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1 Introduction

Flux backgrounds received considerable attention in recent years, while developing super-
string theory and its viable phenomenological applications to model building for elementary
particle physics (for reviews see [1, 2]). T-duality transformations in the presence of fluxes,
such as Neveu-Schwarz fluxes associated to a closed 3-form H, were used to exhibit that
not only the geometry but also the topology of space in which strings propagate are not



perceived as in ordinary point-particle theories, since T-duality relates backgrounds with
different topologies.

As an important example, T-duality of string flux backgrounds that are U(1)-fibrations
over a base manifold M provides non-geometric flux backgrounds, which in turn lead to
new phenomena like non-commutativity and non-associativity of coordinates in the context
of closed string theory [3-5]. In particular, for n = 2 (hereafter called the non-geometric
Q-flux background), the resulting closed string background is only locally geometric, but
not globally, since the transition functions between two coordinate patches are prescribed
in terms of T-duality transformations and not in terms of diffeomorphisms. Then, because
of non-trivial monodromies characterizing the 72 fibration over S' in the Q-flux model,
the coordinates become non-commutative and the appropriate mathematical structure is
that of a non-commutative 2-torus fibred over S!. For n = 3 (called the non-geometric
R-flux background) the situation becomes even more interesting as non-geometric closed
string R-flux backgrounds exhibit a non-associative structure. Here the resulting closed
string R-flux background not only fails to be globally geometric, but also locally. Similar
results based on somewhat less explicit methods appeared in the literature before [6-10],
while studying the action of topological T-duality on torus fibrations with fluxes.

The emergence of closed string non-commutativity and non-associativity was shown in
explicit string and CFT models [3, 5, 11-14], where the non-geometric structures are due
to left-right asymmetric world-sheet constructions, which are very similar to asymmetric
orbifold compactifications. Furthermore the non-associative deformation of geometry was
also discussed in the context of double field theory [15], where non-associativity arises after
some violation of the strong constraint by the R-flux background geometry. Finally the
non-associative R-flux algebra was also derived from a membrane sigma-model [16, 17].
Here we are going to focus on the prototypical non-geometric models, namely the so-
called parabolic non-geometric string R-flux models on a three-torus with constant fluxes,
where we have the following non-trivial commutation relations among the closed string

coordinates and momenta X

[xi,arj] :i%Rijkpk, (1.1)

whereas the remaining commutation relations retain their standard form,

[z, p] =ihs", [p',p] =0. (1.2)
It follows that the Jacobiator among the closed string coordinates is non-vanishing:
o 1 3
[mz,:rj, xk} = 3 [[3:1,:132] ,x3] + cycl. perm. = lg’R”k, (1.3)

which demonstrates that the underlying algebra is not only non-commutative but also
intrinsically non-associative.

We should note that non-commutativity and non-associativity have been known to arise
in the description of electrically charged particles moving in the field of magnetic charge.
As was shown a long time ago the commutator of velocities of an electron moving in the
field of a point-like magnetic monopole do not satisfy the Jacobi identities at the point of



the monopole [18]. The mathematical description of charged particles moving in the field
of magnetic charge involves nontrivial three-cocycles which were studied in [16, 19-23].
For a charged particle moving in the field of constant magnetic charge distribution the
velocities and coordinates form a non-Lie Malcev algebra as was shown in [24], and which
the authors referred to as a “magnetic algebra”. This implies that the corresponding
quantum mechanical description of the magnetic algebra can not be achieved in terms of
linear operators acting on a Hilbert space which are necessarily associative. More recently
it was pointed out that the magnetic algebra of [24] is isomorphic to the R-flux algebra for
constant R-flux with the roles of coordinates and momenta interchanged [23, 25].

On the mathematical side, the algebra of octonions is a prime example of a non-
associative algebra, which however has so far not been related to the non-associative R-flux
algebra displayed above or the magnetic algebra of [24]. The algebra of octonions, which we
briefly review in appendix B, is closely related to already known associative structures in M-
theory, in particular to the compactification on a seven sphere with torsion whose isometry
groups contain the automorphism group G of octonions [26, 27], to compactifications
on Ga-holonomy manifolds and to some of the non-associative three-algebras, which were
found in the context of multiple membranes in M-theory as well as in /' = 6 Chern-Simon
gauge theories in three dimensions.

Furthermore, the continuous U-duality groups of maximal supergravity [28] and ex-
ceptional supergravity [29] in d = 5,4 and 3 dimensions are the exceptional groups of
the E-series that can be realised geometrically via the exceptional Jordan algebra and its
associated Freudenthal triple system defined over the split and real octonions, respectively.!

The purpose of our paper is two-fold: first we will demonstrate that the non-associative
R-flux algebra in egs. (1.1)—(1.3) is indeed very closely related to the algebra of octonions
0. More specifically we will show that a suitable contraction of the non-commutative and
non-associative algebra generated by the seven imaginary units e of octonions precisely
reproduces the algebra (1.1)—(1.3).

Given that the non-associative string theory R-flux algebra is obtained by a contraction
of the Malcev algebra of imaginary octonions, we then ask what role the full uncontracted
algebra plays. Our second goal is to propose that the uplift of the string R-flux algebra to
M-theory is described by the simple Malcev algebra generated by the uncontracted division
algebra of octonions. We will show, in particular, that the resulting uplift is compatible
with the uplift of the non-geometric fluxes to M-theory within the context of exceptional
field theory [33].

We substantiate this proposal further by studying a four-dimensional toy model for
an R-flux background which is dual to a twisted torus. We show that the locally non-
geometric background is “missing” a momentum mode and as a result the phase space is
seven-, not eight-dimensional as would be naively expected. This allows us to identify the

'The exceptional Jordan algebra of 3 x 3 Hermitian octonionic matrices is the unique Jordan algebra
that has no realization in terms of associative matrices with the symmetric Jordan product taken as the
anti-commutator. We refer to [30, 31] and the review [32] and references therein for geometric realizations
of exceptional groups over Jordan algebras and Freudenthal triple systems.



phase space variables, four coordinates and three momenta, with the seven imaginary units
of octonions.

In this way we provide evidence that M-theory with non-geometric fluxes also exhibits
non-associativity among its coordinates which correctly reduces down to the string theory
non-associative algebra when performing a suitable contraction. The parameter which we
introduce for the contraction of the full octonionic algebra takes within the M-theory uplift
the role of the string coupling constant g, in other words the radius of the circle in the
11th direction of M-theory.

The present paper is organised as follows. Starting from T-duality and non-geometric
fluxes on the three-torus 73, we will review in the next section how the non-geometric fluxes
get uplifted to M-theory on four-dimensional spaces. In particular this uplift is described
using the SL(5) exceptional field theory, which extends the Spin(3,3) ~ SL(4) double field
theory of string theory on three-dimensional spaces. We then discuss in section 3.2 how
the non-associative string R-flux algebra can be obtained by a contraction of the algebra
generated by imaginary octonions under commutation. In section 3.3 we conjecture that
the full uncontracted algebra of imaginary octonions provides the uplift of the string R-flux
algebra to M-theory. In particular, we revisit the four-dimensional locally non-geometric
M-theory toy-model to show that a momentum mode is missing and hence that the phase
space is seven-dimensional. This allows us to identify the seven imaginary octonions with
the phase space variables and provides evidence for our conjecture. Finally, we conclude
in section 4.

