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ABSTRACT: We study an axially symmetric solution of a vortex in the Abelian-Higgs model
at critical coupling in detail. Here we propose a new idea for a perturbative expansion of a
solution, where the winding number of a vortex is naturally extended to be a real number
and the solution is expanded with respect to it around its origin. We test this idea on three
typical constants contained in the solution and confirm that this expansion works well with
the help of the Padé approximation. For instance, we analytically reproduce the value of
the scalar charge of the vortex with an error of O(107%). This expansion is also powerful
even for large winding numbers.
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1 Introduction

A significant feature of many gauge theories is the existence of topological solitons which
may appear when the gauge and/or global symmetries are spontaneously broken. Monopoles,
vortices and domain walls are by now familiar, and have found important applications in
vast areas of modern physics, such as cosmology, condensed matter physics and particle
physics. From another view point, the topological solitons can be seen as nontrivial so-
lutions of nonlinear differential equations. A direct way to study topological solitons is
solving such nonlinear equations exactly. For instance, a beautiful systematic method to
construct exact solutions for instantons has been well-established and is widely known as
the ADHM construction [1]. This is, however, a special case and for many other types of
solitons numerical calculations are needed to study solutions.

The present work concerns the so-called Abrikosov-Nielsen-Olesen (ANO) vortex as the
simplest topological soliton with finite energy in the (14 2)-dimensional theory. This vortex
appears as a topological defect [3] in Ginzburg-Landau theory [2] and may be viewed as a
static solution to the equations describing the 1+2 dimensional Abelian Higgs model [4].
In this theory all the vortex features depend on one dimensionless parameter A\ = my/m.:!
the ratio of the Higgs boson mass mg to the vector boson mass m,. The intervortex force
is, roughly speaking, a superposition of an attractive force caused by the Higgs boson and
a repulsive force caused by the vector boson as seen in a scalar potential [10]

U2

UR) = £ (- Ko(m,R) + g2 Ko(m, R)) (11)

for a well-separated pair of vortices with a large distance R. Here, ¢s and g, stand for
a vortex scalar charge and a magnetic dipole moment, respectively. Therefore the force
with the longest correlation length is dominant and the vortices attract (repel) each other
for A < 1 (A > 1) [6]. The critical coupling A = 1 is a rather special case where net
intervortex forces are exactly canceled thanks to the coincidence of the two coefficients,
Gs = ¢m = 27C7. From a mathematical viewpoint, the Euler-Lagrange equations reduce
to the first order differential equation called the Bogomol'nyi-Prasad-Sommerfield (BPS)
equations for vortices saturating Bogomol'nyi bound, whose total energy is quantized as
E), = |k|mv? with the winding number & € Z. In this critical case, the constant C; appears,
for instance, in a potential for a pair of moving vortices [12]

Us—1(R, @) ~ 1% x C?Ko(myR)|d|*> + O(|a|*) (1.2)

with a relative velocity w, since only the magnetic field accepts a Lorentz boost and the
two forces are not canceled out. Unlike the remarkable cases of instantons and monopoles,
no analytic solutions for this BPS equation in flat spacetime have been found even at this
critical coupling. Thus only a few quantities are exactly calculable and a detailed study of
the vortices, for instance, the calculation of a value of C'| requires numerical analysis.

In this paper, to complement the numerical analysis, we propose a simple and straight-
forward, but new idea for analyzing vortices at critical coupling, where fields are expanded

' \/v/2 is known as the Ginzburg-Landau parameter.



perturbatively with respect to the winding number k£ € 7Z around its origin £k = 0. To
justify this perturbative expansion, (let us call it “small winding-number expansion”), the
BPS equations must be extended so that they allow a real winding number k£ € R. Since
the BPS equations with an infinitesimal winding number |k| < 1 can be exactly solved, we
can systematically perform perturbation calculations without tuning any parameters and
this perturbative expansion is supposed to work well as a practical tool. Here, we calculate
values of three typical quantities with A = 1 including C as the most simple examples to
check this idea.

The constant C; has often been calculated in the literature. De Vega & Schaposnik [5]
gave a semi-analytical study for axially-symmetric solutions with an arbitrary winding
number k € Z-o, and constructed power-series expansions around a center of a vortex
and asymptotic expressions for the opposite side. These two can be determined by only
one constant D,’j“ for the power-series expansion and Cy (Zj in their notation) for the
asymptotic expression. Comparing these parameters in a middle region, they obtained
the values: C; = 1.7079... and D7 = 0.72791.... These values now seems to be widely
accepted in literature, for instance, C1 = 1.7079 appears in refs. [7, 11, 13, 15] and also in
a standard textbook of Vilenkin & Shellard [8]. However, we encounter a different value
for Ci: C1 = 10.58/2m ~ 10.57/2m ~ 1.682 ~ 1.684 which was obtained by Speight [10]
about twenty years later than de Vega & Schaposnik [5]. Furthermore, Tong [11] gave the
supergravity prediction C; = 8'/4 ~ 1.68179. .. which seems to agree well with Speight’s
(. These values also seem to be accepted in literature, for instance, ref. [12] and another
standard textbook by Manton & Sutcliffe [9]. There exists a 1.5 % discrepancy between
old and new results.

In section2.6, we shall conclude that the correct value is the old one Cy; = 1.7079 by
using two different kinds of numerical calculations with higher accuracy. In section4.2.3,
we reproduce this value by using the small winding-number expansion to verify its power.

This paper is organized as follows. In section2, we review the BPS vortex in the
Abelian-Higgs theory, and define an extended vortex function which allows the winding
number of non-integer, as a solution of the BPS equations. There a non-trivial integral
formula including the vortex function is derived and three typical constants C,, D, and
S, for a vortex solution are introduced and their analytical and numerical properties are
discussed. In section3 we perform a small winding-number expansion of the vortex function
and the three constants using Feynman-like diagrams. Results obtained there are modified
in sectiond, using the Padé approximation to overcome problems with finite convergent
radii of the expansions. Summary and discussion are given in sectiond, and some useful
inequalities and details of the calculations are summarized in the appendices.

2 Review of ANO vortex at critical coupling

2.1 Set up for ANO vortex

The Abrikosov-Nielsen-Olesen (ANO) vortex is an elementary topological soliton in the
2+1 dimensional Abelian-Higgs model

1 1
L= gzl +5(Dud) D6 = V(9), (2.1)



where ¢ is a complex scalar field, metric is 7, = diag.(+1, —1, —1) and covariant derivative
is D, = 0, + 1A,. A scalar potential V(¢) is of the wine-bottle type

262
V(g) =2 (6P )’ (22)

which has a vacuum |¢| = v where the U(1) gauge symmetry is spontaneously broken. The
Higgs mechanism makes the scalar and the gauge fields massive. Their masses are given
by, ms = Aev, m, = ev respectively. The spontaneously broken U(1) symmetry gives rise
to a soliton which is topologically stable object supported by 71 (U(1)), of which element is
called a winding number. To require vanishing of the kinetic term |D;¢|?> = 0 at the spatial
infinity connects this winding number with the first Chern class

1
m(U1)=Z > k= —2/d2mF12. (2.3)
T
This topological defects are called the Abrikosov-Nielsen-Olesen vortex.
In this paper, we take the critical coupling constant, A = 1, as the simplest model,

where the two masses are identical, m, = mg = m. Then we can perform the Bogomol’'nyi
completion of an energy density H for static configurations as

1 e? S| )
M|,y = 262 {Fu + 5 (v* - |¢|2)} T3 (D) +iDy) |

2 1 .. —
F Fla = 5670, (¢D;9) . (2.4)

and a total mass (tension in higher dimension) of vortices, 7', has a lower bound

2
T = /de’H’A:l > :F% /deFlg = +m0’k. (2.5)
The inequality is saturated by BPS states which satisfy the BPS equations

2
FF = % (0> = |62), (D1 +iDs)¢ =0. (2.6)

Without loss of generality we will consider the BPS equations with the upper sign. In order
to find general solutions of the BPS equations, it is useful to solve the second equation in
eq. (2.6) at first and, it can be solved with the complex coordinate z = x; + iz2 and
introducing a smooth real function reg = Yreg(2, 2)

Yreg

. k
Az = S0y, d=ve 3 P(2), P(z)zlr:[fz—m, (27)

where an arbitrary holomorphic function P(z) can be set to be a monic polynomial without
loss of generality. Here zeros {z; = a:} —H’x% € C} of the Higgs field ¢ are topological defects
and identified as positions of vortices. One of the important features of BPS vortices is
that they feel no interactions since the attractive and repulsive force are exactly canceled.
So we can put BPS vortices anywhere as many as we like. Note that the smooth field



