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1 Introduction

Discrete symmetries play a fundamental role in particle physics. Charge conjugation
(C) and the discrete spacetime symmetries of parity (P) and time reversal (7) are such
that CPT is necessarily conserved for a local, Lorentz-symmetric, and Hermitian theo-
ry. There is, however, no reason for all of the latter requirements to be essential in the
building of viable models. This has been shown, for example, in ref. [1], where locality
is dropped, leading to a Lorentz-symmetric description of neutrino physics, which is odd
under CPT. In the present article we keep locality but consider a non-Hermitian (Lorentz-
symmetric) model.

The last 15 years have seen much interest in and research activity on theories de-
scribed by non-Hermitian Hamiltonians. Such theories have remarkable and often unex-
pected properties. For example, the eigenvalues of the non-Hermitian CP7T-symmetric

4 are real, positive, and

quantum-mechanical Hamiltonians H = p? 4 iz and H = p?> — x
discrete [2, 3].

One idea that has been pursued repeatedly is to study the properties of a non-Hermitian
version of quantum electrodynamics (QED). The Hamiltonian for QED becomes non-
Hermitian if the unrenormalized electric charge e is chosen to be imaginary. Then, if
the electric potential is chosen to transform as a pseudovector rather than a vector, the
Hamiltonian becomes CP7T symmetric. The resulting non-Hermitian theory of electro-
dynamics becomes a multi-component analog of a self-interacting spinless quantum field
theory (QFT), comprising a pseudoscalar field ¢ with a cubic self-interaction term of the
form i¢3. This pseudoscalar QFT was studied in detail in ref. [4], and the non-Hermitian

version of QED was studied in ref. [5]. This non-Hermitian version of electrodynamics is



particularly interesting because it is asymptotically free and the version of this theory with
massless fermions appears to have a nontrivial fixed point (see refs. [6-8]). A perturbative
calculation of a metric with respect to which this theory is unitary is given in ref. [9].

A detailed analysis of CP7T-symmetric non-Hermitian fermionic theories was done by
Jones-Smith and Mathur [10]. In this work it was emphasized that for fermions the time-
reversal operator 7 has the property that 72 = —1. This represents a significant departure
from the case of bosonic theories, where 72 = 1. (Further work on the properties of CPT-
symmetric representations of fermionic algebras may be found in ref. [11].) In addition,
Jones-Smith and Mathur showed that free noninteracting CPT-symmetric Dirac equations
have the remarkable feature that massless neutrinos can exhibit species oscillations [12].

The discovery of neutrino oscillations and the observation of the baryon asymmetry
of the universe (BAU) (see ref. [13]) have been driving forces in the study of the neutrino
sector of the SM. Neutrino oscillations consistent with experimental observations can
occur if the SM neutrinos have small but finite masses. The misalignment of the mass
and flavour eigenbases then gives rise to the PMNS [14, 15| mixing matrix, analogous to
the CKM [16, 17] mixing matrix of the quark sector. In order to generate the BAU, it is
necessary to satisfy the Sakharov conditions [18]: namely the presence of out-of-equilibrium
dynamics and the violation of baryon number B, charge C, and charge-parity CP. Both
the CKM and PMNS matrices contain a complex phase, which provides a source of CP
violation in the SM. In the quark sector this gives rise to the CP violation observed in
K-, D-, B- and Bg-meson mixing (see ref. [13]). However, the magnitude of this CP
violation is insufficient to have generated the observed BAU. An elegant framework in
which both experimental observations may be accommodated is provided by the scenario
of leptogenesis [19] (for reviews, see refs. [20-23]). Therein, the SM is supplemented with
heavy Majorana neutrinos. The smallness of the light neutrino masses arises by means of
the see-saw mechanism [24-28] and the baryon asymmetry through the decays of the heavy
neutrinos in the expanding early universe. By virtue of the lepton-number L-violating
Majorana mass terms and complex Yukawa couplings, which provide an additional source
of C and CP violation, these decays are able to generate an initial lepton excess, which is
subsequently converted to a baryon excess via the (B + L)-violating electroweak-sphaleron
interactions of the SM [29].

In this article we examine an extension of QED that involves the usual Dirac mass
term mtp and an anti-Hermitian mass term p1)y°1. The fermion field is coupled to the
photon through both vector and axial-vector couplings. The anti-Hermitian mass term is
separately C even, P odd and 7 even, and is consistent with unitarity for p? < m?. We
study the gauge symmetry of this model and show that, although gauge invariance is lost
in the massive case, it is recovered in the specific situation where the Hermitian and anti-
Hermitian mass terms have equal amplitude y? = m?. In this limit we find that the model
reduces to that of a massless left- or right-chiral Weyl fermion. Moreover, we illustrate
that by choosing the ratio ;1/m we may obtain an arbitrarily small but finite mass for the
fermion and give more or less prominence to one chirality. This observation, combined
with the maximal CP violation of the anti-Hermitian mass term, may be directly relevant
to neutrino physics.



The paper is organized as follows: section 2 begins by summarizing the essential prop-
erties of the free non-Hermitian fermion theory studied already in refs. [30] and [31]. Sub-
sequently, the gauge interactions are introduced and the tree-level properties of the model
are described. Therein, emphasis is given to the restoration of gauge invariance in the
limit 4?2 = m?2. Section 3 presents the one-loop self-energy and vertex corrections, the
details of which are given in appendix A. Here, the recovery of gauge invariance is made
explicit through the expected vanishing of the longitudinal component of the vacuum po-
larization. Section 4 describes an analogous non-Hermitian Yukawa model and discusses
possible implications for the neutrino sector of the SM. A novel mechanism for generating
the light neutrino masses as well as the presence of an additional source of CP violation is

highlighted. Concluding remarks are given in section 5.

