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ABSTRACT: The eikonal operator was originally introduced to describe the effect of tidal ex-
citations on higher-genus elastic string amplitudes at high energy. In this paper we provide
a precise interpretation for this operator through the explicit tree-level calculation of generic
inelastic transitions between closed strings as they scatter off a stack of parallel Dp-branes.
We perform this analysis both in the light-cone gauge, using the Green-Schwarz vertex, and
in the covariant formalism, using the Reggeon vertex operator. We also present a detailed
discussion of the high-energy behaviour of the covariant string amplitudes, showing how
to take into account the energy factors that enhance the contribution of the longitudinally
polarized massive states in a simple way.
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1 Introduction

Since about 25 years transplanckian-energy gravitational scattering has been the target of
numerous investigations. The original thrust was focused on the scattering among point-
like particles [1, 2] or light strings [3] (see also [4]). One of its main goals was to understand
how an effective curved geometry originates from studying collisions in flat D-dimensional
space-time. A more ambitious aim was to find out whether and how unitarity of the
S-matrix is preserved in all regimes within a consistent quantum-gravity framework.
Indeed, at sufficiently high energy and at any finite order in perturbation theory,
(partial-wave) unitarity bounds are already violated even at large impact parameters. This



problem was neatly solved [2, 3] by an all-loop resummation of the leading high-energy
contributions: in the point particle case these exponentiate (in impact parameter space)
leading to an elastic-unitarity-preserving eikonal S-matrix at leading order in the small
parameter G'p/sb3~P, where D is the number of non-compact space-time dimensions and
G p is the Newton constant in D dimensions

S(E,b) =1+ 2id(s,b) + - - - — exp (2id(s, b)) , 8(s,b) ~h 1Gpsb*P . (1.1)
This small parameter controls the typical gravitational deflection angle, § ~ (R,/b)P—3 .1
In the case of string-string collisions the above c-number factorization and exponentiation
fail below a certain impact parameter bp > I = v/2a/h. 2 They can only be recovered [3, 5]
at the price of promoting the conventional eikonal phase to an eikonal operator

2T 2T
5(s,b) — 6(5,b) ~ / / %? L8(s,b+ Xy(ou, 7 =0) — Xylog, 7 =0)):, (1.2)
0 0 ™ s

where X, (0, 7) and X,(o,7) are independent free bosonic fields in two dimensions contain-
ing only oscillation modes. The intuitive meaning of this operator [3, 5] is that the gravitons
responsible for the transplanckian scattering are exchanged between two arbitrary points
on the two colliding strings at a Lorentz contracted instant 7 = 0. More physically [6], the
eikonal operator should ensure inelastic unitarity in the regime in which tidal forces induce
substantial excitations of the incoming strings. However, in order to fully understand how
unitarity works, and the precise microscopic nature of the transitions induced by such tidal
forces, it would be necessary to consider, at tree level, the individual inelastic transitions
whose shadow is collectively taken into account by the elastic loop amplitudes. This issue
will be one of the main objectives of this paper, although we will discuss it explicitly not
in the context of string-string collisions but in the slightly different context of string-brane
collisions that we shall illustrate in a moment.

Understanding how unitarity is preserved at arbitrary impact parameter in string-
string collisions has proven to be a much more difficult task. Nice progress was made [5, 7, 8]
in the so-called stringy regime (Is > Rg,b) in which one does not expect black-hole forma-
tion to occur. In the opposite regime (Rs > [, b), in which black-hole formation is expected
to occur on the basis of classical collapse criteria [9-12], only a crude approximation was at-
tempted [13]. While this approximation could reproduce semi-quantitatively the expected
critical points for gravitational collapse [13-16], it has failed, so far [17, 18], to explain how
unitarity is preserved beyond such critical points (i.e. in the supposed collapse regime).

In order to address such questions in an easier context we have recently turned our
attention [19] to the collision of a light closed string off a stack of NV parallel Dp-branes (at
large N and small string coupling), where the effective metric, rather than being produced
by the collision itself, should be, up to possible corrections, the known classical one gen-
erated by the branes. When the volume of the branes is compactified on a p-dimensional

D—1
_ 8nI’ G s . . . . . .
'Here RP—3 = (272,?[ is the Schwarzschild radius for a mass /s in D non-compact dimensions.
(D—2)7" 2

?We use units in which ¢ = 1 and, in the following sections, we shall also set & = 1 thus identifying 2
with 2a’.




torus, one obtains a point-like 1/2-BPS object in 9—p non-compact spatial dimensions with
a mass proportional to the Dp-brane tension and thus very large at weak string coupling.
The study of the high-energy scattering of a fundamental string on this kind of target,
although it does not represent a standard black hole with a macroscopic horizon, is non
trivial and the construction of an explicitly unitary string S-matrix very interesting. The
S-matrix does in fact allow to test the regime of validity of the classical gravity solution
as an effective description of the Dp-branes and to explore the small b regime in which the
energy of the incoming string should dissipate through the creation of many open string
excitations on the branes.

With these motivations in mind, in [19] we have computed the high-energy (Regge)
limit of the elastic scattering of a massless closed string state, belonging to the NS-NS
sector of type II string theory, on a maximally supersymmetric Dp-brane system. It turns
out that also in this case the tree-level amplitude, the disk diagram, diverges with the
energy of the incoming string violating unitarity at sufficiently high energy. Neglecting
string-size effects unitarity is again recovered by summing the contributions to the elastic
amplitude coming from surfaces with any number of boundaries. The sum of these terms
exponentiates into a phase, as in the previous case of a string-string collision,

, , Eb (R,\?
S(E,b) =1+ 2i6(s,b) + -+ — exp (2i0(s, b)) , 6(s,b) ~ — (b) , (1.3)
where R;fp ~ gN 1777 is the characteristic scale of the geometry produced by the branes.
Taking into account string size effects, the eikonal phase becomes once more an eikonal
operator which contains the bosonic oscillators of the superstring corresponding to the 8 —p
directions transverse to the world-volume of the Dp-brane and to the momentum of the
fast-moving string

. 27
S(s,b) = e2olsb) 5(s,b) = / g—i :0(s,b+ X (0,7 =0)): . (1.4)
0

All calculations are done in flat Minkowski space-time with suitable conditions imposed on
the closed strings by the presence of the Dp-branes, but the final results show the curved
space structure generated by the presence of the Dp-branes. In particular, in the zero-
slope limit o/ — 0 one reproduces the eikonal computed with a curved space formalism in
field theory.

Present derivations of the eikonal operator are somewhat indirect in that the existence
and nature of such an operator is argued on the basis of the imaginary part of a higher-loop
elastic amplitude which, in principle, only provides some inclusive sum over intermediate
excited string states, rather than a precise microscopic description of each produced string.
In previous work the eikonal operator was indeed mainly used to study the absorption of
the elastic channel due to the excitation of the massive modes of the string and to identify
the average excitation mass [5]. To this aim all that is required is the algebra satisfied by
the modes of the bosonic fields X.

The information on the high-energy string dynamics encoded in the eikonal operator
is by far more detailed. Its matrix elements give in fact the asymptotic behaviour at high



energy of the transition amplitudes between four (in the case of a string-string collision) or
two (in the case of a string-brane collision) arbitrary string states, resumming to all orders
the perturbative series. For the evaluation of these matrix elements it is necessary to give
a precise definition of the eikonal operator by specifying the Hilbert space on which it acts,
an issue that has never been clarified in the previous literature on the subject.

Although the eikonal operator is the result of an all-loop resummation, to complete
its definition it is enough to consider string amplitudes at tree level. To identify the
correct Hilbert space it is in fact sufficient to study the eikonal phase, the operator 5 (s,b),
which gives the asymptotic behaviour at high energy of the tree-level two-point (four-point)
amplitudes between arbitrary string states. In this paper we will present two independent
derivations of the eikonal phase, one in the light-cone gauge and the other fully covariant,
thus giving a precise meaning to the operators X in eqs. (1.2) and (1.4).

We will first derive 3(3, b) by quantizing the string in a light-cone gauge adapted to
the kinematics of the high-energy scattering, that is with the spatial direction of the light-
cone chosen along the direction of the large momentum. This derivation is based on the
Green-Schwarz three-string vertex and shows that the free fields X can be identified with
the transverse string coordinates in the light-cone gauge.

That the eikonal operator can be interpreted as acting on the space of the physical
states of the string quantized in a specific light-cone gauge is of course not unexpected.
It is quite natural given the kinematics of the high-energy scattering in the Regge limit,
which is characterized by the presence of one privileged direction of large momentum, and
it is also clearly suggested by the original papers [3, 5]. Moreover both the eikonal operator
for string-string collisions and for string-brane collisions can be derived (at large impact
parameters and to first order in the string corrections, i.e. in I2/b?) by quantizing in the
light-cone gauge the string sigma-model for an effective curved background. In the first
case, [20-22] the relevant background is the Aichelburg-Sex] metric [23], the shock-wave
generated in first approximation by one of the two colliding strings, in the second case [19]
it is the Penrose limit of the extremal p-brane solutions of Type II supergravity.

Once the Hilbert space has been identified, one can proceed to consider the implications
of the eikonal operator for the high-energy string dynamics. The simple way in which the
dependence on the string coordinates X enters in 8 (s,b), as a shift of the impact parameter,
and the absence of the worldsheet fermions ¢ lead to interesting selection rules for the
possible transitions. The class of states that can be reached from any given initial state
in a high-energy collision can be readily identified. The form of the inelastic amplitudes,
which can only involve the external polarizations and the momentum transferred, is also
very constrained. Since the matrix elements are evaluated in the light-cone gauge, the
initial and final state of a transition as well as the tensors that appear in the amplitudes
derived from the eikonal operator are characterized only by their transformation properties
with respect to the transverse SO(8) group.

The natural question then arises about what is the covariant dynamics responsible for
the simple properties of the eikonal operator in the light-cone gauge. This represents the
other main topic of our paper. To answer this question one needs to recall that in the
Regge limit the string amplitudes are dominated by the exchange in the ¢t-channel of the



states of the leading Regge trajectory, which carry, for a given mass, the highest spin. The
effect of the exchange of the whole leading Regge trajectory can be summarized by the
exchange of a single effective string state, the Reggeon® [24-26]. The covariant dynamics
captured by the eikonal operator is precisely the exponentiation of the Reggeon exchange
at tree level.

The Reggeon vertex operator considerably simplifies the derivation of the Regge limit of
the covariant string amplitudes and gives their high-energy behaviour directly in a neat and
factorized form. For instance a four-point function reduces to the product of the Reggeon
propagator and the three-point couplings of the external states to the Reggeon. Similarly
a two-point function in the Dp-brane background reduces to the product of the Reggeon
tadpole and the holomorphic and antiholomorphic part of the three-point couplings of the
external states to the Reggeon.

This very specific factorization in the ¢-channel, which isolates a single coupling to a
process-independent intermediate state, is the first major simplification that occurs in the
covariant dynamics. The covariant equivalent of the selection rules and of the high-energy
amplitudes given by the eikonal operator in the light-cone gauge are then to be found in
the properties of the three-point couplings of the covariant states to the Reggeon.

The form of these couplings is restricted to be a contraction of the polarization tensors
with the metric, the momentum transfer and the longitudinal polarization vectors of the
massive states. The longitudinal polarization vectors appear in the asymptotic behaviour
at high energy since their components increase with the energy of the massive state (as
in the well-known problem of unitarity-violating amplitudes in the standard model in the
absence of or for a very heavy Higgs boson). It is of course essential in order to derive the
correct high-energy behaviour of a string amplitude which involves massive states to take
the factors of the energy carried by the longitudinal polarizations into proper account.

We will review the derivation of the Reggeon vertex and present a detailed discussion
of the evaluation of string amplitudes with massive states in the high-energy limit. The
structure of these amplitudes is interesting on its own and may help to clarify the dynamics
of the massive string spectrum, whose typical states transform as traceless irreducible
tensors of mixed symmetry, the generic representations of the Lorentz group.

The Reggeon vertex will allow us to provide a very simple and fully covariant deriva-
tion of the eikonal phase. To achieve this we will choose a basis of physical states adapted
to the kinematics of the high-energy scattering, the basis of the DDF operators [27]. Al-
though only the SO(8) symmetry group of the space transverse to the collision axis is
manifestly realized in this basis, it has the advantage that all the physical states can be
easily enumerated and their couplings to the Reggeon become elementary. We will show
that when expressed in this basis the tree-level scattering matrix in the Regge limit can
be written in a compact operator form which coincides with the operator 5(8,()). This
covariant derivation of the eikonal phase thus leads to the identification of the modes of
the free fields X in eqs. (1.2) and (1.4) with the bosonic DDF operators.

3We refer to this effective string state and to the corresponding vertex operator as the Reggeon, since it
describes the high-energy dynamics in the Regge limit [24, 25]. It is also called the Pomeron, especially in
the context of the string/gauge duality [26].



The two interpretations of the eikonal operator presented in this paper, either as an
operator written in the light-cone gauge or as a covariant operator written in terms of
the DDF basis, are of course connected since there is a direct correspondence between the
DDF operators of the covariant string and the physical states in the light-cone gauge. The
simple matrix elements of the eikonal phase as an operator in the light-cone gauge are
indeed precisely the simple couplings of the DDF operators to the Reggeon.

It is interesting to understand in more detail the link between the matrix elements
of the eikonal phase and the scattering amplitudes written in the basis of the covariant
string states. The former contain only tensors with well-defined transformation properties
with respect to the SO(8) symmetry group of the transverse directions while the latter are
expressed in terms of ten-dimensional tensors and of physical polarizations characterized
by their transformation properties with respect to the little group SO(9). The first step to
relate the covariant amplitudes with the matrix elements of the eikonal operator is clearly
to decompose the covariant tensors with respect to the transverse SO(8). Each covariant
amplitude thus gives rise to several subamplitudes labeled by representations of SO(8) and
expressed in terms of tensors living in the space transverse to the collision axis.

The restricted number of linearly independent amplitudes allowed at high energy re-
sults in the decoupling of a large number of covariant states. At every mass level, for a
given SO(8) representation one can find the linear combinations of SO(8) components of
the covariant states that do not couple to the Reggeon and the linear combinations which
are produced with a specific form of the amplitude. We will show that, once written in
this high-energy basis, the covariant amplitudes precisely match the matrix elements of the
eikonal phase.

The discussion in this paper will be based on the string-brane system but the analysis
for the case of string-string collisions would be very similar. Our main examples will thus
be two-point inelastic disk amplitudes involving massive strings. In most cases we will
consider explicitly only transitions from an initial massless state.

A comparison between disk amplitudes and matrix elements of the eikonal operator
was attempted in two interesting previous papers [28, 29| for the states of the leading
Regge trajectory. The results obtained in these works for the Regge limit of the scattering
amplitudes are however correct only when the non-vanishing components of the polarization
tensors are restricted to the transverse directions, since the energy factors that enhance
the contribution of the longitudinal polarizations were not taken into account.

The rest of the paper is organized as follows. Section 2 is devoted to the kinematics of
the high-energy scattering of a string on a collection of N Dp-branes. In section 3 we show
how the operator b (s,b) can be derived by a systematic study of the transition amplitudes
at tree level in the light-cone GS formalism, provided the light-cone direction is judiciously
chosen. We also anticipate that the result can be rewritten in a covariant form using the
bosonic DDF operators. In section 4 we analyse in detail the structure of the inelastic
amplitudes implied by the light-cone eikonal phase, illustrating the general case with the
transitions from the massless NS-NS sector to the first two massive levels of the superstring.

