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1 Introduction

An anomaly in quantum field theory (QFT) is a failure of a classical symmetry to persist
at the quantum level. It is typically encoded in a non-invariance of the partition function
under a gauge transformation of the anomalous symmetry. A consistent QFT should
have no anomaly for a gauge symmetry, while a global symmetry can be anomalous but
this indicates an obstruction to gauging it. Although this might suggest that anomalies
are a bug, they are instead actually a feature, since they provide an extremely powerful
tool to investigate the dynamics of QFTs. This is because they are invariant along the
renormalization group (RG) flow [1], so we can compute them in a regime where this
computation is feasible and the result should be the same as in a more difficult to access
regime of the theory.

Anomalies are thus very useful to investigate a large variety of phenomena that can
characterize the low energy behaviour of a QFT, such as infra-red (IR) dualities and sym-
metry enhancements. The former refers to the situation in which two different theories in
the ultraviolet (UV) flow to the same fixed point at low energies, while the second occurs
when the manifest global symmetry in the UV gets enlarged to a bigger group in the IR.
The anomalies of IR dual theories are expected to match, while in order for two symme-
tries to combine to form a larger enhanced group their anomalies should satisfy certain
necessary conditions.
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In this paper we will be interested in exploiting anomalies to study the dimensional
reduction of supersymmetric quantum field theories (SQFTs). The latter has proved to be
a very efficient way to organize the many instances of IR dualities and symmetry enhance-
ments that are known, as well as discovering new ones. In particular, we are interested
in compactifications of d-dimensional superconformal field theories (SCFTs) on Riemann
surfaces so to obtain (d − 2)-dimensional theories. These have been studied for 6d (1, 0)
theories [2–32], for 5d N = 1 theories [33–35], for 4d N = 1 theories [36–41] and for
3d N = 2 theories [42]. In this context, anomalies are a powerful tool to test whether
the conjectured lower dimensional theory that results from the compactification can be
correct. In even dimensions, one can indeed match the continuous anomalies of the (d−2)-
dimensional theory with those obtained by compactifying the anomaly polynomial of the
initial d-dimensional theory on the Riemann surface [43, 44] (see also [45] for a related
discussion that partly inspired the present work).

The aim of this paper is to investigate whether an analogous dimensional reduction
of anomalies can be done for theories in odd dimensions. In this setup there are no con-
tinuous anomalies, but there can be discrete ones. More precisely, in this paper we refer
with “discrete anomalies” to anomalies for finite symmetries such as Zr or for continuous
symmetries but which involve a characteristic class that is valued in a finite group, such
as a Stiefel-Whitney class. Moreover, we only focus on anomalies for ordinary higher-form
symmetries [46], while we do not consider models with a higher-group or a non-invertible
symmetry. For such discrete anomalies there is no anomaly polynomial, but these can
still usually be encoded via anomaly inflow [47] in an invertible topological theory, called
anomaly theory or symmetry topological field theory [48–60]. For a QFT Td living in a
d-dimensional spacetime Xd, the anomaly theory Ad+1 is a classical (d + 1)-dimensional
theory on a manifold Md+1 with boundary ∂Md+1 = Xd, such that the variation of its
action under a background gauge transformation for the anomalous symmetry precisely
compensates the non-invariance of the partition function of Td under the same transfor-
mation. The question that we address is whether we can derive the anomaly theory of a
lower dimensional QFT by compactifying that of the higher dimensional one.

At first glance, this seems quite reasonable. Consider taking Xd = Xd−2 × Σ, for Σ
some compact boundless 2d surface. We expect that in the low-energy limit, we should get
an effective description in terms of a d− 2 dimensional QFT system on Xd−2, which is the
dimensional reduction of Td on Σ. Similarly, the associated anomaly theory can be taken
to live on Md+1 = Md−1 × Σ, with ∂Md−1 = Xd−2, where here we use the fact that Σ is
boundless. In the same vein, we now expect that the anomaly theory reduced on Σ, will
give a new TQFT, now living on Md−1, that is in turn the anomaly theory for Td reduced
on Σ.1 As the anomaly theory is a TQFT, it should be easier to analyze its dimensional
reduction than a fully-fledged QFT system. Moreover, here we shall mostly work with the

1Here it was important that Σ is boundless, as otherwise there would be additional contributions coming
from the boundaries of Σ. In the context of compactifications, these boundaries are usually referred to as
punctures, and it is known that in the presence of punctures, anomaly matching in continuous symmetries
needs to be supplemented by the puncture contributions [26]. We expect a similar thing to hold also for
the case of anomalies in discrete symmetries, though we shall not pursue it here.
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case where the action of the TQFT in question is just a functional of the background fields
for the global symmetries, A, which we can schematically write as Sd+1 =

