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1 Introduction

The Dirac magnetic monopole [1] in R? is a solution of the U(1) gauge group Bogomolny
equation
B+ Vgp=0, (1.1)

where ¢ is a scalar field and B = (By, By, B3)" is the magnetic field with the one-form po-
tential w, i.e. €, B*dtPdt® = dw, where €4, is the Levi-Civita symbol. The basic monopole
solution is

. 1 o N () for t > 0,
o)=L o(f) = {<r D) for 12)
{t wf(t) for t3 < 0,
with
Ay = (Tx0)-db WSSy == LX) d (1.3)
r 20(Tt+T-1) T 20(Tt —T 1)

for any given vector T. Clearly wT]y (and w%) extend from its domain to the complement
of the semi-infinite line L : {{ = —rT|r > 0} (and L~ : {f = rT|r > 0} respectively).
Since eq. (1.1) is linear, it is straightforward to write its solution with k& Dirac monopoles

positioned at 7/; € R3, j =1,...,k. If we denote by f; =t— U; the position relative to
the 5 point and let ¢; = |£;|, then the solution is ¢ = > 22 and w =}, w(f;) with the

vector potentials w of eq. (1.2). Clearly these solutions are singular only at the points 7/;.



The first nonabelian monopole solution was found by ’t Hooft and Polyakov in [2]
and [3]. It is a nonabelian generalization of the Dirac monopole and in the Bogomolny-
Prasad-Sommerfield (BPS) limit [4, 5] it can be written exactly:

®(2) = <)\ coth2\z — 21z> i, (1.4)
S _ A 1Y ik, di]
AlZ) = - <sinh(2)\z) - 2z> 2 (15)

where @ is the Higgs field and A is the gauge field for the SU(2) gauge group. It is the
solution of the Bogomolny equation

3

Fab+zeabc[Dca(I>] =0, (16)
c=1

where F' is the field strength of the gauge field A. As opposed to the abelian Dirac monopole
of Eq (1.2), which is singular, the 't Hooft-Polyakov monopole (1.4), (1.5) is everywhere
smooth. The Bogomolny equation (1.6) is nonlinear and superimposing its solutions be-
comes an interesting nonlinear problem. The existence of such a monopole superposition,
that is of a multimonopole solution, was argued in [6] and proved in [7].

In this brief note we present solutions to the Bogomolny equation that can be thought
of as nonlinear superpositions of one 't Hooft-Polyakov monopole (1.4), (1.5) and k£ minimal
Dirac monopoles (1.2) embedded into the gauge group.

A general formalism for constructing BPS monopoles was discovered by Nahm in [8—
11]. A number of alternative approaches exist, see [12] for an excellent exposition of
various methods. Singular monopoles were introduced in [13], where their twistor theory
and moduli spaces were studied. Singular monopoles on compact spaces were studied
in [14, 15]. They play a significant role in quantum gauge theory as first pointed out
in [16] and explored in various contexts, see e.g. [17, 18], and [19]. Their significance in the
geometric Langlands program became apparent after [20].

First singular monopole solutions with nonabelian charge were found in [21] and [22].
These solutions were derived using the conventional Nahm transform of the Nahm data
described in [23].} This Nahm transform technique was limited however to the cases of
one or two singularities at most. The reason for this limitation is that the conventional
Nahm data for one monopole with k£ singularities is defined on a real line which is divided
by two points £\ into a finite interval (—\, ) and left and right semi-infinite intervals
(=00, —A) and (A, +00). The Nahm data over the finite interval is of rank one, and thus
it is easy to work with, while the Nahm data over the left and right semi-infinite intervals
is of respective ranks k_ and ki with k_ + k. = k. For k1 > 2 such data has not yet
been constructed explicitly, and even if found, whenever k. > 1 or k_ > 1 it is difficult to
work with when performing the Nahm transform. Until now this difficulty precluded any

derivation of a singular monopole with more than two singularities.

