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1 Introduction

The Cachazo-He-Yuang representation (CHY representation) of tree-level amplitudes is
based on the solutions of the scattering equations. The scattering equations are a set of
algebraic equations, which associate to the n momentum vectors of a scattering event (n —
3)! inequivalent n-tuples of complex numbers z = (z1,..., z,). These scattering equations
have been studied in a series of papers by Cachazo, He and Yuang [1-7]. It is remarkable,
that tree amplitudes for gluons (spin 1) or gravitons (spin 2) can be expressed elegantly
either as a contour integral localised at the zeros of the scattering equations or equivalently
as a sum over the (n — 3)! inequivalent solutions of the scattering equations. The essential



ingredients for the gluon amplitudes are the Parke-Taylor factor C(w, z), defining the cyclic
order and a permutation invariant function E(z,p,e), containing the information on the
helicities of the external particles. In the gluon case, the permutation invariant function
E(z,p,e) can be written as a (reduced) Pfaffian. The CHY representation has triggered
significant interest in the community [8-22]. In addition, there are interesting connections
with string theory [23-30] and gravity [31-36].

The CHY representation of the tree-level gluon amplitudes separates information: The
Parke-Taylor factor does not depend on the helicities of the external particles, the permu-
tation invariant function does not depend on the ordering of the external particles. We may
ask, if this separation of information exists for other cyclic ordered amplitudes. It is known
that this is the case for tree amplitudes in A/ = 4 super-Yang-Mills theories (SYM) and for
tree amplitudes in QCD with one massless quark-anti-quark pair and an arbitrary number
of gluons [14]. These amplitudes satisfy as the pure gluon amplitudes cyclic invariance, the
Kleiss-Kuijf relations [37] and the Bern-Carrasco-Johansson relations (BCJ relations) [38].
These relations among amplitudes with different cyclic order are encoded within the CHY
representation in the Parke-Taylor factor. As a consequence, amplitudes in N' = 4 SYM
and QCD amplitudes with one quark-anti-quark pair have a CHY representation with the
same Parke-Taylor factor C'(w, z) and a modified permutation invariant function E (z,p,€).
The situation is more complicated for tree-level primitive QCD amplitudes with more than
one quark-anti-quark pair. These amplitudes do not satisfy the full set of BCJ relations
and the cyclic order can therefore not be represented by the standard Parke-Taylor factor.
These amplitudes will require in addition to the generalisation E (z,p, ) of the permutation
invariant function a generalisation é(w, z) of the standard Parke-Taylor factor. For the
simplest case of the QCD tree-level four-point amplitude A4(q, ¢, 7, ¢') with two quark-anti-
quark pairs this has been discussed in [14]. However, what is still missing is a treatment
of an arbitrary tree-level primitive QCD amplitude. In order to construct a CHY repre-
sentation for these amplitudes, we need to know the relations among the amplitudes with
different external orderings. Quite recently it was discovered that tree-level primitive QCD
amplitude satisfy apart from some well-known “no-crossed-fermion-lines”-relations a well-
described restricted set of fundamental BCJ relations. This was first conjectured in [39]
and subsequently proven in [40]. Equipped with this information one may first construct a
minimal basis for the amplitudes, and as the number of the elements of the minimal basis
never exceeds (n — 3)! construct a CHY representation. This is the content of this paper.

In this paper we show that all tree-level primitive QCD amplitudes have a representa-
tion of the form

A (w,pye) = W,’/ng [1'6(azp) Clw,2) Ezpe), (L)

or equivalently

Ay (w,p,e) =1 Z J (z(j),p) C <w,z(j)> E (z(j),p, 5). (1.2)

solutions j

The precise definition of all quantities will be given later on in the main text: The argu-
ments of the amplitudes on the left-hand side will be defined in section 2.1, the integral



measure of eq. (1.1) will be defined in section 4 and the Jacobian factor J(z,p) appearing
in eq. (1.2) will be defined in section 3.3. Central to this paper are the generalised cyclic
factor é(w,z) and the generalised permutation invariant function E (z,p,€), which will
treated in section 4.2 and section 4.3, respectively.

Note that tree-level amplitudes in any theory defined by a Lagrangian can be computed
easily by a variety of methods (Feynman diagrams, Berends-Giele recursion relations [41],
BCFW-recursion relations [42]) and can be considered as known quantities. The purpose
of this paper is to show that these quantities have a representation in the form of eq. (1.1)
or eq. (1.2) and to provide a definition of the generalised cyclic factor C(w,z) and the
generalised permutation invariant function E(z,p,s). The virtue of a representation in
the form of eq. (1.1) or eq. (1.2) lies in the fact that it separates the information on the
external ordering (contained in the generalised cyclic factor C(w, z)) from the information
on the helicities of the external particles (contained in the generalised permutation invariant
function E(z,p, £)).

Our construction relies on one conjecture. The conjecture is stated in eq. (4.40). In
simple terms, the conjecture says that the external orderings of a minimal amplitude basis
for ny > 0 remain linearly independent, when viewed as the external orderings of the pure
gluonic (n, = 0) amplitudes. We have verified this conjecture for all amplitudes up to
10 points.

This paper is organised as follows: In section 2 we review basic facts about tree-
level primitive QCD amplitudes. It will be convenient to introduce words and shuffle
algebras. We summarise the relations among the primitive amplitudes and define a basis
of primitive amplitudes. In section 3 we introduce the scattering equations. Since we
are interested in primitive QCD amplitudes with massless or massive quarks, we present
the extension of the scattering equations to the massive case for QCD amplitudes. In this
section we also define the Jacobian J(z,p). Section 4 contains the main result of this paper.
We define the generalised cyclic factor C (w, z) and the generalised permutation invariant
function F (z,p,€). We then prove that with these definitions all tree-level primitive QCD
amplitudes agree with the CHY representation. In order to illustrate our approach, we
work out in section 5 a non-trivial example. Finally, section 6 contains our conclusions.
In an appendix we collected a few technical details: The proof of an equation allowing
the orientation of fermion lines (appendix A), the explicit expressions of the coefficients
appearing in the general BCJ relation (appendix B) and a proof that a weaker statement
is sufficient to prove the above-mentioned conjecture (appendix C).

2 Tree-level primitive QCD amplitudes

In this section we introduce our notation. We define words and shuffle algebras and review
the various relations among primitive amplitudes. Dyck words are a convenient tool to
label amplitudes with several quark-anti-quark pairs. At the end of this section we present
a minimal amplitude basis.



2.1 Basic definitions

Let us consider a tree-level primitive QCD amplitude with n external particles, out of which
ng particles are quarks, n, particles are anti-quarks and n, particles are gluons [43, 44].
We have the obvious relation

n = ng+ 2n,. (2.1)

Without loss of generality we may assume that all quarks have different flavours. The
quarks may be massless or massive. We label the quarks by ¢1,¢2, ..., qn,, the correspond-
ing anti-quarks by q1, 2, - - ., qn,, and the gluons by g1, g2, ..., gn,. We call the set

A= {QDQZV' . 7anaqla(j?""aqnq7.915927"'7gng} (22)

an alphabet and the elements of this set letters. Ordered sequences of letters are called

words:
w = l1l2 e ln. (2.3)

We are in particular interested in words with n letters, such that every letter from the
alphabet occurs exactly once. We denote the set of these words by

W():{lllg...ln‘lz‘EA,li#ljfori#j}. (2.4)

The set Wy has n! elements and each element of Wy can be considered as a permutation
of the n letters of the alphabet A. For later purpose we define the reversed word w’ by

wl =1,...1l. (2.5)

The word of length zero is denoted by e. The words from an alphabet form an algebra.
The shuffie product LU of two words wy = l1la.. .l and we = lj41 ..., is defined by

lily ...l W lk—i—l sy = Z la(l)la(Q) .. la(’/‘)v (26)
shuffles o
where the sum runs over all permutations o, which preserve the relative order of l1,lo, ..., [;
and of lgy1,...,l,. The shuffle product is commutative and associative:

wy W w2 = wo W wy,

(w1 L ’wg) Lwsg = wp LW (’u)g L w3) . (27)