2 The R-flux background and its uplift to M-theory and exceptional field
theory

In order to give the reader a feel for what a locally non-geometric background is we start

by reviewing a toy model for such backgrounds in string theory [34-37] and its uplift to M-

theory [33]. This toy model will also guide us when we look to generalise the non-associative

algebra for locally non-geometric M-theory backgrounds in section 3.3.

2.1 The T3 duality chain in string theory

Let us start by recalling the standard chain of dualities for string theory on 7% [34-37]:
Hi =5 fh =5 Q7 5 RF (i k=1,...,3), (2.1)

where T; denotes a T-duality along the z direction. Note that only the first background

describes a torus, with the other backgrounds being more general U(1)-fibrations, which in
the latter two cases can be defined over the “doubled space” of double field theory.

T3 with H-flux. The 7% duality chain starts with a 3-torus with H-flux
ds®> = (clacl)2 + (dx2)2 + (dx3)2 , Bis = N23 | (2.2)

where the Kalb-Ramond two-form Bio is not globally well-defined and hence there is a
non-zero H-flux through the 7 given by

Hiss=N. (2.3)



Twisted torus. We now perform a duality along the x! direction and obtain a twisted
torus with no H-flux.

ds® = (da* — Nadda?)? + (da?)? + (d2®)®, By =0. (2.4)

We denote the twisted torus as T3, where the coordinate 2! of the twisted torus corresponds
to the dual coordinates &1 of the H-flux background. The coordinates of the twisted torus
are to be identified as

(ml,xQ,:rg) ~ (:):1 + 1,x2,:1:3) ~ (:):1,:162 + 1,x3) ~ (xl + N22 2%, 23 + 1) . (2.5)

One can understand this as follows: while in the H-flux background, B gets patched by a
gauge transformation, after a T-duality this patching gets shifted into the diffeomorphism
group of the torus. As a result the twisted torus T can be viewed as a U(1)-bundle over
T? with non-vanishing first Chern class. Alternatively, since T3 is parallelisable we can
describe the “twist” using the spin connection. Denoting the three globally well-defined
one-forms as

nt =dz! — Nz3da?, n? = da?, n® = da?, (2.6)

we find
dn' = Nn? A, dn? =dn® =0. (2.7)

As a result the spin connection, defined as
dn' = Wi A, (2.8)
becomes
wi3 =N, (2.9)

and we see that the H-flux has turned into the “geometric flux” which we here identify
with the spin-connection f;k = w;k

Q-flux background. Performing another T-duality in the z?-direction we get a back-
ground that is not globally well-defined. The metric and two-form would be given as

(dx1)2 + (dx2)2
1+ N2 (23)?

ds® = +(d2*)?,  Bpy=—n . (2.10)
Now the coordinate 2% of the Q-flux background corresponds to the dual coordinates i
of the twisted torus. This is clearly not well-defined in conventional geometry but instead
the background is patched with an element of the SO(3,3) duality group as 2® — 23 + 1.
Such a background is called a T-fold and is expected to belong to a class of permissible
string backgrounds.

The metric and Kalb-Ramond two-form are actually not the correct variables to de-
scribe the @-flux background (2.10) since they are not globally well-defined. Instead, the
background can be expressed in terms of a bivector 8% which is well-defined, and is related
by a field redefinition [38-43] (or equivalently in the context of generalised geometry and



double field theory an O(3) x O(3) rotation which relates different parameterisations of the
generalised vielbein)

87 =5 (=B = (g+B)).
. . (2.11)
L1 -1 -1
9—2((9 B)" +(9+ B) ) :
The metric and bivector are then given by
r 2 1)2 2)2 32 12 _ a7.3
ds = (dm ) + (dx ) + (dac ) , 8“=Nuz’, (2.12)

with ds” the line element of g. The field redefinition (2.11) is of course not globally well-
defined and there is a clearer way to see that the “non-geometric frame” with the bivector 3
is preferred, as we briefly discuss in A.3. Finally, we wish to note that this field redefinition
does not somehow “cure” the non-geometry and that as a result the resulting theory cannot
simply be thought of as a gravitational theory with some different matter.
This background is classified by its “@Q-flux” which is a spacetime tensor [40, 43] and
is in this case given by
Q% = ;57" (2.13)

For the background (2.12) its only non-zero components are
2=N. (2.14)

Again, we can see that the duality along the x?-direction has pushed the patching from the
diffeomorphism group into an element of SO(3, 3) which is not an element of the geometric
subgroup of diffeomorphisms and gauge transformations. We discuss a clear way to see this
from a generalised geometry [38] and double field theory point of view in appendix A.3.
Finally, it is important to emphasise the importance of performing a duality along the
x2-direction, where 22 is not a globally well-defined coordinate. Thus 0, is not a globally
well-defined vector field. If we had chosen a globally well-defined vector-field the duality

would not have resulted in a non-geometric background.

R-flux background. Finally, we can perform a duality along the remaining direction,

3.

This is no longer an isometry and so the usual Buscher procedure fails. However,
double field theory gives a framework in which this “generalised T-duality” [37] can be
made sense of.? It boils down to applying the Buscher rules as if we had dualised along an
isometry and also exchanging the coordinate z3 with its “dual coordinate” Zs. In the new
coordinate system we would thus have that 2® — #3 is a dual coordinate on which the
background will now depend.

After duality the metric and S-field are given by

ds’ = (da?)? + (da?)’ + (da®)?, B2 = Nis. (2.15)

2Recent progress has been made in understanding such generalised T-dualities from non-linear sigma
models [44-46].



The R-flux is defined by [39, 40]
Rk = 39ligikl (2.16)
with &' = 9 4 8 0; and is here given by
R =N, (2.17)

The backgrounds given here do not define CFTs and hence serve only as a toy-model.
However, we expect these effects to be realised in CFTs as well because the non-geometry
arises by dualising along a vector field, here 0> which is not globally-well defined. This
is what causes the dual theory to be “non-geometric”. In the language of double field

L 22 and

theory, the corresponding section which is parameterised by the coordinates x
I3, is not globally well-defined and this generates the non-geometry. Similarly, the R-flux
background arises because of the dualisation along a direction which is not an isometry.
Starting from the twisted torus, the R-flux background is generated by dualising along one
direction which is not globally well-defined and one which is not an isometry.