!The notion of the nonabelian charge of the singular monopole is also defined in [23].



We circumvent this limitation by employing bow diagrams and a generalization of
the Nahm transform presented in [24-26] and in particular the Cheshire bow representa-
tions [27]. Our method relies on the observation of Kronheimer [13] that an instanton on a
multi-Taub-NUT space that is invariant under the isometry of the Taub-NUT is equivalent
to a singular monopole. The bow formalism of [24, 25] was developed to construct all
instantons on a multi-Taub-NUT space. In [27] we single out the bow representations that
give rise to the instantons that are invariant under the multi-Taub-NUT isometry. Since
these are the representations which have one of the ranks equal to zero, i.e. at least one
segment of the bow is not present, we call them Cheshire representations. The detailed
derivation of the results we present here shall appear in [27]. In this letter we limit our-
selves to giving the explicit general one monopole solution with any number of minimal
singularities for the gauge groups U(2),SO(3), and SU(2).

2 Solutions

We place the singularities at some k distinct points with ¢ = Vi, 3 = 1,2,...,k. The
position relative to the j* singularity is t_; =i— V;. The nonabelian monopole position
parameter is f, which approximately corresponds to the negative of the monopole position.
Let T; =T+ viand T; = \T;] By 7 = t+T we denote the position relative to the monopole.

For any three-vector @ we use its projection @ on the plane orthogonal to Z, that is
CL;Z z ,
notation & to denote @-& = a101 +ax0o2 +asos, where o1, 02, and o3 are the Pauli matrices.

a =d-— and we denote the length of @ by a = |@|. We also use the conventional
Since one common combination that enters our solution is T} + ¢; 4 X, we introduce the
following functions

1 lnTj—i-tj—i-Z

ey
4z Tj + t]’ -z

Pj:\/(tj+7})2—22:\/2(7}tj—fj'{j) and ;=

so that Tj +t; £ X = Pjeﬂaﬁ. Also let the sum of all the «; functions be o = a(f) =

k
Zj:l aj-

2.1 U(2) and SO(3) monopoles

For a U(2) singular monopole each minimal singularity has a sign associated to it [19], so
that its charge e; is +1 or —1 depending on whether one of the Higgs field eigenvalues
approaches + or — infinity respectively as one approaches the singularity 7/;. For a singu-
larity at ¢ = 7; let w; = w; (t_; ), with the one-form wg(f) given in eq. (1.3). The one
U(2) monopole solution derived in [27] can easily be generalized to the case of minimal
singularities of arbitrary charge e; = £1 giving

k
€ — € E_—
@:E 4tjj—|—<1>-a, Azg Qij—l—A-a, (2.2)

j=1 i=1



where

N k
1 1 Z z 1 -
= h2 T 2.3
<A+Z4t >C0t A+a)z— 2z z+sinh2()\+a)z22t‘772 it (2:3)
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Stripping off the trace part of this solution one obtains a solution ® = (®,;) and A = (Ag)
for the singular monopole with the SO(3) gauge group with

DPpe = €ape P, Aap = €apcAS. (25)
Here ®¢ and A¢ denote the components of the vectors ® and A of egs. (2.3) and (2.4) above.

2.2 SU(2) monopole

By bringing the singular points of opposite charges together in pairs in the U(2) solu-
tion (2.2), we obtain the singular monopole solution for the SU(2) gauge group

k
1) X

. N 2.6
<)\+Z )COt (A +20)z - 2z +51nh2)\+204 Z:: PJQ 0

i 1 LRI

J J
) ) 2.
2. B = Gino(r 4+ 20)2 A+~Z; AN o
k

X . .
i h2 2
+ ]EZI wj , cot (A +2a)z + sinh 2(\ 4 2a)z ; 9P K], dt] .