The name “ordered permutations” is also used for the shuffle product. The empty word e
is the unit in this algebra:

eWw=wle=w. (2.8)

We can use the words w € Wy to encode the order of the external particles of tree-level
primitive QCD amplitudes and we will write

Ay (w) or Ay (Lily ... 1) (2.9)



for such an amplitude. The external momenta for this amplitude are denoted by p1, po,

.+, Pn- The n-tuple of external momenta will be denoted by p = (p1,...,pn). In a similar
way we will denote the n-tuple of external polarisations by €. The external polarisations
are given by polarisation vectors ¢; for external gluons, spinors #; for out-going fermions
and spinors v; for out-going anti-fermions. For simplicity we will assume all particles to be
out-going. We will write

Ay (w,p, ) (2.10)

if we would like to emphasize that the primitive amplitude depends apart from the external
ordering w also on the external momenta p and the polarisations . In situations, where the
main focus is on the dependence on w, we will simply write A, (w) as in eq. (2.9). It will
be convenient to introduce the following notation: If Aj, Ao are numbers and wi,ws € Wy
words, we write

A, ()\1’(01 + )\Q’wg) (2.11)
for
MA, (wl) + XA, (w2) . (2.12)

In other words, we take A, as a linear operator on the vector space of words with basis
Wo. We will use this notation as a convenient way to express relations among primitive
amplitudes.

2.2 Relations among primitive amplitudes

The primitive amplitudes are cyclic invariant:
Ap (Lily . ly) = Ap (o lnlh) . (2.13)

eq. (2.13) is a first (and trivial) example of relations among primitive amplitudes with
different external ordering. There are more relations among primitive amplitudes. A
further example are the Kleiss-Kuijf relations [37]. Let

w1 = laylay -+ laj, w2=1lglg,...lg,_,_; (2.14)
be two sub-words, such that
Ly Udlay, 5 la 3 Ul 5l o UL} = {l1, .-, In}- (2.15)
Then
Ap (Llay - doglalgy g, o) = (D)" 27 A, (L (wiwwd)l, ). (2.16)

We recall that w”! denotes the reversed word, defined in eq. (2.5), the symbol (U denotes the
shuffle product, defined in eq. (2.6) and we used the notation of eq. (2.11). The Kleiss-Kuijf
relations in eq. (2.16) allow us to fix two legs at specified positions.



A special case of the Kleiss-Kuijf relation is the case, where w; is the empty word. In
this case the Kleiss-Kuijf relation reduces to the reflection identity for primitive amplitudes

A, (w) = (=1)" 4, (w?). (2.17)

A second special case is given for the situation, where the set 8 contains only one element.
In this case the Kleiss-Kuijf relation reduces to the U(1)-decoupling identity

> An(loloy - loy_yln) =0, (2.18)

OELp—1

where the sum is over the cyclic permutations of the first (n — 1) arguments.

For amplitudes with more than one quark line (n, > 1) there are some trivial relations
related to the fact that primitive amplitudes cannot have crossed fermion lines. Tree-
level primitive amplitudes have a fixed cyclic order and all Feynman diagrams contributing
to such an amplitude can be drawn in a planar way on a disc. If the amplitude has
crossed fermion lines the diagrams can only be drawn in a planar way with flavour-changing
currents. However, in QCD there are no flavour-changing currents and these amplitudes

are zero. Thus we have the relations:

An(qij(qu,) = An(ql(j](qu]) = 0. (2.19)

For amplitudes with at least one gluon there are further relations. Let us assume that
particle 2 is a gluon:

Iy = g, ac{l,...,ng}. (2.20)

The fundamental Bern-Carrasco-Johansson relations (BCJ relations) read

n—1 n
S DS 2mop; | An(lals . Lilaligr - 1y 1ln) = 0. (2.21)
i=2 \j=i+1

These relations have first been conjectured for pure gluon amplitudes [38] and proven in
this case in [45-47]. The conjecture was later extended to all tree-level primitive QCD
amplitudes [39] and proven in [40].

Let us summarise: The relations among tree-level primitive QCD amplitudes are

1. Cyclic invariance, stated in eq. (2.13),
2. the Kleiss-Kuijf relations, given in eq. (2.16),
3. the “no-crossed-fermion-lines”-relation in eq. (2.19),

4. the fundamental BCJ relations stated in eq. (2.21).



2.3 Dyck words

Primitive amplitudes with crossed fermion lines vanish. The ones with no crossed fermion
lines may be described by generalised Dyck words [48, 49]. In order to define these gener-

»

alised Dyck let us consider an alphabet consisting of n, distinct opening brackets “(;” and
ng corresponding closing brackets “);”. Closing brackets of type ¢ only match with opening
brackets of type i. A generalised Dyck word is any word from this alphabet with properly
matched brackets. Originally, Dyck did not consider brackets of different types. We will
use the term “Dyck word” if there is only one type of brackets and the term “generalised
Dyck word” in the case of brackets with more than one type. We are mainly interested in
the generalised Dyck words of length 2n,, where every opening and every closing bracket

occurs exactly once. There are

Npyak = ( (2n,)! (2.22)

ng +1)!
words of this type. The opening and the closing brackets of type ¢ may be associated to
the fermion line i. There are two possible orientations for each fermion line, either

¢ = (is @ )i, (2.23)
or
G — (iy ¢ —=)i- (2.24)

We define a standard orientation of the fermion lines by requiring, that every quark cor-
responds to an opening bracket and every anti-quark corresponds to a closing bracket, i.e.
the standard orientation is given for each fermion line by eq. (2.23). This definition is not
cyclic invariant, however we may always use the Kleiss-Kuijf relations to fix particle 1 to
be ¢ and particle n to be ;. Let us define a projection P by

Plg) = G Plg) = e P@) =) (2.25)
We then set
Dyck, = {w e Wy |P(w)is a generalised Dyck word } . (2.26)

This set contains all words without crossed fermion lines and where all fermion lines have
the standard orientation.

It is always possible to reduce an amplitude with an arbitrary orientation of the fermion
lines to the standard orientation of the fermion lines, by just using cyclic invariance, the
Kleiss-Kuijf relations and the “no-crossed-fermion-lines”-relations [48, 49]. In order to see
this, let us assign for amplitudes with no crossed fermion lines a level to each fermion line.
We draw the external order of the particles on the boundary of a disc and we draw on
the disc for each quark-anti-quark-pair a fermion line connecting the anti-quark with the
corresponding quark. With the help of the Kleiss-Kuijf relations we may always put the
quark ¢; at position 1 and the corresponding anti-quark ¢; at position n. We assign level



0 to this fermion line. We assign level 1 to all fermion lines, which are not separated by
another fermion line from the fermion line of level 0. We then iterate this procedure and
we assign level £ to all fermions line, which are not separated by another fermion line from
some fermion line of level (k — 1), and which have not been assigned any level before.