∫
Md+1

f(A). In
these cases, the dimensional reduction can be done by simply integrating over Σ leading
us to expect that Ld−1 =

∫
Σ f(A), for Ld−1 the Lagrangian of the dimensionally reduced

anomaly theory.
We confirm this expectation in a variety of examples of compactifications of 5d N = 1

SCFTs on Riemann surfaces, possibly with fluxes for global symmetries, to 3d N = 2
theories. Many 3d models arising from this type of compactifications have been studied
in [33–35]. Discrete anomalies in these 3d theories can be easily computed with field
theory techniques, see e.g. [61–68], and the superconformal index [69–74] allows us to do
that systematically. These are then expected to descend from some discrete anomaly in
the 5d SCFT, which in some cases is known [64, 75–79].

The purpose of this matching is three-fold. First of all, confirming the expectation that
also the anomaly theory encoding the discrete anomalies of a higher dimensional theory
can be compactified so to get that of the lower dimensional one, in the particular set-up of
the 5d to 3d compactifications, can make us confident in extending this to other situations.
One can indeed study the dimensional reduction of discrete anomalies under more general
compactifications than those on Riemann surfaces. For example, one could compare the
discrete anomalies of a 6d SCFT with those of the 3d theory obtained from compactification
on a 3-manifold [80, 81]. In this context, a similar analysis was performed in [82], where the
anomalies for higher-form symmetries of 3d N = 2 theories obtained from compactification
of 6d N = (2, 0) SCFTs on 3-manifolds were studied. Hence, this approach would open the
way to investigating these less explored aspects of other known compactifications of QFTs.

Another important application is to confirm the results of [33–35] for the compactifi-
cations of 5d N = 1 SCFTs to 3d N = 2 theories by matching the dimensional reduction
of known 5d anomalies with the anomalies computed directly in 3d. Specifically, we will
match

• the mixed anomaly [78] of the 5d rank 1 E1 Seiberg SCFT [83] between its Z[1]
2

1-form symmetry [75–77] and its SO(3) flavor symmetry [79, 84, 85], after torus
compactification with flux [33];

• the Witten anomaly [86] of the rank 1 ENf +1 SCFTs after compactification on a
genus g Riemann surface, as well as that of the higher rank generalizations that UV
complete some of the 5d SQCD SU(N + 1) theories after torus compactification with
flux [33, 34].

Finally, one can reverse the logic and use the 3d field theories of [33–35] to argue for the
presence of some discrete anomalies in the 5d SCFTs that are not known. More precisely,
we will find that

• the rank 1 E0 SCFT has a mixed anomaly between its Z[1]
3 1-form symmetry [75–77]

and the SU(2)R R-symmetry of the form
2πi

3

∫
M6

B2(C2(R) mod 3) , (1.1)
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where B2 is the background field for the 1-form symmetry and C2(R) is the second
Chern class for the R-symmetry;

• the rank 1 E6 SCFT has a mixed anomaly between its E6/Z3 0-form flavor symmetry
and the R-symmetry of the form

4πi

3

∫
M6

w2(E6/Z3) (C2(R) mod 3) , (1.2)

where w2(E6/Z3) is the second Stiefel-Whitney class of E6/Z3;

• the rank 1 E3 SCFT has a mixed anomaly between its PSU(3) 0-form flavor symmetry
and the R-symmetry of the form

4πi

3

∫
M6

w2(SU(3)/Z3) (C2(R) mod 3) . (1.3)

The rest of the paper is organized as follows. In section 2 we study various mixed
discrete anomalies in the 3d models that arise from compactification of 5d SCFTs on
Riemann surfaces, possibly with fluxes for the global symmetries. We separate the analysis
based on the two types of mixed anomalies that we can have in 3d. In subsection 2.1
we study mixed discrete anomalies between a 1-form and a 0-form symmetry in 3d, and
then we independently derive them from the compactification of the 5d anomaly theory.
The main examples are the compactification of the E1 SCFT on a torus with flux and
the compactification of the E0 theory on a genus g surface. In subsection 2.2 we instead
study mixed discrete anomalies between two 0-form symmetries, one of which is a flavor
symmetry and the other the R-symmetry, in 3d and show how these can also be obtained
by compactifying a 5d anomaly theory. The main examples are the compactifications of
the rank 1 ENf +1 SCFTs on a genus 2 surface with no flux. In section 3 we first discuss
the Witten anomaly of 5d theories and argue that it should reduce to a parity anomaly for
the U(1)R R-symmetry in 3d. We then match the value of such an anomaly as expected
from the 5d picture with the one computed in the 3d models. We focus in particular on the
genus g compactifications of the rank 1 ENf +1 SCFTs and the torus compactifications of
the higher rank generalizations that UV complete some of the SU(N + 1) SQCD theories.
We conclude in section 4 with some final considerations.