2 Description of the Model

2.1 General description

We begin with the free fermion non-Hermitian Lagrangian considered in ref. [30]:

Lo=¢ (i —m — ") ¥, (2.1)
with p? < m?, such that the energies w are real for all three-momenta p; that is,
=2+ M2>0, (2.2)
where
M? =m? — 12, (2.3)

It is shown in ref. [31] that the conserved current for this model is
o _ T H
=9 (1+ £ 47w (24)

and that the equation of motion is obtained by taking the variation of the action with re-
spect to 1 for fixed 1. The anti-Hermitian mass term in eq. (2.1) is even under both charge
conjugation C and time-reversal T, and odd under parity P. Thus, it is odd under CPT.
However, this does not contradict invariance under Lorentz-symmetry, since Hermiticity
has been relaxed.

In this article we gauge this model and include both vector and axial-vector coupling
to an Abelian U(1) gauge field A,:

L= PP+ 0 (i~ Algy +9a7°) —m— 1] (2.5)

where F),, = 0,A, — 0,A,. In the massless case m = p = 0 the action is invariant under
the combined vector and axial gauge transformation

Ay —s Ay — 0,0, (2.62)
Y — exp [i (gv +9a7°) @] ¥, (2.6b)
Y — 1 exp [i (—gv +9a7°) @] . (2.6¢)

However, in the massive case m # 0 and/or pu # 0 this gauge invariance is lost.



The free fermion propagator of this theory is

_ptm—py

where e = 0. We see immediately that eq. (2.7) has a light-like pole for u = +m (M? = 0),
like that of a massless theory, with the propagator taking the form

:Z,;yH—m(]INFVS) ‘

.S 2.8
' p? +ie (2:8)
The mass term in the numerator is proportional to the chiral projection operators
1 5
Prr) = 3 (L +(=)7°) , (2.9)

where I, is the n X n unit matrix. Separating the right- and left-chiral components g =
Prt and 9y, = Ppi in the current (2.4), we see that the probability density may be
written as

p=(1+ 5 P+ (1= £) el (2.10)

Evidently, for 4 = +(—) m the contribution to the probability density is entirely from the
right-(left)-handed degree of freedom. Therefore, it appears that in the limit © = +m
we obtain a massless right-handed theory, and in the limit 4 = —m we obtain a massless
left-handed theory. This feature is the focus of this article. Moreover, in section 4, we
comment on potential implications of this non-Hermitian theory for the neutrino sector of
the SM and, in particular, the smallness of the light-neutrino masses.

The preceding observations suggest that it proves illustrative to consider this theory
in an explicit chiral basis. We do so in the following section and show explicitly that
invariance under the gauge transformation in eq. (2.6) is recovered in the limit p — +m,
as we would anticipate for a theory that appears to be effectively massless.

2.2 Chiral basis

In order to recast eq. (2.5) in an explicit chiral basis, we first rotate from the Dirac basis
to the Weyl basis via the orthogonal transformation

(Y 1[I —Ip
¢W_<¢R>_\/§<H2 b)w. (2.11)

We may then work directly with the two-component right- and left-chiral spinors g
and .
In the Weyl basis the gamma matrices take the form

0 o -1, 0
e 5 — 2 2.12
T (M 0) ;W ( 0 ]b) ; (2.12)



0

where ot = (0°,0%) and 6# = (0%, —0%), and o° are the Pauli matrices. To avoid a

proliferation of subscripts and superscripts, throughout this paper we suppress SU(2) spinor
indices (see appendix A). In addition, the projection operators are given by

I, 0 00
Pr = Pr = . 2.13
(59 e ) -

The fermionic sector Lagrangian is then
o-D_ —m VL
A ( i T) b + , 2.14
erm = VL YR)\ ol io- D, ) \um (2.14)

mi+ =m=Epu, (2.15)

where

and the covariant derivatives are given by
DY = o* +igy A* (2.16)

with
g+ =9gv £ ga. (2.17)
Notice that 45 matrices no longer appear explicitly in the Lagrangian eq. (2.14). Instead,
the non-Hermitian nature of this theory is manifest in the asymmetry between the right-
and left-chiral components of the original four-component Dirac spinor.
We may study the on-shell structure of the Lagrangian in eq. (2.14). For the case
1 = +m the Lagrangian takes the form

Lirm|, _ 4 = Wlio - D_yp, + lio - Dyr — 2myl vp, (2.18)
giving the following equations of motion for ¥z and v:
08
—+ =0 = io-Diyp=0, (2.19a)
0
08 .
— =0 = i0-D_v¢p=2myp. (2.19b)
!
L

Since the left-chiral field does not appear in the equation of motion for the right-chiral field
[eq. (2.19a)], we may integrate it out, giving the tree-level on-shell Lagrangian

Lhee o = vhio - Dig, (2.20)

on—shell

which describes a massless theory of right-handed Weyl fermions. This is precisely what we
saw in the probability density [eq. (2.10)]. Moreover, the on-shell Lagrangian [eq. (2.20)]
respects the full vector and axial-vector gauge invariance [see eq. (2.6)]; that is,

Ay — Ay —0ud,  br —> exp(ig+9) YR - (2.21)

For the case 4 = —m we need only make the replacements ¥rp < ¥r, ¢ < o, and
D, < D_ in eq. (2.20), yielding a massless theory of left-handed Weyl fermions. The next
subsection gives a more explicit argument to justify the restoration of gauge invariance for

the light-like case u? = m?2.



