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ABSTRACT: We perform a systematic analysis of generic string flux compactifications,
making use of Exceptional Generalized Geometry (EGG) as an organizing principle. In
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ity and EGG, identifying the complete set of gaugings that admit an uplift to 10d heterotic
or type IIB supegravity backgrounds. Our results reveal a rich structure, involving new
deformations of 10d supergravity backgrounds, such as the RR counterparts of the (-
deformation. These new deformations are expected to provide the natural extension of the
(B-deformation to full-fledged F-theory backgrounds. Our analysis also provides some clues
on the 10d origin of some of the particularly less well understood gaugings of 4d supergrav-
ity. Finally, we derive the explicit expression for the effective superpotential in arbitrary
N =1 heterotic or type IIB orientifold compactifications, for all the allowed fluxes.
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1 Introduction

T-duality is a distinctive symmetry of String Theory, in the sense that stringy aspects
come into play. In its simplest form it identifies a theory compactified on a circle of a given
radius with a theory compactified on a circle of inverse radius and exchanges compact
momenta and winding modes, which simply do not exist in a field theory of particles.
When compactification on a more general background with d isometries is considered, T-
duality action is enhanced to an O(d,d,Z) group that, among other features, mixes the



metric modes with the antisymmetric NSNS By field components. In a 2d sigma model
approach, Buscher rules [1, 2] indicate the precise way in which target space fields transform
under T-duality, highlighting the fact that different backgrounds lead to the same CFT.
When fluxes are turned on [3, 4], the situation becomes richer and more intricate. A
clear illustration is provided by a torus compactification in the presence of a flux of the
NSNS 3-form Hs = dBs. It has been suggested that, taking T-duality symmetry as a funda-
mental symmetry of String Theory would lead to include new “fluxes”, following the rules

T
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where T, denotes a T-duality transformation performed along an internal direction m [5—
7]. These rules manifest, for instance, by comparing 4d effective superpotentials derived
from orientifold compactifications of the type IIA and IIB 10d supergravity actions. Com-
ponents in (1.1) are related to the various coefficients of effective superpotential couplings
in the dimensionally reduced theory. Since the corresponding type IIA and IIB string the-
ories are supposed to be connected by mirror symmetry, these new fluxes must be included
in order for the superpotentials to match.

An obvious question arising at this stage concerns the higher dimensional origin of these
new fluxes. The first transformation in (1.1) is well understood from Buscher rules. If a T-
duality transformation is performed along the isometry direction m (B2 being independent
of this direction), we end up with a background with no Hs flux, corresponding to a
compactification of 10d supergravity on a different manifold, referred to as twisted torus.
This is characterized by the first Chern class of the spin bundle, given by w;,.

By performing a new duality, let us say along n, a new 10d supergravity background
is obtained,! which can be locally characterized by the tensor Q" = 9pB8™". The new
(B-deformed) background, however, does not define a global manifold in the usual sense
of Riemannian geometry. In order to link such solutions in different intersecting coordi-
nate patches, local solutions can be connected by the usual geometric transition functions
involving diffeomorphisms and gauge transformations. However, after a global transforma-
tion solutions are connected only if T-duality transformations are also allowed for as part
of the transition functions. For that reason Q' is also called a non-geometric flux.

The last T-duality transformation in eq. (1.1) is more obscure. In fact, it has been
conjectured [5] from the 4d effective action viewpoint that if a T-duality transformation
along a direction p is performed in a background with Q" fluxes, we would arrive to a
“truly non-geometric” flux R™"? for which not even a local 10d supergravity description
is available. In this sense, the resulting 4d effective supergravity should not be thought of
as a dimensional reduction of a 10d effective supergravity background, but as a 4d theory
that incorporates information of the full string theory.

From the above chain of T-dualities a “stringy” generalization of the concept of Rie-
mannian geometry seems to emerge, on which symmetries of the By field are taken now on

1Strictly speaking, the usual derivation of Buscher rules is actually not allowed in these cases since the
isometry is not globally well defined. However, following these rules even in these “obstructed” cases seems

to be meaningful. For instance, to some of these solutions an interpretation in terms of asymmetric orbifolds
can be given [8] (see also [9]).



equal footing than diffeomorphisms. Thus, in a series of papers starting from [10, 11], the
concept of Generalized Geometry [12-15] (see also [16] for an introduction to the topic)
was proposed as a natural framework to describe string compactifications with fluxes. In
Generalized Geometry the full T-duality group O(6,6) (O(d,d) for compactification on d
dimensions) is the structure group of a generalized bundle built up from the tangent and
cotangent bundles of the six (d) dimensional manifold. Namely, vectors in this generalized
bundle are built up from vectors and one-forms of the original one. The generalized metric
combines the original metric and the B field. Patching in overlapping regions requires,
besides diffeomorphisms, an O(6,6) action involving, in particular, the By field.?

Hence, Generalized Geometry is particularly powerful in dealing with general 4d N = 2
and N = 1 compactifications. The existence of a single nowhere vanishing spinor requires
the local O(6, 6) structure to be reduced to a global SU(3) structure, characterized in terms
of a globally SU(3) invariant Kéhler (1,1)-form J and a holomorphic 3-form €. The 10d
supergravity equations of motion can be then recast in terms of F-term and D-term den-
sities depending on J and €2, which after Kaluza-Klein reduction and integration over the
compact space give rise to the F-terms and D-terms of the effective 4d gauged supergravity
theory [22-24].

The above picture, however, is far from being complete. By invoking other duality
transformations of String Theory, like IIB S-duality, M-theory or heterotic/type I S-duality
extra fluxes are suggested [7]. Again, such new fluxes can be inferred by matching couplings
in 4d effective superpotentials. Similarly, when dealing with general gauged supergravity
theories (see [25] for a review) gauge symmetries and structure constants can be accounted
for in a string theory framework only if these new fluxes, associated to obstructed dualities,
are incorporated. In this regard, an extension of the framework of Generalized Geometry
is called for.

The natural generalization appears to be Exceptional (or Extended) Generalized Ge-
ometry (EGG) [26, 27]. In EGG the structure group of the generalized bundle is now
the full U-duality group, F7, so that symmetries of the RR fields are also naturally in-
corporated. The effect of the orientifold projection on the untwisted modes can be then
understood from the breaking of the local E7 structure to some O(6,6) x SL(2) subgroup.

The main aim of this paper is to use the tools of EGG as an organizing principle for
generic string flux compactifications. In the first part of the paper we focus on aspects
which are directly related to the local E; structure of the compactification. In particu-
lar, we perform a complete mapping between fluxes, gaugings of 4d gauged supergravity
and EGG. This allows for a systematic determination of all the gaugings of 4d gauged
supergravity that admit an uplift to backgrounds of 10d supergravity.®> These are sum-
marized in eqgs. (4.14)—(4.18) of section 4. Apart from already known deformations, such
as backgrounds for the RR and NSNS field-strengths of 10d supergravity, metric fluxes
or B-deformed backgrounds, our analysis also reveals new deformations related to the RR

Tt is worth noticing that, in this description, fields do depend on six dimensional coordinates of the
original compactification space. A more ambitious program points towards a geometric description where
fields depend on coordinates on a “doubled torus” [17-21] in twelve dimensional space.

3Related partial results can be found in [28-34].



counterparts of the (-deformation. These provide the natural extension of the latter to
full-fledged F-theory backgrounds (see also [33]). Moreover, our analysis also sheds light
on the 10d origin of some of the particularly less well understood gaugings of 4d N' = 4
supergravity, such as the ones transforming in the vector representation of O(6,6) [35] (see
also [34, 36, 37] for related work).

In the second part of the paper then we consider aspects related to the global SU(3)
structure of N' = 1 compactifications. More precisely, making use of the tools of EGG,
we write explicitly the effective superpotential for all the U-dual fluxes allowed in general
N =1 heterotic or type IIB orientifold compactifications.

A more detailed outline of the paper is as follows. In section 2 we introduce the
basic concepts of Generalized Geometry. In particular we discuss the action of different
generators of O(6,6) structure group in connection with diffeomorphisms, By gauge trans-
formations and the extra (8 transformation, associated to non globally defined geometries.
The interpretation of NSNS field strength fluxes associated to such transformations and
how they combine to fulfill an O(d,d) representation is also presented. In section 3 we
address the inclusion of RR fields into geometry, defining EGG. The structure group is
thus enlarged to the full 7 U-duality group and the generalized tangent space becomes 56
dimensional. U-dual field strengths are discussed in section 4. In section 5 we consider the
simplest compactifications, that is toroidal compactifications, in the presence of general
dual fluxes. We discuss the algebra and global constraints that U-dual fluxes must satisfy,
and derive the flux induced effective superpotential in these compactifications. The relation
with 4d N = 8 and N = 4 gauged supergravity is also discussed in that section. Section 6
is devoted to the formulation of N/ = 1 backgrounds in EGG and to the construction
of N' =1 untwisted sector superpotentials for general SU(3) structure compactifications.
Section 7 provides some final comments. Some notation and useful results related to the
F algebra are summarized in the appendices.

2 Generalized Geometry

2.1 0O(d,d) structure

In Generalized Geometry [12-15], the T-duality group O(d,d) is the structure group of a
generalized bundle constructed by combining the tangent T'M and cotangent T M bundles
of a d-dimensional manifold M. A generalized metric on this generalized bundle encodes
information about the metric and the B field of the manifold. Matching of overlapping
patches is achieved by allowing transformations involving the Bs field besides the usual dif-
feomorphisms. In that way the By field is incorporated to the geometry of the generalized
bundle.

At the intersection of two patches U, and Ug, the generalized vectors X = x+¢ (where
x is a vector and £ a one-form), are identified as follows

To + &0 = GaBT3 + (a;ggg — Lm’ﬁbaﬁ) , (2.1)

where a € GL(d,R) (and a7 = (a!)T) is a conventional diffeomorphism, b,z is a two-
form and Ly, TO€ans a contraction along x’ﬁ = aqprg. This patching corresponds to the



following transformation h € O(d, d)
o Io ag 0
Xo=[") = ) I (2.2)
€ bag 1 0 a,3 s
ag 0
0 U3 s

) is the O(d,d) generator corresponding to an Abelian subgroup, Gg.

ba 0

The presence of the 2-form by in the patching implies that the generalized tangent

bundle is not just the sum T'M & T*M but is an extension of the tangent bundle by the
cotangent one

00
where B = <

0—T*M —E - TM —0, (2.3)

where b3 describes how T*M is fibered over T'M. by is required to be locally exact, i.e.
bap = dAop and (in an analogous way as one patches a U(1) bundle) the local 1-forms A,g
should satisfy the cocycle condition

Aap + Mgy + Ao = Gapydgasy (2.4)

on triple intersections U, N Ug N U, where g,5, = ¢’ € U(1). The gauge parameters Aug
allow to define a local 2-form gauge field B, whose patching is

B, = Bﬁ + dAaﬁ , (2.5)

and whose field strength Hs = dBsy determines the quantized global curvature of the gerbe.

Diffeomorphisms and b-transforms in (2.2) form a subgroup of O(d,d) that is a semi-
direct product Ggeom = G x GL(d). Specializing to the case d = 6, this subgroup has 51
generators (36 generate GL(6) and 15 make up G). As we will see in section 3, they form
a parabolic subgroup of O(6,6). The remaining 15 generators of O(6,6) define another

e = G) ﬁ;) , (2.6)

characterized by a bi-vector (5. The “f-transform” action on a generalized vector is
X =z+&— (x4 PL) + £ (in components, this is 2% + &, — (2% + 3%&,) +£,). One could
a priori allow for patchings involving these transformations as well. This is perfectly fine

Abelian subgroup

as long as (3 is a globally defined bi-vector. If that is not the case, there is no gauge trans-
formation like (2.5) that allows to define it patchwise. Roughly speaking, this is because
the derivative in (2.5) has an index down, and even when combined with a vector it cannot
define a bi-vector. This is related to the fact that the manifold is still d-dimensional, even
if we have defined an extended 2d-dimensional tangent bundle on it. Hence, whenever s is
not globally well-defined, there is no “gerbe-like” construction such as that outlined above
for By. It is therefore the derivative operator which breaks the O(d,d) symmetry to the



geometric subgroup. The derivative defines a bracket, called the Courant bracket [12-15],
which is the extension of the Lie bracket to the generalized tangent bundle, and encodes
the differential properties of the bundle. Such bracket is required to be globally defined.
For patchings of the form (2.1), this constrains by to be locally exact, while for 35 there is

no analogous condition.