2 Mixed discrete anomalies in 3d models from 5d

In this section we study various mixed discrete anomalies in some 3d models that arise from
compactifications of 5d SCFTs on a Riemann surface, potentially with flux for the global
symmetry. For each of the 3d anomalies that we find, we show how the 4d anomaly theory
can be derived from compactification of a 6d anomaly theory that encodes some anomaly
of the original 5d SCFT. In the cases in which the 5d anomaly is already known we are
able to correctly match its compactification with the anomaly computed directly in 3d,
while in the other cases our analysis provides new predictions for the anomalies of the 5d
SCFTs. We separate our analysis in anomalies between a 1-form and a 0-form symmetry,
and between two 0-form symmetries, one of which will be the R-symmetry.
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Figure 1. The 3d model corresponding to the compactification of the 5d rank 1 E1 SCFT on
a torus with flux F = 2. In accordance with standard notation, we use circles to denote gauge
groups and lines between them denote bifundamental chiral fields. Each cross instead denotes a
gauge singlet chiral field that flips the meson constructed with the corresponding bifundamental.
The gauge groups are all of type SU(N), with N indicated by the number in the circles and the
subscript to this number denoting the level of the Chern-Simons (CS) term if present. Additionally,
the power of the fugacity x close to each line indicates the R-charge of the corresponding chiral
field under a trial U(1)R R-symmetry, while the power of q denotes the charge under the U(1)q

symmetry.

2.1 Anomalies between 1-form and 0-form symmetries

In this subsection we study anomalies in the 3d models between a 1-form symmetry and a
0-form symmetry. The 3d theories that can have a 1-form symmetry are those that descend
from a 5d SCFT with a 1-form symmetry.2 For this reason, we consider two examples: the
E1 theory compactified on a torus with flux and the E0 SCFT compactified on a genus
g > 1 surface. The anomaly that we find in the former case can be shown to descend from
a 5d anomaly that was discussed in [78], while the anomaly of the latter theory corresponds
to a 5d anomaly that was not known before and so it provides a new prediction for the 5d
SCFT.

2.1.1 E1 SCFT on a torus with flux

3d analysis. We begin by considering the 3d model coming from the compactification
of a 5d SCFT with a 1-form symmetry. Specifically, we consider the 5d rank 1 E1 SCFT
on a torus with flux F for the U(1) Cartan of its SO(3) flavor symmetry in a quantization
in which the minimal allowed flux is 1. The resulting 3d theory has been studied in [33]
and consists of a circular quiver with 2F SU(2) gauge nodes with Chern-Simons (CS) level
±3 of alternating signs, where pairs of adjacent nodes are connected by a bifundamental
chiral, see figure 1 for a depiction of the case F = 2. There are also 2F chiral singlet fields,

2There can be accidental symmetry enhancements in 3d, but in this case properties of the enhanced
symmetry, like anomalies, are not expected to be discernible from 5d. As such, we shall not consider this
possibility.

– 5 –



J
H
E
P
1
0
(
2
0
2
3
)
1
8
5

each of which flips one quadratic invariant built from the bifundamental chirals, which we
denote with crosses in the figure.

The superpotential, on top of the flipping terms, consists only in the monopoles that
have minimal integer flux under any pair of adjacent SU(2) gauge nodes simultaneously,
dressed with six copies of the corresponding bifundamental field so as to make a gauge
invariant due to the CS level. Explicitly, this reads

Wmono =
4∑

i=1
M(i,i+1)

(
Q(i,i+1)

)6
, (2.1)

where M(i,i+1) denotes the monopole with unit magnetic flux under the i-th and the (i+1)-
th gauge nodes and Q(i,i+1) is the chiral in the bifundamental of the same nodes, with the
convention that the index i has periodic boundary conditions along the circular quiver and
so it is defined modulo 4.

This monopole superpotential breaks the abelian symmetries that rotate independently
each bifundamental chiral to their diagonal combination which we denote by U(1)q and we
parameterize as specified in the figure. To see this, let us denote by U(1)qi for i = 1, · · · , 4
the four abelian symmetries parametrized such that the field Q(i,i+1) is charged only under
U(1)qi with charge +1. Then the operator M(i,i+1)

(
Q(i,i+1)

)6
has charges encoded in

the following combinations of the fugacities (see appendix A for an explanation of how to
determine the charges of a monopole operator):

q4
i

q2
i−1q2

i+1
x2 . (2.2)

Turning this operator on in the superpotential enforces it to have R-charge 2 and so

q4
i

q2
i−1q2

i+1
x2 = x2 , i = 1, · · · , 4 ⇒ qi = q , i = 1, · · · , 4 , (2.3)

which indicates that the U(1)qi symmetries are broken to the diagonal combination U(1)q

by the monopole superpotential. We also point out that the parameterization of the R-
symmetry that we are using is neither the Cartan of the 5d R-symmetry nor the supercon-
formal one, but it is related to the former by the mixing with U(1)q given at the level of
fugacities by q → q x

1
3 .