2.3 Hidden gauge invariance

In this subsection we show that gauge invariance is recovered when p?> = m?. To do so, we
construct a two-component spinor basis in which gauge invariance is explicit.

Written in block form, where the LL (left-left) element is located in the top left 2 x 2
block, the mass matrix is given by

m_ 0

M = ( 0 m+> , (2.22)

having eigenvalues + M = ++/m?2 — u? and eigendirections

e =
= V2 \ a-

We rotate to the mass eigenbasis but first allow for a rescaling of the left- and right-handed

L <i x+) with 24 = /1 £ ji/m. (2.23)

components:

Yr(r) — WL(R) = ap(R)VL(R) - (2.24)
where a L(R) are to be determined later, as explained below. This leads to the transforma-
tion

- L
(£)-r(e)
with

1 1 [agz— agzy . _ 1 1/(arx—) —1/(arx_)
Vo= V2 (—aLx_ aRx_,_) d Vv V2 (1/((1R$+) 1/(agzs) ) . (2.26)

The Lagrangian then becomes
g-D_ —m P
L erm — ! f VT 7 - \4 -
f (¢+ w—) —m_ io- Dy W

= (ul ') (é g) (;ﬁ*) , (227)

where
ic-Dy i0-D_ m
A= 507 17 55 — ) (2.28a)
apTL 2072  apapT4x-—
io-Dy  do-D_ I
B=—55 55— ) (2.28b)
2akx% 2a7 2% ARALT 4T
i0-Dy  doc-D_ “
C= 5222 2aZ a0 ) (2.28c¢)
apTs 2051  GQRALT4T-
jo - D o - D_
p=2_"r.Y “ (2.284)

= +
20%2%  2a22®  agpapriz_’



and the two-component spinors ¢4 and _ are given by

(et avt)
=—lz +a_ . 2.29
Vi 7 +VR U1 (2:29)
The next step is to determine the coefficients ar,g). To make gauge invariance explicit
in the limit g4 — +(—)m, that is, x4~y — 0, only the covariant derivative D _) should
remain. A reasonable choice for the field rescaling is
2
r Ty 1

and

_ (2.30)
2@2}2:10%r a2 2a%$2_ a2’ '

where a is an overall numerical coefficient. Thus, we have

and ar, = (2.31)

a
AR = —=—
\/§x+

and we obtain

o (W w*) (ﬁia Dy +2%iz-D_ a2ioc- Dy —a:%a-D_> (m)
erm — + —

a%ioc - Dy —2%i5 - D_ 2%io- Dy +2%ic- D_ | \v_

_ oM (@ ¢T_> (_ Nl/m “_”f) @f) , (2.32)

Note that the mass matrix is not diagonal, even in the mass eigenbasis, because of the
anti-Hermitian mass term controlled by pu.

In the limit 4 — 4+ m the mass term vanishes, and we are left with a massless theory
that is invariant under the gauge transformation

' ) =+m,
AN — Au - u¢7 w:t — {exp (Zg+¢) dji a " (233)
exp (ig-¢) s,  p=—m.
Moreover, from eq. (2.29), we have
7 ) =+m,
pe = VR p=rm (2.34)
+ wlL ) H=—-m,
and we find that
»Cferm _ {wfla erRa H m, (235)
,l/}Lza-'D—’l/}La H=—-m,

for massless right- and left-chiral theories, as observed in the preceding subsections.

The coefficients ar,ry and the transformation in eq. (2.26) are singular in the limit
p — £ m. However, the coefficients a,ry do not appear in the final Lagrangian [eq. (2.32)],
which remains finite in the limit 4 — +m. Furthermore, the functional Jacobian of the
field rescaling in eq. (2.24), although also singular, cancels out in the normalization of Z
with the partition function Zy of the corresponding free theory. Thus, the limit 4 — £ m
may be taken safely, as done above.



2.4 Exceptional points

An N-dimensional Hermitian matrix always has N real eigenvalues and associated with
each eigenvalue is a distinct eigenvector. For non-Hermitian matrices the situation is more
elaborate. Consider, for example, the non-Hermitian 2-dimensional matrix

A—(“”b g ) (2.36)

g a—1b

where a and b are real parameters and ¢ is a real coupling constant. The eigenvalues of
A are E(g) = a £ +/g? — b2. Thus, there are two phases: a broken phase (for g < b?)
in which the eigenvalues are complex and an unbroken phase (for g> > b?) in which the
eigenvalues are real. At the boundary between the phases (¢ = +b) the eigenvalues merge,
and the matrix is said to be defective because there is only one eigenvalue £ = a and one
eigenvector instead of two: (i,1) for ¢ = +b and (1,7) for g = —b. The point g% = b? is
called an exceptional point.

In general, at an exceptional point a pair of eigenvalues of a non-Hermitian matrix
merge, and one of the eigenvectors disappears. (It is possible for more than two eigenvalues
to merge at an exceptional point, but this is not common.) If the exceptional point occurs
when a parameter g has the value g, the eigenvalues E(g) exhibit a square-root singularity
at g = go.

Hermitian matrices do not have exceptional points. Nevertheless, exceptional points
play a crucial role in explaining their behavior. For example, in conventional Hermitian
quantum theory the radius of convergence of a perturbation expansion in powers of a
coupling constant is precisely the distance to the nearest exceptional point (a square-root
singularity) in the complex-coupling-constant plane [32].

