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complex structure moduli are indeed stabilised at the orbifold point by the existence of the
brane stacks.
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1 Introduction

String model building is since its beginnings plagued by the conflict of interest between
generic Calabi-Yau threefolds as compact backgrounds and a small number of geometrically
accessible singular orbifold limits thereof. While the former class of compactifications basi-
cally restricts to the supergravity regime, the latter admits the use of powerful Conformal
Field Theory (CFT) techniques.

In both cases, however, the dilaton and geometric moduli form flat directions. On
the one hand, this allows to tune parameters to achieve phenomenologically acceptable
values of the strengths of gauge and gravitational interactions, but on the other hand,
the flat directions impede the predictive power of string theory. Over the years, various
mechanisms to achieve (partial) moduli stabilisation have been proposed, most notably
closed string background fluxes in Type II orientifolds [1], which back-react on the geometry
and change it away from Calabi-Yau manifolds or singular limits thereof. This change in



geometry further exacerbates the construction of explicit stringy vacua for particle physics
and cosmology, see e.g. the discussion for the six-torus, potentially endowed with some
7y x Zy symmetry in [2, 3].1

Within heterotic Fg x Eg model building, it was noticed a few years ago that some
orbifold singularities cannot be resolved without breaking supersymmetry. While there the
identification of moduli is complicated due to the fact that all fields group into charged
representations under some gauge group, it was shown that blow-ups of orbifold singulari-
ties [33-35] lead to non-vanishing Fayet-Iliopoulos terms of Abelian gauge factors and thus
supersymmetry breaking at one-loop [36, 37].

In [38-40], the analogous argument was formulated first for the SO(32) heterotic string
and then S-dualised to the Type I string with fluxed D9/D5-branes, where the Fayet-
Iliopoulos terms arise as o’/ corrections. Employing mirror symmetry to arrive at Type
ITA/QR orientifolds, we expect that now complex structure deformations away from the
singular orbifold point lead to supersymmetry breaking. Contrary to heterotic orbifold
models, Type II orientifolds allow for a unique identification of the geometric moduli from
the closed string sector, and indeed in [41] we found first evidence that deformations in
the presence of D-branes with U(1) symmetries break supersymmetry. In this article, we
generalise the simplified discussion of [41] to backgrounds of interest for D-brane model
building, in particular the 7°/(Zs x Zg) x QR) orientifolds, which provide three particle
generations due to the inherent Zs subgroup [16, 18, 42].

Our new findings in this article show that a large number of geometric moduli can be
stabilised even without invoking closed string background fluxes and severe back-reactions
on the geometry. In addition, our computation of periods over (special) Lagrangian cycles
provide the tree-level value of the gauge couplings [43], and upon deformation previously
identical couplings can either be enhanced or diminished. This property is particularly
interesting in the context of the hierarchy between strong and weak interactions in some
explicit Pati-Salam model presented here.

This article is organised as follows: in section 2 we briefly review the hypersurface
formalism and apply it for the first time to hexagonal lattices, as required for orbifold
backgrounds with an underlying Zg symmetry. The main focus lies on the Zg x Zj; orbifold
with discrete torsion, and extensions to Zo X Zg with a different Zg action are briefly
addressed in section 2.2.2. In section 3, we discuss two different classes of examples on
the Zy x Zg orbifold with discrete torsion and address the question of (twisted) moduli

LAt this point, it is worth noting that model building in Type ITA orientifolds has to date only provided
gobally defined models on the six-torus and its orbifolds, see e.g. [4-18] for GUT and MSSM-like models with
fractional D6-branes stuck at some Zs singularities and [19-25] for more comprehensive lists of references,
while semi-local models on (smooth) Calabi-Yau manifolds exist to our best knowledge only in terms
of hypersurfaces in weighted in projective spaces [26], which might possibly be extended to Complete
Intersection Calabi-Yau manifolds using the recently reported special Lagrangian cycles in [27]. Semi-
local refers here to the uncertainty in the contribution of the O6-planes to the RR tadpole cancellation
conditions and the K-theory constraints, which would require a classification of USp- vs. SO-type probe
branes. For toroidal orbifolds, such a classification can be done via CFT techniques, see e.g. [28-30], while
for properties of special Lagrangians on generic Calabi-Yau manifolds, results in the mathematics literature
are scarce [31, 32].



stabilisation: in the first class, all D-branes are orientifold invariant with SO or USp gauge
factors, while D-branes in the second class carry unitary gauge groups whose D-terms
account for a non-trivial (twisted) moduli potential. Our conclusions are given in section 4.
Last but not least, in appendix A we collect technical details for the computations on the
Zy X Zg orbifold, and in appendix B we provide a generic overview of Lagrangian lines on
tori of untilted and tilted shape beyond the hexagonal ones in the main text.

2 Deformations of orbifold singularities and hypersurface formalism

In this section we discuss three-cycles, on which D6-branes in Type IIA/QR orientifold
models can be wrapped. Our focus lies on supersymmetric D-brane configurations and
the phenomenologically appealing T¢/(Zy x Zj§) orbifold background, for which explicit
examples will be discussed in section 3.

2.1 The geometric setup

This section briefly describes the geometric setting we are dealing with. For a more detailed
discussion see e.g. [41]. We start with the geometry of toroidal orbifolds and the fractional
three-cycles therein. Then the hypersurface formalism is reviewed, first for two-tori and
then for the T°/(Za x Zay) orbifold with discrete torsion including its deformations. We fo-
cus in particular on the behaviour of (special) Lagrangian three-cycles under deformations.

Three-cycles on orbifolds. We focus on orbifolds of the type T6/ (Zog x Zon) with
discrete torsion where the six-torus 7% is factorisable, i.e. it can be written as a product
of three mutually orthogonal two-tori, 76 = T, (21) X T(22) X Té). The orbifold group contains
a Zgy X Zo subgroup which allows to switch on a global discrete torsion phase n = £1 [44].
Consequently, the Zs X Zg singularities can be deformed (n = —1) rather than blown-
up (n = +1), which results in exceptional three-cycles at the former fixed loci that can
be used for D6-brane model building purposes [7, 29]. Thus, we describe the orbifold as
(T®/(Zy x Z3))/Zn where the Zy ideally does not lead to exceptional three-cycles, but
rather restricts the way how the Zs X Zs singularities can be deformed, cf. table 1 for the
corresponding Hodge numbers per twist sector. Orbifolds containing a Zs factor are of
particular phenomenological interest [16, 18, 45].
In such geometries there are three types of three-cycles:

e A one-cycle on a two-torus T(2k) is specified by its two integer-valued coprime wrapping
numbers (ng, my). Three-cycles on the six-torus are products of three one-cycles, one
on each two-torus. Adding up all orbifold images of such torus cycles, one obtains a
bulk cycle on the orbifold,

bulk — Z (n1m1 + myma) @ (namws + mamy) @ (ngms + mamg) (2.1)

Zo XZLo N
images

with basis one-cycles m oriented as in figure 1.



Hodge numbers (hy1, ha1) of factorisable T°/(Zy x Zan) orbifolds with discrete torsion

T/ Lattice: SU(2)8 (hll)
ha1
Sector | Bulk (O,%,%) (%,%,O) (%,O,%) Total
ZoxZa | {3 0 0 0 3
S GGG ()
76/ Lattice: SU(2)? x SU(3)?

Sector | Bulk (0.3, 5[ (3. 51.0)[(3.0. 5[ (0.4, 5] (0.5,

ZoxZs | (3 0 8 0
—G) () GG
T/ Lattice: SU(3)3
Sector | Bulk (0.3, 9)[ (5 5-0)] (3.0.59] (2.2 D)[( || Toral
ZoxZg | (3 0 0 0 9 15
GGG E) ) ()
Table 1. Hodge numbers of factorisable T°/(Zy x Zay) orbifolds with discrete torsion. For
both choices Zo x Zg), 16 independent three-cycles in Zo-twisted sectors are reduced to 4, 5 or 6
independent ones due to the additional Zs symmetry. For Zs X Zg, two out of the four additional

Zs- and Zg-twisted sectors contribute h537% = 4, while all other three-cycles — on which this
article focuses — stem from the bulk and Zs-twisted sectors.

W=
=
~—
—

, %7 %) Total

19
15+4

v®‘|

e Locally, a resolved ng) singularity along T(4k) = T(ZZ.) x T (2].), labelled by (af3), results

(k)

in a two-cycle e, 3 which topologically is a two-sphere. In the case of discrete torsion,
the remaining Zs factor acts with a minus sign on that two-cycle, so in order to
obtain an invariant exceptional cycle one has to take the product with a one-cycle in
the k™" two-torus:

k k (k k
el =Y 2el)@mu, &= 26l @my, (2.2)
_IZn Iy
images images

where the sum over Zy orbifold images for T¢/(Zq x Zoy) with discrete torsion has
to be taken.?

e If a bulk cycle happens to pass through the orbifold singularities, it becomes its
own Zg-orbifold image. Thus the sum in equation (2.1) becomes redundant (up to
the additional Zy factor within Zsn, which also appears on the right hand sides
of equation (2.2)). However, such a fractional cycle is closed only if one adds an

2These exceptional three-cycles exist only for N odd, i.e. N = 1,3, since the discrete torsion phase for
N = 2 acts trivially on the Z; twisted sectors, see [29] for details.



appropriate contribution from the exceptional cycles:

3
rac 1 u 1 k ~(k
Irfrac — ZHb e 1 Z Z <w(k)s£¥k)ﬁk + y(k)sgk)BJ , (2.3)
k=1 ag,Bk

with the integer-valued exceptional wrapping numbers (z(*), (%)) composed of a lim-
ited choice of linear combinations of (ny,my) weighted with sign factors due to Zs
eigenvalues (£) and discrete Wilson lines (7) with 7¢ € {0,1}, as detailed e.g. in
table 7 of [18]. Here the sum over the fixed points denoted by oy, € T(Qi), By €T, (2].) has
to be chosen appropriately to match the position of the bulk two-cycle within T&),
which we parametrise below by (&) with o* € {0,1}.

Supersymmetry conditions. In orientifold models, the condition for N = 1 super-
symmetry in four dimensions requires that D6-branes may only wrap three-cycles II which
satisfy the special Lagrangian (sLag) conditions,

jl,l‘n = Oa (24)
%(93) ‘H =0, %(Qg) ‘H >0, (2.5)

where J7,1 denotes the Kéhler form and €23 the holomorphic volume form. If a cycle only
satisfies (2.4), it is called Lagrangian, and the three-cycles we constructed in the previous
paragraph automatically have this property. The sLag conditions (2.5) then impose con-
straints on the wrapping numbers and the complex structure moduli. For example, it can
happen that the bulk part of a fractional cycle is sLag, but its exceptional part is not.
If a D6-brane wraps such a cycle, the model is only supersymmetric if the volume of the
exceptional part is zero, i.e. at the orbifold point.

2.1.1 Lagrangian cycles in the hypersurface formalism

In order to describe the geometry including the deformations of all singularities, the orb-
ifold of the factorised six-torus has to be reformulated as a hypersurface in an ambient toric
space. To this end we start with elliptic curves in P3;, and Lagrangian lines therein. Then
we write down the 7 /(Zy x Z3) orbifold and arbitrary deformations thereof as a hypersur-
face and show how the Lagrangian lines from the elliptic curves are inherited. By modding
out another Z3 symmetry we can achieve descriptions of the deformed T°/(Zy x Zg)) orb-
ifolds with discrete torsion.

Elliptic curves. For later purposes it is most convenient to transcribe the two-torus as
a hypersurface in a complex weighted projective space P?,, with homogeneous coordinates
x, v and y of weights 1, 1 and 2, respectively. An elliptic curve is the zero locus of a
polynomial f of degree four, which can generally be chosen to be in Weierstrass form,

fi=—y*+ F(z,v) = 0, F(z,v) == 4vz® — gyvdz — ggo?, (2.6)

with real coefficients go, g3. The anti-holomorphic orientifold involution or acts as
(y,z,v) — (y,7,v). The Zg reflection acts by y — —y, so its fixed points are exactly
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Figure 1. Square torus with underlying untilted (a-type) lattice at the left hand side and tilted
(b-type) lattice at the right hand side. The fixed points are labelled in such a way that rotating the
square torus on the tilted (b-type) lattice by e™/4
torus with underlying untilted (a-type) lattice. The anti-holomorphic orientifold involution R acts
by reflection along the horizontal axis passing through the Zs fixed points 1 and 2 for the a-type
and 1 and 3 for the b-type lattice. Throughout the article, we use analogous fixed point labels on
generic tilted tori, in particular on hexagonal ones.

gives the same index notation as for the square

the roots of F(x,v), see figure 1 for our choice of labels 1,2,3,4. Thus, it is convenient to
write the polynomial in factorised form,

F(z,v) =4v(x — ev) - (x — €3v) - (v — €4v) (2.7)

with go = —4 ZK]. €i€j, g3 = 4egezeq and e + €3 + €4 = 0. To make the g; real there are
two possibilities:

® ¢4 < €3 < e with all ¢; real corresponds to untilted tori or a-type lattices,

e o = ¢4 =: € and €3 real corresponds to tilted tori or b-type lattices.

If go = 0, the elliptic curve exhibits an additional Zs symmetry acting by z — e27/3

z, i.e.
it is a torus whose defining lattice is hexagonal as a special case of a tilted torus. This
restriction is required whenever a Zs subgroup acts on a given two-torus.

On the two-torus T, (Qk), there is an infinite set of one-cycles specified by the coprime
wrapping numbers (ny, my) and in addition by a continuous displacement parameter. The
set of three-cycles which can be used for model building is, however, finite, since most
cycles overshoot the RR tadpole cancellation conditions. The one-cycles which are linearly
realised in terms of the homogeneous coordinates of the elliptic curve are just a finite set
which depends on the complex structure. We focus on such cycles since they are rather
easy to parametrise and since they serve our purposes sufficiently well. Basically, they are
the “horizontal” and “vertical” cycles with wrapping numbers (n,m) = (1,0) and (0,1) for
untilted tori or (n,m) = (1,0) and (-1,2) for tilted tori, respectively, which pass through
the Zs fixed points. The results are summarised in table 2.