In fact, the so-called exotic branes of de Boer and Shigemori [47, 48] and the “Q-
branes” and “R-branes” [49, 50] realise the above duality chain at the level of supergravity
solutions, see for example [33]. Furthermore, it was shown in [51] that in specific left-right
asymmetric orbifold constructions the non-geometric R-flux emerges in the context of the

gauged supergravity algebra after dimensional reduction.

2.2 Uplift of the string theory duality chain

Now we wish to describe how these fluxes and the associated T-duality transformations are
embedded in M-theory or, respectively, exceptional field theory. The M-theory uplift of
the above string compactifications is described by the SL(5) exceptional field theory, which
governs compactifications to seven dimensions. The non-geometric fluxes of the SL(5)
exceptional field theory were described in [33] and we follow the notation of that paper.

If we were considering only ITA backgrounds (the argument can of course be repeated
for 1IB), we would require two T-dualities so that the above duality chain splits into

Hi =5 QY , [ =5 R, (2.18)
When we uplift to M-theory, two T-dualities become three U-dualities with the third duality
along the M-theory circle, ensuring the right dilaton shift. Thus when considering 11-
dimensional backgrounds, we need to perform three U-dualities. Then in order to obtain
the 11-dimensional analogue of the R-flux background we need to act with three U-dualities
on a background with geometric flux. Let us thus consider the internal space of a twisted
torus times a circle, 7% x S, so that

ds? = (dx2)2 + (dm3)2 + (da;4)2 + (da' — Na:3dx2)2 , C3=0, (2.19)

with the identifications
(xl,x2,m3,:v4) ~ ($1 + 1,x2,x3,$4) ~ (m

~ (wl,xz,x3,$4 + 1) .

a2 4 1,w3,x4) ~ (:U1 + N22 22, 23 + 1,3:4)

(2.20)



In order to obtain the locally non-geometric R-flux background we must dualise along

2 23 and z?. Because of the duality along the z3 direction, the z3

the coordinates z
appearing in the metric (2.19) will become a dual coordinate Zo4, in the R-flux background.
This is analogous to what we saw for the string R-flux background. In fact, the resulting
space is now fibred over the dual circle parameterised by Zs4 making the background locally
non-geometric. Furthermore, the R-flux background cannot be described using a metric
and three-form Cjs since these would be ill-defined — even on an “extended space”. If one

tried one would find

dsty = (1+ N?33)) 7 ds? + (14 N?33)? (da?)’
+ (1 N233) T ((d2!)? + (d2?)” + (da)7) (2.21)
Nioy

= ——= _dat ANda® A dat,
1+ N233,

Cs
where we have included the external part of the metric to highlight the warping. This is
ill-defined along the Zo4 circle (albeit this is now in the dual space), where one would have
to patch with a U-duality as Zo4 — Toq + 1.

Completely analogous to the string-theory case, we can instead use a trivector, which
can be related by a field redefinition (or equivalently in exceptional generalised geometry
or exceptional field theory by a SO(5) rotation, which changes the parameterisation of the
generalised vielbein) [33]

g = (14 V) P [(14V?) gas —VaVi] |
QT = (1+V2) ™ g% 9% C s, (2.22)
dsy = (1+V2) " ds2,

Here the indices o, = 1,...,4 and V¢ = 3!1‘6‘60‘5750575 with €% = +1 the tensor

density. Also we defined V2 = Vev# Jap-
Using these fields, the background is given by
dsy = ds? + (dz')” + (d2?)” + (d2®)” + (da?)”, Q34 = Nigy, (2.23)

and is clearly well-defined. The R-flux in M-theory is defined as [33]

RBYIP — 4HlByror] 7 (2.24)
where 98 = 98 4 Qaﬁ'y&,, with
0
9P = 2.25

the derivative with respect to the dual coordinates. The derivative 9% is an “improved
dual derivative” [33] in order to obtain a spacetime tensor. We summarise this and other
relevant results of [33] in appendix A.2. Thus we find

R — N (2.26)



In the case at hand, the field redefinition, or equivalently the SO(5) transforma-
tion, (2.22) is globally ill-defined since it relates an ill-defined frame (2.21) to a well-defined
one (2.23). A more careful analysis would observe that using the globally well-defined 1-
forms of the twisted torus we can write down a globally well-defined generalised vielbein

Eaa _ 61/10 (ea;/a\/é \36> ’ (2'27)

where o = 1, ..., 4 denotes spacetime indices, & are the spacetime indices flattened by the

in the “geometric frame”

spacetime vielbein e,®. e denotes the determinant fo the vielbein and V& = ﬁeaﬁV‘SC’gﬂﬂ;
is the dualised 3-form, with €*%7% = +1 the alternating tensor density. We thus have for

the twisted torus
1 0000

—Nz31000

(E™) =] 0 o100/, (2.28)
0 0010
0 0001

where the TT" superscript stands for “twisted torus”. Dualising to the R-flux background
we have

1000 —Niy
0100 O
(Ef),“=|0o010 o0
0001 0
0000 1

: (2.29)

and we see that the parameterisation of the generalised vielbein (2.27) is not globally well-
defined. However, there is a different parameterisation, also known as the “non-geometric

B, = (M0 (6({ ve V;) , (2.30)

where W, = ‘%'eaﬁwgﬁm‘s is dual to a trivector, the generalisation of the bivector %

frame” given by

of string theory. We see immediately that this parameterisation is globally well-defined
leading to (2.23).

3 The non-associative algebras generated by octonions and their con-
tractions

3.1 The Malcev algebra of imaginary octonions

The imaginary units e4, (with A =1,...,7) of octonions generate a simple Malcev algebra
under the commutator product which is non-commutative and non-associative, and which
we will often refer to as the algebra of imaginary octonions. For readers unfamiliar with
the octonions, we summarise their relevant features in appendix B, including their mul-
tiplication rules in B.1 following [52] and the definition of a Malcev algebra in B.2. For



the applications considered in this paper we shall relable three of the imaginary units as

follows
eir3) = [i, fori=1,2,3. (3.1)
In terms of e;, f; and e; the multiplication table of octonions O takes the form
eiej = —0i; + €kek
eifj = 5@‘67 — €kt (3.2)
fzfj — €jk€k
ere; = fz', fier =ei,
with eqep = —epes whenever A # B. The commutators of the imaginary octonions in
this basis are given by
lei, ej] = 2€i5kep le7,ei] = 2fi,
[fis 5] = —2eijnen le7, fi] = —2e;, (3.3)
[ei, fi] = 20i5e7 — 2€i51 f -
We define the associator for any three imaginary octonions e, f,g € O as
le, . 9] = 2(ef)g — 2e(fg). (3.4)
Note that with this convention the associator of the octonions is related to the Jacobiator by
1 1
[evag] = g ([[emﬂ ’g] + [[976] af] + vag] 76]) = gJaC (eafvg) . (35)

The associator of the three imaginary units of any given quaternion subalgebra, such as that
spanned by the e;, (i = 1,2,3) vanishes. The non-vanishing associators of the imaginary
units of Q@ in the above basis are as follows:

€i, €5, Jk] = 4€zjk67 85k[1f]] )

| =
i

[
lei, f5, fr] = —8d;jex)
[fis fj: fx] = —Aeijier (3.6)
e, e, e7] = —4deijn fr
lei, fj, e7] = —4eijrer
] =

[fm f]7 er] = 461]kfk .
3.2 Contraction of the Malcev algebra of octonions to the string R-flux algebra

We will now show that the string R-flux algebra can be obtained by contracting the oc-
tonionic Malcev algebra given in equations (3.3) and (3.6). Recall that the coordinates
and momenta of strings in the R-flux background, 2’ and p;, have been shown to form a,
non-associative algebra [3-5, 42, 53] whose only non-vanishing relations are

[azi, 7, mk} = R [:xi, a:j] = iR*p,. [azi,pj] = 15; . (3.7)

3This algebra also shows up in the other T-duality frames with H-, f- and Q-flux respectively [5] as it
is clear also from the view point of double field theory [15, 23], but we restrict the discussion to the R-flux
background.