In the limit 4 = +m the mass matrix M is defective and, as explained above, the
transformation in eq. (2.26) becomes singular. For instance, for ;1 = 4+ m the mass matrix

01
M=2m (0 0) , (2.37)

has the Jordan normal form

with zero eigenvalues. In this limit we have chiral flips biased from left to right, depleting
the probability density of the left-handed component, as we saw in eq. (2.10). In other
words, we again arrive at a massless theory of right-handed fields. Conversely, in the limit
@ — —m we arrive at a massless theory dominated by left-handed fields with chiral flips
biased from right to left.

The appearance of defective matrices is rare in physics, especially in field theory, and
it is worth considering what this singular behaviour signals. For pu? < m? we have right-
and left-chiral components with positive mass-squared M? > 0 (time-like) and real-valued
energies w € R. For u > 0 the right-chiral component dominates; for u < 0 the left-chiral
component dominates; for p = 0 we have exact symmetry between both components. On
the other hand, for u? > m? we still have right- and left-chiral components, but these are
now tachyonic, having negative mass-squared M? < 0 (space-like) and imaginary-valued



Figure 1. Schematic representation of the m—u plane, where the tachyonic region (cross-hatched)
is bounded by the lines x> = m?, along which the mass matrix becomes defective: u = +m (red)
corresponds to total left-chiral domination, and u = —m (blue) corresponds to total right-chiral
domination. Along the line p = 0 the symmetry between the right- and left-chiral components
is restored.

2 we have a massless fermion M? = 0 (light-

energies iw € R. For the special case 2 = m
like) and real-valued energies w = || € R. For u = 4 m this field is completely dominated
by its right-chiral component and for y = —m it is completely dominated by its left-chiral
component. The mass matrix becomes defective at the boundary between the time-like

particle and space-like tachyonic regimes. This is indicated graphically in figure 1.

3 One-loop corrections

We give here the one-loop corrections to the fermion and photon self-energies, as well
as the three-point vertex. The technical details of the calculations are given explicitly in
appendix A. For our purposes it is convenient to express the one-loop results in terms of the
Passarino-Veltman form factors [33], the definitions of which are also given in appendix A.
We work in the Feynman gauge throughout, with the gauge-fixing term

Ly = 5 (9,4")7, (3.1)

1
2

in which the photon propagator has the simple form

. s
iDyy (k) = inie' (3.2)

Fermion self-energy. There are four contributions to the one-loop fermion self-energy:
one with two vector couplings, one with two axial couplings, and two with one vector



and one axial coupling. Employing dimensional regularization and working in d = 4 — 2¢
dimensions, we find the total self-energy

2—-d

1672 (9t — 92)(m + ") By, (3.3)

Y(p) = —gay’)?pBi+ ——
() (gv —g9a7°)°p 1t 52

where we have suppressed the arguments on the form factors By.; = Bo.1(p, M, 0). Isolating
the logarithmically-divergent part, we obtain

X(p) =

Toen <zﬁ(gv +947°)* + 4(gp — g3) (m + ms)) + finite, (3.4)

where higher orders in p are omitted.
The RL and LR components of the fermion self-energy are given by

Sre(p) = =2 dm_ By, (3.5a)
1672
Err(p) = ;ég_ dmy By . (3.5b)

For 1 = +m we see that one of these components vanishes such that it remains the case
that only the operator ¢E¢R (b = +m) or 1/’;[?,@% (u = —m) is present, preserving the
argument in subsection 2.2. Specifically, the equations of motion for the renormalized right-
and left-chiral fields at order g? are given by

Z}DLZ'O"u . D—&—wR = 0, (36&)
Zrict - D_+y = (2m+6m—ELR(p))wR, (3.6b)

where dm is the mass counterterm and in the on-shell scheme the wavefunction renormal-
ization Zp(r) is given by

d
ZR(L) = 1—@233(@)@) sy (3.7)
p =

We may again integrate out the left-chiral component, obtaining a massless right-handed
theory also at order g2.

Polarization tensor. There are also four contributions to the one-loop photon polariza-

tion tensor, and we find the total polarization tensor

+
" (p) = gV% g (p"p” — 0" p*) (Ba1 + By) + 77’“’M2Bo. (3.8)

The form factors are evaluated as Bo.1.21 = Bo:1;21(p, M, M). As expected from the loss of
gauge invariance in the case of axially-coupled massive fermions, the polarization tensor is
not transverse and contains the longitudinal part

2
14 g v
1" (p) O —ﬂg‘ " M?By. (3.9)

Nevertheless, this longitudinal part vanishes and the polarization tensor becomes transverse
when p? = m? (that is, when M = 0). Hence, as a consequence of the restoration of

~10 -



gauge invariance (see subsection 2.3), the polarization tensor satisfies the standard QED
Ward identity.
Isolating the logarithmic divergences in eq. (3.8), we obtain

2 2
v gy +9
I (p) = ‘1/27r26A

where higher orders in p are omitted.