Lag lines of b-type lattice ‘
Label Condition Picture

Label Condition Picture E
bl x/v > —2R(e)

al x/v> e

Lag lines of a-type lattice

-

bII z/v < —2R(e)

[ ]
I > > 5
a e >x/v>e3 . - lz/v — 2R(€)]? = |e|? + 8R(e)?

R(z/v) >R
alll | e3> z/v > e * (z/v) > R(e)

[ S O I i B

alVv €4 > /v R(z/v) < R(e)
(a) (b)

Table 2. Linearly realised Lag lines on the (a) untilted and (b) tilted elliptic curve.

There are two special cases for the complex structure in which the number of linear
one-cycles enhances:

e If g3 = 0, the elliptic curve has an underlying square lattice, which is at the same
time tilted and untilted. Thus, both types of one-cycles (aX and bX, X =1,....,IV
in table 2(a) and (b), respectively) can be constructed in the untilted lattice with the
bX rotated by 45 degrees (and analogously for the tilted lattice), see figure 1 and
appendix B.

e If go = 0, the underlying lattice is hexagonal, which is a special tilted torus. In this
case, the Z3 symmetry can be used to triple the amount of one-cycles. More precisely,
we recover not only all bX cycles in table 2(b), but also their by i%ﬂ rotated images.

2.1.2 T%/(Z2 x Z2N) as a hypersurface

Now we construct a deformable version of T°/(Zy x Zon) with discrete torsion by starting
with T6/(Zy x Zs) with discrete torsion and modding out the remaining Zy symmetry
in section 2.2. The construction of toroidal orbifolds which allow for a blow-up of the
singularities, e.g. for models without discrete torsion, was explained in [46, 47]. The Zg X Zo
orbifold can be embedded in the toric space with weights g; shown in the following table:

Coordinate | x1,v1 | ®o,ve | x3,v3 | y | f(y,xs,v;)
a 1 0 0 |2 4
a2 0 1 0 2 4
a3 0 0 R 4




Here, f(y,z;, v;) denotes the equation whose zero locus is the orbifold or its deformation.
The most general form of f is

f=—v+5 (3317 v1) Fo (22, v2) F3(23,v3)

Z Z Eaﬁ i (24, 0;) 5F( )(xj,v])éF( )(l‘ka;)
it jEhti o f=1 (2.8)

4
+ Z 5a575F1(a)($1,vl)éFQ(’B)(xg,vg)éFéw(:cg,vg),
a,B,y=1

(@)

where we use the symbol €, 3

three-cycles eg% in equation (2.2).

for the deformation parameter associated to the exceptional

We explain the terms which appear in (2.8):

e The F; are homogeneous polynomials of degree four as in (2.6). They encode the
information on the complex structure of the i*" two-torus. If we set 551% = Capy =
0, we see that the x;,v; dependent part factorises into three pieces, each of them
describing one two-torus T(ZZ.). However, the fact that there is only one y coordinate

indicates that a Zo X Zo symmetry has been modded out.

e The (5Fi(o‘) are also homogeneous polynomials of degree four such that together with
F; they constitute a basis of the symmetric polynomials S*(z;,v;) of fourth order.
Furthermore, we choose them such that 5Fi(a) and F; have the same zeros up to

(a)

the o™ one. In this way 0F;" corresponds to deforming the a'™ Zy-fixed point, see

equation (2.11) below for details in the case with additional Z3 symmetry.
e The parameter eg% is responsible for deforming the Zg) singularity with label (af3)
on T(42.)

3 X 4 x 4 such parameters, one for each Zo singularity.

= T(zj) X T(Qk) with {ijk} some permutation of {123}. Altogether there are

e Finally, there is the possibility for 64 terms with coefficients £,43,. In a string model
these are not free parameters, but are determined by 52?3 such that 64 conifold sin-
gularities remain at the points where the Zs X Zo singularities used to intersect, as
argued in [44].

One last ingredient in the hypersurface formalism is the expression for the holomorphic
three-form. It is chosen such that on the one hand it reproduces the familiar expression
dz1 AN dzo A dzg in the orbifold limit, and on the other hand contains the complex structure
moduli, and in particular the deformation moduli 651% as parameters. In the coordinate
patch v; = 1 the holomorphic three-form takes the form:

dri Ndxo N dzs

s = y(z;)

, (2.9)

up to a normalisation constant and a possible phase. Here the function y(x;) is obtained
by imposing f = 0 in equation (2.8) and fixing one branch of the square root.



More details on the untilted square torus can be found in [41], and in appendix B we
give a brief account on the generic case with tilted and untilted tori, introducing for the
first time the pictorial view of Lag lines used in section 2.2 below also for the square torus.

From the following section 2.2 onwards, our discussion in the main text focuses on
hexagonal lattices and the phenomenologically appealing T°/(Zs x Zf x QR) orientifold
with discrete torsion.

2.2 Orbifolds with additional Zg actions: Zo X Zg

Since this work focuses on models of orbifolds of type Zg x Z, we want to explain their
geometry in some more detail. The orbifold action is given by
k1 2mi(kvi +lw) L1 L1

0%w' : z;— e Zi s Uzi(l,—l,O), wzé(—2,1,1), (2.10)
and the orbifold symmetry fixes the underlying lattice to be the root lattice of SU(3)3, up
to normalisations for each two-torus, i.e. in particular all (untwisted) complex structure
moduli are frozen such that all two-tori are hexagonal. We find the following twisted
sectors:

e Three Zy twisted sectors: 6,w?,6w>. Each of them has 16 fixed planes, which are

labelled by two fixed points (a8) with «, 8 = 1,2,3,4. The fixed point (11) on T(4k)

in the ng) twisted sector stays invariant under the remaining Zo orbifold action,
whereas the other 15 fixed points get mapped onto each other by the w action as
2 — 3 — 4 — 2, which acts as a Z3 on the T%/(Zs x Zs) geometry. In the case with
discrete torsion, we read off from table 1 that each of the five triplets of fixed points
possesses one complex structure modulus or, in other words, (the Zs orbit of) each
fixed point on T(4k) tensored with a one-cycle on T(Zk) contributes to the geometry.

e One Z3 twisted sector: w?. It has 27 fixed points (a, 3,7), labelled by a, 8,7 = 1,2, 3
in each two-torus, which are subject to Zs x Zs identifications, thus leaving nine fixed
points with one Kéhler modulus each (cf. table 1). For example, if &« = 1 corresponds
to the fixed point at the origin, (111) is Zg x Zy invariant, (112) + (113) forms a pair
under Zél), and (222)+(233) +(332) 4 (323) forms a quadruplet under the full Zy x Z,.
Since these lead to two- and four-cycles after blow-up, they are not interesting for
wrapping D6-branes.

e Three Zg twisted sectors: w,fw,fw?. After Z, identifications, they have two fixed
points: one at the origin without moduli and one coinciding with some orbit of Zs
fixed points with a Kahler modulus.

We would like to reformulate the geometry with Zs symmetry in the hypersurface
formalism. To do so, we specify the polynomial F; and its deformations® 5Fi(a) and study

3In order to include the additional Z3 action with a simple deformation behaviour as in equation (2.12),
the polynomials in equation (2.11) had to be slightly modified compared to the polynomials specified in
equation (39) of [41], which are given in a more general form.



the Z3 action on them:

Fi(z;,v;) =4 (lef’ - 04) = du; (x; —v;) (z; — Ev;) (;zcZ - §2w) ,
5F(1)—4(:):f‘—xz ),
5F(2) = 4v? (v; — x;) (v; — €23 (2.11)

(
SFY = 40 (v; — €xy) (v; — €23)
5F(4 = 407 (v; — le’z) (vi — i) ,

)

where here and from now on we abbreviate £ = ¢2™/3. The Z3 action on the homogeneous

2

coordinates is w® : (r1, z2,z3) — &(x1,x2,x3). As required, it leaves F; invariant, and the

deformation polynomials (5Fl-(a) transform as follows:
SFV 6PV 5F® o 6F® s 6FY s 6FP (2.12)

Note that the only invariant deformation polynomial is 5FZ~(2) + 5Fi(3) + 5Fi(4). However,
such a transformation must also leave the torus complex structure invariant and thus can
be absorbed in rescalings of the coordinates. In order to deform the Zs singularities we
must find invariant polynomials of the form F;0F; -(a)(SF (8) , cf. equation (2.8), which we can

interpret as restrictions on the coefficients z-:( ) We find:
. egil) = 0 in accordance with the fact that the fixed point at the origin has no complex

structure modulus,
(@) 2
® &35 —5521 =& 541 =€

1
i 5&3 = 5512 = 52514 e

)=l ==l

e

cell ===l

)

(i
1 >
(4)
2

I

and for later convenience we define 55&5 via 65;}5 = (64(3_5 + isffg) /2. Note that the same
numbering is used for (Zs orbits of ) deformed Zsy-singularities, i.e. for eg) withp=1,...,5.

Thus, as expected from the Hodge numbers in table 1, we find five independent defor-
mation parameters in each Zs twisted sector. Although there was some ambiguity in the

(a)

definition of the deformation polynomials 0F; ", any other Z3 invariant definition would
lead to the same result as can be seen by explicitly counting invariant polynomials of de-
gree (4,4,4) in the coordinates z;,v;. Note that the number of fixed points is actually
larger than the number of allowed deformations. Therefore it is worth mentioning that the
counting of deformations, which is totally independent from any string theory, agrees with
the number of complex structure deformations obtained from conformal field theory.

In addition, we also count the number of invariant “triple-deformation” terms (cf.

equation (2.8)) by checking the restrictions on €,3,. The invariant combinations are:

~10 -



® 111,
® c119 =&e113 = 525114 plus two combinations with permuted indices,

® a8 = §2€1,a+1,5+1 = £€1,a42,8+2 and permutations where o, = 2,3,4, and
addition is modulo three,

® 08~ = EatlB+1+1 = Eat2,8+2-42, With conventions for «, 3,7 as before.

This gives a total amount of 1 +3 4+ 9 + 9 = 22 allowed parameters, compared to 64
parameters on the Zo X Zso orbifold. The 64 corresponded to the number of fixed points
under the whole Zo x Zo orbifold group. The remaining Zs3 action leaves the one Zgy X Zso
fixed point at the origin invariant and identifies the other 63 fixed points in triplets, thus
we find 22 such enhanced singularities on Zg X Zg;, in agreement with the number of allowed
parameters. Therefore a proper tuning of the parameters e,3, can indeed ensure that the
deformation space has 22 conifold (or worse) singularities.

2.2.1 Orientifold involution

The orientifold involution acts on the homogeneous coordinates by complex conjugation,
or : (y,xi,v;) — (¥,T;,v;). For this to be a symmetry of the hypersurface we require
or(f) = f, which implies that all parameters of the polynomial f must be real. In the
case of the undeformed orbifold, this means that each two-torus must be of rectangular or
tilted shape, in accordance with the original argument that the anti-holomorphic orientifold
involution acts as automorphism on the compactification lattice [48-53]. Furthermore,
we find restrictions on the deformation parameters which we discuss explicitly for the
hexagonal case. The orientifold involution acts on the deformation polynomials given in
equation (2.11) as follows,

5}7’1,(1) N TFi(l) ’ 5Fi(2) . TE@) ’ 5Fi(3) . TFi(i%) ’ 5Fi(4) s TE(Q) 7 (2.13)

which reflects the fact that the Zs fixed points 1 and 3 are mapped onto themselves whereas
the Zo fixed points 2 and 4 get mapped onto each other, see the right hand side of figure 1
for the fixed point labels used for the depicted tilted quadratic as well as for the hexagonal
A-type lattice,* which has an angle of 7/3 instead of 7/4 among the basis one-cycles 7
and 72 shown in figure 1. In case of the T°/(Zy x Zj) orbifold, the Z3 C Zg and orientifold
symmetries lead to the restrictions on the deformation parameters as summarised in table 3.

One finds that, in each twisted sector, there are three Zs-triplets of Zs fixed points
which are preserved by the orientifold involution and thus are restricted to have one real
deformation parameter each, while the remaining two triplets of Zs fixed points are ex-
changed by the orientifold involution, leading to only one compler deformation parameter.
To summarise, the orientifold involution reduces five complex deformation parameters to
three real ones plus a complex one. The resulting hypersurface equation for deformations

)

restricted to just one ng sector is shown in equation (A.1) in appendix A.

4Analogously to the square tori of a- and b-type, there exist two orientations of hexagonal lattices,
specified as A- and B-type, with the one-cycle 72 at angle 7/3 and 7 /6, respectively, with respect to the
R-invariant direction spanned by ;.
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Restrictions on the deformation parameters of 7°/(Zy x Zj)
p Parameter identifications Parameter range | Exceptional wrapping numbers
1 5521 = 831 = 52541 R x(i) Ei)
2 5512 = 513 = 52514 R :Eg), yél)
; =<4 R 9l
4,5 | ey = eyl = ey =2 =) ==l C R

Table 3. Zs and QR restrictions on deformation parameters and wrapping numbers for the
associated exceptional three-cycles.

Orientifold plane and sLag cycles. Having fixed the orientifold action and its restric-
tions on the deformation parameters agg, we now determine its fixed set, i.e. the set of
O6-planes. Since the Zy X Zso action is automatically built in the hypersurface formalism,
we have to consider the fixed sets of ox times all Z3 elements.’ However, since the Zs
element w? maps the O6-planes from the sectors or, orw? and orw?* onto each other, it
is sufficient to consider only or O6-planes. It is then convenient to go to a coordinate
patch where v; # 0 and use the (C*)* action to set v; = 1. Therefore, the O6-planes lie
in the three-plane spanned by the real z1,z9, x3 coordinates and, more precisely, they are
the subset of that plane where y?, written as a function of the x; by equation (2.8), is pos-
itive. At the orbifold point, this area consists of four mutually non-adjacent octants of the
three-plane, separated by the coordinate planes, see the blue coloured regions in figure 2.
This is a three-dimensional generalisation of figure 3 in [41]. In terms of toroidal wrapping
numbers (n;, m;), the four (Zs orbits of) O6-planes for the so-called A A A-orientation® of
the hexagonal lattice are given in the following table:

Orientifold sector | O6-plane charge | Wrapping numbers
QR noR (1,0:1,0;1,0)
QrztY Mozl (1,0:-1,2;1,-2)
QRZY Morzs? (1,-2:1,0-1,2)
QRZY o (-1,2;1,-2:1,0)

Each of these cycles is undisplaced so that it passes only through the fixed points 1 and
3 in each two-torus, either “horizontally” or “vertically”. Furthermore, we introduced
the O6-plane charges in the second column which can take the values +1 (normal O6-
plane) or —1 (exotic O6-plane). These charges are related to the discrete torsion as n =

STogether, the orientifold and the Zz groups combine to the symmetric group Ss.

