, 8] W to be a Hirzebruch
surface IF,, so that the base P! part of the anti-canonical class is L ® M = O(2 + n) (or
O(2 — n) depending on the choice of the divisor “at infinity”), geometrically realizing the
twisting of the spectral cover of the heterotic dual. Then we are led to the well-known
Weierstrass equation on a Hirzebruch surface [7, 8]

0=9>+23+ f(z,2)x+ g(2,2), (2.5)
f(2,2) = foran + 2fssan + 2% fsron + 22 fapn + -+,
9(2,2) = gias6n + 212450 + 22912440 + 22 g12430 + -+, (2.6)

where fsi (4—iyn and gio4(6—j)n (i,5 = 0,1,2,...) are polynomials of 2z’ with subscripts being

their degrees in 2’.3

In the general case, we write (2.1) in the Neron-Tate’s form:
0=y*+2°+ (ar0+ a1z +ai22°+-- )y
+(az + az1z + a27222 4 )2?
+(azo +az1z +az22® +-+)y
+(ago + g1z +ag02® + - )
+ago + ag1z + agaz’ + - (2.7)

The coefficients must be

fssan = Br=asp e N(L* @N') =T(L' @ M*)
fogan = B3 =asq €L RN?) =T (L @ M?)

foton = B2 = asp € N(LFRN?) =T(L* @ M?)
fogn = Br=asz eN(L2QN) =T (L @ M)
I(L£% @ M°

Gio4sn = a5 = ag1 € DL @N®
Giotan = oy = ag2 € N(LTB @ N?
Gia43n = a3 =ag3 €L QN
(g1242n = a2 = ags € (L@ N?) =T(£L° @ M?)

gr24n = a1 =as5 € DL QN =T (L5 @ M), (2.8)
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Gi2+6n = ag = ago € (L0 @ NO) =
( ) =
( ) =
( ) =
(

In the above equations we have also displayed on the leftmost side the corresponding
coefficient polynomials of the Weierstrass form for the well-studied six-dimensional com-
pactification.

Now Looijenga’s theorem states that the moduli space of the vector bundle is param-
eterized by the sections

ap = (L™ @N*)  (k=0,...,rank G), (2.9)

3In the four-dimensional compactifications of F-theory, one also needs to specify the so-called ~ class
(G-flux), but it is irrelevant for the discussion here.



where dj, is 0 (k = 0) or the degree of the independent Casimir of G, and si is 1 (k = 0)
or the coefficient of the k-th coroot when the lowest root —6 is expanded.
In the present case, the minus of the powers of £ in the middle column of (2.8) read

0, 2, 8 12, 14, 18, 20, 24, 30, (2.10)

which precisely coincide with (“0” and) the set of degrees of independent Casimirs of Fj,
while the powers of N are close to identical to the coefficients of the (co)root (Es is simply
laced) expansion:

—0 = 2 + 3o + 4ag + 6y + Has + dag + 3ar + 20, (2.11)

except that the power for gi24, = a1 = ag 5, which should be 2, is 1. If g1242, = a2 = a4
were taken instead, then the power would become 2 which is correct, but then the power of

L£~! would be 6 which does not agree with Looijenga’s statement. Thus in this Eg case, we

8

have obtained the weighted projective space WP(1,272’3’374,475’6

true [1].

) but (2.9) is not completely

2.2 E; bundles by blowing up (A; singularity)

In [1] it was shown that E7 bundles can be constructed in terms of a degree-4 equation in
WP?LLL?)' Sections of Looijenga’s weighted projective bundle are similarly parameterized
by the coefficients of the Weierstrass equation, which themselves are sections of a particular
set of line bundles specified by Looijenga’s theorem (2.9). In this section we will show that
these setups naturally arise by blowing up the singularity on the degree-6 equation in
WP:()’LL?,?)) for Eg discussed in the previous section, according to a well-known procedure
known as Tate’s algorithm.

Physically, an E7 bundle implies an SU(2) unbroken gauge symmetry of one of the
two FEg of heterotic string theory. Mathematically, this is a reflection of the structure
of the Mordell-Weil lattice [5] stating the complementarity in Eg of the sections and the
singularities of a rational elliptic surface dPy.