In section 5 we turn to a fully covariant derivation of the transition amplitudes in
the Regge limit. We begin with a review of the Reggeon vertex, where we emphasize the



importance of taking into account the longitudinal polarizations when counting the powers
of the energy and describe the essential steps necessary to evaluate the high-energy limit
of the massive string amplitudes. We then explicitly derive the Regge limit of the inelastic
amplitudes from the massless NS-NS sector to the first two massive levels of the superstring.
Finally we discuss our covariant derivation of the eikonal phase, which exploits the simple
couplings of the DDF operators to the Reggeon.

We give in this section a complete and detailed description of the transitions to the
second massive level for two main reasons. The first is that it is at this level that the
first examples of holomorphic string states transforming as tensors of mixed symmetry
appear. The dynamics of these states, which are generic in the string spectrum, has not
been explored much in the past, although they may provide some useful lessons on the
symmetries of string theory and on the consistent interactions of fields of higher spin
(for more details and references see for instance [30]). The second reason is that these
amplitudes neatly display all the important features of the relation between the covariant
and the light-cone calculations.

This is the subject of section 6, which is devoted to the comparison between the
scattering amplitudes with covariant external states and the matrix elements of the eikonal
phase. We shall proceed in both directions. To relate the covariant amplitudes with the
matrix elements of the eikonal phase it is sufficient to decompose the covariant tensors with
respect to the transverse SO(8) and to perform a change of basis to a high-energy basis
of states, characterized by their couplings to the Reggeon. To relate the matrix elements
of the eikonal phase with the covariant amplitudes, it is sufficient to identify the linear
combination of covariant states that corresponds to a given light-cone state. This problem
is well-known and is usually addressed by studying the action of the generators of the
full Lorentz group on the light-cone states. We shall address it using the DDF operators
which make the connection between the light-cone and the covariant states somewhat more
transparent. In section 7 we summarize our results and draw our main conclusions.

Some additional details can be found in a few appendices. In appendix A we state our
conventions for describing the physical states of the RNS superstring in the old covariant
quantization. In appendix B we collect some formulae for the kinematics of the high energy
string-brane scattering in a convenient reference frame. In appendix C we review the DDF
operators and discuss their main properties. In appendix D we discuss some properties of
the polarization tensors of the massive states, in particular of those of mixed symmetry,
and give the explicit expressions for the decomposition of the polarizations of the covariant
states in the second massive level with respect to the transverse SO(8).

2 Kinematics of the eikonal scattering

The process that we will analyse in this paper is the scattering of a perturbative closed
string state (the probe) from a stack of Dp-branes (the target) at high energy E and fixed
momentum transfer ¢. In this section we then begin by discussing the kinematics which is
relevant for a string-brane collision.



The Dp-branes are static and aligned along the first p space-like directions. We indicate
the (incoming) momenta of the two states by the SO(1,9) vectors pi' (r = 1,2), with
p? = —m?2, and their spatial part by p, (without loss of generality we assume p, to be
orthogonal to the Dp-branes). We also set p, = p,./|p;|. The Regge limit we are interested
in corresponds to taking the energies of the two closed strings very large while keeping the
momentum transfer ¢ = p; + po fixed and typically small (corresponding to a large impact
parameter for the collision?).

The identification of the left and right moving parts of the closed strings absorbed or
emitted by the Dp-brane is described by a diagonal matrix R,

RE, =6, puv=0,...,p, Rt =6, prv=p+1,...,9. (2.1)
The two kinematic (Mandelstam-like) invariants characterizing this process can be chosen
as follows
1 1
t=—(p1+p2)?, § = —1(p1+Rp1)2 = —1(P2+Rp2)2 =E?, (2.2)

where in the second equation we used momentum conservation along the Neumann direc-
tions and E > 0 will denote, hereafter, the common energy of the incoming and outgoing
closed string. Scalar products among the external momenta and the reflection matrix can
be expressed in terms of the variables s, t and the masses of the external states

2p1pa = —t—l—m%—l—m%, prRp, = —2s+m3, 2p1 Rpy = 4s+t—mf —m% . (2.3)

The physical polarizations of a massive string state can be described by introducing a
basis of nine space-like polarization vectors. For a massive state with a non-zero space-like
momentum p, we first define the longitudinal polarization vector v,

. E,. py | oy B
Mgy Beopr g Br o vpr =0, =1,  (24)

o= o
" | | |pr| My my my

where £ is the unit vector in the time direction.? The remaining physical polarizations are
given by eight unit vectors transverse both to p, and to v,.

Since at high energy the longitudinal polarizations of the massive states play a special
role, in the following sections we will express the covariant amplitudes in terms of the
basis of physical polarizations that can be attached, in the way just described, to each
state taking part in the scattering process. In order to do this it is sufficient to decompose
every tensor contracted with the polarization of one of the external states along the basis
of physical polarizations pertaining to that state. For instance, when the momentum gq
transferred to the Dp-branes is contracted with the polarization of the second external
state, one can use the decomposition

qupp+pp:E(t+m§—m%)Up t+m§—m§pp
1 2 9y %EQ—mg 2 2m§ 2

4We recall from [3, 5] that, in eikonal approximation, the typical transverse momentum carried by an

+q”, (2.5)

individual graviton is of order hb~', the overall momentum transfer in the collision ¢ ~ §E being shared
among many gravitons.
5Some additional formulae for the kinematics in a convenient reference frame are collected in appendix B.



where ¢ is perpendicular to both vo and po. Notice that the difference between ¢ and ¢ is

small, (¢ — q)> ~ t/s as it can been seen by using (2.4) and (2.5). We define q9 = ¢ — G,

since in the frame introduced in appendix B this vector is aligned with the ninth direction.
Similar decompositions hold for the Minkowski metric n and the reflection matrix R

p o 8 P
Do Do AP Ao PO __ Py P2 ~pO
PO — e T4 WS vEvd = £ =2 P 2.6
n m2m2+z 7 z+ 292 m2m2+77 ) ( )
2E% —m3 [ ph p3
RFP =" 22272 4 hyg ) + WH WS 2.7
o2 (B g Z Z (27)
8
2E/E2 —m? P o
_ Z Woe — B Pr oy o P2 ’
i=p+1 m3 m2 m2
where w;, with ¢ = 1,...,8, is a set of unit vectors spanning the space perpendicular to p

and wve, while 7 is the metric in the space transverse to pa.
Our main example in this paper will be the inelastic process where a massless string
state of momentum p; is excited by the tidal forces of the Dp-brane® gravitational field

and emerges as a massive string state of momentum po, with p% = —m?2. Setting vy = v,
m1 = 0 and mgs = m, the high-energy limit of (2.5) reads
m t t+m?
G=g— —v 14— |- """ O(1/E> 2.8
7=q 2v<+m2) 5o P2+ O/E), (2.8)

and from (2.7) we have

+R n+R _E? EVE? —m?
p2n 5 = —pl 5 b2 + B— (2.9)

The polarizations of the massless state can be written in terms of vectors € that satisfy

both a transversality and a light-cone gauge constraint
expr = eret =0, Ek=1...8. (2.10)

At high energy it is natural to identify the light-cone vectors with the large components
of the external momenta in the frame where the D-branes are at rest, thus connecting the
gauge choice with physical quantities in the problem. We then define the light-cone vectors

as follows
3 i I2) + 0
2e W — lim 2L — — lim 22 = (—(e ), e7). 2.11
= Jim Bo— i B (s, @
The direction e~ defines the large relative boost between the perturbative states and the
D-branes, while e' is the complementary null direction satisfying e™e™ = 1. When the
polarizations €;’s are contracted with ¢ and v we have
k 7"
€Lq = €xP2 ~ q ) €LV~ ——, (212)
m

where we neglected terms of order O(1/E?) in the large E expansion. These relations will
be useful in section 5 in order to express the covariant amplitudes in terms of tensors with
non-trivial components only in the space transverse to the collision axis.

SWe will limit ourselves to the case p < 6 so as to have an asymptotically flat region.



3 The eikonal phase from the light-cone GS vertex

The eikonal operator exp(2i5 (s,b)) was introduced in [3, 5] to provide a manifestly unitary
description of high-energy string-string collisions below a critical impact parameter bp at
which string excitations due to tidal forces become important, as briefly reviewed in the
introduction. In this paper we shall focus on the eikonal operator for the high-energy
scattering of a string on a collection of N Dp-branes [19], the process described in the
previous section, but a very similar analysis could be performed for the former process.

Exponentiation of the eikonal phase operator & (s,b) was proven in [3, 5] by considering,
at each loop order, the leading terms in a high-energy expansion. It provides the so-called
leading eikonal operator, giving, in the present context, the leading term in an expansion
in powers of %, where R, is the scale of the curved Dp-brane background

RTP = gN @rva)Tr Vn = 2t (3.1)
P (7 —p)VSs—p ) S F(nTH) . .

On the other hand, the eikonal operator is supposed to resum all string («’/b?) corrections
to the leading eikonal phase. One can also argue [7] that the leading eikonal operator gives
the correct description of the high-energy scattering for any value of the impact parameter
provided the string coupling g¢ is sufficiently weak, i.e. when R, (or R, in the case of
string-string collisions) is smaller than the string length scale [;.

A similar exponentiation is conjectured to occur also at non-leading order in %, but
the exact structure of 4 (s,b) for that case is not known.” For this reason, here we will limit
our attention to the leading eikonal operator whose phase is given by the operator [19]

2T
5(s,b) = = [ do : A(s,b+ X) - Ay = [ L0 G g g 2
(37 )_4E o (87 + )'7 (Sa )_ (271')8_]36 (S7Q)' (3)
0

Here A(s,b) is the Fourier transform in impact parameter space of the disc amplitude in
the Regge limit

R;_pﬂ'g_Tp a't\ et , ot
A(s,q) = 2T —— e ™71 (d/s)! 7 | (3.3)
T (7—17) 4
2
§> = —t and X is a free bosonic field, without zero modes and evaluated at 7 = 0, with

components only along the 8 — p spatial directions transverse to the collision axis and to
the brane

R 1o a% inoc afz —ino (] ij
X'=i 5 % ¢ + ol ; [as,, al,] =16 6ppmo - (3.4)
n

In order to fully understand how inelastic unitarity works, it is necessary to identify pre-
cisely the Hilbert space on which this operator acts. The aim of this section is to show

"In [19] we have computed the next-to-leading correction to the eikonal phase in the field theory limit.
We plan to come back to its modification due to string-size corrections in a forthcoming paper.
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that, not unexpectedly, the leading eikonal operator acts on the space of the physical states
of the string quantized in the light-cone gauge, with the spatial direction of the light-cone
chosen along the direction of the large momentum appearing in the process. The free fields
X' in eq. (3.4) should then be identified with the transverse string coordinates and the
modes af,, a’, with the light-cone oscillators. In section 5 we will derive the eikonal phase
from the covariant dynamics and we will show that the modes a’, are then naturally iden-
tified with the bosonic DDF operators. The two interpretations are of course equivalent,
as a consequence of the one-to-one correspondence between the DDF operators and the
physical states in the light-cone gauge.

The idea of the derivation presented in this section is simple. We will use the light-
cone 3-string vertex [31, 32] in the Green-Schwarz formalism, which encodes the interaction
among three generic string states, to write an operator that generates all the tree-level
amplitudes in the Dp-brane background with two arbitrary string states. In order to do
this we first need to specialise the GS vertex to the case where only one of the three states
is off-shell, while the remaining two are arbitrary on-shell states.

We then take the high-energy Regge limit, sending the energy F of the two external
states to infinity while keeping finite the momentum transfer ¢, the momentum squared of
the state exchanged between the string probe and the target. As we will see, provided the
light-cone direction is aligned to the direction of the large momentum, the structure of the
GS vertex considerably simplifies in the limit. The final step consists in contracting the
off-shell leg with the closed string propagator and with the boundary state that describes
the coupling of an arbitrary string state to a collection of Dp-branes.

In order to simplify the analysis in this section, we will consider the limit of large
impact parameter b or, equivalently, of vanishing momentum transfer ¢t. This corresponds
to exchanging only the graviton between the probe and the target, since, on one hand, only
the massless states contribute for small momentum transfers, and, furthermore, states with
the highest spin dominate at high energy. We will show that the final result coincides with
the phase of the eikonal operator in eq. (3.3) in the limit of large impact parameter b. This
is sufficient to identify the oscillators that appear in the eikonal operator as the bosonic
string modes in the light-cone gauge. In any case the covariant derivation of the eikonal
phase discussed in section 5 will be valid for arbitrary value of the momentum transfer and
not only for massless exchanges.

It is also worth noticing that the calculation is split into two independent parts, of which
the first - the GS vertex - captures the emission of an off-shell graviton from the high energy
probe while the second describes how the graviton propagates and then interacts with the
target. The same factorized form will be displayed by the covariant amplitudes, with the
GS vertex replaced by the three-point couplings of the external states to the Reggeon and
the information about the target carried by the Reggeon tadpole in the given background.

Let us now start our first derivation of the eikonal phase by recalling the GS light-
cone vertex. In this approach, the left moving part of the light-cone states is described
by a set of bosonic oscillators A! transforming as a vector of SO(8) and a set of fermionic
oscillators Q% transforming as a spinor of SO(8). These operators refer to (and depend
from) the choice of the light-cone vectors (2.11) but we omit for simplicity a label referring
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to that choice. The left moving part of the spectrum is obtained by acting with the raising
operators A” , and Q%,, on a degenerate massless ground state which we indicate with |4)
and |a). The first ket represents eight states transforming as a vector of SO(8), while the
second one is a spinor of SO(8) (the dot over the spinor index indicates that the vacuum
chirality is opposite to that of the fermionic oscillators). In both kets we understand the
eigenvalue p of the momentum. A closed string state at level n, carrying momentum p with
p? = —4n/d’, is given by the product of a left moving and a right moving part satisfying
the level matching condition.