SIn [16] it was shown that the a priori four different choices of background lattice orientations boil down
to two physically distinct sets AAA < ABB and AAB <> BBB. The first set turns out to be favoured by
model building with a minimal (or vanishing) amount of exotic matter charged under the QCD-stack, and
the choice of the QR-orbit as exotic O6-plane orbit allows for the maximal possible rank 16 of the overall
gauge group. The explicit models in section 3 refer to this particular choice of background.
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Figure 2. The blue regions represent the areas of positive values of y2(x;). These are the positions
of the four mutually non-adjacent octants in the real zi-zs-z3-plane, which coincide with the posi-
tion of the O6-planes. As detailed in table 4, the intersections of the octants are at the coordinates
Ty = 1, Q.

MR R2 M Norz® Tora®: 5O in our case (i.e. with discrete torsion) we must choose one of

the O6-planes to be exotic.” Since the O6-planes are their own Zs X Zo images, they seem
to be fractional cycles which contain contributions from exceptional three-cycles. However,
CF'T calculations show that the Klein bottle and Mébius strip amplitudes do not have any
contribution from twisted sectors in the tree channel (see e.g. [4, 5]), thus the sum of all
O6-planes is topologically a (fraction of a) pure bulk cycle.

The complete set of linearly realised cycles on each hexagonal two-torus is displayed in
table 4 as well as depicted in figures 3 and 4. We observe that in the hypersurface language
all undisplaced cycles (labelled bI and bII) are represented by straight lines, whereas the
displaced cycles (labelled bIII and bIV) correspond to arcs of circles centred around a
third root of unity. In fact, there are automorphisms which exchange the displaced and
undisplaced cycles corresponding to shifts by half lattice vectors on the torus. These maps
are linear in z, v, so after fixing v = 1 they become M&bius transformations:

£i$+2€—i
x— &7

such that «; shifts the fixed point 1 to fixed point ¢, see figure 5. These transformations

;1 x

i=23,4, (2.14)

will be used to find parametrisations for displaced cycles.

The full set of linearly realised sLag cycles on the six-torus or its Zo X Zon orbifold is
obtained by combining three of those cycles under the condition that their angles® sum up
to zero mod 27. Let us count the total number of such cycles. A priori, there are twelve
cycles per two-torus, leading to 123 = 1728 cycles on the six-torus. The Zg C Z{ subgroup
identifies them in triplets, leaving 576 Lag cycles on the orbifold. The sum of the angles

"The choice of three exotic O6-planes does not allow for supersymmetric D6-brane solutions to the bulk
RR tadpole cancellation conditions, see 7, 16, 18, 29] for details.

8The angle ¢ w.r.t. the horizontal axis per two-torus is obtained from the wrapping numbers by
tang = v/3m/(2n +m) on the hexagonal lattice.
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bII°

Figure 3. All linearly realised Lag lines of the hexagonal lattice in the complex z-plane (with
v=1).

Im x
bIT
I
m X- o 62
JoTT ¥
. 0
€ . 2 -
2 b1V + bII1
bIII% N

’ : Re x
’ o K B ‘-6 =1
' bI1° bI° G €3
1 :Re x . .

=== '

1 €=1 ;
‘ '1

' . . ;

) . " €4 K :

G\.‘ . bIV
4. . .
[~ .- .- - bI_ e e
(a) Lag lines with calibration phase e°. (b) Lag lines with calibration phase e™27%/3,

Figure 4. All linearly realised Lag lines of the hexagonal lattice with a given calibration phase,
depicted in the complex a-plane (where the illustration for the phase et27i/3 g omitted). In
comparison to figure 3, one easily sees that the Lag lines of figure 4a and 4b are by 7/3 rotated
versions of each other, as detailed in table 4.
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Figure 5. Action of half-lattice shifts «; on Zy fixed points on a tilted two-torus (left figure), and
complex conjugation of the transformations «; (right figure).

over the three two-tori takes six discrete values {0, £%,£%, 5} modulo 7, corresponding
to six different calibrations. Thus, for a given calibration, we find 96 sLag cycles. These
are precisely all the fractional sLag cycles of minimal and next-to-minimal length.

On the deformed space the O6-planes are still determined by the region in the real
r1, T2, r3 plane where 42 > 0, but in general the boundary” {y = 0} has a more complicated
shape. At the orbifold point, the surface {y = 0} splits into six separate components, given
by x; = 1 and x; = oo, whereas after switching on deformations the polynomial y(z;),
defined by equation (2.8), factorises into fewer parts, and the formerly separate compo-
nents combine. For a generic deformation, {y = 0} has only one irreducible component.
As a consequence, the regions corresponding to the O6-planes can merge together or get
separated. This discussion also applies to other linearly realised sLag cycles, i.e. (par-
tially) displaced ones, via the transformations (2.14). More concretely, the consequences
for D6-branes wrapping such cycles are discussed in section 3.2.2.

2.2.2 Deformations of Zs X Zg

As a cross-check, we repeat the same counting for the other T°¢/(Zy x Zg) orbifold with
twist vectors v = %(1, —1,0) and W = %(O, 1,—1). Here the additional Zz symmetry acts
as w? 1 (x1,m9,23) — (21,&T9,&%23). Using the same deformation polynomials as for
the T /(Zy x Zj) orbifold (equation (2.11)), we observe that the deformation polynomials
6F1(a) in the first two-torus are invariant, 5F2(a) transform according to equation (2.12)
and (5F§a) transform backwards compared to equation (2.12). Hence, we find the following

deformations of cycles containing Zo fixed points on T(4k):

1) . .
° Egl) is unrestricted,

e the remaining 685) get identified in triplets similarly to the other Zy x Zj orbifold,

5(1? are forbidden,

(2 _ (2 _ (2

e the restrictions on ES’B) are the same as for Effﬁ).

9The O6-planes, like all other sLag three-cycles, only have boundaries {y = 0} after projecting to the
z;-plane. In the full geometry spanned by (x;,vs, y), this boundary becomes a branching surface such that
all cycles are closed.
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Properties of all linearly realised Lag lines on the hexagonal torus
Wrapping numbers | Displacement Equation in x Label
+(1,0)
1 o —1* =3, R(z) < —1/2 | bIII® E
0 x<1 bII® / .
+(-1,2)
1 |z — 12 =3, R(x) > —-1/2 bIV?
0 x> 1 bI- 5
+(0,1)
1 |22 — 1)? = 3, R(¢%2) < —1/2 | bIII~ ﬂ
0 Er<i1 bII~ g
:t(?v *1)
1 |22 — 1 = 3, R(%2) > —1/2 | bIV™ S
+(1,-1)
1 |¢x — 1> =3, R(¢x) < —1/2 | bIIIT g
+(1,1)
1 |¢x — 112 =3, R(¢x) > —-1/2 | bIVT g

Table 4. Linearly realised Lag lines on the hexagonal torus. The constraint equations on the
variable = describe straight lines (without displacement) or arcs (with displacement), see figures 3
and 4.
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To sum up, in the Zgl) sector there are six possible deformations, whereas in each of the

Zg2 or 3)

counting of deformations in the hypersurface formalism matches exactly the moduli from

sectors we find four, in agreement with table 1. Again, the purely geometrical

the conformal field theory.

The anti-holomorphic orientifold involution reduces here as well the complex deforma-
tion parameter to a real one if the Zs-orbit of Zs fixed points is preserved, and it identifies
the two complex parameters if two Zs-orbits are exchanged by the orientifold involution.

3 Concrete models

In this section, we want to apply the formalism from the previous section to deform the
singularities of some concrete models. For this we choose three toy models with D6-
branes wrapping orientifold invariant three-cycles, where new models containing SO(2N)
and USp(2N) gauge groups are described in section 3.1 and a semi-realistic model with
Pati-Salam spectrum is shown in section 3.2, which was first presented in [16]. In each
of these models, the lattice orientation is AAA, and the exotic orientifold-plane is chosen
to be QR, i.e. (UQR’UQRZS)’UQRZ(QZ)’nQRZ<23)) = (—1,1,1,1). The RR tadpole cancellation
conditions are summarised in tables 5 and 6. Note that the twisted RR tadpole cancellation
conditions are homogeneous reflecting the fact that the O6-plane does not wrap exceptional
cycles.

For later convenience, the orientifold-even bulk and exceptional wrapping numbers can
be read off from the RR tadpole cancellation conditions in tables 5 and 6, i.e. for the choice
of exotic O6-plane nor = —1 one obtains

2X,+Ya), 220 449 for p=1,2,3, i) — ol 2@l + a2l + ) +45), (3.1)

while the orientifold-odd bulk and exceptional wrapping numbers for nogr = —1,
Yoo yihforp=123 o +ulh, 20, - o)+ ik v, (32)

can be found in [45, 54]. Since supersymmetry breaking by deformations is tied to U(1)
gauge groups, which in the effective field theory appears as Fayet-Iliopoulos term as we
will argue in detail in section 3.2.2, we expect that the number of stabilised deformation
parameters is set by the number of independent non-vanishing orientifold-odd wrapping
numbers. We will now verify this claim in two classes of examples presented in sections 3.1
and 3.2, which consist entirely of products of the linearly realised Lag cycles of table 4.

Deformations in the local picture. For simplicity, it is best to first discuss each
deformation separately in a local patch and focus on the global picture later. To start
with, we zoom in on one particular fixed point, say (333), but any other fixed point can
as well be accessed by the shift transformations in equation (2.14) with the only difference
being the restrictions on the respective deformation parameters. Locally, the singularity
can be described by the simplified hypersurface equation

y? = x1moxs — eWgy — e@gy — @ gy + €, (3.3)
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Global bulk consistency conditions on T°/(Zg x Zi x QR) with discrete torsion (n = —1)

Lattice Bulk RR tadpole cancellation SUSY: necessary|SUSY: sufficient

S Na (2Xa+Ya) = 4 (m0m +3 S0 Mg
MRS S N, (2X, + V) = 32

AAA Y,=0 2X,+Y,>0

Table 5. Bulk RR tadpole cancellation and supersymmetry conditions on the orientifold

TS/(Zy x Z§ x QR) with discrete torsion (n = —1). The Zs invariant bulk wrapping numbers
are defined (see [16, 29]) as X, = nln2n3 — mlm2m3 — 2 (ijk) eyclic perm. of(123) nimimk and

Y, EZ(ijk):(lZ‘S) Cyclic(nfzngms + nam{tmfj). The examples in sections 3.1 and 3.2 are valid for

the choice of exotic O6-plane (N0R; Mo, Ngry™ s Tarsz® ) = (=1,1,1,1).
2 2 2

‘ Twisted RR tadpole cancellation conditions on 76/(Z; x Z§ x QR) with discrete torsion (n = —1) ‘

i AAA |

i i i =—1 i i
1,2,31,2,3||, N, [(1777(2-))332,2177,@)@)@] —0=3, Na(L+mp)ylh "% S, N[22 2,+y/(,721] —0
1,2,3] 4,5 S N [ (228, +60) = ney (2080 +50) | =0 = S0 Na [0l + 1y o8,

fal
RSl SN, [Q(IELLJrJ:éL)eriL yél]—O—Z N, [yffi %a]

Table 6. Twisted RR tadpole cancellation conditions on T°/(Zy x Z§ x QR) with discrete torsion
(n = —1). The choice of exotic O6-plane enters via the sign factor 7;) = nor *Ngp,0 € {£1}. The
2

examples in sections 3.1 and 3.2 have 7,y = n2) = 73y = —1. The five Z3-orbits per Z(;) twisted
sector are labelled by the first lower index p € {1...5}.

where ¢ = 2Ve(Wee(®) (and indices «, 8 of 5(()% are omitted), which can be achieved by
a proper rescaling of the x; coordinates, setting v; = 1 and expanding around x; = 0.
We focus on deformations in one Zg twisted sector by setting e = ¢ = 0 such that
xg factors out and we can work in the x; — xo plane. At the orbifold point, we then
recover the fractional cycle IIy with wrapping numbers (1,0;1,0) at z1,z2 > 0 (in the local
picture) and the fractional cycle IIy with wrapping numbers (—1,2;1,—2) at z1, 22 < 0.
The orientifold symmetry requires the deformation parameter £(3) to be real. Then both
of these cycles are described by x1 - 2 > 0, however, we find different behaviours for the
two sign choices of e(®):

e For ) > 0, the cycles II; are still two separated cycles with obviously no intersection
point in the hypersurface formalism. In [41] it was shown that in this case both
cycles have a minus sign in front of the exceptional part, which topologically explains
their zero intersection. In addition, we recover the exceptional cycle by the equation
x1 = T3 and find that it is sLag. As a consequence, both cycles II; remain sLag upon
this deformation. For our choice of exotic O-plane (nor = —1), the cycles s((jll 23

are orientifold-even and thus sLag, therefore we find the restrictions el )1 2320

Further details are discussed in section 3.1. In particular, the O6-planes can never
wrap such a cycle since otherwise they would contain an exceptional contribution.
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3) < 0 the situation at first looks similar, but turns out to be completely

e For &l
different. The exceptional cycle is now given by x1 = —T3 and is only Lag, but not
sLag, i.e. it has the wrong calibration. Consequently, the fractional cycles II; are
no longer sLag since their bulk part and exceptional part are differently calibrated.
However, if we take both cycles together such that the exceptional part cancels out,

we recover one big merged sLag cycle I + Ils.