Yreg must behave as g ~ log |P(2)|? at the spatial infinity to obtain a finite energy, it is
convenient and more familiar to rewrite v, in terms of a singular field v,

2
Y = reg — log ]P(z)| —log —- |¢|

so that ¢ vanishes at the spatial infinity. With this singular field, then, the first equation

(2.8)

in eq. (2.6) can be rewritten to be, so called, Taubes’ equation

— 02 + m? (1 - e—w) = J, (2.9)
with source terms J
k
J=J(F) =4r Y 0*(F - 1)) (2.10)
I=1

Here we used that the magnetic field can be rewritten as,
Lo
—Fip = 2azai¢reg = 5 (aZ '¢ + J) (211)

which coincides with eq. (2.3) and k is the total winding number. Existence and uniqueness
of a solution for Taubes’ equation with a given arbitrary J have been established by [14].
With this solution, therefore, we obtain a complete solution for ¢ and A;. In terms of a
solution of ¥ and the source J, the energy density Hppg for BPS vortices can be rewritten to

2
Hpps = UZ (J+020ly)), olfl=¢+e?¥—1>0, (2.12)

which gives the lower bound in eq. (2.5). There is, however, no known exact solution for
this equation, even in the simplest case with k = 1.
2.2 Extension of Taubes’ equation and particle description

In a case that k; vortices coincide at & = & for each I, the source terms are replaced with
J=An> k6@ - ), k=) ki (2.13)
I I

where k7 indicates the winding number at £ = Z;. A request that the winding number
kr is positive integer is to give the single-valued Higgs field ¢ and Profiles of ¢ and the
magnetic field in eq. (2.11) and the energy density in eq. (2.12) can be calculated without
constructing ¢. If we omit constructing ¢, therefore, we can formally extend Taubes’
equation with the generalized source terms

—47TZV1(52 7r), vie{vly>-1,veR}. (2.14)

Here the winding number k; is renamed v; to stress that v; can be non-integer and the
lower bound of the winding numbers will be discussed in section2.4. A ‘total mass’ of this
extended object is formally calculated as

Trps = /d tHpps = T xv, v= Zl/[, (2.15)



which takes a negative value for v < 0. Integrating the both sides of Taubes’ equation
eq. (2.9) we find the following identity corresponding to eq. (2.3)

2
v= e [ 2@ ) =L [Ena- ), (2.16)
which is no longer an element of 71(U(1)). In the rest of this paper, we will study this
extended Taubes’ equation with a generalized source term eq. (2.14) and its solution nu-
merically and analytically. This extension allows us to consider a Taylor expansion of the
solution with respect to the winding numbers as discussed in section 3, although we are not
specially interested in the solution with the winding numbers of non-integer.

Uniqueness of the solution for this extended Taubes’ equation can be easily shown as
appendix A.1. For instance, we know the trivial solution

=0 for J=0. (2.17)

To show existence of the solution for the extended Taubes’ equation is difficult and out of
scope of this paper, and we just assume the existence of the solution here. Therefore, the
solution of 9 is a function with respect to a coordinate Z, positions of vortices {Z;} and
their winding number {v;}, ¥ = (Z, {Z],v1}). Furthermore we assume that the solution
is differentiable with respect to {v7}. Under this assumption, we can derive, for each I,
0
(07 + er*w)i = 476*(Z — Z7) (2.18)
vy
from Taubes equation eq. (2.9) with the source eq. (2.14). According to appendix A.l
the above equation show that the solution ¢ is strictly increasing with respect to each vy,
O /0vr > 0. In the limit of the vanishing source J = 0, furthermore we find
oY 4m 9
im — = ———0%(% — @) = 2Ko(m|Z — Z1]), 2.19
J=00vr  —02 + m? ( 1) o(m| ) ( )
where the modified Bessel function of the second kind Ky(x) emerges as a two-dimensional
Green’s function. That is, in this limit a vortex solution is exactly solved and treated
as a linear combination of free massive particles and for small |v;| < 1 at least, 1 is
approximated well everywhere as

Y2 vKo(m|E - 7). (2.20)
I

This is the starting point of the small winding-number expansion which will be discussed
in section 3.

In this particle description, it will be convenient to rewrite Taubes’ equation as

00 1)
RGP R U Wree i (2.21)



with o[t)] as dimensionless self-interaction terms. Then, by applying the Green’s function
method to Taubes’ equation, we obtain? an integral equation for ¢ with Green’s function
G(Z) = Ko(m|]),

2
vl@) = 23 nG(@ -7+ [ SL6(E - Palui) (222)
1

Since o[y] > 0 and Ky(z) > 0 are always hold, we find that the solution of Taubes’ equation
must satisfy a fundamental inequality

Y(E) > 2 viKo(m|& — F]). (2.23)
I

2.3 Scaling argument and a physical size of a vortex

Let us consider the following Lagrangian in a two-dimensional Euclidean spacetime
Lops = — - (01)? — m? 1)+ T 2.24
BPs = —5(0ip)” —m7(¢ +e )+ J, (2.24)
which induces Taubes’ equation as an equation of motion of 1, and an action? is

K=— / d*zLpps

. + thosta (226)
solution

where Kgpost is introduced to cancel UV divergences of the kinetic term and the source
term and we set Kgpos as, for instance,

1 1
Kohost = —/d23? (2(3z' )? + 57713@2 - J@) ;

0(F) =2 v Ko(mo|@ — ). (2.27)

I
After this regularization we can apply the scaling argument to this action. For simplicity,
let us consider an axially symmetric case with the source J = 47v§?(Z). Since K is a

dimensionless quantity, the dimensional argument tells us
o2 0K 0K
o om? 0 9m2

By using equations of motion for 1) and ¢, derivatives of K with respect to masses can be

(2.28)

calculated by
m287K = /d2mm2 (@Z) +e V- 1) = m2/d2:mj) — Ay,

om?
0K OK ghost mg
2 _ 20 ghost 2. My 2 2
moam% = mg oz —/d vt = —27ve, (2.29)

2Here we used the fact that 1) vanishes at the spatial infinity.

3Substituting the solution, K becomes a function with respect to complex coordinates z; = x} + iz?
describing positions of vortices. With a limit of mo — 0, this quantity gives a Kéhler potential describing
the vortex moduli space [16] as

2 2 2 ..
U ;w\zﬂ + v TV};QOK. (2.25)

At the limit mo — 0, 1/mo gives a IR cut-off and Kgnost can be eliminated by Kahler transformations.
Actually one can confirm that the above Kéhler potential gives Samols’ metric [17].



where we used eq. (2.16). Therefore, we find the following formula [18]

/d%zp = % x v(v+2). (2.30)

As we seen the above this exact formula does not come from topological argument, but
from the scaling argument. To check numerical calculations we use this formula in this
paper. Thanks to this non-trivial identity combining eq. (2.16), the following integral is
calculated as

2 2
[ a2 = o [ @alatotolv) = [Trwrev =T @y

and a size of the vortex with the positive winding number v > 0 can be naturally defined
with the energy density Hpps given in eq. (2.12) and calculated as,

_ [ x|Z*Hpps  2/v
Rpps = \/2 X fdQZL"HBPS = for v > 0, (2.32)

which turns out to be a key point in section 4. It is natural for the scaling argument to
determine a typical size of a soliton.

2.4 Axially symmetric solution

Let us consider a single vortex sitting the origin with the winding number v, that is,
we consider a solution with the source term J = 47vd%(%). Its configuration is axially
symmetric and described by a function ¢ = 1(mr,v) with respect to a radial coordinate
r = |Z] and the winding number v. The partial differential equation (2.9), therefore,
reduces to an ordinary differential equation

i;i ( f;j) m*(1—e™) (2.33)

with the following two boundary conditions

lim r@ =—2v, lim ¢ =0. (2.34)

r—0 dr r—00

Even for the non-integer number v, a set of the differential equation and the boundary
conditions defines an unique solution under assumption of its existence. Especially for
small |v| < 1, 9 is approximated in the full range of r € R5q as
~ _ ( oY
v~ B[] = 2vKy(mr), lim — = lim — = ¢y = 2Ko(mr). (2.35)

v—0 v v—0 Ov

See figure 1 for some examples of profile functions of N[¢)] which denotes ¢ calculated
numerically. Here we assume that the solution v is smooth with respect to v at v = 0.
This assumption requires the solution to be extended for the negative winding number v.
Since 0¢/Jv > 0 as discussed in section 2.2, a lower bound of v is shown by taking a
derivative of the both sides of eq. (2.30) as

0</d2 0 _ AT, 1), (2.36)

v m2



2F it

1.0

N[y}, v=5
----- Eqly] v=5
N[y, v=1

=== By, v=1
N[g], v=1/5
————— Eq[y), v=1/5

Figure 1. Magnetic flux in the left panel and differences Ay = N[] — E1[¢] in the right panel

that is, there exist no solution of Taubes’ equation with v < —1. We just assume the
existence of the solution with v > —1 in this paper.