0(6,6)
(6)x0(6)
in other words g and By combine to define an O(6) x O(6) structure on E. This structure

The 36-dimensional space of metric and By field parameterize the coset or
can also be defined by the splitting of the generalized tangent bundle into two orthogonal
6-dimensional sub-bundles F = C; & C_ such that the natural O(6,6)-invariant metric

01
n= <]1 0) (2.7)

decomposes into a positive-definite metric on Cy and a negative-definite metric on C_.
The sub-group of O(6,6) that preserves each metric separately is O(6) x O(6). One can
now define a positive definite generalized metric

H= 77|c+ — e - (2.8)

A generic element of C'y or C_ cannot be purely a vector or a one-form, since these
are null with respect to n. We can therefore write X4 € C as z + M x for some matrix
M. Taking M = By + g, the patching condition (2.1) implies g, = g3, while By is patched
according to (2.5). Orthogonality between C and C_ implies that an element X_ € C_
can be written as X_ = z+ (By —g) x. When we write a generic element X =z +¢ € E as
X =X+ X | with X1 = 2+ (By+g) z we find that the generalized metric takes the form

— Byg 'By Bog~!
H— 9 2? 2 291 _ (2.9)
-9 B 9

and parameterizes the space of scalar fields of the resulting 4d effective supergravity. The
generalized metric can be acted by O(6,6) transformations. The effect of diffeomorphisms
is changing the metric and By field accordingly (namely (g, B2) — a” (g, B2)a), while that
of b-transformations is to shift B — Bs — bs. One can therefore think about a background
with a given Bs field B as the bso-transform with b = — B of a background with no B field.

A (-transformation leads to a more complicated action so that it does not seem pos-
sible to tell apart the new g and the new By. However, it is always allowed to perform an
0O(6) x O(6) transformation in the stabilizer of g + Bs (i.e., a transformation that does not
change the metric and By field) such that the S-transform rotates into a diffeomorphism
and a b-transform. In other words, given a metric and Bs field at a point on the mani-
fold, the full O(%(g’g)((),) orbit can be reached by acting only with the geometric subgroup of
0(6,6) that implies that S-transforms can be locally “gauged away”. We will come back
to this point in the next section.

The transformations by and (9 are related by T-duality. In fact, there is another
basis for O(d,d) given by diffeomorphisms, b-transforms and T-dualities along any two



directions on the tangent space. A T-duality along the first two basis vectors is realized

by the following O(6,6) transformation

0 0I 0

00,00
Ty = * , (2.10)

where I 4 are the 2 x 2 and 4 x 4 identity matrices. Hence, T-duality transforms each fun-
damental O(6,6) form X4 = (§f,§b;vf,vb) into (vf,§b;§f,vb; ), where f and b subscripts
indicate fiber and base, respectively. It is not hard to check that the action of T-duality
along a fiber f on a generic element (split among its base and fiber components) in the Lie
algebra o(d, d) is

aff afb Bff be dff bfb bff &fb
b b abf abb bf b b abb
a a a a
Ay — [T P — T ATy = S
bff bfb dff dfb ﬁff afb aff ﬁfb
boy oy ap’ ap ap’ by by @’
il aly pIt b
b =b Abf Abb
~ a a
A= ff’f fb (2.11)
by bpy ag! ag

Bbf by’ ap

Here the index A = 1,...,2d is split into d indices up and d indices down, and each of them
is further split into fiber and base indices. We have also defined @ = —a’ and by and (35 are
antisymmetric, i.e. by, = —byy, b = — 3% We see that the effect of T-duality is, roughly
speaking, to raise and lower f-indices and move the block to the corresponding new place
according to the structure of the indices. Hence, transformations purely on the base are not
touched by T-duality. A fiber-base (base-fiber) diffeomorphism is exchanged with a fiber-
base (base-fiber) by ((32)-field, while by and [ purely along the fiber are interchanged. A
[B-transform with one or two legs along the fiber can therefore be generated by T-dualizing
a diffeomorphism or a b field with respectively one and two legs along the fiber.

2.2 T-dual field strengths

Analogous to the local definition of Hs, we can also introduce some field strengths for all
the other O(d,d) transformations,*

Hmnp = a[mbnp} ) wfnn = a[man}pa Qnmp = OB . (2.12)

There are 20 components of Hs, while w and @ have 90 components each. This gives a
total of 200 components. The smallest O(6,6) representation containing 200 elements is

4Note that these are all local definitions. Global aspects will be mostly discussed in sections 5 and 6.



the 220, which consists of 3-forms Fapc on E. The O(6,6) index A of the fundamental
representation can be split into six indices m down and six indices up (i.e. a form and
a vectorial index). To fill out the 220 representation an object with three indices up is
missing. Such “locally non-geometric” flux, needed to restore T-duality covariance of the
4d low energy action, has been termed R-flux [5]. It is the candidate T-dual of H,,,, along
m,n and p (though such T-duality & la Buscher [1, 2] is forbidden since in order to get a flux
Hyppp from By, the latter should depend on the coordinate z™, which is therefore not an
isometry). From the point of view of representations of O(d, d), we can see that the O(6,6)
transformation corresponding to three T-dualities along mnp acting on the element H,,, of
the 220 representation gives indeed another element with three indices up. This generates
the chain in (1.1). As for the local non-geometricity, it can be easily appreciated that a flux
R™™P cannot be the derivative of an O(6, 6) transformation since the derivative has an index
down. A tri-vector would be generated if we introduced a derivative with an index up, or
in other words, if we doubled the coordinates by adding dual coordinates. This is the spirit
of the double torus construction of [17-21]. Even though we will stick to a six-dimensional
manifold, from a purely group-theoretic point of view we shall introduce a “derivative up”
0™, T-dual to the standard derivative 0,,, such that it combines with the latter to form a
12-dimensional 1-form 0. The 220 representation of the fluxes is therefore obtained by

Fape = a[AABC] . (2.13)

where Apc = nppAP ¢ and AP is a generic 0(6,6) element as introduced in (2.11).

Out of the 220 fluxes in (2.13), half of them (Hs and w) are geometric, i.e. are (stan-
dard) derivatives of elements in Ggeom. The other 110 are divided into 90 “locally geomet-
ric” fluxes @ and 20 “locally non-geometric” fluxes R. The locally geometric fluxes can be
built using standard derivatives, but acting on elements of O(d, d) which are not in Ggeom-
They are locally geometric since, as we argued in the previous section, non-geometric el-
ements of O(d,d) can be locally gauged away by O(d) x O(d) transformations without
changing the metric and the Bj field. However, the O(d) x O(d) transformation needed
to rotate the non-geometric element into a geometric one will not be single-valued if the
non-geometric element is not globally well defined.®> On the contrary, locally non-geometric
fluxes require a non-standard derivative, and therefore cannot be the field strengths of any
O(d, d) gauge field.

3 Exceptional Generalized Geometry and U-dual gauge fields

Following [39], in this section we incorporate also the RR fields to the geometry, similarly
to what we did for Bs in the previous section. With that aim we extend the structure
group of the generalized tangent bundle to E7.

3.1 The 56 representation of the gauge parameters

In order to geometrize the RR fields at the same time as the By field, one needs to ex-
tend the generalized tangent bundle to one whose structure group is the full U-duality

"Examples of this are given in [38].



group F;. The 12-dimensional generalized tangent space hence should get extended to a
56-dimensional one [26, 27]. The fundamental 56 representation of E; decomposes under
0(6,6) x SL(2,R) C E7 as

56 = (12,2) + (32°,1),

A= (A A7) . 3.)

where ¢ = 1,2, and a minus denotes a sum of odd forms on the internal space.® The
56 degrees of freedom can be accounted for by gauge parameters. Six come from gauge
transformations of the Bs field, given by one-forms, and six from vectors pointing in the di-
rections of the diffeomorphisms. Those build the fundamental 12 representation of O(6,6).
We have to add to them gauge transformations of the RR fields, given by odd forms in the
32’ representation (in this paper we will concentrate on type IIB, where the RR potentials
are even, and their gauge transformations are given by odd forms). However, in order to
fill out the 56 representation (or in other words, to have a closed set under U-duality),
we need another 12 parameters. These are the magnetic duals in the NS sector, namely
a 5-form, corresponding to gauge transformations of Bg (the dual of Bs), and the duals
of the diffeomorphism vectors, given by elements of T*M ® AST*M (whose corresponding
gauge charges are the Kaluza-Klein monopoles). The 56-dimensional exceptional general-
ized tangent space is therefore given by

E=TM&T*M & AN°T*M & (T*M @ AST*M) & AT M . (3.2)

The embedding of GL(6) C O(6,6) x SL(2,R) picks out a vector that breaks the 2 of
SL(2,R) into 1 + 1 such that in one direction that we will call v, the 12 representation
of O(6,6) is built out of a vector and a 1-form, while in the other (called w?) it contains a
5-form and a 1-form tensor a volume form. This is the result of an uneven assignment of
GL(6) weights (see appendix A of [39] for details). Without loss of generality one can take

vt =(1,0), w'=(0,1). (3.3)

Note that vw = eijvjwi =1.

There are 4d gauge fields associated to each of the above gauge parameters. These
come from 10d gauge fields with one space-time index. In terms of the notation in eq. (3.1),
the 4d vectors are

Mo = (@ 4 bV + (B o) 7,5 ) (3.4)

where Z)mu = 51! €MMPY by opgry (€. it is the Hodge dual of the 6-form bg with one external

and five internal indices), ky,, = ka123456

is the magnetic dual of the vector a, associated
: 3 3 = 1 d1..d6,. . . :
with diffeomorphisms, and ¢, = sz%ﬂ o€ Cuiy..i, are a sum of odd multi-vectors

corresponding to the Hodge dual of the RR potentials with one space-time index.
SWe are choosing conventions where the 56 contains the 32’ representation of O(6,6) (made out of odd

forms), while the 32 (even forms) appears in the 133 representation. This is the appropriate choice for
type IIB compactifications, while in type IIA the opposite choice is required.



3.2 The 133 representation of the gauge fields

The analogue of the O(6,6) action on the generalized tangent space is an E; action on E.
The adjoint 133 representation of E; decomposes under O(6,6) x SL(2,R) as

133 = (66,1) + (1,3) + (32,2),

4 . 3.5
A= (A%p, AT, AT (35)

Under the GL(6) C O(6,6) x SL(2,R) embedding, these further decompose into [39]
Ag = (TM @ T*M) & A*’T*M & A*’TMe (36)

DR AT* M @ ASTM @ AY"T* M @ AT M .

We recognize the first line to be the adjoint 66 representation of O(6,6) (diffeomorphisms,
b-transforms and S-transforms). The p-form elements on the second line correspond to bg
and ¢* transformations, which shift the value of Bg and C'F. Diffeomorphisms, by, bg and
¢t transformations form the geometric subgroup Ggeom C E7 used to patch the exceptional
generalized tangent space (see more details in [27, 39]). Using the notation in (3.5) we
embed the generators of the geometric subgroup of E; in the following way [39]

a 0 . )
Aseom = , bg v'vs, ¢t 3.7
(S @)

where ¢t =c¢o + co + ¢4 + ¢ and v; = eijvj.

As in the generalized geometric case, the geometric subgroup is a semi-direct product
Ggeom = G4 X GL(d), where G 4 is the nilpotent subgroup corresponding to the shift sym-
metries A, — A, + a, for the p-form gauge fields Bs, Bg and Ct. The remaining elements
of E; play an analogous role to the §-transformation in the O(6,6) case: they can locally
be gauged away by SU(8) C F; transformations that do not change the metric, dilaton, B
and C-fields (which together define an SU(8) structure), but in the case where they are not
globally well defined, they might carry some topologically non-trivial flux that signals a non-
geometric background. Besides the bi-vector (s, the non-geometric gauge fields are a sum of
even vectors that we will call v+ (which are SL(2, R)-dual to the RR gauge fields), a scalar
¢o, and a six-vector s that together with bg form the triplet of SL(2,R). The full 133 repre-
sentation arranges in the following way with respect to the O(6,6) x SL(2, R) decomposition

a . . . . . .

A= ((b B2T> b v'vj + ¢ (V'wj + w'vj) + G w'wy, ot + ’y+wl> . (3.8)
2 —Q

3.3 From E7 to 0(6,6) x SL(2,R)

To make contact between E7; and Generalized Geometry, we have decomposed the fun-
damental and adjoint representations of E; into representations of O(6,6) x SL(2,R). In
this decomposition, the O(6,6) subgroup is the one of Generalized Geometry, whereas
the SL(2,R) factor corresponds to fractional linear transformations of the complex axion-
dilaton which appears in heterotic string compactifications,

Sy = Bg + ie " **volg (3.9)
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The embedding of O(6,6) x SL(2,R) into E7 is, however, not unique. For instance, while
T-duality (in the adjoint of O(6,6)) acts straightforwardly on eq. (3.8), type IIB S-duality
seems more complicated. The latter should exchange b, and co, which are contained in
different representations of O(6,6) x SL(2,R). This implies that S-duality is not in the
SL(2,R) piece, but it is a combination of generators in both SL(2,R) and O(6,6).