3 Exploring the solutions

Here we study various limits and special points of our solutions verifying the expected
behavior and comparing to the solutions known earlier.
3.1 At the location of the monopole

Let us begin by establishing the regularity of our solutions at z = 0. Since the term
z/sinh 2(\ + a)z has a regular limit, the only potentially divergent terms are

1 1
th 2 — 1
<A+j§; 4@-) coth2(A + )z — (3.1)
and
k
1 T; + t; 1
A U I 3.2
sinh2(\ + a)z * JZ:; 277J2 2z (32)



Since T = t;— 21, /t;+0(z%) we conclude from the definition of a; that a; = 41]_ +0(z). As
z — 0 we also have t_; — —T;, tj — Tj, and 77]2 — (2Tj)2. Thus in all of the above solutions
the 212 term is canceled by the singular part in the expansion of the term containing coth

or sinh, and the whole expression is regular, as expected.

3.2 At the singularities

Sincef;- :f—IJ} and Z:t;%—fj we have

2T + O(t;
4zo; = log _,Jj_ (t5) .
ty —Tj-t;/T; + O(t5)

and
1 4 e 40+a) T =T 8 4ons . o
coth2(\ + )z = | odOda)s = 14 777 T.2] § =t (Mg i) 2 +0(t5). (3.4)
j

Thus at a singularity as ¢ — v; the Higgs field is

U(2) : o ! (ej + TJ) +0(t), (3.5)

G T;
117 0
80(3) : D, = 4tj Eabch + O(tj), (3.6)
1K,
SU(2) : =, Tj +0(t)), (3.7)

which is exactly the behavior corresponding to the minimal Dirac-type singularities for the

respective gauge groups.
3.3 Apparent Dirac string
Since our expressions for the monopole solutions contain terms with 73]2 = (Tj+1t;)* — 2% =

2(t;T; — t_; T;) in the denominator one can expect them to be singular along the line

L;: f;|f; = T’T}, > 0} . For concreteness let us consider the term

z 1 -

T; 3.8
sinh 2(\ + 2a)z 2t;P? i (38)

in the expression for the SU(2) monopole. As we approach the line L; we have P; —
0, |T;L| — 0, and sinh 2(A 4+ 2a)z — oo. To find the leading behavior of these terms use

1 T+t + =2 _ T+t — =z
inh 2(\ 2 — 2\z J J _ 2Xz J J 3.9
sinh 2(\ + 2a)z NE HTj+tj—z e HTj+tj+z (3.9)
J j
k
T+t \*rp T+ ti + Tj +t;
22)\2 J J ? ? J ]. 3.10
e (M) U T 1

i=1

7]

This leads to a regular limit along L.



All of our solutions are written in a gauge that is partial to the nonabelian monopole;
this results in the appearance of apparent Dirac strings L;. There is a simple gauge trans-
formation that is more democratic making the solutions everywhere regular apart from at
the points 7/;.

Focussing on one pure singularity, in the Dirac form it is

X
z".lj )

X

J

op = (1)) (3.11)
with ¢ and w given by eq. (1.2), while in the Wu-Yang form [28, 29], which makes sense

globally and has no Dirac strings, it is

1k

2, t;

A = — 3.12
wy ? Qt? ( )

Py = —

The gauge transformation relating these two solutions is

g - Vit (Xj B Tj) . (3.13)

P\t T
This g; is both unitary and Hermitian and thus g; = 7i; - & with the unit vector 7i; =
T-t: - —
\/P;tj (tj/tj — T]/T]) So it has the form ig; = exp(i3g;). Thus if we find some vector-
valued function h such that as £ — v; we have h — 7i; then the gauge transformation

g = exp (th) : (3.14)

puts the solutions we have in a nonsingular form with Wu-Yang form of the singularities.
= — . T — —
For example let h = I]{, with f = Z:tl. Zj ;j\/t; and H = 7 —V

1 -
or H =
ﬂ =
2 B Zitl. z'] tjt;.
Another example is delivered by the gauge transformation used in [30] to put a super-
position of Dirac monopoles, with no nonabelian charge, in Wu-Yang form. When applied
to our solution of section 2.2 it produces a configuration that is regular away from the

singularity positions ;.