Following the previous literature on the subject, we indicate with o and p; the projec-
tions of the momentum p respectively along et and along the transverse space (spanned

by the vectors w;)

o _ o . )
oy = \/5 2pet py) = Ep(r)wj , r=1,2,3, ji=1,2,...8, (3.5)

where the label r distinguishes the three different states that appear in the vertex. We
shall treat independently the left and the right moving parts and describe the interaction
in each sector by means of the vertex introduced in [31]. The full vertex can be written
as a vector living in the tensor product of three closed string Hilbert spaces, one for each
light-cone state involved in the interaction. The chiral part of the vertex is given by

2 n

V) =) 2 (P = ancnan VAT ) VIV + (5:6)
T

where we understood the usual delta function imposing momentum conservation along the

ten spacetime directions and the dots stand for terms that vanish on-shell. As we shall

explain after eq. (3.19), these terms will not be relevant for the derivation of the eikonal

phase at large b. The zero-mode structure |V;) of the vertex is

1 1 .. 1 ... ap — oy, ap —ag, .
V) = — — —
Vi) o lijg) + - |7i7) + o l771) + T laai) + . laia)
g — (3. 1 ij . . .
e liaa) + 2 7g (1baj) + [bja) +[jba)) (3.7)

where the +’s are the SO(8) gamma matrices, all sums over repeated indices are understood
and the kets with three indices are just the tensor product of the vector or spinor ground
states for each external string state; finally these kets are normalized as in [31]

| 2
T<Z’.7>T - 6J ) 7’<a’b>7‘ = 75 b . (38)

Qr

Most of the complexity of the vertex is in the exponentials Vj, and V}

1
Vi = oxp (AT N A%+ PVEAT ) (39)
1 T s S n ™ 'S
Vf = exp iQ—n,aanQ—m,a - SGOTNTLQ—n,a : (310)
'
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The operators P; and S, stand for the following combinations of the bosonic and fermionic
zero-modes

of r _(r r r
P = \/ b} (arﬁg ) O‘rJrlpE )) ) Sa = ay ((]a+1) - a?"JrlQ(()a) ) (3.11)

which, with the cyclic identification between » = 4 and r = 1, are independent of the choice
of r = 1,2,3. Finally, the Neumann coefficients encoding the actual value of the various
couplings are

nma anas nos — may
NT — _ NTN$ XS = N’ 3.12
nm nog +ma, "™ ’ e 2000 e ( )
Q41
1 [ —pocn 1 I (‘”*)
N = e ) = ° . (3.13)
N1 n apn!p (_nw +1— n)
Qo

In the kinematic configuration described at the beginning of this section, the above vertex
drastically simplifies if one chooses the direction of the null vectors as in (2.11). In the
Regge limit the energy E of the states » = 1,3 is much larger than the momentum ex-
changed which, for a single graviton exchange, is extremely small and this is reflected in
the asymptotic results for the «;. At leading order in E, we have

o ~ Vo' 2F | as = —Vdlq , as ~ -V 2F (3.14)

where g9 ~ O(1/E), see eq. (B.6). By using (3.14), this means that we have to take a; and
a3 large and as small.® Also we set to zero all the oscillators of the string labeled by r = 2,
since we wish to identify that state with the graviton exchanged between the probe and
the target. Then the only surviving Neumann coefficients are N' and N3, which become

/ —_1)n-1 1
P~y %alﬁ@ — —V20'Eg; N EU Ni—=——, (315)

an amn

where g is the momentum introduced” in (2.5). Several other simplifications occur in this
limit. We first note that the second and the fifth terms in (3.7) dominate over the others
implying that the two energetic external states always share one index. Then, from the
second equation in (3.12) we see that X3 is subleading with respect to N2 and similarly
the term proportional to S, in V} is subleading with respect to the one proportional to P;
in V. This means that all terms containing fermionic oscillators Q¢ can be neglected in
the high-energy scattering we are interested in. Finally there is a hierarchy also within V},
and within the prefactor of the full vertex (3.6): from (3.15) we see that the combination
P;N"™=13 is finite in the large E limit, while N3 vanishes in the same limit; similarly in the

8The states labelled here by r = 2 and r = 3 have momenta —¢g and py respectively according to the
notations of section 2.

9With a slight abuse of language we use the same symbol to indicate both the momenta of this section
and the 10D vector ¢ orthogonal to v and p2 introduced in the previous section, because the two objects
are identical in the non-trivial 8D space.
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prefactor, the term P; dominates over the other one. Thus, instead of the full vertex (3.6),
we can use the simplified expression

|va9ﬂuyrem {vaqu St (- >”A£M)}[uw>+‘“:;WHMa>. (3.16)

We can now easily derive the high-energy scattering amplitude describing the interaction
between a string probe and a stack of Dp-branes at large distances. Schematically this
process is described by

fﬁzgxw;@@wgﬁ,@m
T2

where | B) is the GS boundary state [33] for the Dp-branes written in terms of the oscillators

KloTpN

w) ="

2(BIP (s10lVars) [Vas) ) ~

in the Hilbert space labelled by » = 2 and P is the string propagator. The normalisations
on the Lh.s. are the standard gravitational coupling k19, related to the string length and
coupling by 2/@'%0 = (27)"d/ 492, and the tension of a single Dp brane

2= = (4x2)*P (3.18)
K10

The final relation in (3.17) is obtained by implementing the high-energy and large impact
parameter limits: the boundary state is truncated to its zero-mode sector |By), the string
propagator reduces to the field theory one and we can use the simplified version of the
3-string vertex in eq. (3.16). The zero-mode structure gives

PR P 2 o 2 2 AE?  AE?
hihklk Q14 a1 <1+Q9>N - (3.19)

2

o aj(-t) a3t a3\ ¢ @
where R is the reflection matrix (2.1). Since we are restricting ourselves to the contribution
due to the exchange of the massless states, we have first to take the impact parameter to
be large and then take the high-energy limit. Then we can neglect the first term of the final
expression in (3.19) because it does not have a pole in ¢. For the same reason, it is possible
to neglect the terms that vanish on-shell in (3.6). These contributions are proportional to
>, P, where

P = [O‘ vy z (404D +nQ1 QL) )] (3.20)

n [31] it was shown that there are terms that vanish on-shell and depend on 79 =
>, oy In|a,|, while more recently other terms of this type were proposed in [34] (see for
instance, eq. (5.1) of that paper). However, in our calculation only the string r = 2 is kept
off-shell and in the corresponding Hilbert space we focus only on the massless sector. Thus
all the extra terms in (3.6) must be proportional to —t, which is the momentum squared
of the exchanged graviton. Again those contributions would cancel the pole in (3.20) and
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thus can be neglected. We then have

T— p =P 2 (6%
W) ~ f; & i exp{\f S LAt 4 (- >"A1_ng>} 11723 + S la)1la)s]

xexp{\f > E(A (- >"A£ng>}[ri>1|i>3+"§a>1ra>3}. (3.21)

It is more natural to write this result as an operator on a single Hilbert space instead
of a product of two kets in two different spaces. This can be done by taking the adjoint
of the objects labelled with r = 1, i.e. by transforming |i); and |a); into 3(i| and 3{(al,
and A{ne into (—1)”+1Ai£. After this the square parenthesis in (3.21) becomes just the
identity operator on the zero-mode sector, as it follows from (3.8), and we can rewrite the
two exponentials in terms of an auxiliary string field

. /O/ Api Anz —i
=1 ? Z <nel’n0' + 76 mao . (322)
n#0

So we can write (3.21) in an operator form as follows

do igX (o) . R;fpﬂ'g%p AE?

W@~ [ 5e : @: , (3.23)

where we included an integral over ¢ which is trivial when the matrix elements of W are
taken between closed string states satisfying the level matching condition.

In this derivation we took into account only the contributions due to the graviton
exchange and thus the result obtained captures reliably only the first term in the small ¢
expansion. It should be possible to adapt the derivation discussed in [35] and extend our
light-cone calculation of the eikonal phase to include the contribution of all the string states
exchanged between the string probe and the D-branes. We will not perform this calculation
here because, as already mentioned, the covariant derivation of the eikonal phase presented
in section 5 does take into account the full string dynamics in the Regge limit. As we will
show, the complete result can be obtained by replacing the round parenthesis in (3.23)
with the Regge limit of the full elastic tree-level string amplitude A in eq. (3.3), not just
with the graviton pole,

d -
W (q) = Als, ) % L eldX (@) (3.24)

Multiplying W by €l%® and taking the Fourier transform to write the result in terms of the
impact paramenter b instead of the momentum transferred ¢ we find

W(b) = / (;Z;:?p W (g)eit = / ZZ A(sbrX) (3.25)
0
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which coincides with eq. (3.2), the phase of the leading eikonal operator for string-brane
collisions [19], after including a factor 2F for the relativistic normalization of the external
states, W/2E = 26.

This analysis then shows that the exact meaning of the oscillators a’, in eq.(3.4) is that
of the bosonic oscillators A% 1Y of light-cone quantization, with the light-cone axis aligned
with the direction of the large momenta. As anticipated at the beginning of this section,
it is also possible to recast eq. (3.25) in a covariant form (i.e one that does not depend on
using a particular gauge) by exploiting the one-to-one correspondence between the light-
cone states and the DDF operators [27], that we review in appendix C. It is precisely in
this latter form that the eikonal phase will be given by the covariant derivation discussed
in section 5.

Having identified the Hilbert space on which the eikonal operator acts, we can proceed
to discuss its main properties and what information it can provide on the string dynamics
in the Regge limit, which will be the subject of the next section.

4 High-energy inelastic amplitudes from the eikonal phase

We describe in this section the essential properties of the eikonal operator and what can
be learned from its simple structure on the high-energy string dynamics. The discussion
will be based on the light-cone RNS superstring so as to make the comparison with the
covariant formalism of section 5 more direct. We shall illustrate the general case by deriving
from the eikonal operator the inelastic amplitudes for transitions from the massless NS-
NS sector to the first two massive levels. We will also describe a method to provide a
covariant characterization of the string states excited by the tidal forces during a string-
brane collision, using the DDF operators [27] of the NS sector of the superstring [36] to
identify the linear combination of covariant string states that corresponds to a given light-
cone state.

As shown in the previous section, the bosonic fields X in the leading eikonal operator

2
e2i0(s:b) d(s,b) = é / Z—Z cA(s, b+ X) -, (4.1)
0
can be interpreted as the transverse string coordinates in a light-cone gauge aligned with
the direction of the large momenta. The most interesting feature of this expression is that
the string modes appear as a simple shift of the impact parameter b by the string position
operator X. This structure reflects the incoherent scattering of the individual bits of the
string when o’s > 1. Another feature of the eikonal operator is that it contains the light-
cone modes of the bosonic fields X but not those of the fermionic fields. It is important
to appreciate that since we are in the light-cone gauge the shift b — b + X describes

10The discussion in this section was based on the Green-Schwarz light-cone formalism but we could
have also used the Ramond-Neveu-Schwarz string quantized in the light-cone gauge. Given that the eikonal
operator is written only in terms of the bosonic oscillators and that the bosonic fields X of the two formalisms
can be identified, we would have obtained exactly the same results.
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the dynamics not only of the string excitations polarized along the directions transverse
to the collision axis but also of the string excitations polarized along the longitudinal
direction. This simple description of the longitudinal polarizations and the absence of
the fermionic modes are a consequence of the superconformal invariance of the covariant
worldsheet theory.

The matrix elements of the eikonal operator between two closed string states give
the high-energy behaviour of the corresponding two-point amplitudes in the Dp-brane
background. The physical information contained in these matrix elements can be most
clearly displayed by first labeling the light-cone states according to their mass and their
representation with respect to the transverse SO(8) and then classifying the independent
contractions between the polarization tensors of the external states and the momentum
transfer that can appear in the amplitudes.

The eikonal operator is the result of an all-loop resummation of string amplitudes, as it
is clear from the fact that the string coupling appears in the exponent. Since in this paper
we shall only consider tree-level amplitudes, it is sufficient to study the matrix elements of
the eikonal phase ) (s,b), which are related to the string scattering matrix at tree-level by
W (s,b) = 4E §(s,b). To derive the scattering amplitudes it is more convenient to work in
momentum space and write

: ein = .A(S, t) Z An,m(q) Amm(cﬂ ’ (42)

n,m=0

2 o
W(s,q) = A(s,t)/ d

o 27
where the operators A, ,, generate by definition all the transitions between an initial level

m and a final level n. For instance the inelastic transitions from the ground state to the
first two massive levels are due to the operators

[o iy
A1,0 = - 5 q A—l )
Az quqj AL AT - ng AL, (4.3)

Level by level we organize the light-cone string spectrum in irreducible representations of

the transverse SO(8) group. The irreducible SO(8) representations are traceless tensors of
type (n1,n2,...,n,) which can be represented by Young diagrams with r rows of length
n;."1 The polarization of a state in the representation corresponding to the Young diagram
(n1,ne,...,n,) will be written as follows

Wi (4.4)

il...inl ;j1~--jn2§~--§kl--~k'nr )

where the semicolons separate groups of indices in the rows of the diagram. The tensor is
antisymmetric in the indices belonging to the same column and normalized, w-w = 1. To
simplify the notation we do not use the semicolon for totally antisymmetric tensors and
often omit the label (1) on vectors. For instance

(2,1)

1 Additional details on our conventions for the irreducible SO(n) tensors can be found in appendix D.
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SO(8) representation Matrix element (w|Aqple)
2) pi j o i, (2) 4
w®) =W AL, B o) ~/5éul?
1,1) 44 j o 4 (1,1)_;
|W(1’1)> = wi(j )Alei%\0> 7 € Wz(j )qJ
w®) = %AilBi_%m —Yr€q

Table 1. Matrix elements of the eikonal phase for transitions from the massless sector to the
first level.

is a tensor antisymmetric in the couple (7, k) and satisfying the relation

2,1 2,1 2,1
Wi +wie) +wi) =0 (4.6)
Let us now analyse in detail the inelastic transitions from the massless states of the NS
sector. This will be sufficient to understand the general case. In the light-cone gauge the
massless NS state is a vector of SO(8)

l€) = €iBLy5[0) - (4.7)

Since the eikonal phase contains only the bosonic oscillators, level by level the states that
can have a non-vanishing matrix element'? with the ground state are only those created
by the action on the vacuum of one B_;/; and any number of bosonic modes A_;,. The
relevant states in the first level are 64 and they are displayed together with their matrix
elements in table 1.

The remaining 64 NS states of the first level are

w0) = \}gw&f’”Bﬂ;B{;Bﬁé\Oh w®) = wiB' 410), (4.8)
and since they contain either more than one mode B_; or the higher mode B_ 3 their matrix
elements with the eikonal operator vanish. This meafns that the inelastic trafnsitions from
the ground state to these states are subleading in energy.

The second level contains 352 states with a non-vanishing inelastic amplitude in the
Regge limit. They transform in the following SO(8) representations

T H o o2xOg Mmoo e (4.9)

and their explicit form and matrix elements are collected in table 2. We see that the set
of the representations that can be reached from the ground state in a high-energy collision
comprises the same representations present at level one, created now by the action of the
modes A’ ,, together with two new rank three tensors and two vectors. The remaining 800

12 A5 already pointed out in footnote 4, at high energy and large impact parameter the eikonal phase is
controlled by soft dynamics: hence, the in and out states can be taken to have the same momentum, which
we leave understood in the following equations.

,18,



SO(8) representation Matrix element (w|Agp|e)

rw<3>> = Ju fj,iAl 1Aj Bk%\m LW T
WD) \f W) A AL BE J0) —sd W) gg

|w<2>> Lol Al QBJ ,[0) Yo wDg

|W(1 1) > = %‘%’j )A—2BJ_1|0> —\/gfi Wl(}’l)qj

]w(1)> 4\ﬁ [SAZ 1AJ BJ% _ Aj_lAj_lBi%] |0) —\731—5 (e(jw(j+ %6(«1)

AWy = 547,47, B, [0) —5ter

w®) = §AL,B L [0) —i5ea

Table 2. Matrix elements of the eikonal phase for transitions from the massless sector to the
second level.

states of the N.S sector transform in the following representations of SO(8)

E - @ H o oe2xH o o2xO e (4.10)

Their explicit form in terms of the string modes is easily derived and always involves more
than one B_ 1or the higher modes B_ 3 and B_s.

As in the previous case, this implies that
the inelastic amphtudes for the tran81t10ns fromche ground state to any of these states are
subleading in energy.

It is in the second level that we find the first example of a degenerate SO(8) represen-
tation, the two vectors |w(M)) and |[A(1)). The degeneracy of the representation is matched
by the presence in the amplitudes of two independent contractions between the momentum
transfer and the polarization tensors

€q wq, ewt . (4.11)

The basis chosen for the vectors in table 2 has the property that only the state \w(l)) can
be produced at large values of the impact parameter since its amplitude contains a term
€q w(q, without powers of ¢ that would cancel the graviton pole.

