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1 Introduction

For the last thirteen years Klebanov-Strassler (KS) background [1] enjoys the role of a

default playground to test various ideas of gauge/gravity duality, whenever maximally su-

persymmetric N = 4 YM theory wouldn’t suffice. In particular in 2001 Kachru, Pearson

and Verlinde suggested that placing anti-D3-branes at the tip of the KS geometry would

lead, through the backreaction of anti-D3s, to a holographic background dual to a SUSY-

breaking metastable state in the dual field theory [2]. This so-called KPV metastable state

is peculiar from the field theory point of view. Conceivably because of the absence of a

small dimensionless parameter characterizing this state, so far it was out of reach for all

known field theoretic techniques. At the same time the corresponding hypothetical back-

ground is a key ingredient in the most explicit scenario proposed to date that achieves a

four-dimensional de-Sitter in a String Theory compactification [3]. Since the holographic

background in question was never constructed explicitly, presumably because of its com-

plexity, the fate of the String Theory landscape of the dS compactifications is currently

resting on the original probe D-brane calculation [2]. In light of the importance of the

question it is only natural to wish to obtain the backreacted supergravity background ex-

plicitly. This ambitious task was first seriously examined in [4] where the authors put

forward all necessary ingredients to fully investigate SU(2) × SU(2) × Z2 invariant sector
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of the background in question at the linear order in number of anti-D3-branes (the ear-

lier attempts [5, 6] used various approximations which hamper their ability to determine

the desired background simultaneously near and far away from the anti-D3-branes). The

original work [4] revealed complexity of the problem arising already at the linearized level,

including subtlety of formulating boundary conditions that would correspond to the desired

KPV state. This work continued in [7–9] until the SU(2) × SU(2) invariant mode of the

corresponding linearized solution was obtained in the most possible explicit form.

Now, once the linearized solution is found, it is very desirable to submit it to all possible

self-consistency tests and checks, especially because many technical details associated with

formulating boundary conditions etc. were at the time a subject of a heated debate. A

simplest consistency check comes from studying interaction potential between a number of

anti-D3-branes sitting at the tip of the KS geometry and a stack of D3-branes located some

finite distance away. At the linearized order in number of both D3s and anti-D3s there are

two ways to proceed. One is to treat D3s as sources backreacting on the geometry while

anti-D3s would be probes [10]. Another way is to treat D3s as probes in the (linearized)

geometry created by the backreacting anti-D3s. Both calculations yield the same result [7,

11], but unfortunately this test is only sensitive to the IR boundary condition for just one

(out of many) supergravity mode. Hence this hardly passes as a very comprehensive check.

Another check of the linearized solution for anti-D3-branes comes from comparing

vacuum energy of the dual state in field theory (the ADM mass in supergravity) with the

corresponding probe calculation. This check is sensitive to both IR and UV behavior of

the solution but certainly does not involve every single part of it; it is possible to show

that the solution in question passes this check, without actually obtaining all parts of the

solution explicitly [7]. In this paper we propose and perform yet another check which is

sensitive to all parts of the solution in question.

The idea of our check is to study the effect of anti-D3-branes on the so-called baryonic

branch of moduli space from both open and closed string points of view. Before we go

into details, let us take a quick detour and remind the reader basic facts about the KS

solution which are relevant to what follows. The field theory dual to the KS background

is a particular N = 1 SU(N + M) × SU(N) SYM with N divisible by M . This theory

admits a so-called baryonic branch of moduli space and in fact the KS background is

dual to a particular Z2 symmetric vacuum located at the locus of the baryonic branch.

There is a whole one-dimensional family of distinctive vacua in field theory and there is

a family of supergravity solutions dual to them in a holographic sense [12–15]. The KS

background is only a particular solution from this family. Adding D3 or anti-D3-branes

to the KS geometry changes N and as a result the baryonic branch gets uplifted i.e. the

massless scalar particle associated with the motion along the branch becomes massive.

The corresponding emergent potential near the origin of the branch can be calculated with

ease up to linear order in number of (anti)D3-branes using probe approximation [16]. The

idea of this paper is to perform the same calculation using closed string channel i.e. by

taking the backreacted solution describing (anti)D3-branes and studying the mass of the

deformation along the direction in the field space associated with the motion along the

baryonic branch. As advertised in the abstract the linearized solution describing the KPV

state passes this test with the flying colors.
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Before we proceed with the technicalities let us point out that the machinery developed

in the paper to study the uplift of the baryonic branch due to (anti)D3-branes is universal

in a sense that it can be used to study the uplift due to any Z2-invariant small perturbation

of the KS background.1 To better explain the logic of our calculation we in fact start by

considering the uplift of the baryonic branch associated with perturbing the original N = 1

theory by SUSY-breaking gaugino masses. A naive bulk calculation indicates a non-trivial

uplift in this case which is in contradiction with the field theory result. A more careful

consideration reveals a subtlety in a way UV boundary conditions should be imposed. A

spin-off result of this paper is a rigorous procedure to fix UV boundary conditions based

on the asymptotic behavior of the D5-charge.

This paper is organized as follows. In section 2 we develop the machinery necessary to

calculate the uplift of the baryonic branch at the origin (mass of the scalar associated with

motion along the branch) for any SU(2)×SU(2)×Z2 perturbation of the KS background. In

section 3 we apply these results to calculate the uplift due to infinitesimally small gaugino

masses. In section 4 we calculate the uplift for (anti)D3-branes placed at the tip from both

open and closed string points of view and compare the results thus testing the linearized

solution describing the KPV state. We discuss our findings in section 5. Technical details

are delegated to the appendices.

2 Baryonic branch uplift

In this section we develop the machinery necessary to calculate the uplift of the baryonic

branch near the origin, due to arbitrary Z2-even perturbation.