We can therefore select another decomposition O(6,6) x SL(2,R)|p C E7 for which the
SL(2,R) subgroup is the one that contains type IIB S-duality, which acts on

Sp = Co+ie? (3.10)

by fractional linear transformations. In this basis, eq. (3.8) is reexpressed as,

a’ v ~i~ oA (i~ ~i~ ~i~
Alp = ,Co V' 0j + C(V'@j + @'05) + Yo W'y,
Cq4 —Q

(@+%+@+%ﬁﬂ%w+&+@+%mﬁ (3.11)

Note that type IIB S-duality now corresponds to the exchange w — o, © — —@. Thus,
from eq. (3.11) we observe that 7, is the S-dual of By (which is itself T-dual of by), while
B¢ and ~g are also related by S-duality.

In what follows, we will refer to the above two decompositions as O(6,6) x SL(2,R)|x
and O(6,6) x SL(2,R)|p. To relate fields in one decomposition to fields in the other, it
is useful to assign every gauge parameter in the 56 representation and every gauge field
in the 133 a weight vector, in the same spirit as e.g. [30]. A convenient way to write the
FE; roots is as vectors lying in a seven dimensional subspace of an eight dimensional vector
space orthogonal to e7 + eg, where ¢;, i = 1,...,8, are orthonormal basis vectors. The full
set, of weights for the Fr representations we will deal with are given in appendix A. We can
choose the SL(2,R) vectors v and w’ such that the roots corresponding to ¢t are positive
in the conventions of appendix A.1. This requires

v'=—er+eg, w'=e; —eg . (3.12)

Given that choice, the assignment of weights is unique in order to reproduce the algebra
satisfied by (3.8), given in eq. (A.4). We summarize the weight of each gauge field in table 1
below, where we have made use of the shorthand notation + = i%.

Weight vectors for the O(6,6) x SL(2,R)|y and O(6,6) x SL(2,R)|p decompositions of
Fr are related by a change of basis. Given the assignment of roots in the O(6,6) x SL(2, R)| i
basis, in order to find such change, it is enough to require that by and ¢y form a doublet
of S-duality in the new basis, and that diffeomorphisms are mapped to themselves. For
convenience, we take the case on which a — a”. Calling é,, a = 1,...,8, the orthonormal
basis vectors in the type IIB basis, we get the following dictionary between the two bases

6
1 - 1, . - -
ei:4j§_lej+4(e7—eg)—ei ,j=1,...,6 (3.13)
1 1<
€7 —eg = 2(57—58)— 9 Eléj . (3.14)
J:



field 0(6,6) x SL(2,R)| g 0(6,6) x SL(2,R)|p (=1t Qp
b123456 (0,0,0,0,0,0; —1,1) (+,+,++,++—,+) + -
bio (1,1,0,0,0,0;0,0) (— =+, +,+, +5+,—) + —
aly (-1,1,0,0,0,0;0,0) (1,—1,0,0,0,0;0,0) - +
co (—,———,— ——+)  (0,0,0,0,0,0;—1,1) — —
c2 (++—— ===+ (= - ++++—+) - +
cioza (++,++———+) (0,0,0,0,1,1;0,0) — —
23456 (+,+,+,+ ++H—+) (+++++F 5+ ) — +
pL2 (-1,-1,0,0,0,0;0,0) (+,+,—,—,—,—;—,+) + —
p123456 - (0,0,0,0,0,0;1,—1) (=, —, —, —, —, —;+,—) + -
%  (+,+, 4+ 4 ++—-) (0,0,0,0,0,0;1,—1) - -
¥ () (e ) - -
346 (4 - — =, =+, =) (=1,-1,0,0,0,0;0,0) - -
2456 (o~ = =) (== = —— = ) - +
at; 6 Cartans 6 Cartans + +
Co 1 Cartan 1 Cartan + +

Table 1. Weights of the geometric and non-geometric gauge transformations.

Thus, for instance

This change of basis dictates the form of the full 133 for the O(6,6) x SL(2,R)|p
decomposition, which has the structure given in eq. (3.11). We present also in table 1 the
assignment of weights in this type IIB basis.

From table 1 we observe that (in the O(6,6) x SL(2,R)|y basis) Ggeom contains all
positive roots, the Cartans and a few negative roots (corresponding to aij,i < j) which are
minus a simple root.” This is referred to as a parabolic subgroup. The further subalgebra
containing just the shift symmetries bo, bg and ¢ is its unipotent radical. The geometric
subgroup Ggeom contains in particular the Borel subgroup of E7, generated by all positive
roots and Cartans. As it has been commented in the previous subsection, it is possible to
locally gauge away all the transformations which lie outside the Borel subgroup by means
of SU(8) transformations. The 70 dimensional space of fields in the Borel subgroup (the
dilaton, the metric and the B and C* fields) define a SU(8) structure on the generalized
tangent bundle and parameterize the coset E7/SU(8). This is also the space of scalar
fields of the resulting 4d effective supergravity (7 fundamental scalars corresponding to

"In the O(6,6) x SL(2,R)|5 basis one can change conventions such that the same thing happens.

- 12 —



the Cartans, 48 axions and 15 diffeomorphisms corresponding to the positive roots, which
transform non-linearly under E;/SU(8) [40, 41]).

From the point of view of string theory compactifications the decomposition of the
E7 structure into a O(6,6) x SL(2,R) subgroup is the result of orientifolding the theory.®
Whereas in general this introduces n extra vector multiplets in the theory, as required by
anomaly cancellation, and the global symmetry group is enhanced to O(6,6+n) x SL(2,R),
here we choose to focus on the set of (untwisted) states which come from truncation of the
parent unorientifolded theory. This set is closed under a subgroup O(6,6) x SL(2,R) C
0(6,6+n) x SL(2,R). The simplest examples are toroidal compactifications, where the E;
structure group corresponds to the U-duality group of the resulting 4d N' = 8 supergravity.
After orientifolding only half of the supersymmetries are preserved, and E7; is broken to
the U-duality group of the resulting 4d N/ = 4 supergravity, O(6,6) x SL(2,R). In this
context, the change of basis vectors in egs. (3.13)—(3.14) corresponds to T-dualizing along
all the coordinates of the internal T° and applying type I - SO(32) heterotic duality, thus
dualizing from a type IIB compactification with O3-planes to a heterotic compactifica-
tion. By comparing the assignment of weights for the two basis in table 1 (or alternatively
egs. (3.8) and (3.11)) we can see how gauge transformations are mapped under this type
IIB - heterotic duality. For instance, the heterotic by is mapped to the type IIB ¢4, whereas
the heterotic bg is mapped to the type IIB ¢5. We will see more details on toroidal com-
pactifications with general fluxes in section 5.

One may easily check that states transforming in spinorial representations of O(6,6)
(e.g. 32, 32', 352, etc.) have negative parity under the orientifold action, whereas the
remaining states have positive parity. In particular, note that the gauge fields surviving
the orientifold projection are precisely those in the adjoint of O(6,6) x SL(2), for both
decompositions. In terms of weight vectors, we can therefore introduce an operator P such
that it acts on a given state k as

P(k) = (=1)*"k, with w=(1,1,1,1,1,1;0,0) (3.15)

This operator is identified in heterotic compactifications with the space-time fermionic
number for left-movers (—1)fZ, whereas in the type IIB basis corresponds to the orien-
tifold action Qp(—1)fL o, where Qp is the worldsheet parity and o an orientifold involution
which reverses all coordinates of 70. Acting with P on the states in table 1 we see indeed
that ¢g, a, be, bg, B2 and [ are kept in the O(6,6) x SL(2,R)|z basis, whereas a, ¢y, ¢, ¢4,
~o and 4 are kept in the O(6,6) x SL(2,R)|p basis. We have stated in table 1 the parity
for the different fields under (—1)fZ and Qp obtained in this way.

4 U-dual field strengths
The discussion of field strengths associated to U-duality covariant gauge potentials follows
closely the one for T-dual field strengths in section 2.2. These were obtained by tensoring

8Note that we are making a rather general use of the term ‘orientifolding’, referring also to the non-
perturbative description of an orientifold. In this general sense, the heterotic string would be for instance
considered an orientifold of type IIB String Theory through the duality chain type IIB — type I — heterotic.
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the adjoint representation of O(6,6), containing the T-duality covariant gauge potentials,
with the vector representation, containing an extension of the standard derivative which
also accounts for states with non-zero winding. Field strengths were obtained by projecting
to the antisymmetric part of the tensor product. In the present context, the same procedure
amounts to tensoring the 56 and 133 representations of Fr that we have already introduced.
In terms of irreducible representations the tensor product decomposes as (see e.g. [42]),

56 x 133 = 56 + 912 + 6480 . (4.1)

Field strengths are then identified with the 912 representation of E7 [43].

The O(6,6) tensorial structure of the field strengths can be determined from their
weights in the O(6,6) x SL(2,R)|g-basis, as the O(6,6) factor is identified in this basis
with the structure group of the generalized tangent bundle. Writing a generic element in

the 912 as
912 = (12,2) + (32’,3) + (352,1) + (220, 2),

S . (4.2)
f:(fAZa fZ] afA+a fABCZ) .
we have in the O(6,6) x SL(2,R)|y basis’
fAi — vi(wa + Qa) + wi(Q; + w/a)6123456 ’
fij— _ F_Ui’l}j +P—€123456(viwj —i—wivj) +F'_(6123456)2wiwj,
1 1 1 - L
A
f t= <2Pm7i1i2 + 4!Pm7i1i2i3i4 + 6!Fm€i1---i6> el (4.3)

1112 11121314

<FAw/m + ;le + i" le > E’il,...,ie
FABCi _ i < Hepe + w8y + Qb + Rabc> W ( Hope + Q2 + W' + Hlabc) (123456

where the traceless condition on the 352 representation (which corresponds to a traceless
vector-spinor) is encoded in the absence of a 0-form in the first line, the absence of a 6-form
in the second line, and the extra condition P,Z’Zﬂai , = 0 that has to be imposed on this
flux. Note that as defined in eq. (4.3), f4* does not satisfy I' 4 f4* = 0, but it has the
same number of degrees of freedom of a traceless vector-spinor. We summarize in table 6
of appendix B the assignment of F; weights for the field strengths in both basis and their
parity under (—1)fZ and Qp.1°
To shed light on the 10d supergravity uplift of these field strengths we can compute

their explicit expression in terms of derivatives of the fields in table 1, similarly to what

?Our notation for some of the fluxes is slightly different from that of [7]. In particular, H' < F’ and
P’ « Q' are exchanged. We find this notation more suited to the (—1)*% charges of the fluxes. Moreover,
Q — —Q and w — —w with respect to [7].

¥Depending on the context, we represent the tensor structure of the fluxes in slightly different ways by
making use of the 6d antisymmetric tensor. Thus, for instance,

F/1,123456 /1 123456
F =Fe¢
2345 __ 123456
Pl = P17166 s etc.

The notation has been chosen in such a way that there is not possible ambiguity.
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D 0(6,6) x SL(2,R)|z  O(6,6) x SL(2,R)|5
o) (1,0,0,0,0,0; —,+) (=, +,+,+,+,+:0,0)
ot (-1,0,0,0,0,0;—,+)  (1,0,0,0,0,0;—,+)
e  (=1,0,0,0,0,0;+,—) (+,—,— —,—,—0,0)
dre (1,0,0,0,0,0;4+,—)  (=1,0,0,0,0,0; 4, —)
Mo (4, +,4,+,—3;0,0)  (0,0,0,0,0,1;+, —)
M6 (44—~ —0,0) (=, —,—,+,+,+:;0,0)
A256 (4 :0,0) (—1,0,0,0,0,0;—,+)

123456

Table 2. Assignment of weights in the 56 representation. The symbol ¢ means e , l.e. an

inverse volume factor.

we did in eqgs. (2.12) for T-dual field strengths. In the language of representation theory,
this is equivalent to computing the Clebsh-Gordan coefficients for the 912 representation
expressed in terms of elements of the 56 and 133.