When the orientifold involution maps two distinct cycles onto each other, the corresponding
deformation parameter may in general take complex values, as happens for fully displaced
cycles in tilted tori. If we write e®) = |¢()|e®, the exceptional cycle is given by zp = €'?T,
which, when inserted into the holomorphic two-form, shows that the two-cycle is calibrated

with phase ¢®/2. In the Zy x Zg geometry this is the case for the cycles 522475, which can

topologically be decomposed into orientifold-even and -odd parts efli) + eéi).
For the other exceptional cycles, the calibrations are fixed by the choice of the exotic O-

plane. Concretely, e.g. the cycles e%@m come in three calibrations (remember & = e2mi/ 3):

o 1: e13, €31, €33,

o & eqa, €21, €29,
2.

o &7 e, eq1, €4

Exceptional three-cycles with a differently oriented one-cycle (ngms + mgmg) then have
calibration multiplied by the angle of the one-cycle. Finally, we briefly show how the
exceptional cycles can be accessed in the global geometry and what restrictions have to be
imposed on the deformation parameters. For convenience we focus on the Z(23) sector and
drop the correspondig sector indices, but the other Zy sectors work completely analogously.

Exceptional Cycle 3. The easiest cycle to describe is e3 (i.e. p = 3 in table 3), which in
two-index notation is represented by eno, @ = 2,3, 4. It is described by the equation 1 = Z»
for those deformations which leave the symmetry z; <+ T2 invariant (cf. equation (A.1)
in appendix A). These are given by the restrictions ey = €2 and €45 = 0. In this case,
we find a sLag cycle growing around the fixed point 1 = 22 = 1 for positive deformation
parameter, i.e. €3 > 0.

Exceptional Cycles 4 and 5. In each four-torus, the cycles e4 and es are orientifold
images of one another, which implies that the holomorphic two-form!'® Q9 on ey is the
complex conjugate of {29 on e5. To parametrise the cycles e4, e5 we apply the shifts as on
x1 and ay on x2, which moves the fixed point (42) to the spot 1 = x9 = 1. Then the cycle
e4 is described by az(z1) = a4(T2). Since ay/y are complex conjugates of one another, this
description only holds if the deformation preserves the symmetry x; <> To as for es.

0Here Q2 can be thought of as Qs integrated over a one-cycle on the remaining two-torus.
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Exceptional Cycles 1 and 2. Directly accessing the cycles e; and e; turns out to be
difficult. Naively they would be described e.g. by the equation z; = a3(Z2), however,
this does not work since it is not the fixed set of an antiholomorphic involution. Luckily,
there is another way to compute the volume. For this, consider the fractional two-cycle
with wrapping numbers (1,0;1,0), no displacement, and without Wilson lines. It has the
decomposition Iy = % (IT13 — e13 — e31 — e33). This cycle lies in the real x1 — xo-plane for
any type of deformation, and we can always describe it in the hypersurface formalism and
in particular compute its volume. Furthermore, we will see in section 3.1.2 and in figure 6
how to compute the volume of Il;3 for any deformation, thus we can consider the linear
combination II;3 — 2IIy and obtain the volumes of e1, ey or ez if we deform each of the
associated Zo singularities separately.

3.1 SO and USp models

We present here two classes of toy models whose gauge group contains only SO(2N) or
only USp(2N) factors. These gauge groups are lacking a central U(1) factor such that the
moduli are completely neutral. Therefore, there are no D-terms in the low-energy effective
action, which could provide a potential for the deformation moduli. We thus expect all
deformations to preserve the sLag property.

3.1.1 The USp(8)* and SO(8)* models at the orbifold point

In order to realise a SO(2N) or USp(2N) gauge group by some brane configuration, the
D6-brane stack must be either parallel or perpendicular to the O6-planes, which fixes the
bulk wrapping numbers. We choose here the most simple configuration of solely orientifold-
invariant D6-branes whose twisted RR tadpoles cancel by having an equal number of each
type with Zy x Zg eigenvalues in {(+,+), (+,—), (=, +), (=, —)}. In this way, the bulk RR
tadpole cancellation conditions in table 5 dictate a total number of 16 D6-branes which
are distributed in four stacks of four branes each. In addition, orientifold-invariance of the
exceptional parts of the three-cycles poses constraints on the displacement and Wilson line
parameters [16, 29]:

(n(1)7n(2)7n(3)) ; (_(_1)0272+037—3 ’ _(_1)0171+g373 7 _(_1)0171+0272) 7 (34)
where we defined 7¢;) = nor - Torzs as before. These conditions depend on the choice of
exotic O6-plane, which in our case leads to 7;) = —1, for ¢ = 1,2,3. Thus, the products
o' - 7" must be identical for all . Then the case ¢* - 7" = 1 leads to SO-type gauge groups,
whereas for o?-7¢ = 0 one obtains USp-type gauge groups, as can be verified by the method
of computing the corresponding beta-function coefficients presented e.g. in [16, 30]. The
twisted RR tadpole cancellation conditions in table 6 require to choose the displacements
and Wilson lines to be the same for all 16 branes, after we confined to four stacks with
different Zs x Zg eigenvalues. The full configurations of the models 1a, 1b and 1c¢ are shown
in table 7.

The orientifold invariance of each stack of D6-branes implies that all orientifold-odd
combinations of wrapping numbers in equation (3.2) vanish, cf. table 8 to table 13. There-
fore, we expect that all 54545 deformations of Zs singularities in these three models

—90 —



Model 1: D6-brane configuration with USp(8)* or SO(8)* gauge group

Angle

Wrapping numbers = Zg) eigenvalues (7 () Gauge group

Model 1a

(+4++)
1. (+--) 1.2 .3 4
ai.4 (]-aovlaoa]-ao) (Oa 0, 0) ( ) (T y T T ) (Oa 0, 0) USp(S)
-t —

(--+)

Model 1b

(+++)

1.4 (1,0;1,0;1,0) (0,0,0) (1L,L,1) | (1,1,1) SO(8)*

Q.4 (1,0;1,0;1,0) (0,0,0) (0,0,7) (1,1,0) USp(8)*

Table 7. D6-brane configuration with four QR-invariant D-brane stacks yielding the gauge group
USp(8)* or SO(8)* depending on the choice of discrete Wilson lines (7) and displacements ().

Bulk and exceptional wrapping numbers of Model 1a, Part I

N X|Y mgl) xél) xél) %(11) xél) ygl)s
arf[ 4| 10|l (=) | ()7 | ()" o o] 0
azf 4] o) 07 | 07 | 07 oo o
az|[41]1|0 (—1)T2+1 (—1)TS+1 (_1)72+73+1 olo 0
as)|41/1]0 (_1)72+1 (_1)r3+1 (_1)T2+T3+1 ol o 0

Table 8. Bulk wrapping numbers and Zgl) exceptional wrapping numbers of Model 1a.

constitute flat directions. Said differently, we anticipate that D-branes of USp- or SO-type
do not contribute to the stabilisation of moduli at the orbifold point.

3.1.2 Deformations of the models with USp(8)* or SO(8)* gauge group

Before we discuss deformations in these models, we first show how to access the relevant cy-
cles. In the SO-model, all D-branes wrap cycles with bulk wrapping numbers (1,0;1,0;1,0)
which are displaced. To access them in the hypersurface formalism we would have to apply
the shifts ag or ay, see equation (2.14) and figure 5, which lead to complex coefficients in
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Exceptional wrapping numbers of Model 1a, Part IT

o?) ) o) o | 2|y af” ) ) 2 2| v
a || =07 | =7 | )7 Lo o 0 (G L S D L I K (N B 0
as || (=) | ()7 | (=7 0 | o 0 (D™ | (—)? | =T o | o 0
as || 17 | ™ | 0™ o | o 0 || (=17 | (=) | (=T o | o 0
as || (D)7 | (=)7L | (=) o | o 0 (-1)™ (-1 -)™*+" | o] o 0

Table 9. Z(QQ) and Zf) exceptional wrapping numbers of Model 1a.

Bulk and exceptional wrapping numbers of Model 1b, Part I
N||X|Y ||ai |y |25 |28 |28 || ") 9" 5" |wh" |o8”
ar||41(/1]0|l 0|0 |-1|=1]0 0O(0]0]|1]-1
az(|41/1]0| O -1|-1 0 1 ]-1
asf|4(l1{0|ff OO |1 |1]0O0 0(0]0]|-1]1
asf| 4|10l OO 1T |1]O0 0(0]0]|-1]1

(1)

Table 10. Bulk wrapping numbers and Zs ’ exceptional wrapping numbers of Model 1b.

Exceptional wrapping numbers of Model 1b, Part 1T

$g2) x;Q) xz(f) 344(12) $g2) y§2) y£2) y§2) yf) yéQ) 3;53) xgii) xéS) xSLS) zéS) ygS) yéB) y§3) yf) yéB)
aij|lo0ojo0o|-1{-1{0f}o0oj0}jO0O|1|-1}j0|O0O]-1]-1[0f}O0O]O0O[O0]1]-1
ajflojoj1r{1r{ofojojoj-1y1jojoj1r{1j0}o0oj0oj0]|-1|1
asj|fojoj-1{-1{ojjojojoj1rj-1jyo0ojoj1r{1rjo0}ojojo|-11
a|lojoj1r{1r{ofojojoj-1y1j0j0j}-1{-1{0f}O0]0O[0]|1]|-1
Table 11. Zéz) and Z;g) exceptional wrapping numbers of Model 1b.

Bulk and exceptional wrapping numbers of Model 1c, Part I
B g D E e b e e B 7 e 7 S 7 B
arl[4|[1|o][=1] 0] 0|0 (=) 0|00 [(-) (-1)
as||41l1|0||=1| 0 (-1 0 (=07 (=17
asf[4fl1|oll 1 oo |O|(=D)"|fo0o|O]|O0]| (=) [(-1)*
asdlldafj2joll2 OO0 (=D JOo|O]|O0O]| (=) |[(-1)H
(1)

Table 12. Bulk wrapping numbers and Z, ' exceptional wrapping numbers of Model 1c.

- 29 —




Exceptional wrapping numbers of Model 1c, Part 1T

2 2 2 2 2 2 3 3 3 3 3 3 3 3 3
o] o [ [ Lo [ o o oo

ai || o-1]o] (<) | (<1 || o |ofof-1]-1]0o|[0o 0|0 1]-1
as || 0| 1o (=) | (=1 | o |ofo|1]|1]0|0o|l0o]0O|-1]1
as || 0 |-1] 0] (<1 | (<=1 || o |lofjo|1]1]o|0o|l0]0O|-1]1

ag || 0| 1| 0| (=) | (=D)L | o0 0[O0 |-1|-1[{0|0]0|0]1]-1

Table 13. ZgQ) and Zég) exceptional wrapping numbers of Model 1c.
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. .
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Figure 6. The right picture shows the fundamental region of the hexagonal two-torus, and the
left picture shows its image via the Weierstrass p-function into the complex z-plane for v = 1. In
order to describe the bulk part of the displaced fractional cycle bIII?, we move it away from the
fixed points (cycle C1). The most useful representative for this cycle within the same homology
class is Cy, which passes through the fixed point 1 located at © = oo in the complex z-plane (left
figure) or at the origin of the fundamental domain of the two-torus (right figure), and through the
Zs fixed points €5 5 (both in the origin of the z-plane, but separated in the fundamental domain).
As discussed further in the main text, the sought-after integral is topological, i.e. [ e Q3 = f@ Q3.

the hypersurface equation for any of the deformations. Thus, these cycles are not easily
described in the real x;-plane. Instead, we can take the decomposition of these cycles into
bulk and exceptional parts and compute their volumes individually. The description of the
exceptional parts was already discussed. For the bulk cycle 11135, one could in principle use
any representative, but for technical reasons there is one especially suitable representative,
as we will demonstrate now.

The situation is depicted in figure 6. A priori, any closed cycle in the real x-plane,
which encircles the two fixed points €24 located at x = ¢ and x = £ exactly once while
not crossing the line x > 1, is a representative of the required bulk one-cycle. The bulk
two- or three-cycles are simply products of such one-cycles. Now we want to integrate the
holomorphic three-form Q3 over these cycles, see equation (2.9). For technical reasons, it
is useful to select a path which avoids the zeros of the real part of y. The ideal choice
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Figure 7. Integrals of {23 on “horizontal” fractional sLag cycles, depending on s(li).

for this are straight lines in the complex z-plane through the origin with slope eTim/3,
see path Cs in figure 6. These straight lines pass through the Zg fixed point at x = oo
as well as the Zs fixed points at z = 0, which are all not deformable, cf. table 1, and
thus do not influence the value of the integral. Intuitively, this is the path which has the
maximal distance to the deformable Z, fixed points and thus is least influenced by their
deformations. Although this cycle itself is not sLag, it is in the same homology class as
the “horizontal” sLag cycle (called C; in figure 6) and thus leads to the same value for the
integral of the closed holomorphic three-form, i.e. [, Q3 = [, Qs.

Now we are ready to compute the periods of the holomorphic three-form on the cycles
wrapped by D6-branes. After normalisation to Vol(IT'™¢) = 1 at the orbifold point, the
calculations can be reduced to six cases. The exact formulas for the deformation polyno-
mials and in particular for €23 are given in appendix A. In figures 7 we plotted the change
of the volume of “horizontal” fractional cycles with exceptional wrapping number xgi) =1
(figure 7a) and xgi) = —1 (figure 7b), depending on the deformation parameter agi). Note
that this does not only hold for all Zg) sectors (i = 1,2,3), but also for replacing the
cycle index p =1 — p = 2 due to the permutation symmetry of the two-tori. As was also

noticed in [41], the volume grows / shrinks with a + egi) behaviour, which continues up

to relatively large deformations of ggi) ~ 1.

Similarly, figures 8 show the variation of the volume of fractional “horizontal” cycles
with exceptional wrapping number xéi) = 41 in dependence of 5&”. Again, the growth is
of square-root type at the beginning, but now goes over to an almost linear graph when
leaving the small-deformation regime.

Finally, figures 9 depict the volume of fractional “horizontal” cycles with exceptional
wrapping numbers :Uff) = fyé(f) = yéi) = +1, xéi) =0 or xéi) = yii) = fyéi) = +1, xfli) =0
as a function of Eé(f) = gg) for Q(f) > 0. Note that although for sy) any phase is allowed,
we restrict here to just positive values for reasons of simplicity. As before, the curves start
with a square root-like behaviour. However, the higher order corrections become important
much earlier than in the other cases such that the curves seem to diverge at gfli) ~2/3. We

now comment on each of the three models separately.
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Figure 9. Integrals of (23 on “horizontal” fractional sLag cycles, depending on 553_5.