2.1 Baryonic branch from supergravity

As we briefly mentioned in the introduction the KS solution is only one particular point

from the so-called BGMPZ family of supergravity solutions [15] which share the same

leading UV-asymptotic and hence correspond to different vacua of the same filed theory.

The vev U = 〈Û〉 of the bottom component of the baryonic U(1) current

Û = Tr(|A|2 − |B|2) , (2.1)

is usually chosen to be the parameter along the branch. The point U = 0 corresponds to the

KS solution. There is a Z2 symmetry acting as U → −U leaving the KS solution invariant

(the geometric meaning of this symmetry is discussed in [17]). From the supergravity point

of view infinitesimal motion along the branch near the origin U = 0 is associated with the

Z2-odd linear deformation of the KS solution that satisfies certain boundary conditions in

the UV. The corresponding supergravity mode z̃(τ) was first found by Gubser, Herzog and

Klebanov (GHK) in [13, 14]. It satisfies a Schrödinger-type equation in the radial direction

of the conifold τ

−z̃′′ + Vz̃(τ) z̃ = 0 . (2.2)

1This is more general than small perturbations (by various operators) of the dual theory as here we also

assume one can add small number of D-branes which, strictly speaking, change the dual field theory in a

non-continuous way.
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Zero eigenvalue in (2.2) is due to the fact that motion along the baryonic branch costs no

energy i.e. the branch is flat.

The particular form of Vz̃ in (2.2) (see section 2.3) leads to the following general solution

for z̃ in the UV region τ → ∞

z̃ = α(τ − τ0) + β , (2.3)

where α and β are some constants, and the constant τ0 is not physical as it always can be

absorbed into β. Taking into account that τ ∼ log r where r is the “AdS” radius of the

conifold we find that (2.3) is consistent with the dimension 2 of the operator Û = Tr(|A|2−
|B|2). Usually α would correspond to the coupling and β to the vev of Û . But in this

particular case these roles happen to be reversed: α is the vev and β is the coupling [13, 14].

Although this is somewhat unusual there is no contradiction with the AdS/CFT dictionary

because for the dimension 2 operator both interpretations are valid [18]. The asymptotic

of the GHK mode associated with the motion along the branch is z̃ ∼ (τ − 1) which means

the vev α ∼ U changes while the coupling β remains zero.

2.2 Boundary conditions: a puzzle and a resolution

What happens if we deform the KS background by introducing some small Z2-even pertur-

bation? Unless we are lucky this will result in the baryonic branch uplift i.e. a non-trivial

potential V (U) emerging along the branch

V (U) = V (0) +m2
UU

2 +O(U4) . (2.4)

The mass m2
U will appear as an eigenvalue in the equation (2.2) as a response to a new

effective potential Vz̃(τ). Below we will develop a machinery to calculate new Vz̃ for any

Z2-even perturbation of KS and hence the problem of calculating m2
U will reduce to some

trivial numerics.

Our logic is clear and seems to be completely infallible but in fact we will immediately

run into a puzzle if we consider D3-branes as a perturbation. One can be absolutely certain

that the D3-branes sitting anywhere on the conifold create a potential of the form (2.4)

with some non-zero m2
U [16]. At the same time direct calculation or reasoning based on the

particulars of the GHK geometry2 reveal that Vz̃ does not change and hence the same GHK

mode still solves the equation (2.2) with zero eigenvalue. The only possible interpretation

of this would be that D3-branes do not uplift the branch, at least at the lowest order in

2The deformed conifold, the geometry behind the KS solution, is Ricci-flat. In fact the metric of the

GHK perturbation is also Ricci-flat, as can be deduced from the constant dilaton of the GHK solution (also

see [19] for a detailed discussion). For such a background the supergravity equations factorize [20]: the only

remaining equation is one for the warp-factor h. Presence of D3-branes affects the warp-factor through the

equation ∇2δh =
∑

δD3. At the linear order in U the Z2-odd GHK perturbation of the unwarped metric

can not affect ∇2 because it is Z2-even. Hence the GHK background with the new warp-factor solves the

supergravity equations of motion in the presence of D3-branes up to quadratic order in U . Alternatively,

one can see that presence of D3-branes does not affect Vz̃ in (2.2) because the only part of the background

affected by the D3-branes is the warp-factor, but the explicit expression for Vz̃ (it is derived later in the

text) is warp-factor independent.
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U . This puzzling contradiction is something we have to resolve before turning to a more

complicated case of anti-D3-branes.

It is tempting to attribute the mismatch between the probe and SUGRA calculations

to a singular nature of the supergravity background whenever D3-brane are present. This

would certainly remove the puzzle but a detailed consideration shows that the suspected

singularity of δh is not invalidating supergravity-based calculation. Instead of providing a

detailed justification of this fact, let us instead sharpen the puzzle by considering another

confusing example when the supergravity background remains smooth and weakly curved.

Let us perturb the dual gauge theory by the infinitesimally small gaugino mass mλ2 by giv-

ing a non-zero value to the top component of the gauge coupling superfield τ = i
g2
+· · ·+θ2m

L =

∫

d2θ τ W 2
α . (2.5)

Here Wα is a chiral superfield. Presence of the top component in τ breaks supersymmetry,

but at the linear order in m holomorphy implies that the usual expression for the low-

energy superpotential still holds W ∼ eiτ . The resulting potential V =
∫

d2θW acquires

the following linear-in-m contribution (to derive this formula one can think of m as a vev

of some auxiliary chiral superfield)

δV = mΛ3 + c.c. (2.6)

The internal scale of the field theory Λ3 = 〈λ2〉 does not depend on the choice of vacuum

along the baryonic branch [16] and therefore (2.6) contributes to V (0) in (2.4), but not to

m2
U which remains zero at linear order in m. One can arrive at the same conclusion by

noticing that m has U(1)R charge −3 while m2
U is U(1)R invariant. Hence the only possible

dependence on m at linear level could be m2
U ∼ mΛ2/Λ∗+c.c. which is not allowed because

of the complex conjugate Λ∗ in the denominator.