The index of this model for F = 1 reads (see appendix A for our index conventions)

I = 1 + 2
q2 x

2
3 +

(
8q2 + 3

q4

)
x

4
3 + 4

q6 x2 + · · · . (2.4)

Notice in particular that we have only states with even charges under U(1)q.
This model also has a Z[1]

2 1-form symmetry, which comes from the diagonal com-
bination of the Z2 center symmetries of each SU(2) gauge node that is not screened by
the bifundamental matter fields. This is compatible with the fact that the 5d E1 theory
also has a Z[1]

2 1-form symmetry [75–77]. We next want to study anomalies involving this
symmetry in the 3d model. This can be achieved by considering the variant of the theory

– 6 –
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in which it is gauged, which has the gauge group SU(2)2F /Z2. In this theory, there are
additional monopole operators corresponding to half-integer fluxes under all gauge groups.
These might in general carry global symmetry charges which correspond to a different
quantization of these symmetries compared to the theory before gauging (that is, the one
with gauge group SU(2)2F ), implying a mixed anomaly with the 1-form symmetry [61–67].

In order to examine these new monopoles, we compute the index of the theory with
gauge group SU(2)2F /Z2, paying special attention to their contribution. For F = 1 we find

I = 1 +
( 2

q2 + 4ζq

)
x

2
3 +

(
8q2 + 3

q4 + 4ζ

q

)
x

4
3 +

( 4
q6 + 12ζq3 + 4ζ

q3

)
x2 + · · · ,

(2.5)

where ζ such that ζ2 = 1 is the fugacity for the discrete Z[0]
2 magnetic 0-form symmetry

that is dual to the 1-form symmetry that we gauged. In particular, the states carrying a
non-trivial power of ζ correspond to the extra monopole operators with half-integer flux
for all the gauge groups that are introduced upon gauging Z[1]

2 . We refer the reader to
appendix A for a brief review of how to compute the index for different choices of the
global structure of the gauge group and how to refine the fugacity ζ.

Comparing (2.5) and (2.4) we can see that gauging the Z[1]
2 1-form symmetry has

changed the quantization of the charges under U(1)q from even integers to any integer.
Specifically, we can see that the extra monopole operators, the ones contributing with
the fugacity ζ, all carry an odd charge under U(1)q. As such, the −1 element of U(1)q

acts non-trivially only on these states, and in fact acts exactly in the same way as the
Z[0]

2 magnetic 0-form symmetry. This suggests that the U(1)q/Z2 symmetry3 and the Z[0]
2

magnetic 0-form symmetry combine in an extension to form the new U(1)q symmetry where
−1 has non-trivial action. Such an extension is characterized by the following short exact
sequence:

0 → Z[0]
2 → U(1)q → U(1)q/Z2 → 0. (2.6)

As noted in [87], the presence of this extension indicates the presence of a mixed anomaly
between the Z[1]

2 1-form symmetry and U(1)q/Z2 in the theory with gauge group SU(2)2F .
The anomaly term describing the required mixed anomaly is:

πi

∫
M4

B2(C1(U(1)c) mod 2) , (2.7)

where B2 ∈ H2(M3,Z2) is the background gauge field for the 1-form symmetry and
C1(U(1)c) is the first Chern class of U(1)c, with c = q2. A simple way of seeing that
this is the right anomaly term is noting that gauging B2 forces C1(U(1)c) to be even,
which is indeed the consequence of the change in charge quantization.4

It is interesting to consider how this result gets generalized for higher values of the flux
F . We find that the monopole (which is in fact a dressed monopole as discussed below)

3This is the symmetry of the SU(2)2F theory which has only states with even charges.
4Remember the Dirac quantization condition, according to which if the minimal charge appearing in the

spectrum of the theory is qmin then the minimal allowed value of the flux, i.e. the integral of the first Chern
class, is Fmin = 1

qmin
.