With that aim, we take the highest weight of the 912 representation expressed as a
linear combination of weights belonging to the tensor product 56 x 133,

(+,+,+,+,+,——1,1) :;7 [(1,0,0,0,0,0; —, +) X (=, +,+,+,+,—; — +) (4.4)
- (0,1,0,0,0,0; —, +) x (+, 4+ ==, +)
+ (0,0,1,0,0,0; —, +) x (+, ++——,+)
— (0,0,0,1,0,0; —, +) x (+++ ==, +)
+ (0,0,0,0,1,0; —,+) x (+,+,+,+,—, —; —,+)
(0,0,0,0,0,—1; —, 4) x (+,+,+,+, +,+; —, +)

+ (+7+7+7+7+7_;07O) X (070707070707_171)]

The numerical coefficients have been determined in such as way that the r.h.s. of the equa-
tion vanishes when acted with any positive root of F7, as corresponds to the highest weight
of a representation. We refer the reader to appendix A for further details on the Fr algebra
and root system.

In terms of the elements in tables 1 and 6, eq. (4.4) reads,

Fiasas = 50[1Caza5) — 0 c1a3a56 + Ab123456 (4.5)

where, for convenience, we have introduced a generalized exterior derivative in the 56
representation
- ((am + O™+ (D + O™, X*) (4.6)
The assignment of weights is presented in table 2
Note that the first term in the r.h.s. of eq. (4.5) corresponds to the standard definition
of the 5-form RR field strength, whereas the second and third terms correspond to locally

non-geometric contributions.
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Acting on eq. (4.4) with the generators associated to negative roots F_,,, i =1,...,7
(c.f. egs. (A.2) in the appendix) we can build similar relations for the other elements in
the 912. For instance, acting on eq. (4.4) with E_,,F_,,F_,. leads to,

Fiag = 30)1¢3) + 0'c1a3; + N*b1agasg (4.7)

1

The procedure can be systematized with the aid of the computer.!! In terms of

egs. (3.1) (with A — D), (3.5) and (4.2) we get,

fi7 = —ep DMUT ATH) 4 D™ A7 (4.8)
fMNPi _ 3D1[MANP} + <D7’FMNPA+2‘> (49)
FME =2 DIN AMIP G 4 2DMI AT 4 (D™ TM AT (4.10)

. . 1 . . 1
M = ;DMiATT HEZ-J»DNTNMAﬂ — AMNTND™ + 1OANPFMNPD_ (4.11)

where T'M are the O(6,6) Gamma matrices, which act on forms by!?
T4 o (dz™A, L) (4.12)
and the bracket denotes the Mukai pairing defined by

(1, x) = Z(—)KPH)/Q]% N X6-p - (4.13)

p

Equations (4.8)—(4.11) encode the expression of all the field strengths contained in
the 912 representation of Er, expressed in terms of generalized derivatives of the gauge
potentials in the 133 representation. We can recast them in a more standard form by
making use of egs. (3.8), (4.3) and (4.6). For simplicity we only present here explicitly the
field strengths which involve standard derivatives of the potentials in table 1 (i.e. we set to
zero all the exotic derivatives in eq. (4.6)), and which therefore admit an uplift to locally
geometric solutions of 10d type IIB supergravity. We can organize them as follows:

1. NSNS fluxes:

2. RR fluxes:
Fijkim = 504Cjkim) » Fijk = 3051 F; = 0ico (4.15)

HThere are some subtleties that have to be taken into account, however. In particular, notice that there
can be independent sequences of negative roots which result in the same weight of 912. This is the origin of
the multiple copies of the same weight appearing in the (220, 2) and (12, 2), or in the (352,1) and (32’, 3)
(c.f. appendix A). In order to disentangle weights appearing in various representations of O(6,6) x SL(2,R)
it is important to stress that in the conventions of appendix A, E_,,, i = 1,...,6 is also a basis of negative
roots of O(6,6), whereas the negative root of SL(2,R) is given by the combination

[E—Oéw [ s [E—Oém [E—Ot27 E—al]] s ”

where the sequence of subindices is 7,6,4,5,3,4,6,7,2,3,4,6,5,4,3,2,1.

12, means a contraction along m, which acts like ¢y, ;, Ailmip dz"t Ndz'r = (pjl),Amizmipdx” Adz'®.
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3. Metric fluxes:
wfj = 26[iakj] , wpy = (9iaip (4.16)

4. [-deformations (NSNS):
Qi = 9,59, Q" = 9,87, Q123156 — _ g, 3123456 (4.17)
5. y-deformations (RR):

P@]k _ ai’)’jk, P@]klm _ nyjklm, pligklm _ 8q,yijk:lmq7 le =00,
Pk — ai’)/ik ’ Pklm — ai,yiklm ’ Pklmrs — ai,yiklmrs (418)

Any vacuum of the 4d theory involving only these backgrounds should admit a consistent,
locally geometric, description in terms of 10d type IIB supergravity. Indeed, the uplift to
10d is almost automatic for NSNS, RR and metric fluxes, as these field strengths are in one
to one correspondence with field strengths of type IIB supergravity. From the algebraic
point of view they correspond to derivatives of elements in Ggeom. On the other hand,
elements which lie outside the Borel subalgebra (- and -deformations) in general require
also local SU(8) transformations to be described as a locally geometric 10d background.
Note however that our definition of the fluxes is “gauge dependent”, in the sense that for
given a background, 3, ~, etc. are not uniquely defined, and by means of SU(8) transor-
mations they can even be gauged away. They will be uniquely defined in the next section,
when we deal with backgrounds admitting a torus action and that have a globaly defined
basis for the generalized tangent bundle.

Backgrounds of 10d supergravity which involve g-deformations have been considered
in the recent literature [44, 45], important in the context of the AdS/CFT correspondence
for understanding some of the marginal deformations of N' = 4 super Yang-Mills [46].
Backgrounds of 10d supergravity involving y-deformations, on the other hand, have been
much less studied (see, however, [33] for some partial results). As it has been commented,
~v-deformations provide the RR counterpart of the G-deformation.

The orientifold projection selects field strengths which lie in the (220,2) + (12,2)
representation. These can be read directly from table 6, for both type IIB with O3-planes
(O(6,6) x SL(2,R)|z basis) and heterotic string compactifications (O(6,6) x SL(2,R)|x
basis). We summarize the surviving set of fields in tables 3 and 4, where we write in paren-
thesis the components which do not admit a locally geometric interpretation in terms of
10d supergravity.

For type IIB orientifold compactifications, y-deformations provide the complexifica-
tion of the § parameter of the deformed 4d super Yang-Mills theory in the worldvolume of
D3-branes,

B2 — Sp2 (4.19)

where Sp is the type IIB complex dilaton defined in eq. (3.10). As we will see in section 6,
N = 1 supersymmetry equations require the above combination to be an anti-holomorphic
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weight IIB with D3/D7 heterotic

(1,1,1,0,0,0 ;=3 3) Fuse Hiag
(1717_1707070 ; ;7;) %,2 W%Q
5% (1,0,0,0,0,0 ;—3,3) QLm Wi
(1a_1,_1’0a0’0 ;T %a %) (Pl1’1456) %3
5x (—1,0,0,0,0,0 ;—3, ) pr2:3456 Qum
( 1 _1 1 0 0 0 %, ;) (Hl456,123456) (R123)
(1,1,1,0,0,0 ,2,—;) Hisg (Hi23)
(1,1,-1,0,0,0 ; 72, —3) P}2 (Q3:3156)
5 X (1 0,0,0,0,0 ,2,— D) plm (Q'[2:3450])
(1 1 0 0 0 - 2 %) (Q/171456) (w/23456,23)
5 x (—1,0,0,0,0,0 ,2,—2) (Q12:3456]) (wim)
(_1 1 O 0 0 : 2 _2) (F/456,123456) (HI123’123456)

Table 3. Field strengths transforming in the (220, 2) representation of O(6,6) x SL(2,R). Com-
ponents between parenthesis do not admit a 10d locally geometric description.

weight IIB with D3/D7 heterotic
(1,0,0,0,0,0 ;—3,3) Q' w1
(-1,0,0,0,0,0 ;—3, ) P23456 Q'
(1,0,0,0,0,0 5 5,—3) P! Q13456
( 1 O 0 O 0 0 ’2’_2) Q/1123456 (w/l)

Table 4. Field strengths transforming in the (12, 2) representation of O(6,6) x SL(2,R). Compo-
nents between parenthesis do not admit a 10d locally geometric description.

(0,2) complex bi-vector. We postpone further comments on this type of backgrounds to
that section.

It is also interesting to stress that some of the field strengths in eqgs. (4.16)—(4.18) trans-
form in the (12, 2) representation, either with respect to the O(6,6) x SL(2,R)|g basis (w;,
Q' and Q'!%3%56) or to the O(6,6) x SL(2,R)|p basis (Q, P!, PUkrs and Q/*?3455). Hence,
according to table 4, most of the field strengths in the (12, 2) representation admit a priori
an uplift to 10d locally geometric type IIB or heterotic supergravity backgrounds. These
are related to non-traceless metric fluxes, 8- and y-deformations. These field strengths will
turn out particularly relevant in the context of 4d N = 4 gauged supergravity, as it will
become manifest in next section.
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5 Toroidal compactifications and dual fluxes

Up to here we have been discussing various aspects related to the local E7 structure of the
generalized tangent bundle, or the O(6,6) x SL(2,R) subgroup which survives after taking
the orientifold projection. We have in particular introduced a set of gauge parameters,
gauge fields and field strengths which are covariant under the structure group.

In the present (and forthcoming) section we consider the inclusion of topologically non-
trivial fluxes for these field strengths. The global structure of the tangent bundle therefore
becomes relevant also. In that regard, here we consider the simplest possible situation,
namely compactifications on manifolds of trivial structure (tori, or “twisted tori”). Since
tori are parallelizable manifolds, global and local structure groups in this case coincide.
The fluxes are in this case defined globally and “gauge independently”, as there is a global
basis for the generalized tangent bundle. The more interesting case of (not necessarily
toroidal) compactifications with global SU(3) structure will be treated in section 6.

The E7 structure group of the generalized tangent bundle becomes in toroidal com-
pactifications also the global symmetry group of the resulting effective 4d N = 8 gauged
supergravity. The 56 representation discussed in section 3.1 relates to the 56 vector fields of
N = 8 supergravity (in its electric-magnetic covariant formulation), whereas the 912 rep-
resentation of field strengths, discussed in section 4, is nothing but the embedding tensor of
the gauged version [47], thus establishing a precise dictionary between fluxes and gaugings.

After taking the orientifold projection (see footnote 8), the structure group is reduced
to O(6,6) x SL(2,R), accordingly to the discussion in section 3.3. This is also the global
symmetry group of the resulting 4d N' = 4 gauged supergravity. In this case, vector fields
in the 4d theory are grouped in the (12, 2) representation of O(6,6) x SL(2,R), whereas
field strengths arrange in the (220,2) + (12, 2) representations (c.f. tables 3 and 4) and
correspond to the embedding tensor of 4d N' = 4 gauged supergravity [35].

In this context, it results particularly interesting the observation found in section 4 that
all gaugings in the (12,2) representation admit an uplift to locally geometric solutions of
10d supergravity. From the 4d point of view, some of these gaugings are known to be related
to twists by an axionic rescaling symmetry [36]. Their higher dimensional origin, however,
has been a more obscure and longstanding problem. Some of them have been identified as
arising on particular Scherk-Schwarz reductions of 10d heterotic supergravity [37]. This is
consistent with table 4, where we observe that gaugings in the first row admit an uplift to
heterotic compactifications with non-traceless metric fluxes. Also, more recently it has been
shown that some of these gaugings admit an uplift to type IIA orientifold compactifications
with dilaton fluxes [34]. In this regard, the results of section 4 reveal that all gaugings in
the (12, 2) representation can be also understood as originating from type IIB orientifold
compactifications with non-traceless - and ~-deformations.

5.1 U-dual gauge algebra and constraints

The different fluxes, grouped in the 912 representation of the U-duality group FEr, are
expected to obey diverse constraints. In fact, from the 10d point of view, Bianchi identities
as well as tadpole cancelation equations must be satisfied.
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From a 4d perspective fluxes are associated to the structure constants of the gauge
algebra satisfied by the vectors of the effective N' = 8 gauged supergravity, given in eq. (3.4).
Formally, we expect to have an algebra

(X4, X5] = Flig Xp (5.1)

where & 4 are the gauge generators and FEB encode the fluxes. Here A, B, etc. are indices
of the 56 representation of E7 (see section 3.1). If Jacobi identities are satisfied, then fluxes

are constrained to obey
P L

In [33] it was shown, for a particular type IIB orientifold, that these Jacobi identities are
actually identified with the Bianchi identities and tadpole equations of the higher dimen-
sional theory. Therefore, once the dictionary between structure constants and fluxes is
known we should be able to read the flux constraints directly from the Jacobi identities of
the 4d gauge algebra.