Below we use in the process of blowing up, even in the general case not restricted to
the siz-dimensional case, the notation:

T8 (a—iyn = aa,i, (2.12)
912+4(6—j)n ‘= 46,5, (2.13)

by using the dictionary (2.8).* In that case, n no longer has the meaning of the number of
instantons, but is rather just a dummy variable with its coefficient specifying the powers
of the twisting line bundle to which the sections belong. This notation is intended for the
convenience of, and will be particularly useful to, the readers who are familiar with the well-
known six-dimensional F-theory compactification [7-9]. This enables us to easily recognize
that the sections parameterizing a Looijenga’s weighted projective space are nothing but

“More generally, a degree (an + b) polynomial in 2’ in the 6D F-theory compactification corresponds to

a section of £7¢® N® with d = 6a — g and s = a.



the set of independent polynomials parameterizing the complex structure of the elliptic
manifold in F-theory with a singularity, which is the orthogonal complement in Eg of the
gauge group of the vector bundle. Why they are the orthogonal complement of each other
will be explained in section 4.

In order to have an SU(2) = A; = I singularity, we assume that the coefficients fsi4n,
g12+6n and gio. 5, in (2.6) can be written in term of some ha, 14 € T'(£L? ® M?) as [9]

2

f84an = —3h3,. 4,
3

G12+6n = 2ho, 44,

912450 = —hontafetan. (2.14)
Then the discriminant
A = 4f (2,2 4 279(2,2')? (2.15)

becomes O(22) or higher at z = 0, implying an A; singularity. The location of the singu-
larity is y = z = 0 but © = ha,44, so it is not at the origin in general. So we define

Tnew = T — h2n+47 (216)
then (2.5) becomes

0= y2 + xiew + 3h2n+4x121ew + (f8+3nz + f8+2nz2 + f8+nz3 + f824)$new
+(hantaferon + g1244n)2> + (honsafsin + g1243n)2°
+(hontafs + g12on) 2t + grain?”® + g122°. (2.17)

By construction it has a singularity at Zpew = y = 2 = 0 so we blow it up at (Znew,y, 2) =
(0,0,0) € C? by defining

C? = {((l'neway» Z)? (f ‘n: C)) € C? x P2|(5L‘neW7yy Z) € (f U C)} ) (2'18)

where (Tpew,y,2) € (£ :1:() means that (Zpew,y,2) and (£ :n: () are parallel to each
other.
Let 2’ = %, Yy = % in the affine patch with ¢ # 0, then

(Tnew, ¥, 2) = (2'2,9'2, 2). (2.19)
Plugging this into (2.17) and dividing it by 22, we have

2 3 2
0 =y'" + 22 + 3hopa®’™ + (fstan + foronz + farn2® + fa2°)a’
+(hantafs+on + gio4an) + (hontafsrn + g1243n)2
+(hontafs + Gr242n)2” + gr24n2> + gr22™. (2.20)

One can show that this is a smooth curve unless

f3an = 12hapnya(Panya fsron + G121an) = 0 (2.21)



is satisfied. In fact, the left hand side of (2.21) is the coefficient of the O(z2) term of the
discriminant A, so that (2.21) implies ord(A) > 3 at z = 0. Note that this is a necessary
condition for the curve to be singular, and even if (2.21) holds, (2.20) still remains regular
unless some additional conditions are satisfied, as we see in the next section.

Now we observe that (2.20) is nothing but a degree-4 equation in WP?LLM)
((u,v, X', Y") ~ (Au, Ao, A\ X', A2Y7)):

O — Y/Q _|_ X/3U + a2’0X/2u2

2 2 /
+(a4,1u3 + ag2u”v + ag zuv® + a474v3)X

+(a6,2u4 + a673u?’v + a6,4u202 + a675uv3 + a6,6v4) (2.22)

expressed in the affine patch with v # 0 in terms of the affine coordinates (u,v, X', Y’) ~
(1,2, X Y0y = (1, 2,2/, y/):

TR RETIR YY)

0 = 42 + 2% + agga”
!
+(agy + ag0z + ag32® + ag42’)x

+(ap2 + a3z + agaz® + a2 + ag ez (2.23)
with

a2,0 = 3hanya

as1 = fsysn

as2 = fsion

as3 = fsin

ass = fs

a2 = honyafsron + g1244n

a63 = honyafsin + 912430

a4 = honyafs + gi24on

a6,5 = J124+n

CL676 = J12- (224)

The degree-4 equation in WP?l 11.2) (2.22) is precisely the one found in [1] for Ey
bundles. Thus we see that the set up for the construction of E7 bundles in [1] is naturally

obtained by blowing up the singularity of the Weierstrass equation in WIPZ(”LLQ’?)) for Eg
bundles.
Since
ai; € LM = L0975 (L0 @ M), (2.25)
we have

azo € (L ® (L% 2 M)?)
as1 € (LT @ (L2 M)3)



a2 € T(LP® ( ® M)?)
asg € I'(L™ b® ./\/l)l)
ag2 € I'(L™ ( M)Y)
( 12 (£6 ® M)3)
( 2
(

a3 € (L™
a6,4EF£6 (£6®M))
ags € (L@ (L5 @ M)Y). (2.26)

Note that as4 € I'(£*) or ags € T'(L%) does not have information of the vector bundles
but describes the complex structure of the Calabi-Yau on the heterotic side, and that of
the elliptic fibration connecting the two dPy fibrations on the F-theory side.