The allowed representations and couplings for the transitions from the massless sector
to the higher levels follow a similar pattern. At level [ one obtains all the SO(8) repre-
sentations and couplings present at level [ — 1 together with two new rank-(I + 1) GL(8)
tensors of symmetry type (I + 1) and (I, 1)

1 boxes l boxes

T Bm (4.12)

These two tensors are not traceless and they generate a series of lower rank irreducible
SO(8) tensors when the traceless and the trace part are separated. The resulting pattern of
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SO(8) representations in the light-cone gauge can be compared with the pattern followed by
the covariant SO(9) representations derived in the next section and displayed in eq. (5.19).

In general two string states in the SO(8) representations r; and r9 can be connected
by the eikonal phase if they are created by exactly the same fermionic modes and if there
is at least one non-vanishing contraction between a subset (including the empty set) of the
bosonic indices of their polarization tensors such that the two Young diagrams obtained
from the original ones by removing the boxes corresponding to the contracted fermionic
and bosonic indices consist of a single row.

Whenever an SO(8) representation r appears in a given level with multiplicity ¢,, as it
is the case for the two vectors in the second level, there will also be ¢, linearly independent
contractions of the polarization tensors of the initial and final state and the momentum
transfer g. The possible inequivalent couplings can be read from eq. (4.2) and have a very
simple form. In the case of a transition from the massless sector they are for instance

ekw;ﬂl 1, 1q (ji”*lt“, ekcjkwil,_,ln(jil . (ji”tb, a,beN . (4.13)

The higher powers of ¢t appear whenever we take the trace in a couple of transverse indices
to decompose the GL(8) tensors into irreducible SO(8) tensors.

It is worth recalling that, so far, we have only discussed the exponent appearing in
the eikonal operator. When the full operator is considered also transitions produced by
the repeated action of 5(5, b) should be taken into account. Moreover, since the eikonal
operator is the exponential of a normal-ordered operator, to put the exponential itself in
normal-ordered form one has to apply the Baker-Campbell-Hausdorff formula. As discussed
in detail in [5], this produces the exponential damping of each exclusive transition that is
necessary in order to ensure unitarity.

In order to complete our discussion of the properties of the eikonal operator it remains
to illustrate one more feature, the fact that not all the light-cone states obtained by acting
on an initial state only with the bosonic modes have non-vanishing transition amplitudes
in the Regge limit. In fact the opposite is true, as the number of the partitions of the level
increases there are more and more linear combinations of light-cone states that decouple
at high energy. This is a consequence of the restricted number of inequivalent amplitudes
allowed by the eikonal operator, cfr. eq. (4.13).

The simplest example of this decoupling occurs at level three. The inelastic transitions
from the ground state are in this case determined by the operator

3
1 N2 oo 4 1 o A 1 o . .

6\ 2 4 2 3
There are two linearly independent (2, 1) tensors that can be formed using the states
AilAizBﬁ%m) : (4.15)

Consider the following orthonormal basis

W = Tl (AL AL, — AL AL) B J0),
\f —3
W2 1)y = 7 W) (A’ AT+ A Aiz) B, [0) . (4.16)
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The inelastic high-energy amplitudes are
/
Asple) = ——gigw ek (4.17)

2\/6 iJ;

and therefore only the state |w?1)s is produced at high energy, consistently with the fact

1<w2’1‘A370’6> = 0, 2<w2’1

that at level three there is only one independent contraction for tensors of type (2,1).

The examples discussed so far show that the inelastic scattering amplitudes in the
Regge limit can be easily derived using the eikonal operator. What is still missing in
order to fully characterize a given transition is the knowledge of the linear combinations
of covariant states that corresponds to the light-cone states taking part in the collision.
One way of deriving this information is to study the behaviour of the light-cone states,
which are labeled by their transformation properties under the transverse rotation group
SO(8), with respect to the action of the full ten-dimensional Lorentz group. In this section
we shall present a different method which is based on the DDF operators [27], reviewed
in appendix C, since this method makes the relation between the description of the high-
energy dynamics in the light-cone gauge and the covariant description discussed in the next
section more direct.

The method works in the following way. Let us assume that all the covariant vertex
operators in the string spectrum at level [ are known and let us decompose them with
respect to the transverse SO(8). Consider now a light-cone state at level [. Using the one-
to-one correspondence between the light-cone modes and the DDF operators, we interpret it
as a covariant state created by the operators A_,, ; and B_, ;. Performing then the integrals
in eq. (C.2) we obtain an explicit expression for the state in terms of the modes of the
worldsheet fields X* and ¥*. From this expression we can identify the linear combination
of SO(8) components of the covariant vertices that corresponds to the given light-cone
state. We will discuss some explicit examples of this method at the end of section 6.

5 The eikonal phase from the covariant dynamics

The string eikonal operator gives a remarkably compact description of the high-energy
dynamics in the Regge limit. It constrains the class of states that can be excited in a
string-string or string-brane collision as well as the form of the interaction vertices. As
shown in section 3, the eikonal operator becomes very simple when written in a light-cone
gauge adapted to the high-energy process under study. The aim of this section is to describe
the covariant dynamics that gives rise to such a simple operator.

From the covariant point of view the dynamics simplifies because in the Regge limit
the dominant interactions among strings and D-branes are those mediated by the exchange
in the t-channel of the states of the leading Regge trajectory. The exchange of this set
of states leads to the characteristic Regge behaviour (a/ s)“(t) displayed by the tree-level
string scattering amplitudes in the limit of large energy s and fixed momentum transfer .
This universal variation of the amplitudes with a t-dependent power of the energy can be
understood as due to the exchange in the ¢-channel of an effective string state, the Reggeon.
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In the Regge limit the integrals that define the tree-level string amplitudes are domi-
nated by the region of small worldsheet distances. This fact has the important consequence
that it is possible to describe the emission of a Reggeon in terms of a local vertex operator
Vr [24-26] and to write any scattering amplitude for a process involving two sets of states
at large relative boost in a simple factorized form. Consider for instance a four-particle
process with particles 1 and 2 in the initial state and particles 3 and 4 in the final state.
In the Regge limit, defined as [t/| = |p1 + p3|? < |s'| = |p1 + p2/?, this amplitude is

.,4(8/, t,) ~ Ilp ClgR(S,, t/) 0243(5,, t,) , (5.1)

where IIg denotes the Reggeon propagator, which is process independent, while Ci3gr
and Coypr denote the couplings of the Reggeon to the two sets of states, which can be
easily derived by evaluating the corresponding three-point functions with the vertex Vg.
Similarly, for a two-point amplitude in the background of a collection of Dp-branes, the
main focus of this paper, one has

.A(S,t) ~ ng ClgR(S,t) 6123<8,t) . (5.2)

In this case the Reggeon is absorbed by the D-brane and the function Hg” represents the
Reggeon tadpole in the D-brane background, which is again independent of the external
states, while Ciar and Ciap are the holomorphic and the antiholomorphic parts of the
three-point couplings of the two external states to the Reggeon.

In the following we will review the construction of the Reggeon vertex operator for
the superstring. We will then apply this formalism to derive the Regge limit of string
amplitudes with massive states. When evaluating the high-energy limit, it is important
to remember that S-matrix elements involving the longitudinal polarizations of a massive
particle contain, for purely kinematic reasons, additional powers of the energy, as shown in
eq. (2.4). We will explain how these factors of the energy are taken into proper account by
the contractions of the Reggeon vertex with the tensor part of the physical vertex operators
of the massive string states.

Since the high-energy scattering at fixed momentum transfer is always dominated by
the exchange of the Reggeon, all tree-level amplitudes will share the same Ilp or Hg”
and therefore the same energy dependence. The different inelastic processes will be dis-
tinguished by the couplings of the Reggeon to the external states which can be expressed
as the contraction of the external polarizations with a tensor formed using the metric, the
momentum transfer ¢ and the longitudinal vector v. We will give explicit examples of these
tensors for all the transitions from the massless NS sector to the first two massive levels of
the superstring.

Once the high-energy dynamics has been formulated in terms of Reggeon exchange, it is
possible to provide a simple covariant derivation of the eikonal phase. This derivation shows
in a clear and direct way how the operator ) (s,b) emerges from the full covariant dynamics.
The covariant equivalent of the eikonal phase is the operator that associates to every
couple of physical string states their three-point function with the Reggeon. While these
couplings have a somewhat complex form when the external states are chosen to transform
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in irreducible representations of the covariant little group, they become elementary if one
chooses a basis adapted to the kinematics of the high-energy scattering, the basis of the
DDF operators. In this basis the tree-level scattering matrix in the Regge limit takes a
compact form that, as we will show, coincides with & (s,b) in eq. (3.2), with the modes of
the fields X identified with the bosonic DDF operators.

5.1 The Reggeon vertex operator

The general form of a string amplitude in the Regge limit displayed in egs. (5.1)—(5.2) can
be derived by first noticing that the worldsheet integral is dominated by the region of small
distances [24-26] and then by analysing the energy dependence of the relevant factorization
channel. The relation between the Regge limit and the limit of short worldsheet distances
is a consequence of the fact that the essential dependence of a string amplitude on the
external momenta is contained in the correlation function of the exponential part (e*X) of
each vertex operator. For a four-particle process the dependence of this correlator on the
Mandelstam variables is for instance

1.0 .t
—oln |22 1n|1—z\2’ Y — 213224 ‘ (5.3)
214223

[§]

When s’ is large and t’ finite the integral over z is dominated by a neighbourhood of the
origin of size o/s[z|> < 1.

The class of states that contribute at leading order in energy can then be easily iden-
tified and shown to be process independent by factorizing the amplitude in the t-channel
on a complete set of string states. The contribution of the states of level [ are suppressed
by a factor of |z|*, where z is the parameter controlling the factorization in the ¢-channel.
As |z|? is of order 1/(a's) in the Regge limit, we require that the increase in the power of z
with the mass level is compensated by an equal increase in the power of s in the three-point
couplings. The final step is to show that the sum over the intermediate states together with
the integral over the worldsheet are equivalent to the insertion of a single local operator,
the Reggeon, in the three-point couplings with the external states.

Let us focus on the case of a two-point amplitude on the disc, but the result, as it should
be clear from the discussion, is general [26]. We start from the following representation of
the disc amplitude with two closed strings'

o —1,-1) ,(0,0 1 _Lo—
A= / 4%z <oyv((517§1))v((527)§2)z% Izlo=11D) | (5.4)

where on the left there is the SL(2, C)-invariant vacuum state and on the right the boundary
state corresponding to the collection of N Dp-branes.'* As usual, the vertex operators V
factorize in a holomorphic and an antiholomorphic component and, following a standard

13In our conventions d?z = 2dRezdImz.

YWe consider here explicitly the case of a transition between states of the NS sector. The discussion for
the transitions between states of the R sector is similar, with the external vertices both in the —% picture.
Transitions between the NS sector and the R sector are subleading in energy since at level | the highest
spin that can be exchanged in the t-channel in the R sector is equal to [ + % and then lower than the spin
[ 4+ 1 of the states of the leading Regge trajectory.
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notation, the superscripts on the vertices refer to the picture of each component. For
a closed string state at level [ labeled by the left and right SO(9) representations (S, S)
we write

V(S,S’) - @V V ,{10

0 Vi Vi = S VT o VI 55)

where we extracted from the normalization of the vertex operators an explicit factor 5.2.
The polarization tensors are normalized as €, .., €/t #" = €,,  ,, é"1F" =1 and the overall
normalization of the vertices is fixed by the requirement that the corresponding state has
unit norm. Finally left-right symmetric states will be simply written as Vg.

Let us insert a complete set of string states in the picture (—1, —1), labeled by a triple
(I,my, ;) where [ is the level and n;, n; the set of all the remaining left and right quantum
numbers needed to identify the state, including its momentum. The disc amplitude then
becomes a sum of products of three-point couplings on the sphere and one-point functions

on the disc with Dp-brane boundary conditions

Aa= o X / =z (0 (Vi 6 Vs Vi) Vi), - 59)
(L, my) ?
In order to identify the states that give the leading contribution in the Regge limit we
need to determine the scaling with the energy of the three-point correlators. A state can
contribute to the Regge limit only if the power of the energy in its three-point couplings
with the external states matches its level. The only operators with this property are the
operator Q; whose holomorphic part is

1
O = \}ﬁw (i,/j@)ﬁ) GhX >0, (5.7)

where X (z,2) = X(2) + X(2) and XT = e" X, 9T = eT¢ are the components of the
string fields along the light-cone directions defined in eq. (2.11). In order to see this note
that there are only two possible sources for the factors of the energy in the three-point
couplings. The first one is related to the contractions of the operators 9" X' in the vertex
of the intermediate state with the exponential part of the external states

5TX+( ) imXa(w) g1 1 ip1 X1 (w)

VoE ¢ ~ o <Z—w>e ’ (58)
aTX+( ) ip2 Xo(w) r—1 1 ip2 Xo(w)

\/>E e ~ —82 (Z—/u)) € . (59)

The second possibility follows from the contractions of the operators 9" X or "™ with
the tensor part of the external states

2 "X+ (2) 8SXP( ) 200 oo 1\
/= S g tget 1
' Vo' E : Vo' E o/maz % <z—w> ’ (5.10)

Orer( ) o 2 0P 1
TS rwrw) ~ 2 e (1) G.11)
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where v is the longitudinal polarization and m the mass of the state. This second class of
contractions is very important for all the massive states of the string spectrum. Since in
both cases one can only obtain one factor of E, all the operators that contain derivatives of
X higher than the first or fermionic fields in addition to ¥* give a subleading contribution,
because the power of z in eq. (5.6) grows faster than the power of the energy in the coupling.
The result of this analysis is that the class of operators that contribute to the Regge limit
is universal, independent on the external states and is given by eq. (5.7).

Since all other contractions yield subleading contributions, we can then restrict the
sum over the intermediate states in eq. (5.6) to the states of the leading Regge trajectory
with all the polarization indices in the ™ direction. Notice that the amplitude for their
exchange has the largest power of the energy compatible with helicity conservation. For
this class of states the one-point function on the disc in (5.6) is independent of [

9-p
Tpk10V _ i 7T7i R?—p, (5.12)
2 ko T(52) 7

(Q)p, =

where R, is the scale of the Dp-brane background, given in eq. (3.1), and 7, the tension of
a single Dp-brane, given in eq. (3.18). In conclusion, we find

/ 9—p

I T 2 \—2-2t [ (—1,—1)5,(0,0)
Az = 8TkK10 F(%) Rp ;/d “ (ZZ) ! <V(51,§1) V(SQ,SQ)QZ>S : (513)

It is precisely the inclusion of this infinite series of operators that gives rise to the Regge
behaviour of the amplitude (a’s)*®) [24-26], while the leading singularity in ¢ accounts
only for the graviton pole. The final step in the derivation is to express the previous sum
over the three-point couplings of the intermediate states as a single three-point coupling
with an effective vertex operator. This can be achieved by first summing the exponential
series and then performing the integral over z. The result can be written as follows

D -1 0 -1 F(—1)7(0) (-1
Arz =T (1) (VT IV (VIVOTEY ) (5.14)

where the Reggeon vertex for the superstring in the —1 picture is

o't

(-1) L 2 10X\ ° —igX
= —_— . -1
Vi @E( o VoE) © (5-15)

A factor of vo/E for each string field along et has been included in Vi so as to make the

sphere correlator in eq. (5.14) energy independent. Then the dependence on the energy,
which is universal, is included in the Reggeon tadpole which, in our case, coincides with
the function A introduced in eq. (3.3)

9—p /

D ™ 2 _ a't gt o't

1,7 = (D) RIPT <—> e T (o) T (5.16)
2

In writing eq. (5.14), we also extracted for convenience from the three-point couplings the
factor that gives the normalization of the sphere amplitude setting

2
(0) =

'Ky
3273

(O)s . (5.17)

— 25 —



As anticipated, the two-point function on the disc has been expressed as the product of a
single three-point coupling on the sphere and the Reggeon tadpole on the brane.