There is an iterative procedure, which allows us to express an amplitude with an ar-
bitrary orientation of the fermion lines as a linear combination of amplitudes with the
standard orientation. This procedure brings first all fermion lines of level 1 into the stan-
dard orientation, then all fermion lines of level 2, etc.. The fermion line of level 0 is trivially
brought into the standard orientation with the help of the Kleiss-Kuijf relations. At level
k consider the amplitude

Ap (k162K G Wk 19 YETi Yk—1) 5 (2.27)

where x;_1, T, Wiy1, Yr and yr_1 are sub-words. We assume that the fermion line g;-g;
is of level (k — 1). This fermion line has already the standard orientation and we assume
that all fermion lines contained in the sub-words x;_1 and y;_1 have already been oriented.
The fermion line g;-g; is of level k£ and has the wrong orientation. The sub-words zj, and
Yy, may contain further fermion lines of level k£ and higher level. The sub-word w1 may
contain fermion lines of level (k + 1) and higher. We are going to orient the fermion line
¢j-q;, respecting the orientations of all fermion lines with level < k. Let us write

T = lillizn-liw Y = ljlljz"'ljs' (2.28)
Then

An (TR 1 G2 GWE1 G YR TG YR—1) =
r s
(—1)|wk+1‘+1 Z Z An (l’k_lqilil - liGij;q+1(jjljb+1 - ljSC_Yiyk—l) R (229)
a=0 b=0

where |wgy1| denotes the length of the sub-word wy; and with

wfﬁ_l = (lia+1 Ce lzr) LU w£+1 L (ljl Ce ljb) . (230)

All fermion lines of wy ,, are of level (k + 1) or higher. We call eq. (2.29) the “fermion
orientation” relations. Note that some amplitudes in eq. (2.29) may be zero due to crossed
fermion lines. This is either the case if a quark-anti-quark pair from x; is split between
li, ... 1l;, and w;€+1 or if a quark-anti-quark pair from y; is split between w;H_l and lj, . ... 1,
We give a proof of eq. (2.29) in appendix A.

2.4 The amplitude basis

The relations among tree-level primitive QCD amplitudes allows us to express all ampli-
tudes for a given set of external particles in terms of a set of basis amplitudes. The size of
this basis is

—-3)!, € {0,1},
Nbasis = { (n ) - " { } (231)
n !



For later purpose we set
Nsolutions = (n - 3)', (232)

(the subscript is a reminder that (n — 3)! is the number of inequivalent solutions of the
scattering equations) and

Npermutations = nl. (233)
Note that
2 -1 2 1
(nqil) = ———05 < 1, for ng > 2, (2.34)
ng! ng (ng —2)!
and therefore we always have
Nbasis < Nsolutions' (2-35)

In order to find a CHY representation for tree-level primitive QCD amplitudes it is essential
that the number of basis amplitudes does not exceed the number of inequivalent solutions
of the scattering equations. Eq. (2.35) shows that this condition is always satisfied.

Let us now describe the amplitude basis for the various cases. For n, = 0 the set of
words corresponding to a possible basis is given by [39]

B = { lllg .. .ln € W() ‘ ll =Ji, ln—l = 0gn—1, ln = 0gn } (2.36)
For ny = 1 we may choose
B = { lily ... 1, € Wy ’ h=q, lh-1=09n-2, ln=0q0 } (237)

For ny > 2 we may choose

B = { hilo...ln € Dyck, |l =q1 loct € {Gve sy }s bn =@ } (2.38)

Let us briefly review how to express an arbitrary amplitude A,(w) with w € Wy as a
linear combination of amplitudes A,(w;) with w; € B, using the relations summarised in
section 2.2.

We first use cyclic invariance as in eq. (2.13) to fix particle 1 to be g; (in the pure
gluonic case ng = 0) or to be ¢; (in the case ny > 1). Let us define a subset W of Wy by

Wl_{{1112---ln€W0Ul_91}7”q_07 (2.39)

{lllg...lnEW()leql},nq21.

The set W7 contains all words, where the first letter has been fixed. We then use the Kleiss-
Kuijf relations in eq. (2.16) to fix particle n to be g, (in the pure gluonic case ny, = 0) or
to be ¢ (in the case ny > 1). We define a subset W5 of W; by

W2:{{lllg...lnewl|ln:gn},nq:0a (2.40)

{l1l2...ln€W1’ln:ql}, anL



The set W5 contains all words, where the first and the last letter have been fixed. If
ng > 2 we then set to zero any amplitude with crossed fermion lines, in accordance with
eq. (2.19). We then use eq. (2.29) to express amplitudes with no crossed fermion lines
in terms of amplitudes with no crossed fermion lines and the standard orientation of the
fermion lines. The standard orientation of the fermion lines has been defined in eq. (2.23).
We define a subset W3 of Ws by

W, . Pa S 2.41
3= {w€W2|w€Dkanq},nq22. (2.41)

The set W3 contains all words, where the first and the last letter have been fixed. In addition
W3 excludes all words, which either correspond to crossed fermion lines or correspond to
a non-standard orientation of the fermion lines. Finally, we use the fundamental BCJ
relation of eq. (2.21) to fix particle (n — 1) to be g,—1 (in the pure gluonic case n, = 0),
to be g,—2 (in the case ny = 1) or to remove any gluon from position (n — 1) (in the case
ng > 2). In the latter case we then have necessarily an anti-quark at position (n — 1), as
we already have chosen the standard orientation. This brings us down to the basis

{l1l2---ln€W3’ln—lzgn—l}7 anO,
B=<¢{lly...ln e W | lp_1=gn-2}, ng =1, (2.42)
{lllg...lnEWgHn71€{62,...,(_7nq}}, ng > 2.

The set B contains all words corresponding to a possible basis, as already stated in
egs. (2.36)—(2.38). We have the inclusions

Wo 2D W12 Wy D W3 2D B. (2.43)

We will use this chain of inclusions for constructions and proofs in this paper.

We already mentioned that we may view A, as a linear operator on the vector space
of words with basis Wj. Let us denote this vector space by V. The dimension of V is
Np
would like to investigate, under which conditions A4,, and fln are identical. This is the case

ermutations = N!. Let us assume, that there is another linear operator A, on V. We

if and only if they agree on all basis vectors of V:

A (w) = Ay (),  Yw e W. (2.44)

However, we further know that there are relations among the A, (w;), and if A, and A,
are identical operators, we must have the same relations among the A, (w;). Therefore it is
sufficient to check that A,, and A,, agree on the smaller set B and to check that the images

Ap(wy) satisfy all the relations of section 2.2. Actually it is sufficient to check, that

1. A, (w) satisfies for all w € Wy cyclic invariance, stated in eq. (2.13).
2. A, (w) satisfies for all w € Wy the Kleiss-Kuijf relations of eq. (2.16).

3. A, (w) satisfies for all w € Wy the “no-crossed-fermion-lines”-relations of eq. (2.19)
and the fermion orientation relations of eq. (2.29).

,10,



4. A, (w) satisfies for all w € W3 the fundamental BCJ relations of eq. (2.21).
5. An(w) agrees for all w € B with A,:

A, (w) = A, (w), YweB. (2.45)

In order to see that these conditions are sufficient let us start with w € B. Condition 5
guarantees that A, (w) agrees with A,(w) on B. Let’s then move to w € W3\B. The
fundamental BCJ relations of condition 4 ensure, that A, (w) may be expressed as a linear
combination of A,(w') with w' € B. The same relation holds for A,(w) with A, (w)
substituted by A,(w) and A,(w’) substituted by A,(w'). Since we already know that
A, (w) agrees with A,(w) on B, we conclude that A, (w) agrees with A,(w) on W3. We
may repeat this argumentation with condition 3 and show that A, (w) agrees with A, (w) on
Wy. Condition 2 allows us then to conclude that they agree on Wi and finally condition 1
ensures that A,(w) agrees with A,(w) on Wj.

3 The scattering equations

In this section we introduce the scattering equations. We first treat the massless case and
proceed afterwards to the massive case. We will also define the Jacobian J(z,p), which we
will need later on.

Let us denote by ®,, the momentum configuration space of n external particles:
@ ={ (01,92 p) € (CM)" [pr+p2 -+ 0o = 0,08, = 0,5 =42, =m? . (3.)

In other words, a n-tuple p = (p1,p2,...,pn) of momentum vectors belongs to ®,, if this

n-tuple satisfies momentum conservation and the mass-shell conditions. For gluons we

2
q;°

massless, in the latter case we have m,, = 0. Note that a quark and an anti-quark of the

have pgj = 0, while for quarks we have pgj = pg-j = m7 .. The quarks may be massive or
same flavour have the same mass.