– 7 –
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with flux 1
2 for each SU(2) gauge node contributes to the index as

I ⊃ 4ζqF x
2F
3 , (2.8)

which indicates the anomaly

πi F

∫
M4

B2(C1(U(1)c) mod 2) . (2.9)

Notice in particular that this is only present for odd F , while it vanishes for even F .
The result (2.8) can be checked by direct computation of the index for low F or by

explicitly constructing the corresponding gauge invariant monopole operators and looking
at their quantum numbers. Let us first examine the contribution to the index of the bare
monopole T with flux 1

2 for all the gauge nodes. Denoting by si the fugacity of the i-th
SU(2) gauge group (where i = 0, . . . 2F − 1 and s2F ≡ s0), this contribution is given by
(see appendix A for the general expression)

I

T(
( 1

2 )2F
) = ζx− 4F

3 q−2F g
F−1∏
i=0

s3
2is

−3
2i+1 , (2.10)

where the product over gauge fugacities results from the CS terms with ranks of alternating
signs (±3), and the other factors originate from the fermion zero modes of the vector and
chiral multiplets. We see that the bare monopole T is not gauge invariant due to the CS
terms, and in order to construct a gauge invariant operator M we need to dress it with
matter fields. By examining the contribution to the index of the various chiral multiplets in
this monopole background, one can check that the monopole M with the lowest R-charge
(and therefore with the leading contribution to the index in this magnetic flux sector)
is obtained by dressing T with certain components of the bifundamental chirals. More
explicitly, denoting by χ

(2i,2i+1)
− the scalar field of the bifundamental chiral with charge −1

under the Cartan of the SU(2)2i gauge group and charge +1 under the Cartan of SU(2)2i+1,
its contribution to the index is given by

I
[
χ

(2i,2i+1)
−

]
= q

s2i+1
s2i

x
2
3 . (2.11)

Similarly, denoting by χ
(2i+1,2i+2)
+ the corresponding scalar field with charge +1 under the

Cartan of SU(2)2i+1 and charge −1 under the Cartan of SU(2)2i+2, its contribution is
given by

I
[
χ

(2i+1,2i+2)
+

]
= q

s2i+1
s2i+2

x
2
3 . (2.12)

The gauge invariant operator M that would have the minimal possible R-charge is obtained
by dressing T with copies of these two scalar field components so as to cancel the dependence

– 8 –
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on the gauge fugacities si in (2.10). There are overall four possible such dressings, given by

M
(1)(
( 1

2 )2F
) = T(

( 1
2 )2F

) F−1∏
i=0

(
χ

(2i,2i+1)
∓

)3
,

M
(2)(
( 1

2 )2F
) = T(

( 1
2 )2F

) F−1∏
i=0

(
χ

(2i,2i+1)
∓

)2 (
χ

(2i+1,2i+2)
±

)1
,

M
(3)(
( 1

2 )2F
) = T(

( 1
2 )2F

) F−1∏
i=0

(
χ

(2i,2i+1)
∓

)1 (
χ

(2i+1,2i+2)
±

)2
,

M
(4)(
( 1

2 )2F
) = T(

( 1
2 )2F

) F−1∏
i=0

(
χ

(2i+1,2i+2)
±

)3
(2.13)

and since they all contribute to the index as

I

M
(a)(
( 1

2 )2F
) = ζqF x

2F
3 , (a = 1, . . . , 4) (2.14)

we find that the total contribution is given by (2.8), as expected.

Comparison with 5d. We would like to argue for this anomaly using the 5d construc-
tion. The starting point is the symmetries and anomalies of the 5d SCFT. As we already
mentioned, the E1 theory has, in addition to the superconformal symmetry, an SO(3)
global 0-form symmetry [79, 84, 85] and a Z[1]

2 1-form symmetry [75–77]. It was argued
in [52, 78] that there should be a mixed anomaly between these of the form5

πi

2

∫
M6

P(B2)w2(SO(3)), (2.15)

where P(B2) is the Pontryagin square6 of B2, and w2(SO(N)) denotes the second Stiefel-
Whitney class of an SO(N) bundle which is valued mod 2.

Next, we want to consider the compactification of the 5d SCFT on a torus with flux
F in the U(1) Cartan of the SO(3) global symmetry. We expect that integrating the
anomaly (2.15) of the 5d theory on the Riemann surface would yield the anomaly (2.9)
of the 3d model.7 For this we take M6 = M4 × T 2 and separate the forms depending on

5It was further argued in [79] that the 1-form and SO(3) symmetries do not form a direct product but
rather a 2-group, that is a non-split extension. As such, the anomaly should lift to some anomaly of the
full 2-group. However, the extension turns out to trivialize if we break SO(3) down to its Cartan, and as
here we shall only consider the case with flux that induces such a background, we shall ignore the proposed
2-group structure.

6For an ordinary differential 2-form w, whose coefficient system is the real numbers, the square would
be w ∧ w. When the coefficient system becomes discrete though, we can define different squares depending
on the coefficent system of the product. The cup product can be used to define a square that preserves
the coefficient system, such that if w ∈ H2(M,Z2) then w ∪ w ∈ H4(M,Z2). However, for the Pontryagin
square we instead have that P(w) ∈ H4(M,Z4).