The OPEs with the energy-momentum tensor and with the supercurrent show that
the Reggeon vertex (5.15), although it carries an off-shell momentum ¢, behaves as a su-
perconformal primary of dimension one half at high energies [25] (i.e. terms in the OPEs
violating the superconformal invariance exist, but are suppressed by powers of 1/E). This
guarantees that, for our purposes, the correlation functions of the Reggeon with physi-
cal string states are well-defined and in particular invariant under global superconformal
transformations. Also we can use the OPE with the supercurrent to obtain the Reggeon
vertex in the 0 picture

’

at_q
+ + + + / + + 3 + 4 .
yO [ 20X7OXT _  WTOXT  otyTouT| (210X e9XE | (5.18)
o a’E2 O/EQ 4 O/E2 o \/JE

In explicit calculations of the 3-point correlators in (5.14), it is convenient to move the
superghost charge from the Reggeon to the (S3,S53) vertex so as to have both external
states in the simpler (—1, —1) picture and use eq. (5.18) for the Reggeon vertex.

The factorization of the scattering amplitudes and the form of the Reggeon vertex
result in some simple selection rules for the inelastic transitions in the Regge limit, which
represent the covariant version of the selection rules discussed in section 4 for the eikonal
phase. In order to identify the SO(9) representations that can be related by the exchange
of the Reggeon and the structure of the corresponding couplings, let us first analyse the
possible contractions of the fermionic fields. The first term in eq. (5.18) can only connect
components of the vertex operators of the external states with the same number of fermionic
fields, while the second and the third also components containing two additional fermionic
fields. When the variation in the number of fermionic fields is due to the second term, one
of the two additional indices of the polarization tensor must be longitudinal. When it is
due to the third term, both additional indices must be longitudinal. In order to have a
non-vanishing three-point coupling all the remaining fermionic fields must be contracted
among the two external states, which results in the contraction of the corresponding indices
of the two polarization tensors.

As for the bosonic fields, there are three types of contractions. They can be contracted
between the two external states, giving the contraction of the indices of the external po-
larizations, or with the exponentials, giving the contraction of the polarizations with the
momentum transferred ¢, or with the 9X ™ operators in the Reggeon vertex, giving the
contraction of the polarization with the longitudinal vector v.

As a result, two external states transforming in the SO(9) representations with Young
diagrams Y7 and Y5 can be connected by Reggeon exchange if the following two conditions
are fulfilled. First of all they should respect the selection rules described above for the
fermionic indices. Moreover there should be at least one non-vanishing contraction between
a subset (including the empty set) of the bosonic indices of their polarizations such that,
when the boxes corresponding to the contracted bosonic indices and to the fermionic indices
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are removed from the original diagrams, the two resulting Young diagrams have at most
two rows.

Let us apply these selection rules to the case of the inelastic transitions from the ground
state to the massive states at level [. The exchange of a Reggeon in the t-channel allows
to excite only the following three classes of SO(9) representations with one, two or three

Trows
n boxes n boxes
n boxes D P N
——
o) HEH I
1] (5.19)
SN~ | N~
m boxes m boxes

For the first class there are no constraints on the indices of the massive polarization tensor
and the integer n can take all the values from zero to [. For the second and the third class
the integers n and m, with n > m, can take all the values from zero to I — 1 such that
n +m < [ — 1. The polarization index in the third row and all the polarization indices
in the second row, except the first one, must be longitudinal. The values of the integers
n and m that actually appear at level [ depends on the physical spectrum of that level,
which can be read for instance from the generating function discussed in [37].

As a final remark, let us emphasize that the discussion above is limited to tree level
and therefore to the exchange of a single Reggeon. The leading high-energy contributions
of the higher-genus surfaces which are resummed by the eikonal operator take into account
the exchange of an arbitrary number of Reggeons. As already mentioned in section 4
this has two main consequences: on one hand one should take into account transitions
mediated by multiple Reggeon exchange and therefore given by the repeated application
of the previous rules, on the other hand every exclusive transition will be exponentially
suppressed as required by unitarity.

5.2 Regge limit of the covariant string amplitudes with massive states

We now show how the Reggeon vertex considerably simplifies the evaluation of the Regge
limit of the string amplitudes and discuss how to take into proper account the factors of
the energy carried by the longitudinal polarizations of the massive states.

In the evaluation of the three-point couplings it is convenient to take both external
states in the —1 picture and the Reggeon in the 0 picture. We write the three-point
couplings as the product of an holomorphic and anti-holomorphic part

3
_ _ _ k1o S
0(51,51)7(52,52),(1?,}?) = (271')3 CS],SQ,RCS:l’S27R7 (5.20)

where

CSLSZ,R = <V51 (pl)VSg (pQ)VR> s (5.21)

and similarly for the anti-holomorphic part. We will also isolate the tensor structure which
is specific to a given process by writing

o U1 el 3V . Vs
Cs1,82.R = € Curvs s, 6 1 . (5.22)
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Here and in the following the polarizations of the initial and of the final states will be
denoted by € and (, respectively. For compactness, we will often write directly the tensors
Ts, s, r rather then the couplings Cs, g, r. However, the contraction with the external
polarizations will always be understood and we will make use of momentum conservation,
of the mass-shell condition and of the physical state conditions to simplify our equations.

In the following we will derive the inelastic amplitudes for transitions from the NS-NS
ground state to the first two massive levels of the string spectrum, which is equivalent to
evaluating the holomorphic couplings with the Reggeon of one massless and one massive
state. Once we know the holomorphic couplings, we know all the amplitudes for a given
level due to the factorized form of the scattering amplitudes

D —
A 5,5 =R"Cos.rCs 5 R - (5.23)

Let us begin with the elastic amplitude. The massless vertex in the —1 picture is

_ ipX —
Vi'(p) = gHem e, (5.24)

and we need to evaluate
Toor = (V§ VY (p2)Vi) - (5.25)

In this case only the contractions of the Reggeon with the exponential part of the vertex
operators give a non-vanishing result and we find

I = (5.26)

The Regge limit of the elastic amplitude is therefore

e -4 77p , , /
_ 1Dp = B v T2 R ot o, o't a't
Ag,g = HR Cg,g,ROg,g,R = € ———— —

"

The three-point functions for transitions to the first and to the second level will display
a more interesting structure. They are given by tensors T, s g formed from the metric 7
and the vectors ¢ and v and reflecting the symmetry properties of the external states. It is
worth noticing that the covariant amplitudes depend on the masses of the external states
also in the high energy limit, as a consequence of the contractions in (5.10) and (5.11) and
the kinematic relations in (2.8) and (2.12). The masses can be eliminated and the results
expressed only in terms of o’ using the relation m? = % for states at level [.

Due to the physical state conditions, the tensors T, s g can be rewritten in terms of
SO(8) tensors living in the space orthogonal to the collision axis. If the polarizations of the
external states are similarly decomposed into irreducible SO(8) components, each covariant
amplitude generates a class of amplitudes labeled by SO(8) representations. It is after this
decomposition that the selection rules and the simple structure of the high-energy limit of
the S-matrix elements predicted by the eikonal operator and discussed in section 4 become
evident, as we will explain in detail in section 6.
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5.2.1 Transitions to the first level

The simplest inelastic transitions are those from the massless sector to the first massive
level. The NS sector of the first massive level contains 128 physical states: a rank-2
traceless totally symmetric tensor Sy (44 components) and a rank-3 totally antisymmetric
tensor Az (84 components). The corresponding vertex operators in the —1 picture are

2 .
Ve =iy = grox et e s,

1 .
L — Doy alyY alPX o=
Vi, NG PPl e (5.28)
Let us evaluate
Tospn = (V5 (VS (p2)Vi) - (5.29)

Since this is the first example where it is important to take into account the longitudinal
polarizations of a massive state, we describe this calculation in some detail. In this case
not only the contraction of the Reggeon with the exponential part of the vertex operators
are relevant at high energy but also the contractions with their tensor part. We find!®

: ! 2 o't v o t
s pe — g Hnp o q P o o
19500 = 2 [77 <q o <1+ 4 > m) + m. (q om" >] - (5:30)

The first term in the previous expression comes from the first term in the Reggeon vertex,
contracted both with the exponentials and with the 0.X” of the massive state. The second
term comes from the second term in the Reggeon vertex, the g part contracted with
the massless vertex and the ¢ "0X ™ part with the massive vertex. The third term in the
Reggeon vertex clearly does not contribute to this transition. We can write

_ / p 1t #
T} =~ % [(n’“’ + qv”) <qa — % (1 + O;) va> + qzvpvo‘} . (5.31)
k) ) m

We can simplify further this expression defining
t m t q"
o Oé_iva g% =% — — |1 R Ua (s’u'p: Hp 7,UP. 5.32

Qqu,qq2<+m2>, =t (5.32)
When contracted with the physical polarization tensor of the massive state, the vector ¢
coincides with the momentum transfer in the directions transverse to the collision axis, see
eq. (2.8); similarly eq. (2.12) ensures that the tensor J; reduces to the Kronecker delta in
the transverse directions when the first index is contracted with the massless polarization
and the second with the massive one. In the following we will use the same symbol ¢, for
both the Kronecker delta in the transverse directions and the tensor defined in eq. (5.32).

By using the symmetry properties of the polarization Ss, the final result can be written as'®
THpe o 5P ) " 5 a 5.33
g5 = "\ 5 |00 7 —l—?vv . (5.33)

1511 this subsection m indicates the mass of the string states at the first massive level, m? = 4/«/.
6 Groups of indices are symmetrized or antisymmetrized always with weight one. For instance A¥ B =
% (AP B + A°B?) and AlPB°) = % (A?B* — A*B”).
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The three-point coupling with the state Az can be derived following the same steps. In
this case only the second term in the Reggeon vertex contributes and the result is

) V6
wipary [ ]
Tosr = 0" q™ ", (5.34)

which can be rewritten, using the antisymmetry in the indices p, a,~ , as follows

. 6
TR, = L[(si[’)q%ﬂ . (5.35)
43 m

5.2.2 Transitions to the second level

The NS sector of the second massive level contains 1152 bosonic physical states in the
following six irreducible representations of SO(9)

[TT] @j Hj H . (5.36)

The corresponding normalized vertex operators in the —1 picture are [38]'7

Vi = _iz@Xan%ﬁ ipX o=¢
V}ea'yw _ \/7\/7 X(p¢a w'yww lee 4,0
Ve — T AXPOX Y + 200 Py Y| oPX ¢
2 [a WY 4 200yt | X e
V)?cwwf _ wpq/}ad}’ywwwﬁ ipX e %, (5.37)

Ve = \f \/7 [npa OXPY*) pp — (82X7ww—28X78w”)] X e,

Vi), = {8X78X"‘¢” +5 aXPaXaw + 11a¢ﬂww] P X =%

8f sv23
where 7 is the transverse metric as defined in (2.6) and the overall normalizations have
been chosen so as to normalize to one the string states (Z Vs |Z5Ne S pa; LV ete. In this
subsection m indicates the mass of the string states at the second massive level, m? = 8/a/.

In the second level we find the first examples of tensors of mixed symmetry in the
holomorphic superstring spectrum, namely the states Y and U. The vertex Vy describes a
tensor of type (2,1, 1) which can be obtained from a generic tensor by first symmetrizing in
pa and then antisymmetrizing in pyw. Similarly the vertex V; describes a tensor of type
(2,1) which can be obtained from a generic tensor by first symmetrizing in pa and then
antisymmetrizing in pvy. In the list above we showed explicitly only the symmetrization
in pa of the tensor part of the physical vertices, since the antisymmetrization can be
left understood due to our convention of choosing the polarization tensors as manifestly
antisymmetric in the column indices.

"In the list given in [38] there are typos in the vertices for U and V.
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The three-point couplings with one massless state, one state S of the second level and
the Reggeon can be derived following the same steps as for the first level and are completely
characterized by the tensors Ty g r. In the following we will display for each state of the
second level the corresponding tensor, first in terms of the metric n and the momentum
transfer ¢ and then in terms of the transverse tensors §; and g defined in eq. (5.32).

According to the selection rules for the transitions mediated by Reggeon exchange,
the totally antisymmetric rank-five tensor X is not produced at high energy in transitions
from the ground state. The coupling for the state Z is

K ! t 1
VRTL7H = <77’” + fnzﬂ> [O;QPQO‘ — 5t | = QR+ QM) (5.38)
and in terms of §; and ¢

o 1, t

\[T“;og’ =0 [2qpq“ + . (@70 + q*v?) — 2m2fupv“]
G g

+fn—( 7"ve + q v”)zﬂ—}— —vPv*T . (5.39)

The coupling for the state Y is

\/g gﬁgogw ‘/ QP + 1/ il u[pq 21QY, (5.40)

which, after using the symmetry properties of ¢ can be written in terms of §, and ¢

pPOY;W?I

\@éﬁﬁ‘p‘” \/g §egelge +\F 25t Pgeylye | (5.41)

The coupling for the state U is

: q* o t
\/ET;L%; — (77’” + mm) [2QPQ°‘ — pP® QmQ] _ n;w (QPv™ + Q™)
1

1
P (g0 — Q) + = (P — ¢PuT)
m m

t
+—2 5 (" vTvP + Pl = 2P | (5.42)
m

where the first line comes from the first term in the vertex Vy and the following two lines
from the second term. Using the symmetry properties of Cgaw and m? = 8/a’, this result
can be written as follows in terms of §| and ¢

/ / /

a a'm a'm
VBT, = 1 a (077 = 31°7) + —~q* (070 — 6407) + == (770° — ")
& ai v oy XL o o sup
— @@V = ) = = (0P = 8T (5.43)
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Finally let us give the results for the last two vertices in Eq (5.37)

T 1 /o 1 /2 o't o
\/QT;Q‘;{ =5 gnu[vqw} - g,7uhvwl (1 + 2) + gq”qhv“’} ’ (5.44)

. 50/ vy ot qHo? ot
sv22 T =g (2L - ) 45 o 1-
gW,R — 4 ( 8 Q 2m> + |:2m277 m < ):|

2m?

11¢ qrv7 qt m
+ W (7711’y + m ) + 11@ (ny + EU’Y> , (5.45)

and in terms of the transverse quantities | and ¢

T o 1 /o 3a't
ﬁ Tyl = gaato 4 5y 0100 = ot (5.46)
. 28t 8
8v/22 Tg’fg/’R = 20/3"q" + W(;T + %q*“v’y ) (5.47)

5.3 Covariant derivation of the eikonal phase

As we have seen, the high-energy behaviour of the tree-level two-point amplitudes between
arbitrary string states in the background of a collection of Dp-branes can be described in a
simple and elegant way in terms of Reggeon exchange. We can summarize this dynamical
information in an operator Wg(s, q) defined as follows

Whr(s,q) = " D 1565 Cis,.59).08,,5:).1 (95 S5 (5.48)
00,7,
where the sum is over the complete physical spectrum of the string.

As discussed in the previous subsection, if we choose a basis of physical states which
transform in irreducible representations of the covariant little group, the couplings Cs; s; r
can be expressed in terms of tensors Ts;.s;.R- These tensors, which are written in terms
of the metric, the momentum transfer and the longitudinal polarization vector, have an
interesting structure reflecting the symmetry properties of the external states. However
their explicit form becomes more and more complex as the mass of the string states increases
and in order to evaluate them one also needs to know level by level the covariant spectrum
of the string.