2
(" — n"p?) + %M 2 1 finite, (3.10)

Vertex. The four different contributions to the three-point vertex lead to the total one-
loop correction

A (p,q)

= o2 (
X {(gv +ga7°)? [(2 — )" Co + vp’y”v”an} + (9% + A" M 2Co}

gv + gA”YS)

1
+ ) (v + 93)(m — pv°)
x Lgv [ (201 + Co) + (201 + Co) | —ga’ (" +¢)Co ), (311)
where we have defined

Frp =1k pp (C11+C21) + i 4p (Coz + Ch2) + b @p (Caz + C11) + @i pp (Caz + Ci2) . (3.12)

The three-point form factors (see appendix A) are evaluated with arguments p1 = p, p2 = ¢,
mi =mg = M, and mg = 0. The divergent contribution to eq. (3.11) arises from the form
factor Coy and is given by

AP D

o3 (v +947°)", (3.13)

which is consistent with the self-energy [eq. (3.4)], as imposed by the Ward identity for
ga — 0, describing the usual gauge invariance of vectorially-coupled massive QED.

Finally, the RL and LR components of the vertex, that is, those mediating right-to-left
and left-to-right chiral flips, are given by

Agp = % m- [(g+ +g-)(p" Ci1 + ¢" C12) + g-(p" + ¢")Co] (3.14a)
A= % my [(9+ +g-)(p" Ci1 + ¢" Ci2) + g+ (p" + q“)Co] ) (3.14b)

Like the RL and LR components of the fermion self-energies, these terms are proportional
to m_ and m, respectively, so we have only left-to-right chiral flips for 4 = + m and right-
to-left chiral flips for 4 = —m, which preserves the structure observed in subsection 2.2
for u? = m? also at order g°.

4 Implications for neutrino masses

This section highlights potential implications of the behavior of this non-Hermitian theory
for the neutrino sector of the SM. We extend the SM with a right-handed singlet neutrino
vg. In the Dirac basis we write the non-Hermitian neutrino Yukawa sector, assuming only
a single generation for now, as

L= ZLZJDLL + vRialjR — h_ngl/R — h+vR$TLL s (41)

- 11 -



where L1, = (vg,er) is the SU(2) lepton doublet, ¢ = io2¢* is the isospin conjugate of the
Higgs doublet and D, is the usual covariant derivative of the SM gauge groups. Note that
we have swapped + and — relative to the non-Hermitian model of QED in the preceding
sections. The non-Hermitian Yukawa couplings are

hy =h+tn, (4.2)

where, for now, we assume that h,n € R. Since the electroweak sector of the SM is already
written in terms of chiral fields, no v° appears explicitly in the non-Hermitian Lagrangian.
Even so, in the symmetry-broken phase, the non-Hermitian Yukawa couplings give rise to
a Hermitian mass m = vh and an anti-Hermitian mass p = vn, with my = v(h £7), in
complete analogy to the non-Hermitian Abelian theory considered in section 2.

In the unitary gauge and after spontaneous symmetry breaking, the Higgs doublet

1 0 ~ 1 ([v+H
¢:¢§<u+H>’ ¢:ﬁ< 0 > (4.3)

Hence, the neutrino sector becomes

takes the form

. . v v h_ h+
L, =UriQuv +VRpidvr — h_—=VUvg — hy.—=Vgrv — —=VHvgp — vrHvr . (4.4
Lidvy, + VRidvg /3 VIVR +\/§RL\@LR\/§RL()

The first four terms of the Lagrangian in eq. (4.4) can be written in the matrix form
i) —h_ %
L, D (?L PR> . . V2 YL , (45)
— h_t'_ﬁ Za VR

where the neutrino mass matrix
v 0 h_
M= — 4.6

iM:i%\/hQ—nQ. (4.7)

Proceeding in analogy to subsection 2.3, we make the field redefinition (a = v/2)

has eigenvalues

VL(R
VL(R) — V}/(R) = x2(( )) ) (48)
—(+

where
ry =+/1+n/h. (4.9)

We then move to the mass eigenbasis spanned by the two-component spinors
1 Ty T_ /
R I L) (4.10)
v V2 \ay —2_) g

- 12 —



with )
vy = —(xavh +x_ v > 4.11
+ \/5( +YL R ( )

Thus, in the limit n — h and in analogy to subsection 2.3, we obtain a theory of massless
left-handed neutrinos, which is the “original” Standard Model. However, arranging for
n ~ h with n < 0, we obtain a nonzero but arbitrarily small mass for the neutrinos, with
the propagating state still dominated by its left-chiral component.

In the above minimal extension of the SM the singlet neutrino v does not couple to the
SU(2) 1, gauge fields, and we cannot make use of an analogy to the non-Hermitian Abelian
gauge couplings of subsection 2.1. However, in the so-called left-right SM [34-36], where
the SM gauge groups are extended from SU(2); ® U(1)y to SU(2), ® SU(2)r ® U(1)p—_1,
the SU(2)r gauge fields couple directly to the right-handed neutrino current. Thus, by
introducing couplings g+ = gy +9ga and g_ = gy — ga of the left- and right-handed currents
to the charged gauge fields Wf # and le%t oand ¢y = gi, + ¢4 and ¢_ = g{, — ¢4 to the
neutral gauge fields Z% and Z4;, those of the right-handed neutrino may be suppressed for
g ~ ga). This, of course, amounts only to choosing different values for the tree-level
SU(2)r, and SU(2)r gauge couplings, which need not result from a non-Hermitian theory.
Nevertheless, this construction might provide a common origin for such a structure in the
gauge and Yukawa sectors.

The masses of the left- and right-handed neutrinos are degenerate in this construction,
both being light for n ~ h. However, since the right-handed neutrino is still a singlet of
the SM gauge groups, we are not precluded from adding a Majorana mass term

Ly, D *mRV%RVRv (4.12)

where C denotes charge conjugation. In this case, the Lagrangian takes the form

_ } _ 0 m_ VE 1 o — 0 m_ vy,
£,>3 (uL uR> (m+ mR) (VR> +5 (VL VR) o) g ) 413

For mp > 2M the masses of the light and heavy neutrinos are my, = — M?/mpg and mpg,
which drives up the mass of the right-handed neutrino and further suppresses that of the
left-handed neutrino by means of the see-saw mechanism [24-28].