Note that we can show the following inequalities although we have no exact solu-
tion. Applying the discussion in appendix. A.1 to Taubes’ equation with the source J in
eq. (2.14), we find the solution ¥ must be positive for » > 0 and be negative for v < 0, and
eq. (2.33) tells us that r‘fi—f is strictly increasing (decreasing) with respect to r for v > 0
(v < 0), and therefore the boundary conditions eq. (2.34) give lower and upper bounds as,

d
P >0, —21/<7‘%<0, for v > 0,
dip
P <0, —2V>T%>0, for —1<v<O. (2.37)
According to appendix A.1, the following inequality
0%y 0w\’
2 2 — 02—t
implies that 1 is a downward-convex function,
0% 10 oY

Combining eq. (2.35) with this fact, we find that v /v is strictly increasing with respect to
v and furthermore we obtain

W Y

— > = >2Ky(mr) >0 for v > 0,
ov v
0
0< a% < % < 2Ko(mr) for —1<v<0. (2.40)

With this axially-symmetric solution ¢ (&) = ¢ (r) with r = |Z|, the integral equation
eq. (2.22) reduces to

W(r) = 2vKo(mr) + m2/ ds sGg(r, s)o(s)], (2.41)
0
where the reduced Green’s function Gg(r, s) takes the following form
Gr(r,s) = / d—eKo (m\/r2 + 52 — 2rscos 9)
27
= O(r — s)Ko(mr)Iy(ms) + ©(s — r)Ko(ms)Iy(mr) (2.42)



with the step function ©(x) and the modified Bessel function of the first kind Io(z).

2.5 Observable parameters, C,,D,, S,
2.5.1 D, and Internal size R;,

To define the solution ¢ of Taubes’ equation even with the positive non-integer winding
number v, we have to consider a behavior of the solution around the core of the vortex
seriously. Note that in the massless limit m — 0, Taubes’ equation has a general solution®
with a positive real arbitrary constant Ry, as,

2v
r
li =—logYy, Y= 2.4
o= —togy, v = () .13
and with the finite mass m > 0, therefore, 1) can be expanded by m and we find an
expansion of ¢ around the origin » = 0 in an unfamiliar form,

Y =—logY + Z F,(Y)(mr)*
n=1
i(mr)

~Hp om0 for —1<v <o’

2 for v >0

~ —2vlog(mr) + 2D, + (2.44)

where we treated mr and Y as if they were independent of each other, and a function
F,(Y) is independent of m and turns out to be a polynomial of order n with respect to ¥
determined sequentially by solving Taubes’ equation as,

1 Y Y 4 Y
fl=5 <1‘ <1+>> - RO=5 <<2+u>2 - <1+u>2> o @4)

which must vanish in the limit v — 0 for a finite radius r due to eq. (2.17). The dimen-
sionless constant D, appeared in the expansion is related to Ry, as’

D, = vlog(mRyy). (2.47)

Therefore the expansion of ¢ can be defined by a pair of parameters {v, Ry, }. The unique-
ness of the solution with a given v means, however, that to satisfy the boundary condition
at the spatial infinity, the constant R;, must take a certain value corresponding to each
value of v, that is, a function Ry, = Rj,(v), otherwise a function defined by the expansion
always glows up at a large r. In appendix A.2 this feature is analytically discussed and at
the present we find a pair of lower and upper bounds of R, as

24/ 1 2
VVEL S B> \/; for v > 0. (2.48)
m m (&

“Here we omit the boundary condition for the spatial infinity.
® A relation between D, for v =k € Z~o and D}*" defined by de Vega & Schaposnik [5] is

k
k+1

For instance, we numerically obtain D7 = 2exp(—2 x 0.505360825...) = 0.72791247 ... which coincides
with their value D} = 0.72791.

Dift = exp(—2Dy), (2.46)

,10,



Figure 2. Profile of D, for the full range of v. Numerical Data Ngy[D,] are plotted by dots.
Dashed lines in the left panels describe E,[D,] given in section 3. Dashed lines in the right panel
give the bounds given in eq. (2.48). P:2[D,], Ps[D,] plotted by a solid line are defined in section 4.

According to eq. (2.40) Ri, and D, /v turn out to be strictly increasing functions with
respect to v and take values at v =0

D
lim — = lim (Ko (r) + logr) = log2 — v ~ 0.115932,
v—0 vV r—0
2e”7  1.12292
lim Ry = —— ~ , (2.49)
v—0 m m

with Euler’s gamma . In figure 2, we plot a profile of D, /v. Note that there is an another
way to calculate D, using the integral form eq. (2.41) as,

D, = lim (dj + Vlog(mr)> =v(log2 —7v) + m—Q /00 dssKo(ms)o[(s)].  (2.50)
r—0 \ 2 2 0
These different two definitions of D, will be used to double-check numerical calculations
of D,.

Since the axially symmetric vortex solution we consider has the only one mass param-
eter m, we expect that the dimensionfull parameter R;, controlling a profile of the solution
should be the same order of the vortex size Rppg given in eq. (2.32). Thanks to eq. (2.48),
roughly speaking, we find actually Rppg =~ Ri, for large v. We call Ry, an internal size.
On the other hand D, is directly related to a value of the action K with J = 47v§2(F) in
the previous subsection. In the same way of eq. (2.29), we can calculate a derivative of K
with respective to v,

oK

i _ ma _ _
5 = —4m X }1_1}1(1) (Y — ¢) = 8nvlog <m0) 8m (D, —v(log2 — 7)) (2.51)

and by setting the mass of the ghost mg to be mg = 2e~7m, we obtain the following simple

relations,

1 dK v
Dl/ = ——, K = — . .
— 877/0 dyD, (2.52)

— 11 —



Figure 3. Profile of C, for small v in the left panel and for large v in the right panel. Numerical
Data Ngnt[C,] are plotted by dots. Dashed lines in the both panels describe approximants of the
order n, E,[C,], in terms of the winding-number expansion discussed in section 3. Py [C,] plotted
by a solid line and ]31 [C,] plotted by a dot-dash-line are defined in section 4.

2.5.2 Scalar charge C,

Let us take m large conversely, that is, consider a infrared region r > Ri, =~ 2./v/m.
There, an asymptotic behavior of 1) can be treated as a fluctuation of a free massive scalar
field around the vacuum. Due to the axial symmetry, such a fluctuation is written with a
certain constant C),, € Ry as

Y & 20, Ko(mr). (2.53)

There is the similarity between this asymptotic form and the form of eq. (2.35) and the
uniqueness of the solution of Taubes’ equation indicates that the two constants C', and v
are in one-to-one correspondence. Actually, to satisfy the boundary condition at the origin
r = 0, the constant C), must be a function with respect to v and according to eq. (2.17),
Eq. (2.19) and Eq. (2.39) we find

. . dc, 420,
313((1)0,, =0, ilir(l) o 1, 2 0. (2.54)

These property tell us that C), /v is strictly increasing with respect to v and a lower bound

of €, is given as C), > v. A profile of this function is shown in figure 3. According to the
integral equation eq. (2.41), C,, can be calculated by

C, = lim 4

m2 o]
rooo 2Ko(mr) ”*2/0 dsslo(ms)o[y(s)]. (2.55)

Bringing this identity back, we can remove the explicit v-dependence from the integral
equation eq. (2.41) as

(&) =2C, Ko(mr) — /000 ds sGoq(r, s)oli(s)], (2.56)

with an ‘advanced’ Green’s function®

Gadq(r,8) = O(s — 1) {Ko(mr)Ip(ms) — Ioy(mr)Ko(ms)} > 0. (2.57)

