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1 Introduction

The recent construction of NS actions [1, 2] has raised the prospect of obtaining a second-
quantized, field-theoretic description of all superstring theories. The next step in this
programme is to include the Ramond sectors. As is well-known, formulating kinetic terms
for the Ramond sector is complicated by the fact that the string field must carry a definite
picture [3], which for a holomorphic Ramond state is naturally chosen to be —1/2. This is
not the right picture to form the usual string field theory kinetic term,

S0, Qu), (11)

since in the small Hilbert space the BPZ inner product must act on states whose picture
adds up to —2. While there are some proposals for circumventing this problem [4-7], at
this time it is not clear what is the most promising way forward.

Therefore it is worth considering a simpler problem first: namely, constructing classical
field equations for all superstring theories, including Ramond sectors. This is the goal of
the present paper. With the classical equations of motion, we can

e compute of tree level amplitudes including Ramond asymptotic states around the
perturbative vacuum or any classical solution;



e investigate the broken and unbroken supersymmetries of classical solutions represent-
ing distinct string backgrounds;

e construct classical solutions in type II closed superstring field theory representing
nontrivial Ramond-Ramond backgrounds.

The last point is interesting, since Ramond-Ramond backgrounds are quite difficult to
describe in the first quantized RNS formalism. While solving the equations of motion of
closed string field theory is a tremendously difficult task, it does not appear to be more
difficult for Ramond-Ramond backgrounds than other types of background.

The essential idea behind our construction of the equations of motion is already con-
tained in [1]. The main new ingredient will be incorporating additional labels associated
with multiplication of Ramond states. Like [1, 2], our approach is based on A, and
L algebras, and makes extensive use of associated concepts and notation. We will re-
view the needed apparatus as we go, but for more dedicated discussion see several recent
works [1, 2, 8, 9]. A different formulation of the equations of motion using the large Hilbert
space has already been provided for the open superstring in [4] and recently the heterotic
string in [10, 11]. Our approach has the advantage of describing type II closed superstrings
as well, and, once suitable Ramond kinetic terms are formulated, might be generalized to
give a classical Batalin-Vilkovisky action.

2 Ramond sector of open superstring

In this section we construct the Neveu-Schwarz and Ramond equations of motion for open
superstring field theory using Witten’s associative star product [12]. We will discuss the
more general construction based on a non-associative product in the next section. The
equations of motion involve two dynamical fields for the NS and R sectors:

Py € HN, YR € Hg, (2.1)

where Hy and Hp are the NS and R open string state spaces, respectively. Both &y and
Wy are Grassmann odd and carry ghost number 1; the NS field &y carries picture —1 while
the Ramond field ¥y carries picture —1/2.

For clarity, let us explain why the Ramond string field is a Grassmann odd object. Any
state in the Ramond sector can be built by acting oscillators on the Ramond ground state

cOze~?%(0)[0), (2:2)
where Oz denotes the spin field [3]!
& 1
@g(Z) = eXp [iZSQHa] (Z)7 5= (507 S1, 82,53, 54)7 Saq = :l:ia (23)
a=0
and H,,a =0, ..., 4 realize the bosonization of the worldsheet fermions through
1 , 1 .
— (Y7 + yt) = e'tho, — (¥ i) = et g =1, .., 4. (2.4)

V2 V2

'Our conventions concerning the Ramond sector, spinors and gamma matrices follows [13].




We take the Ramond ground state to be Grassmann even if it is a positive chirality spinor
in the GSO(+) sector. Then all GSO(+) projected states built from acting oscillators
on (2.2) will be Grassmann even as well. A Ramond string field is created by taking linear
combinations of Ramond states with coefficients which are anticommuting spacetime fields,
as is appropriate for fermions. The anticommuting fields anticommute with each other,
and in addition we will assume that they anticommute with Grassmann odd worldsheet
operators.? Therefore, in total a Ramond string field must be Grassmann odd, since it is
built from Grassmann even states with Grassmann odd coefficients.

Let us quickly review some notation and conventions which will be essential for our
discussion. When discussing A, algebras in open string field theory, it is very useful to use
a shifted grading on the open string state space called degree. The degree of a string field A,
denoted deg(A), is defined to be its Grassmann parity plus one (mod Zs). The dynamical
string fields ®x and Wy are Grassmann odd, but degree even. Consider a product of m
string fields:

b (A1, ..oy Am) (2.5)

The degree of the product b,,, denoted deg(b,,), is defined to be the degree of its output
minus the sum of the degrees of its inputs (mod Zz). It is useful to think of the product
b, as a linear map from the m-fold tensor product of the state space into the state space:

b+ HE™ — H. (2.6)

We will write
bn(Ala'--aAm) :bn(Al ®~--®Am)7 (27)
where on the right hand side b,, is regarded as an linear operator acting on tensor products

of states. Given a pair of multi-string products b,, and c,, we define a “commutator”?3

m—1 n—1
[brms Cn] = b (Z I®* @ ¢, ® H®m_k_1> — (—1)deelbm)deg(en) (Z %% @ by, ® H®”_k_1> ,

k=0 k=0
(2.8)
where I is the identity operator on the state space and
*"=1®..01 (2.9)
——

n times

is the identity operator on H®". The commutator satisfies the Jacobi identity, and [b,, ;]
defines an m + n — 1 string product. Tensor products of operators act in the natural way
on tensor products of states. Given two linear maps by ¢ and c¢;,, from HEE — HOF and
HE™ — HE™ | respectively, the tensor product map by ¢ ® ¢, p, satisfies

Dit ® Cmn(A1 ® Ay @ ... ® Agyy) = (_1)deg(cm,n)(deg(A1)+~-+deg(Ae))X
bie (A1 @ ... ® Ap) @ Cmn(App1 ® .. © Aggn). (2.10)

2 Another convention would assume that anticommuting spacetime fields commute with anticommuting
worldsheet operators. This is closer in spirit to the sign rules of [14], and in this context the A and Lo
algebras we will construct would be equivalently described as super Ao or Lo algebras. T.E. thanks U.
Schreiber for explaining this convention.

3Commutators of multi-string products are always graded with respect to degree.



An A, algebra is defined by a sequence of degree odd multi-string products d,,n =
1,2, 3, ... which satisfy a hierarchy of identities called A, relations:

[dl,dn] -+ [dg,dnfl] =+ ...+ [dnfl,dﬂ + [dn,dl] =0, n=1,2,3,.... (2.11)

With these preparations we are ready to discuss the equations of motion.
Witten’s original proposal for open superstring field theory gives the equations of
motion [15]

0=QPn+ X(Z)(I)N x* Oy 4+ U * UR, (2.12)
0=QVR + X(Z) (\I/R * PN + Py * \IJR) , (2.13)
where Q = @Qp is the BRST operator, X (z) = Q-£(z) is a picture changing operator, and x*
is the open string star product. As is well known, the Witten theory is singular because of
collisions of picture changing operators at the midpoint [16]. We can resolve this problem

by spreading the picture changing operators away from the midpoint [8], which following [1]
we accomplish by postulating that the equations of motion take the form

0=QPn+ MQ((I)N, ‘PN) + mg(‘l’R, \I’R) + higher orders, (2.14)
0 = QUR + My (¥R, Pn) + Ma(Pn, Ur) + higher orders, (2.15)
with higher order terms that we will construct in a moment. The degree odd product ms is

Witten’s open string star product with a sign needed to shift the grading from Grassmann
parity to degree:

ma(A, B) = (—1)%8A) 4 « B, (2.16)
The degree odd product My must carry picture +1 and takes the form
1
My(A,B) = 3 (XmQ(A, B) + ma(X A, B) + ma(A, XB)) (2.17)
where X is a BPZ even charge of the picture changing operator:
X=Q-& t=¢  Zieee (218)
o ’ o |z|:1 211 ' '

The function f(z) is holomorphic in the vicinity of the unit circle and is defined so that £
is BPZ even and anticommutes with the eta zero mode n = 79 to give 1:

n.€& = 1. (2.19)
An important observation of [1] is that My is BRST exact in the large Hilbert space,
My = [Q, pal, (2.20)

and therefore may be formally obtained by an improper field redefinition from a free the-
ory [9]. Here s is called the gauge 2-product®

oA, B) = 3 (6ma(A, B) — ma(€A, B) - (-1 my(4.6B)),  (221)

“In [1] pe was denoted M2 and was called the “dressed 2-product.” Our current notation and terminology
follows [2].



and is degree even. It also satisfies

ma = [, 2] (2.22)

The choice of My in (2.17) was dictated in [1] by cyclicity, i.e. by the assumption that My
can be derived by varying the cubic vertex of an action. In the current context we are
not attempting to construct an action, so cyclicity is not a meaningful requirement. This
means that we can in principle make another choice of Ms. In fact, there is no reason
why the three appearances of My in (2.14) and (2.15) cannot all be chosen to be different
products.® However, our goal is not necessarily to provide the most general possible form
of the equations of motion. We will try, as far as possible, to mimic the construction of the
NS sector, which includes some choices which in that context were motivated by cyclicity.

2.1 Cubic order

The higher order terms in the equations of motion will be defined by a sequence of degree
odd multi-string products,

M, =Q, My, My, My, ..., (2.23)
which satisfy the relations of an A, algebra. We use the tilde over the products to denote a
composite object which appropriately multiplies both NS and R sector states. For example,
if N1, Ny are NS sector string fields and Rj, Ro are R sector string fields, the composite
2-product M is defined to satisfy

My(Ny, Na) = Ma(Ny, No), (2.24)
My(Ny, Ry) = My(Ny, Ry), (2.25)
Io(Ry, N1) = My(Ry, Ny), (2.26)
My(Ry, Ry) = ma(Ri, Ry) (2.27)
Introducing a composite string field
d=dn+ Vg € H =Hn D Hr, (2.28)

the equations of motion up to second order can be expressed
0=Qo + M, (é, é) + higher orders. (2.29)
Projecting on the NS output (or picture —1) gives the equation of motion (2.14) and

projecting on the R output (or picture —1/2) gives the equation of motion (2.15).
Up to cubic order the A, relations are

Q* =0, (2.30)
[Q:Mz} =0, (2.31)
[Q,Mg} +% [MQ,MQ} = 0. (2.32)

®Following the recent suggestion of Sen [7], one can try to construct a tree-level action with two Ramond
fields supplemented by a constraint, in a similar spirit as [6]. In this approach the 2-product of NS states
can be chosen to be Mz while the 2-product of an NS and R state should be chosen to be Xms. We did
not consider this approach, though it could lead to an interesting refinement of our equations of motion.
See also comments in the conclusion.



The first two A relations are already satisfied since () is nilpotent and a derivation of
both mgy and My. We will use the third A, relation to determine the composite 3-product
Mj. First, act the third A relation on three NS states, or two NS states and one R state.
In this case, the commutator [MQ,MQ] reduces to [Ma, Ms], and we can take My = Ms,
where M3 is the 3-product of the NS open superstring field theory found in [1] (whose form
will be reviewed momentarily). Therefore

3(N1, N2, N3) = M3(N1, N2, N3), (2.33)
13(N1, N, Ry) = Ms(Ny, Ny, Ry), (2.34)
I3(N1, Ry, Ny) = Ms(Ny, Ry, Ny), (2.35)

Ms(Ry, N1, N3) = Ms(Ry, N1, Ny). (2.36)

If there is more than one R input, M; will take a different form. For example, let us act
the third A, relation on three Ramond states:

<[Q, M3] + % [M% MQD Ri®@Ry®R3 = ([Q M:a} + M, (J\ng RI+I® M2)>R1®R2®R37

= ([@ 18]+ Mz (mz @ T+ T@ mo) ) R Ro @ R,
(2.37)

where in the second step we acted Mg on the R states to produce Ms and mso. Next we
use the fact that My is BRST exact in the large Hilbert space:

<[Q»MB] + % [Mz, MzD R ® Ry ® Rg = [Q, (M:s +pe(me @I+1® mz))} R1 ® Ry ® R3.

(2.38)
Since this must be zero, it is natural to identify
Ms3(Ry, Ry, R3) = —pg (ma @ I+ 1@ my) Ry ® Ry @ Rs. (2.39)
Note that this product is in the small Hilbert space,
nMs(Ry, R, Rs) =0, (2.40)

since 7 turns o into me, and the result vanishes by associativity of ms. Similar consider-
ations determine the remaining 3-products between NS and R states:

Ms(Ny1, Ry, Ro) = ma (u2(N1, Ry), Rg) — (—1)%8WN) 1o (N1, ma(Ry1, Ry)),  (2.41)
Mj3(Ry, N1, Rg) = ma (ua(Ry1, N1), Ra) + ma(Ry, ua(N1, Ra)), (2.42)
M;3(Ry, Ry, N1) = —pa (ma(R1, Ra), N1) + ma(R1, pa(Ra, N1)), (2.43)
Ms(R1, Ry, R3) = —pa (ma(R1, Ra), R3) — (—1)38U%) 15 (R1 ma(Ra, R3)).  (2.44)

In general, when multiplying n strings there will be 2" formulae representing all ways that
NS and R states can multiply. Determining all these formulae seems like a daunting task,
but there is a trick to it which we explain in the next subsection.