We further denote by C = CuU{oo}. The space C is equivalent to the complex projective
space CP!. For amplitudes with n external particles we consider the space C". Points in

C™ will be denoted by z = (z1, 22, ..., z,). We use the convention that z without any index
denotes an n-tuple. We set for 1 <7 <n

n
Qp..p._|_2A..
filzp) = Y —H—1 (3.2)
N Zi = Zj
J=1.j#

The quantity A;; will be defined below. Differences like in the denominator will occur often
in this article and we use the abbreviation

Zl'j = Z; — Zj. (3.3)

— 11 —



3.1 The massless case

Let us start our discussion with the massless case, for which
Az = 0. (3.4)
The scattering equations, originally proposed in the massless case, read [3]
fi(z,p) = 0. (3.5)

For a fixed p € ®,, a solution of the scattering equation is a point z € C”, such that the
scattering equations in eq. (3.5) are satisfied.

The scattering equations are invariant under the projective special linear group
PSL(2,C) = SL(2,C)/Zsy. Here, Zy is given by {1,—1}, with 1 denoting the (2 x 2)-unit
matrix. Let

g= (Z Z) € PSL(2,C). (3.6)

Each g € PSL(2,C) acts on a single z; € C as follows:

az; +0b
sz = . 3.7
9= czi +d (3.7)
We further set
g'(zhz%"'azn) = (9'21,9'22,-.-,9'Zn)- (38)
If (21, 22, ..., 2y) is a solution of eq. (3.5), then also (z],25,...,20) =g (21,22,...,2n) IS a

solution. We call two solutions which are related by a PSL(2, C)-transformation equivalent
solutions. We are in particular interested in the set of all inequivalent solutions of the
scattering equations. As shown in [1, 2], there are (n — 3)! different solutions not related
by a PSL(2, C)-transformation. We will denote a solution by

) = (z%j),...,z(j)> (3.9)

and a sum over the (n — 3)! inequivalent solutions by

> (3.10)

solution j

The n scattering equations in eq. (3.5) are not independent, only (n — 3) of them are. The
Mobius invariance implies the relations

ij (z,p) =0, szfj (Z7p) =0, ZZJZJCJ (Z7p) = 0. (311)
=1 j=1 j=1
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3.2 The massive case

The extension of the scattering equations to the massive case has been considered in [11].
In the massive case the scattering equations remain invariant under PSL(2, C) provided

> Ay =mi. (3.12)

J=1j#1

The relations in eq. (3.11) remain valid provided that the quantities A;; satisfy in addition

Let us now consider primitive multi-quark amplitudes with n, quarks, n, anti-quarks and
ng gluons. We may assume that the flavours of all n, quarks are distinct. In this case we
have that to every external quark g, corresponds an external anti-quark ¢, with the same
mass m,. Eq. (3.12) and eq. (3.13) are satisfied if we set

Npia = Dguga = my, (3.14)
and A;; = 0 in all other cases.

Eq. (3.14) is easily understood as follows: The massless scattering equations are valid
in any space-time dimensions. Starting from D = 4 space-time dimensions, let us consider
a theory in D + n, space-time dimensions (one time dimension and (D + n, — 1) spacial
dimensions), where the quark of flavour a carries in the a-th extra dimension a momentum
component my, and the anti-quark of flavour a carries in the a-th extra dimension the
momentum component (—my, ). We take the signature of the metric to be (+, —, —, —,...).

3.3 The Jacobian

Let us define a n x n-matrix ®(z, p) with entries

2pa'Pb2+2Aab a#b
Ofa(z,p Zab ’
@ab (Z7p) = aa(Zb) = - i 2pap]+2Aa] a4 — b (3-15)
P] — 0.
Jj=lj#a @

Let ®7% (2, p) denote the (n — 3) x (n — 3)-matrix, where the rows {i, j, k} and the columns

rst

{r, s, t} have been deleted. We set

2 (=)

rst

det’ @ (z,p) = (—1) HITrFrTstt (3.16)

(Zijzjkzki) (erzstztr) .

With the above sign included, the quantity det’ ®(z,p) is independent of the choice of
{i,j,k} and {r, s,t}. One defines a Jacobian factor by

J(z,p) = W. (3.17)
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4 The CHY representation of tree-level primitive QCD amplitudes
We would like to show that all tree-level primitive QCD amplitudes have a representation
in the form
An(wp.e) = g (T2 60 en) Cw.2) Bepe) (1)
w =—— [ — z w, z z .
n ’p’ (Qﬂ-i)n_?) dw a 7p ) 7p7
or equivalently

Ay (w,pe) =1 Z J (z(j),p) C (w,z(j)> E <z(j),p, E). (4.2)

solutions j

In eq. (4.1) the symbol dw denotes the invariant PSL(2, C) measure

dzpdzedz,

(2p = 2¢) (2q — 21) (2r — 2¢)

dw = (—=1)PHetr (4.3)

and the primed product of delta functions stands for

[T0(fa(zip) = () i=2) (5 —2) (s — 2) [] 6 (falzp),  (44)

ati,jk

taking into account that only (n — 3) scattering equations are independent. The form of
eq. (4.1) or eq. (4.2) can be interpreted as a “factorisation of information”: The information
on the external polarisations enters only through ¢ in E, the information on the external
order only through w in C. The information on the flavours of the external particles enters
E (through &) and C' (through w). The Jacobian .J is defined in eq. (3.17). Under a
PSL(2,C) transformation the Jacobian J transforms as

n

720 = (] (id) 7 (2.p) (4.5)

We require that C' and E transform under PSL(2,C) transformations as

C(w,g-2) = chj—i-d C(w,z),

E (9-2,p,¢€ H (czj + d E (z,p,€). (4.6)

The expression on the right-hand-side of eq. (4.2) is then PSL(2,C) invariant. We further
require that E is gauge-invariant.

It will be convenient to introduce the following short-hand notation: We define a
Npermutations-dimensional vector A,, with components

Ay = A, (w,p,E) 5 (47)
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a Npermutations X Nsolutions-dimensional matrix ij by
ij =J (z(j),p> C (w,z(j)) , (4.8)
and a Ngoutions-dimensional vector Ej by

E'j = F (z(j),p, 5) . (4.9)
Then eq. (4.2) may be written compactly as
Ay =i MyiEj, (4.10)
where a sum over j is understood.

4.1 Normalisation

We may ask if a representation in the form of eq. (4.2) is unique. This is certainly not the
case. We may always multiply C by a non-zero constant A and divide at the same time E
by the same constant. More generally, we may multiply C by any function of cross-ratios of
the variables z and divide E by the same function, as long as this function is independent
of the external ordering. A function of cross-ratios of the variables z will not change the
PSL(2,C) transformation laws in eq. (4.6). In order to eliminate this freedom we make a
choice.

We make the choice that the generalised cyclic factor C (w, z) agrees with the standard
Parke-Taylor factor C(w, z) for pure gluonic amplitudes (n, = 0) and for amplitudes with
one quark-anti-quark-pair (ny = 1). In the massless case these amplitudes are identical to
their N'= 4 SYM counterpart.

For ny > 2 we make the choice that for amplitudes with the standard orientation of
the fermion lines (defined in eq. (2.23)) the generalised cyclic factor C(w, z) agrees as well
with the standard Parke-Taylor factor C(w,z). Amplitudes with this orientation of the
fermion lines and one fermion line of the highest possible level (n, — 1) are identical to
their single-flavour cousins (any non-trivial permutation of the quarks while keeping the
anti-quarks fixed will lead to crossed fermion lines). In the massless case these single-
flavour amplitudes are in turn identical to their N' = 4 SYM counterparts (the couplings of
the scalar particles in N' = 4 are “flavour-changing”, therefore there is no scalar exchange
in single-flavour amplitudes). (These observations are the basic ideas behind the flavour
recursion discussed in [49]).