SPositivity of this quantity is easily shown since Ko(r) (lo(r)) is strictly decreasing (increasing) with
respect to r.
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Using this integral equation eq. (2.56), the asymptotic behavior in eq. (2.53) is modified as
¥ = 2C, Ko(mr) — 2C? /000 ds sGaq (1, 5)Ko(ms)? + O(e™3™). (2.58)
Thanks to these two different forms of the integral equations for ¢ eq. (2.41) and eq. (2.56),
we find lower and upper bounds as
2vKo(mr) < < 2C, Ko(mr). (2.59)
A one of purposes of this paper is to confirm the true value of Cj.
2.5.3 Total scalar potential S,

Finally let us consider the following definite integral”

m2

d?z
_ Y
S, =3 /% (1—e %) (2.60)

which is dimensionless and proportional to a total potential energy of the Abelian-Higgs
model at critical coupling,

A OF 2
Lo 20 2 ey ] 2.61
S El oA Ix=1 El/ v (¢) )\:l,sol7 ( 6 )
This quantity with v > 0 satisfies
m? [ d*x
I ey =
0 < 8, < 2/%(1 ) =, (2.62)
and according to eq. (2.17) and eq. (2.19) we find
. . dS, . d*S,
Ny Sy = lim = =0, I =2 (2:63)

Thanks to eq. (2.40) we find that S, is also an increasing function with respect to v and
according to the profile of S, shown in figure 4 an ‘energy’ per an unit winding number
Sy /v is also an increasing function with respect to v, and this property gives

Sy vy > Sur + Suy. (2.64)

This inequality is consistent with the well known property of type I (type I) vortices, that
is, intervortex forces are repulsive (attractive) for the coupling A > 1(\ < 1).8

2.6 Numerical data

We numerically calculate values of C,,D,,S, in most of the range of v as v =
1/20,1/10,--- ,500, 1000 using mainly the shooting method. These data are listed in ta-
ble. 1. We will denote these data as Ngu[Cy], Nsnt[Dy] and Ngni[S,| for C,, D,, S, re-

"This quantity also appeared as a fundamental constant, ¢ = 25; ~ 0.830707,in eq. (5.2) of a paper [19].
8 Tt is natural to expect the following inequalities on values of total energies Ej for axially-symmetric
vortex-solutions,

Ek1+k2 = Ek1 + Ek2 for A = 1, (265)

which induces the inequality (2.62). To the best of our knowledge, there is no known mathematical proof
for these inequalities although they are quite reasonable.
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Figure 4. Profile of S, for the full range of v. Numerical Data Ng,t[S,] are plotted by dots.
Dashed lines in the left panels describe E,[S,] given in section 3. P3[S,] plotted by a solid line and
P1[S,] plotted by a dashed-line are defined in section 4.

v CI/ D, Riy Sl/
1/20 | 0.05152300 | 0.007221252 | 1.155375 | 0.002320344*
1/10 0.1061386 0.01714170 | 1.186986 | 0.008668711*
1/5 0.2249350 0.04429221 | 1.247899 | 0.03070642*
1/2 0.6633334 0.1736933 | 1.415364 | 0.1444002*
1 1.707864 0.5053608 | 1.657584 | 0.4153533
2 5.336582 1.443305 | 2.057831 1.085081
3 11.86421 2.615596 | 2.391367 1.832041
4 22.61080 3.948209 | 2.683313 2.619544
5 39.31961 5.402536 | 2.946174 3.432922
10 317.5504 13.88300 | 4.008030 7.704638
20 5424.053 34.27687 | 5.550253 16.68079
50 1284274. 107.9305 | 8.659094 44.65765
100 | 5.455139x108 250.0538 | 12.18905 92.38242
200 | 2.607156x10'2 | 568.9475 | 17.19704 189.1678
500 | 4.568733x10' | 1650.717 | 27.15154 482.7929
1000 | 6.065189x10%7 | 3647.519 | 38.37932 975.6104

Table 1. Numerical Data of C,, D,(Ri,) and S,. All data are sufficiently stable values and we
double-checked them except for data added stars.

spectively. In section 4, we use these data as references to show how the winding-number
expansion introduced in section 3 works well. The other purpose of this subsection is to
settle the problem on the numerical value of C;. We need, therefore, numerical calculations
with high accuracy. To show accuracy of our numerical data to readers, let us enter into
details of the numerical calculations we performed.

Note that there exist two kinds of strategies in the shooting method and we observe a
big difference in usability between them. We calculate numerical solutions of ¢ in a region
{rle < r < L} where we set m = 1 and take ¢ = 1072"*! and L = 2\/v + plog 10 with
p,n =8 ~ 9 referring to the flux size Rgux given in eq. (2.32). The first strategy is to take

— 14 —



r = € as the initial point of the calculation and fine-tune the parameter D, so that a profile
of 1 satisfies the boundary condition at » = L and read C), from a profile of ¢ at r = L.
Since the initial conditions are given by a pair {v, D, }, an incorrect pair always makes a
profile function blow up at large r. The second one is to take r = L as the initial point
and fine-tune the parameter C, so that v = —(r¢//2) at r = € and read D, at r = €. In
this strategy the profile function is controlled by the only one initial parameter ), which
is related to v in one-to-one correspondence thanks to dC,/dv > 1. With the sufficiently
large L, therefore, a profile function with an arbitrary C, always gives a certain solution
corresponding to a certain v, without the profile blowing up, and thus this strategy gives
a function v = f(C,). Thanks to this property, it is easy to create a computer program
for tuning C, automatically with a given v and arbitrary precision. We take the second
strategy in this paper although the first strategy was taken® in Speight’s paper [10].

As we explained above, numerical data Ngy[Cy], Ngn[D,] for C,, D, are directly ob-
tained. To double-check those data, we also use the integral formulas eq. (2.55) and
eq. (2.50) for C,, D, respectively, to obtain different data N/, [C,], N.[D,]. We regard

sht
|N, . [X]/Nene [ X] — 1] with X = C,, D,, as errors of these data and plot them in the right

S
panel of figure 5. For instance, we obtain as double-checked numbers,

Naw[C1] = 1.707864175
Na[D1] = 0.505360825378 (2.66)

for v = 1 and the numerical data listed in table. 1 have been double-checked in this
sense. Therefore we conclude that the numerical result C; = 1.7079 given by de Vega and
Schaposnik is correct. Thanks to the non-trivial identity in eq. (2.30), we can estimate
accuracy of the profile functions itself by calculating the following quantity

;/(;/1+2) { /GL drrN[i] + 2N[C)) /L h drrKO(r)} _ 1' , (2.67)

and we plotted this in the right panel of figure 5. Note that we observe that the precision
of Ngt[C)] generally get worse than those of d, D, as shown in figure 5. The precision
of calculations in Speight’s paper seems to be less than six digits and we guess that his
result O] ~ 1.683 has an error of O(1072) ~ O(1073) which is consistent with the other
numerical results including ours.

We obtain also a stable numerical value of S7 with long digits

Ngne[S1] = 0.4153533072562, (2.68)

by the shooting method. To perform double check of the values of S, we also use the
relaxation method as the other numerical calculation. In the relaxation method, we in-
troduce a relaxation time 7 and extend (%) to be dependent on 7, ¥ = (¥, 1), and
modify the equations of motion by adding a friction term 0v/d7 with an appropriate sig-
nature. With an appropriate initial function of ¢, ¥ (r,7 = 0) = 2vKy(r) for instance,

9He stated there as “Hence, all numerical solutions blow up at large 7, and even though a; and by were
tuned to six decimal places, the Runge-Kutta algorithm could not shoot beyond r = 10.”

,15,



- A ® EmorofC ot ®
a
. 0 # Error of D LA | o1 . A & EmorelC
. ® -
10° « EmorotS 10 g - Emor of D
1 B
. +6
. o
"
10+ P 107
! -
-
®0e® 3 -
4 13
: 10 -
1ot B - b sat *
. *
.
e +
v v
01 1 10 100 1000 01 1 [ 100 1000

Figure 5. Estimated numerical errors: The left panel plots errors of numerical data calculated by
the relaxation method from those calculated by the shooting method as, | Ny, [X]/Ngne[X] — 1| with
X =0C,,D,,S,. The right panel plots errors of numerical data in terms of the shooting method
itself as, [N/ [Cu]/Nent[Co] — 1], | N4 [Do]/Nene [Dy] — 1] and 6.

this friction term defines the time evolution of ¢ and decreases an ‘energy’ of this system
defined in eq. (2.26). In principle, therefore, the true solution could be obtained with an
infinite 7 as ¥(r) = lim;_, ¥(r, 7). As larger 7, we will get better accuracy in many
cases. In reality, beyond a certain finite 7, we observe stability of values of the observables
with small noises, since those accuracy can not be better than the calculation accuracy.
For instance we stopped the time evolutions at 7 ~ 4 x 10%*. The relaxation method is
convenient and powerful to solve (simultaneous) nonlinear (partial) differential equations
numerically. We need no fine-tuning of any parameters there. In the simple system we are
considering, however, the shooting method is more powerful to get precision. Generally
speaking, numerical data Ny[X] for X = C,, D,, S, calculated by the relaxation method
get worse precision as shown as figure 5. We find | Ny, [S1]/Nant[S1] — 1] & 5 x 107! which
is guessed to be mainly an error of Ny,[S1]. We also get Ny,[C1] = 1.707864188 ... and
Nyx[D1] = 0.5053608253753 . .. again.