Before we get to this, however, it is interesting to consider the product of four Ra-
mond states:
M4(R1a R27 R37 R4) (245)

Since this product would contribute to the NS part of the equations of motion (2.14), its
ghost number must be —2 and its picture number must be +1. In fact, this is the first
product where the ghost number is more negative than the picture number is positive. It
is easy to see that any product built from composing ), mo and £ must satisfy

ghost number > —picture number. (2.46)

This inequality must be violated for products of four or more Ramond states. Therefore
such products potentially present an obstruction to our solution of the A, relations. To
see how this problem is avoided, consider the fourth A, relation,

[QM} + [Mg,Mz} —0, (2.47)
acting on four Ramond states:
0= ( :Q7M4: + [M?),Mz} >R1 ® Ry ® Rs ® Ry,
= ( QM4 + Mg (M2®H®]I+H®M2®H+H®]I®M2>

+ M, (M3®H+H®M3>>R1®R2®R3®R47

= ( Q,My| + Mz (ma®IRT+I@my @I+ 101 ® my)

+ms <M3®H+]I®M3>>R1 ® Ry ® R3 ® Ry. (2.48)
Keeping careful track of the NS and R inputs of Mj, this can be further expanded

0= ( [QJ‘L] +ma(pe @ I)(me @T® I) 4+ pa(me ® ma) + ma(pe @ I)(I @ mo @ 1)
+ma (I ® p2)(I®me @ I) — pa(me @ ma) + ma(I® p2) (1@ I® msa)
—ma(p2 @ I)(me @ T@T) —ma(p2 @ I)(IT®@mg @ 1)
—ma (I piz)(my @ TST) = ma(I® o) (1@ mz @ 1)) Ry @ Ry @ Ry @ Ry,
= [Q, My]R, ® Ry ©® Ry @ Ry. (2.49)

Therefore we can simply choose
M4(R1aR27R37R4) =0. (250)

More generally, we claim that all products with four or more Ramond states can be set to
zero. Therefore the equations of motion will be cubic in the Ramond string field.

At first this seems somewhat strange. If the equations of motion have terms which are
cubic in the Ramond string field, cyclicity would naturally imply that they should have
terms that are quartic in the Ramond string field as well. This is a clear indication that
the equations of motion cannot be derived from an action. While this was expected, one



might still worry that quartic Ramond terms in the equations of motion are needed to get
the correct physics. For example, the quadratic Ramond term mgo(Ug, UR) is not implied
by A relations or gauge invariance, but is required to incorporate the backreaction of the
R field on the NS field. The difference at quartic order is that there is no 4-product of
Ramond states at the relevant ghost and picture number which is nontrivial in the small
Hilbert space BRST cohomology. Therefore, any quartic term in the Ramond string field
can be removed by field redefinition. As a cross check on our equations of motion, it will
be shown in [17] that they imply the correct tree level amplitudes.

2.2 All orders

A key ingredient in constructing the equations of motion at higher order is to realize
that multi-string products can be characterized according to their Ramond number. The
Ramond number of a product is defined to be the number of Ramond inputs minus the
number of Ramond outputs required for the product to be nonzero:

Ramond number = (number of Ramond inputs) — (number of Ramond outputs). (2.51)

Generally, products do not have well-defined Ramond number. A product of Ramond
number N has the specific property that it will be nonzero only when multiplying N or
(N + 1) Ramond states (together with possibly other NS states), in which case it will
respectively produce an NS or R state. When Ramond number is defined, we will indicate
it by a vertical slash followed by an extra index attached to the product:

bn|N-

LRamomd number
number of inputs (2.52)

If the product is nonzero, its Ramond number must be restricted to the range
—1<N<n, (2.53)

since the number of Ramond inputs cannot exceed the total number of inputs and the
number of Ramond outputs cannot exceed one. While generically multi-string products do
not possess well-defined Ramond number, they can always be decomposed into a sum of
products which do. To see this, consider the projector

Po(N) : HE" = HE", Po(N)? = P,(N), (2.54)

which selects elements of H®" which have N Ramond factors. Given an n-string product
bn, we can define the component at Ramond number N:

bn’N:Pl(o)ann(N)+P1(1)bnpn(N+1)‘ (2‘55)

Using the resolution of the identity,

19" = > Py(N), (2.56)



it immediately follows that b, can be expressed as the sum of component products at all
Ramond numbers:

A comment about notation: generally, we use by, |y to denote an n-string product of Ramond
number N, but this does not necessarily mean that b, |y is derived from a product b,, after
projection to Ramond number N. When we do mean this, it should be clear from context.
Consider a 1-string product Ry which acts as the identity on a Ramond state and as zero
on an NS state. A product has definite Ramond number N if and only if it satisfies

[bn| N, R1] = N by | (2.58)

Using the Jacobi identity, this implies that Ramond number is additive when taking com-
mutators of products:

[bm| a1, cnl N [N = [bm|ars cnl V] (2.59)
Finally, let us mention that the products in the equations of motion always carry even Ra-
mond number (odd Ramond number components vanish), since picture changing operators
do not mix NS and R sector states. Products of odd Ramond number will play a role once
we consider supersymmetry in section 6.

Now let us revisit the results of the previous subsection. The BRST operator has
Ramond number zero:

Qlo=Q. (2.60)

The composite 2-product My can be written as the sum of products at Ramond number
zero and two. Comparing with equations (2.24)—(2.27), we can apparently write

My = Malg + my|2, (2.61)

with the indicated Ramond projection of My and mgy. Note that Ma|g can be derived from
the Ramond number zero projection of the gauge 2-product po:

Mo = [Q, p2lo].- (2.62)

Also,
malo = [n, p12o]- (2.63)

The composite 3-product Mj can likewise be written as the sum of products at Ramond
number zero and two:

M3 = Mg‘o + mglg (264)

The Ramond number zero piece corresponds to equations (2.33)—(2.36). The Ramond
number two piece mj|s is seemingly more complicated, as it must produce four distinct
expressions (2.41)—(2.44) depending on how it multiplies two or three Ramond states. To



derive the 3-string products, consider the third A, relation:
- 11~ -
0= |:Q,M3:| + 5 |:M2’M2:| )
1 1
= [Q, M3|o] + [Q,m5]2] + §[M2\0,M2|0] + [Malo, mal2] + §[m2|2,m2|2],
1
= [Q, M3|o] + [Q,m5]2] + §[M2\07M2|0} + [Ma]o, mal2]. (2.65)
This is equivalent to two independent equations at Ramond number 0 and 2:
1
0= [Q,Ms|o] + §[M2!07M2|0], (2.66)

0= [Q,mg‘g] + [M2|0,m2|2]. (2.67)

The first equation can be solved following [1]. To review, the solution is

M3lo = %([Q,M?)lo] + [M2|0’“2|0D’ (2.68)

where 3o is the gauge 3-product,

uslo = %(fmg\o+m3|0(§®ﬂ®ﬂ+ﬂ®§®H+H®H®€)>, (2.69)
and mslo is the bare 3-product,
malo = [malo, p2fo]- (2.70)
With these definitions one can show that M3y is in the small Hilbert space:
[, M3|o] = 0. (2.71)

The only difference between Ms|yp and the 3-product of [1] is the explicit restriction to
Ramond number zero. To multiply more than one Ramond state we need mjls. By
inspection of the Ramond number two component of the A, relation, we can instantly
guess the solution

mila = [mal2, p2lo]. (2.72)

Happily, this simple formula reproduces all four equations (2.41)—(2.44) for 3-products of
two or more Ramond states. To check, for example, we can compute the NRR product:

M;3(N1, Ri, Ro) = [mala, palo] N1 ® Ry ® R,
= (m2|2(M2|0 @T+1I® palo) — p2flo(melz @ I+ 1® m2|2)>N1 ® R1 ® Ro,

= (m2(p2 ® 1) — p2(I® ma))N1 ® Ry @ Ry,
= ma(pa(Ny, Ry), Ry) — (—1)98™0) 1y (N, ma(Ry, Ry)), (2.73)

which reproduces (2.41).

,10,



With some experience from [1], it is not difficult to guess the general form of the
products to all orders. Let us give the answer first, and then we can prove it. The
composite (n + 2)-string product M, 2 can be decomposed

Mn+2 = Mn+2|0 + m;H_2|2- (274)

As anticipated before, products with four or more Ramond states can be set to zero. In
addition we will need to introduce supplemental bare products and gauge products. In total
we have four kinds of product:

gauge products pn,12]p:  degree even, picture# =n+ 1, Ramond#= 0,

M, 41lo:  degree odd, picture# = n, Ramond#= 0

products
m;1+2]2: degree odd, picture# = n, Ramond#= 2,
bare products my,2lo:  degree odd, picture# = n, Ramond#= 0,

which are determined recursively by the equations:

1 n+1 -
pnt2lo = — T3 <§mn+2|0 =Y mnialo <]I®k ® £ @ I®"H ’“)) : (2.75)
k=0
1 n
Mus2lo = — 1 > [Mitalo, n—ks2l0], (2.76)
k=0
1 n
My 3l2 = ntl Z [m§g+2’27ﬂnfk+2‘0]; (2.77)
k=0
1 n
Mpt3lo = ] [mi+2l0; tn—k+20] (2.78)
k=0
where
Mlo=Q, mjls =mala. (2.79)

The recursive procedure for constructing the products, gauge products, and bare prod-
ucts is illustrated in figure 1. Note that these equations are nearly the same as those
from [1] determining the NS open superstring field theory. The only major difference is
the appearance of a new set of products m), 4ol2 for multiplying 2 or 3 Ramond states.

To prove these formulas it is helpful to work with the coalgebra representation of A
algebras. See also [1, 2, 8, 9]. Consider the tensor algebra generated by taking formal sums
of tensor products of string fields:

TH=H"oHoHP O H® o ... (2.80)

We promote an m-string product into a linear operator on the tensor algebra called a
coderivation, which we denote with the same symbol in boldface:

by — by (2.81)

— 11 —



My, mil, M, miyly Myl m'sly  Msly m'gly

VOoONON N
NN N

M3l Mylo mslo mglo

Figure 1. Starting from ms|p at the lower left corner, this diagram shows the procedure for
constructing all products which appear the NS+R equations of motion using intermediate bare
products and gauge products.

By definition, the coderivation b,, acts on the n-string component of the tensor algebra as

.
b= > 1% @by, @ IP""7F, on HO2™, (2.82)
k=0

and on H®"<™ it gives zero. A commutator of products [b,,c,] can also be promoted
to a coderivation. This coderivation turns out to be equal to the commutator of the
coderivations by, and ¢, (graded with respect to degree):

[bims €] = [bms €nl. (2.83)

If a sequence of degree odd multi-string products d,,,n = 1,2,3,.. define an A, algebra,
the A, relations can be expressed

[dl, dn] + [dz,dnfl] 4+ ...+ [dnfl, dg] + [dn,dl] =0, n=1,23, ... (284)

The main utility of introducing coderivations is that they can be added to each other. For
example, given the products of an A, algebra we can define a coderivation

d=) d,. (2.85)
n=0

This single object encapsulates all products of the A, algebra. To get the product d,,, we
act d on the n-string component of the tensor algebra and look at the result in the 1-string
component of the tensor algebra. Moreover, the A, relations (2.11) are equivalent to the

statement that d is nilpotent:
[d,d] = 0. (2.86)

To recover the A, relations (2.11), we act this equation on n-string component of the
tensor algebra and look at the result in the 1-string component of the tensor algebra.
Let us promote the products, gauge products and bare products to coderivations:
Mpy1lo = Myiilo,
My ol2 — My, o),

tn+2lo = Hyialo;
Mpt2lo — My o]0, (2.87)
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and define generating functions:

M(t) = > t"Mui1lo, (2.88)
n=0

m'(t) = Y t"mj, ), (2.89)
n=0

m(t) = Y "m0, (2.90)
n=0

w(t) = > "My p0lo- (2.91)
n=0

Note that

M(0) = Q, (2.92)

m’(0) = myly, (2.93)

m(O) = m2|0. (2.94)

Substituting the generating functions and expanding in powers of ¢, it is straightforward
to show that equations (2.75)—(2.78) are equivalent to:

D) = (1), m(1)], (295)
Lo (1) = [ (1), (1) (2.96)
Smi(t) = [m(t), (o) (297)

u(t) = £om(t). (2.98)

Here the operation £o is defined by its action on an n-string product

n—1
1
g ob, = 1 (fbn + (—l)deg(b”)bn E :]I®k ® f ® H@n—l—k) ) (2'99)
k=0

This operation defines a homotopy operator for the eta zero mode, in the sense that
M,§ob]+&o[m,b]=b, (2.100)

where b is an arbitrary coderivation, and 1 is the coderivation representing the 7 zero mode.
Let A(t) or B(t) stand for M(¢), m’(¢) or m(t). We have

[A(0),B(0)] =0, (2.101)

since Q, ma|p, mg|2 mutually anticommute. Now note that the differential equation (2.95)—
(2.97) imply
—[A@), B(t)] = [[A(t), B{)], n(t)]. (2.102)
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Since this equation is homogeneous in [A(t), B(t)], which vanishes at ¢ = 0, we conclude
[A(t),B(t)] = 0. (2.103)

In other words, M(t),m’(t) and m(¢) are nilpotent and mutually anticommute. Next
note that
M, A(0)] = 0. (2.104)

since Q, ma|p and msy|s are in the small Hilbert space. Equations (2.95)-(2.98) together
with (2.103) imply

L AW = . (AW, 1)),
= [In, A, 1(0)] — [AG), m()] + [A@), €0 nm(r)],  (2105)
= [In, AL, (o) + [A(), € o [n, m(1)]. (2.106)

Suppose A(t) = m(t). Then this equation is homogeneous in [, m(t)], and since this
vanishes at ¢ = 0 we conclude [, m(t)] = 0. Therefore

d

Z M A@)] = [, AR, n(t)]- (2.107)

Since this equation is homogeneous in [, A(t)], which vanishes at ¢ = 0, we conclude
n,A(t)] =0. (2.108)
In other words, all products and bare products are in the small Hilbert space. Finally,

consider the coderivation representing the composite products in the equations of motion

M = iMm =M(1) + m'(1). (2.109)
n=0

The above results immediately imply that
[n,M] —0, [MM} — 0. (2.110)

The first equation says that the composite products are in the small Hilbert space, and
the second equation says that they satisfy A, relations. This completes the construction
of the Neveu-Schwarz and Ramond equations of motion for the open superstring based on
Witten’s open string star product.