In the discussion above we were sloppy and disregarded the fact that the dual gauge

theory has not one but two gauge groups and correspondingly two pairs of gauginos. But

exactly the same logic shows that m2
U can not depend on neither of two gaugino masses

mi, i = 1, 2.

What do we see on the supergravity side? Two linearized supergravity backgrounds

dual to the KS theory perturbed by the infinitesimal gaugino masses were explicitly found

in [4, 7, 21]. If we calculate new δVz we will see that it is non-zero and correspondingly

there is no reason to believe new (2.2) admits zero eigenvalue solution any more. The new

eigenvalue at linear order in mi is thus

m2
U = aimi , (2.7)

where ai are some numerical coefficients. One can clearly combine m1,m2 such that (2.7)

vanishes but in a general case the gaugino masses induce a non-vanishing uplift of the

baryonic branch. Thus we again run into a contradiction: the supergravity calculation

does not match the dual field theory analysis.

We believe by this point we have intrigued our reader enough. The situation seems

to be very puzzling: in one case the field theory suggests the uplift should be zero, but
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supergravity produces a non-vanishing answer. In the other case probe calculation gives a

non-zero result, but supergravity suggests the uplift is not there.

The resolution of the puzzle comes from a careful treatment of the boundary conditions

satisfied by the “wave-function” z̃ in (2.2). At first glance this sounds very surprising.

Indeed, in case of D3-branes we argued that exactly the same solution that solves (2.2)

without D3-branes will still solve (2.2) after D3-branes are added. Obviously the same

solution has the same boundary conditions. This makes a lot of sense: the boundary

condition for z̃ should always be the same — coupling β in (2.3) should remain zero while

vev α can vary. The subtlety we are missing is due to τ0 in (2.3) which can change what we

call β. In AdS/CFT the boundary conditions are to be formulated at a holographic screen

located at some large physical radius rcutoff which morally corresponds to some physical

UV cut-off in field theory. The radial variable τ at the same time is dimensionless, related

to r though the conifold deformation parameter ε

τ = log(r3/ε2) +O(r−1) . (2.8)

Since ε is the only dimensionful parameter of the solution, no dimensionless quantity can

depend on it and accordingly ε is commonly taken to be one. But this situation changes

if one considered two holographic backgrounds, the original and the perturbed one. Say,

we start with the KS background and put the holographic screen at rcutoff . Based on the

asymptotic behavior of z̃ at large r

z = α(log(r3/ε2)− 1) + β , (2.9)

where α and β are arbitrary parameters, and comparing with the known solutions describ-

ing baryonic branch [13–15] we conclude that

a :=
dz

d log r3

∣

∣

∣

∣

r=rcutoff

, (2.10)

is a vev, while

b := z(r)− a(log(r3/ε2)− 1)
∣

∣

r=rcutoff
, (2.11)

is a coupling of Û . Now, if we consider a slightly perturbed background with new ε we

still want to keep the same boundary conditions at the same radius rcutoff , namely (2.11)

to stay zero, while (2.10) can be arbitrary. As one can see the effect of changing ε will be

in shifting the definition of β.

Let us now return to the puzzling examples discussed above. The pure KS background

and the KS background with p D3-branes correspond holographically to different gauge

theories which have completely different (in fact totally unrelated) ε. But if p = ℓM for

some integer ℓ these two backgrounds describe two different vacua of the same theory in

which case the new and the old ε’s are related by [7, 16]

ε2M = ε2 e
2πℓ
M . (2.12)
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Based on this relation we conjecture that choosing

ε2p = ε2 e
2πp

M2 . (2.13)

in presence of any number p of D3-branes will define correct boundary conditions for

z̃ by identifying (2.10) with the vev and (2.11) with the coupling of Û (these formulae

implicitly define τ0). Let us emphasize: while (2.12) is a relation of deformation parameters

for two distinct solutions (which correspond to different vacua fo the same field theory)

and is proven to be correct, (2.13), together with (2.10) and (2.11) is a conjecture about

holographic dictionary for the z̃ mode. The test of the backreacted anti-D3-branes solution

advertised in the introduction should be understood as a check of this conjecture as well.

It becomes clear now why supergravity approximation did not “see” the mass m2
U in

case D3-branes were added. Indeed the same GHK mode with the same α, β, τ0 solves

the supergravity equations of motion. But since ε is different, for α, β to have the same

interpretation in terms of vev and coupling, τ0 should now change. Hence the same GHK

solution has different interpretation now: it corresponds to the mode with some non-trivial

vev U and some non-zero coupling of Û . This solution describes not only D3-branes but

also perturbation of theory by Û ! In fact there is another solution of (2.2) with the non-

zero eigenvalue m2
U and vanishing (2.11). This is the correct solution describing motion

along the baryonic branch when the only new ingredient is a stack of D3-branes.

The supergravity solutions describing infinitesimal perturbation of KS by gaugino

masses also have new value of ε. As a result to find corresponding eigenvalue m2
U one

has to solve (2.2) with the new potential Vz and the new boundary conditions, requir-

ing (2.11) to be zero. As we will show later a small miracle happens and the effect of the

new potential cancels against the effect of the new boundary conditions such that there is

a zero mode solution for any mi, confirming that m2
U remains zero, as expected.