We see in (2.26) that the minus of the powers of £ read

o0 2, 6, 8 10, 12, 14, 18, (2.27)

which coincides with the set of degrees of independent Casimirs of E7 (including 0), and
the powers of N are the coefficients of the expansion of the highest root of Ex7:

—0 = 201 + 209 + 3as + 4oy + 3as + 206 + lag, (2.28)
being (this time) in complete agreement with Looijenga.

2.3 Eg bundles (A singularity)

Next we suppose that (2.21) is satisfied. Since the first term is a square of a section, so
must be the second term. This is achieved by requiring [9]

honta = h2 4,
fs+3n = 12hyy2Honys
G1z4an = 12H3, 6 — hiy o fsson (2:29)

for some hpyo and Honig. These conditions are the ones for the exceptional curve to
factorize into two lines, and the singularity becomes I3 of the Kodaira classification.® This
is smooth unless

—2Hapy6(Ppyo feron +4Hs, 6) + By o (B o fon + G12430) = 0 (2.30)

is satisfied, in which the order of the discriminant would become higher than 3 and we
would need a further blow-up. Plugging (2.29) into (2.17), we find

0= y2 + xiew + 3h2+2$new (12hn+2H2n+GZ + f8+2nZ2 + f8+nz3 + f824)$new
+12H3, 62" + (o fssn + g12430)2° + (B 1o fs + g12120)2" + g124n2° + g122°.
(2.31)

®The egs. (2.29) as well as (2.42) and (2.54) are the conditions for a so-called “split” singularity of the
corresponding type [9] (see also [12]).



We can further rewrite it in terms of
Ynew = Y — \/gi(hn+2$new + 2H2n+6z) (232)
as

0= yﬁew + x?lew + 2\/§ihn+2xnewynew + 4\/§iH2n+6zynew + (f8+2n22 + f8+n23 + f8z4)xnew
+(ho o fssn + g12430)2° + (ho (o fs + g12120)2" + g12402° + g122°. (2.33)

Note that Zpew = ¥y = 0 < Tnew = Ynew = 0 at z = 0. Similarly to (2.19) in (2.17), we set
("Enewv Ynew Z) - (:L',Zv y,Z, Z) (234)
to find

0=y + 22 + 2V3ihny22'y’ + 4V3iHon 6y + (fsronz + fopn2® + f32°)a’
+(h2 o fsin + gia1an)z + (hi o fs + G12420)2° + Gr24n2” + g122™. (2.35)

Again, this is a fourth-order equation in VV]P"?1 11.2) ((w,v, X", Y") ~ (Au, Ao, AX', A2Y7)):

0=Y"?+ X% +a10XY'u+az,Y u?

+(a472u2v + a4,3uv2 + a474v3)X’

+a6,3u3v + a674u2v2 + a6,5uvg + a676114 (2.36)
expressed in terms of the affine coordinates (u,v, X', Y") ~ (1, 2, XTI, 5—2’) = (1,z,2',y) in
the patch u # 0:

0 — y/2 + x/32’ + a1,ox'y’ + a3,1y’
+(aq22 + a47322 + a474z3)X'
+CL6732 + CL67422 + a6,5z3 + a6,624 (237)
with
a0 = 2V3ihy 10
az1 = 4V3iHap, 16
as2 = fston
as3 = fsin
asa = fs
a6,3 = hontafstn + g12+3n
aga = honyafs + gr2+2n
a6,5 = G12+n
a6,6 = J12- (2.38)



In this case we have

aro € L0
azq € T
ago €T
ag3 € I’
ags € T(LT @ (L% @ M)?)
ags € T(L0® (L5 @ M)?)

ags € T(L0® (L5 @ M), (2.39)

which is consistent with the facts that the degrees of the independent Casimirs of Fjg
(including 0) are

o 2, 5 6 8 9 12 (2.40)
and the (co)root expansion of the highest root is
—0 = laq + 2a9 + 23 + 3y + 205 + Lag. (2.41)

Thus we have seen that not only E7 bundles but Eg bundles can also be constructed
from WP:(SI,LIQ)' In contrast, instead of WP?LLLQ)’ WP?LLLI) was used in FMW [1], which
can be obtained by a further blow-up as we will see in the next section. Note, however,
that in the case of the I3 = A singularity the exceptional curve arising in the Iy = A;
singularity simply splits into to two lines, in which no additional blow-ups are needed, and

therefore VV]P’i()’1 11,2) suffice. Of course, one is free to blow it up so it is not a contradiction.