In Model 1a all D6-branes II,, are undisplaced, thus one can easily see, even before
summing over Zs orbits, that each exceptional cycle in the decomposition is sLag by itself.
Therefore, the choice of Zs eigenvalues and discrete Wilson lines will only change the signs
with which the exceptional cycles contribute to the fractional three-cycles, but not their
calibration. More concretely, we find the cycles ekaﬁ) ® mop—1 with (af) = (13),(31) or
(33) plus their Z3 images. Thus, the deformations €1, €2, €3 will change the volume of these
cycles while leaving them sLag. We only have to consider two different kinds of deformations
for two possible signs in front of the exceptional cycles, see figures 7 and 8. The precise
correspondence between the branes and the volume as function of the parameters Eﬁ,i) can
be read off from the wrapping numbers in tables 8 and 9.

In Model 1b, all brane cycles are “horizontal” and displaced in all three tori, and
thus contain only exceptional three-cycles of the form e&kﬂ) ® mop_1 with o, 8 = 2,4 plus
their Z3 orbifold images. The Wilson lines are arranged such that, when summing over the
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Zs orbits, only sLag exceptional cycles remain. For example, we find

Iz, O ieé’fﬁ ® [(—mop—1 — mok) + To| = :Fegf;) ® Tok—1, (3.5)

i.e. the non-sLag parts cancel out, and we are allowed to switch on the deformation pa-

(k)

rameters €, /-. A similar discussion can be applied to the exceptional cycles containing the

divisor eg;), thus allowing for deformations 5§k). Therefore, we expect a direct dependence

of the volume of Il;, only on the two parameters 5§k) and 55&)5. Since the situation is the
same for permutations of the two-tori, we are essentially left with four cases to compute,
see figures 8 and 9, where the precise assignment can be read off in tables 10 and 11.
Finally, in Model 1c, we have D6-branes which are displaced on two two-tori and
undisplaced in the remaining two-torus. Thus, depending on the Zo sector which we are
deforming, we obtain different exceptional contributions. However, again the relative signs
are arranged such that all exceptional parts with non-sLag calibration cancel out after
summing over Zg orbits, thus again all deformations are allowed. The shapes of the periods

are, depending on the wrapping numbers in tables 12 and 13, again found in figures 7, 8 or 9.

3.2 A Pati-Salam model

In this second example we present a Pati-Salam-like model where each stack of N D6-branes
supports a gauge factor of U(NN)-type. The crucial difference to the toy models of the
previous section is that this gauge group develops a non-trivial D-term upon deformation
away from the orbifold point. This statement holds true provided that the fractional D6-
brane has wrappings along the corresponding exceptional cycle.

3.2.1 The five-stack U(4)xU(2)% model at the orbifold point

The global three-generation Pati-Salam model that we present here is taken from [16]. It has
five stacks of D6-branes whose configuration is shown in table 14. In particular we list their
wrapping numbers (n;,m;), Zs-eigenvalues, discrete Wilson lines (7) and displacements
(). A first check shows that all twisted and untwisted RR tadpoles are cancelled, all
supersymmetry conditions are fulfilled and the K-theory constraints are satisfied trivially,
i.e. the model is globally consistent. Each brane stack wraps a cycle which is not equal to
its orientifold image, thus the gauge group is composed of U(N) factors only. Furthermore,
in [16] it was shown that all diagonal U(1) CU(N) factors are anomalous and become
massive via the Stiickelberg mechanism. Therefore the D-terms of these five diagonal
U(1)s lead to D-term potentials in the effective action, which can potentially stabilise some
of the deformation moduli dynamically.

The corresponding exceptional wrapping numbers (a:E,i), y,(,i)) were amongst others used
in [45, 54] to determine the conditions on the existence of discrete Z,, gauge symmetries at
low energies. It turned out that the model in table 14 contains a generation-dependent Zs
symmetry, which dictates the section rules on perturbative and non-perturbative matter
couplings.

For the five stack model at hand, the exceptional wrapping numbers given in tables 15

)

for alli = 1,2, 3, and also all entries in the tables are zero for the 15 orbit in the Zgg) sector.

and 16 show that none of the fractional D6-branes couples to the 27 Zg fixed point orbit
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Model 2: D6-brane configuration of a global Pati-Salam model
Wrapping numbers % Zgi) eigenvalues (7) (@) Gauge group
a (0,1;1,051,-1) (3,0,—3%) (+++) (0,0,1) | (1,1,1) U(4)
b (0,1;1,0;1,-1) (3,0,-3) (——+) (0,1,1) | (1,1,1) U@
¢ (0,1;1,0;1,-1) (3,0,—3%) (—+-) (1,0,1) | (1,1,1) U2)r
d (-1,2;2-1;1-1) | (3,-%,-3) (——+) (0,0,1) | (1,1,1) U(2)4
e (1,0;1,0;1,0) (0,0,0) (+—--) (1,1,1) | (1,1,0) U(2).

Table 14. D6-brane configuration with five stacks of D6-branes yielding a globally defined Pati-
Salam model with gauge group SU(4),xSU(2),xSU(2).xSU(2)gxSU(2).xU(1)?

massive*

Bulk and exceptional wrapping numbers of the U(4)xU(2)* example, Part I
N X |y xgl) xgl) mél) mil) l‘él) ygl) yél) yél) yfll) yél)

4 110 0 0 1 1 -2 0 0 0 -1 1

b 210 0 0 -1 1 0 0 0 0 -1 1
c |l 2 110 0 0 -1 -1 2 0 0 0 1 -1
dif 2| 3]0 0 0 1 -3 2 0 0 -2 3 -1
e |l 2 110 -1 0 0 0 1 2 0 0 -1 -1

Table 15. Bulk wrapping numbers and exceptional wrapping numbers from the Zgl) twisted sector.
None of the stacks couples to the Zs-orbit of Zél) fixed points labelled by the lower index p = 2.

Exceptional wrapping numbers of the U(4)xU(2)* example, Part IT
PR E RS L R Lo
allojo|1|{-1{0fO0O|O0O]|O|-1]1)|O0|O|-1]|1T]|O0|O0]0|0]|-1]-1
bjlojoj|-1|1]0}o0jO0O|O0O|1|-1j0jO0O|1|1]-2]0]0|0|-1]1
cflojo0o|-1}]1]j0y)foOojOjO|-1|1T{|O0]O|1T|1]2]0|0|O0]-1]-1
djfojoj|-1|{1j0}o0j0|2|1|-3)J0j0|-1|-1]01|0]0|0|1]1
efl1/0]0]O0O|-1|-2|]0]0|1 10|01 |-1]0}O0|0]|O0]1]-1

Table 16. Exceptional wrapping numbers from the Z;Q) and Z%S) twisted sectors. None of the
stacks couples to p = 2 in both Zg) sectors, or p = 1 in the Zg’ sector. Also p = 3 in the ng)
sector has only vanishing orientifold-odd combinations defined in equation (3.2).
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In addition to the four Zs fixed point orbits already discussed above, none of the
brane stacks in the example couples to the orientifold-odd part of the 3'¥ orbit of the ng)
sector. Our expectation is thus that 4+4+42 out of the 54545 deformation parameters
from the three Zo twisted sectors are stabilised at the supersymmetric orbifold point, and
any deformation along one of these directions will break supersymmetry and provide a
larger value for the scalar potential. On the other hand, the 1+1+3 deformations without
D6-brane contributions to orientifold-odd combinations of exceptional wrapping numbers

are expected to constitute flat directions.

3.2.2 Deformations of the model with U(4) xU(2)* gauge symmetry

D-branes and effective action. The restrictions of the O6-planes on the deformations
could be deduced from purely geometric considerations. For the restrictions from the
D-branes, we must also take into account that they are dynamical objects, in particular
because we first have to specify the multiplicity of D-branes on each cycle. Each stack
of D-branes comes with an N' = 1 supersymmetric gauge theory and thus with D-terms,
which serve as a potential for the deformation moduli [24],

VgS];FSOC (Z N, [Vol(Hx) n Vol(H;)] B VO](H%)) {— 0 if all D6,-branes are sLag ‘
= >0 else
(3.6)

For a gauge group to be U(N), the stack of N identical D-branes must wrap a cycle
which is not orientifold invariant. These fractional cycles always contain orientifold-odd
exceptional contributions, although their bulk part may be orientifold-invariant (e.g. I
in the Pati-Salam model) or not (e.g. ;40 q). For most of these exceptional cycles this
implies that they are not sLag, but only Lag, for non-vanishing volume. Thus, the model
is a priori only supersymmetric when such cycles remain singular.

Giving a vacuum expectation value (vev) to the deformation modulus corresponds to
generating a Fayet-Iliopoulos term, resulting in a non-zero D-term of the U(1)CU(N) and
in breaking supersymmetry. The coeflicient is proportional to the orientifold-odd wrapping
numbers, see e.g. equation (3.2). Thus, in the general situation, D-branes with U(V) gauge
factors do stabilise the twisted moduli of the fixed points which they pass through at zero
vew, i.e. at the orbifold point.

However, in certain situations the D-term can be cancelled by assigning vevs to charged
open string states. Consider an N' = 1 supersymmetric SU(N) gauge theory with M chiral
multiplets in the fundamental representation. Denote their scalar components by ¢¢ with
SU(N) index @ and flavour index i. Then the D-terms of the SU(N) factor allow for a flat
direction only if M > N by assigning a vev of the form (¢¢) oc ¢ up to gauge and flavour
symmetry transformations. If we now have N; D-branes on two cycles 11;, ¢ = 1, 2, then the
massless spectrum contains a chiral multiplet in the (Nl, E) representation precisely if 11y
and Il intersect. We find that this is for example the case if the bulk part of II; and Il is
orthogonal in two of the three two-tori and parallel in the third one, and their exceptional
part differs in a global sign. Then a flat direction for both SU(XV;) gauge factors can only
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Figure 10. Integrals of €3 in the five-stack Pati-Salam model, depending on sgi).

be found if N7 = Ny. The vev of the fundamental representations also appears in the
D-terms of the U(1) factors and there indeed cancels the vev of the deformation modulus.

Geometrically, the following happens: the exceptional contribution of the D-branes
wrapped on II; cancels only if Ny = N, thus only in this case the sum of D-branes stays
sLag when performing the deformation. The former two stacks of D-branes merge to only
one stack of N; = Ny D-branes resulting in just a U(N;) gauge theory. This agrees with
the field theoretical picture since here the diagonal vev in the bifundamental representation
is responsible for the symmetry breaking SU(N)xSU(N)—SU(N).

Allowed deformations in the U(4)xU(2)* model. We will first focus on the five
brane stacks and check, in a meaningful order, which of the deformations are forbidden.
Then we will consider the remaining deformations and discuss their influence on the model.

The Pati-Salam branes Il,p .. These three stacks of branes wrap the same bulk cycle
and differ only in their Zs eigenvalues and discrete Wilson lines, i.e. the signs of their
exceptional cycles. As we can read off from tables 15 and 16, they wrap only four distinct
orientifold-odd cycles. For example, when summing over Zs images,

M, O ey ® (w4 — m3) + ma] = e} ® (274 — 73) | (3.7)

whose calibration depends on the phase of Ef). In particular, these branes lead to the

restrictions
>0, @0, PV=o. (3.8)

The hidden branes Il .. Once we imposed the restrictions from the visible branes, we
turn to the two remaining brane stacks. Put together, they wrap six additional orientifold-
odd cycles. Note that e.g. the e-branes differ from the ao-branes in model 1c of section 3.1
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only by the choice of discrete Wilson lines. This, however, leads to the non-cancellation of
their orientifold-odd parts, e.g.

HeDEi%)Q@[(?Tl—?TQ)—ﬂ'Q] 26%)@(7('1—27('2) . (39)
For the deformation 8§1) > (), allowed by our choice of exotic O-plane, this cycle is calibrated
with €23 and thus not sLag. Therefore, a supersymmetric vacuum requires egl) = 0.

Altogether, we find the following restrictions, in addition to the ones imposed by the three
stacks of Pati-Salam-branes:

ggi) = géi) = 5? =0, fori=1,2, 6513) =0. (3.10)

For illustrational purposes we computed the integral of I(€Q3) on the cycle I, as shown
in figure 10a, where $(Q3) # 0 for egz) > 0 corresponds to broken supersymmetry.
To sum up, the only allowed deformations in this model are

e >0, fori=1,23, Y>>0, >0, (3.11)

in perfect agreement with our expectation from section 3.2.1.
We will now discuss the effects of these deformations.

(3)

The deformation €5 > 0 is of particular interest. This is because

the visible branes contain only an orientifold-even cycle sgg), whose coefficient xég) can be

Deformation 5:(53) .

read off from table 16. Therefore, switching on this deformation will reduce the volume
of the U(4) branes and enhance the volume of the U(2);, /g branes. Qualitatively, this
effect is shown in figures 8, where figure 8a corresponds to the left/right branes and fig-
ure 8b to the U(4) brane. This can be phenomenologically interesting since in this way we
can make the gauge coupling of the QCD SU(3) C U(4) stronger compared to the weak
interactions SU(2)y,.

Other deformations. Finally, we discuss the effect of the four remaining deformations.
First we observe that none of the branes wraps an orientifold-even cycle of this type, i.e.
(xgi),yéi))izl’Q’S = (xgg),y?)) = (0,0) in tables 15 and 16 for all five stacks. Therefore, we
only expect a higher order dependence of the volumes on these parameters. For example, we
plotted the normalised volume of I, ;.. against the parameter Egg) in figure 10b. Indeed,
we find just a negligibly small change in the volume. Qualitatively the effect of the three
other parameters Eg) is the same, thus their value is not of great importance for the physics
of the low-energy gauge theory in this model.

4 Discussion and conclusions

In this work we have analysed the behaviour of D6-brane models on toroidal orbifolds with
discrete torsion under deformations of the Zs fixed points. We focussed here on tilted tori,
and most notably on tori which exhibit an additional Z3 symmetry, as they are particularly
appealing for phenomenological models with three quark/lepton generations. In contrast
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to the deformations on untilted tori, as studied before in [41], we observed some differences
which required additional investigations.