3 Ramond sector of open superstring with stubs

In preparation for studying the closed superstring, in this section we provide a more gen-
eral construction of the open superstring equations of motion which does not require the
associativity of Witten’s open string star product. Specifically, we build the equations of
motion by inserting picture changing operators a set of elementary products at picture zero:

M9 =q, M”, M, MO . (3.1)
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We assume that these products have odd degree, live in the small Hilbert space, and
satisfy A, relations. For example, we could define the elementary 2-string product MQ(O)
by attaching “stubs” to Witten’s open string star product [2, 18] (hence the title of this
section). In the following we will need to introduce a multitude of products with different
picture and Ramond numbers. We denote the number of inputs, the picture number and

the Ramond number of a product as follows:

picture number

Méi)l ‘27"7

ALRamomd number
number of inputs (3.2)

The product M,(l(_)gllzr is defined to be the Ramond number 2r projection of elementary

product M,(le.
The goal is to construct the NS+R equations of motion,

0=Q%® + M, <<i>, é) + M (<i>, P, i)) -+ higher orders, (3.3)

where & = &y + Ug and Mn+1 are degree odd composite products which appropriately
multiply NS and R states. We require that the composite products live in the small Hilbert
space and satisfy A, relations. The composite products can be decomposed into a sum of
products of definite Ramond and picture number,

My = My o+ MYVl + MU+ (3.4)

with the sum terminating when the Ramond number exceeds the number of inputs. The
picture number is correlated with the Ramond number so that the NS component of the
equations of motion will have picture —1 and the R component will have picture —1/2.
The composite 2-product is a sum of two terms:

My = Mo + M), (3.5)

The term with Ramond number 2 is the elementary 2-product Mz(o) acting on two Ramond
states. The term with Ramond number zero will be defined analogously to (2.17):

1

MP | = - (XM§°>10 +MO(X@I+1I® X)) . (3.6)

We also have
Mo = Q.18 (3.7)

0 1
M|y = [n,ué )!0} , (3.8)
where the gauge product ugl)\o is defined

1
#lo = < (6m3710 = M7 (€ ®T+109)) (3.9)
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So far, the equations of motion are precisely the same as in the previous section with the
replacement of Witten’s associative star product with MQ(O).

At higher orders the non-associativity of MQ(O) begins to play a significant role. The
higher order products at zero Ramond number were already described in [2], so let us
focus on products with nonzero Ramond number. The composite 3-product is the sum of
two terms:

Mz = MP o+ M), (3.10)
The A, relations imply that Mél)lg must satisfy
0= [Q,Mél)b} + [MQ(I)|0,M2(O)|2} . (3.11)
Pulling a @ out of this equation we have
0= [@ MVl — [M ], 1V1o] ] (3.12)
We conclude that Mél)b satisfies

My, = [Qaug)b} + [MQ(O)|2,M§1)|O} - (3.13)

Here we introduce a new gauge 3-product uél) |2 which is to be defined so that Mél) |2 is in
the small Hilbert space. In the previous section we could consistently set this product to
zero — indeed, in the previous section all gauge products had vanishing Ramond number.
If we postulate that

[777 Hél) |2} = M;)EO) |2, (3.14)

where M3(0) |2 is the Ramond number 2 projection of the elementary 3-product Méo), the
product Mél) |2 will be in the small Hilbert space:

(. 05" o] = = (@ M5 ko] + [, 257 ).

-~ (o5 s
=0, (3.15)

as follows from the A, relations for the elementary products. In summary, the product
M?El) |2 can be constructed by climbing a “ladder” of products and gauge products, starting
from M:,EO) |2:

M|, = given, (3.16)
1

uis = Z(fM?SO)'? —MOLERIRI+I®éRI+IRIR 5)), (3.17)

M§1)|2 = [ngl)b] + {Mz(o)b,,ugl)!o] ) (3.18)

where the second step inverts (3.14). The Ramond number zero piece of the composite
3-product can be found by climbing a similar ladder, as described in [2].
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Let us proceed to quartic order. The composite 4-product can be written as the sum
of three terms:

My =MP o+ M)y + M), (3.19)

In the previous section the Ramond number 4 contribution could be set to zero. Now it
will not vanish. Projecting the fourth A, relation,

0= [Q,J\L] n [MQ,MS} , (3.20)
onto Ramond number 4 implies
0= [Q M| + [arf" ]2, 72 (3.21)
Plugging in the expression for MS(I) |2 gives

0= [Q M |4} HQaﬂg)b} 7M2(0)|2} + HMz(O)baMél)b] ,Mz(o)|2} : (3.22)

The last term is zero since [M2(0) |2, MQ(O) ]2] would be a 3-product at Ramond number four,
which must vanish identically. We therefore conclude that

MYy = [Q ) I4} [Méo)lz,uél)\z , (3.23)

where the gauge 4-product ufll)]4 is defined so that M, il)|4 is in the small Hilbert space. If
we take

(1501 ] = M, (3:24)

then

ML) = = (@ MOk + [V 2 2157 a) ),
= (o] )
= 0. (3.25)

Therefore, the product M |4 does not vanish and can be constructed by climbing a “lad-
der” of products and gauge products, starting from M i )]4.

MAEO)M:given, (3.26)
1

uff)\zi:g(ﬁMiO)\ - My \4(5®JI®]I®]1+]I®§®H®H+H®H®§®H+H®H®H®g)),

(3.27)

M)y = (@i la] + [ME L, V1] (3.28)
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With sightly more sophisticated use of the Jacobi identity, we can follow this procedure
again to construct M, i2)|2 by climbing the “ladder:”

M|, = given, (3.29)
Ly = g(fM(O)y ~ M) (§®]I®]I®H+JI®§®H®H+H®H®§®H+H®H®H®f))
4 12 5 4 12 4 12 )
(3.30)

MVl = [waf)lz} + [Mz(o)la,uél)b} + [Mz(o)lo,uél)b} + [szo)lz,ug)lo} : (3.31)

1
s = 3<§Mf)lg—Mf)lz(f@mﬂ@ﬂﬂ@g®H®H+H®H®§®H+H®H®H®§)>,
(3.32

)
M = %( [Qa/ﬁf)b} + [Mg(l)|o,ﬂ:(sl)\2] + [Mz(o)\Q,M§2)!0] + [M;»El)bauél)lo} ) (3.33)
The number of steps in the ladder increases with the number of picture changing operators
we need to insert in the product. The Ramond number zero piece of the composite 4-
product was already constructed in [2].

Having provided a few examples, let us describe the general construction. We introduce
a list of products and gauge products as follows:

products : M](\?)H\QT, degree odd,

gauge products : u%i;)br, degree even, (3.34)

where the integers N, p,r take the ranges
N>0, 0<r<N, 0<p<N-r. (3.35)
The restriction on the range of r is a little too generous — many products and gauge

products on this list vanish because the Ramond number exceeds the number of inputs.
(The first example is Méo)\4 = 0). For convenience we include them on the list anyway.
The restriction on the picture number p comes from the fact that the equations of motion
require that products have picture number one less than the number of inputs minus half
the Ramond number. Since every step on the ladder to construct a product increases the
picture, we do not require products whose picture number exceeds this bound. We can
alternatively parameterize the list of products and gauge products by three integers d, p, r:

products : M(S{TPMH\QT, degree odd,
gauge products : //[/[(i]:_—;l_gr_i_QIQT‘) degree even, (3.36)
satisfying
d,p,7 > 0. (3.37)

The integer d can be interpreted as the picture number deficit—specifically, the amount
of picture that is missing from a product (with a given Ramond number and number of
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Figure 2. Diagram illustrating the construction of products. The products shaded in grey appear
in the equations of motion, and the elementary products at picture zero are boxed. At each order
in the string field, the products in the equations of motion are distinguished according to their
Ramond number, and at each Ramond number the product is derived by climbing a “ladder” of
products and gauge products starting from an elementary product at picture zero. The “ladders”
are shown above as a stack of products connected by vertical arrows. Each vertical arrow indicates
deriving a product with one higher unit of picture from a product of one lower unit of picture by
substituting (3.39) followed by (3.40). Climbing each ladder only requires the elementary products
and knowledge of products already constructed at lower orders in the string field.

inputs) before it can appear in the equations of motion. The products, gauge products,
and bare products introduced in the previous section correspond to a subset of this list:

Myi1lo = M,S?r)ﬂo,

M) als = M),

Mpt2lo n+2’07

tnszlo = 1y lo- (3.38)
If we assume the associativity of Witten’s star product, the remaining products and gauge

products can be set to zero. Extrapolating from the first few orders, one can guess that
the products and gauge products are determined recursively by a pair of equations,

o) d41 " d4ptr+1
Pt ®k d4ptr+1—k
lud+p+r+2’27“ d+p+7“+3(€ d+p+r+2\2r MY irial2r kZ:O @I >7
(3.39)
(p+1) (p—p'+1)
d+p+r+2’2r p+ Z Z Z |: d’+p +r! +1|27“ "U’d—l—p-i-r d'—p’ —r’+2|2(7‘—7"')} ’ (340)
P'=0d'=01'=0

The procedure for constructing the products and gauge products from these equations is
illustrated in figure 2.

Now we need to show that that the composite products M, 1 which appear in the
equations of motion are in the small Hilbert space and satisfy A, relations. We do this
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by lifting the products and gauge products to coderivations on the tensor algebra, and
defining generating functions

o0
M(s, t,u) = Z sdtpungﬁpMHbT, (3.41)
p,d,r=0
o0
+1)
uis tou) = Y shPu” ugﬁpwmbr (3.42)
p,d,r=0

The parameter s counts the picture deficit, ¢ counts the picture number, and v counts the
Ramond number. We can express (3.39) and (3.40) in the form of differential equations:

%M(s,t, u) = [M(s,t,u), u(s,t,u)], (3.43)

(s, 1) = €0 M(s, 1) (3.44)

These are nearly identical to the differential equations which determine the products of
the NS sector [2], the only difference being the label u for Ramond number which just tags
along. Next, we claim that

[M(s,0,u), M(s,0,u)] = 0. (3.45)
Unlike in previous examples, this relation is not directly a statement of the A, relations for
the elementary products, since the Ramond projections play a nontrivial role. Expanding
in powers of s and u gives the formula

MO (0
Z Z { d'+r +1‘2r 7Md+)r d/—w+1|2(r—r/)} =0. (3.46)
=0 d'=

To prove this, expand the range of summation on the left hand side to write

r d r d+r—r’

(0) (0) (0)
Z Z [Md”ﬂ" sl Mo g l2(=r) } Z Z [ @ 2e Ma gy l2(r—rn)| -
r’'=0d'=0 =0 d' =—1'
(3.47)

One can check that the additional terms included vanish because the Ramond number
of one of the products in the commutator exceeds the number of inputs. Now make the
substitution d” = d’ + 7/, and relabeling d” — d’ we obtain

T d d+r r

(0) (0) ( )
Z Z {Md%r alors Moy r’+1‘2(7‘—7“/)} Z Z { ’+1‘2T' dtr—a+1l20- ’”)]’
r’'=0d'=0 =07'=0
= ©) (0
0 0
= Z [Md’+1’Md+r—d'+1} o
d'=0
=0, (3.48)

which vanishes as a consequence of the A, relations for the elementary products. This
proves (3.45). Next note that

0

§[M(S,t,u),1\/[(s,t,u)] = [[M(s,t,u), M(s,t,u)], u(s,t,u)l. (3.49)
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Since this equation is homogeneous in [M(s,t,u), M(s,t,u)], which vanishes at ¢ = 0 as
just demonstrated, we conclude

[M(s,t,u), M(s,t,u)] = 0. (3.50)

Since the elementary products at picture zero are assumed to be in the small Hilbert space,

we have

M, M(s,0,u)] = 0. (3.51)

Next consider the equation

a[ﬂaM(Sa@U)] = [117 [M(Svtvu)v u(s,t,u)]],

= [[n,M(s,t,u)], u(s, t,u)] — [M(S,t,u), aasM(s,t, u)

+ [M(s,t,u),fo a[n,M(s,t,u)]} ;

0s
= [0 Mo, 0], s )] = 5 2 MG, ), MG, )
+ [M(s,t,u),fo ;S[n,M(s,t,u)]] ,

= [[n,M(s,t,u)], u(s, t,u)] + [M(s,t,u),&o %[n,M(s,t,u)] . (3.52)

Since this equation is homogeneous in [, M(s, ¢, u)]|, which vanishes at ¢t = 0, we conclude
M, M(s,t,u)] =0, (3.53)

which implies that all products are in the small Hilbert space. Finally, consider the
coderivation for the composite products which appear in the equations of motion:

o0
M =) My =M(0,1,1). (3.54)
n=0

The above results imply that
[n,M] —0, [MM} —0, (3.55)

so the composite products are in the small Hilbert space and satisfy A, relations. This
completes the construction of the Neveu-Schwarz and Ramond equations of motion for the
open superstring with stubs.

4 Ramond sector of heterotic string

The generalization of the open superstring with stubs to the heterotic string is straight-
forward. It requires two steps: first we symmetrize the tensor algebra, which replaces the
Ay structure of the previous section with an L, structure. Second, we fix the operator &
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to be the zero mode & for consistency with the level matching and b, constraints. Those
familiar with [2] may need no further explanation, but for completeness we spell it out here.