3.4 Charges measured at infinity

As T tends to infinity coth 2(A+a)z and coth 2(A42a)z tend to one up to exponentially small
terms containing exp(—4A\|f]), while sinh 2(\ 4+ )z and sinh 2(\ + 2a)z grow exponentially
as exp(2Az). Thus the U(2) Higgs field at infinity has the form

k k
€; 1 1) X
U(2) : P = / A— —2Az 3.15
_]:1 J ]:1 J
with the eigenvalues behavior EigVal(®) = ()\ — 172];4 ,—A+ 1;’:_) , with k_ and k. the
number of singularities with e; = —1 and e; = 1 respectively. This exactly corresponds to

the nonabelian charge one configuration as defined in [19].



For the remaining two cases

k
1 C
SO(3) : B = A eabcz + o(e= ) (3.16)
j=1 7
k-2 te o
- <A+ " >eabct +O(t), (3.17)
k 1 %\
SU(2) : o= ot > o | ¢ T o(e™) (3.18)
j=1""
= L O(t™2). (3.19)
2t t

so the total charge measured at infinity is %kz — 1 for the SO(3) case and k—1 for the SU(2)
case and, since we have k charge % minimal singularities in SO(3) and k charge 1 minimal
singularities in SU(2) the nonabelian charge equals to one, as expected.

3.5 Removing the singular points

If we remove one of the singularities to infinity of the three-space R? by sending ), — oo,
then T}, and t;, — oo and ay — 0. As a result « reduces to the expression for the case with
k — 1 singularities, while all the terms associated with the removed singularity vanish. This
procedure relates a solution with k singularities to the solutions with any lower number of
singularities. In particular, removing all of the singularities one recovers the original BPS
limit of the 't Hooft-Polyakov monopole.

In order to compare to the solutions with one singularity [22] or two singularities [21]
it suffices to observe that in general

k

k
1 1
sinh 2az = T+t +2z)— T, +t;i—2) |, 3.20
2 Pl o Pk 1:[( J J ) H( J J ) ( )
J=1 J=1
1 k k
cosh 2z = H (T +t;+ 2) H(TJ +tj—=z)]. (3.21)
Jj=1 J=1

Using these our solutions with & = 1 or 2 reduce to those of [22] and [21] respectively.

4 Conclusions

The moduli spaces of the solutions that we constructed here attracted some attention
due to their significance in supersymmetric gauge theories. These spaces were found even
though the solutions themselves were not known at the time. The moduli space of the
U(2) or the SO(3) singular monopole is the k-centered Taub-NUT space, while in the case
of SU(2) singular monopole it is the 2k-centered Taub-NUT space with these centers ar-
ranged into k degenerate pairs. As a result this space is singular with k A; singularities.
Even though the moduli spaces of singular monopoles were well studied, explicit singular



monopole solutions were scarce. The conventional Nahm transform for singular monopoles
was effective in obtaining one monopole solutions with at most two singularities. It is
substantially more difficult to use it in order to obtain a monopole solution with an arbi-
trary number of singularities. We are able to overcome these difficulties by employing the
novel bow formalism. We present explicit singular monopole solutions for U(2),SO(3), and
SU(2) gauge groups and analyze their properties verifying the expected singular behavior
and computing their charges. Our technique can also be used to find explicitly the charge
(1,1,...,1) monopole in U(n) with any number of minimal singularities. One might expect
these techniques to provide the zero modes of the Dirac operator in the singular monopole
background, just as the conventional Nahm transform does in the cases where it is effec-
tive. In general, Cheshire representations of multi-Taub-NUT bow diagrams provide an
alternative construction of all singular monopoles. We refer the reader to [27] for details
of the bow construction and a detailed derivation of the results we presented here.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.