4.2 Definition of C

In this section we define the generalised cyclic factor C (w, z). We label the external particles

of a primitive amplitude A,, by 1, ..., n and the associated complex variables z; occurring
in the scattering equations by z1, ..., 2, such that the complex variable z; corresponds
to particle j. Our alphabet is then A = {1,2,...,n} and a word w = lily...l, € Wy is
equivalent to a permutation of (1,2,...,n). We define the standard cyclic factor C(w, z)

for w=1ils...l, by
1

(Zl1 - Zl2) (le - Zlg) cee (Zln - le).

C(lily...ln, 2) = (4.11)
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The standard cyclic factor in eq. (4.11) is also called the Parke-Taylor factor. The standard
cyclic factor C'(w, z) satisfies for z a solution of the scattering equations cyclic invariance,
the Kleiss-Kuijf relations and the fundamental BCJ relations with any choice of letter for
l3. In other words, the standard cyclic factor C'(w, z) satisfies all the relations of the pure
gluonic primitive tree amplitudes. The requirement that z is a solution of the scattering
equations is needed for the BCJ relations, but not for cyclic invariance nor for the Kleiss-
Kuijf relations. It will be convenient to view C(w, z) and C(w, z) as linear operators on
the vector space of words with basis W, similar to eq. (2.11):

C (Mwy + Aws, z) = M C (wy,2) + XoC (we, 2)
é ()\1'LU1 + Agwa, Z) = )\10 (wl, Z) + )\20 (’U}Q, Z) . (4.12)

Let us now give the definition of the generalised cyclic factor C:

1. For w € W3 we set

C(w,2) =C(w,z), (4.13)
i.e. the generalised cyclic factor C (w, z) agrees on W3 with the standard cyclic factor
C(w, z), in agreement with the comments of section 4.1.

2. For w € Wy\W3 we first define
C(w,2) =0 (4.14)

for all words corresponding to crossed fermion lines. For words with no crossed
fermion lines we relate C(w, z) as in eq. (2.29) (by substituting C for 4,,) to a linear
combination of C (wj, 2)’s with w; € W3. With the notation as in section 2.3 we have
for sub-words

T — lillig e li,«y Y = lj1lj2 e ljs' (4.15)

the relation

C(Tk-10ik Wk 1 QY TGYk—1,2) =

r s
(—1)|wk+1‘+1 Z Z C (.ﬁk,lqz‘lil - liaqu;€+16jljb+1 - ljsqz‘ykfl, Z) , (416)
a=0 b=0

with

u);ﬁ_l = (lia+1 .. lzr) LI w{+1 LI (ljl .. ‘ljb> . (417)

This relation allows us to define recursively the generalised cyclic factor for words
with w € Wy\Wj in terms of generalised cyclic factors of words with w € W3. The
recursion proceeds along the levels of the fermion lines, as explained in section 2.3.

Eq. (4.14) defines C(w, z) for words with crossed fermion lines. For these words C
is simply zero. Eq. (4.16) defines recursively the generalised cyclic factor C (w, z) for
words with a non-standard orientation of the fermion lines in terms of generalised
cyclic factors for words with a standard orientation of the fermion lines. The latter
have already been defined in step 1.
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3. For w € W1 \Ws we set
é (llwllan, Z) = (_1)\w2| é (ll (’UJ1 LU wg) ln, Z) . (418)

eq. (4.18) defines the generalised cyclic factor for words, where the letter [, does
not appear in the last place in terms of already defined generalised cyclic factors for
words, where the letter [,, occurs in the last place. We recognise in eq. (4.18) the
Kleiss-Kuijf relation.

4. For w € Wy\W; we set

C (wlllwg,z) = C’(llwgwl,z) . (4.19)

eq. (4.19) defines the generalised cyclic factor for words, where the letter [; does not
appear in the first place in terms of already defined generalised cyclic factors for
words, where the letter [; occurs in the first place. We recognise cyclic invariance in
eq. (4.19).

4.3 Definition of F

In this section we define the generalised permutation invariant function E(z,p,e). We
recall that we defined a Npermutations X Nsolutions-dimensional matrix ij by

Myj = J (z(j),p) C (w,z(j)) . (4.20)

Let us consider a Npasis X Neolutions-dimensional sub-matrix M/red by restricting w € B.

wj
Note that we always have

Nbasis < Nsolutionsa (421)

therefore the matrix Mred

w; has less rows than columns. For w € B the generalised cyclic

factor C' agrees with the standard Parke-Taylor factor C
C (w,z(j)> =C (w,z(j)) (4.22)
and the entries of Mg}d are given by
M;‘?d =J (z(j),p) C (w,z(j)> ) w e B. (4.23)

On a technical level, we will now do the following: We first establish that the matrix M;‘;d
has full row rank:

rank M2 = Niasis. (4.24)

If qujd has full row rank, a right-inverse N ;fud exists. The right-inverse might not be unique.
We are interested in a right-inverse N ]rfud such that the entries in the j-th row of N ;ﬁ,d depend
only on zU), but not on the other solutions z(1), 22 .. 20=D G0 (=3 of the

scattering equations.
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The entries of the matrix Mi)e]d are defined in eq. (4.23) in terms of the standard Parke-
Taylor factor C(w, z) and the Jacobian J(z,p). Information on the flavour of the particles
does not enter the definition of the individual entries of the matrix M{ff. The flavour
information will only affect the set B, giving all the possible first indices w € B of Mqﬁ}ejd.
As the flavour information is to a large extent irrelevant, let us for simplicity consider the
alphabet

A=1{1,2...,n}, (4.25)

with the implicit understanding that we may recover the information on the flavour of the
particles if needed. The set Wy is then

WQZ{lllg...lnEWo‘llzl, ln:n}. (4.26)

The set W3 has (n — 2)! elements.
Let us first consider the case ny < 2. For ngy < 2 we have

Nypasis = Nsolutions; (427)
and an amplitude basis is given by
Bp<o={ll...lneWo|li=1l,.1=n—-11l,=n}. (4.28)

The basis B, <2 has Ngolutions = (7 — 3)! elements. For n, < 2 the matrix qufjd is a square
Nsolutions X Nsolutions matrix. We will need this special matrix in the sequel and we denote
this matrix without a hat:

M{fjd =J <z(j),p> C (w,z(j)) , w € By, <o (4.29)

It is known that M is invertible. We can give an explicit expression for the inverse
matrix. Let w =1l1lz...l,—2lp—1ly € By, <2 be aword with [y = 1,1,y =n—1and [, =n.
We denote by w the word

w = lily...ln_olply,_1, (4.30)

i.e. the word where the last two letters are exchanged. We then define for wy =1y ...1, €
Bnqgg and wg = k... kn S Bnq§2 [2, 50*52]

n—2 i—1
S [wllﬁ)g] = (—l)n H 2]911 'pli + 2Al1li + Z 9@2 (lj, lz) (2pl]. . pli + 2Aljli) s (4.31)
=2 Jj=2

with

O, (15,1;) = 1 if [; comes before /; in the sequence kg, k3, ..., k,_2,
W2 ) 0 otherwise.
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We then set

N]red Z S [wlv] C (v z”) (4.32)

’UEBnqSQ

The Ngolutions X Nsolutions-dimensional matrix N;ﬁ)d is the inverse matrix to Mfue]d. Thus we
have

MredNred — 5w1w27 Nreered — 6j1j2- (433)

w1] Jw2 J1w wj2

Of course, the inverse matrix is unique and a inspection of eq. (4.32) shows that the j-th
row of N ;ed depends only on z(9) and not on the other solutions z(® if 7 # j.
Let us now discuss the general case ng, € Ng. For ngy > 2 we have