Closed string products are naturally commutative — they are symmetric (up to signs)
upon interchange of entries. This means that closed string products are naturally under-
stood as linear maps on symmetrized tensor products of closed string states. We denote
the symmetrized tensor product with a wedge A. Given string fields @4, ..., ®,, in the closed
string state space H, their symmetrized tensor product is defined

PIADPIN L AND, = Z(—l)e(a)q)g(l) ® CI)U(Q) ®..Q @U(n), (4.1)

g

where the sum is over all permutations ¢ of 1,...,n and the sign (—1)€(?) is the obvious
sign obtained from moving the string fields past each other into the order prescribed by
o. The commuting/anticommuting property of closed string fields is measured by their
degree. For a closed string field, the degree is taken to be the same as Grassmann parity —
not Grassmann parity plus one, as for open string fields. Symmetrized tensor products of
n closed string states form a basis for H"\", and a closed string product b, is a linear map:

by : HN — H. (4.2)
We write
b (@1, ..., @) = bp(P1 A . A DY), (4.3)

where on the left and side b, is written as a product and on the right hand side b,, written
as an operator on the symmetrized tensor product of states. Given two linear maps by ¢
and ¢y, from HN — HAF and HA — HA™, respectively, we define a wedge product,

b]ﬁg A E R ’HAZ—HL — 'H/\k+m, (4.4)
as follows:

Dt Amn(PLA - Prin) =D (=1 b g Ry Ao A Ro())ACmim Py A oo A Po(nsn)),

g
(4.5)
where the sum )’ is over all permutations o of 1,...,n+¢ which change the inputs of by ¢
and ¢, 5. (Permutations which only move around entries of by ¢ and ¢, », produce the same
terms, and are only counted once). The sign (—1)€(?) is the obvious sign obtained from
moving the string fields past each other and ¢, , into the order prescribed by o. Given
two closed string products b, and ¢,,, we define their commutator

[bins ] = by (n A L—1) — (—1)degbm)deslen) e (p AT, ), (4.6)

where I, is the identity operator on H"\". The commutator bracket satisfies the Jacobi
identity, and [by,, ¢,] is an (m 4 n — 1)-closed-string product. An L, algebra is defined by
a sequence of degree odd closed string products d,,n = 1,2, 3, ... which satisfy a hierarchy
of identities called L., relations:

[dl,dn] + [dg, dnfl] + ...+ [dnfl, dg] + [dn, dl] =0, n=1,2,3,.... (47)
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Finally, we will find it convenient to consider symmetrized tensor algebra
SH=HNoHoHoH e ... (4.8)

We promote an m-closed-string product to coderivation on the symmetrized tensor algebra,
which we denote with the same symbol in boldface

b, — by, (4.9)
By definition, b,, acts on the n-string component of the symmetrized tensor algebra as
by = by Al on HA™2T, (4.10)

and on H™<" it acts as zero. The commutator [by,, ¢,] promotes to a coderivation which
is equal to the commutator of coderivations:

[bmacn] — [bmvcn]- (4.11)

It should be emphasized that, as far as our analysis is concerned, the treatment of open
string A algebras and closed string L., algebras is nearly identical. The only difference
is that open string products and their commutators act in the appropriate way on tensor
products of open string states, while closed string products and their commutators act in
the appropriate way on symmetrized tensor products of closed string states.

Now let us discuss the NS+R equations of motion of the heterotic string. We need two
dynamical fields for the NS and R sectors:

Oy € Hn, TR € Hg, (4.12)

where Hy and Hp are the Neveu-Schwarz and Ramond state spaces of a heterotic string.
For the heterotic string, superconformal ghosts and picture only inhabit the left-moving
sector. The NS field &N should be degree even (and Grassmann even), ghost number 2,
and picture number —1. The Ramond field ¥ should be degree even (and Grassmann
even), ghost number 2, and picture number —1/2. With the requisite GSO projection,
the Ramond field is a linear combination of Grassmann odd states with Grassmann odd
coefficients. We define a composite heterotic string field

d =Py +Ur € H =HnDHr. (4.13)
This must satisfy the usual b, and level matching constraints:
by®=0, Ly®=0, (4.14)

where b, = by — by and Ly = Lo— Lo is the difference between left and right-moving zero
modes. The NS+R equations of motion of the heterotic string take the form

0=Q+ Ly (é, <I~>> + Ls <<i>, P, é) + higher orders, (4.15)
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where L1 = Q and Ln+17 n =0,1,2,... are composite closed string products with appropri-
ately multiply NS and R states. We require that they are compatible with the b, and L
constraints,

by Lnt1 =0, LgLpi1 =0, (4.16)

satisfy Lo relations, live in the small Hilbert space.
The composite products can be written as a sum of products of definite Ramond and
picture number
Lo = L8 o+ LUl + L2 + (4.17)

where the sum terminates when the Ramond number exceeds the number of inputs. The
Ramond number and picture number are correlated so that the NS part of the equations
of motion has picture —1 and the R part of the equations of motion has picture —1/2. We
want to build these products by inserting picture changing operators on a set of elementary
products of odd degree at picture zero:

0 0 0 0
tV=q, ¥ L Y (4.18)
which we assume are compatible with the by and L; constraints,
L, =0, 1L, =0, (4.19)

live in the small Hilbert space, and satisfy L, relations. The most natural definition of the
elementary products would derive from the polyhedral vertices of Saadi and Zwiebach [19],
but for our purposes it will not matter how they are chosen.

The procedure for constructing the products is exactly like for the open string with
stubs. We introduce a list of products and gauge products:

products : Lﬁp+r+1

(p+1)
)\d+p+7"+2 l2r,

lar,  degree odd,

gauge products : degree even, (4.20)
for d,p,r > 0. They are defined recursively following figure 2, using the equations

)\(p—f—l d+1

_ P
dipiri2ler = dtprrt 3 <§0 d+p+7“+2’2r — L} prrial2r (G A Hd+p+r+1)>7 (4.21)
(p+1) _ (p—p'+1)
Litpirsaler = p+ o1 Z Z Z { a4 4127 Ay w+2‘2(r77~/)} . (422)

p'=0d'=07r"=0

Note that the first equation uses the £ zero mode

€ = 7{ L 1o, (4.23)

|=1 2mi 2

rather than an arbitrary operator built from £ as is possible for the open string. This
guarantees that all products generated in the recursion are compatible with the b, and L
constraints. The proof that the resulting composite products I:n+1 are in the small Hilbert
space and satisfy L., relations is identical to that of the previous section.
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5 Ramond sectors of type II closed superstring

Now we discuss the equations of motion for type II closed superstring field theory. For
type II closed superstrings, superconformal ghosts appear in both the holomorphic and
antiholomorphic sectors. Therefore, string fields and closed string products will have two
respective picture numbers, which we call left- or right-moving picture number. We need
four dynamical closed string fields in the small Hilbert space, with respective left-/right-
moving pictures:

OnyN € Hnn, picture (—1,—1), (5.1)
Ungr € HNR, picture (—1,—1/2), (5.2)
UrN € HgrN, Dpicture (—1/2,—-1), (5.3)
Orp € Hrr, picture (—1/2,—-1/2). (5.4)

Here Hyn is the NS-NS state space, Hngr is the NS-R state space, Hgrn is the R-NS
state space, and Hgrg is the R-R state space. All four string fields are degree even (and
Grassmann even), ghost number 2, and satisfy the by and level-matching constraints. The
NS-NS and R-R string fields represent bosons, and are given as a linear combination of
Grassmann even states with commuting coefficients. The NS-R and R-NS string fields
represent fermions, and are given as a linear combination of Grassmann odd states with
anti-commuting (Grassmann odd) coefficients. To be consistent with the Grassmann parity
of the string field, we have to appropriately fix the Grassmannality of the Ramond ground
states in type IIA and type IIB string theory. Using a bar to denote antiholomorphic or
right-moving operators/quantities, we assume

C@§€_¢/2 = Grassmann even,

E@S»e_am = Grassmann even, (5.5)

where in type IIB both holomorphic and antiholomorphic spinors have positive chiral-
ity, and in type IIA the holomorphic spinor has positive chirality and the antiholomor-
phic spinor has negative chirality. To construct the equations of motion we insert picture
changing operators on a set of elementary products of odd degree at left- and right-moving
picture zero:

Lgmo) = Q7 LgO’O)a L§070)7 L4(1070)7 Tt (56)

We assume that these products satisfy L., relations, are compatible with the b, and L,
constraints, and are in the small Hilbert space, meaning that they are separately annihilated
by the left- and right-moving 7 zero modes:

|:777L£LO<;’01)] =0, [ﬁ, ngl’*ol)] =0. (5.7)

As in the heterotic string, we can take these products to be defined by the polyhedral
closed string vertices of Saadi and Zwiebach. The construction of the equations of motion
requires the definition of many products at intermediate Ramond and picture numbers.
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We will indicate the number of inputs, the left-/right-moving picture number, and the
left- /right-moving Ramond number of products through indices as follows:

left-moving picture number
Fright—moving picture number

(p.p) |
N+1 27, 2r

L right-moving Ramond number

left-moving Ramond number
number of inputs (5.8)

Left-moving Ramond number is defined as the number of holomorphic Ramond inputs
minus the number of holomorphic Ramond outputs, and right-moving Ramond number is
defined as the number of anti-holomorphic Ramond inputs minus anti-holomorphic Ramond
outputs.

Let us write the equations of motion explicitly out to second order:

0= QPxN + Lél’l)(q’NN, OnN) + Lgl’o)(‘I/NR, UnR)

+ LD (W, Upy) + L0 (Dgg, $rr) + higher orders, (5.9)
0 = QUng + 2L (D, Ung) + 2L (Ugy, Brr) + higher orders, (5.10)
0 = QUgy + 2L (@, iy ) + 2L (g, Prr) + higher orders, (5.11)
0 = Q¥pg + 2L (Bxn, Prp) + 2L TRy, Ung) + higher orders. (5.12)

The factors of 2 in the last three equations arise from the fact that the fields can appear
in either order in the 2-product. Note that the picture numbers of the products are fixed
consistently with the picture of the linear terms. The products Lgl’l), Lgl’o) and Lg)’l) can
be taken from [2] and are defined:

| Ry _ _

L;l’l) (Al, AQ) = § (X(]X()Lg)’o) (Al, Ag) + X()L;O’O) (X()Al, Ag) + X(]Lg)’O) (Al, X()AQ)
YoLgO’O) (XoA1, Ag) + L§°’°) (XoX0A1, Az) + Léo’o) (XoA1, X0Az)
KoLV (AL, XoAs) + XL (X Ay, XoAz) + LY (44, XOYOAQ)),

(5.13)
L (AL As) = L(XLO9 (A4, As) + L0 (X0 AL, As) + L9 (A4, XoA 1
2(1,2)—5(02(1,2)+2(0172)+2(1,02)), (5.14)
1/— — _
LY (4, Ay) = g(XoLéo’o) (A1, Ag) + LY (X0 Ay, Ag) + L (A1, X Ay) ) (5.15)
where

XO = [Qaéb]? XO = [Q7§0]7 (516)

and & and &, are the holomorphic and antiholomorphic & zero modes:

B dz §(z) 7 _ dz &(7)

0= f[jzzl omi 20 0 fg:l omi z (5-17)

These products are the natural closed superstring counterparts of (3.6).
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Let us introduce the composite string field
o = PNN + UNg + UrN + PRrR € H. (5.18)
We can write the equations of motion in the form

0=Q%®+ Ly (@, i)) + Ly ((i), P, &3) + higher orders, (5.19)

where I~/n+1 are composite products of odd degree which appropriately multiply the four
sectors of states. We require that the composite products satisfy L., relations and are
in the small Hilbert space. The composite products can be decomposed into a sum of
products with definite left- and right-moving Ramond and picture numbers:

Lny1 = L,(fﬁ)h)o + Ly nnﬁ 2 |04 + ..
+Ln111 n)|20 + L,({; Ln=1) |2,2 + ...
FLOT2 g0+
+..., (5.20)

where the double sum terminates when the left- or right-moving Ramond number exceeds
the number of inputs. The left/right Ramond and picture numbers of the products are
correlated so that the NS-NS part of the equations of motion has picture (—1, —1), the NS-
R part of the equations of motion has picture (—1,—1/2), the R-NS part of the equations
of motion has picture (—1/2, —1), and the R-R part of the equations of motion has picture
(—=1/2,—1/2). For example, at the first few orders the composite products take the form

Ly = Q,
Iy = L), L(1,0)|
+L§ o+ L |2 2,
Ly = L(2’2)| + L( Y002
—l—L D)0+ L5V g,
By = L)oo + L§3’2)|0,2 + L84
+LE o0+ LE o0 + L(2’1)|
L8 a0+ L8P a2 + L8V a4, (5.21)

The products of Ly were described in the previous paragraph. Nevertheless, let us explain
how to “construct” them in a way that generalizes to higher orders. The product L ]2
does not need to be constructed; it is already provided by the elementary 2-product acting
on two R-R states:

L"), 5 = given. (5.22)
The products L§1’0)|072 and L§1’0)|072 can be derived by climbing “ladders”
L0, = given, (5.23)
(1,0) 1
A0 g = §<£0L o+ L95(8 /\H)) (5.24)
L§1’0)|072 = [Q,)\S’O |072] ; (5.25)
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and

L"), 0 = given, (5.26)
1
3o = 5 (G280 + L8V 120G AT) ), (5.27)
0,1)
L0V = (@2 |270] . (5.28)

The products denoted with A and \ will be called left and right gauge products, respectively.
Following [2], Lgl’l)](),o can be constructed as follows:®

L§0’0)|070 = given, (5.29)
1
)\51’0)|0,0 = g(fOLgO 0+L )|0 of 0/\]1)) (01 |00 = (éoL(O O)|oo+L |00 (50/\]1))
(5.30)
L§ )00 = [Q,)\él’o)b,o} ) LY {Q 2, 0} (5.31)
1 ~(1,
)\5171)|0,0 = g (foLél’O + L )|0 0(50 A H)) )\;1 1)|0,0 — (§OL(O 1)|O 0 + L |0 0 (50 A H))
(5.32)
1 1)

Note that the procedure splits into two independent threads. This is the first indication
that the recursion defining the products is effectively 2-dimensional, reflecting the need to
insert picture in both the left- and right-moving sectors. We illustrate the construction
of 2- string products diagrammatically in figure 3. In particular, the above construction
of L \0 o corresponds to filling a “diamond” of products of intermediate left- and right-
moving picture number.