2.3 The baryonic branch uplift from supergravity

Now we are ready to calculate the appropriate equation for the “wave-function” z̃ of the

U mode — the generalization of (2.2) for the more general backgrounds. First, we no-

tice there is only one Z2-odd linearized mode which has the appropriate UV asymptotic

corresponding to dimension 2 and correspondingly we have to find the equations describ-

ing fluctuation of this mode (and all other modes it couples to) in some abstract Z2-even

background. Such equations were derived in [22] for the Klebanov-Strassler background,

with the purpose of studying the mass spectrum of certain scalar glueballs. Here we will

generalize this result to a full Z2-even SU(2)×SU(2) symmetric ansatz (colloquially called

the PT-ansatz after Papadopoulos and Tseytlin [23]). The only equation we need here is

(the details can be found in appendix A):3

z̃′′ − Vz̃ z̃ = −m2

[

e−2(A+4p)z̃ +
3
√
6P

4
e−A−4p−x−Φ

2 (f ′e−y + k′ey)ω̃

]

, (2.14)

3A similar result was previously obtained by C. Ahn and T. Tesileanu.
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where Vz̃ is the following function of the PT scalars (in Einstein frame):

Vz̃ =
1

2
cosh(2y) +

1

2
e−4x

[

2e−12p − e4x + e2x−2y+Φ(e2y(2P − F ) + F )2
]

− 1

2
e−2(x+y)−Φ(f ′ + e2yk′)2 − 4(A′ + p′)2 + y′2 . (2.15)

Here m2 is the mass of the baryonic branch parameter U , it’s different from m2
U only by

some normalization factor.

Above we have introduced

z̃ = 4 z e2A+2p , ω̃ =

√
2

3P
√
3
σ′eA+10p+3x−Φ/2 , (2.16)

using the original GHK wave-functions z and σ′ from [13, 14, 22], also see (A.2), (A.8).

When restricted to the KS solution with ε taken to be one, Vz̃ reduces to

V KS
z̃ = 2 sinh2 y0 =

2

sinh2 τ
, (2.17)

and the massless equation is solved by the GHK mode

z̃0 = τ coth τ − 1 . (2.18)

To compute the mass for a general linear perturbation around the Klebanov-Strassler

background, we expand the potential Vz as

Vz̃ = V 0
z̃ + δVz̃ , (2.19)

and take V 0
z̃ = V KS

z̃ . We use the 0 subscript for the modes of the unperturbed solution.

Since the mass of the U mode vanishes at the zeroth-order, we don’t need to compute

linear fluctuations of the mode ω̃, and as a consequence the equation for z̃ decouples.

We begin by multiplying both sides of (2.14) by z̃0 and integrate from 0 to ∞:

∫

∞

0

[

z̃0z̃
′′ − V 0

z̃ z̃0z̃ − δVz̃ z̃
2
0

]

dτ = −m2κ0 , (2.20)

where κ0 is the coefficient of m2 in (2.14) evaluated at the zeroth-order:

κ0 =

∫

∞

0

[

e−2(A0+4p0)z̃20 +
3
√
6P

4
e−A0−4p0−x0(f ′

0e
−y0 + k′0e

y0)z̃0ω̃0

]

dτ . (2.21)

This constant can be evaluated numerically (see below). We observe that from (2.14) we

have at the zeroth-order
2

sinh2 τ
z̃0 = z̃′′0 , (2.22)

so we can integrate by parts the first two terms in the left-hand-side, to obtain

∫

∞

0

[

z̃0z̃
′′ − 2

sinh2 τ
z̃0z̃

]

dτ =

∫

∞

0

[

z̃0z̃
′′ − z̃′′0 z̃

]

dτ =
[

z̃0z̃
′ − z̃′0z̃

]

∞

0
. (2.23)
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Note that the UV asymptotic of the original wave-function (2.18) is z̃0 ∼ τ − 1, while for

the perturbed solution z̃ we allow for a general behavior

z̃ ∼ τ + δτ − 1 . (2.24)

Here the shift in τ coordinate δτ is the same as new τ0 = 1 − δτ . As we explained in

section 2.2 it is related to the shift in the deformation parameter of the conifold ε for the

given background in question. Noticing that the IR limit does not contribute we find

[

z̃0z̃
′ − z̃′0z̃

]

∞

0
= −δτ . (2.25)

The mass formula we obtain is thus:

δτ +

∫

∞

0
δVz̃ z̃

2
0 dτ = m2κ0 . (2.26)

We now discuss how to compute various quantities that enter the formula above. First,

we would like to determine the shift δτ , which is done by matching running of D5-charge

in the UV (compare with (2.3))

QD5(r) = aτ + b . (2.27)

The idea behind the calculation of δτ is the following. One requires that two solutions

which correspond to different states in the same theory have the same charge QD5 at some

large radius rcutoff .
4 Through τ = log(r3/ε2) change of ε introduces the shift τ → τ + δτ

which in turn should be compensated by the change of b [7]. In the notations introduced

in [4, 24] linear perturbation of the D5-charge at infinity is controlled by only one mode φ̃5

which approaches a constant at infinity

QD5(τ) ∼ P (τ − 1) + φ̃5(∞) . (2.28)

Hence equivalence of QD5(rcutoff) for two backgrounds (the original and the perturbed one)

takes the form

P (τcutoff − 1) = P (τcutoff + δτ − 1) + φ̃5(∞) . (2.29)

From here we get

δτ = − φ̃5(∞)

P
. (2.30)

So the shift in τ can be unambiguously computed for the solutions of interest, such as

perturbation by the gaugino masses, or backreaction of anti-D3-branes.

Second, we obtain the expression for κ0 numerically

κ0 =

∫

∞

0

[

h0
6

sinh2 τ

(cosh τ sinh τ − τ)2/3
z̃20 −

6P 2

sinh τ
(cosh τ sinh τ − τ)1/3z̃0ω̃0

]

≈ 171.583P 2 .