Nbasis < Nsolutions (434)

and the matrix M{Ue]d is now a rectangular Np.sis X Nolutions-dimensional matrix, with first
index given by w € B. We first have to establish that M9 has full row rank, i.e.

rank M;e]d = Npasis- (4.35)
This would be easy, if
B C By, <. (4.36)

However, this is not the case. For n, > 2 the elements of B do not have a unique letter at
position (n — 1) and in general we have

B g BnqSZ- (4.37)

In order to get around this obstruction we recall that the standard cyclic factors C(w, 21))
satisfy the BCJ relations and we may express the standard cyclic factor C(w,z")) for
w € B as a linear combination of standard cyclic factors C(w’, 20)) with w’ € By, <2t

C (w,z(j)) = Fuw C (w/,z(j)) ) (4.38)

where a sum over w’ € B, ,<2 is understood. F,, defines a Npasis X Neolutions-dimensional
matrix. The explicit expressions of the entries of F,, are given in appendix B. We note
that the entries of the matrix F),,, depend only on the scalar products 2p;p;, but not on
209, We then have

Mt = Flu M. (4.39)

The case ng, < 2 is trivially included in eq. (4.39) by taking F,s to be the Ngoutions ¥
Nsolutions 1dentity matrix. The matrix M red hag rank Nyoputions and is invertible. It follows
that M;ejd has rank Np,sis if and only if the Npasis X Nsolutions-matrix F, (with w € B and
w' € B, qgg) has rank Ny,gs. We have verified for all cases with n < 10 external particles
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and for generic kinematical configurations that the matrix F,, (and hence Mfue]d) has rank

Npasis- Based on this evidence we will in the sequel assume that £, has rank Npagis:
rank Fww’ - Nbasisa (440)

Note that eq. (4.40) is a purely kinematical statement, independent of flavour and inde-
pendent of the variables (). We further note that by a suitable ordering of the bases B
and B, <2 the matrix Fy,s can be brought into an upper triangle block structure. It is
therefore sufficient to show that all (square) matrices on the main diagonal have full rank.
The details are given in appendix C.

Assuming from now on that the matrix F),, has maximal row rank, the Ny,gis X Npagis-
dimensional matrix FFT is invertible and the Neojutions X Npasis-dimensional matrix

G =F" (FFT)™" (4.41)
defines a right inverse to I
Forwr Gy = Ouwyun- (4.42)
We then set
Nred = Nred@, (4.43)

The Nyolutions X Nbasis-dimensional matrix N*4 is then a right inverse to M red,

MESNIE = 6410, - (4.44)
Having defined N ;fvd, we set
E; = —iNjl Ay, (4.45)

where a sum over all w € B is understood. Putting everything together, we arrive along
the lines of ref. [14] at the definition of the generalised permutation invariant function

E(z,p,e):

E(zpe)=—i Y Y Sup]GuC(0,2) A, (w,p,c). (4.46)

u,vGBnq§2 weB

A few comments are in order: The attentive reader may ask, why we did not simply define
Nred as

MredT (MreeredT) -1 ) (447)

The reason is as follows: We would like to have that Ej depends only on the j-th solution
of the scattering equations, but not on all the other solutions. Within our definition this
is manifest. F' and G are independent of z, and so is S[wq|ws]. The z-dependence comes
entirely from C' (17, z(j)) in eq. (4.32). Therefore N ;fud depends only on z() and not on (%)
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if i # j. We can therefore define a function E (z,p,e) on C" as done in eq. (4.46). On the
other hand, this is far from clear for the expression in eq. (4.47).

A second comment is related to the uniqueness of our definition in eq. (4.46). For
ng > 2 the right-inverse G, to the matrix F,, is not unique. It is of course unique
for invertible matrices, i.e. the case ny, < 2. We may parametrise the general form of the
right-inverse as

Gw’w + (5w’w’2 - Gw’wlelwé) Xw’Qw (448)

with an arbitrary Nyolutions X Vpasis-dimensional matrix X, ,,. Plugging this into eq. (4.46)
we find

E(zpe) = BElzpe)—i Y S[u\@]( Guwle1w>az/C(v 2), (4.49)
u7v€Bnq§2

or equivalently

Ej — Ej Nred (5w’w’2 - Gw’wlelw ) Loty s (450)

Jw'

with some arbitrary Ngolutions-dimensional vector z,s. This arbitrariness does not affect
expressions of the form

Z J (z(j),p) Y (z(j)> FE (z(j),p, E), (4.51)

solutions j
as long as Y has an expansion in C(w, z)) with w € B:
Y (z(j)> = Z cwC (w,z(j)) . (4.52)
weB

Then we may write

J (z(j), p> Vv (Zm) = 3" e M (4.53)

weB

and we have

Z Z cered [ —’LNred ((5w/w/2 _Gw’wle1w’2> $w/2] =1 Z Z cwMZJejdEj,

solutions j weB solutions j weB

(4.54)
since

NSNS = Foy MISNIS = Fy and Fyu (dw/wé —Gw/wlelwé) — 0. (4.55)

For the tree-level primitive QCD amplitudes we will always have that the factor Y appear-
ing in the sum as in eq. (4.51) is of the form as in eq. (4.52) with w € B for C(w, 29).
Therefore the non-uniqueness of the right-inverse does not affect tree-level primitive QCD
amplitudes.
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4.4 Proof of the CHY representation

Let us set

Ay (w) =i Z J <z(j),p> C <w,z(j)) E <z(j),p,5> , (4.56)

solutions j

with €' defined in section 4.2 and E defined in section 4.3. We would like to show that
A, (w) = A, (w),  Ywe W. (4.57)
It is sufficient to check the five conditions at the end of section 2.4.
1. We start with w € B. We have
Ap(w) = iMy;E; = MyNjstAy. (4.58)

Since w € B we may replace the matrix row ij with the matrix row ij}d (the two
rows are identical). We therefore have

Ap(w) = MEINIGA, = Ay, (4.59)
where we used eq. (4.44). Switching back to the word notation we have

Ay (w) = Ay (w). (4.60)

2. Let us now consider w € W3\B. We have to verify the fundamental BCJ relation:

n—1 n
Z ( Z 2p2pk> An (lllg e lilgli_H NP ln—lln) = 0. (4.61)

=2 \k=i+1

In the definition of A, only C depends on the cyclic order and therefore we should
have

n—1 n
Z ( Z 2p2pk> é (lllg e lil2ll’+1 e lnflln, Z(j)> =0 (462)

1=2 \k=i+1

for all solutions z() of the scattering equations. For w € Wj the cyclic factor C
agrees with the standard Parke-Taylor factor:

C(w,2) = C(w,z). (4.63)

The validity of

n

1 n
( Z 2p2pk> C (lllg e lilgllurl . lnflln, Z(j)> =0 (4.64)

1=2 \k=i+1

can be inferred from the pure gluon case. Note that we have to require that the z(1)’s
are solutions of the scattering equations.
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3. Let us now consider w € Wy\W3. We have defined C (w, z) = 0 whenever w corre-
sponds to an external ordering with crossed fermion lines. This implies

A, (w) =0 (4.65)
for words corresponding to crossed fermion lines. For words w € W)\W3 with no
crossed fermion lines we have defined C' through eq. (4.16). As A, (w) depends on
the external ordering only through C(w,z), a similar relation holds for A,(w). In
other words, A,, satisfies eq. (2.29).

4. We may repeat this argumentation for w € Wi \Ws and afterwards for w € Wp\Wj.
In both cases we have defined C (w, z) such that the required relations (Kleiss-Kuijf
relations for w € Wi \Ws and cyclic invariance for w € Wy\W7) are fulfilled.

This completes the proof of eq. (4.57) and we have shown that any tree-level primitive QCD
amplitude has a CHY representation in the form of eq. (4.2), with C' defined in section 4.2
and E defined in section 4.3.