Proceeding to the next order, the construction of 3-string products is illustrated in
figure 4. This requires ﬁlling two “diamonds to construct L(2 2) lo,0 and L |2 2, and two
“prisms” to construct L |0 and L |2 0. To emphasize the pattern, we also illustrate
the construction of 4-string products in figure 5. The explicit formulas that go along with
these diagrams are easiest to motivate by proceeding directly to the differential equations
for the generating functions. We start with a list of all required products and left/right
gauge products:

products : Lgf; 1l2r27,
left gauge products : /\%E’p |or 27,
right gauge products : )\SV,erl |or 27, (5.34)

SOur approach generalizes the symmetric construction of the NS-NS sector described in [2]. The gener-
alization of the asymmetric construction appears to be less direct and we did not consider it.
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L2(1’1)|0,0

/N
Lz(l’o)\o,o ([ ] Lz(0’1)|o,o
hN /

AN /

Figure 3. Diagram showing the construction of the 2-products of type II closed superstring field
theory. Products shaded in grey appear in the equations of motion, and the elementary products at
picture zero are boxed. Arrows pointing to the left indicate the construction of a left gauge product
out of the product at the source of the arrow, which then feeds into the definition of the product
at the target of the arrow. Arrows pointing to the right indicate the construction of a right gauge
product out of the product at the source of the arrow, which then feeds into the definition of the
product at the target of the arrow.

L2(1’0)|o,2 Lz(o’l) \ 2,0

L3(2'2) | 0.0

Lz(z")‘n,n / [ ] \ Ls“'zl‘(m
L9y 0 [ ] \ Ls“‘l)‘o,o / [ ] LDy
Ly@D),, Ly40 / ® \ LyOD]y o L2,
L0, Y N LMDy \/ LD, ” e L,02)],,
L0, , 4 [ ] L3OD], Ly10 [ ] h Ly®D]5 o
\ Ls(“‘o)‘a,z L3(l'l)|2‘z /
L0y, [ Lsm'”‘zz
\/

Figure 4. Diagram showing the construction of the 3-products of type II closed superstring
field theory.

The integers N, p,r,p, T take the respective ranges

(p) . >0 0<r<N, 0<p<N-—r
LN+1|27‘,21"- N > 0; 0<7<N. 0§TJ§N—?’
(p+1D)) . > 0. 0<r<N, 0<p<N-r
Mg e N2 vy o<peNraT
Y (p.p+1) 0<r<N+1, 0<p<N-r+1
= > . . )
ANt lrar s N200 0 LT 0<p<N_7 (5.35)

The allowed range of r and 7 is generous, as some products and left /right gauge products
listed above vanish because the left- or right-moving Ramond number exceeds the number
of inputs. Ignoring products which vanish, one can double check that this list maps onto
the diagrams of figures 3-5 (note that left and right arrows represent left and right gauge
products, respectively). In defining the generating functions, at first one might guess that
we need six parameters s,3,t,¢ and u, U, counting left /right picture deficit, left /right pic-
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LB, 00

L8, ° LYo
sON /N
L&Yy, ) L)y, Y Lo
N AN
LEMoy @ LMy @ L0, @ L0
sON N
Lo, L0 L LMoo ° Lo, L&V
LDz ° Lo, LMoo ] L{*Doo LD ° LV
1,60 ° L, ° L,09)] 1,6 ° 1,09 ° 1,03
4oz 47 loa 4 o2 4 loo 47l 4 7ho 4720
SN NN
Ll LE @ L, e Ly, LE @ LML, @ Ly, L0905
L%, @ L, L, @ Lo, Lo, L0 @ L0, L0y @ L,
1,20 o LD L,2D)] ® L,02)] L] [} L,02)]
4 loa 4 loa 4 loa 4l 47l 410 4 lao 27 lag
L9, Y LD, L9, ° LD, ° L,02),, L), ° LY,
LM, oo, @ nen, I
L,20) ° L0 7,00 L0 Y L,02)
L9, Y L), L0, ° LoV,
N N
£,
LW @ L

Figure 5. Diagram showing the construction of the 4-products of type II closed superstring
field theory.

ture, and left /right Ramond number, respectively. This is almost correct, but would be
over-counting since the products only have five integer labels. This is a consequence of the
fact that the left /right picture deficits, picture and Ramond numbers are not all indepen-
dent: they are constrained by the fact that the rank of multiplication in the holomorphic
and antiholomorphic sectors is the same. The correct way to deal with this is to identify
t = t, so the generating functions depend on only five parameters s,5,t,u,u. Promoting
the products and left/right gauge products to coderivations on the symmetrized tensor
algebra, we therefore define generating functions

9] 9] 0 -~ B B _
L(Sa S, 1, u, U) = Z Z Z (Sdgd) (tp-f-p) (urﬂr) 6d+p+T:N5E+ﬁ+?=NL§\];f)1 ‘21“,2?7
N=0 d,p,r=0 45 7=0
(5.36)
9] [e9) ) -~ B 3 _
7\(8, 5,1, u, ﬂ) = Z Z Z (Sd§d> (thrp) (urﬂr) 5d+P+T=N58+ﬁ+F:N+1)\S\];iéjp) ‘27«72;,
N=0 d,p,r=0 d.p,7=0
(5.37)
B 0 o9 0 -~ B B 1)
A(Sv g? ta u, ﬂ) = Z Z Z (Sdgd) (tP‘i‘P) (uTﬂT) 5d+p+7’:N+15a+ﬁ+?=N7\]\z;fl ‘27”’2?'

(5.38)

We have inserted Kronecker deltas into the sums to enforce the appropriate relation be-
tween left /right picture deficit, picture and Ramond number and the number of inputs in
the product.
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Based on our results for the open string, it is natural to guess that the generating
functions should satisfy the same set of differential equations which determine the products
of the NS-NS sector [2] with extra parameters u, @ that go along for the ride. In particular
we should have

;L(S,s,t,u,u) = [L(s,5,t,u,w),A(s,5, t,u, ) + A(s, 5, t,u, a)} (5.39)
A(s, s, t,u, ) = & o gL(s,s,t, w, ), A(s,5,t,u,u) =&y o (s 5, t,u,w). (5.40)
s

Here the operation £yo is defined by its action on an n-closed string product

N _1)dea(bn)
00 bu = — (§obu + (=1)* )b (6 A L) ). (5.41)
This defines a homotopy operator for the coderivation n:
M,&ob]+& oM, b]=b. (5.42)

The same equations hold for £yo with & and 1 replaced with &, and the coderivation for
the right moving eta zero mode n. Next, we claim that at ¢ = 0 the generating function

for products is nilpotent:
[L(s,s,0,u,w),L(s,s,0,u,u)] = 0. (5.43)
Expanding in powers of s, u, uw, this equation is equivalent to
(0,0 0,0)
Z Z Z [ n+1)‘2r’ 275 LS\[ n+1|2(r r)2(P=7")| — 0, (544)
n=0 r’'€S, 'eSy

where the sets S,, and S,, defining the summations over r’ and 7 are characterized by the
conditions

0 r—N+n<7r, " <n, <nr, (5.45)
7eS, < 0<¥, T—N+4+n<7?, ¥<n, ¥<F. (5.46)

To prove (5.44), note that we can expand the range of summation on the left hand side

Z Z Z |: n+1’27”’ 27~’>L§3 03’L+1‘2(7’—7‘/)72(?—F’):| =

n= OTESanS

Z Z [ n+1’2r’ 2r’7L§3 031+1|2(r—r’)72(?—?’)] ; (5.47)

n=0 r'=0

= \

since the additional terms all vanish on account of the fact that the left- or right-moving
Ramond number of one of the products in the commutator exceeds the number of inputs.
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The sum over ', 7 now reproduces the 2r, 27 projection of the (N + 1)st L, relation for
the elementary products, which gives zero:

N
Z Z Z [Lf’bo—i—ol |2T/ 27"y Lg\? 031+1’2 7n,7,/)72(77?/):| —

E

0,0 0,0
|:L7('L+1)7L,(ZV 21+1} |2r,277

n=0 €S, 73, n=0
=0. (5.48)
This proves (5.43). Next note that
0 _ _ _ _
5 [L(s,s,t,u,u),L(s,5,t,u,u)] =
[[L(s,s,t,u,w),L(s,5,t,u,w)],A(s,5, t,u,0) + A(s, 5, t,u,0)] . (5.49)

Since this equation is homogeneous in [L(s, s, t, u, ), L(s, S, t, u,u)], which vanishes at t = 0
as just demonstrated, we conclude

[L(s,s,t,u,u),L(s,s,t,u,w)] = 0. (5.50)
Since the elementary products are in the small Hilbert space, we have
M, L(s,5,0,u,w)] =0, [n,L(s,35,0,u,a)]=0. (5.51)
Next consider

;[n,L(s,s,t,u,u)] =, [L(s,3,t,u,w),A(s,5,t,u,u) + A(s,5, t,u,u)]],
= [[n,L(s,s,t,u, )], A(s,5,t,u,0) + A(s, S, t, u, u)]
—[L(s,3,t,u, @), [n,A(s,5,t,u,@)]]—[L(s,5,t,u,7), M, A(s,3,t,u,0)]],
w)

[M,L(s,s,t,u,u)],A(s,s,t,u, @) + A(s, 5, t,u, )]

— L(s,s,t,u,u),aaL(s,s,t,u,u)]
s

—|—-L(sstuu) gooaa[n L(sstuu)]]

+ |L(s,3,t,u,1), &y o

> L5t

0s
= [[n,L(s,s,t,u, )], N(s,S,t,u,w) + A(s, S, t,u, )]
10 _ _ _ _
_567[ (s,s,t,u,u),L(s,s,t,u,u)]

+ L(s,s,t,u,u),gooaa[n,L(s,s,t,u,u)]
S

- B P -

+ L(87§7t7u7ﬂ)7500}[TLL(Sag:t?Q%ﬂ)] )
S

= [[n,L(s,5,t,u,1)],A(s,5,t,u,u) + A(s, 5, t,u, )]

+ L(sstuu)ﬁooa[nL(sstuu)]

0s

+ L(S,E,t,u,ﬂ),goo 2[1],L(5,§,t,u,ﬂ)] ) (5.52)

05
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Since this equation is homogeneous in [n,L(s,3,t,u,w)], which vanishes at ¢ = 0, we

conclude
[naL(5a§7t7uaﬂ)] = 07 (553)

and by a similar argument
M,L(s,s,t,u,u)] = 0. (5.54)

Consider the coderivation representing the composite products which appear in the equa-

tions of motion:

L=>) Ly =L(00111). (5.55)
The above results imply that
[mi]:q [ﬁi}:a [Li}:a (5.56)

which says that the composite products are in the small Hilbert space and satisfy Lo
relations. Finally, we can find the recursive equations for the products and left /right gauge
products by expanding (5.39) and (5.40) in powers of s,3s,t, u, u:

N—-p—r+1
AESE’” lor.or = ]\];—H(foLﬁf;br,zr L(p’p2|2r 27 (&0 N HN+1)) (5.57)
P+1) N-p—-7r+1 , ,
M3 lorr = N—+3(£O P banar — LD lorarEo A In41) ), (5.58)
Lg\e ‘27" 2r = D +p Z Z Z [ngp—f—’f )‘27"’,27"7 /\5\1; ﬁ—;—p2 g )’2(7"—7"),2(F—?’):|
n=0 (p';r")€An (p' 7 )EAn

+ Z Z Z [LnJrl |2r’ 25 AE\ZJ) Zlf;ﬁ,)‘2(7"—7"’),2(?—?’)} : (559)

0 (p',r)E€Bn (7 ,;7)EBy

The sums in the last equation are over all values of p’, 7" and p’,7 such that the products
and left/right gauge products in the commutators have admissible left- and right-moving
Ramond and picture numbers, as defined by the list (5.35). Explicitly, (p,r’) is in a set
A, or B, and (p/,7') is in a set A, or B,, defined by the conditions:
(pl77,/) EATM s OSplv OST‘/, plgp_]-a Tlgrv
p+r—N+n—-1<p' +¢, p'+1 <N,
@, 7)edn, < 0<p, 0<7, P<p T
P+7T-N+n<p +7, 7 +7
@,7")€Bn, < 0<p, 0+, p<p <
p+r—N+n<p' +r, p+r <N,
(7, 7)€Bn, < 0<F, 0<7, pP<p-1, 7T
p+7r—N+n—-1<p+7, p+7<N. (5.60)
This completes the definition of the equations of motion of type II closed superstring
field theory.
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6 Supersymmetry

Now that we have equations of motion including all NS and R sectors, it is interesting
to understand in what sense they are supersymmetric. Here we will limit our discussion
to the open superstring using Witten’s associative star product, leaving generalizations to
future work. For heterotic and type II closed superstrings, spacetime supersymmetry can
be described in a different way as part of the gauge symmetry at the interacting level [7].
For other discussions of supersymmetry in open string field theory, see [4, 15, 20].