~10 -



The triple-bracket here is the associator defined in terms of commutators as
([l 0] + (0] 0] 4 (2] a)) . (88)

For the moment we have set the constants h and [s, which appeared in equations (1.1)—
(1.3), to unity but we will comment on them later on. For the parabolic R-flux model on
T3, the R-flux is just proportional to the epsilon tensor: R¥* = Nek,

In order to recover this algebra from the Malcev algebra generated by imaginary oc-
tonions we define the three string momenta p; as the contraction of the three imaginary
units e; and the three string coordinates 2° as a contraction of the three imaginary unites
fi as follows

! @t = z’)\l/2\/2ﬁ fi (3.9)

bi = —7:)\562',

where in a moment we will take the limit A — 0. Furthermore, we define the contraction
of the seventh imaginary unit as

N
I= z‘A3/2\2Fe7. (3.10)

Now the contraction of the octonionic algebra is defined by taking the limit A\ — 0. In this
way we obtain

[fis [l = —2ei0ex = [2',27] = iNeTFpy (3.11)

and

[ei, 6]'] = 2€ijk6k — [piapj] = 0, (312)

which shows that the quaternionic subalgebra of the momenta becomes completely com-
muting after contraction. Finally due to the contraction of the seventh imaginary unit one

derives
) ' A3/2 /N . A3/2\/N . .
[z,p;] = ;lg(l) <4 [fia%‘]) = ;g% <2 [—dker + € i fi] (3.13)
= ié;-[ + /{126 €' ik(Axy) = id;[,
and

I is thus a central element of the contracted algebra and can be taken to be the identity
operator. Finally, the only non-vanishing associator after contraction is that of three
coordinates

Ui £, fr] = —dener = [:cxﬂxﬂ — NékT | (3.15)

Now by replacing Ne* with R7* we see that the contracted algebra is indeed the string
theory R-flux algebra (3.7).

- 11 -



3.3 The M-theory R-flux algebra

Given that the non-associative string R-flux algebra is recovered by a contraction of the
Malcev algebra of imaginary octonions, it is natural to ask what, if any, role the full
uncontracted algebra of imaginary octonions plays. Here we propose that it gives the
uplift of the string R-flux algebra to M-theory. That is, we conjecture that M-theory with
locally non-geometric flux also has a non-associative structure which for four-dimensional
backgrounds is given by the Malcev algebra of imaginary octonions as we will make precise
in section 3.3.2.

First we wish to address how one can identify the seven imaginary octonions e;, f; and
e7 with the phase space of membranes moving in a four-dimensional M-theory background.
Naively, this is not possible as one would expect the phase space to be eight-dimensional.
However, we will now show that the phase space for locally non-geometric backgrounds is
indeed seven-dimensional, providing evidence for our conjecture.

3.3.1 A lack of momentum

Let us consider the toy model discussed in section 2.2 where a locally non-geometric M-
theory background is obtained by U-duality from a twisted torus. We will show that in this
case the locally non-geometric background is “missing” a momentum mode, and this allows
us to identify the seven imaginary octonions with the phase space variables, consisting of
four coordinates X“ and three momenta P;.

Under U-duality momentum modes are exchanged with wrapping numbers, which are
classified by homology. As a result, the homology of the twisted torus also determines
the possible momenta of the R-flux background. A “missing” cycle in the homology —
compared to a toroidal background — implies that the dual background is missing a mo-
mentum mode, compared to naive expectations. This phenomenon occurs for the M-theory
twisted torus and its dual locally non-geometric background as we will now explain.

3

Under U-duality along the 2, 23, 2% directions, the following wrapping numbers of

the twisted torus, where they exist, become momenta of the R-flux background
W2 — Py, W — P, W — p,. (3.16)

The twisted background (2.19) is just 7° x S*, where S' is the a*-circle and T is the twisted
torus parameterised by the (2!, 22 23) coordinates. Therefore the 2-cycles corresponding
to W42 and W3% are the tori whose 1-cycles are the z*-cycle and z2-/x3-cycles, respectively,
of the T3. On the other hand, the cycle of W?? corresponds to the (z2z%) 2-cycle of 7.
However, for there to be a wrapping number for these cycles, they need to be homo-
logically non-trivial. We will now see that this is the case for the (z%2?)- and (z3z*)-cycles
but not for the (22x3)-cycles, and so there is no W?? wrapping number. Let us begin by
studying the deRham cohomology of T3. Recall from (2.6) that the globally well-defined

1-forms on T? are

n' =dat — Na3da?, 0 =da?, n® = da’. (3.17)
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None of these are exact but not all three are closed since
dn? =dnp® =0, dn' = Ndz? Ada® # 0. (3.18)

Thus H'! (T3,]R) = R? and is generated by the x?- and x3-cycles so there are wrapping
numbers W42 and W34,

For the second cohomology we could just apply Poincaré duality to see that there is
no (z2z%)-cycle and so H?(T3,R) = R2. Equivalently, we can consider the three globally-
defined two-forms

k2 =t An? =dat Ada?,

kB =nt And =dat Ada® — Nadda® A da? (3.19)

k2 =n? Ant = da® AdaB.
While these are all closed, £23 = ~dn' is exact. So as expected there are only two elements
of the second deRham cohomology, generated by x'? and x!3. There is no (z?23)-cycle and
consequently no wrapping number W23,

The above argument is actually naive because the wrapping numbers take values in the
integer homology groups and these can have torsion parts. In fact H; (T?’, 7) =7>® Ly,
as can be seen from Hurewicz’s theorem for path-connected spaces X, which says

H((X,Z) ~ m%(X), (3.20)

i.e. the integral first homology group is the abelianisation of the fundamental group. Here
this is easily seen to be 7% (T3) = Z2 @ Zy;, see for example [34]. The Z? in this case is
generated by the 22 and 23-cycles so that we still have wrapping numbers W42 and W34,
which are now quantised as expected.?