2.4 D5 bundles (Ag singularity)

In this section we consider the case in which (2.30) is satisfied and the curve in the previous
section becomes singular. Then the discriminant A bedomes ord(A) > 4. In this case we
require [9]

Hopye = hntoHpta (2.42)

for some H,,14. Due to (2.30), we need to have

912430 = 2Hn4a(faron +4H 1 4) — hZ o fsin. (2.43)
Then (2.35) becomes singular at 2/ = —2H,,14, ¥ = z = 0. To resolve this singularity we
define
Thow = T+ 2Hp 44, (2.44)
then

0 =y + 2o + 20V3hn 28y — 62 Hppy 4hen,”
+ T (2 (Fsran + 12H2 ) + fan2® + fs2°)
+2° (hiyofs — 2Hn s afsin + g12120)
+2° (=2Hn1afs + g124n) + g122". (2.45)

,10,



The singularity is located at 2/, = ' = z = 0, so defining

v =7z (2.46)
and factoring z out, we derive

0 = 5% + Thoy + fsThow?” + g122°
+20V/ 3l 2T ey — 6Hpp g 4Ty,
e ((fs42n +12H3 1 4) + fsrnz)
+2z (hiyofs — 2Hniafsn + g1242n)
+2% (—2Hp1afs + g124n) - (2.47)

Rewriting this equation as

~/ ;3 /
0=y 2Z T Thew T a4,4$newz2 + a6,6Z3

r o~ r 2
F01,0Thewl + 02,1 T ey
/
+Thew (a4,2 + a4,32)

+ag 4z + a675z2, (2.48)
we see that this is a third-order equation in WP:(SI,LLI) ((u, 0, X", Y") ~ (A, Ao, AX', AY")):
0=Y"?%+ x"? + a4,4X’v2 + a6,6v3
+u? (as0X" + ap 4v)
+u (al,oX'f/' + ag,lX’Q +ag3X'v+ a675112) , (2.49)
L’?

el

expressed in terms of the affine coordinates (u,v, X', Y") ~ (1, )= (1,2, 200w, ¥)

in the patch u # 0, with the identifications

v
(TRENT)

a10 = 2V3ihnto

a1 = —6Hp 44

2
a42 = f8+2n + 12Hn+4
a43 = fs4n

aga = h2 ofs — 2Hpiafsin + 912420
ags = —2Hp1afs + 91240 (2.50)

(as44 = [f3, a6 = g12).
The relevant sections are

a0 €L @ (L5 MY
az1 €L @ (L5 M)
aze € T(L78® (L% @ M)?)
as3 €ET(L2 @ (LS M)
ags € (L@ (L5 @ M)?)
ags € T(L'® (L5 @ M), (2.51)



which agree with the degrees of Casimirs of D5 with 0:

0, 2, 4, 5, 6, 8 (2.52)
and the coroot expansion:

—0 = lag + 209 + 2a3 + 1oy + las. (2.53)
Thus we have derived WP?LLLL?,?) from a third-order equation in WP?Ll,Ll)' This con-
struction of Ds bundles was not explicitly mentioned in FMW.
2.5 A4 bundles (A4 singularity)
If we further assume [9]

fsvon = —12H 4 + 12hy 1opp i6,
G1249n = 12p5 6 + 2fsnHnya — fahi s (2.54)

for some pp46 in (2.45), we have ord(A) > 5 and the exceptional curve again splits into two
lines. In this case, unlike the case for Eg bundles, the singularity of (2.45) is not resolved
This can be done, but we can still use (2.49) to
see which sections are independent. Then (2.50) reads

by (2.46) but we also need to scale z,

new’

aio = 2\/§ihn+2
ag1 = —6Hp 44

as2 = 12h,1opnt6

as3 = fsin
aga = 12p}
aes = —2Hp1afs + g124n, (2.55)

where we see that aso and ag4 are simplified. They are the coefficients of the u? term
n (2.49) so using