First, here we were interested in orbifolds with point group Zs x Zj, of which there
exists no direct description as a hypersurface in an ambient toric space. Thus we started
with a fully deformable description of T6/(Zy x Z3) and modded out the remaining Zs
symmetry by hand. This led to restrictions on the deformation parameters which are in
agreement with the CFT expectations. Furthermore, this formalism is sufficient for our
purposes, since the Zs and Zg sectors, whose singularities are not resolvable here, do not
contain exceptional three-cycles which D6-branes could wrap.

In addition, each brane stack appeared as an orbit under the remaining Z3 symmetry,
thus it may happen that a brane intersects its Zs images at the fixed points. In such a case,
the contributions from the corresponding exceptional cycles add up between the various Zs
images, whereas in Zo X Zg models each brane has at most one exceptional cycle at each
fixed point. This could result either in a sLag or a non-sLag cycle, depending on the value
of the associated discrete Wilson lines.

Another technical difficulty arose from the fact that the deformation parameters had
to be switched on in a Zs-invariant way. As a consequence, we observed that some fixed
points with different indices than the non-zero deformation parameters get deformed at
higher order. Keeping them singular requires the introduction of counter terms in the
hypersurface polynomial so that the map between the deformation parameters and the
moduli vevs becomes more involved compared to the Zy x Zs orbifold, see appendix A.

For simplicity we focussed on just one choice of orientifold involution, o, correspond-
ing to tilted tori with an AA A-type lattice. Although this requires the parameters of the
hypersurface polynomial to be real, many fractional cycles of interest cannot be described
by restricting the homogeneous coordinates to be real, in contrast to the analogous case
on untilted tori. Therefore, the parametrisation of these fractional cycles is difficult when
leaving the orbifold point, and it turned out to be more feasible to access them indirectly by
other representatives in their homology class. In this way, the periods of the holomorphic
three-form can be computed for the relevant cycles under many deformations.

Moreover, in contrast to the untilted tori studied in [41], on tilted tori not every
exceptional cycle is (plus/minus) its own orientifold image, e.g. og : sfli) > eéi) . These
cycles appear in complex conjugate pairs, and their deformation parameter is allowed to
take a priori arbitrary complex values, leading to exceptional cycles of arbitrary calibration
phase. However, in the global geometry, these cycles can only be nicely parametrised for a
single calibration, corresponding to real deformation parameters.

After discussing the technical setup, we focussed on two types of D6-brane models,
those with only USp(2N) or only SO(2N) gauge groups, and a model which contained
only U(N) gauge groups. From the effective action point of view, the difference is that the
latter class of models contains U(1) gauge factors whose D-term potential can lead to the
stabilisation of deformation moduli.

In the first class of models, we found that the D6-branes only wrap orientifold-even
cycles, i.e. they remain sLag for any type of deformation. We confirmed this by computing
the integrals of the holomorphic three-form on these cycles and found that the integrals in-
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deed stay real, but can change in their absolute values. More precisely, if a D6-brane wraps
a certain exceptional cycle, its volume shows a square root-like dependence on the corre-
sponding deformation parameter with the sign depending on the associated Zo eigenvalues
and Wilson lines as shown in figures 7, 8 and 9. Thus, in such models we are able to vary
the gauge coupling constants along flat directions in the complex structure moduli space.

Finally, we looked at a Pati-Salam model with five U(N) gauge factors, whose massless
spectrum, generation-dependent discrete Zo symmetry and Yukawa interactions had been
studied in [16, 54, 55]. This model leads to five U(1) subgroups with five D-term potentials,
but it turns out that indeed 44442 = 10 of the 15 deformation moduli can be stabilised at
the orbifold point. The explanation is that each of these deformations locally leads to non-
sLag contributions of exceptional three-cycles for some of the D6-branes, independently of
what happens at the other orbifold fixed points. We discussed the possibility of cancelling
the Fayet-Iliopoulos terms with chiral states in the bifundamental representation in general,
but the basic conditions to do so are not fulfilled for the present model. As a result,
we found five D-flat directions among the deformation moduli for this model. One of
these directions turns out to be able to change the SU(4) coupling constant against the
SU(Z)R/L couplings, whereas the other four flat directions have no influence on the low
energy-effective gauge theory. Analogously, we expect from the counting of non-vanishing
orientifold-odd wrapping numbers for the global six-stack Pati-Salam model with spectrum
and Z,, symmetries considered in [16, 45, 54] that 4+3+4 out of 5+5+5 twisted deformation
moduli are stabilised at the orbifold point, and only four flat directions in the complex
structure moduli space exist.

Our findings are of importance also for phenomenologically appealing models on the
T®/(Zy x Zg) orbifold with a different Zg action [18], in particular for the new global MSSM-
like and left-right symmetric models [42]. In these models, one rectangular two-torus and
two hexagonal two-tori respect the Zo X Zg x QR action.

The work in this article focussed on complex structure deformations in Type ITA
orbifolds/orientifolds. For the T°/(Zy x Zs) orbifold on untilted tori, our findings can
straightforwardly be T-dualised to blow-ups (by Kéhler moduli) in the Type IIB/Q lan-
guage, see e.g. [56—60]. T-duality for toroidal backgrounds results in identifying tilted tori
in Type ITA/QR with a non-vanishing B-field in Type IIB/Q [51, 57, 61], but to our best
knowledge, the mapping of twisted sectors in the kinds of models considered in the present
article has not been worked out, but is expected to differ from the rectangular torus due to
the non-trivial permutation of some orbifold singularities under the orientifold involution.
If also the symmetric Zs action of the article at hand is included, T-duality will further
translate it to an asymmetric Zs action in Type IIB/) orientifolds [62]. The advantage of
the Type ITA/QR language thus clearly lies in the geometric description.

Last but not least, we showed how to stabilise the majority of complex structure moduli
in the presence of D6-branes. The dilaton and remaining geometric moduli, in particular
the Kéahler moduli, will have to be stabilised by non-perturbative effects and possibly a
small number of RR-fluxes, see e.g. [63, 64] for the generic shape, with assumed small
back-reaction on the three-cycle geometry. We expect that low-energy parameters like
the gauge and Yukawa couplings will not depend on the twisted Ké&hler moduli (blow-up
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modes) but rather only on the areas of the two-tori, reinforcing our focus on stabilising
complex structure moduli. Moreover, as recently argued in [65], the interplay between
closed and open string moduli is expected to also stabilise the latter. The mixing of their
axionic open and closed string partners has also been recently discussed, see e.g. [55, 66].
A detailed analysis of a complete closed and open string moduli stabilisation scenario in
phenomenologically appealing models and their impact on cosmology, however, goes well
beyond the scope of this article and will be investigated in the future.
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A Collection of formulas

In this appendix, we collect the precise expressions for the hypersurface polynomial in
equation (2.8) for finite deformations. First we apply the restrictions from the Zz symmetry
and the orientifold projection as in table 3 and rewrite the terms in a more compact
form. We work only in the Zgg) sector since the other ones are equivalent, and we will
drop the dependence of the coordinates x3,vs. Furthermore, we relabel the deformation
parameters 6((1:2 as €y, where p = 1,2,3 represent the two-cycles e,—1 23 following the
convention in section 2.2, whereas €445 simultaneously deform ey /5. Then the hypersurface
polynomial reads:

f=—v+ (vgscg — v;j) . {(le:f — vi‘) (vgxg’ - v%)

—81:5%1}% (I‘% — 1‘22}3)

4 3\ 2,2
_82 ((L‘l - 1‘1?}1) $2U2
4,4 2.2 3 3,22
—e3 (vivy + vizivias + vizv3T3)
4,4 2.2 3 3. .22
_€4+5 (2'01’1)2 - levaxQ - 'lel'l)sz)
2.2 3 3.2 2
—E€4-5 (U1$1U2x2 — U1$1U2$2) } .
For simplicity we will work in the patch v; = 1.

Deforming fixed points 4 and 5. If we switch on €445 we observe how the exceptional
cycles e4 and e5 grow out of the singularities. However, also fixed point 3 gets deformed in
this process, but to higher order in €4. Therefore, we must also vary €3 as a function of g4
to keep es singular, and we find that this is fulfilled if

9 1o 234 4
= —egf— = . A2
5 1 354 954+O(54) (A.2)
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2
that this is only valid for ¢4 > —3/4, which seems to be the boundary of the range of small

In this case the fixed point (33) is located at 1 = x93 = . Furthermore, we find

deformations. The hypersurface equation for this particular deformation becomes

y2 — (g;?—l) (ﬂfg—l) — €y (2 —xlxg —x%xg) —}-(Z +e4 — \/%— 354) (1 —i—:zlx% —1—1:%:62).

(A.3)

Deforming fixed point 3. In the next step we want to switch the roles of the fixed
points studied above, i.e. we want to deform the fixed point (33) while leaving fixed point
(24) singular. To do so, we give £3 a finite value and tune &4 accordingly. Unfortunately,
we cannot find a nice analytic expression as in equation (A.2), but we are able to write
down a Taylor series expansion:

Lo, 134 5
1=~ €8~ 15 + O(e3) . (A.4)
Note that the fourth order vanishes so that we can stop the expansion here. Using this,
and after shifting the x; with ay and z2 with a4, see equation (2.14), we find the fixed
point (24) at x1 = To = 1 + ib where b is the real root of the equation

305 — (94-3e3)b° + (9+6e3)b* — (27 + Te3)b® 4 (9 + 6e3)b% — (94+3e3)b+e3 =0. (A.5)

In order to find the exceptional cycle (33), we go back to the unshifted hypersurface
equation

1 1
y? = (2} — 1) (25 — 1) —e3 (1 + m123 + 2fzo) + (95% + 553 +.. ) (2 — 2123 — zix0) .
(A.6)

Again, using the symmetry z; < T3, we recover the exceptional cycles at xo = Ty
and y € R.

Deforming fixed points 1 and 2. Since in each four-torus the exceptional two-cycles
e1 and ey are equivalent via the permutation symmetry of the two-tori, we discuss their
deformation simultaneously. Here it is useful to focus on two different directions of defor-
mations:

e Deforming only one of those fixed points, e.g. €1 > 0,69 = 0: in this set-up one can
study the volume and sLag property of the resulting exceptional cycles. Switching
on only one such deformation leaves all other fixed points singular and thus leads to
a rather tractable hypersurface equation (A.1).

e Simultaneously deforming both fixed points, € := €1 = €2 > 0: here the advantage
is that the symmetry between x; and xo is preserved and we thus have easy access
to the cycles e3 4 5. However, in this case we observe a deformation of all other fixed
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points at higher order so we need to switch on €3 and €445 to keep them singular.
For 3 we indeed find an analytic espression,

g2 4¢8 4
53:—3/2+26+\/9/4—65+3€2:—3—74-0(6), (A7)

whereas €415 can only be given approximately, €445 = —5 + 5 — % + O(e?). To

N
w

sum up, the full deformed hypersurface equation becomes

y? = (2} — 1) (23 — 1) — & (212} + 2723 — 2123 — 2720)

— (=3/2+2e + 9/ 62+ 327) (1 + 212 + alwy)

62 83 64
(555 e nd -t (A3)

B Untilted, tilted and square torus lattice

In the previous discussion we focussed on the hexagonal torus, but for completeness we also
want to describe the Lag lines that appear in the general case of an untilted (a-type) or
tilted (b-type) torus, or in the special case of a square torus (either a- or b-type). Especially
for the square torus there appear some interesting symmetries among the Lag lines.

The properties of the Lag lines for the untilted and tilted lattice can be found in ta-
ble 2. Here one can read off that all Lag lines of the general a-type lattice which intersect
singularities lie on the real z-axis (if v = 1), as one can also see in figure 11a. Therefore
it is easy to work with orbifolds of the a-type lattice, especially since the deformation pa-
rameters take also only real values (at least for all deformations that are interesting for our
discussion). This makes it possible to visualise the Lag lines in the hypersurface formalism
in a two- or three-dimensional picture, as was done in [41], where also deformations can be
studied in a qualitative way. The two additional circles depicted in figure 11a corresponding
to pure bulk cycles were omitted in the previous discussion because they are uninteresting
in the context of deformations. However, their existence allows to use an analogous trick
on the rectangular torus to that used in figure 6 for the hexagonal one to compute the
integral over another bulk cycle in the same homology class. More details about the Lag
lines on the rectangular a-type torus can be found in [41]. For the untilted torus, one has
two parameters which can be varied freely, which leads to another shape and size of the
torus, e.g. vary €9 and €4, while €3 = —eg — €¢4.

The Lag lines of the tilted (b-type) torus, depicted in figure 11b, are more complicated
to handle because the displaced Lag lines bIII and bIV take now complex values in the z-
coordinate (for v as well if we do not work in the patch v = 1). This is similar to the special
case of a hexagonal torus described in section 2.2, but for the generic tilted torus there exist
only the four Lag lines given in figure 11b and table 2, i.e. no additional cycles appear. The
singularities of the tilted torus in the hypersurface formalism are given by ez = 2R(e) and
€2 = —R(€) + i(€) = €1, so here one has, as for the untilted case, two parameters which
determine shape and size of the tilted torus and which can be varied freely. The circle
depicted in figure 11b has radius /(3R(€))? + S(e)2 and is centred around the singularity
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(a) Untilted (a-type) lattice. The four Lag lines (b) Tilted (b-type) lattice. The Lag lines on the
aX (blue) on the real axis are the ones intersect- real axis, called bI and bII, correspond to undis-
ing the singularities (e2, €3, €4,00). The two addi- placed cycles (¢ = 0), while the two arcs of the
tional circles (green) correspond to Lag lines not circle named bIII and bIV represent displaced
intersecting the singularities, i.e. pure bulk cycles, ones (¢ = 1). Each cycle passes through two of
and were discussed in detail in [41], where they the singularities €2, €3, €4, 00. The notation in the
were called IIT (left circle) and IV (right circle).  image is er = R(e) and e = S(e).

Figure 11. Lag lines in the complex z-plane (with v = 1), cf. also formulas of table 2.
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(a) Square lattice of a-type. The blue lines, called aX (b) Square lattice of b-type. Here the

(all lying on the horizontal axis), are the same as in the red curves (again called bX) correspond to

general untilted torus (depicted in figure 11a), while the general tilted lattice illustrated in fig-

the red curves, labelled bX, are additional Lag lines ure 11b, while here the blue lines aX (now

appearing on the square lattice due to the enhanced all lying on the vertical axis) are the ad-

symmetry. ditional Lag lines appearing on the square
lattice.