However, Ho(T3,7) cannot have torsion since 1% is oriented. This follows from the
fact that for any n-dimensional oriented topological space X, H,_1(X,Z) must be torsion-
free. Therefore, the naive deRham cohomology computation is correct in this case. As a
result there is no momentum P; along the z* directions in the dual R-flux background and
this is a key insight to allow us to identify the non-associative R-flux algebra with that of
octonions discussed in section 3.1.

The fact that there is no momentum in the X* direction means that in the appropriate
string theory picture there cannot be DO-branes. Indeed, this agrees with [54] where it is
argued that there are no DO-branes in the string R-flux model because D3-branes cannot
wrap a T2 with H-flux due to the Freed-Witten anomaly. By applying three T-dualities to
the T with H-flux one obtains the string R-flux background and, conversely, DO-branes in
the R-flux backgrounds would be dual to D3-branes on 7% with H-flux which do not exist.
Hence the R-flux background cannot support DO-branes. Our M-theory consideration lead
to the same conclusion if we take the X* direction to be a vanishing circle.

4The torsion part corresponds to the z'-direction and plays a role in string theory compactified on the
twisted torus, as discussed in [34]. There the finite order of windings along the z'-direction, taking values
in Zy, are dual to momenta in the 7 background with H-flux which are only conserved modulo N due to
the B-field.

~13 -



Motivated by our findings for this toy model we postulate that for a general background
with R-flux R*#79° the momenta satisfy the constraints

P,R*P1%P =, (3.21)

which implies that some momentum modes are missing. Indeed, one could more generally
consider dualising a U(1)-fibration with non-vanishing 1st Chern Class in such a way as to
obtain a locally non-geometric background. Because the 1st Chern Class is trivial in the
total space of the U(1)-fibration we again expect a missing momentum mode in the dual
R-flux background.

As discussed above, this lack of momentum implies there can be no DO-branes in the
string theory limit, and this in turn is related to the Freed-Witten anomaly by duality.
This suggests that the M-theory constraint (3.21) may be related to a membrane anomaly
cancellation condition and we would hope that a duality-invariant study of membranes
leads to a constraint of the form of (3.21).

3.3.2 The M-theory R-flux algebra

As we have just shown the phase space of the locally non-geometric background is seven-
dimensional. In light of the contraction to the string algebra, discussed in 3.2, we now
conjecture that for the parabolic model the coordinates and momenta are given in terms
of the imaginary octonions by

| 1 1
Xt = 52\/Nf“ X4 = §i\/ﬁe7, Pz = _iieia (322)
where ¢ = 1,...,3. Here the non-vanishing R-flux is given by (see section 2.2 and ap-
pendix A )
RV = NP1 (3.23)

so that the above parameterisation of the phase space (3.22) satisfies the constraint (3.21).
We will also write the four coordinates as X% = (Xi, X4) witha=1,...,4.

These variables now generate a non-commutative and non-associative algebra with
commutators

(X%, X7] = iNe* Py, (X% XY =iNP",
[P;, Pj] = —ie;x P, [P, X% =X, (3.24)
(X7, P] = i6i X" + i€ X"
and non-vanishing associators

X%, X%, X7] = Nt x5,
[Pia XJ7 X4] = Ne’tjkpk )

(3.25)
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The P; define a Lie subalgebra with vanishing Jacobiators. Throughout we raise and lower
indices with 6,3. This makes sense because the SO(4) subgroup of the Gy automorphism
group of octonions preserves the above split into momenta and coordinates. We rewrite
the algebra in a manifestly SO(4)-invariant manner in appendix C.

We now recognise the combinations Ne®?79 = R4 a5 the R-flux tensor and thus
we write the algebra as

[Xi,Xj] — iR4’ijk4Pk, [X47Xi] _ Z-R4,1234Pi,
[Pi, Pj] = —ieij. P, [P, XY = iX;
(X7, P;] =6 X* + i€l X"
[XQ,XB,XV} — RYeBUX, (3.26)
[pi’Xj’Xk} _ 2R4’12345z[jpk] ’
(P!, X7, X1] = Rbikip,

We see that the algebra is compatible with the form of the R-flux tensor as given by
exceptional field theory [33]. In particular the relationship

[XO‘, x5, X'V} — RYeBUX, (3.27)

is a natural generalisation of (3.7).

The algebra (3.26) given in the form above is expressed in terms of preferred co-
ordinates, where we have broken the diffeomorphism-invariance by solving the missing-
momentum constraint (3.21) explicitly. There is no three-dimensional representation of
SL(4) and hence solving this constraint so that only three momenta survive necessarily
leads to an algebra which is not SL(4)-invariant.

Indeed, the above algebra is invariant under SO(4), as further discussed in C, which
does have a three-dimensional representation. However, this SO(4) group does not act
on the spacetime indices in a consistent way since it treats X“ as a vector while leaving
RY¢B70 — €257 ipvariant. It is not clear to us whether this SO(4) symmetry is physical.
One should also note that the algebra (3.26) is not invariant under SL(3) either but that
this symmetry is restored upon contraction as we have seen in section 3.2.

We have used dualities to justify our conjectured constraint (3.21) which produces a
seven dimensional phase space. However, it would be nice to understand the constraint
in an appropriate mathematical framework, given its unusual feature of producing an
odd-dimensional phase space. For example, one may wonder whether there is a way of
implementing the constraint (3.21) in a covariant manner, say by some form of “Nambu-
Dirac bracket” which implements the phase space constraint while still violating the Jacobi
identity. This presumably should allow us to rewrite (3.26) in a manifestly diffeomorphism-
invariant manner where indices are not raised or lowered by d,5. It would then be inter-
esting to see how such a Nambu-Dirac bracket reduces the phase-space dimension by an
odd number and what the corresponding notion of first- and second-class constraints are.
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We also note that there are two kinds of modifications of the phase space algebra
compared to the flat-space case

[Xa,Xﬁ] — [Pa, P35l =0,  [X% Pyl =id§. (3.28)

One is proportional to R*#7 and increases as N increases, while the other modification
is independent of N (though of course requires N # 0). While the first modification is
linear in the flux and survives the contraction process, the second modification is due to the
fact that there is a missing momentum mode and will not survive the contraction process.
Finally, let us note that both of these modifications are necessary in order for the algebra
to be invariant under SO(4).

3.3.3 The dimensionful M-theory algebra

We have seen that the string R-flux algebra can be obtained as a contraction of the algebra
of imaginary octonions and we proposed that the uncontracted algebra of imaginary octo-
nions is the uplift of the R-flux algebra to M-theory. Thus we see that A — 0 plays the role
of going from M-theory to the type IIA string by taking the limit of weak string coupling
gs — 0 or equivalently the limit of vanishing radius of the 11th direction R;; — 0. Hence it
is natural to identify the contraction parameter A\ with the string coupling constant, with
gs — 0 as A = 0. However, there may not be a simple polynomial relationship between A
and gs. Instead A\ may approach a finite value as gs — oo.