3 Small winding-number expansion

In the paper [5], de Vega and Schaposnik calculated C; and D; by a semi-analytical study.
Their strategy was essentially as follows. Let us divide the integrals in eq. (2.50) and

eq. (2.55) as
) b 00
/ = / +/ ,  with b ~ Rpps. (31)
0 0 b

The former integral is calculated by inserting the expansion eq. (2.44) which depends on
D,, and the latter is calculated by the expansion eq. (2.58) which depends on C),. Then we
obtain simultaneous equations for C), and D,,, and thus, approximate the values of C,,, D,
as their solution.

In this section we will give a different expansion of the solution v using eq. (2.41) and
calculate them more straightforwardly and more systematically.
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3.1 v-expansion of the vortex function

In the normal case, we can not define an expansion of ¢) with respect to the winding number
as a topological quantum number. In the previous section, we relax the winding number
v from an integer to a real number and assume smoothness at v = 0, and thus, we can
consider a Taylor expansion of the solution for ¢ with respect to the winding number as,
with eq. (2.17)

Y=Y " (3.2)
n=1

Since the approximate solution Ej[¢] = vi); in eq. (2.35) satisfies the boundary conditions
eq. (2.34) and has the same asymptotic form as eq. (2.53) for an arbitrary v, we expect
that the following finite series of order n

E,[¢] = Z V" (3.3)
m=1

gives a good approximation and becomes better as the larger order n. Here, a higher-order
coefficient 1, for n > 2 can be sequentially calculated by expanding the integral equation in
eq. (2.22), or eq. (2.41) for the axially symmetric case, with the first approximant F1[¢], as

. Py oy =
unl@) =m? [ LG - P old) =D v, (3.4
n=2
where expansion coefficients o, = 0, (%) in the interaction terms o] are

1 1
09 = 51/1%7 03 = —61/1? +pripa, - (3.5)

Let us call this Taylor expansion a small winding-number exrpansion , or simply, a v-
expansion. Note that in this expansion the winding number v is fixed and higher order
corrections have no logarithmic singularity as

dipn
lim ri =0 forn>2. (3.6)

r—=0 dr

The absence of the solution for ¥ < —1 shown in eq. (2.36) might indicate that a radius of
convergence for the v-expansion of v is less than 1. In section 4, we will discuss that this
fact is not a big problem.

We can perform calculations of the v-expansion of ¢ with the familiar technic using
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Feynman diagrams. The v-expansion of ¢(Z) is given concretely as

Y(@) =2wx X ——0 Y

Fant ﬁx %
P et

+0O(1°), (3.7)

0

O:\»—t

using conventions for Feynman diagrams,

N 2
G = Ko(mlal) = X ———— 0 m2/‘;yc: 7
Y

Here diagrams of the order n have n external legs coming from the point-like vortex at the
origin Z = 0.
3.2 E,[C)]

Let us approximate C), analytically by using the v-expansion,

o
C, = chun, c = 1. (3.9)
n=1

In principle, its coefficients ¢, can be obtained by taking the v-expansions of the both sides
of eq. (2.55) and inserting 1, obtained in eq. (3.7) into the right hand side. Comparing
eq. (2.41) and eq. (2.55), however, we find that the coefficient ¢,, can be calculated by only
replacing the propagator with Ip(m|Z]) as

Yn(T) = % ‘ = cnzé W—‘ (3.10)
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where the triangle symbol stands for

Io(m|Z]) = ?W . (3.11)

For instance, coefficients co, c3 are calculated as

0
K’/ 00 ) T
co = = drr Ig(r)Ko(r)* = ——= = 0.604600,
2 /0' 0( ) 0( ) 3\/5

0

0
0
2W>—< 2v><
C3 = - =
0 0 30 0

1n 5, 2 72 72
1 T~ 0.0913852. 3.12
“132" 3716 108 (3.12)

=2
See appendix B for details. Finally we obtain

2
™ 2 Vs 3 4

, = — - .012
C V+3\/§V +108V + 0.0126799v

—0.0013557(41)v° + 0.000781(22)1° + O(7), (3.13)

which gives a finite series E,[C,] as an approximant of order n
n
E[C)] = eV, (3.14)
k=1

As shown in figure 6, we observe that as the order n is larger, an error of E,[C}], that is,
|En[C1)/Nant[C1] — 1| is smaller. The sixth order approximant for v = 1, Es[C}], gives a
quite nice value near to the numerical value Ngy[C1] in eq. (2.66) as

Eg[C1] — Ngng[Ch]

~ 1.0 x 1074 3.15
Nsnt[C1] (3:.15)

Eg[C1] = 1.70809. . . , ‘

Unfortunately the accuracy of this value is worse than that of the value C7 ~ 1.7079 given
by de Vega and Schaposnik. According to figure 6 a radius of convergence of the infinite
series, V., is obviously finite and smaller than ten, v, < 10 and we can not judge whether
Ve is larger than one or not. In section 4, we will overcome these problems.

3.3 E,[D))]

Next, let us consider the v-expansion of D,,,

D, = Z d,v", dp =log2—~. (3.16)
n=1
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Figure 6. Errors of the n-th order approximants FE,[C}] and ]3” [C4] in the left panel, and E,[C1o]
and P,[Cyo] in the right panel. P,[C,] will be defined in section 4

According to eq. (2.50), the expansion coefficient d,, for n > 2, is calculated by reducing
diagrams in eq. (3.7) as,

Yn(T) = ?‘ = dnzé o‘. (3.17)

We find therefore, by performing integrals numerically,

0 0

0 0
0 0 5
D, = (log2—~)v+v?x Y +18x {2 >—< - = ><
0 0 3
0 0 0
0 0
0 0 . 0
10 1
4 5
s Sl N
0 0 0
0

= 0.115932v + 0.58597712 — 0.3339050° + 0.244999,4
—0.1966950° + 0.165065(79)1° + O(v") (3.18)

and the v-expansion of Ry, is also obtained as

(mRin)2 = exp <21V)V)

= 1.26095 4 1.47777v + 0.02386751
—0.0307282% + 0.0300632v* — 0.02652(10)2° + O(1%). (3.19)

Note that this quantity is known to have the lower bound 4e~'v and the second coefficient
is near to this bound as 1.47777 > 4e~! = 1.47152. Finite series

E,[D,) = zn: dy, vk (3.20)
k=1
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were expected to be good approximations, but we find their slow convergence as seen in
figure 2.

3.4 The v-expansion of the formula eq. (2.30)

To check consistency of the v-expansion of the formula eq. (2.30), we need some unfamiliar
formulas. There is a non-trivial identity as,

2
/d2l'¢n = d zm’ o on = /d Ty, (3.21)

and using eq. (B.1) we find

2
0
/ d?xipyap, = / d%an_aszwl = —m? / d*zoy, a:;l?' (3.22)

Using the above formula, we also find with oy = 47§?(x)/m?,

47 1 on
2 _ 2 _ 2 .12
/dxwl—mQ, /dxwg—z/dx¢1 -2 —amQ

and since 13 is a dimensionless quantity we can confirm

1 0
[ ovn= [ @ (gt o) = [ (~got - im0y
1 0
=gz (m [ @ut) =0 (324

To check eq. (2.30) for more higher order, similarly we must need the dimensional argument

2

5 (3.23)

0 m

again. Checking eq. (2.30) is, therefore, tautological in this sense.