7Here we shall only consider anomalies involving the U(1) Cartan of the SO(3) symmetry and the 1-
form symmetry. In that case, we can also envision having the anomaly terms

∫
(B2)3,

∫
B2w2

2(SO(3)) and∫
B2(C2(SO(3)) mod 2)), where here we are being only schematic. The first one is known to appear in

certain 5d SCFTs, see [52, 88], while we are not aware of a 5d SCFT realizing the latter two. Either way,
for the case at hand only the term in (2.15) is known to be present so we need not consider the other terms.
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whether they have support on M4 or T 2

w2(SO(3)) → C1(U(1)c) mod 2 , C1(U(1)c) = CT 2
1 (U(1)c) + C4d

1 (U(1)c) ,

B2 = BT 2
2 + BS1

2 + BŜ1
2 + B4d

2 . (2.16)

Here in the first line we used the fact that the second Stiefel-Whitney class of SO(3) reduces
to the mod 2 first Chern class of the U(1)c Cartan under the breaking SO(3) → U(1)c such
that 3 → c + 1 + 1

c . We also use a superscript to denote where the form has support, with
T 2 signifying support on the torus, 4d support on M4 and S1, Ŝ1 signifying support on one
direction in M4 and one of the two circles in T 2 respectively. We next consider the forms
for which the integral over T 2 does not vanish∫

T 2
CT 2

1 (U(1)c) mod 2 = 2F mod 2 ,

∫
BT 2

2 = b ,

∫
BS1

2 = A
(1)
1 ,

∫
BŜ1

2 = A
(2)
1 .

(2.17)
Here the first term is due to the flux in U(1)c on T 2.8 The second term takes into account
the possibility of introducing an holonomy b in the 1-form symmetry on T 2. Finally, the 1-
form symmetry potentially leads to two 0-form symmetries when reduced on the two cycles
of T 2, for which we introduce the background flat connections A

(1)
1 , A

(2)
1 ∈ H1(M3,Z2),

and the last two terms provide their relation to the background gauge field for the 1-form
symmetry.9 We can next insert (2.16) into (2.15) and simplify using

P(A + B) = P(A) + P(B) + 2AB , (2.18)

ending up with

πi

2

∫
T 2×M4

(CT 2
1 (U(1)c) mod 2)P(B4d

2 ) + 2(C4d
1 (U(1)c) mod 2)(BT 2

2 B4d
2 + BS1

2 BŜ1
2 )

= πi

∫
M4

FP(B4d
2 ) + b(C4d

1 (U(1)c) mod 2)B4d
2 + A

(1)
1 A

(2)
1 (C4d

1 (U(1)c) mod 2) . (2.19)

Some comments about this result are in order. First, since
∫

M4
P(B2) is even for

any spin manifold M4, the anomaly term Fπi
∫

M4
P(B4d

2 ) is non-trivial only for fractional
F and signals that the 1-form symmetry cannot be gauged in that case. Instead for F

integer, which is the case we are dealing with, this term vanishes which is consistent with
our findings. The second term is the one we are mainly interested in, since it gives an
anomaly of the form πi

∫
M4

(C4d
1 (U(1)c) mod 2)B4d

2 similar to the one we found in the 3d
model (2.9), when there is a non-trivial holonomy b for the 1-form symmetry on the torus.

8Previously we were working in terms of U(1)q, which is the Cartan of su(2) normalized such that
2 → q + q−1. This leads to the flux through T 2 in U(1)q units being integer. Instead, in terms of U(1)c

defined such that c = q2 we can see that the minimal charge is 1
2 and so the flux through T 2 in U(1)c units

is an even integer.
9In the language of topological operators, we can consider the three-dimensional topological operator that

generates the 1-form symmetry in 5d to wrap the entire Riemann surface giving the topological operator for
a 1-form symmetry in 3d, or to wrap only one cycle giving the topological operator for a 0-form symmetry in
3d, or to live entirely in the three-dimensional space and be at a point in the Riemann surface implementing
the holonomy.
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Finally, the last term is a mixed anomaly between U(1)c and the two 0-form symmetries
descending from the 5d 1-form symmetry. This should be unphysical in the presence of the
second anomaly as it can be canceled by redefining B4d

2 → B4d
2 + A

(1)
1 A

(2)
1 , though it might

be physical in cases with b = 0.
As such, we see that we can naturally understand the 3d field theory results if we

assume that there is also an holonomy in the 1-form symmetry on the torus which is b = F

mod 2. The question now is how to see that in our compactification set-up there should
be such an holonomy.

For this it is convenient to consider the effect of such an holonomy, where for simplicity
we shall consider the 5d gauge theory first before taking the SCFT limit. Consider the
basic objects charged under the 1-form symmetry, which are the fundamental Wilson lines.
Consider wrapping one around a cycle of the torus and transporting it around the other
cycle so that it comes back to itself. In the presence of an holonomy, under such a motion
the Wilson line will not come back to itself, but rather to itself acted on by the 1-form
symmetry, which in our case means it comes to minus itself.