It is worth commenting on the generalization to complex Hermitian and anti-Hermitian
Yukawa couplings h and 7. In this case, the Yukawa sector takes the form

v v
L, D —h_—7vVrvp —h —=7Vpry . 4.14

The mass-squared is then given by

2
M2 = UZ(WQ — [n]? — 2iIm h*n) , (4.15)

which delivers real masses only when Im h*n vanishes, i.e. when h = 7. Thus, if we want
small but finite masses, we are required to take h and 7 to be real.
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The situation is somewhat different, however, when we consider the extension of the
above model to include N generations:

-k . —a -k 7 —aT
L =L iDL+ 0%idvra — [h-,"Li¢vR.a — (A" 7%0 Lk, (4.16)

where we have assumed only Dirac masses in the first instance. We have employed the
flavour-covariant notation of ref. [37], where the left- and right-handed sectors transform
in the fundamental representation of two flavour groups Ur(N) and Ur(N), respectively,
and flavour indices are raised and lowered by complex conjugation. We have taken the
number of left- and right-handed fields to be equal for simplicity in what follows; this need
not be the case in general. Under a general transformation in Ur(N) x Ur(N), we have

Ly — Lpp=Vy'Ley, Lf = (L)t — 1" = VALY, (4.17a)

(vra)t — VR = U0y, (4.17b)

/
VR, * VRa = UaBVRﬂ? V%

where V% = (V, !)* € UL(N) and Uy = (U.”)* € Ur(N). The Yukawa coupling matrices
h. = h+n transform as tensors of UL (N ) xUg(N) and flavour covariance of the Lagrangian
requires the transformation property

(el — (W)™ = Vi, 'U%[hal,” (4.18)

In general, there will not exist a flavour basis in which the Yukawa matrices h; and h_ are
simultaneously diagonal. As a result, there can be a three-fold misalignment for general
Yukawa matrices, i.e. the weak, + Yukawa and — Yukawa bases can point in three different
directions in flavour space. Hence, for three generations, neutrino oscillations in this model
are governed by 6 rather than 3 mixing angles and 2 rather than 1 CP-violating phases.
This additional source of CP violation is of particular relevance to the potential embedding
of this non-Hermitian theory within the scenario of leptogenesis.

In the symmetry-broken phase, for the case of two generations (N = 2), the mass

spectrum contains four mass eigenstates with masses given by the roots of
2 v’ t t 2 i 2\ 1/2
My = = |rhlhe = (+) (2t (hlho)? = (rhlho)®) (4.19)

It is clear that one may obtain the massless limit by choosing h = + 1. However, such a
constraint is not a necessary condition for obtaining a spectrum with massless states. In

the case that

dethlh- =0 =  tr(hlh )’ = (rhlh_)?, (4.20)

we obtain two massless states (£ M; = 0) and two states with masses given by the roots of

2 2
M2 = % tr hlh, = % [tr hth — trnfn — 2ilmtr th] . (4.21)
For M5 to be real, we require
Imtrhin=0. (4.22)
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Subsequently imposing the additional constraint that
trhfh = trnin, (4.23)

we also obtain My = 0, giving a massless spectrum. In complete analogy to the single-
flavour case, we may obtain an arbitrarily small but finite mass splitting AM? = M2 — M?
by choosing

trh'h ~ try'n. (4.24)

As a result, there is the potential to obtain sub-eV scale Dirac neutrino masses from Her-
mitian and anti-Hermitian Yukawa couplings, whose orders of magnitude may themselves
be much closer to the other SM Yukawa couplings and larger than the unnatural 10~'2
that would otherwise be required for agreement with neutrino oscillation data.

Note that egs. (4.20), (4.22) and (4.23) comprise three constraints on the total of 16
parameters in the complex-valued 2 x 2 matrices h and 1. These three necessary conditions
provide a much weaker constraint on the elements of h and 7 than the condition h = 7.
Moreover, they do not, as in the single-flavour case, require h and n to be real-valued
matrices.

As for the single-flavour case, we can include a Majorana mass term of the form

1
—L,D iﬁg,amgﬁym +He., (4.25)

where the mass matrix mp transforms as a rank-2 tensor of Ug(N), i.e.

m%ﬂ — MR = U%U%m}?. (4.26)

In block form the mass terms are given by

B C,l
L, 31 <gk: 7€ ) 0 [m—]k vy
2 UE RS \[my)e, my ) \vrg

+1(#3 va) 0 fm-1s" (ves (4.27)
2 \"ER PRI [my]t, mpas ) \VR°

M = ( 0 m‘) (4.28)
m, mpg

can be block diagonalized by a unitary transformation of the form M=WTMm W, giving

The mass matrix

the physical neutrinos

Ny, vy, N¢ 8
W) (v o

where the Ny are the light neutrinos, whose mass matrix is given by the non-Hermitian
see-saw formula

my=—-m_mpzp'm}, (4.30)

and the Ng are the heavy Majorana neutrinos, whose mass matrix is mg.