agy = 4V3ipnie,  Yiew =Y — 2V3iupn e (2.56)
we have
0= Yll%ewv + GB,Q?/HQW’U,’U + AXV’3 + a474X/112 + (16,6113
“+u (CLL()X/)}/ + agleIQ + a4,3X'v + a67502) . (2.57)

a2 and ag 4 in (2.49) are thus eliminated. In this way, for A4 bundles, we have obtained a
third-order equation in VVIP):()’1 L) (which is singular but can be smooth by a blow up) with

a1 € T(L° @ (L5 @ M)
a1 € T(L™* @ (L5 @ M)
azs € T(L3 @ (L5 @ M)
as3 € T(L7%2® (L5 @ M)
ags € T(L70® (L% @ M)). (2.58)



Again this agrees with the set of Casimirs of A4 with degrees (with 0):

0, 2, 3 4 5 (2.59)
and the expansion

—0 = lag + lag + lag + lay. (2.60)

2.6 Ag, Az, A1 bundles (Ds, Eg, E7 singularity)

So far we have considered bundles for the E series up to F4 = A4. Since E3 or Fs is not a
simple Lie algebra, we need a separate discussion for them. Instead, however, A3, As and
Ay bundles can be similarly constructed by setting hy,i2, Hptq and ppie to zero in this
order. In either case, one can show that there is an agreement between the powers of the
line bundles and the degrees of the independent Casimirs and the expansion coeflicients
of the highest weight. Note that in these cases there is still a singularity at z = 0 to be
further blown up.

3 Relation to the independent polynomials characterizing the complex
structure

In the preceding sections we have seen that for E7, Eg, Ds, A4, A3, Ao and A bundles
(besides Eg bundles which are exceptional) the necessary sections which constitute the cor-
responding weighted projective space stated in Looijenga’s theorem are naturally obtained
by a series of singularity enhancements of the elliptic manifold followed by the blowing-up
procedure. We can now notice that they are nothing but the four-dimensional analogue of
the set of independent polynomials in the six-dimensional F-theory [7-9] parameterizing
the complex structure of the elliptic manifold. The type of the singularity is always the
one orthogonal to the gauge group of the vector bundle in the whole Fg. Indeed, as shown
in table 1, there is a perfect correspondence between the set of independent polynomials
describing the complex structure in 6D and the set of numbers d and s characterizing the
sections required by Looijenga’s theorem, for all the cases of the bundle groups discussed
in the preceding section, as well as the other cases for simple, simply-laced gauge groups
listed in [9]. As we already noted in the previous footnote 4, a degree (an + b) polynomial
in 2’ corresponds to a section of £7¢ ® N with d = 6a — % and s = a.

For D, bundles, which are not discussed in the previous section, we consider curves
with a D, singularity. This can be obtained by restricting h,42 and Hs, ¢ to be zero in
the Ay curve (used for Eg bundles) and requiring the sixth-order term of the discriminant
to be of the form [9, 13]

Afyis + 2795110 = Jhyakipa(ney +kois) (3.1)

for some j,+4 and k44, which are precisely the polynomials with correct degrees needed
to constitute the weighted projective space.
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Bundle gauge
group (= H)

Singularity

6D neutral
matter

Independent
polynomial

»

Er

(18n + 83)1

J12+n
j%+n
J12+2n
f8+2n
hont4a
g12+43n
fs+3n
g12+4n

Eg

Ao

(12n 4 66)1

g12+4+n
j%+n
hn+2
g12+2n
jé+2n
Hopg
912+3n

(8n+51)1

g124+n
fé+n
Hn+4
hn+2
g12+2n
f8+2n

Ay

Ay

(5n + 36)1

J12+n
j%+n
Pn+6
Hyyy

hn+2

As

Ds

(4n +33)1

9n+12
fh+8
Pn+6
Hpyq

Ay

(3n + 28)1

In+12
fﬁ+8
Pn+6

Ay

Er

(2n+21)1

In+12
fﬁ+8

Dg

A Ay

(10n 4 54)1

Wn+12
gn+8

hn+4
hn,

DN O OW N Ok W N OO WD O O U NN O

= o= = = = R = R = R == NN WD NN RN NN =

— 14 —




(Cont’d)

(@)

V2n+12
P2n+38
hon+4
Ag Ao D Ay (6n + 37)1 Wp+12
An+8
Un+6

—
o @

hn+4
hn+2
hn
D4 D4 (671 + 44)1 gn+12
fh+8
Jnt4
kn+4

N — = = == = === RN NN

Sy RN OO U e W N O

92n+12

Table 1. Independent polynomials as sections of weighted projective space bundles.