There is another choice of basis, the basis provided by the DDF operators [27], which
allows to easily enumerate the physical states'® and in which the couplings to the Reggeon
become elementary, although in this basis only the SO(8) symmetry group of the space
transverse to the collision axis is manifestly realized. The simple couplings of the DDF
operators to the Reggeon make it possible to represent the formal sum in eq. (5.48) in a
compact operator form. We will show that the result coincides with ) (s,b), the phase of
the eikonal operator. Using the Reggeon vertex we can then derive the eikonal phase from
the full covariant dynamics and identify the modes of the string coordinates X in 5(5, b)
with the bosonic DDF operators.

18 Although in [36, 41, 42] only the DDF operators for the NS sector were explicitly discussed, the
construction can be easily extended to the R sector by acting with the operators defined in eq.(C.2) on the
Ramond ground state and taking r € Z in the definition of the fermionic operators.
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In order to derive the eikonal phase, we need to consider transitions between two
generic NS states or two generic R states, the transitions from the NS to the R sector
being subleading in energy. Let us describe explicitly the couplings of two NS states to the
Reggeon. As reviewed in appendix C, a generic physical state of the NS sector at level [
and carrying momentum p is generated by the action of a finite collection of bosonic and
fermionic modes

1
{A_nnin: Boryiy Yo l=N,+N,— 3 N, = Ea:na, N, = zb:rb, (5.49)

on a vacuum state carrying a momentum pr = p + (N, + Np) k which satisfies p% =2

The null vector k£ has the property that kpr = % Finally the GSO projection requiraes
that NV is a half-integer.

To represent the external states S; and Sy in a string-brane collision we need two
collections of modes labeled by two couples on indices (a1,b1) and (ag,b2), two momenta
pr; and two null vectors k;, i = 1,2. We choose the two null vectors proportional to e,
k; = XAie™. In the high-energy limit they can be identified since the boost parameters
coincide, \; ~ a% The transverse polarization vectors of the initial and final state will be
denoted by € and (, respectively. Consider now the coupling of two generic DDF vertices

of the NS sector to the Reggeon
Csy,smr = (VA V)V Y (22) V) (23)) - (5.50)

Since the DDF operators do not contain X~ and ¢~ in evaluating the correlation functions
one can simplify the vertices of both the Reggeon and the external states by retaining only

. ot iy
YOGy~ (JEOXTEN T ixe
R a/ \/&E ’

2 .
Ans(@) ~ =iy 2 fdw (¢, 05007

B_,i(z) ~ —i%dw (ej)uw“(ikaX)%e*irkX . (5.51)

the following terms

From eq. (5.51) we see that since there are no transverse fermions in the Reggeon vertex,
for a non-vanishing result the two states must be created by the action of exactly the same
fermionic DDF operators. It is easy to verify that the contour integrals in the definition of
the B_, ; reduce to the ones appearing in the scalar product between the two states and
then give simply the contraction between the corresponding polarization vectors, (. The
action of the operator Wg(s,q) on the fermionic modes B_, ; then reduces to the action
of the identity operator.

As for the bosonic modes, it is always possible to contract all of them with the ex-
ponential part of the Reggeon vertex, with the only constraint imposed by momentum
conservation in the z* direction. The contractions with the Reggeon of the transverse
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bosons €;,0X in the definition of the modes A_,,, ;. give

/ . ~ N . _
&G —ing kX (wn) o Gyl oinag kX (ws)
)

5.52
2 w1 — 23 2 w9 — 23 ’ ( )

respectively for the initial and the final state. Evaluating the contour integrals the depen-
dence on the z; disappears, as required since all the vertices are conformal primaries. The

result is then simply to replace every bosonic mode in the initial state with —4/ %,fial q and

every bosonic mode in the final state with 4/ %Cjag G. A similar substitution holds for the
antiholomorphic part and one should also impose the constraint

D> Nay =Y Nay =Y Ray + > Ma, =0 (5.53)
Finally, there are also contractions between the DDF operators whenever some of the
bosonic modes that create the initial and the final state coincide. As it was the case for the
fermionic modes, these contractions simply give the scalar product between the bosonic
DDF operators, €(, and clearly respect the constraint in eq. (5.53).

A similar analysis can be performed for the transitions between two generic states of
the Ramond sector, taking the external states in the —% picture and the Reggeon vertex
in the —1 picture, and it leads to the same conclusions.

The action of Wg(s, q) in the DDF basis is therefore extremely simple. It acts like the
identity on the fermionic modes B_, ;. Its action on the bosonic modes is non-trivial and
consists in replacing any number of A_,, ; satisfying the condition in eq. (5.53) with the
momentum transfer g. This operator can then be written as follows in terms of the DDF
operators

T do igXx T do igX< igX> igX< igX>
Wr(s,q) = A(s,t) 5, tel = A(s, t) —ldt el e e , (5.54)
0 s 0 2

where the integral over o enforces the constraint in eq. (5.53) and

o = A, o o= A -
X =i 5 > F”em“, X<=-i 5 > T”e—m", (5.55)
n=1 n=1

with similar expressions for X. This is precisely the operator 4 (s,q) in (4.2) which, as this
derivation shows, can be interpreted as a covariant operator expressed in the basis of the
DDF operators.

6 The eikonal operator and the covariant amplitudes

The derivation of the eikonal phase given in the previous section shows that, although the
individual amplitudes with covariant external states may have a somewhat complex tensor
structure, all the dynamical information, including the longitudinally polarized states, can
be summarized in a simple operator. The aim of this section is to understand in detail the
relation between the scattering amplitudes of the covariant states and the matrix elements
of the eikonal operator.
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The first step is to decompose the covariant tensors with respect to the SO(8) group
used to define the light-cone gauge, namely the symmetry group of the space transverse
to the collision axis. Each SO(9) representation then breaks into several SO(8) compo-
nents whose couplings to the Reggeon have the simple structure of the basic couplings in
eq. (4.13). We shall call the set of all the SO(8) components of the covariant physical states
at a given level the covariant basis for that level.

To show that the covariant and the light-cone calculations precisely match it is neces-
sary to perform a change of basis from the covariant basis to a high-energy basis. The latter
is characterized by the following dynamical property: every subspace of states transforming
in the same representation of SO(8) is decomposed into two orthogonal sets, containing
states having a vanishing or a non-vanishing coupling to the Reggeon respectively.

Let us define the high-energy basis more precisely. Generically a given SO(8) repre-
sentation r will appear in the decomposition of several covariant states and with several
linearly independent couplings. If d, is the degeneracy of the representation and ¢, the
number of the inequivalent couplings, there will be d, — ¢, linear combinations of elements
of the covariant basis that decouple at high energy. The states in the c¢,-dimensional or-
thogonal subspace are those with a non-vanishing coupling to the Reggeon. For each SO(8)
representation we choose an orthonormal basis in the d, — ¢, and ¢,-dimensional subspaces.
The set of all these states forms the high-energy basis.

The covariant and the high-energy basis are related by a unitary transformation. Once
rewritten in the high-energy basis, the dynamical information derived from the covariant
amplitudes reproduces the list of SO(8) representations that can be excited at high-energy
and the corresponding transition amplitudes derived from the eikonal phase. Since the
high-energy basis is given explicitly in terms of linear combinations of SO(8) components
of covariant string states, we obtain in this way a covariant characterization of the light-
cone states that are created by the action of the eikonal phase on a given initial state.

We will perform in detail the comparison between the eikonal phase and the covariant
amplitudes for the inelastic transitions from the massless NS-NS sector to the first two
massive levels of the superstring, finding perfect agreement with the results derived in
section 4. It is interesting to note that this precise agreement is found only after the
explicit dependence of the covariant amplitudes on the masses of the external states is
rewritten in terms of o/ using the relation m? = i—l, for states at level [.

The comparison is straightforward for the first level, since in this case there is no
degeneracy in the SO(8) representations that appear in the decomposition of the covariant
states and therefore the covariant and the high-energy basis coincide. The first degenerate
representations appear in the second level, which will be studied in detail since it clearly
exemplifies all the generic features of the relation between the covariant amplitudes and
the matrix elements of the eikonal operator.

When decomposing the SO(9) representations with respect to the transverse SO(8),
we will write the polarization tensors of the covariant states as products of longitudinal
vectors v and of SO(8) polarization tensors w having non vanishing components only in the
transverse directions, v®w,... = 0. We will use the following notation for the component of
the polarization of a covariant state S transforming in the (ni,ns,...,n,) representation
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of SO(8)
CS,(nl,ng,...,nr) ) (61)

The decomposition with respect to the transverse SO(8) followed by the unitary transfor-
mation just described simplifies the form of the covariant amplitudes and reduces them to
the matrix elements of the eikonal phase. It is also interesting to proceed in the opposite
direction and to provide a covariant characterization of the light-cone states of a given
matrix element. This is the well-known problem of finding the covariant representations
which can be formed by combining the physical states in the light-cone gauge. As discussed
at the end of section 4, a possible way to derive this information is to first identify a light-
cone state with a covariant state using the DDF operators and then to find to which linear
combination of SO(8) components ¢("1:m2:r) of physical SO(9) states it corresponds.
This procedure will be illustrated with a few specific examples at the end of this section.

6.1 SO(8) decomposition of the covariant amplitudes: first massive level

The two SO(9) representations in the first level have the following decomposition with
respect to the transverse SO(8)

(T = 11 + O + e, (6.2)

@H@JFH. (6.3)

We decompose the polarization tensors into irreducible SO(8) components. For Sy we have

gS%(Q) = w;()?x) ’ 4527 V= \/iw(pva) ) <§é7(0) =

and

1
—— (=" + SvPv?) | 6.4
and for A3 we find

As,(L1,1) _ (1,11 Az, (1,1) _ (1,1)
pas'y( )= wf(’a’Y )’ PO?’Y( )= \/gw[pa Uy - (6'5)

The decompositions above can be easily derived by writing a tensor with the correct sym-
metry properties using w, v and the Kronecker delta in the transverse directions ¢ and
requiring that it is traceless and normalized. The couplings of the covariant states to the
Reggeon are given by the tensors in eq. (5.33) and eq. (5.35). When contracted with the
SO(8) polarizations we find

Sa,( o 2
TydrrGe® = =\ S W,
THpe ~S2,(1)
9, 572,3C ; =0,
val
TydnGoa” = == ", (6.6)

and

H,pory A37(1:171) — 0
9,A3,R>pary - Y

ooy ~Ag (1) [ 11
T;X?,}% pofv( )= Eéﬁpwfga . (6.7)
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Note that the vector and the rank-3 antisymmetric tensor of SO(8) decouple at high energy.
The remaining representations and couplings are in perfect agreement with those derived
using the eikonal operator and given in table 1. The states in the first massive level that can
be excited in the high energy scattering of a massless NS-NS state on a stack of Dp-branes
are therefore

S =¢5@8,, A=A gy, I=¢320g,, (6.8)

for a total of 64 degrees of freedom. The covariant and the high-energy basis coincide for
the first level.

6.2 SO(8) decomposition of the covariant amplitudes: second massive level

We perform now the same analysis for the second level, since it neatly displays all the
generic features of the relation between the covariant amplitudes and the matrix elements
of the eikonal phase. The explicit expressions for the polarization tensors that correspond
to the various SO(8) components of the covariant states of the second level are listed in
appendix D.

The state Z in the (3) of SO(9) has the following decomposition with respect to SO(8)

[(T11] — [[11 + [0 + ] + . (6.9)

The coupling of the covariant state Z to the Reggeon is given by the tensor in eq. (5.39).
Contracting this tensor with the polarizations in the list in eq. (D.5) we find

/
TPy 2,3) — @

9,Z,R Spary \/g

. 2 o
wpay ~Z,(2) _ Wy, (2)=p — [ 2 sy, (2)
Ty 7R Sooy = ﬁméi Wy, 1" = \/;‘& Wy, 4° s

SwWB) g,

TNWOL’Y Z,(1) —_ 1 _éa/@qu + ﬂwy
9,28 5007 9 7165\ 2 8 ’
. 1 3
mipary ~Z,(0) _ 5
9,%,R pagy) - _2\/ﬁmqu . (6.10)

Note the presence of two inequivalent couplings for the vector component. The state Y in
the (2,1,1) of SO(9) has the following decomposition with respect to SO(8)

HJF@*HHJFH' (6.11)

From the coupling of the covariant state Y to the Reggeon in eq. (5.41) we derive the
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following couplings for its SO(8) components

\/gT ppayw ~Y,(2,1,1)
379.Y,R Spoiviw
8 Y,(1,1,1
ameiay <o,
8 of 4 o o
Vammecien = Y A suger = ConuEee,

8 ayw 4o/ o
\[3 TR G = =\ =01 WD (6.12)

Note that all the tensors with more than two antisymmetric indices decouple. The state
U in the (2,1) of SO(9) has the following decomposition with respect to SO(8)

M- FH+m+H+0o. (6.13)

Using the coupling of the covariant state U to the Reggeon in eq. (5.43) and the polarization
tensors in eq. (D.9) we find

/
,(2,1
fT“ ;pay pav ) — 5T ,gow)q 7’

2\/5
VISR = S a0 ule = —Valdu
ﬁT:é?Cp&#U =0,

7 5
\ngﬂgog f,]a(#) = \2/; <3a d'wq + 4atw“> . (6.14)

Note the decoupling of the vector component of U, similar to the decoupling of the vector
component of the state Sy in the first level. The state V' in the (1,1) of SO(9) gives a
two-form and a vector of SO(8). Using the coupling in eq. (5.46) we find

UWWC 11):\/75H’Y —w
yw

g, V.R 2\/» Wywq
3a't
T = o . wh | 6.15
RO 4\ﬁq q 1617 (6.15)

Finally the state W in the vector representation of SO(9) gives a vector and a scalar of
SO(8). The coupling in eq. (5.47) gives

. 28

8v22T!', RGP = 20/ gwq + Wtw“,

8v22T!, (O = ﬁqﬂ : (6.16)
m

6.3 From the covariant to the high-energy basis

We now compare the SO(8) tensors and couplings given by the covariant amplitudes for
the second level with those given by the eikonal phase, deriving the unitary transformation
that connects the covariant and the high-energy basis.
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Let us start with the tensors of rank 3, namely the (3) and the (2,1) representations.
The (3) representation of SO(8) appears only in the covariant state Z

F=¢%0 7, (6.17)

and it is produced with the same amplitude as given by the eikonal operator, cfr. eq. (6.10)
and table 2. Consider now the (2, 1) representation of SO(8). This representation appears
in the covariant states Y and U and provides the simplest example of a degenerate SO(8)
representation. Since there is only one independent coupling to the Reggeon, there is a
linear combination of the (2, 1) components of Y and U that decouples at high energy. The

new basis is easily identified as well as the corresponding couplings to the Reggeon!”