~15 —



For N = 2 the mass spectrum of the light neutrinos is given by

v2 B 3 9 B o\ 1/2
Mgy = — T [tr h_mp'h] — (+) (2 tr (homp'hl)” — (trhomp'hl) ) } . (4.31)
We trivially obtain a massless spectrum for h = £+ 1. However, as before, when
deth_-myz'hl =0 = tr(h_mz'hl)® = (trh_my'Al)?, (4.32)
we obtain the spectrum
02
My=0, My=-—"-tr h-mg'h_ . (4.33)
For M> to be real, we now require
Imtrh_mp'hl =0, (4.34)
and we obtain a completely massless spectrum if, in addition, we require that
Retrh_-mp'h] =0. (4.35)

Again, the conditions egs. (4.32), (4.34) and (4.35) provide much weaker constraints on the
form of the Yukawa matrices than h = + 7. In addition, we can obtain an arbitrarily small
but finite mass splitting AM?, independent of the Majorana mass term mp, by choosing
the Yukawa couplings such that

Retr hm,;zlhT ~ Retr (nmglnT + hml_%lnT — nml_%lhT> . (4.36)

This ability to tune the mass splitting of the light neutrinos independent of the magnitude
of the Majorana mass term may have interesting implications in the light of the com-
bined constraints provided by neutrino oscillation data and the current limits on lepton-
flavour-violating and lepton-number-violating observables, including neutrinoless double-
beta decay.

A comprehensive phenomenological study of the aforementioned variations of this non-
Hermitian Yukawa model in the context of current constraints from collider experiments
and both astrophysical and cosmological observations (for recent reviews, see refs. [38, 39])
is beyond the scope of this article and will be presented elsewhere.

5 Conclusions

We have considered an extension of QED, whose non-Hermitian nature permits the sym-
metry between the left- and right-chiral components of a Dirac fermion to be broken by the
presence of an anti-Hermitian mass term. We have shown that the full gauge invariance of
this theory is restored when the Hermitian and anti-Hermitian masses are of equal magni-
tude. Moreover, we have highlighted an intriguing possibility for explaining the smallness
of the light neutrino masses and providing an additional source of CP violation through
an analogous extension of the SM. Further phenomenological studies of this model and its
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variations are required in the context of the current low-energy neutrino data as well as
both cosmological and astrophysical observations.

Finally, we mention another direction of study, which deals with the dynamical genera-
tion of the non-Hermitian mass term through nonperturbative quantum effects. Dynamical
mass generation for neutrinos (with a vanishing bare mass) has been obtained in the con-
text of Lorentz-symmetry violation [40-42], where the physical mass scale is provided by
higher-order spatial derivatives. A nonperturbative mechanism could also be responsible
for the non-Hermitian mass term in the present context, although the natural mass scale
would be provided by the Higgs mechanism, instead of Lorentz-symmetry-violating opera-
tors. In order to explore this avenue, one needs to derive a nonperturbative gap equation
and study the possibility of a non-Hermitian mass term solution. Such a nontrivial solution
could arise in a theory involving an axial coupling and is left for future work.
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A One-loop corrections

This appendix summarizes the technical details of the one-loop calculations described in
section 3. The elements Ay of a matrix A in the chiral field space are indexed by upper-case
Roman indices I, J, K, M,--- = L, R, where the LL element is in the top left.

Passarino-Veltman parametrization. In d =4 — 2¢ the two-point Passarino-Veltman
form factors [33] are

d% 1 ks kuk
By. .- , M, = | — L TR . Al
Oy (P 121, 12) /W (k2 — m3 +ic) ((p + k)2 — m3 +ie) (A1)
These may be related to the scalar form factors By, Bs; and Bao via
B, (p,m1,mz) = p,B1(p, m1, ma), (A.2a)
B, (p, m1, ma2) = pupyBai(p, m1, ma) + 1w Bz (p,mi, ma) , (A.2b)
whose divergent parts are
1 1
By(p,m1,m2) D E Bi(p, m1,ma) D 50 (A.3)
1 1 2 2 p2
Ba1(p,m1,m2) D —, Baa(p,m1,m2) D —— (mi+my+ — | . (A.4)
3e 4e 3
In addition, we make use of the algebraic identities
1
p*Bi(p,m1,mp) = 5 [A(m1) — A(mg) — (p* — m} — m3)Bo(p, m1,m2)] , (A.5a)
p?Bai(p, m1, ms) + dBas(p,m1,ms) = A(ms) + m3Bo(p, m1,ma) (A.5b)

p®Ba1(p, m1,ma) + Bas(p,m1,m2) = = [A(ms) + (m] — m3 — p*)B1(p, m1,ms)], (A.5c)

N
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where A(m) is the tadpole form factor
d’k 1
A == 5———. A6
(m) /m? k2 —m2 1 ie (4.6)
Lastly, for m; = mo we have the identity

1
Bi(p,m, m) = D) By(p,m,m). (A7)

The three-point form factors are

. _/(f‘lk: L ks kuky (A.8)
O = [ i (k2 —m2 + ie)((k+p1)? —m3 +ie) ((k + p1 +p2)? —mi +ie) *

where the arguments of Co.pp = Cospsn(P1, D2, M1, M2, m3) have been suppressed for
notational brevity. We also define scalar form factors via

Cu = p1,C11 + p2uChz (A.9a)
Cuv = p1uP10C21 + p2up2vCo2 + P1(uP2)Ca3 + M Coa - (A.9Db)
The only divergent form factor is Co4, having the logarithmic divergence
1
Cos D — . (A.10)
4e

Feynman rules. In the chiral basis, the Feynman rules of the model are [43-46]

e To each photon line associate the factor (in the Feynman gauge)