Dg and As bundles, which also do not appear in the previous section, are interesting
because they are the cases where the singularity has two non-abelian factors. For Dg
bundles, one can show that the relevant curve is, again in the 6D notation,

0=1y’+23+ 3(honta + hn+4z)332
+2(2 + hpn)(P2nt8 + Gnysz + 3822)35
+22(2 + hp) 2 (Vant12 + Wnt122 + y1227). (3.2)
This curve has an A; x A; (SU(2) x SU(2)) singularity. The lines z = 0 and z+ h,, = 0 are
the loci of the 7-branes responsible for the two unbroken SU(2) gauge symmetries. Indeed,
the discriminant takes the forms
A = 22hh3, 4 Kantis + O(2%)
= b3, 4 Kantis + O(Z), (3.3)

where 2 = 2 + hy, and hanya = hopa — hniahn. K1 and Kupny16 are given by

Kint16 = 9(12h2n4v2n412 — Pansis)s
Kant16 = 9(12h2n 14020412 — Daprs)s (3.4)

where ﬁ2n+4, Uon+12 and ponyg are the coefficient polynomials appearing when (3.2) is
re-expressed in terms of Z as

0= y2 + 33‘3 + 3(52n+4 + hn+42)$2
+2(2 - hn)(ﬁ2n+8 + (jn-l,-gg + 8852).%
+2%(2 — hp)* (P2n412 + Wni127 + y1252). (3.5)
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(3.3) is consistent with the fact that the 6D heterotic charged matter consists of n (2,2)
and 4n + 16 ((2,1) @ (1,2)) computed by the index theorem. Note that the loci of hay, 4
and ﬁgn+4 do not contribute to charged matter since the enhanced fiber type there is 111
in the Kodaira classification so the singularity type is unchanged. One can also verify that,
in the six-dimensional case, the total number of degrees of freedom of these polynomials

M+13)+(n+9)+(n+5)+n+1)+2n+13)+2n+9)+ (2n+5) -1 (3.6)

is equal to 10n + 54 which precisely matches the number of neutral hypermultiplets. We
can see that the sections wn412, ¢n+8, Antd, Pn, Vont+12, Ponts and ho,iq are precisely the
polynomials expected to arise by Looijenga’s theorem as are shown in table 1.

Similarly, the curve for an A5 bundle is given by

0 = y®+ 2%+ 3(h2 5 + hpiaz)2?
+2(2 + hy) (12420516 + Gnisz + 5827
+2'2(z + hn)2(12v3+6 + Wwpt122 + y12z2), (3.7)

which has an E3 = Ay x A; (SU(3) x SU(2)) singularity. Here the O(2?) term in (3.3)
vanishes (K4n416 = 0 in (3.4)) and the A; singularity at z = 0 is enhanced to As. The
discriminant in this case is

A = Z3h2 h3 2K4n+18 + 0(24)

n'‘n+

= 22303, 4 Kanias + O(7), (3.8)

being in agreement with the fact that the 6D heterotic charged matter hypermultiplets are
2((3,2)®(3,2)),2n+9 ((3,1) ® (3,1)) and 3n + 16 (1,2). The number of degrees of
freedom of the polynomials also agrees with the number of neutral hypermultiplets 6n+ 37.
Again, the sections wy112, Gn+8, Vnt6, Pnta, hnto and h, have the desired set of d and s
as are shown in table 1.

Finally, let us consider E5 = SU(3) x SU(2) bundles and SU(2) x SU(2) bundles. These
groups are the orthogonal complements of A5 = SU(6) and Dg = SO(12) in Eg. Although
these are not simple groups (and hence outside the assumption of Looijenga’s theorem), it
is interesting to examine whether or not a similar characterization of the bundles is possible
in these cases.%

For E5 = SU(3) xSU(2) bundles, we consider curves with a As singularity. It is realized
by further tuning the complex structure of the A4 singularity (A4 bundles) parametrized
by the polynomials (2.55) to the following special forms:

hata = hnsortr,

Hyya = Hyyartr,

Pn+6 = Bn+2—rur+47

fots = fass—rty — 12Hp, 4 Uy,

gn12 = 2fnts—rtra + 2 fsHoia (3.9)

SF5 contains U(1) and hence is beyond the scope of this paper.
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for some hyto-p, tr, ﬁn+4,r, Upt4 and fnJrg,r, which describes the heterotic configuration
with 447 of 12+ n instantons are in SU(2) in E3 and the remaining 8 +n —r are in SU(3).
Apparently, besides fg which describes the complex structure of the heterotic Calabi-Yau
manifold, these five sections are needed to parametrize the moduli space of the bundle.
However, defining