Now we can finally go back to uncontracted algebra (3.26) and introduce A, as follows
from the contraction (3.9) and (3.10). We conjecture A to be related to the string coupling
constant gs as discussed above, with A — 0 as g; — 0. Furthermore we also want to
re-introduce A and string length [ at their relevant positions. This involves defining the
positions and momenta in terms of the imaginary octonions as

o 1 1
X' = §i\/ﬁl§/2)\1/2fi, Xt = §¢Wz§/2A3/2e7, Pl = —CiliXe; . (3.29)

Then the full non-associative M-theory algebra takes the following final form:

[P, Pj] = —i\heijp P (X P] = iNhX;,
[Xi,Xj] _ ing;,z’jMPk’ [X47Xi] _ M£R4,1234Pi7
(X7, Pj] = ihdi X" + idhe' jp X*
[XO‘ X5 XV} = BRAeBI X
[B,Xj ,X’f} — QN3 RA123451 pH]. (3.30)
[P, X7, X" = NIERYM P

[Py, Pj, Xi] = =N RPeiju Xt + 2A0%6,; X,
[P, Pj, Xa] = N W€ X
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As shown before, in the limit A — 0 (i.e. gs — 0) this M-theory algebra correctly reduces
to the string R-flux algebra. While we do not know the precise relationship between A and
gs, we speculate that A has a finite value as g5 — 0o so that the above algebra could still

be made sense of in the strong-coupling regime.®

4 Discussion

In this paper, we have shown how the non-associative phase space algebra for string R-flux
backgrounds can be obtained by a contraction of the imaginary octonions. We further
proposed that the full uncontracted algebra of imaginary octonions provides an uplift of
the R-flux algebra to M-theory. We thus conjecture that locally non-geometric M-theory
backgrounds also exhibit non-associativity amongst their coordinates.

We then showed using a four-dimensional background which is dual to a twisted torus
and serves as a toy-model for a locally non-geometric M-theory background that there is
a missing momentum mode. As a result, the phase space is indeed seven-dimensional and
substantiates our non-associative proposal for M-theory. The algebra, as we have written
it, is not invariant under diffeomorphisms, because of the lack of the momentum mode.

A crucial aspect of our proposal is the missing momentum mode for the locally non-
geometric background which we proposed can in general be implemented as a constraint
on phase space of the form

RePYPp, — 0. (4.1)

This arises because the dual background, the twisted torus, is not a torus. The missing
momentum is also related by duality to the Freed-Witten anomaly. We hope that this
constraint can be recovered in this way from a duality-invariant study of membranes,
although the M-theory lift of the Freed-Witten anomaly is very subtle [55].

It would also be interesting to understand if the missing momentum constraint can
be imposed in a covariant manner by some form of “Nambu-Dirac bracket”, and how this
leads to the unusual feature of producing an odd-dimensional phase space. We also hope
that this would lead to a diffeomorphism-invariant form of the non-associative algebra we
propose (3.30).

A natural question arising out of this work is how the algebra given above generalises to
higher dimensions. In this context we should note that the 27-dimensional auxiliary space
of double field theory relevant to supergravity in five-dimensions can be identified with the
generalised space-time coordinatised by the exceptional Jordan algebra over split octonions.
The generalised diffeomorphism group of this generalised space-time is the exceptional
group Ejg) which is the U-duality group of five-dimensional maximal supergravity. Due

50ne may wonder how one should define non-geometric fluxes in a non-compact setting, where the usual
picture of a U-duality valued monodromy fails. We note that one could consider the duality with the twisted
torus as a definition. A careful analysis shows that the value of Q%% remains finite in the limit that the
volume of the dual twisted torus is taken to vanish. Q%" is in fact independent of the dual volume.

5The concept of generalised space-times coordinatised by Jordan algebras was introduced in the early
days of space-time supersymmetry [56]. For the explicit construction of the symmetry groups defined over
the split exceptional Jordan algebra we refer to [30, 57] and the references therein.
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to intrinsic non-associativity of the exceptional Jordan algebra we expect the corresponding
non-geometric phases of the uplift to M-theory to describe the extensions of the results of
this paper.

Finally, we believe that the missing momentum we observe also clarifies the meaning
of the doubled and extended coordinates in double and exceptional field theory, especially
when the background is not a torus. In the original work of Hull and Zwiebach [58] the
doubled coordinate space was understood as dual to the momenta and winding modes of
strings propagating on a torus. With this interpretation it is not immediately clear what
the “extra” coordinates mean when the background is topologically not a torus.

Here we propose that the coordinates are not necessarily linked to the topology of
the background. Instead one can, in double field theory, view them as constants of inte-
gration of independent left/right-movers of the worldsheet CFT. We also expect that a
similar interpretation of extended coordinates of exceptional field theory will arise from an
appropriate quantum theory.

With this interpretation there is a dual background parameterised by the extra coordi-
nates, and as we have explained, if the original background is not a torus, then its dual will
in general have missing momentum modes. A similar effect has also been observed when
dualising along an isometry which has singular points [59]. There, it was argued that the
dual background to flat space is a singular throat which has no normalisable momentum
modes, but does have winding modes. The effect we observe here is similar in spirit, but
occurs for non-singular, albeit locally non-geometric backgrounds.
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A Non-geometric fluxes

In this appendix we wish to summarise some of the relevant features of non-geometric
backgrounds, mostly as discussed in [38—42, 60] for string theory and [33] for M-theory.

A.1 R-flux in string theory

Locally non-geometric backgrounds in string theory can be characterised by a tensor R™7*,
which measures the so-called R-flux. It can also be seen as a component of the embedding
tensor of gauged supergravities [61-63]. In order to define it as a spacetime tensor, it is
important to understand how the supergravity fields of the “non-geometric frame”, g;; and
B4 transform under spacetime diffeomorphisms [40, 41]. We also wish to highlight that the
non-geometric frame can be understood in terms of Lie algebroids as discussed in [42, 60].
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Transformation under spacetime diffeomorphisms: recall that the generalised met-
ric in “non-geometric frame” (i.e. in terms of g;; and 8%) takes the form [38, 39].

y . Rkj
Gij 9ik8
M = : g . ], Al
1 (—ﬁ’kgkj 9”-5”“%15”) (A1)

where I = 1,...,2D denote O(D, D) indices. Now consider the generalised Lie deriva-
tive [58]
LoVt =ulo vl —v7o,ul + !By v7ogut, (A.2)

which is the O(D, D) extension of the standard Lie derivative. U and V are O(D, D)
vectors, e.g. Ul = <§i, é) consists of a vector piece and a 1-form piece. If we act with the
generalised Lie derivative on the generalised metric My we can read off the transformation
rules for g;; and % with respect to the symmetries generated by a vector, &%, and a 1-form,
g}-. The symmetries generated by &' are spacetime diffeomorphisms while those generated
by §~Z are a sort of gauge symmetry. We will completely ignore the latter and focus on
just the spacetime diffeomorphisms generated by ¢°. We find [39, 40] that g;; and (%
transform as

0¢gij = Legij = £"0kgij + 291:0,€" , (A3)
8¢ = Lefi — 20l '

where
Lef9 = ¢koppi — 2pM gyt (A.4)

is the tensorial action of the spacetime Lie derivative on 3%,

Before moving on, we should highlight that the algebra of generalised diffeomorphisms
closes only subject to the “section condition” or “strong constraint” of double field the-
ory [58], which says that for all fields f, g

0 orfo;9=0ifd'g+ 0 foig=0, n'Mo9,f=0. (A.5)

IJ O 51]
= . A6
n < 5, 0 ) (A.6)

Improved dual derivative: looking at &' one can see that it is not a good derivative.