The generalised cyclic factor C’(w,z) defined in section 4.2 is always a linear com-
bination of standard Parke-Taylor factors C'(w, z) with z-independent coefficients. Since
the standard Parke-Taylor factors C(w, z) transform under PSL(2,C) transformations as
in eq. (4.6), it follows that C(w,z) transforms as well as in eq. (4.6). A similar argu-
ment applies to the PSL(2,C) transformation properties of E(z,p,e). Eq. (4.46) shows
that E(z,p,e) is a linear combination of standard Parke-Taylor factors C(,z) with z-
independent coefficients. Therefore it follows that E(z,p,e) transforms as in eq. (4.6)
under PSL(2,C) transformations.

Finally, let us comment on the gauge invariance of E (z,p,€): In section 4.3 we defined
E (w,p, ) in terms of amplitudes A, (w) from the basis w € B. The amplitudes are gauge-
invariant and the gauge-invariance of E(z, p,e) follows trivially.

5 An example

We would like to illustrate our construction with a concrete example. A non-trivial example
is the six-point amplitude Ag with three quark-anti-quark-pairs. We label the external
particles from 1 to 6 and we set

=1 @ =2 g =3, @3=4 @ =5 q =6 (5.1)
Our alphabet is then
A = {q1,92,43, 3,300} = {1,2,3,4,5,6}. (52)
The basis B consists of four elements:
B = {123456, 125346, 132546, 134256} . (5.3)
The set Bp, <2 contains six elements:

By,<2 = {123456, 124356, 132456, 134256, 142356, 143256} . (5.4)
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Note that in the basis B we will have either particle 4 or particle 5 at position 5, while all
elements in the set B, <2 have particle 5 at position 5. Since the permutation invariant
function £ (z,p,e) involves Parke-Taylor factors with particle 6 at position 5 and particle
5 at position 6 we introduce the set B, ,<2 given by

Bp,<2 = {123465, 124365, 132465, 134265, 142365, 143265} . (5.5)

The set By, <2 is just the set B, <o with particles 5 and 6 exchanged. The permutation
invariant function is then given as a double sum in amplitudes A, (w,p,¢) from the basis
w € B and Parke-Taylor factors C(v,z) from the set ¥ € By, <2 as

E(zpe)=—i > Y cp(p)C(,2) Ay (w,pe). (5.6)

V€ By, <o WEB

The coefficients ¢z, (p) depend only on the kinematical variables 2p;p; (and the masses m;)
and are given by

cow () = Y, S[ult] Guw. (5.7)

UEBnq§2

Due to the inverse matrix in eq. (4.41) the explicit expressions for ¢z, (p) are rather long
and not reported here.

Let us now consider the generalised cyclic factor C (w, z). For w € B the generalised
cyclic factor agrees with the standard Parke-Taylor factor. If w corresponds to an exter-
nal ordering with crossed fermion lines, the generalised cyclic factor equals zero. Let us
therefore consider as an example the word w = 153426. This word does not correspond to
crossed fermion lines. However the fermion line 2-5 does not have the standard orientation.
With the definitions of section 4.2 we have

~

C(153426,2) = —C(124356,2) = C(123456,2z) = C (123456, 2). (5.8)

6 Conclusions

In this paper we have shown that a CHY representation exists for all tree-level primi-
tive QCD amplitudes. We provided a definition of the generalised cyclic factor O(w,z)
and a definition of the generalised permutation invariant function E (z,p,€). The virtue
of the CHY representation lies in the fact that it separates the information on the exter-
nal ordering (contained in the generalised cyclic factor C'(w, z)) from the information on
the helicities of the external particles (contained in the generalised permutation invariant
function E(z,p,¢)).
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A Orientation of fermion lines

In this appendix we prove eq. (2.29). A slightly modified form of eq. (2.29) has been stated
in [49] and the idea of the proof can be found in [48]. We consider

An = A (T 1G2RGWE1 G YR T YR—1) - (A.1)
Let us assume that the sub-words x; and y; consist of r letters and s letters, respectively:
rp = il b,y = Ul ... 0, (A.2)

It will be convenient to set
Wk—1 = Yk—1Tk—1- (A.3)

Using cyclic invariance we have

An = Ap (kT Wk 1 G YRTGWE—1) - (A.4)

We now use the Kleiss-Kuijf relation to flip xy:
Ap = (1) Ay (605 (Wr1459kGiwr—1) W (L, - 1)) - (A.5)

If we would work out the shuffie product, we would obtain words, where the first a letters
of &), occur after ¢; and the remaining (r — a) letters of xj, occur before ¢, with a ranging
from 0 to r. Writing this out we have

A, = (-1) Z An (Qiqj' [wk-i-l L (lir . -lia+1)] ¢ [(yeGiwg—1) w (L, - .. lil)]) . (A.6)

a=0

We then use a second time the Kleiss-Kuijf relation to flip the sub-word g;[wiyq LU
(lir ‘e liaJrl)]:

T

A, = (—1)‘wk+1|+1_a14n (Qin { [wnglLLl (lia+1 L. ll,«)] q]}LLI[(yqu’wk_l)Ll_l(lza L. lil )]) .
a=0
(A7)

The shuffle product is associative and therefore

T

A, = (—1)|wk+1|+1_aAn (Qin { [w,{_HI_I_I (lia+1 S llr)] (Y]}U—l(yk@wk—l)u—l(lza S l“)) .
a=0

(A.8)

We may then use the (inverse) Kleiss-Kuijf relation to bring back (I;, ...l;,) between g;
and ¢;:

An = (—1)|wk+l‘+1 Z An (qili1 .. liaq]‘ {[w;{“ L1 (lia+1 .. lzr)] (j]} L1 (yk(jlwkfl)) . (AQ)
a=0
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In the shuffle product of [w{, ; W (i, -
curs before ¢; are non-zero. The other terms have a crossed fermion line and the amplitude

-13,)]q; with yrgiws—q only the terms where g; oc-

is zero for those. Writing the sub-word y; in terms of letters we obtain
A, = (A.10)

(—1)|wk+1|+1 Z ZAN(Qilil L. lian[(li(Hq c lir) Luwg+1UJ(lj1 c ljb)]%‘ljb+1 e ljsq}wk_l).
a=0 b=0

Finally, using cyclic invariance one arrives at

r s
An = (—1)|wk+1‘+1 Z ZAn (-Tk—l%'lh - lianw;§+1(jjljb+1 - ljs@'ykz—l) R (All)
a=0 b=0

with
Wiy = (ligyy b)) Wl Wl ... 1,). (A.12)

B The matrix F,,.,

In this appendix we define the entries of the matrix Fy,,, occurring in eq. (4.38). We may
neglect flavour and it is therefore convenient to consider the alphabet

A=1{1,2,...,n}. (B.1)
We set as before
Wo={lla...ln|l; €A [ #ljfori#j} (B.2)
and

WQZ{lllQ...ln€W0|l1:1, ln:n}’
B:{lllg...lnGW()Hl:l,ln_lzn—l,ln:n}. (B3)

For a sub-word w = [l .. .[l;, we set

S (w) = Z la(l)lo(Z) e la(k)~ (B.4)

oc€ESE

Let wy = lily...l; and wo = lj11lj42...1,—3 be two sub-words, such that w = lwi(n —
1)wen € Way. For convenience we set l,,_o = n — 1. The standard cyclic factors C(w, 20U ))
satisfy the BCJ relations and we have

C (w,z(j)) = ZFww’C (w’,z(j)) . (B.5)