3.5 E.[S)]

To calculate the v-expansion of S, at first we rewrite the definition of S, by inserting the
identity in eq. (2.31)

2 d2
Y LT,
1/2+m2/C;f(;(l—eﬂp)z—i-l—e_w—w)
d2 3 4 7
V2+m2/2:< T'Z;)—F% *1/)54— wﬁ—ﬁlb? (7/’8)>- (3.25)
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Here we canceled a 12 term to avoid complicated and redundant calculations such as those

in section 3.4, and thus, substituting eq. (3.7) we easily find the following expansion,'°

(0]
S, =v Z spk
k=1

0 0 0 0
0 0
1
=12 - ~(2v)? x \’/ + @)t x { —= >—< + 1
: 0 0 o o
0 0 0 0 0 0
3 2 7
5 > <
+(2v)” x ~1 O>Y<O +§ 0 0 ~ 50 0)‘(}
0 0
+0 (%) (3.26)

and then, we obtain by reusing the calculations of integrals in eq. (3.18)

S, = v? — 1.5626050° + 2.738020"
—5.053071° 4 9.59699,° — 18.5461(5)v" + O(1%). (3.27)

A finite series of order n for S, is defined as
n
E,[S)] = VZsk vFos =1 (3.28)
k=1

Unfortunately we find, however, that these finite series do not work as approximations even
at v =1 as shown in figure 4 and it is inevitable to use some technique for obtaining good
approximations.

4 Padé approximations and Large v behaviors

4.1 The bag model for large v

The result of the vortex size Rppg in eq. (2.32) implies that the total magnetic flux of a
vortex is proportional to an area occupied by the flux for v > 0,

‘/ d2$F12

where m?/2 = €%v?/2 is the maximum of the magnetic field allowed by the BPS equations

m2

=2y = - X 7R3 ps (4.1)

eq. (2.6) for v > 0. This fact evokes the liquid droplet model of nuclear structure, and
gives an intuitive explanation in our axially symmetric case for the Bradlow bound [20],
which means just that the area ﬂ'R%PS must be less than the total area if we considered a
closed two-dimensional base space.

Here a diagram of order n has n + 1 external legs.
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Figure 7. Configurations of the magnetic flux —%Fn =1—e¥ for v =9,36,81, 144 of which
radiuses are estimated to be mR = 6,12, 18, 24 respectively.

In a paper [23], the size Rpps was obtained by a physically intuitive way using the
bag model proposed in [21, 22] for the large winding number v. In the bag model, a
vortex configuration consists of an inside Coulomb phase, the outside vacuum in the Higgs
phase, and a thin domain-wall at » = R interpolating their phases. In the Coulomb phase,
the magnetic field takes a non-vanishing constant determined by the total magnetic flux
in eq. (2.3) with v = k, and vanishes in the vacuum. By omitting a thickness of the
domain-wall, profiles of the Higgs field and the magnetic fields are approximated by

0 forr< R 2 forr < R

2 2

_ F — R 4.2
¢! {vzforr>R’ [Fo {Oforr>R’ (4.2)

of which the total energy is calculated as

2?2 et

Tbag = @ + 3 TR? > T X v = Tnps.- (4'3)

This energy is minimized just at R? = 4v/e?v? = R123Ps- Actually, we numerically observe
profiles of the magnetic field for large v in figure 7. A profile of the domain-wall is almost
invariant with various values of v. For large v, therefore, a contribution to the total energy
Ti)ag form the domain-wall can be negligible.

Since a vortex configuration for large v drastically changes around the domain-wall at
r~ R > 1/m, we expect that the approximation for r < Rj, in eq. (2.43) is applicable
for r = R — e < R with e = O(1/m) as

O) = ¢(R—¢) =~ —2vlog (m(R —¢€))+2D, ~ 2vlog <RRm> , (4.4)

and similarly the asymptotic behavior in eq. (2.53) is applicable for r = R + ¢

O1) ~ (R + €) ~ C, Ko(m(R + €)) ~ C,, ﬁe—mfi (4.5)

Inserting R = Rpps = 21/v/m, these estimations give large-v behaviors of C, and D,, as

C,~01) xvie2V’, D, ~ g (logv + O(1)). (4.6)
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We also estimate S, as

m? [ d’z 1 1
_m fdm e 1 2 L 0
Sy 5 / 5 (1—e7") 2 X m(mR)* + 1 X O(1) x 2rmR + O(R")
~v— B+ 000 (4.7)

Not that the term proportional to /v comes from contribution of surface of the vortex and
the coefficient S must be positive due to eq. (2.62). The above estimations for large v will
become important clues to modify the approximations using the v-expansion.

4.2 (Global) Padé approximations

Let us assume that we know only a finite series of order n,
n
Ba[F0)] = 3 fik, (48)
k=0

as a part of a certain infinite series F'(v) and it behaves as almost an alternating series like
F(v) = |fol = |filv+|f2lv®—. .., and it seems to have a small radius of convergence v = v.
To get a good approximation for v > 1, with such a series, it is powerful to use the Padé
approximation which replace the series by some rational functions, with n =m + [,

En[F(v)] = P [F(v)] + O™ ). (4.9)

where a Padé approximant of F'(v) is given by

m
aop + E apV"
o n=1

Py [F(0)] = —=1 (4.10)
L+ bv”
n=1
where coefficients of these rational functions are determined so that they satisfies
d*F(v) dk
k| = pEFmpFW)]| - for k=01, m 1. (4.11)

Here the two sets {a,} and {b,} are determined uniquely from the finite set

{fUaf?a o 7fn+m}-

There is arbitrariness in a choice of (m, [) for the order n. The approximant P, ;) [F'(v)]
behaves for large v as

Am e
P(m,l)[F(y)]zbfly L (4.12)

Note that if we fix p = m — [ to remove that arbitrariness, then n is restricted so that
n — p = 2[. In the case of p = 1 for example, we arrange the Padé approximants for all of
the order n as

PaoFW)],  PeolF@)*, PenlFW)], /PuazyF@)?,---. (4.13)
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Figure 8. Poles and Zeros for P,[S,]/v? in the left panel, and for P,[D,]/v in right panel. We
observe common poles v =~ —0.5 for P,[S,] and v ~ —1 for P,[D] and a common zero v ~ —0.2 for
P,[D]. A pair of a pole and an adjacent zero do not change a large-v behavior remarkably.

4.2.1 P[5,

The series expansion for S, seems to be almost alternative series, and according to config-
urations for the finite series E,[S,] shown in the left panel of figure 4 we guess that the
radius of convergence is around |v| &~ 0.5 which implies, for instance, that the function S,
has a singularity at v ~ —0.5. The Padé approximation can avoid such a singularity and
enlarge the radius of convergence. Let us take the following rational functions P, [S,]| with
respect to v, as Padé approximants of the order n for S,

2
14
PoS] = Pl = 1566
v? +0.18960913
P3[Sy)] = P 1[Su] = 1+1.75221p

B v? + 1.051880°
1+ 2.61449v + 1.3473912°
V2 4+ 1.3453613 + 0.0556454*
Ps[S,] = PyI[S,] =
5[5] = PuylSy) 1+ 2.90796v + 1.8616202
B v? +1.949791% 4 0.691440*
"1+ 3.5124r + 3.441912 + 0.81441103°

Py[S)] = P 2)[S)]

Ps[S,] = Pus)[S.] (4.14)

Here we have fixed arbitrariness on choice of the Padé approximants P, ,)[Sy] so that
all coefficients of the above are positive.!' As a result poles and zeros of these functions
turn out to sit only on the negative real axis of v as shown in figure 8 and the rational
functions P,[S,] have poles around v ~ —0.5 in common. Actually these functions give
good approximations in a wider range of v as shown in figure 9. Note that these rational
functions behave as

Py, [S)] = O(v), Po,i1]S,] = OW?), for large v, (4.15)

and P»,[S,] give comparatively good approximations even for large v. This property can
be understood if we take account of the behavior of S, for large v shown in eq. (4.7). Extra

1 This fact might be just by our good luck. We have no proof for existence and uniqueness of such a
choice in the all order n. At least, we have to avoid zeros and poles on the positive real axis of v since we
know 0 < S, < v, although the arbitrariness remains under this restriction.
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Figure 9. Profiles of P,[S,] in the left panel and their errors from numerical data of S, calculated
by the shooting method, |P,[Sy]/Nsht[Sy] — 1| in the right panel.

zeros v ~ —5.27 of P3[S,| and v ~ —23.4 of P5[S,] shown in figure 8 can be regarded as
disturbances for large-v behaviors.