Pnt+6 = hn+2frur+4a
1 _ 7
fn+8 = fn+8—rtr7

(2 _ 7
fn+8 = Hpta—rUrig,

9%4-12 = 2fn+8—rur+4, (3.1())
(3.9) can be formally written as
1
h o 2pn+6f7(7,428
2 = —
In+12
9 f(l) f
Hn+4 — n+87
In+12
Pn+6 = Pn+6,
fn+8 - fn+8 - 12f +8
In12 = Gni12 + 2fsHnya (3.11)

(2fsHp+4 can be absorbed in g,412 by redefinition). Therefore, provided that 2p,, ¢ f151+)8
and 2 f( f(z) are divisible by g/, 5, they are parametrized by the four independent
combinations py46, fﬁlﬁs, ffi)s and g, 1,. The corresponding set of d and s are then 3,
2, 2,0 and 1, 1, 1, 1, respectively. Thus we have seen that, though non-simple, the Ej3
bundle is also parametrized by the sections specified by the Casimirs of A; = SU(3) and
Ay = SU(2), which are {3,2} and {2}, and the coroot expansion coefficients —0 = a; + aq
and —0 = «y.

For SU(2) x SU(2) bundles, the relevant curve is the one with a Dg singularity. Such
a curve is realized by setting

Pio—y = 0 (3.12)

in the As curve (3.9). Consequently, pn+6 = 0 in (3.10), so that the moduli space of
SU(2) x SU(2) bundle is parametrized by f g fé and g, 1. The corresponding set of
dand s are 2, 2, 0 and 1, 1, 1, respectively. These agree with the Casimirs and the coroot
expansion coefficients of the two SU(2)’s

4 Why should this be so?: The Mordell-Weil lattice

In the previous sections we have seen that the sections of a particular set of line bundles
coordinatizing Looijenga’s weighted projective spaces can be automatically obtained as the
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coefficients of curves arising from a series of blow-ups in dFPy. They can be thought of as
the four-dimensional analogue of the set of independent polynomials in the six-dimensional
F-theory parameterizing the complex structure of the elliptic manifold, in which the gauge
group of the bundle and the singularity are orthogonal to each other in Fg. In this section
we explain why this is so.

As we stated in the previous section, the dPy we have blown up is supposed to be a half
of a K3 in the stable degeneration limit, and the values of sections at infinity determine
the spectral cover of the dual heterotic string theory.

Physically, a spectral cover describes the Wilson lines in the elliptic fibers of the het-
erotic Calabi-Yau over which the vector bundle is defined. Therefore, if the algebra of the
Wilson lines is H, the Lie algebra of the unbroken gauge subgroup G is the commutant of
H in Eg. Thus it is natural to derive H bundles when the singularity of dPy is G. This
is a “physical” explanation, but there must also be a pure “mathematical” explanation
which accounts for why the series of vector bundles are derived by the series of blow-ups,
without referring to the heterotic/F-theory duality. What makes it possible is the structure
theorem of the Mordell-Weil lattice.

The Mordell-Weil lattice [5] is the Mordell-Weil group [14, 15] equipped with a certain
bilinear form. The Mordell-Weil group E(K) of a rational elliptic surface (=dPy) is defined
as an Abelian group of rational sections of dPy, where K is the field of rational functions
of the coordinate z of the base P! of dPy. The addition of two sections is defined by the
addition rule on an elliptic curve applied fiberwise, that is, as the addition of the two
arguments of the p (and also ') function parameterizing the two sections. As is well
known, the argument variable inside p (and ') is nothing but the complex coordinate
itself if the fiber torus is expressed as a parallelogram with the two sets of sides identified.

E(K) is called the Mordell-Weil lattice [16] if it is endowed with a bilinear form, or a
height pairing, (P, Q) for sections P,Q € E(K) such that”

(P,Q)=P-04+Q-0-P-Q+1— > contr,(P,Q), (4.1)
vEsingularities
(P,P)=2+2P-O— Y  contry(P,P), (4.2)

véEsingularities

where - denotes the intersection pairing. For each singularity v, the function contr, of a
pair of sections P, () is defined as

0 if {(P) = 0 or i(Q) =0,
(Cohicp.ic@) otherwise,

v

contr, (P, Q) = { (4.3)

where C), is the Cartan matrix corresponding to the singularity v, and i(P) (i(Q)) is either
of 0,1,...,rank C, labeling the fiber component of v which (uniquely) intersects with the
section P (@). The fiber labeled as “the zeroth” (i = 0) is the one that intersects with the
zero section.