(2.31)

4Strictly speaking the KPV state described by backreaction of p anti-D3-branes is a state in SU(N +

M+(M −p))×SU(N+(M −p)) theory. Therefore to calculate δτ for that solution we would need to guess

which δτ is caused by adding M−p D3-branes to the KS background. This is exactly what we did in (2.13).
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Third, by expanding (2.15) up to linear order we find that δVz̃ can be expressed in

terms of the perturbation modes ξ̃a and φ̃a introduced in [24] as follows:

δVz̃ = 2 sinh(2y0) φ̃2 + e−4(A0+p0)

[

4 sinh y0 ξ̃2 +
2

3
e−6p0−2x0(2ξ̃1 + ξ̃3 + ξ̃4)

− 8 cosh y0(e
y0P − F0 sinh y0)ξ̃5 − 8 sinh y0(e

y0P − F0 sinh y0)ξ̃6

]

. (2.32)

This form is instrumental since we can now use the explicit numerical solution of [9] to eval-

uate the above expression. Given a particular perturbation of KS, formulae (2.30), (2.31),

and (2.32) allow us to compute the baryonic branch uplift (the mass of the particle as-

sociated with the motion along the branch). In the next section we will perform such a

calculation for various solutions of interest.

3 Gaugino mass perturbation

In this section we discuss the Klebanov-Strassler field theory perturbed by infinitesimally

small gaugino masses which softly break supersymmetry. As was mentioned before there

are two pairs of gauginos and hence two masses m1,m2. Therefore on gravity side we

expect two linearized solutions. One gravity solution of this kind was obtained in [21].

It corresponds to some (unspecified) linear combination of m1,m2. The second linearly

independent solution was obtained in [7, 9].

In what follows we use the notations of [9] for both solutions. Thus the two independent

parameters of the linearized gravity solutions are denoted by X2 and X7 that are related

to m1,m2 by an unspecified linear transformation. The supersymmetry breaking modes ξ̃a

of the solutions in question are known analytically

ξ̃1 = ξ̃3 = ξ̃4 = 0 , (3.1)

ξ̃2 =
X2

4
csch 3(τ)(sinh(2τ)− 2τ)2

− PX7

[

csch (τ) + τ
(

cosh(τ)− 2 coth(τ)csch (τ) + τcsch 3(τ)
)

]

,

ξ̃5 =
X2

P
− 3X7

2
,

ξ̃6 =
X2

P
τcsch (τ) +X7

[

−1

2
cosh(τ)− τcsch (τ)

]

,

ξ̃7 =
X2

P

[

τ coth(τ)− 1
]

csch (τ)

+X7

[

csch (τ)− τ coth(τ)csch (τ) +
1

2
sinh(τ)

]

,

ξ̃8 = −(X2 − PX7)
[

coth(τ)− τ − 2τcsch 2(τ) + τ2 coth(τ)csch 2(τ)
]

.

The solution of [21] corresponds to the subset X2 = PX7.
5 The modes φ̃a are given by

integral expressions which can be evaluated numerically. In the following we will need the

5The relation with the notation of [7] is: Xhere
2 = 2Xthere

2 , Xhere
7 = −2Xthere

7 .
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UV behavior of one particular mode φ̃5, which corresponds to first-order perturbation of

the PT scalar f and which enters in the UV behavior of D5 charge (2.28). From [9] we have

φ̃5 = φ̃5(∞) +O(r−1) , (3.2)

where (see for example eq. (93) of [9] with X1 = 0)

φ̃5(∞) ≈ −19.5477P (2X2 + PX7) . (3.3)

We also need the expression for the mode φ̃2 (perturbation of the metric mode y):

φ̃2 = − 32

sinh τ

∫

sinhu ξ̃2(u)

(coshu sinhu− u)2/3
du , (3.4)

for which we could not find an analytic expression. We now compute the relevant inte-

grals that enter the mass formula derived in the previous section. First we would need the

explicit expression for δVz̃. By plugging (3.1) into (2.32) we obtain

δVz̃ = −4 cosh τ

sinh2 τ
φ̃2 +

8P

sinh4 τ(cosh τ sinh τ − τ)2/3

[

24τ2 − 6 + 4 cosh(2τ) + 2 cosh(4τ)

− 26τ sinh(2τ) + τ sinh(4τ)
]

X7 −
192(cosh τ sinh τ − τ)4/3

sinh4 τ
X2 .

Next, we evaluate the integral from (2.26) numerically
∫

∞

0
δVz̃ z̃

2
0dτ ≈ −19.5477 (2X2 + PX7) . (3.5)

At this point we recognize that the result is precisely the value of φ̃5(∞)/P found in (3.3).

Thus we have checked numerically that a small miracle happens and the contribution of

δVz̃ cancels the contribution from the new boundary conditions leaving the baryonic branch

flat at the origin, in agreement with the field theory analysis

m2
U =

1

Pκ0
(Pδτ + φ̃5(∞)) = 0 . (3.6)

In fact the field theory suggests that the baryonic branch will remain flat at linear

order in mi everywhere along the branch, not only at the origin. That simply means

that every solution from the BGMPZ family should admit two linearized perturbations

which change leading UV boundary conditions only for relevant dimension 3 operators

(masses of gauginos). In other words linearized solutions found in [7, 9, 21] should exist

for any value of U . It would be very interesting to develop a technique similar to [24] to

systematically study linearized perturbations around any SUSY background and find the

linearized solutions dual to gaugino mass perturbations for any value of U explicitly.

Another interesting question is what happens with the baryonic branch beyond the

linear order in mi.
6 There is no reason to believe the branch will remain flat anymore as

one would expect contributions of the sort

m2
U ∼ |mi|2 +O(m3

i ) . (3.7)

6This question was raised by I. Klebanov.
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The sign of the emerging mass m2
U is not clear. If it is positive that would mean the locus

of the baryonic branch remains as a stable vacuum in the theory. Otherwise the theory

exhibits a run-away behavior. To understand in field theory which scenario would take place

is a difficult problem because of non-holomorphic nature of the |m2
i | term. At the same

time the answer can be obtained on the gravity side, by first constructing the background

dual to the gaugino mass perturbation beyond linear order (this can be done either in

perturbation theory in mi or numerically) and then using the machinery of section 2.3.