Figure 12. Lag lines for square tori in the complex z-plane (with v = 1), cf. also formulas of
table 2 with e3 = 0 (a-type) or R(e) = 0 (b-type).
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Figure 13. All Lag lines for the square a-type torus in the complex a-plane (with v = 1).

1
§t0

€3. In the previous sections the parameter R(e) was sometimes chosen as R(e) =
simplify the equations.

As already mentioned before, the square torus lattice has the special property that it
can exist on an underlying a- or b-type lattice, cf. figure 1, and fixed point 3 always has
the value e = 0 implying es = eg = —e4. Therefore, only one parameter remains that can
be varied freely, changing the size of the torus lattice. As for the hexagonal torus lattice
(see table 4 for the Lag lines), the number of Lag lines on the square lattice increases by
the enhanced symmetry such that one counts eight Lag lines (running through the fixed
points) for both lattice types a or b. This was already discussed in detail in [41]. One
nicely sees the symmetry in figures 12a and 12b, where the right picture is just a by 5
rotated version of the left picture. Diagram 12b represents the special case of the tilted
lattice where €5 and €4 have only values in ¢R.

In figure 13 one finds all Lag lines of the a-type square torus, including the pure bulk
cycles that already appeared in figure 11a, and one could analogously draw a diagram for
the b-type lattice (i.e. rotated by 7). But, while these additional Lag lines naturally also
appear in the rotated b-type version of the square lattice, they are not apparent in the set
of Lag lines of the general tilted torus, as already discussed above.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] M. Grana, Fluz compactifications in string theory: A Comprehensive review, Phys. Rept. 423
(2006) 91 [hep-th/0509003] [INSPIRE].

[2] P.G. Camara, A. Font and L.E. Ibaniez, Fluzes, moduli fixzing and MSSM-like vacua in a
simple IIA orientifold, JHEP 09 (2005) 013 [hep-th/0506066] [INSPIRE].

[3] G. Aldazabal, P.G. Camara, A. Font and L.E. Ibdnez, More dual fluzes and moduli fixing,
JHEP 05 (2006) 070 [hep-th/0602089] [INSPIRE].

- 37 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/j.physrep.2005.10.008
http://dx.doi.org/10.1016/j.physrep.2005.10.008
http://arxiv.org/abs/hep-th/0509003
http://inspirehep.net/search?p=find+J+"Phys.Rept.,423,91"
http://dx.doi.org/10.1088/1126-6708/2005/09/013
http://arxiv.org/abs/hep-th/0506066
http://inspirehep.net/search?p=find+J+"JHEP,0509,013"
http://dx.doi.org/10.1088/1126-6708/2006/05/070
http://arxiv.org/abs/hep-th/0602089
http://inspirehep.net/search?p=find+J+"JHEP,0605,070"

[4]

[5]

[16]

[17]

[18]

[19]

R. Blumenhagen, L. Gorlich and T. Ott, Supersymmetric intersecting branes on the type 2A
TC/Z, orientifold, JHEP 01 (2003) 021 [hep-th/0211059] [INSPIRE].

G. Honecker and T. Ott, Getting just the supersymmetric standard model at intersecting
branes on the Zg orientifold, Phys. Rev. D 70 (2004) 126010 [Erratum ibid. D 71 (2005)
069902] [hep-th/0404055] [INSPIRE].

G. Honecker, Chiral N =1 4 — D orientifolds with D-branes at angles, Mod. Phys. Lett. A
19 (2004) 1863 [hep-th/0407181] [iNSPIRE].

R. Blumenhagen, M. Cveti¢, F. Marchesano and G. Shiu, Chiral D-brane models with frozen
open string moduli, JHEP 03 (2005) 050 [hep-th/0502095] [INSPIRE].

D. Bailin and A. Love, Towards the supersymmetric standard model from intersecting
D6-branes on the Zj orientifold, Nucl. Phys. B 755 (2006) 79 [Erratum ibid. B 783 (2007)
176] [hep-th/0603172] [INSPIRE].

D. Bailin and A. Love, Almost the supersymmetric standard model from intersecting
D6-branes on the Z§ orientifold, Phys. Lett. B 651 (2007) 324 [Erratum ibid. B 658 (2008)
292] [arXiv:0705.0646] INSPIRE].

F. Gmeiner, D. Liist and M. Stein, Statistics of intersecting D-brane models on T®/Zg,
JHEP 05 (2007) 018 [hep-th/0703011] [INSPIRE].

F. Gmeiner and G. Honecker, Mapping an Island in the Landscape, JHEP 09 (2007) 128
[arXiv:0708.2285] [NSPIRE].

F. Gmeiner and G. Honecker, Millions of Standard Models on Z§?, JHEP 07 (2008) 052
[arXiv:0806.3039] [INSPIRE].

D. Bailin and A. Love, Constructing the supersymmetric Standard Model from intersecting
D6-branes on the Z§ orientifold, Nucl. Phys. B 809 (2009) 64 [arXiv:0801.3385] [INSPIRE].

S. Forste and 1. Zavala, Oddness from Rigidness, JHEP 07 (2008) 086 [arXiv:0806.2328]
[INSPIRE].

G. Honecker and J. Vanhoof, Yukawa couplings and masses of non-chiral states for the
Standard Model on D6-branes on T6/Z6°, JHEP 04 (2012) 085 [arXiv:1201.3604]
[INSPIRE].

G. Honecker, M. Ripka and W. Staessens, The Importance of Being Rigid: D6-Brane Model
Building on T®/Zy x Z§ with Discrete Torsion, Nucl. Phys. B 868 (2013) 156
[arXiv:1209.3010] [iNSPIRE].

D. Bailin and A. Love, Intersecting D6-branes on the Z12-1I orientifold, JHEP 01 (2014) 009
[arXiv:1310.8215] [INSPIRE].

J. Ecker, G. Honecker and W. Staessens, Rigour and rigidity: Systematics on particle physics
D6-brane models on Zy X Zg, Fortsch. Phys. 62 (2014) 981 [arXiv:1409.1236] [InSPIRE].

M. Cveti¢, G. Shiu and A.M. Uranga, Three family supersymmetric standard-like models from
intersecting brane worlds, Phys. Rev. Lett. 87 (2001) 201801 [hep-th/0107143] [nSPIRE].

M. Cveti¢, G. Shiu and A.M. Uranga, Chiral four-dimensional N = 1 supersymmetric type
2A orientifolds from intersecting D6 branes, Nucl. Phys. B 615 (2001) 3 [hep-th/0107166]
[INSPIRE].

G. Honecker, Chiral supersymmetric models on an orientifold of Z4 x Zs with intersecting
D6-branes, Nucl. Phys. B 666 (2003) 175 [hep-th/0303015] [INSPIRE].

— 38 —


http://dx.doi.org/10.1088/1126-6708/2003/01/021
http://arxiv.org/abs/hep-th/0211059
http://inspirehep.net/search?p=find+J+"JHEP,0301,021"
http://dx.doi.org/10.1103/PhysRevD.70.126010
http://arxiv.org/abs/hep-th/0404055
http://inspirehep.net/search?p=find+J+"Phys.Rev.,D70,126010"
http://dx.doi.org/10.1142/S0217732304015087
http://dx.doi.org/10.1142/S0217732304015087
http://arxiv.org/abs/hep-th/0407181
http://inspirehep.net/search?p=find+J+"Mod.Phys.Lett.,A19,1863"
http://dx.doi.org/10.1088/1126-6708/2005/03/050
http://arxiv.org/abs/hep-th/0502095
http://inspirehep.net/search?p=find+J+"JHEP,0503,050"
http://dx.doi.org/10.1016/j.nuclphysb.2006.07.025
http://arxiv.org/abs/hep-th/0603172
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B755,79"
http://dx.doi.org/10.1016/j.physletb.2007.11.014
http://arxiv.org/abs/0705.0646
http://inspirehep.net/search?p=find+J+"Phys.Lett.,B651,324"
http://dx.doi.org/10.1088/1126-6708/2007/05/018
http://arxiv.org/abs/hep-th/0703011
http://inspirehep.net/search?p=find+J+"JHEP,0705,018"
http://dx.doi.org/10.1088/1126-6708/2007/09/128
http://arxiv.org/abs/0708.2285
http://inspirehep.net/search?p=find+J+"JHEP,0709,128"
http://dx.doi.org/10.1088/1126-6708/2008/07/052
http://arxiv.org/abs/0806.3039
http://inspirehep.net/search?p=find+J+"JHEP,0807,052"
http://dx.doi.org/10.1016/j.nuclphysb.2008.09.036
http://arxiv.org/abs/0801.3385
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B809,64"
http://dx.doi.org/10.1088/1126-6708/2008/07/086
http://arxiv.org/abs/0806.2328
http://inspirehep.net/search?p=find+J+"JHEP,0807,086"
http://dx.doi.org/10.1007/JHEP04(2012)085
http://arxiv.org/abs/1201.3604
http://inspirehep.net/search?p=find+J+"JHEP,1204,085"
http://dx.doi.org/10.1016/j.nuclphysb.2012.11.011
http://arxiv.org/abs/1209.3010
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B868,156"
http://dx.doi.org/10.1007/JHEP01(2014)009
http://arxiv.org/abs/1310.8215
http://inspirehep.net/search?p=find+J+"JHEP,1401,009"
http://dx.doi.org/10.1002/prop.201400066
http://arxiv.org/abs/1409.1236
http://inspirehep.net/search?p=find+J+"Fortsch.Phys.,62,981"
http://dx.doi.org/10.1103/PhysRevLett.87.201801
http://arxiv.org/abs/hep-th/0107143
http://inspirehep.net/search?p=find+J+"Phys.Rev.Lett.,87,201801"
http://dx.doi.org/10.1016/S0550-3213(01)00427-8
http://arxiv.org/abs/hep-th/0107166
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B615,3"
http://dx.doi.org/10.1016/S0550-3213(03)00540-6
http://arxiv.org/abs/hep-th/0303015
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B666,175"

[22] F. Gmeiner, R. Blumenhagen, G. Honecker, D. Liist and T. Weigand, One in a billion:
MSSM-like D-brane statistics, JHEP 01 (2006) 004 [hep-th/0510170] [INSPIRE].

[23] R. Blumenhagen, M. Cveti¢, P. Langacker and G. Shiu, Toward realistic intersecting D-brane
models, Ann. Rev. Nucl. Part. Sci. 55 (2005) 71 [hep-th/0502005] [INSPIRE].

[24] R. Blumenhagen, B. Kors, D. Liist and S. Stieberger, Four-dimensional String
Compactifications with D-branes, Orientifolds and Fluzes, Phys. Rept. 445 (2007) 1
[hep-th/0610327] [INSPIRE].

[25] L.E. Ibdnez and A.M. Uranga, String theory and particle physics: An introduction to string
phenomenology, Cambridge University Press, Cambridge U.K. (2012)

[26] E. Palti, Model building with intersecting D6-branes on smooth Calabi- Yau manifolds, JHEP
04 (2009) 099 [arXiv:0902.3546] [INSPIRE].

[27] F. Apruzzi, F.F. Gautason, S. Parameswaran and M. Zagermann, Wilson lines and
Chern-Simons fluz in explicit heterotic Calabi- Yau compactifications, JHEP 02 (2015) 183
[arXiv:1410.2603] [INSPIRE].

[28] F. Gmeiner and G. Honecker, Complete Gauge Threshold Corrections for Intersecting
Fractional D6-branes: The Z6 and Z6’ Standard Models, Nucl. Phys. B 829 (2010) 225
[arXiv:0910.0843] [iNSPIRE].

[29] S. Forste and G. Honecker, Rigid D6-branes on T®/(Zy x Zapn x QR) with discrete torsion,
JHEP 01 (2011) 091 [arXiv:1010.6070] [INSPIRE].

[30] G. Honecker, Kdhler metrics and gauge kinetic functions for intersecting D6-branes on
toroidal orbifolds — The complete perturbative story, Fortsch. Phys. 60 (2012) 243
[arXiv:1109.3192] [INSPIRE].

‘W
=

D. Joyce, Lectures on Calabi-Yau and special Lagrangian geometry, math/0108088 [INSPIRE].

L)

D. Joyce, Lectures on special Lagrangian geometry, math/0111111 [INSPIRE].

3] S. Groot Nibbelink, J. Held, F. Ruehle, M. Trapletti and P.K.S. Vaudrevange, Heterotic
Z(6-1I) MSSM Orbifolds in Blowup, JHEP 03 (2009) 005 [arXiv:0901.3059] [INSPIRE].

[34] M. Blaszczyk, S. Groot Nibbelink, F. Ruehle, M. Trapletti and P.K.S. Vaudrevange,
Heterotic MSSM on a Resolved Orbifold, JHEP 09 (2010) 065 [arXiv:1007.0203] [INnSPIRE].

[35] S. Groot Nibbelink, M. Trapletti and M. Walter, Resolutions of C™/Z,, Orbifolds, their U(1)
Bundles and Applications to String Model Building, JHEP 03 (2007) 035 [hep-th/0701227]
[INSPIRE].

[36] J.J. Atick, L.J. Dixon and A. Sen, String Calculation of Fayet-Iliopoulos d Terms in
Arbitrary Supersymmetric Compactifications, Nucl. Phys. B 292 (1987) 109 [INSPIRE].

[37] R. Blumenhagen, G. Honecker and T. Weigand, Loop-corrected compactifications of the
heterotic string with line bundles, JHEP 06 (2005) 020 [hep-th/0504232] [INSPIRE].

[38] R. Blumenhagen, G. Honecker and T. Weigand, Supersymmetric (non-)Abelian bundles in
the Type I and SO(32) heterotic string, JHEP 08 (2005) 009 [hep-th/0507041] [INSPIRE].

[39] R. Blumenhagen, G. Honecker and T. Weigand, Non-Abelian brane worlds: The Heterotic
string story, JHEP 10 (2005) 086 [hep-th/0510049] [INSPIRE].

[40] R. Blumenhagen, G. Honecker and T. Weigand, Non-Abelian brane worlds: The Open string
story, in 2nd Southeastern Furopean Workshop on Challenges Beyond the Standard Model
(BW2005), Vrnjacka Banja Serbia (2005).