In a generic situation (see for instance [25]), the function F7j; expressed in terms of
the fluxes is not antisymmetric in the subindices A, B and therefore does not define a con-
sistent algebra.!3 In order to ensure antisymmetry of the commutators, extra constraints
must be imposed. Namely, the symmetric part of the structure constants, contracted with
generators must vanish, F(Z\B) Xp = 0. Jacobi identities are therefore satisfied when a
contraction with a third generator is considered. In terms of structure constants this new
condition reads

FlsFpe + FiaFpc =0 (5.3)

In what follows we sketch a possible way to obtain the expression of the structure constants
in terms of fluxes. The idea is to follow similar steps as in ref. [33]. In other words, by
starting with a previously known sector of the algebra (5.1), we can apply E; generators
to it in order to construct the entire algebra.

By looking at both sides of the gauge algebra (5.1), we see that in terms of irreducible
representations of Fr, the left hand side leads to

56 x 56 = (1 + 1539) 4 + (133 + 1463) (5.4)

where we have made explicit the distinction between symmetric and antisymmetric repre-
sentations. Similarly, the right hand side decomposes as

912 x 56 = 1539 + 133 + 40755 + 8645 (5.5)

Thus, in order for both sides to match, only products of states belonging to the 1539
antisymmetric representation must be kept.

We start considering the sector of the algebra invariant under an O(6,6) x SL(2,R) C
E7 subgroup. It is possible to check that the 1539 representation of F7 decomposes as

1539 = (77,1) + (32,2) + (66,3) + (495,1) + (352, 2) + (1,1) (5.6)

31n the general situation where F&B) # 0, in order to covariantize the Lagrangian 4d gauge bosons have
to be supplemented with the 2-forms which result from dualizing the scalars of the theory [48].
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Similarly, the generators of the algebra are decomposed accordingly to eq. (3.1),

X =Xa; ®XG- (5.7)
where S~ is a weight belonging to the 32’ representation. Alternatively, X{_ can be
expressed in terms of a set of multi-vectors, X{_ = X;, & X}, © X/ 000

The general structure of the algebra, written in terms of O(6,6) x SL(2,R) content
hence reads

[(Xai ® Xg, Xpj © Xby ] = FAEXpp + F35 Xl (5.8)

where A = (Ai,S7) and B = (Bj,5'7). To start with, we choose the subsector given by
the fluxes transforming in the (12,2) + (220, 2) representation of O(6,6) x SL(2,R)

[(Xai, Xpj) = Filp; Xpr (5.9)
In this case the explicit expression for structure constants is known to be [35]
1
Fhiny = 01 fas"i + (cﬁfBiéi — 67 fai6F + €i fape™ 0y — naff 6%) (5.10)
with f4* and fapc: given in eq. (4.2), while the antisymmetry constraint is

¢/ fas”ifpoL; =0 (5.11)

Notice that performing a similar analysis as above in terms of representations, the left
member of eq. (5.9) leads to

(12,2) x (12,2)4 = (66,3) + (1,1) + (77,1) (5.12)

while the right hand side contains the structure constants given in eq. (5.10) times gauge
generators in the (12, 2) representation, namely [(220, 2)+ (12, 2)]g12 X (12, 2). Inspection
of the structure constants indicates that (66,3) comes from products with (220, 2) fluxes
while the rest comes from products with (12,2) fluxes.

For the sake of clarity let us present a concrete example and choose i = 1, j = 2 and
A=1+6, B=2+6. Then, in terms of type IIB fluxes, we read from eq. (5.9)

(X', X% = QPX™ + F"X, — P2X™ + H?"X,, (5.13)
+Q'X? + 202X — 2P X% — P2X!
where, in order to avoid confusion with the notation we have defined
X" =Xopions X" =Xpnrep, m=1,...,6 (5.14)

to denote the two elements of the SL(2) doublet in (12, 2), with weights (0, 1,0,0,0,0, F, £)
(where 1 is in the m-th entry). The first row of (5.13) contains fluxes in the (220, 2) repre-
sentation, summarized in table 3, while the second row corresponds to fluxes in the (12, 2),
presented in table 4.
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As mentioned, by applying Er; generators the full algebra can be reconstructed. For
instance, by acting with E,,, the generator corresponding to the positive simple root
a; =(—,—,—,—,—,—;—,+), we obtain the commutator between a vector in the (12,2)
and a spinor in the (32’,1). Hence, acting in the left hand side of (5.13) and taking into
account that E,, X — X'™, we observe that (1 ® Eq, + Ea, ® 1)[X1, X?] — [X'!, X2).
Here, X'™ is the generator corresponding to the weight (—, —, —, +, —, —;0,0) of the 32’
representation, with 4+ in the m-th position.

In the same way we can obtain the terms on the right hand side. Thus, by acting with

E,. on the fluxes we see that

P2 = wt? (5.15)
ﬁ12p BN P/p,12 _ 1 P12p (5 16)
V2
Q — " (5.17)
whereas the action on the other terms which appear in the right hand side of eq. (5.13)
m TL]

vanishes. Putting all together, and proceeding in a similar way for the other [X",
commutators, we get

1 A A N
/s PP X, 4 20" X" + WX (5.18)
+Qalep + Qlen + 2QnX/m

[X,m,Xn] — w;)mnXp + (P’pvmn +

Following similar steps we could derive the rest of commutators. For instance, by acting
with the generator corresponding to the negative root p = (—,—, —,—, —, —;+,—) we
would have E, : [X"', X?] — [X"', X"?] in the 32’ x 32/. The presentation of the full

algebra and constraints is beyond the scope of this work.

5.2 Toroidal orbifolds and flux induced superpotentials

Whereas compactification on a T° orientifold leads to A/ = 4 theories in 4d, one can easily
reduce the amount of supersymmetry to A/ = 1 by orbifolding the theory with a discrete
symmetry group I' C SU(3). Toroidal orbifolds are the simplest examples of compactifi-
cations with global SU(3) structure. The general (non toroidal) case will be considered in
section 6.

The feature that makes toroidal orbifolds quite treatable despite the small amount
of supersymmetry preserved, is that the structure group of the tangent bundle is still the
trivial one, except at the orbifold singularities, where it is reduced to SU(3). Hence, we can
distinguish two types of states in the effective theory: untwisted states, which arise from
direct truncation of the parent A/ = 4 theory and are invariant under a global symmetry
group G C O(6,6) x SL(2,R), and twisted states localized at orbifold singularities, which
are not directly related to a truncation of the parent N' = 4 theory and transform under a
larger symmetry group Giwist ¢ F7.

In this way, we can easily make use of the global O(6,6) x SL(2,R) symmetry of the
parent N = 4 theory to describe the effective action of untwisted fields, keeping in mind
that only the subset of fields invariant under I' survive in the orbifolded N' = 1 theory.
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5.2.1 Type IIB orientifold compactifications

We focus here on type IIB compactifications on T°¢/[Qp(—1)FE o x T'], where the orientifold
involution o reverses all coordinates of T%. In particular, o(J) = J and () = —£2. There
are O3-planes spanning the space-time directions and, depending on the particular choice
of T, there can be also O7-planes wrapping complex 4-cycles within the 7%. Consistently
with this, D3 and/or D7-branes may be also required in the compactification to cancel the
total RR charge.

Following [49] we can introduce a basis for 3-forms in the covering T° as,

| B
ap = dat Adz? A da? o = zeilmdacl Adx™ A da (5.19)
. < < , 1 - . ‘
B0 = dat Adx? Ada?, B = —2eﬂ~mdxl Adz™ A dat i,7=1,2,3
with
/Oéij N ﬁ[k = 52k5lj (5.20)
In terms of these, the holomorphic 3-form can be expanded as,
Q= g + Uijozl-j — (COf U)ijﬁij + (det U)ﬁo (521)
where,
1 1 .
(cof U);! = 2e,~lme]qulﬁUmq, det U = 3!€ilm€]qulﬁUmq‘Ulj (5.22)
The scalars U™ correspond to moduli of the complex structure defined by 2 in T,
Q=dz' Nd22 N d2?, dz™ = da™ + U™ sda? (5.23)
Similarly, the moduli parameterizing deformations of the Kihler structure of 7 can be
extracted from the complexified 4-form,'4
Jo=Cy— ;e*¢J AT =T | (5.24)
where wy is a basis of integer 4-forms even under the orientifold involution,'®
1 N B
wij = 46ilm€jﬁqd$l A dx? A dx™ A dzf (5.25)

The complex axion-dilaton Sp has been defined in eq. (3.10). The complex scalars U™,
SL(2)|s 0(6,6)
U(1) 0(6)x0(6) "
tained from the adjoint representation of E7, summarized table 1. For that one has to note
that only the (66,1) + (1,3) C 133 of O(6,6) x SL(2,R) survive the orientifold projec-

tion, according to what was described in section 3.3. Subtracting out the O(6) x O(6) and

T and Sp parameterize the coset X Their weight vectors can be ob-

U(1) pieces associated to local gauge transformations and keeping elements in the Borel
subalgebra, then leads to the weight vectors in table 5.

MWe have taken Cy — —Cjy and J. — —J. with respect to [7, 33] in order to match the usual conventions
in Generalized Complex Geometry.

5 Notice that before applying the orbifold projection T, the first of the equations in (6.1) below is gener-
ically not satisfied, and it is only after the projection that J and Q define an SU(3) structure.
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scalar weight

S (0,0,0,0,0,0 ;—1,1)
Um,j (1,0,0,—1,0,0 ;0,0)
T (1,0,0,1,0,0 ;0,0)

Table 5. Weights in the (66,1) + (1, 3) representation of O(6,6) x SL(2,R)|p associated to the
moduli of T°.

The metric of this moduli space is given in terms of the K&hler potential [50],

Koz = —log [—i(S — §)] — log [—i / QA Q} — 2log [é /J AT A J] (5.26)

An explicit expression of the second integral in terms of the complex structure moduli for
a general T can be found, for instance, in [49].

We can consider now the effect of switching on background fluxes in the compact
manifold. Let us start turning on standard supergravity fluxes. The ones that survive
the orientifold and orbifold projections are RR and NSNS 3-form fluxes along three cy-
cles of the internal 7°. The deformation induced in the 4d effective supergravity theory
is particularly well-known in this case. Their effect is encoded in a non-trivial effective
superpotential of the form [51],

Wos = /Q AN (F3 - SBH3) (5.27)

Note that, since the covering T° is parallelizable, there is a basis of globally defined one-
forms that can be used to define global fluxes that are non-trivial in cohomology, such that
the integral in eq. (5.27) does not vanish. Locally, these fluxes are introduced by local
gauge fields as discussed in previous sections.

Three-form fluxes generically induce an overall charge of D3-brane. Under global
monodromies of the T, both Cy and By shift, and one has to patch the background by using
gauge transformations with parameters A for By, as in eq. (2.5), and similarly Ay for Cs.

The superpotential (5.27) is at the core of many of the recent phenomenological ap-
proaches to string theory, where moduli stabilization is a must. However, in section 4 it was
recast that F3 and Hy are only a piece of the (220, 2) representation of O(6,6) x SL(2,R)|p.
In table 3 we summarized all the elements in the representation.

We can therefore generalize eq. (5.27) to incorporate all the remaining fluxes in the
(220,2) representation. Following the same strategy than in [5, 7, 33], we act with
the O(6,6) x SL(2,R)|p generators on (5.27), or rather, on the invariant superpotential,
G = log|Wosl|? + Kos, with Kog given in (5.26). For that we observe that Wp3 trans-
forms with weight (1,1,1,0,0,0; —;, %) and moduli transform with weights summarized in
table 5. We can build O(6,6)/[0(6) x O(6)] covariant 3-forms linear in the fluxes by con-
sidering contractions of the fluxes in table 3 with one or more copies of the 4-form 7.. The
number of copies of J. which are required is dictated by the tensorial structure of the fluxes,

— 24 —



derived in previous sections. Moreover, since the holomorphic 3-form €2 carries no charge of
SL(2)/U(1)|p, the combination of fluxes which couples to J. has to be always of the form
fa— S f1, with fa (f1) the highest (lowest) component in the doublet of SL(2)|5. Based on
the above observations, it is possible to show then that the superpotential involving the
full (220, 2) representation of fluxes is given by,

Wos= [ QA[(Fs=SaHh) +(Q=SaP) T+ (P~ Sa@) -T2 +(H' = SaF") -T2 (528)

where,
1 mn
(Q - Te)pipops = QQ[m (jc)mpﬂmn
1 o
(P/ . jCQ)pIPQPS — 42 ] 4'P[;nfp2|(jc)i1i2i3i4 (jc)i5i6m|p3]ell...26 , (529)
5 - .
(HI : \703)171172173 = 3' . 128 Hlp4p5p6(jc)ill'2i3i4 (jC)Z'sie[p5p6(jc)p1p2p3p4}elln'26
and similarly for P- 7., Q" - J2 and F’' - J3. The reader may check that all terms in this

11
272

Of course, one has to bear in mind that in concrete models many of the flux com-

equation indeed transform with weight (1,1,1,0,0,0; ), as desired.

ponents which appear in (5.28) are projected out by the orbifold action I'. In particular,
one may check that (5.28) reproduces the results derived by similar arguments in [7, 33|
for the case of I' = Zy x Zo and G = SL(2,R)".1® In addition, the quadratic constraints
derived in section 5.1 require in general further components to vanish. Hence, many of the
vacua which result from (5.28) are actually related by 4d electric-magnetic duality. Sys-
tematic analysis of the the vacuum structure induced by the first two pieces in the above
superpotential for I' = Zy X Zs have been carried out recently in [52-55].