Next, consider the Nf = 1 case corresponding to the E2 theory, which can be mass
deformed to the E1 theory we are interested in by integrating out the flavor. Recall that
the global symmetry of the E2 theory is SU(2) × U(1)β , where the mass deformation we
turn on to get the E1 theory is in U(1)β . As such, the SU(2) is preserved and becomes
the SU(2) global symmetry of the E1 SCFT. Similarly to the E1 theory, the E2 theory
can also be mass deformed to a 5d gauge theory consisting of an SU(2) gauge group and
a fundamental hyper. This gauge theory realizes an U(1)I × U(1)F global symmetry, with
U(1)I being the instantonic symmetry and U(1)F rotating the fundamental hyper. These
symmetries are related to U(1)β and the Cartan of the SU(2) symmetry of the SCFT, a
relation that we shall detail soon.

The gauge theory that is UV completed by the E2 SCFT also has fundamental Wilson
lines, which will become the fundamental Wilson lines of the Nf = 0 theory. However,
we also have local operators in the fundamental representation, the ones creating and
annihilating the flavor quanta. The Wilson line can now end on them and so there is no
1-form symmetry. An alternative way to phrase this is that we can interpret the Wilson
line as the world line of the fundamental flavor, and as such the symmetries acting on
it should be interpreted as just part of the 0-form U(1)F flavor symmetry acting on the
flavors.

Now consider the torus compactifiation of the E2 SCFT with flux in the Cartan of
its SU(2) global symmetry, which was studied in [33]. We will not need the details of the
resulting 3d theory, but we do need to note that the mass deformation from the E2 SCFT
to the E1 SCFT gives a similar mass deformation in 3d relating the SU(2)2F quiver studied
above with the 3d theory resulting from the compactifiation of the E2 SCFT. This means
that the above compactification of the E2 SCFT reduces to the compactification of the E1
SCFT that gives the SU(2)2F quiver. However, as the E2 SCFT has no 1-form symmetry,
the holonomy in the 1-form symmetry in the compactification of the E1 SCFT, if present,
must somehow arise from the E2 compactification data. Since the Wilson lines of the E2
theory should map to the Wilson lines of the E1 theory, we can try to detect the presence
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of the holonomy by considering what happens to the Wilson lines of the E2 theory when
transported around the torus.

For this, we consider the fundamental Wilson line of the E2 theory wrapped on a
cycle of the torus. We can transport it around the other cycle of the torus, which we can
now interpret as moving the worldline of the flavor particles such that they sweep the full
torus. Now we note the following. The flavors are electrically charged with charge ±1
under U(1)F , and we have magnetic flux in the Cartan of the SU(2) flavor symmetry of
the 5d SCFT. As such we are sweeping an electrically charged object in the background of
a magnetic monopole and so it would come back acted by a phase of e2πiqeF , where qe is
the electric charge and F the flux in some normalization. In order to calculate this phase,
we need to consider the relation between U(1)F and the SU(2) which tells us the correct
normalization. It is possible to show that the SU(2) × U(1)β symmetry of the SCFT is
related to the U(1)I ×U(1)F symmetry of the gauge theory, where U(1)I is the instantonic
symmetry, by [84]

f2 = q

β
u4 = q7β , (2.20)

where we use the fugacity q for the Cartan of the SU(2) such that 2 → q + q−1, β for
the U(1)β , f for U(1)F and u for U(1)I . This suggests that an operator with charge 1
under U(1)F carries charge 1

2 under the Cartan of the SU(2). This implies that we have
qe = 1

2 , F = F and so we get the phase eπiF . In particular, when F = 1 we have a phase
of −1. This phase should remain also after we integrate the flavors out, but it can no
longer originate from the flux as the fundamental Wilson lines of the E1 theory are not
charged under the flavor symmetry. Instead it must come from an holonomy of the Z2
1-form symmetry. This leads to b = F mod 2, as expected.

2.1.2 E0 SCFT on a genus g surface

3d analysis. We now consider the compactification of the 5d rank 1 E0 SCFT on a genus
2 surface. A 3d Lagrangian for this model was proposed in [35] and we summarize it in
figure 2, where the superpotential is

W =
3∑

i,j=1
Pi(Pj)2 . (2.21)

In the figure, the power of the fugacity x close to each line indicates the R-charge of the
corresponding chiral field under the U(1)R R-symmetry that descends from the Cartan of
the 5d SU(2)R R-symmetry. This is also the superconformal R-symmetry in this case since
there is no abelian global symmetry it can mix with.

This theory has no continuous 0-form symmetry, but it has a Z[1]
3 1-form symmetry

which comes from the diagonal combination of the Z3 center of each SU(3) gauge node
that is not screened by the bifundamental matter fields. This is expected to descend from
the Z[1]

3 1-form symmetry of the 5d E0 theory [75–77].10 Our goal is to compute anomalies
for this symmetry in the 3d theory.