1

Hy — s (CY,(2,1) Y — /3@ U) : Cotyr =0,

Hy =~ (Vacrey + ) ot = — o w@Dgq . (6.18)
2 ) 9,112, \/6 Olﬂ'Y

The coupling to the Reggeon of the state Ho, which is the one produced at high energy in
the (2,1) representation, coincides with the coupling given for this representation by the
eikonal operator, cfr. table 2

Let us now turn to the rank-two tensors. The (2) appears in Z and U and the high-
energy basis is

[(\RZ ) Z 4 U@ ) Cysin =0,

a/
_ Z.(2 U,(2 Y 2) -
Sy = \ﬁ (c (@) 7 — \/2¢U >U) : Cysor = 5w, (6.19)

again in agreement with the eikonal operator, cfr. table 2. The (1,1) appears in Y and V
and the high-energy basis is

Ay = (CY(I Dy 4 \[CV (1,1) V) Cynrr =0,

%\

/
(\f 6 Y = (VODY) L Cpan = —\/fe“w“’”qp . (6:20)

Ay = 11p

%\

Similarly the SO

—~

8) scalar appears in Z and W and the high-energy basis is

n=——(Va#O z 430w, Cppr=0,

1

V11
1 Vo

Iy — —— (3 Z0) 7 \/o¢WiO) W) : Conn—=—%Ce.d" . 6.21
2 \/ﬁ C C g,IQ,R 4\/5 ,uq ( )
In both cases we find agreement with the eikonal operator, cfr. table 2. Finally the vector
of SO(8) appears in Z, U, V and W. This is the first case in which there are degenerate
SO(8) representations both in the covariant and in the high-energy basis, the two vectors

19We leave understood that the polarizations CS’(T) in the definition of a state of the high-energy basis
transforming in the representation 7 of SO(8) are all formed using the same transverse polarization w™.
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in table 2. Since for the vector there are two inequivalent couplings, we will find two
linear combinations that decouple at high energy and two linear combinations with a non-
vanishing coupling to the Reggeon, related by a unitary transformation to the states in
table 2. A basis for the two-dimensional space of vectors of SO(8) that do not couple to
the Reggeon is

By = @Czy(l) 7+ \/jg‘ﬂ(l) V + @CW(U W
22 22 22 ’

1 /35 1 /11
B, — = 2z, L o) V() 1 \[ W W (6.92
2 TER Ty U C SRR (6.22)

In the two-dimensional space of vectors of SO(8) that couple to the Reggeon we choose the
basis that corresponds to the one in table 2

_ L2 ez B o - Jaev iy 38w
4( T xS NGIOA% 55¢ W,
_ 1 B 7(1) \/7U V,(1 w1
Bi=—; (,/33g UMWy — 7eve \ﬁg W) . (6.23)

It is easy to verify that the couplings of these two vectors to the Reggeon are indeed

o oy Xy at
Cng37R = \/%GM q q + g(sj‘ w"/ 9 Cg,B4,R - _?euél A/y, (624)

in agreement with table 2

The analysis of the second level is now complete. The states in the second massive
level that can be excited in the high-energy scattering of a massless state on a stack of
Dp-branes are therefore

F> H27 B37 B47 52 ) A27 I2a (625)
in the following irreducible representations of SO(8)

oo H o o m H ., (6.26)

for a total of 352 degrees of freedom. All the other SO(8) components of the covariant
states at level two decouple from the ground state in the Regge limit. All the covariant
amplitudes for the SO(8) tensors in the high-energy basis agree with the matrix elements
of the eikonal phase.

6.4 From the light-cone to the covariant states

Having described in detail how to relate the covariant dynamics to the light-cone dynam-
ics encoded in the eikonal operator, we now discuss a method to proceed in the opposite
direction. This method, based on the DDF operators introduced in appendix C, allows to
connect level by level the light-cone states with linear combinations of the SO(8) compo-
nents of the covariant states.
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The DDF operators are in one-to-one correspondence with the light-cone states and
the SO(8) symmetry rotating the transverse polarization vectors €; is the only part of
the Lorentz group manifestly realized. All massive states will then appear decomposed
in SO(8) representations. The fact that the DDF operators are constructed using the
worldsheet fields X* and * of the covariant theory will allow us to identify for any SO(8)
representation in the light-cone gauge the corresponding linear combination of the SO(8)
components of the covariant states.

The spectrum of the physical states of the NS sector of the superstring is generated
by the action on the vacuum state in eq. (C.1) of the DDF operators in eq. (C.2), followed
by the GSO projection on states with definite worldsheet fermion number. The GSO
projection preserves only the states containing an odd number of B_, ;, so the first non
trivial physical state is obtained by applying the operator B_ 1 to the vacuum in eq. (C.1)

1 1\?
By jlori0) = ~(e_y)lpr — 5h:0). (pT - 2k> — P prk=0.  (627)

These are the eight physical polarizations of the massless states corresponding to the co-
variant vertex operator in eq. (5.24) with momentum p = pp — k/2.

At the first massive level we have three types of states: those created by the action
of B_3/5, those created by the action of three B_;/, and finally the states with one B_y
oscillator and one A_1 oscillator. In this case the correspondence between the light-cone
and the covariant states is unambiguous since there is a unique way to combine the SO(8)
representations into SO(9) representations. The first two sets of states can be immediately
identified with the covariant states with polarizations ¢°2(1) and ¢4s:(LLY - Similarly the
symmetric, antisymmetric and trace part of the states created by the action of A_1 ;B_1 /5
correspond to the covariant states with polarizations ¢52/(2), ¢A4s:(L1) and ¢52:(0),

Let us show how the previous identifications can be derived using the DDF operators,
focusing on the states A_1 ;B_; /3, which are the only ones in the first level produced in
a high-energy collision of a massless state with a Dp-brane. This analysis will allow us to
introduce all the tools that are necessary to apply the method to a general light-cone state
in the higher massive levels, where the correspondence between light-cone and covariant
states is not already completely fixed by the decomposition of the SO(9) representations.
We have

1
(G = A1 B_1 i lpr; 0) = —A-vj(@y_1)lpr — Sk 0), (6.28)

where we have performed the contour integral present in the definition of the B DDF
oscillator; by carrying out explicitly the integral in the definition of A we get

R L A

~ () + (ko) (k)| e = ).

D=

1
2

= [ailw’“ = (ko_)w! s 4+ 67 (kv y) (ko) - <kw_g>)] pM:0),  (6.29)

where p) = pp — %k‘ and for simplicity we defined o 1 = (&), and similarly for the
¥ oscillators. This approach can obviously be used for any other light-cone state and, as
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explained at the end of section 4, provides an algorithm to map the light-cone spectrum in
the NS formalism into the covariant spectrum. In order to make this mapping fully explicit
we need however some extra work. Consider first the antisymmetric combination

G = 5 () ~ 1) = |5 (o0t — aba?

2 ) - (kw_%)wi%w’“ ] p1M;0) . (6.30)

_1
2

N

It is straightforward to show that the following state

SV = [a2, — oMyt + (pM_y)ew, | 1p0;0), (6.31)

_1 =
2

is spurious when the indices M, N run over the space orthogonal to the momentum p. This
means that it is physical and at the same time it can be written as G_; 5 acting on another
state??

SO = Gyt pVs0) (6.32)

Then by using (6.31) in (6.30), we can rewrite the antisymmetric state as follows

G = 5637 b0 = 5 | (o4 0 )y 7 0 o0y (639
2 3 2 2 2 2 B 2

Of course we can neglect the first line because it is a spurious state; then let us focus on
the combination pp + k/2: it is orthogonal to both the momentum of the state and the
eight polarizations ¢;. Then this combination must be proportional to the unit vector v*
describing the ninth physical polarization present in the description of the massive state.
It is straightforward to generalize this relation and the corresponding expression of the
momentum of the massive state to the n'" massive level

1 1 1
v o (pT + (n 2) k> s D T <n+ 2) E, p™Mv=0. (6.34)

Thus we can rewrite the antisymmetric state (6.33) as

1 .
|Gi) = ﬁﬂ}z%?ﬁj_%@ﬁﬁémm;@ . (6.35)

where ¢V, = v," | . In this form it is clear that Gy, corresponds to ¢43:(L1) the SO(8) part
2

of the covariant state Az in eq. (5.28) and eq. (6.5), where one of the Lorentz indices is along
the v direction and the remaining two are in the eight-dimensional space perpendicular to
the light-cone directions e*.

The same approach can be followed to rewrite the symmetric and the trace parts of

|Gij)- By using (6.34) it can be checked that

p'";0), (6.36)

1
2v/2

(1, (1)
1 ik Pp Po -
— 7/'7] (npo_ — (;(1) - 3UPUO—> ap_lw_%

G = 5 (o) 1) = [ (L oloa) + o) + 5 (al oty + by

N[

)2

20Tt is a zero norm state that is decoupled from the physical spectrum. This kind of states were first

considered in [39].
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where |s;) are spurious states whose explicit expression can be found at the end of the
appendix A. Then eq. (6.36) becomes

sk (S )
T3 Zaiﬂ/’i% - 204311/’3% P 0) . (6.37)
i=1

Separating the traceless and the trace part of the previous tensor, one can see that these

11 . ,
) = B 04]711?5% +al !

1
2

states indeed correspond to the covariant SO(8) components ¢52:(2) and ¢%20) in eq. (5.28)
and eq. (6.4).

A similar analysis can be performed for the higher massive levels. As an example let
us consider here the two Bj of SO(8) present at level two in the light-cone spectrum. It
is not difficult to build two light-cone states transforming as tensor of type (2,1) of SO(8).
The first one is

1
V2

y4 j k k j
_ 0471 <Oéj_1w; — Oéil'l/]i

VEALLAG) = 5 [y oty (o 0ty b ) (6:39)

1
2

1
2

N

—2(kw_y)¥? ;w’g)] p®:0),

where p@ = pp — gk and, for the sake of simplicity, we assumed that ¢ # j # k. Notice
that the state (6.38) has unit norm and can be written as a linear combination of the states
w1 introduced in the second line of tble 2

a 1 )
V2A G = o (1) — 1))

@@mwwzéwgﬁﬁgﬁﬁ—%@ﬁ—ﬁﬁﬁy (6.39)
1 A A . A
@ oy = 5 (660581, + 50581, — oo — okl )

1) (2,1)

where the state |wa2’1)> is obtained from the polarization wo?’ and, of course, w

wg?’l) with j and k exchanged.
The relation between (6.38) and the SO(8) components ¢¥(>1) and ¢Y(>1) of the

covariant states Y and U in eq. (D.7) and eq. (D.9) is far from obvious, but this state

is just

must be a linear combination of them. Again, in order to make this connection manifest,
one needs to eliminate a spurious state from the expression obtained by using the DDF
operators

1) = VE [ 410l + 3 (1S50a) ~ 150) | (6.40)

where

St = G_yalyu” ut, [p:0). (6.41)

is explicitly given in eq. (A.12). The state |¢)) has norm equal to 1. Using eqs. (6.34) for
n = 2, one can rewrite k in (6.38) in terms of p(® and v. The terms with p(® in (6.40)
cancel and then it is straightforward to check that

[9) = V2|~ (¥a) ~ [¥5)) — 55 (1Ua) — |Us))] (6.2
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where the kets on the r.h.s. represent the covariant states Y and U with a specific choice

of the polarization. Their explicit expressions are?!

1 1
-1 ]

NI

Ua) = (af_laﬂ;lw‘i —afial gl — 39007, gt ) [p?30) = VBIGH™Y), (643)
and similarly for |Ug). The states \Cg’é2’1)> are obtained from the state, corresponding to
the vertex operator Vi in eq. (5.37), with the same polarizations introduced in (6.39) and
with the indices restricted to those of SO(8). Similarly

1
V2
is obtained from the state corresponding to the vertex operator V- in (5.37) contracted

with the (2,1) tensor in (D.7) where the w’s are again those introduced in (6.39) and the
indices are restricted to those of SO(8). It is easy to check that

Ya) = ol w0y p30) = —fc @), (6.44)

1
V3

where Hs is the state introduced in (6.18), while the orthogonal state within the same

V2A_101¢) = ——= ([Hza) — |Hag)) (6.45)

SO(8) representation is

1 1 1
— = (|Ya) —1Y3)) + = ([Us) — |U, =——
|- o) = + 5w - 0| = -
where again H; is the state introduced in (6.18). In terms of the DDF oscillators eq. (6.46)
corresponds to

([Hia) — [Hip)) » (6.46)

2 . .
\[ (B(_egB]_)le ,-BY,BY B’ 1) Ipr;0) . (6.47)
3 2 2 2 2 2 2

7 Conclusions

The leading eikonal operator represents one of the rare examples of resummation of the
complete perturbative series of string theory. Its simple and somewhat intuitive structure,
which generalizes to an extended object the eikonal phase of a point particle, encodes
a wealth of information on the high-energy string dynamics. To make this information
accessible in every detail, we completed the definition of the eikonal operator showing that
it acts on the Hilbert space of physical string states in the light-cone gauge, with the spatial
direction determined by the collision axis. Once this is established, it is possible to evaluate
and give the correct interpretation to its matrix elements which capture the asymptotic
behaviour at high energy of arbitrary four-point or arbitrary two-point amplitudes, in the
case of a string-string or a string-brane collision respectively.

From the covariant point of view, the high-energy dynamics described in the light-cone
gauge by the eikonal operator is the multiple exchange of effective Reggeon states. Using

21 As mentioned above, we are assuming that all indices in Y and U are different; the full expressions,
including the terms necessary to ensure the tracelessness condition, can be found in (A.7)-(A.8).
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the Reggeon operator we were able to provide a simple and fully covariant derivation of
the eikonal phase.

We also discussed the asymptotic high-energy behaviour of the covariant string ampli-
tudes with massive states, explaining how to take into account the longitudinal polariza-
tions in a simple way. We illustrated our methods by calculating all the transition ampli-
tudes from the massless NS-NS sector to the first two massive levels of the superstrings.
In this way we could show in detail how the simple properties of the matrix elements of
the eikonal operator emerge from the covariant amplitudes.

The covariant dynamics of the massive string spectrum is an interesting topic on its
own. The second massive level provides several useful examples, including states transform-
ing as tensors of mixed symmetry. In the Regge limit the external massive string states
can be considered approximately massless and the amplitudes discussed in our paper may
help to understand the consistent interactions of massless fields of higher spin.

Equipped with a detailed understanding of the leading eikonal operator, it is possible
to generalise the analysis of the string high-energy scattering in several directions. An
interesting problem is to derive an eikonal operator which includes the classical corrections
in R, /b. It is possible that new qualitative features arise: for instance, the shift b — b+ X,
which gives the string eikonal operator starting from the leading eikonal phase, might not
be enough to capture the full dynamics already at the first subleading order.

Another interesting extension of our results is to study the high-energy string-brane
scattering in the stringy regime b < l;. In this case, the effects of the t-dependent phase
in eq. (3.3) are not exponentially suppressed and, in order to restore unitarity, one should
enlarge the Hilbert space of the eikonal operator to include also the open string oscillators.