We will work with open string field theory on a BPS D-brane with sixteen supersym-
metries. As described in [3], the simplest way to realize a supersymmetry transformation
is by integrating the zero-momentum fermion vertex in the —1/2 picture:

s1 =2 d—%@ge*‘bm(z)eg, (6.1)
|2]=1 2T

where the index on s; indicates that this operator is a 1-string product. The object ez is
the supersymmetry parameter — a constant Grassmann odd spinor. To keep the notation
simple, we leave the dependence of s; on the supersymmetry parameter implicit. We
make a GSO(+) projection in both NS and R sectors, so the supersymmetry parameter
must have positive chirality. Then, following the Grassmann assignments in section 2, the
supersymmetry operator s; will be Grassmann even (and degree even).” It is natural to
identify the linearized supersymmetry transformation of the NS field as

SON = 51UR. (6.2)

Likewise, the linearized supersymmetry transformation of the R field should be proportional
to the NS field. However, to get the pictures to line up we need a supersymmetry operator
of picture +1/2. This can be defined by integrating the zero momentum fermion vertex at
picture +1/2:

d
Si=v2d = <iaXﬂ@ye¢/2(z)F§, ot bn@§63¢/2(z))65, (6.3)
|z|=1 ™ ?
where F’si o are 10 dimensional gamma matrices. This operator is also Grassmann even.
The linearized supersymmetry transformation of the Ramond field will therefore be

SR = 51 . (6.4)

We can write both supersymmetry transformations in a single equation using the composite
string field ® = &y + Uy
0P =519, (6.5)

where

S1 = Si|-1 + s1)1, (6.6)

with the indicated Ramond projections of S; and s;. Now the question is how this super-
symmetry generalizes to the nonlinear theory.

"The factor v/2 is inserted to obtain the canonical normalization of the supersymmetry algebra.
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Before we get to this, however, let us mention a few essential properties of s; and 5j.
Both operators are in the small Hilbert space and BRST invariant

[7,s1] = [1,51] =0, (6.7)
[@,51] = [Q, 8] = 0. (6.8)

This is in fact necessary for the supersymmetry transformation to be a symmetry of the
linearized equations of motion. Moreover, since both operators are zero modes of weight
one primary fields, they are derivations of Witten’s open string star product:

[Sl,mg] = [Sl,mQ] =0. (6.9)

It will also be useful to introduce a Grassmann odd supersymmetry operator in the large
Hilbert space:

dz
=2 — £OQze 9? 5 1
n=Va) e ) (6.10)
This operator satisfies
S1 = [Q, 1], (6.11)
s1 = [n,01]. (6.12)

and is also a derivation of the star product. Note the relationship between the supersym-
metry operators S1, 01 and s1 is somewhat analogous to the relation between the products
My, p2, and ma.

6.1 Perturbative construction of supersymmetry transformation

In this subsection we give a perturbative construction of the supersymmetry transforma-
tion. It turns out that the final form of the supersymmetry transformation is easiest
to understand in a different set of field variables, described in the next subsection, and
some readers may wish to skip ahead. (See, in particular, equation (6.90)) The follow-
ing derivation, however, has the advantage that it likely generalizes to supersymmetry
transformations in other forms of superstring field theory.

Our task is to find a sequence of degree even products in the small Hilbert space,
Sy, So, S .., (6.13)
so that the supersymmetry transformation can be written
6 =S1D+ S, (tf, @) + S3 <<i>, P, @) + higher orders. (6.14)

Let us explain what it means for this transformation to be a symmetry. Consider a pair
of coderivations M and S representing the products in the equations of motion and super-
symmetry transformation:

M= M, (6.15)
n=0

S=Y'S,.1, (6.16)
n=0
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where ]\anH and related products in the equations of motion are taken from section 2. We
also introduce a group-like element®

1 L

1_&):1Tﬁ+<1>+<1>®<1>+<1>®<1>®<1>+.... (6.17)
The equations of motion and the supersymmetry transformation can be expressed in
the form: 1 ] L1
M = =0, 0 - =S = (6.18)
1-@ 1-@ 1-9

We claim that the products §n+1 generate a symmetry if
[1\71, S] —0. (6.19)

To see this, suppose @ is a solution to the equations of motion. Then calculate the equations
of motion on the transformed string field ® + §P:

M< L .5 1~>=MS Ly S (6.20)
1—-® 1-®

Therefore the transformation is a symmetry. Note that the condition [M, S] = 0 is some-
what stronger than the statement that the transformation maps solutions into solutions.
It places a nontrivial condition on the off-shell form of the supersymmetry transformation.
In fact, (6.19) is the nearest we can come to the statement that the transformation is a
symmetry of the action — all that is missing is a symplectic structure which would allow
us to define an action and impose cyclicity.

Equation (6.19) implies that the products S,41 satisfy a hierarchy of identities:

[Ml,énﬂ} n [M2,S“n] ¥t [MM,S@ —0, n=012, .., (6.21)

where M; = Q. We have already discussed Sy which appears in (6.6), and it provides a
solution to

[Q, 5’1} —0. (6.22)
The next step is to derive the 2-product S, from the identity
Q.5 + [ 11, 8] =0. (6.23)

Since S5 is part of a supersymmetry transformation, it can be split into a sum of products
with odd Ramond number:
Sy = SQ’_l -+ 82|1. (6.24)

Equation (6.23) breaks up into two independent equations at Ramond number —1 and 1:

0 = [Q, S2|-1] + [Mzlo, S1|-1], (6.25)
0 = [Q,s2)1] + [Malo, s1l1] + [mal2, S1|-1]. (6.26)

8See [9] for more detailed discussion of coderivations, cohomomorphisms, and group-like elements.
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To solve the first equation, we can pull a ) out of either My or S;. The solution we prefer
is to pull a @ out of Ms, obtaining

Sa|-1 = [S1|-1, p2lo]- (6.27)
We can check that this is in the small Hilbert space:
(7, S2|-1] = [Si]|=1,m2l0] = [S1,ma]|-1 =0, (6.28)

where we used conservation of Ramond number and the fact that Sy is a derivation of ms.
To solve for the Ramond number 1 component of Ss, we pull a Q in the natural way out
of the two terms in (6.26)

sal1 = [s1]1, palo] + [mal2, o1]-1]. (6.29)

It turns out to be convenient to introduce separate symbols for these two terms:

3(21)’1 = [s1]1, p2o], (6.30)
s$V01 = [male, o] 1] (6.31)

Check that this is in the small Hilbert space:

= [51\1,m2|0] - [m2|2,51|71],
= [817?712]!1,
=0, (6.32)

[0, 52]1]

where we used conservation of Ramond number and the fact that s; is a derivation of ms.
This completes the definition of the 2-product S in the supersymmetry transformation.
To establish a pattern it is helpful to continue on to the 3-product S3, which must satisfy

(Q.8] + [, %] + [ 115,51 ] = 0. (6.33)
Let us look at the component of this equation at Ramond number 3:
[Q, 53|3] + [mal2, sa|1] + [mgb, 81|1] = 0. (6.34)

Substituting (6.29) for ss|; and (2.72) for mfj|s,

0= [Q7§3!3} + [m2!2, [81|1,M2!0H + [m2|2, [m2|2,01\—1ﬂ + [[m2|2,,u2|0],31\1],
- [Q,S’3|3}’ (6.35)

where the additional terms either cancel or vanish identically because the Ramond number
exceeds the number of inputs. From this we conclude that the Ramond number 3 compo-
nent of 5’3 can be set to zero. Therefore 5’3 must be a sum of products at Ramond number
—1 and 1

5'3 = S3|71 + 83|1, (6.36)
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just like S; and Ss. Let’s look at the Ramond number —1 component of the identity (6.33):

0 = [Q,S3|-1] + [Mao, S2|-1] + [Ms3]o, S1]-1],
= [Q,83]-1] + [Malo, So| 1] + %HQ?M?JO] + [Malo, p2lo], S1l-1],
= (@bl + 5@ sl Sil-1]] + [Melo, Sl
—%[leoasz\—ﬂ + %HM2|0751|—1],,M2|0],
— (@bl + 5. [nalo, i ] + 5 [Malo, Sela] + 3 [Q, Sl il ah],

1
= [Q,53|1 - 5([51|—1,u3|0] + [52|1,M2\0D] : (6.37)
This suggests we identify

S3|—1 = %([Sl|717/‘3‘0] + [S2|71,M2|0]>- (6.38)

Check that this is in the small Hilbert space:

(7, S5]-1] = }([Sl‘—lvmfﬂb} + [52\—17m2|0}),

([51\—1, [malo, p2lo] ] + [S2|—17m2‘0])7

([m2\0,52!—1] + [Sg\_l,m2|0}),

=N N I )

(6.39)
Finally, let’s look at the Ramond number 1 component of (6.33):

0 = [Q,s3h] + [Mslo, sala] + [mal2, Sal 1] + [Mslo, sala] + [mal2, Saf 4],

= [Q. s3] +[M2\0>59)!1}+ [ M3]o, 51]1] +{M2|0»S§H)|1} + [mala, Sa| 1]+ [m3l2, Si]-1],

= [Q, s3l1] +[M2\0,8§I)!1}+ %[[Q,Msb]aslh] + %HM2|07M2!0],31|1],
+ [M2|0,8§H)|1} + [mal2, [S1l-1, p2lo] | + [[mal2, p2lo], S1l-1],

= (@, s31] + [M2|0a8g)\1} + %[Q, (3o, s111]] — % [Mﬂo?sg)h] + %[[M2|oa81!1}7u2\0],
+ {M2|0,S§H)h} + [[mal2, S1l-1], p2lo],

= [Q,s3)1] + %[Q, (11310, s1]1]] +% [Mz\oysg)h} —% Hstg)ll} auz\o] 7
+[Malo, 55711] = [[@5571]. malo],

- {Q,sm — 5 (Is1h,mslo] + [, malo] ) - [sé“’hmo]] . (6.40)

Therefore we can identify
ss|l1 = SéI)|1 + Sgﬂ)h, (6.41)
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with

1
sVl = 5([51\1>M3|0] + [sg)h,uzb} ), (6.42)

s = [séﬂ)h,uzb} : (6.43)

Thus we see a pattern where the supersymmetry product at Ramond number 1 breaks
up into a product denoted with (I) and a product denoted with (II), each determined by
independent recursions. Let us check that ss|; is in the small Hilbert space:

1
1, 831] = §<[S1|17m3\0] +[89)\177@10]+[[81’17m2’0],u2\0])

+ [séﬂ)’h’mﬂo} — [[mal2, s1]-1], p2lo],
= [[s1l1,m2lo], nalo] + [[mal2, o1]-1],malo] = [[mal2, s1|-1] p2lo],

1
= [[s1,ma]l1, p2lo] — 5[[m2,mz]|2,01| 1] + [mal2, [o1, ma]| 1],

= 0. (6.44)

This completes the definition of the 3-product S3 in the supersymmetry transformation.
Now we can guess the form of the supersymmetry transformation at higher orders.
The (n + 1)st product can be written

Spt1 = Sni1]-1 + snt1lr- (6.45)

Components with higher Ramond number can be set to zero. In addition, s,t2|1 can be
written as a sum
I 11
3n+2’1 = 57(13_2‘1 + SgH_)Q‘l- (646)

The products are determined recursively by the equations,

1 n
Snt2|l-1 = T Z [Sk41]=15 Bn—kt2l0], (6.47)
k=0
n
I 1 I
87(1—)&—2|1 = n+1 Z [S’(gll’l?lt’bn_k+2|0} ) (648)
k=0
n
a , _ 1 (1)
n+3|1 - n+1 rar [3k+2’17ﬂn7k+2’01| s (649)

starting from Si|_; in (6.3), sgl)h = s1]1 in (6.1), and sgn)h = [mal2,01]-1]. Now let’s
prove that these products have the required properties. We promote the products to
coderivations and define generating functions

o0
=Y t"Spi1|-1,
n=0
o0
1 1
t) = Ztnsflilh’

Z s, (6.50)
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Using the generating function of the gauge products (2.91), the recursive equations (6.47)—
(6.49) can be reexpressed

£iS(0) = 8(0) u(o), (6:51)
%S(I)(t) _ [s(l)(t), u(t)} : (6.52)
%S(H)(t) _ [S(H)@)’ u(t)] , (6.53)

The generating functions for the products in the equations of motion and supersymmetry
transformation take the form

M(t) = M(t) + tm’(t),  S(t) = S(t) + s (t) + ts"D(2). (6.54)

The differential equations for the generating functions imply a set of equations:

< wae), 5] = [[M0), 80)] w(t)] + [0, 8] + [M1ce), s 1))

(6.55)
% ([ ), 8 [+[Mt), s )] ) = [ [ (1), 8 |+ [N1(2), s (1) () |2 [ ), s 1)
(6.56)
% [m’(t), s(D (t)} - Hm’(t), s (t)} , u(t)} . (6.57)

Start with the last equation. Note that [m’(0),s™(0)] vanishes because
[m2!2>8§m\1] = [mal2, [mal2, o1]-1]] = 0. (6.58)

The last equation then implies

[m’(t), s1D (t)} —0. (6.59)

The next to last equation (6.56) is now homogeneous in [m’(t), S(t)] + [M(t), s (¢)]. We
know that [m’(0), S(0)] + [M(0),s™(0)] = 0 because

[mal2, S1l-1] + [Q, [m2]2, o1|-1]] = 0. (6.60)

Therefore (6.56) implies

[m'(t), S(t)} n [M(t),sm)(t)} —0. (6.61)

Finally, consider the first equation (6.55), which is now homogeneous in [M(t), S(t)]. The

commutator [M(0), S(0)] vanishes since the supersymmetry operators are BRST invariant.
Therefore

[M(t), S(t)} — 0. (6.62)

Setting t = 1, we have in particular

[1\71, s] —0, (6.63)



which proves that the products §n+1 generate a symmetry. To prove that the transforma-
tion acts in the small Hilbert space, consider the following set of equations:

< [n8w] = [[n.80)] w)] + [$6).m@] + [n500)] . 669

dt
g ([50m] + [n50] ) = [[80m0)] + [n.500)] w0] +2 ]300 mi0)],
(6.65)
% [sO().m(0)] = [+ m(0)] .u0)]. (6.66)
Start with the last equation. Note that [m(0),s)(0)] vanishes because
[malo, s3] = malo, o, 1] 1)) = 3 llma, malla, 4| 4] — [, iz, ] -1] = 0.
(6.67)

The last equation then implies
[m(t),sUD (t)} ~0. (6.68)

The next to last equation (6.65) is now homogeneous in [S(¢), m(t)] + [n, s (¢)]. We know
that [S(0), m(0)] + [n,s"™(0)] = 0 because

[S1]-1 + s1l1,m2lo] + [, [ma2l2, 01| 1] = [S1, m2]|o + [s1,m2]]1 = 0. (6.69)
Therefore (6.65) implies

[9(t),m(t)} + [n,sm) (t)] = 0. (6.70)
Finally, consider the first equation (6.64), which is now homogeneous in [n,S(¢)]. Since
M, S(O)] = 0 we conclude

[méw}zq (6.71)

so the products 5’”“ are in the small Hilbert space. This completes the construction of
the supersymmetry transformation.