Here

is the flat O(D, D) metric.

This means in particular that
558%0 7& Lgazgo . (A?)

Instead one finds
5¢0'p = Led'p + 0'€ 050 + 07 00;E" . (A.8)

However, one can define an improved derivative using 8%

3%0 = 5% + Bijajcp, (A.9)
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and this transforms as
5ed'p = Led'p + €100 + 0,8 . (A.10)

The anomalous terms vanish by the “strong constraint” (or section condition). Note
something nice about the improved winding derivative is that it also satisfies the strong

constraint

0 f0lg+ ' fdig=0. (A.11)
However, we will not make use of this here.

R-flux as a spacetime tensor: now consider the following derivatives of 3%, called the
R-flux tensor,
Rk = 39l gikl (A.12)

This transforms as a spacetime tensor as can easily be seen by computing its variation
under spacetime diffeomorphisms. Begin with

= Led' g7k — 281k 5,0llel) — 25mmglk g, o167 — 2503 R 4 28 9,0l €M '

where in going to the second line we have identified the first tree terms of the first line as
the standard Lie derivative of 9?87%. If we now antisymmetrise over i, j, k we the second
and final term will cancel, while the third and fourth term will both vanish because of
symmetry of the derivatives 9;0;) = 0 and dligil = 0. Hence we find

0¢ RI* = LeRY%. (A.14)

Although it looks as if we did not have to use the section condition, we did use it in order
for the index on the dual derivative 9° to transform as a vector, exactly as in (A.10).

A.2 Locally non-geometric R-flux in M-theory
Here we review and summarise the relevant results of [33].

Transformations and improved winding derivative: the M-theory generalisation is
very similar and we will not give details for the analogous steps. The detailed calculation
is given in [33]. In the “non-geometric frame” where we have fields g,5 and Q%7 we have

SeGap = Legag,  6:0°P7 = LeQoPr — 39l0Be] (A.15)

where L¢ denotes the usual spacetime Lie derivative and 9P denotes the dual derivative.
Completely analogously to the string theory case, the dual derivative is not a good object
because

507 # Led™Pp, (A.16)
for a scalar ¢. However, we can define an improved dual derivative
o =5+ 0,0, (A.17)

which does transform covariantly.
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M-theory R-flux: we now wish to generalise (A.12) using the dual derivatives 9% (or
their improved version 0*?) and the trivector Q7. It is clear that the R-flux cannot be

ROP1OP L 55leB el (A.18)
since o, 8 = 1,...,4 and so this vanishes identically. However, the following object is a
spacetime tensor.

RB00 — 45018 000] (A.19)

and is the generalisation of the R-flux for M-theory. To show this, first note that the
section condition is now [64]

a[abfacd}g - 8[abacd}g =0, (AQO)
where a,b =1,...,5 and 04 = |4 are the 10 generalised derivatives. In particular, the
spacetime derivative is
Oq = Ous , (A.21)
and the dual derivative is
ges — Leassg A.22
- 56 757 ( . )

where €% = +1 is the alternating tensor density. Thus, the section condition means in
particular that
§lod pipdly — flasgnsly _ . (A.23)

Now consider
5e0PQP = [ 5P — 3qplorhleBly ¢ _ 35asghdcr]
= Le0PQ% — 3001rdledlg, el — qrleqlabaly g ¢ — 3998 9hocr]
— 3097 9,900 ¢rl (A.24)
— ngaﬁgvép _ 3Q0[505|a6|50_5ﬂ _ 39%65[%53050] _ 35@65[75601
—3QoBq g, 9.¢70
When we antisymmetrise over 5vydp, the second and third anomalous terms become

— 3Q0BrglelBy el _ 300alBgiig erl o Qolirgelg el = ¢, (A.25)

where we have used the fact that o, = 1,...,4 and so an antisymmetrisation over 5
indices vanishes. Similarly, the fourth anomalous term becomes

. 35a[6575£p] o 5[@55755,0] =0. (A.26)

This relies on the fact that 9*°97° is symmetric on the interchange of derivatives. Similarly
the final term vanishes upon the appropriate antisymmetrisation since

QoI 9, 0.¢7 oc Q710BQIT G 5, ¢71 = 0. (A.27)

Hence
501 Q0L — [ HelPQorl (A.28)

and RP10P = 49218 (97] is a spacetime tensor.
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A.3 Generalised vielbein of Q-flux background

As noted in [38, 41] the geometric frame is not globally well-defined for a non-geometric
background. In the toy model given this can be seen immediately by studying the gener-
alised vielbein.

The vielbein can be written in terms of the geometric frame variables as

_ iR i
E[I _ (61 BZje z) ’ (A‘29)

i
0 €

or in terms of the non-geometric frame variables as

_ i 0
B = 5 " A.
I (ﬁuejl 61‘-> ) ( 30)

(2

where I = 1,...,2D are the O(D, D) indices, e; is the vielbein of the spacetime metric,
B;; is the Kalb-Ramond form and B4 is the aforementioned bivector.”

If we now revisit the twisted torus, we can use the globally well-defined 1-forms
n',n? n3 of (2.6) to write the generalised vielbein of the twisted torus as

1 00000
—Nz310000
7 0 01000
ETTYy A _ A.31
( )A 0 00100]° ( )
0 00010
0 00001

where the superscript “T7T” stands for twisted torus. This generalised vielbein is glob-

ally well-defined since the space is parallelisable (and generalised parallelisable). After

2

the duality 72 along the direction z? we obtain the generalised vielbein for the Q-flux

background
1 00000
0 10000
7 0 01000
ER) A . A.32
( )A 0 00100 ( )
—Nz300010
0 00001

We can now immediately see that the parameterisation with the bivector is globally well-
defined and from (2.13) we find Q3% = N.

"One can also consider more general parameterisations of the generalised vielbein including both B and
3 but we will not need to consider this for our purposes.
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Figure 1. Multiplication table of imaginary units of real octonions Q. The three imaginary units
on each side, height and circle correspond to the imaginary units of a quaternion subalgebra. The
arrows represent the positive directions for multiplication, e.g. ejes = —ese; = ez and eges =
—egeg = ey, ete. ..