We could consider also fluxes transforming in the (12, 2) representation of O(6,6) x
SL(2,R)|p, since they survive to the orientifold projection too, by acting with E; gener-
ators on eq. (5.28). We postpone however the discussion of these fluxes to section 6.3,
where the complete flux induced effective superpotential is derived in the broader context
of general SU(3) structure compactifications.

5.2.2 Heterotic orbifold compactifications

The derivation of the flux induced effective superpotential for heterotic compactifications
on toroidal orbifolds follows closely the discussion in the preceding subsection. Complex
structure moduli are still defined in terms of the holomorphic 3-form, as in eq. (5.21). On
the other hand, Kahler moduli are now given in terms of the complexified 2-form,

J, = By +iJ = Tpo™ (5.30)

5For completeness we present here the embedding of SL(2,R)” C E7 selected by the Za x Zso orbifold.
This is given by 7 coordinate vectors, o;, one per SL(2,R) factor. In the conventions of [7] for SL(2,R)",
these are given by,
1, - 1, - 1
2(68 —é7), 0= 2(61' +€i+3), Oit3 = 2(

with é; the orthonormal vectors of the B basis, introduced in section 3.3.

go = éi—éi+3), ’L'=17273
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where @™ is a basis of integer 2-forms (see footnote 15), &'™ = dx' A dz™. The heterotic
axion-dilaton Sy was defined in eq. (3.9). These definitions are such that the corresponding

weight vectors in the O(6,6) x SL(2,R)|y basis are still given by table 5. All together, the

scalars parameterize the coset SI{J(?l)lH O(%(g’g)((),) with Kéhler metric,
. _ _ 1
Khpet, = —2log[—i(Sy — Su)| — log [—Z/Q A Q} — log [6 /J ANJ A J] (5.31)

To get the full superpotential, the starting point is the known effective superpotential
for heterotic compactifications with 3-form NSNS flux and torsion [56-61]

Wet, = / QA (Hy +idJ) (5.32)

We can now proceed as before in order to extend this superpotential to the full set of fluxes
transforming in the (220, 2) representation of O(6,6) x SL(2,R)|z. These are summarized
in the last column of table 3. After some algebra we arrive to the expression,

Wher, = / QA [(Hs = SuHs) + (@ = SuQ') - Jo+(Q = Sue) - J2 + (R— SuH') - J¢]

(5.33)
where the contractions are defined as,
(w- JC)p1p2p3 = wglpg(JC)pa]m
1 mn
(Q : Jc2)p1p2p3 - 2Q[p1 (Jc A JC)png}mn (5-34)

1
(R : Jg)mmpa = 31 Rp4p5p6(Jc A Je A JC)p1p2p3p4p5pe

and similarly for @', ' and H' (c.f. footnote 10).

It is illuminating to express this superpotential in terms of the tensors fA2¢% and f47,
defined in eqs. (4.3), which in the present context are just the embedding tensors of the
parent A = 4 gauged supergravity theory [35]. We find the compact expression

Whet. = / QA [Gsz el + Gy - e . (5.35)

where we have included also fluxes transforming in the (12, 2) representation whose super-
potential will be derived in section 6.3. Gz and G are defined as

(G3)aBc = faBc2 — Sufasct s (Gi1)a = faz—Sufar (5.36)

where a subindex 2 (1) refers to the direction v; (w;), and the contraction - is the O(6,6)
action fapciTAPC and f;T4, with the gamma matrices acting as in eq. (4.12).

6 General N = 1 compactifications

In this section we consider compactifications that preserve N/ = 1 supersymmetry in 4d,
and which are not necessarily toroidal. From the phenomenological point of view this

,26,



is perhaps the most appealing case. The existence of a single nowhere vanishing spinor
reduces the structure of the tangent bundle to a global SU(3) structure. The latter can be
completely characterized in terms of a globally defined SU(3) invariant (1, 1)-form J, and
a holomorphic (3,0)-form 2, which satisfy the relations

3 _
JAQ=0,  JAIANT=—i QD (6.1)

In what follows we first review the O(6,6) and E7 covariant formulations of N' =1 back-
grounds, following respectively [22-24] and [39]. Then we address in section 6.3 the com-
putation of the effective superpotential in general SU(3) structure compactifications with
arbitrary fluxes.

6.1 0O(6,6) formulation of N’ =1 backgrounds

Four-dimensional N' = 1 supersymmetry requires the existence of nowhere vanishing inter-
nal spinors ' and 72 such that the 4d supersymmetry parameter ¢ is obtained from the
two 10d ones e by

61:€+®771,+€_®77}r, (6.2)

E=ci @0 +e_ @07, '
We have chosen the chirality of the 10d spinors to be negative. There is no requirement
a priori on the relative orientation of the spinors 2. Each of them is invariant under an
SU(3) structure on the 6-dimensional space. If the two spinors are the same, they give
rise to a single SU(3) structure. Whenever the spinors do not coincide, the two SU(3)
structures intersect into an SU(2). If there are points on the manifold where the spinors
are parallel, there is no global SU(2) structure, but only a local one.

The two spinors can be combined to form complex pure spinors of O(6,6)
2 - 2
o =nini', o5 =nin?l. (6.3)

Making use of Fierz identities, it is possible to express <I>f)t as sums of spinor bilinears,
namely

1 1
2 2
it = 3 E ! (nﬁvml...mpni> A (6.4)
p

By chirality, only even (odd) p contribute to ®* (®~) and these can equivalently be thought
of as sums of even or odd forms in the 32 and 32’ representations of O(6,6). In the special
case where the two spinors coincide, i.e. n* = 72, the pure spinors read
Oy =, By =i, (6.5)
where J and 2 are those of egs. (6.1).
By construction <I>Oi are pure, i.e. each of them is annihilated by half of the twelve

O(6,6) gamma matrices I'4, splitting the generalized tangent bundle into a 6-dimensional
complex holomorphic bundle (given by i+ = 1,...,6 such that '+ <I>Oi = 0) and its complex
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conjugate antiholomorphic bundle.!'” In other words, <I>Oi define each a generalized (almost)
complex structure joi, satisfying (joi)2 = —I, that can be obtained from the spinors by

. <q)6t’ FAB§)6|:>
Tt =i 00 200 (6.6)
(P55 )
where O(6,6) gamma matrices act as in (4.12), and the bracket is the Mukai pairing defined
in eq. (4.13), which is the natural bilinear on O(6, 6) spinors.
Two compatible pure spinors define a generalized (positive definite) metric on the
generalized tangent space. Using the generalized almost complex structures associated to

the pure spinors, the generalized metric is given by
H=-nJ T . (6.7)

This is the same metric as in eq. (2.9). For the pure spinors (6.5), it gives a block diagonal
matrix (corresponding to By = 0), where g is obtained in the standard way from an SU(3)
structure (in complex coordinates g;; = —i.J;3).

In order to obtain a generalized metric that contains a By field, one needs to B-
transform the pure spinors, i.e. to apply an O(6,6) transformation corresponding to a Bs
field to eq. (6.5) (or more generally to eq. (6.3)). Making use of eq. (A.4) and the represen-
tation for gamma matrices in eq. (4.12), it is not hard to see that the B-transform on the
pure spinors amounts to a wedge product of By and the component forms. Exponentiating
the action we get ®+ = b2 <I>ac which for the case n' = 7%, corresponding to a single SU(3)
structure, implies

ot =270 97 = B2 . (6.8)

In terms of the pure spinors, the Kahler potential for the AV = 1 theory in the context of
type IIB compactifications reads [24]

K = —log {i/(@‘,iﬂ} —2log [i/(e_¢fl>+,e_¢<i>+> . (6.9)

It is easy to see that this is equivalent to (5.26). Note that the contribution of Bs drops
out, as it should be since the Mukai pairing is an O(6,6) invariant, and the By field is an
adjoint O(6,6) action.

The second term in the Kahler potential should be written in terms of the N' = 1
variables Jc and Sg. These can be read off from a combination of ®*, the dilaton and
the RR potentials into the following complex form [24]

O = eP2CT +ie ?Re (e’ 0T) (6.10)

where 6 is an angle that defines the N' = 1 orientifold projection. For O3/O7 planes 6 = 0,
while for 0O5/09, § = w/2. In the case of type IIB compactifications with O3-planes,
@g = eP2(Sp + Jo + Coy + Cg). Hence the 0-form component of <I>Z? is the complex axion-
dilaton Sp, while the 4-form component is precisely Jo defined in eq. (5.24). Note that

Furthermore, <I>0i are by construction compatible, which implies that the two 6-dimensional holomorphic
bundles have a 3-dimensional intersection.
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even if By, Cs and Cg are projected out of the spectrum in this case, we keep them in <I>J(§
as their fluxes are not.

In terms of @JCC the O(6, 6)-covariant superpotential is given by

W = /<d<1>g,q>—> : (6.11)

Here the fluxes F3 and H3 are encoded in their local definition in terms of the gauge fields,
i.e. F3 =dCy, H3 = dBs. It is not hard to check that this reproduces eq. (5.27).

The term in eq. (5.28) involving the locally geometric NSNS flux Q? can also be easily
encoded in (6.11). For that, note that in general ®/, = eP2(®[,)o, where (@) is built out
of CT and the pure spinor <I>6F . If instead of a B-transform one acts by a S-transformation,
the action of d on (B gives the @ - Jo term in eq. (5.28).

The remaining NSNS fluxes Q" and H’ in the 220 representation are locally non-
geometric and their contribution to the superpotential cannot be obtained from (6.11),
not even promoting d to an element in the 12 of O(6,6). The reason for this is that, as
explained in section 4, these fluxes require extending the derivatives even further, going be-
yond the fundamental representations of O(6,6) to the 56 representation of E;. Similarly,
non-geometric RR fluxes should also only appear when promoting the O(6,6) covariance
to a full E; one.

6.2 [E; formulation of /' = 1 backgrounds

We review now the F; covariant formulation of N' = 1 backgrounds that descend from
N = 2 ones, following [39]. We work in the O(6,6) x SL(2,R)|g basis, where the O(6, 6)
subgroup is that of Generalized Geometry.

The first step is to embed @, and <I>ar into representations of F7. The easiest way is to
embed them in the 32’ and 32 representations of O(6,6) that appear respectively in the
decomposition of the 56 and 133 representations of E; (c.f. egs. (3.1) and (3.5)). This
assignment is also consistent with the degrees of freedom in the A/ = 2 theory: those in
®~ are the scalars of vector multiplets, while the deformations of ®* build up, together
with the dilaton and the RR axions, the hypermultiplets.

The moduli space is a direct product of these two moduli spaces, which implies in
particular that ®; should be a singlet under SL(2,R)|g. The pure spinor ® is therefore
embedded as follows

A= (0,9,) €56 . (6.12)

where we have used the notation in eq. (3.1).

The other spinor, @7, combines with the dilaton to form a doublet of SL(2,R)|p. It
should also combine with the RR fields and transform non-trivially under the SU(2)r R-
symmetry. The way to realize all these conditions is to promote <I>6r to an SU(2)p triplet
of elements (KY, K39, KY), with K{ € 133, satisfying the real su(2) algebra [K?, KJ)] =
2keape K2, with k = e 2#volg. Using the notation in eq. (3.5), we define K = K)+iKJ by

K9 = <07O,e_¢(viSH n uﬂ) of) €133 (6.13)
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where 1%, w’ are those introduced in section 3.1 and Sy is the heterotic complex dilaton
defined in eq. (3.9). K is just the complex conjugate of KV, while K9, obtained by
demanding the su(2) commutation relations, is given by

1
Ky =

A <uiaj + @y, iua Jy g, 0) (6.14)

with u = (vISy + '), ua = (S — S)g = 2ie~2*volg and jOJrAB is the generalized almost
complex structure defined by <I>ar in eq. (6.6).