4 Uplift of baryonic branch by (anti)D3-branes

We now turn to the uplifting by D3 or anti-D3 branes. We first perform the computation

of the emergent mass in the closed string channel by applying the method described in the

previous sections. We then look at the same mass from the open string perspective, and

compare the results. For simplicity in this section we will set P = 1.

4.1 Uplift from supergravity

In this subsection we compute the mass m2
U (up to some universal coefficient), once D3 or

anti-D3 branes are added to the KS background.

We begin with the uplifting of the baryonic branch in the presence of mobile D3-branes.

While D3 branes are not BPS objects on the baryonic branch, they become BPS at the

origin U = 0. This greatly simplifies the mass formula (2.26), since as was advertised in

section 2.2, δVz̃ vanishes for a regular supersymmetric perturbation. The emergent mass

is then given simply by the shift in τ coordinate:

δτD3 = m2
D3κ0 . (4.1)

Using (2.8) and (2.13) the shift δτ can be easily calculated to be:

δτD3 =
π

8
p . (4.2)

Accordingly, the result for the mass m2
D3 at the linear order in p is

m2
D3 =

δτD3

κ0
≈ 0.00228868 p . (4.3)

We now turn to the uplift by anti-D3 branes. The solution corresponding to linearized

backreaction of anti-D3 branes on the Klebanov-Strassler geometry has been formally ob-

tained in terms of integrals in [4, 7] and was simplified and fully evaluated numerically

in [9]. In what follows we will rely heavily on the numerical results of [9]. More gener-

ally, we will compute the mass for almost general non-supersymmetric perturbation of the

deformed conifold, preserving the SU(2) × SU(2) × Z2 symmetries of the KS background.

Such perturbations are parametrized by integration constants denoted X1, . . . X8. We then

impose the anti-D3 boundary conditions discussed in [7, 9] to fix all the integration con-

stants in terms of the number p of anti-D3 branes and hence get the emergent mass in case

of perturbation by the anti-D3-branes.

– 12 –



J
H
E
P
1
1
(
2
0
1
4
)
0
3
4

We first need to evaluate the integral of δVz̃ in (2.26). The numerical procedure is

quite involved but straightforward yielding
∫

∞

0
δVz̃ z̃

2
0dτ ≈ −48.6843X1 − 39.0955X2 + 22.6041X4 − 11.9448X6 − 19.5477X7 . (4.4)

We are setting X3 = 0 since this integration constant corresponds to a highly divergent UV

perturbation not induced by (anti)D3-branes presence. Note that when X1 = X4 = X6 = 0

we recover the value for the gaugino mass solution (3.5). By enforcing the anti-D3 boundary

conditions described in eq. (74) of [9], we get the following result
∫

∞

0
δVz̃ z̃

2
0dτ ≈ 2.98167 p . (4.5)

We would also need the boundary term δτ , which is given by the value of the pertur-

bation mode φ̃5 at infinity. The general expression is found by expanding in the UV the

integral form of [9], which results in

φ5(∞) ≈ 64.9006X1−39.0955X2+16.525X4+0.213416X6−19.5477X7−36.4747X8 . (4.6)

For anti-D3-brane perturbation one finds:

φ̃5(∞) ≈ 2.21552 p . (4.7)

Combining all contributions together, we arrive at the final result for the anti-D3 branes:

δτ +

∫

∞

0
δVz̃ z̃

2
0dτ ≈ 0.766142 p . (4.8)

Eventually we find

m2
D3

≈ 0.00446514 p . (4.9)

The masses m2
D3,m

2
D3

we found from supergravity are related to m2
U defined in field

theory by a normalization coefficient which depends on the definition of Û . To get rid of

this dependence we can consider the ratio

m2
D3

m2
D3

≈ 0.512567 . (4.10)

In the next section, we will compute the same ratio using probe approximation for D3 and

anti-D3-branes.

4.2 Probe computation of the induced masses

Now we would like to repeat the calculation of mass m2
U in presence of D3 and anti-D3-

branes in the open string channel. This calculation consists of two parts. First part is to

calculate the potential along the baryonic branch V (U) emerging due to the presence of

the branes. At linear order in the number of branes this calculation is rather trivial and

was done in [16]. For p D3-branes the potential is (see (15.2) of [16])

VD3(U) = p
T3

γ

U2

e−Φ(0) + 1
, (4.11)
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where γ is some constant, while for p anti-D3 it is (see (14.10) of [16])

VD̄3(U) = p
T3

γ

U2

e−Φ(0) − 1
. (4.12)

Here Φ(0) is the U -dependent value of dilaton at the tip τ = 0.

Second part would be to calculate the kinetic term K(U) associated with the motion

along the baryonic branch (in other words K(U) is a metric on the moduli space ds2 =

K(U)dU2). At the zeroth order in p this calculation does not depend on p and only depends

on peculiarities of the BGMPZ solutions (or GHK mode for K(0)). Once K is known the

mass would be given by the usual m2
U = V ′′(0)/2K(0).

A general method of calculating K was put forward in [25–27]. It would be an inter-

esting exercise to calculate K(0) (and more generally K(U)) to match m2
D3,m

2
D3

found in

the previous subsection. In this paper we prefer to avoid calculating K by considering the

ratio m2
D3/m

2
D3

= V ′′

D3(0)/V
′′

D3
(0) which is K-independent.