References

[1] P.AM. Dirac, Quantised Singularities in the Electromagnetic Field, Proc. Roy. Soc. A 133
(1931) 60.

[2] G.’t Hooft, Magnetic Monopoles In Unified Gauge Theories, Nucl. Phys. B 79 (1974) 276
[SPIRES].

[3] A.M. Polyakov, Particle Spectrum in Quantum Field Theory, JETP Lett. 20 (1974) 194
[Pisma Zh. Eksp. Teor. Fiz. 20 (1974) 430] [SPIRES].

[4] E.B. Bogomolny, Stability of Classical Solutions, Sov. J. Nucl. Phys. 24 (1976) 449 [Yad. Fiz.
24 (1976) 861] [SPIRES].

[5] M.K. Prasad and C.M. Sommerfield, An Ezact Classical Solution for the ’t Hooft Monopole
and the Julia-Zee Dyon, Phys. Rev. Lett. 35 (1975) 760 [SPIRES].

[6] N.S. Manton, The Force Between ’t Hooft-Polyakov Monopoles,
Nucl. Phys. B 126 (1977) 525 [SPIRES].

[7] AM. Jaffe and C.H. Taubes, Vortices and Monopoles. Structure of Static Gauge Theories,
Progress In Physics 2, Birkhaeuser, Boston U.S.A. (1980) [SPIRES].

[8] W. Nahm, A Simple Formalism for the BPS Monopole, Phys. Lett. B 90 (1980) 413
[SPIRES].

[9] W. Nahm, All Self-dual Multimonopoles for Arbitrary Gauge Group, CERN-TH.3172 (1981)
KEK entry.

[10] W. Nahm, Selfdual Monopoles and Calorons, presented at 12th Collog. on Group Theoretical
Methods in Physics, Trieste Italy, Sep 5-10 1983, BONN-HE-83-16 SPIRES.

[11] W. Nahm, Self-dual Monopoles and Calorons, Physics 201, Springer, New York U.S.A.
(1984), pg. 189-200.


http://dx.doi.org/10.1016/0550-3213(74)90486-6
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B79,276
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JTPLA,20,194
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=SJNCA,24,449
http://dx.doi.org/10.1103/PhysRevLett.35.760
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA,35,760
http://dx.doi.org/10.1016/0550-3213(77)90294-2
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B126,525
http://www.slac.stanford.edu/spires/find/hep/www?irn=826421
http://dx.doi.org/10.1016/0370-2693(80)90961-2
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B90,413
http://www-lib.kek.jp/cgi-bin/img_index?198111193
http://www.slac.stanford.edu/spires/find/hep/www?r=bonn-he-83-16

[12]

=
)

-
)

ey
AN

[16]

22]

23]

[24]

M.F. Atiyah and N.J. Hitchin, The Geometry and Dynamics of Magnetic Monopoles.
M.B. Porter Lectures, Princeton University Press, Princeton U.S.A. (1988) [SPIRES].

P.B. Kronheimer, Monopoles and Taub-NUT Metrics, M.Sc. Thesis, Oxford U.K. (1985).
M. Pauly, Monopole Moduli Spaces for Compact 3-manifolds, Math. Ann. 311 (1998) 125.

M. Pauly, Spherical Monopoles and Holomorphic Functions, Bull. London Math. Soc. 33
(2001) 83.

G. 't Hooft, On the Phase Transition Towards Permanent Quark Confinement,
Nucl. Phys. B 138 (1978) 1 [SPIRES].

A. Kapustin, Wilson-’t Hooft Operators in Four-Dimensional Gauge Theories and S-duality,
Phys. Rev. D 74 (2006) 025005 [hep-th/0501015] [SPIRES].

J. Gomis, T. Okuda and D. Trancanelli, Quantum ’t Hooft Operators and S-duality in N = 4
Super Yang-Mills, Adv. Theor. Math. Phys. 13 (2009) 1941 [arXiv:0904.4486| [SPIRES].