In an analogous way as for the b-transform of ®*, we can define by, bg and ¢t trans-
formed objects of A\’ and K as

A=e e )0 Ko=¢" ePoeb2 K0 (6.15)

where ec+, % and e stand for the adjoint E; action, given in eq. (A.4), by the corre-
sponding generators in (3.7). The bg action on K shifts Sy — Sy + bg, as expected. The
¢ action generates, among other terms, a non-zero last component in K3, proportional to
ct. This implies that (e7?Re ®*, e~ Im &+, C+) forms a triplet of SU(2)g, as it should.
An N = 1 supersymmetry is selected by choosing a U(1)z C SU(2)g, or equivalently a
vector 7% such that a triplet of SU(2)p decomposes as a singlet and a doublet. The N' =1
supersymmetry selected in heterotic compactifications can be parameterized as r' = r? = 0,
r3 = 1, while for type II orientifold compactifications 3 = 0 and the N’ = 1 supersymmetry
is parameterized in this case by a single angle 6 in the (r!, %) plane. The singlet and doublet
components in the triplet (K, K_, K3) are selected in each case by the vectors

heterotic :  (r*,77,7%) = (0,0, 1), (zF,27,2%) = (1,0,0),

A . A 6.16
type IT:  (r*, 7= 73) = (e, —ie™ 0) , (27,27,2%) = (;eze, ;e_le,1> . (6.16)

Hence, defining the N' =1 field as
Ke = 29K, | (6.17)

we have that the spinor component along w’ in the (2,32) piece of K¢ is indeed the N = 1
chiral field in eq. (6.10) for type II compactifications.
6.3 General U-duality covariant superpotential

We are now ready to compute with the above tools the U-duality covariant superpotential
for general SU(3) structure compactifications. In terms of the geometric objects A and K¢
the superpotential in the F7 covariant formulation is given by [39]

W = /S()\,DKC) . (6.18)
Here D is the generalized derivative defined in eq. (4.6), transforming in the 56 represen-

tation, K¢ = gKg and A = g\?, with ¢ = e/ a generic group element of E;. S is the
symplectic invariant in the 56 representation, whose O(6,6) x SL(2,R) decomposition is
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given in eq. (A.5) of the appendix and z® is the vector introduced in (6.16). For consistency
DK,, the generalized derivative of K, is projected onto the 56 representation.

Extracting the group elements g and making use of the symplectic invariance, the
superpotential above can be recast as

W = /S(AO,DKg) (6.19)

where the derivative is now acting on the bare objects with a superindex 0, while derivatives
of the gauge fields (the fluxes) have been encoded in the generalized connection [39, 62],

DABe = DAB + FA5, (6.20)

with
FAB, = (¢71)BpDAGP, . (6.21)

While in ref. [39] the derivative was restricted to the standard derivative, D = (9,,v%,0),
and at the same time the gauge fields were taken to be in the geometric subgroup, here
we consider the full D defined in eq. (4.6) and the full set of 133 gauge fields. Hence, the
tensor FB; € 912 involves all the field strengths introduced in section 4.

The generalized connection applied to KC? in the 133 and projected onto the 56 gives

(DK)* = Spe (DPKCA + FAB K¢ (6.22)

Note that A\°, given in eq. (6.12), has only a (1,32?) piece (equal to Q for SU(3) structure
compactifications) and therefore only the 3-form piece in the (1,32°) part of (DK)* is
kept. Thus we get

W = /(Q,DK(CI’32’)> . (6.23)

According to our above discussion, for heterotic string compactifications with global
SU(3) structure, Ko = K, defined in eq. (6.13), and <I>3' = ¢/, Fluxes surviving the
projection are in the (220, 2) and (12, 2) representations of O(6,6) x SL(2,R)|g. They act
on K_OH which has only a spinor component, as shown in eq. (A.6), leading to'®

Whet, = / e QN [(FABCY — Sy fAPCOT ypee + (FAY = Sy AT ae’] . (6.24)

This is almost exactly the same expression than the one that we derived for toroidal het-
erotic orbifold compactifications, eq. (5.33), except that we are missing the complexification
of J. A bare gauge field like By appears because the connection F48; in (6.21) is actually
defined in terms of generalized derivatives of the group elements g € F7, obtained by ex-
ponentiating the generators A. In sections 2.2 and 4 we have actually used only the first
order term in the exponentials to label the fluxes, namely Hs, w, @, R, etc. were defined
as fABo = DAAB.. The difference between these two definitions involves terms containing
bare gauge fields. For the simpler case of heterotic compactifications, where the RR fields

8We have canceled the volg factor in Sy with inverse volume factors in the w® components of the fluxes
(see eq. (4.3)).
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are set to zero, these fluxes differ precisely by factors of e??, which combine with e/ to
form e’e.

The other difference with respect to eq. (5.33) is an extra overall e~ factor in eq. (6.24).
This factor can be actually absorbed by a Kéhler transformation of (6.9), leading to the

canonical Kéhler metric for heterotic string compactifications, given in eq. (5.31).

Hence, taking all these observations into account, we have that the flux induced su-
perpotential, derived from eq. (6.18), for general heterotic compactifications with global
SU(3) structure is given by,

Whet, = /Q A [(H?, — SpHs) + (w—SuQ') - Jo+ (Q — Spw') - J? + (R — Sy H') - Jf]

+ / QA [(w—SuQ) N J. + (Q — Spw') - JZ] (6.25)
where contractions were defined in egs. (5.34),

Q- ch)pqr =Q"(Jc A JC)pqrm (6.26)

and similarly for o’ - JZ.
In a similar way we can compute the superpotential for type IIB compactifications with
O3-planes. This requires a little more work. The orientifold projection sets in this case

§=0, = z“Ka:;(K++K,)+K35K03. (6.27)

We need to express A\’ and K, given in eqgs. (6.12), (6.13) and (6.14) in the O(6,6) x
SL(2,R)|g basis, in terms of the O(6,6) x SL(2,R)|p basis. This can be done with the
help of tables 1 and 2. The resulting expressions in the O(6,6) x SL(2,R)|p basis are

)‘O|B = (0’ Q) )

1 A
Kos|p = volg <— 26_2¢(j+)mn, 0, v <26_2¢(j+)m" + e P340 _ =30 5 4 6_4¢V016>
s (_ i ¢0 J21B6 | A9B46 _ 0026 ) i6—3¢J3>>
2 6
(6.28)
where J 7 is defined in eq. (6.6).
The fluxes surviving the projection are in the (2,12) and (2,220) representations of

0(6,6) x SL(2,R)|p (see table 4). In the notation of eq. (4.2), they read

fiA :?Nji(Qa + Pa6123456) —|—cbi(P“ + Q;€123456) )
FIABC i < Fupe + Q7 + Plol23456 | pyrabe E123456) (6.29)

Lo < H,, + ch +Qu (123456 | povabe 6123456) _
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Making use of volg = J3/6 and the fact that (7)., and (J)™" are respectively propor-
tional to J,,, and J"", we obtain

Wos = / QA [(Fg —ie"?Hj) + (Q —ie *P) - (— ;e¢J2>

+ (P —ie Q") - e 2] — (H —ie ®F')- ( - ée‘3¢J3> (6.30)

+(Q™ —ie ?P™). ( - ;e_¢J2> + (P, —ie7%Q!,) A 6_2¢J:| ,

where the contractions are as in eqs. (5.34) for the (220, 2) fluxes, while Q™ and P® act
by a single contraction, as in (6.26).

We proceed now to express (6.30) in terms of the N/ = 1 variables Sp and 7. defined
in (3.10) and (5.24) respectively. For that aim, we observe that J and J?, which build
up Im(®(), are given in terms of Re(®{) by the derivative of the Hitchin functional [12—
15, 22, 23]. This leads to the useful relations

)

1 o
_ 2 2 11...16
JP1P2 - 384 Ji1i2i3i4Ji5i6p1p2€

B DR Tp papspel€

P1---P6 198 “i1921314isi6[P1p2 ¥ p3papsPe

(6.31)

Note that eq. (6.30) is also missing the contribution from the RR axions Cy and Cj.
The reason is the same than for the heterotic superpotential. For instance, notice that
when considering higher orders in the exponential e, eq. (A.4) tells us that the group
element corresponding to the 2-form part along @' (whose generator is cp) gets a shift
¢y — o + coba. Hence, d(ca — coba) = F3 — coHs and the factor of cyHs combines with
ie"?Hj3 in eq. (6.30) to build up SpHs. When considering only geometric gauge fields,
this is the only contribution of the RR axions appear. However, when all fields in the 133
are taken into account, there are extra terms where Cy appears linearly, quadratically or
cubically, which combine with J? factors to build up different powers of 7.

Taking into account these two facts, it is not hard to show that the flux induced
superpotential derived from eq. (6.18) for general type IIB orientifold compactifications
with O3-planes and global SU(3) structure is,

Wos = /Q A[(F3 — SpH3) + (Q — SgP) - J.+ (P' — SpQ’) - > + (H' — SpF') - T3]
+ / QA [(Pn — SeQ),) AN Te+ (Q™ — SpP™) - J7] (6.32)

Let us stress that expressions (6.25) and (6.32) have been derived in the context of
general SU(3) structure compactifications, and therefore not only apply to toroidal orbifold
compactifications, but also to general N’ = 1 compactifications of string theory.

It is also interesting to comment on the possible uplift of superpotential (6.32) to F-
theory. Indeed, superpotential (5.27) has a well-known interpretation in terms of F-theory
compactifications on elliptically fibered Calabi-Yau 4-folds [51]. From this point of view,
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NSNS and RR 3-form fluxes correspond to different components of the M-theory/F-theory
4-form.,
Gi= Y HiNO = (F3— SH3) Adz+ (Fs — SHs) Adz (6.33)
i=1,2
where €' is a basis of integral 1-forms in the elliptic fiber, which we have complexified in
the r.h.s. of this expression. In terms of Gy, the superpotential (5.27) becomes,

W = /Q4 A Gy (6.34)

where {4 is the holomorphic 4-form, whose existence and uniqueness is guaranteed by the
SU(4) holonomy of the Calabi-Yau 4-fold.

Similarly, the second piece in eq. (6.32) also admits a natural uplift to F-theory. This
term is related to a background for the field strength of the complex parameter (4.19).
As it has been noted in [33], topologically non-trivial f2 and ~s-deformations (that is, QZ]
and Plij fluxes) correspond to locally geometric type IIB backgrounds with a holomorphic
complex dilaton on which there is a deficit of (p, ¢) 7-brane charge. Thus, generic transition
functions gluing different patches contain not only diffeomorphisms and shifts of the B and
C fields, but also T-dualities and/or SL(2)|p rotations.

The form of (6.32) suggest that 2 and 2 are different components of a 1-form along
the F-theory fiber,

BPY — Z ]:ZPqu‘ = (B9 — SyP9)dz + (B — 5,qu)dz (6.35)
i=1,2

so that the first two terms in eq. (5.28) are recast as,
W= / QA [Gy+dB- T (6.36)

Note also that taking dym W = W = 0 (in absence of 3-form fluxes), for all complex
structure moduli, requires (Q — SgP) - J. to be a primitive (2, 1)-form. This fact, together
with the condition obtained from imposing Opm¢W = 0 for all Kahler moduli, implies
that (4.19) has to be an anti-holomorphic (0,2) bi-vector in order to satisfy the N = 1
supersymmetry equations.

7 Conclusions

We have performed a detailed analysis of the relation between Exceptional Generalized Ge-
ometry and 4d gauged supergravities, providing an organizing principle for generic string
flux compactifications. The U-duality group, E7, which turns out to be also the structure
group of the generalized bundle in EGG, encodes much information on the 10d origin of
4d gaugings. In particular, we have established a precise dictionary between weights of the
912, 133 and 56 representations of F7 on one side, and fluxes, gauge fields and gauge pa-
rameters, respectively, on the other. Moreover, from different ways of decomposing E7 into
0(6,6) x SL(2,R), we have identified different orientifold projections in 10d, generalizing
the results of [30].

,34,



The Clebsh-Gordan decomposition of the 912 representation onto the tensor product
56 x 133 has provided us also with explicit local expressions for the field strengths in terms
of the gauge potentials. This in particular allows one to disentangle fluxes which admit
an uplift to 10d supergravity backgrounds, from locally non-geometric fluxes, whose field
strengths involve exotic exterior derivatives and which should be understood as 4d gaugings
resulting from String Theory backgrounds which do not admit a higher dimensional super-
gravity limit. Hence, the uplift of these backgrounds to 10d should be thought directly in
terms of String Theory compactifications. In addition, the Fr group structure allows us
also to distinguish globally geometric from globally non-geometric compactifications.