B Octonions, Malcev algebras and their deformations

B.1 Octonions, their multiplication table and quaternion subalgebras

A composition algebra A is a finite-dimensional algebra with identity that is endowed with
a quadratic norm () that satisfies the property

QXY)=Q(X)Q(Y) V X,Y €A. (B.1)

If every non-zero element has an inverse in the algebra A it is called a division algebra.
There exist four composition algebras over the field of real numbers, namely the real num-
bers R, complex numbers C , quaternions H and octonions @. The division algebra of real
octonions O is a non-commutative and non-associative algebra with seven imaginary units
ea(A,B=1,...,7) that satisfy

eaeB = —0AB +NABC €C , (B.2)

where napc are the completely anti-symmetric structure constants. The non-vanishing
components of n4pc, in the conventions of [52], are given by

napc = 1 <= (ABC) = (123), (516), (624), (435), (471), (572), (673), (B.3)

and cyclic permutations thereof. The multiplication table can be conveniently represented
as in figure 1, where the three imaginary units along each side, each perpendicular and
the units e, e2 and es along the circle belong to a quaternion subalgebra which is non-
commutative, but associative.

The associator of any three elements X, Y and Z of O is defined as

(X,Y,Z] = (XY)Z - X(YZ), (B.4)
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which satisfies
(XY, Z]=[Z2,X,Y|=[Y,Z,X]|=-[V, X, Z]. (B.5)

An octonion can be represented as a pair of quaternions as follows
X =Xo+Xpeq = (XU + Xlel) + 67(X7 -+ X(i+3)€i) , (BG)

where ¢, j = 1,2,3 and we used the fact that e(;,3) = ere;. Its automorphism group is the
exceptional group G2 and the invariance group of the norm defined as

QX)=XX = X2+ X,X4, (B.7)

is SO(8), where the conjugate octonion X is obtained by replacing all the imaginary units
e4 by their negatives
X = Xo— Xaeq. (B.8)

A real octonion X can be written as a pair of quaternions as follows:
X =X+ Xie; + 67(X7 + Xi+3€i) , (Bg)

where ¢; (i = 1,2,3) are the imaginary units of a quaternion subalgebra. Split octonions
09 on the other hand do not form a division algebra. A split octonion X*® can be expanded
as follows [52]

X% = Xo+ Xie; +ier(X7 + Xipsei) = Xo + Xie; +ier +ieir3Xit3, (B.10)
where ¢ is an imaginary unit that commutes with e4. The norm of split octonion X* is
given by

Q(X®) = X*X® = X3+ X{+ X5+ X3 — (X7 + X2+ X3+ X?), (B.11)

where X°® = Xg — X;e; — ie7(X7 + X;13¢;) and whose invariance group is SO(4,4). The
automorphism group of split octonions @7 is the noncompact split Gy(2) with the maximal
compact subgroup SO(4).

B.2 Octonions and Malcev algebras
A Malcev algebra is an algebra with an anti-symmetric product
axb=—-bxa,
that satisfies the Malcev identity
(axb)*x(a*xc)=((axb)xc)xa+ ((b*xc)*a)*xa+ ((cxa)xa)*b.
The Malcev identity can be rewritten in the form
J(a,b,axc) = J(a,b,c)xa,
where J(a, b, c) is the Jacobiator
J(a,b,c) = ((axb)xc)+ ((cxa)xb) + ((b*xc)*a).

The imaginary units e4 of octonions form a simple Malcev algebra under the commu-
tator product
eqsxep = lea,ep|. (B.12)
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C SO(4)-invariance of the locally non-geometric M-theory algebra

Upon first seeing the algebra (3.30) one may wonder why it is not invariant under GL(4),
just as the string R-flux algebra is invariant under GL(3). This would normally be inter-
preted as “coordinate invariance”. However, for the M-theory R-flux background there is
a preferred coordinate choice where X* is singled out as the coordinate with no dual mo-
mentum. This can be seen from the M-theory R-flux tensor which transforms as a vector
under GL(4) and thus breaks the GL(4) symmetry.

However, there is a three-dimensional representation of SO(4) and under SO(4) ~
SU(2) x SU(2)/Zs the coordinates transform in the (2, 2) representation of SU(2) x SU(2)
while the momenta transform in the (3, 1) representation. We can thus write the algebra
in a manifestly SO(4)-invariant way, as we will now do.® It is important to note that
the SO(4) symmetry does not act consistently on RYBY9P gince it leaves R%*F10 = 679

invariant.

C.1 SO(4) ~ SU(2) x SU(2)/Z2 conventions
We begin by introducing the SO(4) gamma matrices

rerd) = gy, plepd) = sofy (C.1)
where
(Fa)ai) = (_Z.O-Za l)ai) ; (02)
and . .
(f‘a)ab = bl (1), = (io", l)ab . (C.3)

Here a = 1,2 are SU(2); indices, @ = 1,2 are SU(2)p indices, o are the Pauli matrices

) () ) e

and 1 denotes the 2 x 2 unit matrix.

We use these gamma matrices to map the 4 of SO(4) to the (2,2) of SU(2) x SU(2).

O = —

. _ : 1 . _ .
X% — (T)" X%, X,;=Ta),; X%, X%= §(ra)abxbaz (T X3 . (C.5)

Similarly we can write the momenta, which transform in the (3,1), as

Pl = (i), MY P, P =_(TY),, ()P, (C.6)

DN | =

with P,% = 0.
Raising and lowering indices is done with the SU(2)-invariant tensors €4, and €;, where
we use the convention that

Py = P.fey,  P®=¢e*pl, (C.7)

8 Alternatively, and equivalently, one could make the SO(4)-invariance manifest by identifying the three
momenta with self-dual two-forms of SO(4) but here we prefer to work with SU(2) x SU(2).
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For calculations the completeness relation for the gamma matrices

(Ta)™ (0%),4 = 28%7, (C.8)
and
260‘5’75 = tr (FaFﬁFhf‘(ﬂ) + 4504[756}6 ) (Cg)
are useful.

C.2 The SO(4)-invariant non-associative algebra

Using the conventions outlined above we can write the commutators of (3.30) as

(Pt P = ~2in (R C6Y) - PoY)

[Pt Xee| = 2ih <5£Xac- - ;63X0é> , (C.10)
2iNI3

[Xaa, X)) = =—7—"€Fab

and the associators as

1
[Pab,ch-,de —ANT3e,; (ea(CPd)b . 2(52Pdc> ,

]
)

[Xais Xyjs Xee] = ANE (Xpgseyjgeae + Xaacpene)

[Pab7 Pcd7 Xee —A4R? (Gacéngd)é + 6bdee(a‘)(c)é) )

(C.11)

rb.Pi PS|=0.
| ]

Up to the overall coefficients, the right-hand-sides of these equations are uniquely fixed by
requiring SU(2) x SU(2) invariance.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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