Finally it should be possible to extend our analysis to more complicated D-brane bound
states that represent the microstates of macroscopic black holes. In this case, it would be
interesting to generalise the approach of [40] and see whether and under what conditions the
tidal forces present in the string high-energy scattering can distinguish different microstates.
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A Conventions

In this appendix we collect our conventions for the description of type II string theories
in flat space in the RNS formalism. The standard bosonic coordinates describing the
embedding of the string in spacetime are indicated by X*(z, z), with 2z = e" T where 7 and

— 45 —



o are the usual variables parametrising the (Euclidean) worldsheet. We use the greek letters
a, B, p, v, ... for the 10-dimensional indices and a mostly plus metric n = (— + ... 4).
When describing a massive string state, we use the capital latin letters I, J,... for the
9-dimensional indices that live in the space orthogonal to the momentum p* and the small
latin letters 4, j,... for the 8-dimensional indices that live in the subspace orthogonal to
both p* and the longitudinal polarization v, see for instance eq. (B.4). The 2D equations
of motions imply that the X* are a combination of a holomorphic and an anti-holomorphic
part and similarly the worldsheet spinors ¢* have a holomorphic and an anti-holomorphic

component
XH(z,5) = XP(z)+ XM(2), (e 3) = (ZZE;;) | (A1)
The OPE’s of these fields are
XHE)X" () ~ =L log(z —w), B () ~ (A.2)
o T8 ’ z—w’ '

and similarly for the anti-holomorphic fields, while the corresponding mode expansions and
commutation relations (in the NS sector) are

\f 1ogz+1\f S = Y weh (a)

n#0 reZ—f—%
. o/
[q", ap] = ™y 5 [, con] = "' bman, {0, 0 =000,

where tilded (left) and untilded (right) operators are completely independent and thus
(anti)commute. The left part of the Fock space is built on the vacuum state |p;0) defined
by the following relations

o . 1
aglp; 0) = |/ 5" Ip; 0), ak|p; 0) = H(p; 0) =0, if n>1,r>o, (A4)

and the right part is built on a vacuum state |p; 0) defined in a similar way. The physical NS-
NS spectrum is obtained by taking the tensor product of a left and a right state annihilated
separately by Lo —1/2, G, and Ly — 1/2, G, with r > 1/2, where

G, = Z Olfn"vbr%na Ly, = ng) + L%]) ) (A5)
nez
1 1 m
_ - . . W) — = AT .
_QZ‘O‘_"O‘”"‘”@” Ly =3 Z<T+2>.1/1_r1/1m+r..
nez T‘GZ+%

Finally physical states |[ph) should obey the level-matching condition Lg|ph) = Lo|ph) and
the GSO projection selects the states with an odd number of ¢ oscillators both in the left
and in the right part.
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For completness we list the standard N = 1 super-Virasoro algebra satisfied by the

generators introduced above

d 1
{GT,GS} = 20,45+ 5 <r2 _ 4> 5r+s,07
1
[Ln, G| = <2m — r) Grin, (A.6)

d
Ly, Lin] = (n —m)Lpym + gm(m2 — 1)0n+m,0

where d = 10 is the space-time dimension.
We conclude this appendix, by giving the explicit expressions of the states used in
section 6.4. With the definitions given above, it is straightforward to check that the states

below are physical (here p(?) = pp — k)

Lrrr g J oI H K
Yiner]) = 3 Kotﬂ/f_% +0L1¢_%) ¢_%¢_%

a1y, R R
CEEPBL (oot gyt ) g,

d—3
a1
o L (AIK T KT

73 (77 LA w,%) ;] 0,p%) (A7)

which reduces to (6.44) when all indices are different and K = v,

3 1
\Uank)) = [2 (ﬁiﬂﬁi; + ¢i§¢£;) P — ol ol 9k, + 504[—(1 <04£11/)£; + al—ﬂ/}i;)
2 2 2 2 2 2 2 2

3¢_§,H¢_;’H R R R
2 2 (277[JwK _ iy _nJquié)

1
2

2 d-2 -
o o} . . .
725 2§H (2 UT/J 17 UKJ%Z{% - UKI%ZJZ%)
a_1g_1

- 2@_22)]{ (277U04K1 - ﬁKJOé£1 - ﬁKIaJl)] |07p(2)> ) (A.8)

which reduces to (6.43) when all indices are different, and

M AN 7 M AP 7 N AP ¢ 1
Zaunp)) = &MaNof +aMal N, + e af Pt - ——
2 2 2 d+1

X {ﬁMNﬁQR (a,l,Ralel/Jf% + 20[*1’R¢—%»Qa€1>

+ NPy QR(oz 1,RO— 1Q¢ 1—|—2a LRY_ 10" )} 0,p?), (A.9)

where 6M = o™ — % and analogously for 1/, . Also the following states are physical

l\.’)
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(here p) = pp — 3k)

|51) = (G_;p“)a_l + ;G_g) p;0) (A.10)
3 ) (1) (1) 1 (1)
=3P Y s +p Y 1 pHai+ a1 ) [0,pY),
2 2 2 2
|sg) = —G_% ((vw_%) (p(l)w_%) — 21)04—1) |p(1);0> (A.11)
= (21’1/’_3 + (Uw_%)(l?(l)a—l) + (Ua—l)(P(l)iﬁ_%)) 10, pM),
|Sjik) = G_%aiﬂwi’%wﬁgo,pﬂb (A.12)

10,p3)) .

NG

v v . v
= [(p@)w_;)a(_lw”;wﬁ; +ol 07 ok oty by — kel
Since they are explicitly written as super-descendant, these states are spurious.

B Explicit formulae for the kinematics

In this appendix we collect some formulae relevant for the kinematics discussed in section 2
in a particular reference frame. In order to simplify the comparison with the light-cone
computation discussed in section 3, it is convenient to choose the spatial momentum of the
outgoing massive particle to be aligned along the same direction of &*; then we have

ph = (—E,op;os_p, _JVE? M2> , (B.1)

where the first p + 1 directions are parallel to the (Neumann directions of the) Dp-branes
and the entries after the semicolon are along the Dirichlet directions. Then the light-cone
directions defined in (2.11) read

(e")" = —(~1,0,...,0,1), (e )" = —(1,0,...,0,1) . (B.2)

The most direct way to describe the physical polarization of massive particles is to introduce
9 vectors perpendicular to their momentum. For instance, in the case of the outgoing
state (B.1) we have the unit vectors

w1 = (0,1,0p—1;08-p,0) ,... , g = (0,0p;07—p,1,0) , (B.3)
and, as the ninth one, v# corresponding to the longitudinal polarization

VEZ = M2 E
v = (E,op;os_p,> : (B.4)
M M

In terms of the DDF construction reviewed in appendix C, these massive state can be
generated by choosing

pr = (sinha, 0,; 03—, cosh ) , k=e %2t =e (-1, 0p; 03—p, 1),  (B.5)
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where k? = 0 and kpr = 1 for any « (this parameter can be used to obtain the desired
energy in (B.1)). The possible momenta of the ingoing particle take the following form

péL = (Evop;pb \% E? — M? +q9> 5 (BG)

_ t+ M? _
pmo o X 512+ (¢ = —t = (p1 + p2)?, B.7

where p? = 0. Finally eg indicates the (left) part of the polarisation of the massless NS-NS
state. Since we are focusing on a massless state we have eight independent polarisations.
It is convenient to choose them as follows

o = < P 0L, — P ) . (B.8)
E+VE2 - M?+¢° E+VE2— M?+¢°

This implies that we can neglect the p|' part in ¢* and write p} in place of the latter

exq = exp2 = ' <E+VE2—M2) ~pf, (B.9)

where in the final step we kept only the leading term in the high energy expansion.

We now wish to decompose the indices « and p of the massive states in 8D part (i, j)
and the component along v = vg, see eq. (B.3) and (B.4). Then it is convenient to rewrite
e” in terms of their v-component and 8D part

=0
M3

=k
erv = [(E2 — M?)% 4+ (B -~ M*)E - E2VE? — M2 — E3] ~ —% . (B.10)
where again in the last step we implemented the high energy limit. The polarisation of the
massive state (of momentum ps) can be written in terms of tensor products of the vectors
w; and v.

C Reminder of the DDF construction

In this appendix we collect a few known results about the DDF operators and states [27]
to be used in the main body of the paper. We do so by using their generalization to the
NS sector of the superstring presented in [36].22 As usual we will discuss explicitly the
construction for the left movers. Identical considerations apply to the right movers.

One first introduces an auxiliary tachyon-like momentum pr and the corresponding
tachyonic state

22In this appendix, except for the expansion of the fermionic coordinate 1 in terms of the oscillators, we
follow the notation of ref. [36] where dimensionless variables are used. In this notation the string coordinate
is given in eq. (A.3) for o/ = 2.
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The physical states in the NS sector of the superstring can be constructed by acting on
this ground state with the DDF oscillators?3

Ay =i fg dz (), (OXF + in(kp)gH) o kX () (2)

(k‘@?/}) > e—irkX(z)

(k0X) ) (ikox)2 '

By =1 d (e (030 () — 4 (0X) + 30 (00)

where n (r) is a positive integer (half-integer), k is an arbitrary null vector whose scalar
product with py is one (prk = 1), and €, is any one of the eight unit vectors perpendicular
to k and with a trivial time component. The spectrum of the physical states of the NS
sector of the superstring is generated by the action on the vacuum state in eq. (C.1) of
the DDF operators in eq. (C.2), followed by the GSO projection on states with definite
worldsheet fermion number. The GSO projection preserves only the states containing an
odd number of B_, ;, so the first non trivial physical state is obtained by applying the
operator B_%,j to the vacuum in eq. (C.1)

1

1 2
By lori0) = ~(gv_plor — 3ki0 (pr-gk) =sb-prk=0. (€3

These are the eight physical polarizations of the massless states corresponding to the co-
variant vertex operator in eq. (5.24) with momentum p = pp — k/2. We shall be interested
in the massive states obtained by acting on the above massless one by applying any number
of A_,; DDF operators. Since each one of them carries a momentum —nk the outcome
will be a state of total momentum

1
p=pr—(n+3)k, n=> ng, p’=-2n. (C4)

The generic (right moving component of a) state can thus be seen as a collection of photons
moving in the direction of k together with a single tachyon moving in a different direction.
In a convenient Lorentz frame we can take the latter to move in the opposite direction to
k, in other words we can restrict the kinematics to the 2-dimensional space given by k. In
this frame, defined modulo a Lorentz boost « along this axis, we can write the different

vectors as follows

k=e® (_1701);087177 1) )
pr = (sinha, 0p; 03—y, cosha) ,
1

pP=5 (e 4 2ne™%,0,; 0g_p, €~ — 2ne™ ) . (C.5)

The latter expression coincides with the 4-momentum ps given in (B.1) provided we identify

/ 1 /
\/%E = —5 (e +2ne™), %MQ = 2n, (C.6)

the overall minus sign being there because this is an outgoing string.?*

#3The fermionic DDF oscillators B_,.; were originally constructed in refs. [41, 42].
2"We have reinserted o/ because E and M of appendix B have dimension of an energy.
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We shall be interested in a high-energy process where, in the rest frame of the branes,
the components of p are large for the two external, generic, closed string states. This
corresponds to the limit of large boost parameter, o > 1, in which the momenta carried
by the “photons” of the DDF operators are, instead, very small (of order e~ ®). In this
regime pi, as given in (B.6), is also of the same form as in (C.5) and in the limit we have

1
pP1 — —pP2 — iea(l,op;()g_p, 1) . (C7)

If we now impose on the string coordinates in (C.2) the particular light-cone gauge cor-
responding to setting to zero the string oscillations of k0X and ki, the contour integrals
become simple (since nkp = n for any p) and the DDF bosonic oscillators reduce to the
modes of the transverse bosonic coordinates in that particular light-cone gauge. From eq.
(B.4) we see that, at large «, this is precisely the gauge choice that allows us to obtain our
simple eikonal operator.

D Polarizations of the massive string states

The massive string states transform in irreducible representations of the little group SO(9)
and can be described in terms of irreducible tensors { of the Lorentz group which satisfy
a transversality condition of the form p":C,,. ;... = 0 (where p is the momentum of
the state) in all their indices. We restrict our discussion to the left movers and use the
following standard notation for the symmetrization and the antisymmetrization of a group
of n indices

1 1 .
Tiiroin) = 7y > Totir)otin) » oy in] = > sign(0)To(i).co(,) . (D-1)
O'ESn O'ESn

where the sum is over all the elements ¢ of the symmetric group 5,.

To every irreducible tensor one can associate a Young diagram which specifies its
symmetry type. We write the vertex operators and the corresponding string states as
the product of a polarization tensor ( and a polynomial in the string fields or modes
with the same symmetry properties as the polarization tensor. A generic rank-n tensor
can be projected onto its irreducible components by the action of the Young symmetrizer
corresponding to a Young diagram with n boxes. According to our conventions the Young
symmetrizer first symmetrizes the indices in the rows and then antisymmetrizes the indices
in the columns. The polarization tensors are therefore totally antisymmetric in the indices
corresponding to the columns of the diagram. Moreover if we denote by o7 . .. oy the indices
of a given column and by v any index of the column to its right, the polarization tensors
satisfy the following identity

C...[al...oku]... =0. (D2)

Since we are considering the irreducible representations of an orthogonal group, every tensor
is also traceless in every couple of indices. Finally the polarization tensor of a generic string
state is normalized to one

Cm...unC“l”'“" =1. (D.3)
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Using the previous identities the normalization coefficients of the massive vertex operators,
as for instance those in eq. (5.37), can be easily derived.

As discussed in section 6, to relate the covariant amplitudes and the matrix elements
of the eikonal phase it is necessary to decompose the covariant tensors with respect to the
SO(8) symmetry group of the space transverse to the collision axis. The covariant polar-
ization (¢ of a state C' in a given representation of the little group SO(9) then decomposes
into several polarizations ¢ (") transforming as irreducible tensors of SO(8) of type
(n1,...,n,). Taking into account the transversality condition satisfied by the polariza-
tion tensors (¢, the SO(8) components ¢O(nr) can be written explicitly in terms of
the longitudinal vector v, the Kronecker delta ¢, in the transverse space and an SO(8)
polarisation tensor of the required symmetry type w(™ ") and satisfying w - w = 1.

In section 6 we gave the explicit form of the (& ("1") only for the states of the first
massive level. Here we collect the formulae for the reduction of the polarization tensors of
the states of the second massive level. The state Z in the (3) of SO(9) has the following
decomposition with respect to SO(8)

(TT] — [+ [+ [ + e, (D.4)

or in terms of the polarization tensor
3)
pay s

1
GEAD = T (ufon + i@+ o).

|
S

Coory

1
Z,(1) _
Cpagy) - 7\/@ ((6Lpa — 100pV0) Wy + (01ay — 10VVy) Wy + (014, — 10V4V)) Wa)
1
z,0) _
Cpa(«,) — 7\/@ (01 paty + 0 LayVp + 01~pVa — 8UpVVy) (D.5)

The state Y in the (2,1, 1) of SO(9) has the following decomposition with respect to SO(8)

H*@*HHJFH (D.6)

We decompose the polarization tensor accordingly

C (2,1,1) (21,1
pasy;w Woasyiw s

(1,1,1) _ V3 1,1,1 (1,1,1)
(poww =5 (wng )va +wahw vp]) )
1
Y,(2,1) _ 2,1 2,1 2,1
o = ﬁ( Whery v + Wl )UpJFWfJap)”v) ’
2
Y,(1,1) _ (1,1) (1,1)
pa(;,y;w) = ?3 <w[m Vg Ve — gw[ 5Lw}a> . (D.7)

The state U in the (2,1) of SO(9) has the following decomposition with respect to SO(8)

H e H+mo+H+ 0, (D.8)
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or in terms of the polarization tensor

U,2,1) _ (21
pagw ) = wgaw)’
1
Cgi(;%) NG (wf()?x)v'y - W%)Up) )
1
U,(1,1) _ 1,1 1,1 1,1
pagv )= NG (2wf(’7 va ergw v, _W&P )%) ’
VT 1 1
C,)Uol(;»ly) =T <w,yvpva — Wply Vo — ?wﬂyfﬁ_m + 7wp5J_W) . (D.9)

The state V in the (1,1) of SO(9) gives a two-form and a vector of SO(8). Decomposing
the polarization tensor we find

1
G = eyl G = s e ) (D.10)

Finally the state W in the vector representation of SO(9) gives a vector and a scalar of
SO(8). The corresponding polarization tensors are

GO iy, O = o.11)
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