In this way, we have identified systematically all gaugings of 4d supergravity which
admit an uplift to backgrounds of 10d supergravity. Some of these backgrounds were al-
ready known, corresponding to fluxes of the NSNS and RR field-strengths, metric fluxes or
[-deformed backgrounds. Our analysis, however, reveals other types of 10d supergravity
backgrounds apart from the above ones. These turn out to be related to the RR counter-
parts of the (-deformation, which we have dubbed ~-deformations. We have formulated
~v-deformations in a precise way in the context of EGG. These new deformations provide the
natural generalization of the [-deformation to full-fledged F-theory backgrounds. These
results may have also interesting implications, via the AdS/CFT correspondence, for the
study of marginal deformations of N' = 4 Super Yang-Mills with complex 3 parameter [46].

The above analysis gives also some clues on the possible 10d origin of some of the
particularly less well understood gaugings of 4d supergravity. In particular, we have shown
that 4d gaugings of N = 4 supergravity transforming in the (12,2) representation of
0(6,6) x SL(2,Z) can be uplifted to backgrounds of 10d type IIB supergravity, correspond-
ing to # and/or y-deformed backgrounds. Our results are also consistent with [37], where
it was noticed that a small subset of these gaugings can be also interpreted as particular
Scherk-Schwarz reductions (metric fluxes) of heterotic supergravity.

Whereas the above results directly apply to toroidal orbifold or orientifold compacti-
fications, where in absence of fluxes the bulk preserves N' = 8 or N' = 4 supersymmetry,
they are also relevant in more generic setups. The reason is that even if in generic N' = 1
compactifications the global structure group is reduced to SU(3), the structure group of the
generalized tangent bundle is still given by O(6,6) x SL(2,R). Hence, in the last part of this
work we have made use of the tools of EGG to derive the effective superpotential induced
by the fluxes in general NV = 1 heterotic compactifications or type IIB compactifications
with O3 and/or O7-planes. These superpotentials, which we have derived here in a 10d
context, allow for the study of the F-term conditions associated to general backgrounds, in
particular those which involve 8 and ~y-deformations apart from standard fluxes. We hope
to come back to this point in future work.
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A  Summary of group theory results on E;

A.1 F; root and weight system

E7 has rank seven (7 Cartan generators) and dimension 133. In the Cartan-Weyl basis,
the commutation relations of the algebra read,

Ea,,BEaJr,B Oé+/3 S A
[HIaHJ] =0, [HIaEa] = aIEa7 [EonEB] = Z[ o' H! at+B=0 (A.1)
0 a+pB¢A

where H!, I = 1...7, denote matrix representations of the I-th Cartan of E-, and similarly,
E,, denote matrix representations of the generator associated to the root o € A, with A
the root lattice of E7. Even if €, 3 = %1 can be explicitly computed, we will not need
them in our computations. Representations are constructed by systematic application of
generators (associated to simple roots) to states, without anticommuting them.

A convenient way to write the roots is as vectors lying in a seven-dimensional subspace
of an eight-dimensional vector space, orthogonal to e7 + es (see for instance [63]). Namely,

(+1,+1,0,0,0,0;0,0) 60 roots
+(0,0,0,0,0,0;1,—1) 2 roots
1
i2(i1,i1,i1,i1,i1,i1; 1,—1) even # of — signs in first 6, 64 roots,
where in the first set of roots the underline means that the two non-zero entries are at any
two positions in the first six components of the vector, and in the last set of roots there
should be an even number of minus signs in the first six entries. The first 60 roots together
with 6 Cartan generators, generate O(6,6). The next two roots, together with a Cartan

generator generate SL(2,R), while the last 64 are the adjoint E; elements in the (32,2).
Positive roots are defined as

ei:I:ej 1<1<53<6

€g — €7
1 6
5 <68 —er+ Z(—l)"iei> Z v; = even
i=1 i=1
A basis of simple roots is then given by

ar = (1,-1,0,0,0,0;0,0) (A.2)
as = (0,1,—1,0,0,0;0,0)
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as = (0,0,1,—1,0,0;0,0)
ay = (0,0,0,1,—1,0;0,0)
as = (0,0,0,0,1,—1;0,0)
ag = (0,0,0,0,1,1,;0,0)
ar = 1(—1,—1,—1,—1,—1,—1;—1,1)

2

The corresponding dual fundamental weights are

wr = (0,0,0,0,0,0;—1,1) = wl : 133

1
w5 = 2(151’151,15_15;_2,2) EW§I : 912

1
w6 = 2(15 11,1, 1, 1; _3,3) = W3[,/ : 8645

wy = (1,1,1,1,0,0; —2,2) = wk : 365750
33

w3 = (1,1,1,0,0,0;—2, 2> = wl : 27664

wo = (1,1,0,0,0,0; =1,1) = wf : 1539

11 I
w] = 1,0,0,0,0,0;—2,2 =wy; : 56

We have indicated with a superscript L the corresponding weight in the notation used
in the Lie software [64] and we have indicated for which representation they are the highest
weight.

The weights of all the elements in the representations 56, 133 and 912 according to
their O(6,6) x SL(2,R) assignments are

56
1 1
(12,2) (+1,0,0,0,0,0; ,—
27 2
1£1,0,0,0,0,0:— 1,1
) 7 ) 7 ) b 272
1
(32/,1) o (ELELELELEL£1:0,0)  odd # of -

133

1
(32,2) 2(:I:l, +1,4+1,+1,+1,+1; -1, 1) even # of - in first 6

1
2(:I:l, +1,4+1,+£1,+1,+1;1,—1) even # of - in first 6
(1,3) +(0,0,0,0,0,0;1,—1) + 1 Cartan
(66,1) (+1,+1,0,0,0,0;0,0) + 6 Cartans

912
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(32/,3) (£1,+1,+1,41,+1,41;2,-2)  odd # of - in first 6

(£1, 41,41, 41, +1,41;-2,2)  odd # of - in first 6
(£1,+1,41,+1,+1,41;0,0)  odd # of - in first 6

1 1
(1272) i17070707070; y
2 2

1
2
1
2
1
2
11
<il,0,0,0,0,0;— )
5

272

11
(220,2) (+1,+1,+1,0,0,0; —

272

1 1
+1,+1,41,0,0,0; _, —
bl b b 2 2)

. 1 1
copies of [ +1,0,0,0,0,0; _, —
2" 2
. 11
5 copies of | +1,0,0,0,0,0; — _,
2°2
1
2(:I:?), +1,4+1,+1,+1,4+1;0,0) even # of -
1
5 copies of 2(:I:l, +1,4+1,+1,+1,41;0,0) odd # of -

(352,1)

A.2 Some relevant formulas
The action of the adjoint representation (with parameter A) on the fundamental represen-
tation, decomposed in elements of O(6,6) x SL(2,R) is

5}\@'14 _ AZ])\_]A + AAB)\iB + <Ai+,PA)\_>7

1 . . (A.3)
SAT = 4AABPAB)C + e NAT 4 AT

The adjoint action on the 133 representation (with parameter A’) is given by dA = [A’, A]

where ' ' ' ' |
dA"; = A"kAkj — AlkA/kj + € ((A/H,AkJr) — <AZ+,A”“+>) ,

5AAB _ AIACACB o AACA/CB + 6ij<Ali+7FABAj+>’ (A4)
. o o 1 . 1 4
SATT = A/ZjA_]+ _ Asz/]Jr + 4AIABFABA1+ _ 4AABFABA12+ .
The E7 symplectic invariant is
S()\, )\/) _ fij)\iA)\,jBTlAB + <)\+’ )\l+>7 (A5)
The projection on the 56 in the tensor product 912 x 133 is given by
)\iA =n fjAAij + g fiBACAnBC +ng <fijf7FAAj+> +ny <fA+, Al+> + ng fiABCABC
AT =nge fATAATT 4 ng f17 AT 4+ ng AacTAfOT + ng ey fAABCT ypo ATT
(A.6)

where nq ...ng are some constant coefficients which we leave undetermined.
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flux 0(6,6) x SL(2,R)|x 0(6,6) x SL(2,R)|x (-1)fr Qp  Total #

Q23456 (/234561 6% (1,0,0,0,0,0 ;+,—) 6% (—1,0,0,0,0,0 ;+,—) + + 6430
QL. Qlm 6 x (—1,0,0,0,0,0 ;—,+) 6 x(1,0,0,0,0,0 ;—,+) + + 6+30
w1, Wi, 6 x (1,0,0,0,0,0 ;—,+) 6 x (—,+,+,+,+,+;0,0) + - 6+30
W't witm 6 x (—1,0,0,0,0,0 ;4+,—) 6 x (+,—, —, —, —,— ;0,0) + - 6+30
Fi2345 (4,4, +, 45+, — 5 —1,1) (4, +, +, 4.+, 5 50,0) - + 6
Fyo3 (+,+,+,—,—, —;—1,1) (0,0,0,1,1,1 ;—,4) - - 20
Fy (== == —-L1) (=44 +++;5-11) - + 6

P® PO 6 % (+,+,+,+,+,—:0,0)  6x(1,0,0,0,0,0 ;4, —) - - 6430

P55 prs pmdsé g (44 4 — —,—30,0) 6 X (—,—,—,+,+,+;0,0) — + 20440460

P33 pr23ast g (4~ — — — —:0,0) 6x(—1,0,0,0,0,0;—,+) — - 6+30
F/6,123456 (+7_~_7+7+7_~_7_ ;17_1) (_7_7_7_7_7_,'_ ;17_1) _ + 6
[7456,123456 (+,+,+—,——;1,-1)  (=1,—-1,-1,0,0,0; +,—) — — 20
F/23456,123456 (+7_7_7_7_7_ ;17_1) (_27_7_7_7_7_ ;070) _ + 6
Hios (1,1,1,0,0,0 ; —, +) (0,0,0,1,1,1 ;+,—) + + 20
ws (1,-1,1,0,0,0 ; —, +) (=3, —+,+,+;0,0) + - 60
32 (-1,-1,1,0,0,0 ; —, +) (1,1,-1,0,0,0 ; —,+) + + 60
R'# (-1,-1,-1,0,0,0 ;—,+)  (+,+,+,——,—;—1,1) + - 20
Hios (1,1,1,0,0,0 ;+,—) (==, —+++;1,-1) + - 20
Q33456 (1,1,-1,0,0,0 ; +,—) (-1,-1,1,0,0,0 ; +, —) + + 60
'12356,56 (0,0,0,1,—1, -1 ;4,-) (== ——5,+,4:0,0) + - 60
H'123,123456 (-1,-1,-1,0,0,0 ;+,—) (0,0,0,—1,—1,—1;—,+) + + 20
13 (3, +,+,+,+,+30,0) (= +,+ 4+, 451, -1) - + 6
P23 (3, — — +,+,+;0,0) (=1,1,1,0,0,0 ; +,—) - - 60
pri2 (=3, — +,+,+,4+;0,0) (3, +,—-,—,—,—50,0) - + 30
pri-1234 (=3, — = —,+,+:0,0) (1,0,0,0,—1,—1 ; —, +) — — 60
pp3e (3, —,— — —,+:0,0) (=3, +,+,+,+,—;0,0) — + 30
F/1,123456 (_37_7_7_7_7_ ;070) (+7_7_7_7_7_ ;_171) _ + 6

Table 6. Field strengths transforming in the 912 of E;. We use the shorthand notation + = :l:%.

B Tensor structure of U-dual fluxes

In the following tables we summarize the tensor structure of fluxes transforming in the
912 representation of Ex, as it can be read from their weight assignments in the O(6,6) x
SL(2,R)|z basis. We present also the corresponding weight in the O(6,6) x SL(2, R)| 5 basis
(c.f. section 3.3), their transformation properties under the space-time fermionic number
for left-movers and the worldsheet parity operators, and the total number of components
for each flux.

States which come in 6 copies are distributed among different representations of
0(6,6) x SL(2,R). In particular, Q/!**¢ Q' w,; and W' (Q/!**6 Q' , P! and PUkIm)
transform in the (12,2) in the O(6,6) x SL(2,R)|g basis (O(6,6) x SL(2,R)|p basis),
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im
(220,2). Similarly, P?, PY* and PY*™ (w;, w'" and P¥*) transform in the (32',3) in
the"O(G, 6) x SL(2,R)| g bgsis (0(6,6) x SL(2,R)|p basis), whereas w;-i, w;ii, L% and Pi”kl
(PJE, pllidkim] - Lidk and P9 transform in the (352, 1).

whereas Q'li-7kim] Qéj, w! and wz’z (Qlbakiml, Qéj, P;j and P'-7km)y transform in the
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