6.2 Supersymmetry in Berkovits’ superstring field theory

Following [8, 9], our analysis should imply a natural form for the supersymmetry trans-
formation of the NS+R equations of motion in Berkovits’ open superstring field the-
ory [4, 21, 22]. To derive this supersymmetry transformation, as an intermediate step
we must perform a field redefinition from our string field ® to a new string field ¢ whose
equations of motion and constraint are only polynomial [9]. The field redefinition is defined
by the cohomomorphism

Gt =P [exp ( /0 " u(t’))] , (6.72)

where the path ordered exponential is defined in sequence of increasing t’. In particular,
we can express the relation between ® and ¢ as

1 ~
- =G =, (6.73)
1—-¢ 1—®
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where G = G(1). Equivalently, we can write

=G [é} : (6.74)
where G[®] is given by
Glo]=m&—.
= @+ sl (B, @) (slo (%, 8 ) aalo (ol (B, 8), ) il (B, 1ol (&, 2)))
+higher orders, (6.75)

and 71 denotes the projection onto the 1-string component of the tensor algebra. Note
that this field redefinition is only defined in the large Hilbert space — it is not compatible
with the small Hilbert space constraint on the string field. In [9], such a field redefinition
was called an improper field redefinition. Once we have transformed from @ to p, we must
perform a second transformation to map from ¢ into Berkovits’ superstring field theory.
However, it will be useful to work out the supersymmetry transformation for ¢ first.

Let us find the equations of motion and constraint for . The generating functions
given in (2.88)-(2.90) can be written

M(t) = G(t)7'QG (1), (6.76)
m'(t) = G(t)_1m2|gé(t), (677)
m(t) = G(t) " my|oG(1), (6.78)

since these expressions give a solution to the differential equations (2.95)—(2.97) with the
correct initial conditions. This implies that the composite products of the equations of
motion can be expressed:

M = M(1) + m'(1) = G (Q + mb)é. (6.79)

Moreover, it follows from the computation in [8] that

~

n=ag-! <n - m2]0>é. (6.80)

The equations of motion and constraint for ® can be expressed together in the form

(1\71 - n) . _1 5 =0 (6.81)

Multiplying by G, using (6.79) and (6.80), and replacing ® with the new string field @,
we find:

(Q—n+mz)11¢=O. (6.82)

After projecting onto the 1-string component of the tensor algebra, we find familiar Chern-
Simons-like equations

(Q@-—np+¢xp=0. (6.83)
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The field redefinition implies that we can break ¢ into NS and Ramond components

¢ = ¢oN + VR, (6.84)

where the NS field ¢y is Grassmann odd and has picture —1 and the R field g is Grass-
mann odd and has picture —1/2. Then (6.83) is equivalent to four equations:

0 = Qur, (6.85)
0 = QN + YR * YR, (6.86)
0 = nyr — [Yr, ¢n]; (6.87)
0 = PN — PN * PN, (6.88)

where the commutator of string fields is computed with the star product and is graded with
respect to Grassmann parity. The first two equations should be interpreted as equations of
motion, since they are the image of the equations of motion for ® after the field redefinition.
The second two equations should be interpreted as equations of constraint, since they are
the image of the small Hilbert space constraint on @ after the field redefinition. Note
that the equations of motion for ¢ are quadratic the the Ramond string field, while the
equations of motion for ® are cubic in the Ramond field. This happens because the field
redefinition (6.75) is at most linear in the Ramond field, and, in conjunction with the
quadratic term in the Ramond field in the equations of motion for ¢, this produces cubic
terms in the Ramond field in the equations of motion for ®.

Now let’s derive the new form of the supersymmetry transformation. The differential
equations (6.51)—(6.53) imply that the supersymmetry transformation can be written in
the form

S =G 15G. (6.89)
where
éESl‘—1+sl‘1+[01’—1;m2’2]- (6.90)
This implies that the supersymmetry transformation of ¢ can be expressed

1 1
5 =3 . (6.91)

l—¢p 1-9

Explicitly in terms of the NS and R components,

SN = s1¥R + [Yr, 016N, (6.92)
dYr = S1oN + 01 (YR * YR). (6.93)

We can check that s is a symmetry of the equations of motion:

[§7Q +m2|2] = [51\71 +s1)1 + [o1]-1, m2[2], Q +m2|2},
= —[S1|-1,malo] + [S1]—1,mol2] + [s1]1,mals] + [[o1]-1, m22], myl2],
—0. (6.94)
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The terms either cancel or vanish because the Ramond number exceeds the number of
inputs. We can also check that s preserves the constraints:

[5711 - m2!0} = [51|—1 +s1)1 + [01!—1,m2|2],11 - m2|0],

—[s1]=1,mals] = [S1]=1,m2lo] — [s1]1,m2lo] — [[o1]|=1, m2]2], m2|o],

1
= —[s1,my][1 — [S1,my]|1 — 5[0'1\—1, [my, my]|2] + [[o1, ma] |1, ma5],

— 0. (6.95)

This vanishes since s1, 57 and o7 are derivations of the star product and because the star
product is associative. Conjugating by G, this provides an alternative proof that the
supersymmetry transformation S preserves the equations of motion for ® and is consistent
with the small Hilbert space constraint.

Now that we have the supersymmetry transformation for ¢, it is straightforward to
translate into Berkovits’ superstring field theory. Berkovits’ superstring field theory uses a
Grassmann even NS field ® in the large Hilbert space and at picture and ghost number 0,
and a Grassmann odd R string field © in the small Hilbert space at picture —1/2 and at
ghost number 1 [4]. These are related to ¢n and ¥g through?

pn = (ne®)e™®,  Yr =e®Qe?. (6.96)

With this identification, the constraints (6.87) and (6.88) reduce to identities, and the
equations of motion (6.85) and (6.86) translate to

n(e*q)Qe@) =02 QO+ [ Qe 0] =0. (6.97)
The Berkovits equations of motion are invariant under infinitesimal gauge invariances

5e® = eP(v + [Q, A]) + ue?, (6.98)
50 = [0,0] + n(QA n [e*‘I’Qe?A]). (6.99)

The NS gauge parameters u,v are Grassmann even and carry ghost and picture number
zero; u is BRST closed while v is in the small Hilbert space. The Ramond gauge parameter
A is Grassmann odd and in the large Hilbert space, and carries ghost number —1 and picture
number +1/2. The supersymmetry transformation is

00 = 77(6_@516@), (6e)e™® =0y (eq)Qe_q)). (6.100)

Plugging into (6.96) gives the supersymmetry transformation § for the string field ¢, and
further mapping gives the original supersymmetry transformation S for the string field ®.

One interesting potential application of these results is to check whether or not classical
solutions in open superstring field theory are supersymmetric. However, the supersymme-
try transformation we have derived is not necessarily the most convenient for this purpose.
Specifically, our supersymmetry transformation is natural for an NS string field at picture

9The string field we call Q here is called iQ in [4].
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—1, but usually analytic solutions in Berkovits superstring field theory are closely related
to an NS string field at picture 0.19 For this reason, we will find it convenient to consider
a “dual” formulation of open superstring field theory using the string field

¢ =N+ YR, (6.101)

where ¢ is a Grassmann odd NS field at picture 0 and ghost number 1 and 9y is a
Grassmann odd Ramond field at picture —1/2 and ghost number 1. The “dual” fields
satisfy the equations

0 = Qen +on * ex, (6.102)
0 = QUR + [¥X: ¥Rl (6.103)
0 = 9N — YR * VR, (6.104)
0 = nYg, (6.105)

When 1 = 0, these are the equations of motion of the NS sector of the modified cubic
superstring field theory [24, 25]. Note that the new field equations for ¢* are identical to
the previous field equations for ¢ after the “duality” map:

Q < —n, picture <> —(1 + picture). (6.106)
We indicate the “dual” fields with a star *. We have

0:<Q—ﬂ+m2>

. 1
e (6.107)

Taking the “dual” of the supersymmetry transformation for ¢ we arrive at a new super-
symmetry transformation for ¢*

(6.108)

where
st = 81’_1 + Sl’l — [0'1\_1,m2]2]. (6109)

Relating this “dual” formulation to Berkovits’ superstring field theory requires a slight
change of perspective on the Ramond sector. In the previous paragraph we described the
Ramond sector of the Berkovits theory using a string field € in the small Hilbert space.
Now it will be more natural to use a string field Q* which is not in the small Hilbert space
but is BRST closed. The Ramond field 2* is Grassmann odd and carries ghost number 1
and picture —1/2. On shell, the Ramond fields © and Q* are related by

Q=e"%0%® (on shell). (6.110)

This relation is not meaningful off-shell since it is not consistent with the assumption that
2* is BRST closed while €2 is in the small Hilbert space. The “dual” fields ¢} and ¢, can
be then be related to Berkovits’ superstring field theory through

o = e %Qe?,  Yp =e %% e? (6.111)

90ften it is possible to “dualize” analytic solutions into a form which is natural at picture —1 [23].
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In this way, (6.102) and (6.103) reduce to identities while (6.104) and (6.105) are equivalent
to the equations of motion of Berkovits’ superstring field theory expressed in the form

Q((neq))e*@) +(Q92 =0, Q- [(necb)e*q), Q*] =o. (6.112)

In these variables, the “dual” supersymmetry transformation of the Berkovits theory takes
the form
O = Q((sle(b)e*(l’), e ?5%e? =0y (e*q’ﬂ*eq’). (6.113)

Plugging into (6.111) produces to the supersymmetry transformation of ¢y and 1y given
in (6.109).

Note that the supersymmetry transformation ¢ and the “dual” supersymmetry trans-
formation ¢* assume different off-shell degrees of freedom, and therefore really apply to
different string field theories. On shell, however, they should be equivalent. In fact, one
can show that they are equal up to an infinitesimal gauge transformation:

5% e® = de® +e?[Q, A, (on shell), (6.114)
50 = 60 + n(QA n [e_q)Qeq’,A]), (on shell), (6.115)

where the Ramond gauge parameter is given by
A=—e%0e%. (6.116)

This shows that the two supersymmetry transformations are physically equivalent.

We are now ready to discuss supersymmetry of classical solutions. On a BPS D-brane
there are not many classical solutions whose existence is well-established. The only known
solutions represent marginal deformations of the reference boundary superconformal field
theory. We will consider specifically a transverse displacement of the reference D-brane,
for which it is sufficient to consider the solution [26, 27|

e?=1+FX F, (6.117)

1-F2
1+ B

in the context of Berkovits’ superstring field theory. As is appropriate for a classical
background, the Ramond string field is zero. We use the algebraic notation for analytic
solutions introduced in [28], following the conventions of [29]. The string field F' is a
function of K which we can take to be the square root of the SL(2,R) vacuum. The fields
X and J are defined

X =M et J=QX =\ (z\@ca)ﬁ n fyw) : (6.118)

where A is the marginal parameter describing the displacement of the D-brane, and the
index 4+ indicates a lightcone direction whose spatial component is transverse to the D-
brane.!! The Berkovits solution implies an expression for the NS field ¢y at picture —1

HPechnically, this solution translates the D-brane and switches on a timelike Wilson line of corresponding
magnitude. However, as described in [30], the timelike Wilson line is physically trivial. An alternative
approach would use the solution of [31], which does not require excitation of spurious primaries in the
timelike factor of the X* and " BCFTs.
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and the “dual” NS field ¢}, at picture zero:

1

P\ _ —D

= (ne’)e - =F(nX

®N (77 ) (77 )1 BI_I(FQJ 2 X

1
1-F?
1+ B2

F, (6.119)

o = e Qe = FJ F. (6.120)

Note that the picture zero field is simpler, which is why the “dual” supersymmetry trans-
formation 6* is more convenient. The Berkovits solution also implies a solution @ of the
original equations of motion in the small Hilbert space, which up to second order in the
marginal operator takes the form

2

By = F(nX)F — F(nX)B JF — F(nX)F2XF — s (F(nX)F, F(nX)F)
+higher orders. (6.121)

Translation of a D-brane does not break any supersymmetries. Therefore we should be able
to show that this solution is supersymmetric. The only nontrivial supersymmetry trans-
formation to compute is for the fermion. Using the “dual” supersymmetry transformation
we find

A Q((sleq)) e*q)),
=% (e_q)Qeq)) e ®,

= e (s10%) e ®. (6.122)

Thus we need to compute s1¢Y. This is zero because s; is a derivation of the star product
and because
81K = 0, SlB = O, 81J = 0. (6.123)

The first equation follows because s is the zero mode of a weight 1 primary, and the last
two equations follow because there are no poles in the OPE between the —1/2 picture
fermion vertex and either b or J. Therefore the solution is supersymmetric. However, the
solution is not identically invariant under the supersymmetry transformation § which is
natural at picture —1. From (6.115) one finds that the supersymmetry transformation of
the fermion is

60 =n(QA +[e"Qe™, A]). (6.124)

with A = —e ®51e®. While o annihilates K and B, it does not annihilate J, and the
Ramond gauge parameter A is not zero. Translating back into our original equations of
motion, this means that the supersymmetry transformation S constructed in the previous
section leaves the solution ® in (6.121) invariant up to a gauge transformation.