Let us consider the large-v behavior more seriously. The large-v behavior in eq. (4.7)
does not always mean that the function .S, has a branch cut. For an example, a function
Vv tanh(y/v) has no branch cut anywhere although it behaves /v for large v € R-(. Here,
we just assume existence of a branch cut. For instance, a function

~ 1

PSS =v— 4.1
(S, =v =0y (4.16)
has a branch point at ¥ = —1/2 and desirable behaviors as
~ V2 + O0@W?) for v < 1/2
P[S,)] = - , 4.17
115] {V—\/Z—i-(’)(ﬁ Y for v>>1/2 (4.17)

and consequently it works as a quite good approximation for the full range of v as shown
in figure 4. The Padé approximation taking account of informations for large v is called
the global Padé approximation [24]. Note that an expansion of the following quantity is
also alternative series due to the singularity,

S 2
(1 - ”> = 1—2v+4.12521% — 8.601251°
14

+18.0239v% — 37.8571° + 79.57481° + O(17), (4.18)

Let us apply the Padé approximation to the above series or its squared quantity. According
to eq. (4.7), the above quantity behaves as O(v~1) for large v and this property fixes the
arbitrariness of Padé approximants completely. Addition to P [Sy] in the above, then, we
obtain the following functions as the global Padé approximants of S,,

R 1
B[S =v—-vy
2[S] = v V\/1+4u+3.74958u2’

ﬁ[S]—y—u\/ 1+0.80192v
slovl = 1+ 2.80192v + 1.4786312°
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Figure 10. Errors |P,[S,]/Neut[S,] — 1| of Global Padé approximations P,[S,] for S,. Distortion
of a profile with n = 6, at v = 1/20 is consistent to errors of Ng[S,] itself shown in figure 5.

Buis] il/ 1+ 0.697034v
=v—-v
alov 1+ 4.69703v + 6.5377202 + 2.3135613°
Bis,] \/ 1+ 1.11774v + 0.06499712
=v-—vV
1w 1+ 3.11774r + 2.1752712 + 0.090450203°
. . 1+ 1.81492v + 0.5255551/2
B[S, =v—v ,
1+ 5.81492v + 11.534802 + 8.6073913 + 1.6352214
(4.19)
which behave for large v as
N 1
Pu[S)) =v—Bur+0 <ﬁ> ; (4.20)
with coefficients for n = 1,2, - -,
{B,} = {0.707107,0.718628, 0.736437,0.740872, 0.847699, 0.75294, - - - }. (4.21)

At this stage we do not know whether (5, converges to a true value of 5. As we see in
figure 10, the global Padé approximation works well and ﬁ6 [S,] has a quite small errors less
than 102 in the full range of v. Even for small v, the global Padé approximants b, [Sy]
give the best result as shown in figure 11 and the best approximant P; [Sy] gives

Ps[S1] = 0.4153585.. . ., P5[S1]/Nane[S1] — 1| ~ 1.3 x 107°. (4.22)
These are the satisfactory values enough as results with the small winding-number expan-
sion.'?

12 We wish, although, to modify a slow convergence of the large-v behavior if possible. Note that a
natural and probable expansion of S, around the infinity v = oo is

Sy=v-BVr+> (\;‘g)n (4.23)

although our global Padé approximants P,[S,] set asn, = 0. If an actual expansion has non-vanishing aan,
convergence of P,[S,] is interfered by this feature. An irregular behavior of P5[S,] shown in figure 10 might
be caused by this obstruction. This technical difficulty might be fatal unfortunately.
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—#— P5[D]
—=— Pg[D]
== Ngn[D]

Figure 12. Profiles and errors of P,[D,]

4.2.2 P,[D,)

The v-expansion of D, given in eq. (3.18) also seems to be almost an alternating series
and have a finite radius of convergence as shown in figure 2. Hence let us consider Padé
approximations of E,[D,]. We can fix arbitrariness of the Pad’e approximation by requiring
that all coefficients are positive as,

~0.115932v + 065203802

P[D.] 1 + 0.569826v ’
PD,)| = 0.115932v + 0.6710422 + 0.09604931°
14 0.733739v ’
PD,] = 0.115932v + 0.70690022 + 0.2977361°
1+ 1.04306v + 0.1762571/2
FuDy] = 0.115932v + 0.72801822 + 0.4199741% + 0.017496614 (4.24)

1+ 1.22522v + 0.3099171/2 ’

which have a pole v ~ —1 in common as seen in figure 8. As shown in figure 12 P,[D,]
give comparatively good approximations. To get better approximations, let us apply the
Padé approximation not to D,, it self, but to exp(2nD, /v) with n = 1,2, 4, then we obtain

. v 0.853276 + v

BID,| = Llog (222020 TV

2[Du] = 5 lo ( 0.676695 >

_ y V0.708551 + 1.660780 + 12
B, = 21

slDu] = 3 Og( 0.667557 >
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Figure 13. Errors in global Padé approximations for D,,.

Enors Enmors

—— PiDg]
~=— P[Dg]
10 —o— E[Dg]

—— AIDy)
—= PIDY]
—a— E[Dy]

1 2 3 4 5 ] 1 2 3 4 5 ]

Figure 14. Errors of D1 in the left panel, and D5 in the right panel.

BiDy) = Zlo 0.654559 + 1.60982v + v/
=5 08\ T 0519101 + 0.668311y )
o~ v V/0.511978 + 2.40006v + 4.2579002 + 3.382801° + 14
P5 [Dl/] =35 1Og 5
2 0.670835
~ v 2.17939 + 5.34930v + 4.17049v2 + v/3
Ps[D,] = =1 4.25
6lD] = 5 log ( 1.72838 + 2.21671p + 0.676831,2 ) (425)
These functions have the same behavior for large v as eq. (4.6),
-~ v 14
Po[D,] ~ 3 log <> .,y < e/4=0.679570. (4.26)
On,

Hence, as shown in figure 13 and figure 14, these give quite good approximations and errors
of Ps|D,] are less than 1072 in the full range of v. The best approximant we obtained gives

Ps[Dy] = 0.5053639...,  |Ps[D1]/Nent[D1] — 1| ~ 6.1 x 1075,
2 exp(—2Ps[D1]) = 0.727908 . . ., (4.27)

which reproduces the numerical result presented by de Vega and Schaposnik. This value
with the similar accuracy was also obtained analytically in ref. [25].

4.2.3 P,[C))

The v-expansion of C), in eq. (3.13) gives a quite good approximation for C,, at least for
v =1 and we do not know whether the radius of convergence is larger than one or not. In
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this stage, therefore, it is not useful to apply the (ordinary) Padé approximation to E,[C)].

Once we take account of the large-v behavior of C), given in eq. (4.6), however, we notice

that there exists a singularity at the infinity and we have to remove this at the first stage.
Let us consider the following function

\F sinh(2v/v) (4.28)

which has an infinite number of zeros on a negative real axis of v and regular everywhere
except for an essential singularity at the infinity. The nearest next zero to the origin is
v = —n2/4 ~ —2.47. Tt is, therefore, natural to assume that a quantity F, = (C,/C,)*
has an infinite number of poles (and zeros) on the negative real axis of v. Actually we find
that an expansion of F;, gives an almost alternative series as,

c,\*
F, = (~> — 1 — 0.248268v + 0.02083312% + 0.03401713

v

—0.03426300* + 0.02268711° 4+ O (). (4.29)

According to eq. (4.6), F,, must behave for large v as

const.

F,=— + 02, (4.30)

which means that we removed the singularity at the infinity in success. Next, let us apply
the Padé approximation to the series in eq. (4.29) or its squared quantity, satisfying the
property eq. (4.30). We obtain,!3

N 5B ~ 1

- o 4
Pl PG = Cy 1+ 0.2482681’

ci/ !
"V 1+ 0.4965350 + 0.14324412°
& il/ 1+0.712165v
"V 140.9604320 + 0.21761102”
i/ 1+ 0.600743v
"V 1+ 1.09728v + 0.44153412 4 0.048195413°
G </ 1+ 0.709639 + 0.07029141/2
YV 140.957906v + 0.28727502 4 0.01734803

(4.32)

where we added P;[C,] to the above although it does not satisfy eq. (4.30). We observe
the large-v behaviors of them except for P[C))] as

P,[Ch] & wn Vre?V” (4.33)

13There exists still arbitrariness on a choice of a function C,. We can choose, for example,
6’,, = vcosh(2yv). (4.31)

However, a Padé approximant of the 6-th order with this choice turn out to brake up due to emergence of
zeros or poles on the positive real axis of v.
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Figure 15. Errors of global Padé approximants ﬁn [C,] for C,,.

with coefficients
{wa2,ws, -} = {0.354169, 0.318735, 0.336252, 0.342689, 0.354693, - - - }. (4.34)

In figure 15, we observe that these functions give nice approximants in the full range
of v and modify E,[C,] as shown in figure 6. Resultantly, even for C}, we succeeded in
reproducing the numerical result C; = 1.7079 given by de Vega and Schaposnik as

Ps[Cy] = 1.7078629 . . . ,

PG[Cl]] —1=72x10"". (4.35)

N, sht [Cl

5 Summary and discussions

We considered the small winding-number expansion (the v-expansion) of the solution of
the Taubes equation by extending the winding number, which is a topological quantum
number, to be a real number larger than —1. We confirmed that the r-expansion is useful
to give good approximations of axially-symmetric vortex solutions in most of the range
allowed for the winding number. Finally we found that for the scalar charge C the best
approximate value in terms of the v-expansion with the help of the Padé approximation
is Ps[C1] = 1.7078629 . . ., which coincides with a value Ngy[C1] = 1.707864175, obtained
numerically by the shooting method. We judged that the result given by de Vega and
Schaposnik is correct, and Tong’s conjecture giving C = 81 ~ 1.68 from superstring
theory perspective is incorrect as a vortex solution in the Abelian-Higgs model. Their
numerical similarity might suggest a certain universality.