-39 —


http://dx.doi.org/10.1088/1126-6708/2006/01/004
http://arxiv.org/abs/hep-th/0510170
http://inspirehep.net/search?p=find+J+"JHEP,0601,004"
http://dx.doi.org/10.1146/annurev.nucl.55.090704.151541
http://arxiv.org/abs/hep-th/0502005
http://inspirehep.net/search?p=find+J+"Ann.Rev.Nucl.Part.Sci.,55,71"
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://arxiv.org/abs/hep-th/0610327
http://inspirehep.net/search?p=find+J+"Phys.Rept.,445,1"
http://dx.doi.org/10.1088/1126-6708/2009/04/099
http://dx.doi.org/10.1088/1126-6708/2009/04/099
http://arxiv.org/abs/0902.3546
http://inspirehep.net/search?p=find+J+"JHEP,0904,099"
http://dx.doi.org/10.1007/JHEP02(2015)183
http://arxiv.org/abs/1410.2603
http://inspirehep.net/search?p=find+J+"JHEP,1502,183"
http://dx.doi.org/10.1016/j.nuclphysb.2009.12.011
http://arxiv.org/abs/0910.0843
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B829,225"
http://dx.doi.org/10.1007/JHEP01(2011)091
http://arxiv.org/abs/1010.6070
http://inspirehep.net/search?p=find+J+"JHEP,1101,091"
http://dx.doi.org/10.1002/prop.201100087
http://arxiv.org/abs/1109.3192
http://inspirehep.net/search?p=find+J+"Fortsch.Phys.,60,243"
http://arxiv.org/abs/math/0108088
http://inspirehep.net/search?p=find+EPRINT+math/0108088
http://arxiv.org/abs/math/0111111
http://inspirehep.net/search?p=find+EPRINT+math/0111111
http://dx.doi.org/10.1088/1126-6708/2009/03/005
http://arxiv.org/abs/0901.3059
http://inspirehep.net/search?p=find+J+"JHEP,0903,005"
http://dx.doi.org/10.1007/JHEP09(2010)065
http://arxiv.org/abs/1007.0203
http://inspirehep.net/search?p=find+J+"JHEP,1009,065"
http://dx.doi.org/10.1088/1126-6708/2007/03/035
http://arxiv.org/abs/hep-th/0701227
http://inspirehep.net/search?p=find+J+"JHEP,0703,035"
http://dx.doi.org/10.1016/0550-3213(87)90639-0
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B292,109"
http://dx.doi.org/10.1088/1126-6708/2005/06/020
http://arxiv.org/abs/hep-th/0504232
http://inspirehep.net/search?p=find+J+"JHEP,0506,020"
http://dx.doi.org/10.1088/1126-6708/2005/08/009
http://arxiv.org/abs/hep-th/0507041
http://inspirehep.net/search?p=find+J+"JHEP,0508,009"
http://dx.doi.org/10.1088/1126-6708/2005/10/086
http://arxiv.org/abs/hep-th/0510049
http://inspirehep.net/search?p=find+J+"JHEP,0510,086"

[41] M. Blaszczyk, G. Honecker and I. Koltermann, Circling the square: deforming fractional
D-branes in type-II/QR orientifolds, JHEP 07 (2014) 124 [arXiv:1403.2394] InSPIRE].

[42] J. Ecker, G. Honecker and W. Staessens, D6-Brane Model Building on Zg X Zg: MSSM-like
and Left-Right Symmetric Models, to appear in Nucl. Phys. B arXiv:1509.00048 [INSPIRE].

[43] G. Aldazabal, S. Franco, L.E. Ibafiez, R. Rabaddn and A.M. Uranga, Intersecting brane
worlds, JHEP 02 (2001) 047 [hep-ph/0011132] [iINSPIRE].

[44] C. Vafa and E. Witten, On orbifolds with discrete torsion, J. Geom. Phys. 15 (1995) 189
[hep-th/9409188] [iNSPIRE].

[45] G. Honecker and W. Staessens, D6-Brane Model Building and Discrete Symmetries on
TC/(Zy x Zg x QAR) with Discrete Torsion, PoS(Corfu2012)107 [arXiv:1303.6845].

[46] M. Blaszczyk, S. Groot Nibbelink and F. Ruehle, Gauged Linear o-models for toroidal
orbifold resolutions, JHEP 05 (2012) 053 [arXiv:1111.5852] [INSPIRE].

[47] D. Liist, S. Reffert, E. Scheidegger and S. Stieberger, Resolved Toroidal Orbifolds and their
Orientifolds, Adv. Theor. Math. Phys. 12 (2008) 67 [hep-th/0609014] INSPIRE].

[48] R. Blumenhagen, L. Gorlich and B. Kors, Supersymmetric orientifolds in 6 — D with
D-branes at angles, Nucl. Phys. B 569 (2000) 209 [hep-th/9908130] [INSPIRE].

[49] R. Blumenhagen, L. Gorlich and B. Kors, Supersymmetric 4 — D orientifolds of type IIA with
D6-branes at angles, JHEP 01 (2000) 040 [hep-th/9912204] InSPIRE].

[50] S. Forste, G. Honecker and R. Schreyer, Supersymmetric Zn x Zy; orientifolds in 4 — D with
D-branes at angles, Nucl. Phys. B 593 (2001) 127 [hep-th/0008250] [INSPIRE].

[51] R. Blumenhagen, B. Kors and D. Liist, Type I strings with F flux and B fluz, JHEP 02
(2001) 030 [hep-th/0012156] [INSPIRE].

[62] S. Forste, G. Honecker and R. Schreyer, Orientifolds with branes at angles, JHEP 06 (2001)
004 [hep-th/0105208] [INSPIRE].

[63] R. Blumenhagen, V. Braun, B. Kors and D. Liist, Orientifolds of K3 and Calabi- Yau
manifolds with intersecting D-branes, JHEP 07 (2002) 026 [hep-th/0206038] [INSPIRE].

[54] G. Honecker and W. Staessens, To Tilt or Not To Tilt: Discrete Gauge Symmetries in Global
Intersecting D-brane Models, JHEP 10 (2013) 146 [arXiv:1303.4415] [INSPIRE].

[65] G. Honecker and W. Staessens, Discrete Abelian gauge symmetries and axions, in 4th
Symposium on Prospects in the Physics of Discrete Symmetries (DISCRETE 2014), London
U.K. (2014), J. Phys. Conf. Ser. 631 (2015) 012080 [arXiv:1502.00985].

[56] C. Angelantonj and A. Sagnotti, Open strings, Phys. Rept. 371 (2002) 1 [Erratum ibid. 376
(2003) 407] [hep-th/0204089] [INSPIRE].

[67] M. Larosa and G. Pradisi, Magnetized four-dimensional Zy x Zs orientifolds, Nucl. Phys. B
667 (2003) 261 [hep-th/0305224] [INSPIRE].

[58] C. Angelantonj, C. Condeescu, E. Dudas and M. Lennek, Stringy Instanton Effects in Models
with Rigid Magnetised D-branes, Nucl. Phys. B 818 (2009) 52 [arXiv:0902.1694] [INSPIRE].

[59] P.G. Cdmara, C. Condeescu, E. Dudas and M. Lennek, Non-perturbative Vacuum
Destabilization and D-brane Dynamics, JHEP 06 (2010) 062 [arXiv:1003.5805] [INSPIRE].

[60] C. Angelantonj, C. Condeescu, E. Dudas and G. Pradisi, Non-perturbative transitions among
intersecting-brane vacua, JHEP 07 (2011) 123 [arXiv:1105.3465] [INSPIRE].

40 —


http://dx.doi.org/10.1007/JHEP07(2014)124
http://arxiv.org/abs/1403.2394
http://inspirehep.net/search?p=find+J+"JHEP,1407,124"
http://arxiv.org/abs/1509.00048
http://inspirehep.net/search?p=find+EPRINT+arXiv:1509.00048
http://dx.doi.org/10.1088/1126-6708/2001/02/047
http://arxiv.org/abs/hep-ph/0011132
http://inspirehep.net/search?p=find+J+"JHEP,0102,047"
http://dx.doi.org/10.1016/0393-0440(94)00048-9
http://arxiv.org/abs/hep-th/9409188
http://inspirehep.net/search?p=find+J+"J.Geom.Phys.,15,189"
http://pos.sissa.it/cgi-bin/reader/contribution.cgi?id=PoS(Corfu2012)107
http://arxiv.org/abs/1303.6845
http://dx.doi.org/10.1007/JHEP05(2012)053
http://arxiv.org/abs/1111.5852
http://inspirehep.net/search?p=find+J+"JHEP,1205,053"
http://dx.doi.org/10.4310/ATMP.2008.v12.n1.a2
http://arxiv.org/abs/hep-th/0609014
http://inspirehep.net/search?p=find+J+"Adv.Theor.Math.Phys.,12,67"
http://dx.doi.org/10.1016/S0550-3213(99)00795-6
http://arxiv.org/abs/hep-th/9908130
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B569,209"
http://dx.doi.org/10.1088/1126-6708/2000/01/040
http://arxiv.org/abs/hep-th/9912204
http://inspirehep.net/search?p=find+J+"JHEP,0001,040"
http://dx.doi.org/10.1016/S0550-3213(00)00616-7
http://arxiv.org/abs/hep-th/0008250
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B593,127"
http://dx.doi.org/10.1088/1126-6708/2001/02/030
http://dx.doi.org/10.1088/1126-6708/2001/02/030
http://arxiv.org/abs/hep-th/0012156
http://inspirehep.net/search?p=find+J+"JHEP,0102,030"
http://dx.doi.org/10.1088/1126-6708/2001/06/004
http://dx.doi.org/10.1088/1126-6708/2001/06/004
http://arxiv.org/abs/hep-th/0105208
http://inspirehep.net/search?p=find+J+"JHEP,0106,004"
http://dx.doi.org/10.1088/1126-6708/2002/07/026
http://arxiv.org/abs/hep-th/0206038
http://inspirehep.net/search?p=find+J+"JHEP,0207,026"
http://dx.doi.org/10.1007/JHEP10(2013)146
http://arxiv.org/abs/1303.4415
http://inspirehep.net/search?p=find+J+"JHEP,1310,146"
http://dx.doi.org/10.1088/1742-6596/631/1/012080
http://arxiv.org/abs/1502.00985
http://dx.doi.org/10.1016/S0370-1573(02)00273-9
http://arxiv.org/abs/hep-th/0204089
http://inspirehep.net/search?p=find+J+"Phys.Rept.,371,1"
http://dx.doi.org/10.1016/S0550-3213(03)00551-0
http://dx.doi.org/10.1016/S0550-3213(03)00551-0
http://arxiv.org/abs/hep-th/0305224
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B667,261"
http://dx.doi.org/10.1016/j.nuclphysb.2009.03.018
http://arxiv.org/abs/0902.1694
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B818,52"
http://dx.doi.org/10.1007/JHEP06(2010)062
http://arxiv.org/abs/1003.5805
http://inspirehep.net/search?p=find+J+"JHEP,1006,062"
http://dx.doi.org/10.1007/JHEP07(2011)123
http://arxiv.org/abs/1105.3465
http://inspirehep.net/search?p=find+J+"JHEP,1107,123"

[61]

[62]

[63]

[64]

[65]

[66]

G. Pradisi, Magnetic fluzes, NS-NS B field and shifts in four-dimensional orientifolds,
Proceedings of String Phenomenology 2003, Durham U.K. (2003), pg. 304 [hep-th/0310154].

G. Pradisi, Type I vacua from diagonal Zs orbifolds, Nucl. Phys. B 575 (2000) 134
[hep-th/9912218] [INSPIRE].

M. Kerstan and T. Weigand, The Effective action of D6-branes in N =1 type IIA
orientifolds, JHEP 06 (2011) 105 [arXiv:1104.2329] [INnSPIRE].

T.W. Grimm and D.V. Lopes, The N =1 effective actions of D-branes in Type IIA and IIB
orientifolds, Nucl. Phys. B 855 (2012) 639 [arXiv:1104.2328] [INSPIRE].

F. Marchesano, D. Regalado and G. Zoccarato, On D-brane moduli stabilisation, JHEP 11
(2014) 097 [arXiv:1410.0209] [INSPIRE].

G. Honecker and W. Staessens, On azxionic dark matter in Type ITA string theory, Fortsch.
Phys. 62 (2014) 115 [arXiv:1312.4517] [INSPIRE].

_41 -


http://arxiv.org/abs/hep-th/0310154
http://dx.doi.org/10.1016/S0550-3213(00)00089-4
http://arxiv.org/abs/hep-th/9912218
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B575,134"
http://dx.doi.org/10.1007/JHEP06(2011)105
http://arxiv.org/abs/1104.2329
http://inspirehep.net/search?p=find+J+"JHEP,1106,105"
http://dx.doi.org/10.1016/j.nuclphysb.2011.10.019
http://arxiv.org/abs/1104.2328
http://inspirehep.net/search?p=find+J+"Nucl.Phys.,B855,639"
http://dx.doi.org/10.1007/JHEP11(2014)097
http://dx.doi.org/10.1007/JHEP11(2014)097
http://arxiv.org/abs/1410.0209
http://inspirehep.net/search?p=find+J+"JHEP,1411,097"
http://dx.doi.org/10.1002/prop.201300036
http://dx.doi.org/10.1002/prop.201300036
http://arxiv.org/abs/1312.4517
http://inspirehep.net/search?p=find+eprint+ARXIV:1312.4517

	Introduction
	Deformations of orbifold singularities and hypersurface formalism
	The geometric setup
	Lagrangian cycles in the hypersurface formalism
	T*6/(Z(2)xZ(2N)) as a hypersurface

	Orbifolds with additional Z(3) actions: Z(2)xZ(6)' 
	Orientifold involution
	Deformations of Z(2)xZ(6)


	Concrete models
	SO and USp models
	The USp(8)*4 and SO(8)*4 models at the orbifold point
	Deformations of the models with USp(8)*4 or SO(8)*4 gauge group

	A Pati-Salam model
	The five-stack U(4) xU(2)*4 model at the orbifold point
	Deformations of the model with U(4x)U(2)*4 gauge symmetry


	Discussion and conclusions
	Collection of formulas
	Untilted, tilted and square torus lattice