While it is interesting to know the supersymmetry transformation on a BPS D-brane, it
is not really enough to give a full account of the role of supersymmetry in open superstring
field theory. This is because at least half of the supersymmetries are spontaneously broken
by the reference boundary superconformal field theory, and broken supersymmetries can
in principle be restored upon expanding around a nontrivial classical solution. The most
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dramatic example of this is tachyon condensation on a non-BPS D-brane [32], where all 32
supersymmetries are restored at the tachyon vacuum. This can be seen as follows. While
we do not presently know the explicit form of broken supersymmetry transformations in
superstring field theory, in any case they will generate at most an infinitesimal deformation
of the tachyon vacuum. But since the kinetic operator around the tachyon vacuum has
no cohomology, any infinitesimal deformation can be removed by gauge transformation,
which shows that the tachyon vacuum is invariant under all supersymmetries. (In fact,
this argument shows that the tachyon vacuum is invariant under all symmetries of the
closed string background). For more general BPS solutions the explicit realization of this
story will be more nontrivial, but progress along these lines may be possible following [30].

6.3 Supersymmetry algebra

Now that we have a supersymmetry transformation, it is interesting to compute the super-
symmetry algebra. For this purpose it is easier to work with the polynomial string field
@ in (6.74) rather than the original string field ® in the small Hilbert space. Since the
supersymmetry transformation of ¢ is given by the coderivation s, we compute

[s, 8], (6.125)

where the prime indicates that the operator is defined with a second independent super-
symmetry parameter e-. Once we find [é, §'], we can easily recover [g, S/ | for the original
string field ® by making a similarity transformation with G.

The commutator of supersymmetry transformations should produce the momentum
operator:

P, = % d—z,iﬁXu(z). (6.126)

2|=1 2m1
It will also be useful to consider a “momentum operator” at picture —1

1 dz

— a4z 0
pu—\/é L 27Ti¢“€ (2), (6.127)

and
1 dz

Ty = — —
M V2 = 2mi

The operators P,, m, and p, are all derivations of the star product. Moreover, they satisfy

Ehpe™?(2). (6.128)

P, = [Q, ., (6.129)
P = [0, ), (6.130)

analogous to the relation between My, o and meo. To compute the supersymmetry algebra
we need the following commutators between supersymmetry operators:

[s1,81] = —2p(e,€), (6.131)
[Sl,sll] = [51,51] = -2 P(e, e'), (6.132)
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where for short we denote
P(e,¢) = (&5 CaaTh 5 ) P (6.133)

and similarly for p(e, €') and 7(e, €'), where C is the charge conjugation matrix.
Now we are ready to compute the supersymmetry algebra. Plugging in (6.90) and
expanding cross-terms gives

[5,8] = [S1l-1,81]1] + [s1]1,ST]=1] + [Si1]-1, [o]]—1, malo] | + [[o1]-1, m2l2], S} |-1]
+[s1l1, [oh]-1, mao] | + [[o1|-1, ma2],s][1] + [[o1]-1, m2|2], [0 |1, mal]].
(6.134)

To extract the momentum operator, rewrite the first two terms

[S1l-1,8101] + [s1]1,S11-1] = [S1,81] + [s1,81] = [Sul1,81|-1] = [s1]-1,S1]1],
= —4P(e,€) — [S1|1,81-1] = [s1]-1, ST ],
= —2P(e,€) —2[Q, 7 (e, €)] — [Sil1,81|-1] — [s1]-1, S]],
(6.135)
where P(e, €') is the coderivation corresponding to P(e,€’) and (e, €') is the coderivation

corresponding to (e, €'). In the third step we chose to express part of the translation
operator in the form [@, 7], for reasons that will be clear shortly. Substituting we find

5.8] = —2P(e,¢) - 2[Q, m(e, )] — [S1|1,81|-1] — [s1]-1,8111] + [S1]-1, [0 |1, m2|2]]
+[[o1]-1,mal2], S1|=1] + [s1|1, [o1]—1, mal2]] + [[o1]—1, m2|2], 81 |1]
+[[o1]-1,malo], [o]]|-1, mal2]]. (6.136)

In the simplest supersymmetry algebra, the terms after —2P(e, ¢’) would cancel. Unfor-
tunately they do not cancel, and we have to make sense of them. The reason why the
extra terms are present is that we are dealing with an on-shell supersymmetry algebra.
This is not surprising, since the off-shell fermionic and bosonic degrees of freedom in the
string field do not match. For example, at mass level 0 we have 16 fermion fields but only
11 boson fields, including the gauge field, transverse scalars, and an auxiliary field. In
the current context, on-shell supersymmetry implies that that the supersymmetry algebra
should be expressible as

[5,8] = —2P(e,€) + [Q + mals, 5\} , (6.137)
where X is a coderivation which is consistent with the constraint on the field @

Now we show that the supersymmetry algebra can be expressed in this form. Continuing
from (6.136), we write

5,8 = —2P(e,€) + [Q, —27(e,¢') — [o1]1,81[-1] — [s1]-1, 01 [1]]
+[S1]-1, [oh] 1, malo]] = [S1]-1, [o1] -1, mals]]
+[mala, [s1]1,01|-1] + [o1]-1,811]]
+[[e1]-1,m2l2], [o] |1, ma2]]. (6.139)
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Here we pulled a Q out of the second and third terms in (6.136) and an msl|s out of the
sixth and seventh terms in (6.136) using the fact that sq|; annihilates ms|o. Now we can
rewrite the term on the third line of (6.139):

[moo,[s1]1, 01 —1] +[o1]-1,811]] = [malo,[s1, 01|+ [o1,81] = [s1]-1, o1 [1] = [o1]1, 81 |-1] ],
= [my, [s1,0%] + [o1,81]] ]2
—[myolo, [s1]-1, 01 1] + [o1]1,81]-1]],
= [myly, —27(e, €') — [sl|,1,o"1]1] — [01|1,s'1|,1”.
(6.140)

Here we used the fact that s;,o1 and (e, ¢') are derivations of my. Therefore (6.139)
simplifies to

[é,él] = —QP(E, 6/) + [Q —I—m2|2,—27r(e,e’) — [51’_1,0',1’1] — [0’1‘1,8’1‘_1”
+[S1l-1, [ol]-1,m2|2]] = [S]]-1, [o1]-1, m2l]]
+[[O’1|_1,m2‘2], [0'/1’_1,1112|2”. (6.141)

Now we have to see what to do with the terms on the second two lines. For the second line
note that we can rewrite

[Si|-1, [o1]-1,ma|2]] = [SY]-1, [o1]-1,m2|2]] = [S1|-1, [o]|-1, mal2]]
—[o1]-1, [S}]-1, mals]],
= [Q,[o1]-1, []|-1,mafo]]].  (6.142)

and for the third line in (6.141)
[[o1]-1,ma|2], [o]|-1, ma2]] = [mas, [o1]|-1, [0]| -1, m2|2]]], (6.143)

using the fact that mslo is nilpotent. Taken all together, this implies that the supersym-
metry algebra takes the form

5,8] = —2P(e,€) + [Q + mas, —27(e,€') — [s1]-1,01]1]
—lo1]1,s1]-1] + [o1]-1, o] -1, mal2]]], (6.144)

and therefore the coderivation X in (6.137) is
A= -27(e,€) — [o1]1,81|-1] = [s1]-1, 01 11] + [o1]-1, [0 |1, mals]]. (6.145)

Conjugating by G, this implies that the supersymmetry algebra for the original field ® in
the small Hilbert space takes the form:

[S, S’} = 9P(e,¢) + [MA] , (6.146)

where

A =G \G (6.147)
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and we use the fact that the gauge products carry zero momentum and therefore commute
with P,. Now we have to show that A is consistent with the constraint on the string field.
Compute:

M, Al = —2p(e,€) = [s1l1,81|-1] = [s1]-1,81]1]
+[81|71, [01\71,m2|2ﬂ - [01|71, [83171,m2|2“,
= —2p(e,€) — [s1,81]]o — [s1]-1, [o1]1, m2lo] ] = [o1|-1, [s1]1, malo]],
= —[[8117170/1\1],m2|0] - [Uﬂl, [Sl|71,m2|oﬂ
—[[U1| 178/1\ ] mQ\O] - [8/1\1, [0'1!—1,m2|0]]7
= [m2|0, [Sl|1,01\ 1] + [0/1!1751\71“ - [0/1\1, [Slam2]|fl] - [S/1|1, [01,m2]|71],

= [malo, —27(e,€) + [s}|-1,0111] + [o11s1]-1] + [o1]-1, [o]]-1,m2]2]]],

:[ slo, ] (6.148)

In the first step we computed the action of n on X; in the second step we used conservation
of Ramond number in addition to the derivation property of o1 and s1; in the third step we
canceled the first two terms using (6.131) and used the Jacobi identity; in the fourth step
we collected terms and used Ramond number conservation; in the fifth step we used the
derivation property of s; and oy; in the sixth step we added terms which vanish because of
associativity of me and the derivation property of s; and o1; in the sixth step we substituted
the definition of A. Note that we needed to express part of the translation operator in the
form [Q, 7 (e, €)] so that A would be consistent with this constraint.

So far we have been working at the level of coderivations on the tensor algebra, but it
is helpful to bring things down to earth and express the supersymmetry algebra in terms of
the NS and R string fields ¢n and 9. Acting equation (6.137) on the group-like element
of @, projecting onto the 1-string component of the tensor algebra, and separating NS and
R components produces an expression of the form

hell
, o p(ed ( gauge ons .14
[0,6')n (e;en + transformation)N - trivial ' (6.149)
hell
5 Pl ( gauge ) on s ' 1
[6,0']vr (6,€)Yr + transformation/Rr + trivial R (6.150)

The extra terms represent an infinitesimal gauge transformation and a piece which vanishes
assuming the equations of motion. An infinitesimal gauge transformation of the polynomial
equations of motion (6.83) takes the general form

ormation)x = @ A 6.151

(transformation N QAN + [¢Yr; Ar], (6.151)
gauge )

= QA 6.152

(transformation R QAr, ( )

where the NS and R gauge parameters Axy and Ag are subject to the constraints

AN = [N, A, (6.153)
AR = [N, AR] + [¥r, AN (6.154)
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The particular gauge parameters which appear the supersymmetry algebra are

)\N = -2 71'(6, 6’)(,01\] — (018/1 — 0'181)@1\] — [algoN,aigoN], (6155)
Ar = —27(e, € )Yr — (s107 — 5101)YR + 01[¢R, T N] — 01 [YR, 019x].  (6.156)
One can check that the gauge parameters satisfy the constraints, which is basically a

consequence of the fact that A satisfies (6.138). Now let’s write down the on-shell trivial
terms. For short, let us write the NS and Ramond Euler-Lagrange functions

Ex = Qon + Yr * YR, (6.157)
Er = QYr. (6.158)
Then

(On Shell) = =2 77(6 6/)EN - (0'13/1 — 0'/181)EN + [O'igON 0'1EN] — [U1g0N UiEN]

trivial /g ’ ’ ’ ’
(6.159)

on shell , , , , .

( trivial >R = —2 77(67 € )ER - (3101 - 310'1)ER + 0'1[01EN7¢R] + 01 [ER701§0N]

—ai[o1 BN, YRr] — 01[ER, 016N]- (6.160)

Once we impose the equations of motion, we obtain a supersymmetry algebra of the ex-
pected form modulo gauge transformations.

7 Conclusions

In this paper we have constructed consistent classical field equations for all superstring
theories, and for the open superstring given an explicit analysis of supersymmetry. A
proof that our field equations imply the correct tree-level amplitudes will be provided in
upcoming work [17]. Let us conclude by discussing future directions.

Though we don’t know how to write a fully satisfactory action for the Ramond sector, it
should be possible to formulate a tree-level action which includes two Ramond string fields
(typically, at picture —1/2 and —3/2), which are afterwards related by imposing a “self-
dual” constraint on classical solution space [6]. See [33] for recent discussion. One version of
this idea was recently suggested in [7], and would be particularly natural to implement using
the methods of this paper. However, the required products in the equations of motion will
be different from those introduced here; in a sense they will be more complicated, since even
at a given Ramond number the products will differ depending on the number of Ramond
states being multiplied. However, this is probably not an insurmountable complication. It
would be particularly nice if an action with constraint could be realized for type II closed
superstring field theory, as it would give a potentially interesting gauge invariant observable
for Ramond-Ramond backgrounds. However, it remains to be seen whether an action with
constraint helps in defining the quantum theory.

One important question is whether recent developments in superstring field theory can
help in understanding higher genus amplitudes in superstring perturbation theory. The
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conservative approach to this problem requires first constructing a satisfactory classical
action, and then quantizing following the methodology of the Batalin-Vilkovisky formal-
ism [34]. However, given present limitations in the Ramond sector, a more pragmatic
approach may be to construct a 1PI effective superstring field theory, as suggested by
Sen [7, 35]. The main question in this respect is whether the methods developed here
and in previous works can be adapted to handle spurious singularities which appear in
superconformal ghost correlators at higher genus [36]. It may also be helpful to clarify
the relation between our construction of vertices and the method of “vertical integration”
introduced in [37] and further developed in [38]. We hope to return to these questions soon.
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