The sum is over all words occurring in

1 (wy w S(wz)) (n— )n. (B.6)
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For a given w we define F,,» = 0 if w’ does not appear in the sum of eq. (B.5). Otherwise,
the coefficients are given for w’ = loy0s...0,-3(n — 1)n = 1o(n — 1)n by [38]

n—3
F(lo(n — 1))
E. . = B.
o H nlirdn_s (B.7)
k:‘]+1 9 9 wn

where for p = 1lo(n — 1) the function F(pl|lx) is given by

F (pllx) = B3)
t, —
g
Z g(lkapr) lf tlk < tlk+1 §n,lk,,,.,ln73 if tlk71 < tlk < tlk+1
221 . + 7§n7lk ----- ln—3 lf tlk_l > tlk > tlk+1
B Z g (I, pr) if by, >ty 0 else
=ty

tq denotes the position of leg a in the string p, except for #;, , and ¢;,;, which are always

defined to be

tln_z = tln_4; tl‘ = n. (B.Q)

J

For j = n — 4 this implies
t, ., = t, , = n. (B.10)
The function G is given by

201, P, + 20, p, if pr =1, (n—1)
G (I, pr) = § 2p4,0p, + 200, ifpr =l and t <k ;. (B.11)
0 else

We used the notation
Soron = O (2Pa,Pa, + 280,0,) - (B.12)
1<J
Let us mention that the coefficients Fy,, are the ones appearing in the general BCJ relations
for tree-level primitive QCD amplitudes [38, 39]. We presented them here in a form which
holds also for the massive case. The general form of the BCJ relations is as follows:
Let w1 = lila...l; be a sub-word, where particles of any type may occur and wy =

liv1lj42...lp—3 a second sub-word consisting only of gluon legs. We further assume that
w = lwi(n — 1)wen € Wy. The general BCJ relation reads

w) = FuuwAn (w) . (B.13)
w/
As before, the sum is over all words occurring in
1 (wy w S(ws)) (n—1)n, (B.14)

and the coefficients F, are defined as above. The general BCJ relations of eq. (B.13)
follow from the fundamental BCJ relations [47].
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C Comments on the rank of F,,,

We recall that the matrix Fy,, iS a Npasis X Nsolutions-dimensional matrix with Npags <
Ngolutions; w € B and w’" € By, ,<2. The conjecture in eq. (4.40) states that the matrix F
has full row rank:

rank Fww’ = Nbasis~ (Cl)

In this appendix we show that in order to prove eq. (C.1) it is sufficient to prove a weaker
statement. We first show that the matrix £’ has an upper triangle block structure. We do
this by defining a suitable partial order for the elements of the basis B and for the elements
of the basis B, <2. A sufficient condition for eq. (C.1) is therefore that all (square) matrices
on the main diagonal have full rank.

Let us start with w € B. Let us write

w = 1w 2wawy(n — 1)wsn, (C.2)

with the condition that ws is either empty or ends with an antiquark and wy is either empty
or contains only gluons. This defines uniquely the sub-words w1, w2, w3 and wy. The sub-
words may be empty. The sub-word w; encodes all particles which come after particle 1
and before particle 2 in the cyclic order, the sub-word w3 encodes all particles which come
after particle (n — 1) and before particle n in the cyclic order. The sub-word w, encodes
all gluons which directly precede particle (n — 1), the sub-word ws encodes the remaining
particles which come after particle 2 and before particle (n — 1) in the cyclic order.

Let us now look at the antiquarks in ws. The corresponding quarks may either be
in w3 or in wy. They cannot be in wy (nor in wy) since in this case they would have to
cross the fermion line 2-(n — 1). We denote by n; the number of antiquarks in w3, where
the corresponding quark is again in ws. We denote by no the number of antiquarks in
ws, where the corresponding quark is in wy. Furthermore we denote by n3 the sum of the
numbers of gluons in w3z and w,. We associate to w € B the triple

N(w) = (nlu na, n3) . (03)
We define an order for these triples through
/! / /
(nh,nh,m5) > (n1,n2,n3) (C4)

if there is an i such that nj > n; and n; = n; for all j <. This is just the lexicographical
order for the triples (n1,n2,n3). The triples N(w) induce a partial order on B.
Let us now turn to w' € By, <2. Let us write

w' = 1w 2wh(n — 1)n. (C.5)
Let us assume that

wh = ULy 1L (C.6)
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We now consider all possible splitting of w), into two sub-words (with the empty words

included)

wy = w', W o= Nly. U, 0 = U, (C.7)

such that
w = 1wy2u'(n — 1)v'In (C.8)

is an element of B. There is either one or no possibility for such a splitting. In the first
case we set

N'(w') = N (w), (C.9)
with N(w) defined by eq. (C.3), in the latter case we set
N (w') = (-1,-1,-1) (C.10)

This defines a partial order for By <2. It is easy to see that there cannot be more than
one possible splitting. Suppose w) = u/v’ is a possible splitting. Then v’ is either empty or
must start with an antiquark. All antiquarks in u/ have the standard orientation and do
not cross other fermion lines, while all antiquarks in v’ either have the opposite orientation
or cross the fermion line 2-(n — 1). These requirements make the splitting unique. If
N'(w") = (n1,n9,n3) # (—1,—1,—1), then n; counts the number of antiquarks in v" with
the opposite orientation, while no counts the number of antiquarks in v/, which cross the
fermion line 2-(n — 1). The variable ng gives the sum of the trailing gluons of v’ and the
number of gluons in v'.

We may now order the basis B by putting the elements w with the highest N (w) first.
In a similar way we order the basis By <2 by putting the elements w’ with the highest
N'(w') first. With respect to this ordering the matrix F,,  has an upper triangle block
structure. This means that

Fuw =0 if N(w) < N'(w'). (C.11)

eq. (C.11) is easily understood as follows: Let us consider a word w = lwi2wowy(n —
1)wsn € B with N(w) = (n1,n2,n3). The non-zero elements of the line F,, with w' €
By, <2 are the ones, where the letters of the sub-word w3 are inserted in arbitrary positions
between the letters 1 and (n — 1). Suppose now that w’ = 1w} 2u’v'(n — 1)n with N'(w') =
(n}, nh,n%) such that eq. (C.8) is satisfied. The maximal number of antiquarks with the
opposite orientation which may appear in v’ is exactly the number n; of antiquarks in ws,
where the corresponding quark belongs also to ws. Thus we have n} < n;.

Let us now assume that nj = nj. Then the maximal number of antiquarks appearing in
v" and crossing the line 2-(n — 1) is exactly (under the assumption n} = n;) the number ngy
of antiquarks in ws, where the corresponding quark belongs to w;. Thus we have nf, < ng.

Let us now look at the gluons. The maximal number of gluons appearing in v’ is
exactly the number n3 of gluons appearing in w3 and wy. Thus we have nfy < ng. This
completes the proof of eq. (C.11).
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Having established the upper triangle block structure it follows that a sufficient condi-
tion for the matrix F,, having full rank is the situation, where all the square matrices on
the main diagonal have full rank. In other words, we may consider the square sub-matrices

Frd, with N(w) = N'(w') # (-1, -1, -1). (C.12)

If for all sectors N(w) = N'(w') # (-1, —1, —1) the corresponding sub-matrices F"°¢, have
full rank, then it follows that F, has full rank. Eq. (C.12) allows us to work with matrices
of smaller dimensions and reduces therefore the complexity of the problem.

We remark that for some sectors the matrix Fi)'if}/
can be reduced further to smaller square sub-matrices. This is the case for sectors with

has a diagonal block form and

0 < n1 < ng—2, where we may decompose Fiﬁf}, with respect to the inequivalent antiquark
flavour sets contributing to n;i. Sectors with 0 < na < ny — 2 decompose with respect
to the ordered sequences of antiquarks in ws contributing to ne (and the corresponding
reversed sequences in v'). The sector (n1,n2,n3) = (0,0,0) contains all words w, which are
at the same time elements of B and By, <2. The matrix Fgﬁ, for this sector is always the
unit matrix. However, the highest sector (n1,n2,n3) = (ny — 2,0,n4) does in general not
decompose further.

We have checked for all cases with n < 10 external particles and generic external
momenta that the corresponding matrices Fi)eg, have full rank.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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