Using the small U expansion for dilaton (see (13.14) of [16])

φ(τ = 0, U) = −2−11/3U2I(0) + λU4 +O(U6) (4.13)

(here I(0) ≈ 0.718050 is the value of the KS warp-factor at the tip and λ is some numerical

constant), the desired mass ratio can be found to be

m2
D3

m2
D3

=
225/3λ

I(0)2
− 1 . (4.14)

In order to calculate λ we need to express the dilaton at the tip in terms of U . A general

formula expressing the dilaton through other fields is given by (52) of [28]. Upon expanding

near τ = 0 one finds

e4Φ(0) = −72
(1− 2ξ)3

U3
. (4.15)

Here

ξ(U) =
1

2
+

U

4 22/3
− I0U

3

24 62/3
+

µ

2
U5 +O(U7) (4.16)

is an IR parameter that parametrizes solutions from the BGMPZ family (we apologize for

possible clash of notations with ξ̃a from section 3). Combining all together we arrive at

m2
D3

m2
D3

= µ
21/332/3384

I(0)2
− 7

3
. (4.17)

The unknown constant µ defined in (4.16) is to be calculated numerically. A detailed

account of this calculation can be found in the appendix B, while here we just state the

final result

µ ≈ 0.00219499 . (4.18)

With this value the desired mass ratio turns out to be

m2
D3

m2
D3

∣

∣

∣

∣

∣

probe

=

(

µ
21/332/3384

I(0)2
− 7

3

)

−1

≈ 0.512567 . (4.19)
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The result of the probe computation is in a full agreement with the supergravity

result (4.10). This confirms that our conjecture (2.13) together with the interpretation of

boundary conditions (2.10), (2.11) is correct. Furthermore this means the linearized mode

describing backreaction of anti-D3-branes on the conifold (gravity background dual to the

KPV state) passes this comprehensive test with the flying colors.

5 Discussion

In this paper we calculated the uplift of the baryonic branch (the mass of the scalar asso-

ciated with the motion along the baryonic branch) in case the KS background is modified

by some Z2-even perturbation. Some of our results hold for perturbation of any magni-

tude, but we mostly focus on linear effects due to infinitesimally small gaugino masses and

presence of D3 or anti-D3-branes. In case of gaugino masses we found, in agreement with

the field theory expectation, that the baryonic branch remains flat i.e. the corresponding

scalar is massless. An interesting question for the future would be to understand what

happens with the baryonic branch beyond the linear order in gaugino masses.

The rest of the paper deals with the baryonic branch uplift whenever D3 or anti-D3-

branes are present. The latter case is very interesting because it provides a way to probe

recently found linearized solution describing backreaction of anti-D3-branes placed at the

tip of the deformed conifold. Our calculation shows that this solution passes an elaborate

test and reproduces the emergent mass calculated using probe approximation precisely.

This is a very encouraging confirmation that the boundary conditions and the resulting

linearized solution formulated and found in [4, 7, 9] is correct.

Now we would like to discuss what this means for the status of this solution, in par-

ticular if our finding provides any new evidence proving existence of the meta-stable KPV

state or reliability of the dS compactification scenario of String Theory.

First of all we would like to emphasize that the original argument of [2] concerns the

regime gsp ≪ 1 i.e. when the number of anti-D3-branes p is small. A more subtle question

is if the meta-stability continues for gsp ≫ 1 while p ≪ M and if the corresponding state

admits a dual supergravity description. A number of arguments based on the standard

curvature estimate R4 ∼ (gsp)α
′2 and comparison with the related case of Polchinski

and Strassler [29] suggest that there should be such a supergravity background, but the

necessary complexity of the corresponding solution (in particular angular dependence)

has hampered all attempts to construct it so far. Moreover, in an effort to bypass this

complexity, a search for a KPV-like polarization channel for the fully backreacted but

smeared anti-D3 solution has been recently performed in [30] albeit with negative results.

Another issue regarding the smeared solution which has been recently investigated is the

presence of singularities in three-form fluxes.7

Unfortunately our analysis can not contribute in a definite way to the problem of

existence of the self-consistent fully nonlinear holographic background dual to the KPV

state when gsp ≫ 1 and p ≪ M . The reason is the linear nature of the tested solution.

This should be understood in the following way. Let us consider for example, a field

7See for example [31–34] for an account of the vivid debate on the interpretation of such singularities.
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theoretic configuration describing a dense star. So far the star has not collapsed into a black

hole the density of matter is finite everywhere and one expects to find a smooth classical

configuration of fields (including gravity) describing it. There is no need to introduce

any singularity, like the one in the center of the Schwarzschild solution, which strictly

speaking make sense only in quantum gravity. However at the linear level one oversees the

interaction (gravitational and all other) of the matter forming the star and hence know

nothing about its spatial distribution. Looking from afar, all matter sits in the same point

and the resulting Newtonian (electrical etc.) potential ϕ = GMstar/r is clearly singular.

But certainly this is not a sign of any inconsistency. Moreover linear solution correctly

describes leading interaction between the star and other objects. At the same time correct

linear solution obviously does not guarantee that the matter composing the star is capable

of resisting the gravitational collapse and that the corresponding smooth field configuration

exists. This can only be checked if one goes into full non-linear regime and either finds the

corresponding smooth solution or shows that is not possible.

The case of anti-D3-branes is very similar. In this paper we checked that the linear so-

lution is indeed correct, but that is simply not enough to say anything about full non-linear

regime. Moreover the case of backreacting anti-D3-branes is more complicated than the

collapsing star (which is spherically symmetric) because it is expected to break geometrical

symmetries of the problem due to emerging special S2 with NS5-brane wrapped around it.
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A Derivation of Vz̃

We derive the equation of motion (2.14) for the mode z̃ by following the procedure of [22],

namely by linearizing ten dimensional Einstein equations. Instead of giving full details of

this derivation, we show here a quick way, mentioned in [13, 14], to derive the potential Vz̃

in (2.15) from the one-dimensional effective action of Papadopoulos and Tseytlin (PT) [23].