The Abelian-Higgs model of critical coupling is just the simplest toy model to test
and establish usefulness of the v-expansion. The idea of the v-expansion is rather simple
and more straightforward than the strategy taken by de Vega & Schaposnik. As for BPS
states of vortices in further complicated systems like non-Abelian gauge-Higgs models or
of separated (parallel) multi-vortices, therefore, it is expected that the r-expansion can
be straightforwardly applied to their analytical approximations. Since it is difficult to
apply the shooting method to such complicated systems, we guess that the role of the
v-expansion will become more important there. The r-expansion is also expected to be
powerful to analyze dependence on dimensionless parameters of solutions, like dependence
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on the number N and a ratio of two gauge couplings of U(N) = [U(1) x SU(N)]/Zy for
an U(N) vortex.

We expect that the v-expansion can be applied to systems of non-critical coupling,
although it might not be a straightforward extension. Our final goal is to establish a
systematic tool to study the dynamics of vortices quantitatively without taking the critical
coupling limit. Since in the v-expansion vortices are treated as singular particles (strings)
in a three(four)-dimensional spacetime, it will become possible to treat vortices of arbitrary
shapes and discuss their dynamics analytically and quantitatively if we can consider such
an extended r-expansion.
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A Inequalities

A.1 Uniqueness of the solution

Let us show the uniqueness of the solution f(Z) of the following d-dimensional partial
differential equation defined by a strictly increasing function W(f) with respect to f and
a source term J as

—OLf(@) + W(f(&)) = J (@), (A1)

where we require that f(Z) vanishes at the spatial infinity. Note that if there exists a region
¥ with its boundary 03 for a certain scalar function f(Z) so that f(Z) satisfies

f@) <0for ey,  f(&)=0for & ey, (A.2)

which gives 7 - df (&) > 0 with a normal vector 7 of % and then Stokes’ theorem tells us
the following inequality

/ 02 f(7) = / 587 > 0. (A3)
2y

o

If we assume that there exist different two solutions f1(Z), f2(Z) for eq. (A.1), then there
exists the region sy for a difference 0 f = fi — fa(or fo — f1) and we can derive inconsis-
tency as,

0< [ dladsf@) = [ (@) - W)} <o (A1)
sy sy

Therefore, if there exist a solution of eq. (A.1), then it must be unique.
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Furthermore, let us consider a solution f(#) with W(0) =0 and J(&) > 0,
R + W((@) 2 0. (A5)

If there exist a region X for this function f where W(f) < 0, then we find inconsistency
again

d, 02 (= d -
0< /Efd 0 f(2) < /Zfd aW(f(Z)) <0. (A.6)

Such a solution f(Z) must be, therefore, positive semidefinite everywhere.

A.2 Sequence of sets of upper and lower bounds

Here let us modify the inequality eq. (2.37) for v > 0.

Zp:00 > >0, 0>PE7“881;{}>—2V, (A7)

to obtain a stronger set of upper and lower bounds of them.
By integrating Taubes equation and P = r1)’, we find relations between P and v using
integrals as, with Y = (r/R;y)?” and setting m = 1,

€ "d "d
¢:W[P]Eli£rg]{—2ylog (Rm>+/e ;P(s)}:—logY+/0 f(P(s)+2u),

P =P =—-2v+ /07" dss (1 — efw(s)> . (A.8)

Let us assume that the following set of inequalities Z,,
Ly fM>y>m gMspsg™ forall r e Rag. (A.9)
. . . M,m M,m . .
with some given functions f;, ", gn  satisfying

M M
>z >z > > fo =0,
O=g'> > > >gn>gm > > g0 =2 (A.10)

Using these inequalities, we can construct an another set of inequalities as
U(gy'] > ¢ > Ugy], PR > P> P (A.11)
Therefore we obtain a set of stronger lower and upper bounds as Z,,41 by

oMy =min [g¥, P[], g™y = max[¢™, PL2]],

fal = min [ W[g], fy = max [f, Wgn] . (A.12)

Consistency of these inequalities requires that g%rl > gniq and f%l > fui1 which reduce
to, non-trivial inequalities

0=g' >PU], ¥lgn]> fi" =0. (A.13)
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This couple of inequalities turns out to give lower and upper bounds for Rj, as follows.
The initial set of inequalities Zy gives

2
Z; : 00 > 1 > max[0,—logY], min [7“2 — 2v, 0} > P> -2y, (A.14)

and therefore we find the followings are required

m Hin r 2 VRi2n
0> maxP[f{"] — 2V>/0 drr (1— (Rin> =51 ty)

72 R%e
0<min¥[gM] — 0< 1= logY = vlog (4‘“) ; (A.15)
v

r=2/v
and that is, Ry, must satisfy

20U F1> R > 2\/2, (A.16)

otherwise a function 1 can not satisfy the set of inequalities Zy and thus blows up at large
r. With Ry, satisfying the above set of inequalities, the next set of inequalities Zs can be
consistently obtained as

%—logY for r < 2\/v

T : 0,—logY] <4 < 2 ;
2 ¢ max| og¥] <y { vlog (i‘;e) for r > 2/v
2 —2u+ﬁ(1—i>forr§R-
min [T — 2v, O] > P> 2 JR? v e (A.17)
2 —2v + 2(143‘/) for r > Rin
In principle, you can calculate Z3,Z4, ..., sequentially as you like.

B Some integrals

Since the modified Bessel function of the second kind is a two dimensional Green’s function,
we can find the following relations

/le’Ko(m’f — fﬂ)K{)(TTﬂf — fg’)

2 Lo
= a2 +m2Kg(m\:r1 — o))
2m 2 92— 0 472 2~
- <_a+m) @ = T) = g T @1 B)
™
= “2m o5 Ko(m|Z1 — Tof) = —[& — Zo|Kq(m|Z1 — T B.1
Lipwe o(m|Z1 — ¥af) m|$1 To| K1 (m|71 — T2l) (B.1)

By using the integral formulas

_ O dt —E(H-l) _/27r do x cos 6
Ko(a:)—/o 5€ 20 Iy(z) = ; 5 ¢ , (B.2)

— 34 —



one can calculate the following definite integrals,

0
') d2
W>< :/ drrIo(r)Ko(r)3:/xe“Ko(\a’c'])?’
0 27
0 0

2 2
_ d*x dtydtydis z1—(ttattg)— T (L Ly L)
o7 8tytats

/Oo dty dtadts ettt (A4 )T
0 diqtats <% +£+ %)

0o 2
_ 1/ du dus T (B.3)
4 Jo (T+u)d+u)(u +ug) 16

with t; = suq, to = suo, t3 = s,

0 Zz 2
M :/ dzmdzyfo<lfl>Ko<|f!>Ko<|f—g|>Ko<|z7|>2

0 0
_ 1/°° dt1dtodtsdts ef(ztl+t2+ztg,+t4)+<i+m)71
4 Jo tita+ (tl + t2)(t3 + t4)
1172
- (B.4)
432
0 0
Y = /OO drrKo(r)® = /°° hdlodls e~ (trttatts)
1 1
| 0 0 Atytaty (H +i g)
1/00 dulduQ
4 fy (1w 4 ug)(ur + ug + urus)
1 1 1\ 82
_ 1ol (L) 871, B.
= {¢ (3) ) <6> ; } 0.585977 (B.5)
where 1) (z) = d?logT'(x)/dx? is the digamma function, and
0 0
& 7
>< :/ drrKo(r)* = ég(g) ~ 1.051800. (B.6)
0
0 0
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