. inuy
D = . A1l
D) = (A1)

e To each chiral fermion line associate the factor

iSu( ):Z.5IJ5J'29 + My,
L7AP p?— M2 +ie

To avoid proliferation of sub- and superscripts, the spinor index assignment, denoted

(A.12)

by the lower-case Gothic characters a and b, is understood as follows:

p - T

iSpr(p) = [iSee(p)lyp = m, (A.13a)

. . ; - b
iSrr(p) = [iSrr(P)]™ = Lt (A.13b)

; a
iSrL(p) = [1SrL(P)); = Mm%, (A.13c)

b p2 — M2 + ie )

. . b zm+5 b

iSLr(p) = [iSLr(P)]a = m, (A.13d)
with

op =o' =dl., aly = ot =gt (A.14)

e To cach vertex associate a factor of —igryo’;, where g = diag (9—, g+).

e For any closed fermion loop include a factor of —1 and trace over the Lorentz indices.

In the calculation of the one-loop corrections outlined below, we also make heavy use
of the product and trace identities of the Pauli matrices, as listed in appendix B of [46].
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Fermion self-energy. The one-loop chiral fermion self-energies are given by

) . dk ) L.
iS(p) = (—1)? g QNJ/(27T)4 ohe 1SkN (k + p) 0% iD (k) (A.15)

where we note that the couplings g+ are dimensionful for d = 4 — 2e. The numerator is
(2—d)ognon - k+dMgy . (A.16)

Rewriting in terms of the Passarino-Veltman form factors, we get

1
Eu@)=1&ﬂgmmeK2—d%&waK-pBﬂpAL0y+deNBMnAL0ﬂ. (A.17)

Hence, we obtain

g%

YL = 1672 (Q—d)ﬁ'pBl(p,M,O), (AlSa)
2
g
ERR: 16—7:2 (2_d)UpBl(p7M70)7 (A18b)
Srr = 2= dm_ By(p, M,0), (A.18¢)
167
Zupzﬁigdm+3dpﬁﬁm. (A.184)

The full fermion self-energy of the original Dirac field is obtained from the sum over
the chiral indices I and J with correct weighting by projection operators. Specifically,

Y = Ppy°S1r P+ Py’SrrPr + PLYrLPL + PrYLRPR, (A.19)

00 01 10 00
5= 5 5 5 Sim A2
(10) LL+'<00> RR*’(OO) RL+’<01> LR (A.20)

Summing these contributions, we obtain the result in eq. (3.3).

giving

Polarization tensor. The polarization tensor is given by

R,y , dk , .
i (p) = (= 1) (=42 g1k g Tl"/(27r)4 ohe 1Sy (p + k) oy SNk (k) . (A.21)
Performing the trace over the Lorentz indices, we obtain the numerator

2[(2k"KY + pWEY) — K2 — 0 p - k)Opy S + 1" Mg Mk + inpi € (0 + k)k]
(A.22)
where e#¥ is the Levi-Civita tensor. Here, we have defined nyyng = 1, if I =J = K =
N=L, nynk =—1,if  =J =N = K = R, and nnkx = 0 otherwise.
Rewriting in terms of the Passarino-Veltman form factors, we are left with

1" (p) = _gfl(ﬂ_g;\u {(p”py - n“”pg) (Bm + B1)51J5NK

— " (M?6170NnK — My Mni) Bo

+ Gk [p,gpx (Ba1 4 B1) + na p2B22} UIJNK} - (A.23)

When we sum over the chiral indices, the terms proportional to the Levi-Civita tensor
cancel, and we obtain the result in eq. (3.8).
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Three-point vertex. The three-point vertices are given by

. . ddk . . .
Ny (p,q) = (=4)° g1k gne 9Q7 /(%)4 ot iSkn (k) iDyr(k + p) olp iSpq(k +p+ q) 0,
(A.24)
where p and ¢ are the fermion momenta. The numerator is proportional to
(2= d) | 0 o 0% K (k + D+ 0)p kv O + ol Miy Mg |
+4[k“(SKNMpQ-i-(k+p+q)”MKN5PQ], (A.25)
such that the vertices can be written
9IK GNP 9QJ

X {(2 —d) [((2 —d) O’IMD Coy + O'g 573 o F,Qp> OKN 6PQ + UI;D Mgn MPQ]
+4 (p" Cr1 + ¢" Crz2) (kv Mpg + Mgn 0pg) + 4 (p + )" Co Mg N 6po }
Herein, we have defined
Frp =prp (Cr14+C21) + ¢ @p (Co2 4 C12) + pr 4 (Coz + C11) + G pp (Ca3 + Cra). (A.27)

The three-point form factors are evaluated at p; = p, p2 = ¢, m1 = mg = M and my = 0.
Hence, element by element, we find that

2

A= % (2—d) {g— ((2 — d)5" Oy + 5Paﬂa“Fﬁp) + g+6“M200] , (A.28a)

92
App = 16;;2 (2—4d) {9+ ((2 —d)otCas + ap(?“a“FHP> + g_J“M2C’0] , (A.28D)
AL = g;rgg_ m— [(9+ +9-)(P" Cu1 + ¢" Cr2) + g-(p" + ¢")Co] , (A.28c¢)
Nip= % my [(9+ +9-)(p" Ci1 + ¢" Ci2) + g+ (p" + q“)Co} ) (A.28d)

As in the case of the self-energy, we have
00 01 10 00
AH — (1 O) AL+ (0 0) App + (0 0) App + <0 1) Ay (A.29)

Summing over the contributions, we obtain the result for the total vertex in eq. (3.11).
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