"The fact that the arithmetic genus of dPy is one is taken into account here.
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One of the remarkable results of [5] is that then E(K) is roughly the orthogonal
complement of the singularity in the Fg root lattice. More precisely [5],

E(K) ~ L* @ (T'"/T), (4.4)

where T is the singularity lattice embedded into the Eg root lattice Ag,, L is its orthogonal
lattice with respect to the specified embedding into Ag,, L* is the dual of L, and

T =T®QNAg,. (4.5)

This is a geometrical manifestation of the fact that if the instanton is in the group
H, the unbroken gauge group is the commutant of H in Fg. By this theorem we can now
explain why we could derive Ex bundles by blowing up the Ag_n singularities: as we
mentioned earlier, an En bundle is constructed from the spectral cover, whose equation
determines as the intersections with the elliptic fiber at infinity the Wilson lines of the
vector bundle. As one can check explicitly, these intersection points are extended into
sections in the dPy [4, 17], obtaining the Ex weight lattice generated by the sections.
The structure theorem of the Mordell-Weil lattice then tells us that this occurs precisely
when the singularity lattice is the orthogonal compliment of the E weight lattice, which
is Ag_N.

We should mention that the rational elliptic surfaces with various sections and singu-
larities are known to be identified [18-24] as the total spaces of Seiberg-Witten curves for
the four-, five- and six-dimensional so-called Ey theories [25, 26], where the u parameter
becomes the coordinate of the P! base. Indeed, the curves we considered in section 2 are
exactly the same as the ones found in [19, 21], although the line bundles of the sections
and their relation to Looijenga’s weighted projective spaces were not investigated there.
We also note that the values of sections at infinity are known to determine the mass pa-
rameters of the gauge theory whose Seiberg-Witten curve (together with the u-plane (P'))
is a rational elliptic surface allowing those sections.

The Mordell-Weil lattice also provides us with an understanding of the relation between
the singularity and the occurrence of chiral matter in F-theory. (This fact was already
observed and briefly mentioned in [6].) In the standard explanation for the chiral matter
generation [10], one considers an enhanced singularity [7-9], at which the light membrane
(in the M-theory dual picture) wrapping the extra shrinking two-cycle is identified as the
origin of the chiral matter. On the other hand, it was shown by using the Leray spectral
sequence [2, 3] that chiral matter is localized where one or some of the sections of dPy goes
to the zero section. Again, the relation between the two pictures of matter generation may
also be understood as a consequence of the structure theorem of the Mordell-Weil lattice.
Indeed, the theorem says if some of the sections disappear in dPy, then the singularity
lattice, which is the orthogonal complement in Fg, becomes larger, leading to a singularity
enhancement. Also, in view of the isomorphism between the string junction algebra and
the Picard lattice of a rational elliptic surface [22], it gives support to the understanding
of matter generation in F-theory in terms of string junctions [6, 13, 27].
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5 Conclusions

We have shown that the holomorphic vector bundles for gauge groups Ex (N =4,---,8)
and A, (n = 1,2, 3) can be obtained systematically by a series of blowing-ups in the rational
elliptic surface according to Tate’s algorithm. The sections of correct line bundles claimed
to arise by Looijenga’s theorem have been found automatically by this procedure. We have
also pointed out that the sections parameterizing a Looijenga’s weighted projective space
are nothing but the four-dimensional analogue of the set of independent polynomials in
the six-dimensional F-theory parameterizing the complex structure of the elliptic manifold
with a singularity orthogonal to the gauge group of the vector bundle in the whole Fjg.
We have explained the reason for this by using the structure theorem of the Mordell-Weil
lattice. We have also used it to elucidate the relation between the singularity and the
occurrence of chiral matter in F-theory.

The Mordell-Weil lattice is classified into 74 different patterns of decompositions of
the Eg root lattice, of which we have used only the ones with a simple Mordell-Weil group
(Nos. 2, 3, 4, 5, 6, 8,9, 16, 27 and 43 of [5]). The additional patterns not considered in
this paper correspond to the cases where the gauge group of the bundle is non-simply-
connected [14, 15] or a direct product of simple groups as we encountered in section 3
(Nos. 15 and 26). It would be interesting to extend the analysis to these cases and a
thorough investigation of these types of curves will be reported elsewhere.
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