The metric of the ansatz is

ds210 = e2A+2p−xds21,3+e−6p−xdτ2+(ex+g+a2ex−g)(e21+e22)+ex−g(ǫ̃21+ǫ̃22)+e−6p−xǫ̃23 . (A.1)
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This metric preserves the Z2 symmetry which interchanges the two S2s only if eg+a2e−g =

e−g. Since we are interested in an expansion around the Z2 symmetric solution we define

eg =
1

cosh y − cz
, (A.2)

a =
sinh y

cosh y − cz
, (A.3)

where c is a Z2-breaking parameter. Next, we derive an effective action for z at the c2 order.

We note that the field χ enters only through its derivative, so we eliminate it using the EOM

χ′ = e−yz(f ′ + e2yk′) . (A.4)

The effective action then takes the form

Lz =
z2e4A−8p−4x−2y−Φ

4(1 + e2y)2

[

2e2(6p+x+y+Φ)(e4y − 1)PF + e2(6p+x)(e2y + 1)f ′2

+ e2(6p+x+y)(e2y + 1)2f ′k′ + e2(6p+x+2y)+2y(e2y + 1)k′2

− e2y+Φ
(

2(e2y+1)(1+e2y−2e6p+2x+y+2e12p+2x+2y+ΦP 2)+e4(3p+x)(e2y−1)2y′2
)

]

− 1

4
e4A+4pz′

(

z′ − 2zy′ tanh y
)

. (A.5)

Now we define

z̃ = 4ze2A+2p , (A.6)

so that the equation of motion for z̃ derived from (A.5) is

z̃′′ − Vz̃ z̃ = 0 , (A.7)

with Vz̃ given by (2.15). One can check that this equation agrees with the one obtained

from Einstein equations when m2 = 0. To get the full equation (2.14) when m2 6= 0 one

needs to generalize the PT Ansatz by allowing dependence of all fields on the external

coordinates and adding a linear perturbation:

δB2 = (χ− σ)dg5 − σ′dτ ∧ g5 , (A.8)

and then solving directly the equations of motion, following the procedure in [22].

B Particulars of numerical integration

In this section we describe the numerical procedure we used to compute the parameter µ

in (4.16). We use a shooting technique to numerically evaluate two particular modes of the

BGMPZ family of solutions, a(τ) and v(τ) = e6p+2x. They are determined by a coupled

system of ODEs [15]:

a′ = −a sinh τ(τ + a sinh τ)

τ cosh τ − sinh τ
− 1

v

[

√

−1− a2 − 2a cosh τ(1 + a cosh τ)csch τ
]

, (B.1)
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v′ = − 3a sinh τ√
−1− a2 − 2a cosh τ

+ v
[

− a2 cosh3 τ + 2aτ coth τ + a cosh2 τ(2− 4τ coth τ) + τcsch τ

+ cosh τ(1 + 2a2 − (2 + a2)τ coth τ)
]

/
[

(1 + a2 + 2a cosh τ)(τ cosh τ − sinh τ)
]

.

Since it is much easer to get perturbative series expansion in the IR rather than in the

UV, we start by computing Taylor series for the functions a(τ) and v(τ) for small τ , up

to a large number of terms, by solving the system (B.1). The coefficients are polynomial

functions of the parameter ξ:

a(τ, ξ) = −1 +
l⋆
∑

l=1

al(ξ)τ
l +O(τ l

⋆+1) , v(τ, ξ) =
l⋆
∑

l=1

vl(ξ)τ
l +O(τ l

⋆+1) . (B.2)

We can easily compute the series for up to l⋆ = 30; the first terms being

a(τ) = −1 + ξτ2 +
1

60
(−3 + 29ξ − 114ξ2 + 36ξ3)τ4 +O(τ6) , (B.3)

v(τ) = t+
1

120
(5− 84ξ + 84ξ2)τ3 +O(τ5) .

These series approximate the functions a(τ) and v(τ) with an extremely high precision in

the IR. Next, we choose a particular value of ξ close to ξ = 1/2 (that corresponds to U = 0),

which we call ξ⋆ and we calculate a(τIR) and v(τIR) for some particular τIR using (B.2).

The value of τIR is chosen such that τIR is sufficiently smaller than 1 and series (B.2)

converges rapidly. For example τIR = 1/10. The values of a, v at τIR are used as boundary

conditions to numerically evaluate with Mathematica NDSolve the ODEs (B.1) from τIR
to a point τUV in the moderate UV region. Lastly, we need to determine the value of U

from the UV series of a(τ). By solving (B.1) we get UV series up to sixth-order. The first

terms are given below

a(τ) = −2e−τ + Ue−5τ/3(−1 + τ)− 1

2
U2e−7τ/3(−1 + τ)2 +O(e−3τ ) , (B.4)

v(τ) =
3

2
+

9

16
U2e−4τ/3(6− 4τ + τ2) + e−2τ (c− 6τ) +O(e−8τ/3) .

The constant c which first enters at order e−2τ in the expansion of v should be thought as

a function of U . With these UV expansions we numerically find U⋆, associated with ξ⋆, by

matching the series with the result of NDSolve in τUV . Finally using the expansion (4.16)

we determine µ though

ξ⋆ =
1

2
+

U⋆

4 22/3
− I0(U

⋆)3

24 62/3
+

µ

2
(U⋆)5 + . . . (B.5)

Using different values of ξ⋆ =
(

1
2 − 5 · 10−4 ; 12 − 10−4

)

and playing with the value of τUV =

15, 20 and τIR = 1/10 we find µ ≈ 0.00219499(4), with the precision of about 10−6.
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