S.A. Cherkis and A. Kapustin, Singular Monopoles and Supersymmetric Gauge Theories in
Three Dimensions, Nucl. Phys. B 525 (1998) 215 [hep-th/9711145] [SPIRES].

A. Kapustin and E. Witten, Electric-magnetic Duality and the Geometric Langlands
Program, hep-th/0604151 [SPIRES].

S.A. Cherkis and B. Durcan, Singular Monopoles via the Nahm Transform,
JHEP 04 (2008) 070 [arXiv:0712.0850] [SPIRES].

S.A. Cherkis and B. Durcan, The 't Hooft-Polyakov Monopole in the Presence of an 't Hooft
Operator, Phys. Lett. B 671 (2009) 123 [arXiv:0711.2318] [SPIRES].

S.A. Cherkis and A. Kapustin, Singular Monopoles and Gravitational Instantons,
Commun. Math. Phys. 203 (1999) 713 [hep-th/9803160] [SPIRES].

S.A. Cherkis, Moduli Spaces of Instantons on the Taub-NUT Space,
Commun. Math. Phys. 290 (2009) 719 [arXiv:0805.1245] [SPIRES].

S.A. Cherkis, Instantons on the Taub-NUT Space, Adv. Theor. Math. Phys. 14 (2010) 609
[arXiv:0902.4724] [SPIRES].

S.A. Cherkis, Instantons on Gravitons, arXiv:1007.0044 [SPIRES].

C.D.A. Blair and S.A. Cherkis, Singular Monopoles from Cheshire Bows, arXiv:1010.0740
to appear in Nucl. Phys. B.

T.T. Wu and C.-N. Yang, Some Remarks About Unquantized Nonabelian Gauge Fields,
Phys. Rev. D 12 (1975) 3843 [SPIRES].

T.T. Wu and C.N. Yang, Dirac’s Monopole without Strings: Classical Lagrangian Theory,
Phys. Rev. D 14 (1976) 437 [SPIRES].

A.D. Popov, On Ezxplicit Point Multi-monopoles in SU(2) Gauge Theory,
J. Math. Phys. 46 (2005) 073506 [hep-th/0412042] [SPIRES].


http://www.slac.stanford.edu/spires/find/hep/www?irn=1983741
http://dx.doi.org/10.1016/0550-3213(78)90153-0
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B138,1
http://dx.doi.org/10.1103/PhysRevD.74.025005
http://arxiv.org/abs/hep-th/0501015
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0501015
http://arxiv.org/abs/0904.4486
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0904.4486
http://dx.doi.org/10.1016/S0550-3213(98)00341-1
http://arxiv.org/abs/hep-th/9711145
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9711145
http://arxiv.org/abs/hep-th/0604151
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0604151
http://dx.doi.org/10.1088/1126-6708/2008/04/070
http://arxiv.org/abs/0712.0850
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0712.0850
http://dx.doi.org/10.1016/j.physletb.2008.11.065
http://arxiv.org/abs/0711.2318
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0711.2318
http://dx.doi.org/10.1007/s002200050632
http://arxiv.org/abs/hep-th/9803160
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9803160
http://dx.doi.org/10.1007/s00220-009-0863-8
http://arxiv.org/abs/0805.1245
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.1245
http://arxiv.org/abs/0902.4724
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.4724
http://arxiv.org/abs/1007.0044
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1007.0044
http://arxiv.org/abs/1010.0740
http://dx.doi.org/10.1103/PhysRevD.12.3843
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D12,3843
http://dx.doi.org/10.1103/PhysRevD.14.437
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D14,437
http://dx.doi.org/10.1063/1.1939987
http://arxiv.org/abs/hep-th/0412042
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA,46,073506

	Introduction
	Solutions
	U(2) and SO(3) monopoles
	SU(2) monopole

	Exploring the solutions
	At the location of the monopole
	At the singularities
	Apparent Dirac string
	Charges measured at infinity
	Removing the singular points

	Conclusions