10The E0 theory also has a Z3 0-form symmetry, though we shall not consider it here.
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Figure 2. The 3d model corresponding to the compactification of the 5d rank 1 E0 SCFT on a
Riemann surface of genus 2.

For this purpose, we compute the index of the theory obtained by gauging Z[1]
3 , which

corresponds to the variant of the theory with gauge group [SU(3)×SU(3)]/Z3. Compared to
the theory with gauge group SU(3)×SU(3), this theory has additional monopole operators
corresponding to fluxes that are multiples of 1

3 for both gauge groups. These might carry
charges under other global symmetries that have a different quantization with respect to
those with integer fluxes, thus indicating a mixed anomaly with the 1-form symmetry.

We indeed find that the monopoles with fluxes (−1
3 ,−1

3) under both groups (and their
Weyl equivalent) give the first non-trivial contribution to the index, which is

9ζ2x
2
3 . (2.22)

Here ζ such that ζ3 = 1 is the fugacity for the discrete Z[0]
3 magnetic 0-form symmetry that

is dual to the 1-form symmetry that we gauged.
This result should be compared with the one for the variant of the theory with SU(3)×

SU(3) gauge group, which to low order is (see also eq. (4.27) of [35])

I = 1 + 84x2 + 327x4 + · · · . (2.23)

Comparing (2.22) and (2.23) we can see that while in the theory where Z[1]
3 is not gauged

the R-charges come in even integers, in the one where Z[1]
3 is gauged they are quantized as

integer multiples of 2
3 . This indicates that there is a mixed anomaly between Z[1]

3 and the
R-symmetry which takes the following form:

2πi

3

∫
M4

B2(C1(R) mod 3) , (2.24)

where B2 ∈ H2(M4,Z3) is the background field for the 1-form symmetry and C1(R) is the
first Chern class of the U(1)R R-symmetry. We point out that this is also the Cartan of
the 5d SU(2)R R-symmetry.

This result can be generalized to the case of the compactification of the 5d E0 SCFT
on a Riemann surface of arbitrary genus g. In this case, the 3d Lagrangian proposed in [35]
is a generalization of the one depicted in figure 2 where we have 2(g−1) gauge nodes. This
is depicted in figure 3 and again there is a cubic superpotential given by all the possible
cubic invariants of the bifundamental fields, which generalizes the one in (2.21).

This theory also has a single Z[1]
3 1-form symmetry coming from the unscreened diago-

nal combination of the center symmetries of each gauge node. In order to detect a possible
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Figure 3. The 3d theory corresponding to the compactification of the 5d rank-1 E0 SCFT on a
genus g surface. The R-charges of all the fields are 2/3 and there is a cubic superpotential given by
all the possible cubic invariants of the bifundamental fields.

anomaly for this symmetry, we consider again the version of the theory with gauge group
SU(3)2(g−1)/Z3 obtained by gauging it and we focus on the monopole operator with gauge
fluxes (−1

3 ,−1
3) for all of the SU(3) gauge nodes. The contribution to the index of the bare

monopole is (see appendix A for the general expression)

ζ2x−2(g−1)
g−1∏
i=1

(
y

(i)
1 y

(i)
2

z
(i)
1 z

(i)
2

)2

, (2.25)

where z
(i)
1,2 and y

(i)
1,2 (with i = 1, . . . , g − 1) are the fugacities of the SU(3) gauge groups

with positive and negative CS levels, respectively. Their presence indicates that the bare
monopole we are considering is not gauge invariant. In order to obtain the basic gauge
invariant monopole, we should dress this bare monopole with matter fields such that the
resulting operator has the minimal R-charge possible in this flux sector. There are several
different such possible dressings and each one corresponds to a different contribution to
the same order of the index. We consider the dressed monopole obtained by dressing with
2(g − 1) bifundamental anti-fermions with fugacities z

(i)
1 z

(i)
2

y
(i)
1 y

(i)
2

, where i takes values in all its
domain 1, . . . , g − 1. Their total contribution to the index is

g−1∏
i=1

(
z

(i)
1 z

(i)
2

y
(i)
1 y

(i)
2

x
4
3

)2

(2.26)

and when combined with (2.25) we find that the basic gauge invariant monopole contributes
at order x

2(g−1)
3 . One can check that in the index of the SU(3)2(g−1) theory all the R-charges
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come in even integers and so we deduce that for generic g the anomaly (2.24) becomes

2πi(g − 1)
3

∫
M4

B2(C1(R) mod 3) . (2.27)

Note that here we only computed the contribution to the index of one type of monopole
operator, and did not compute the full index itself (as in the analysis above of the g = 2
case) which also includes the contributions of all the other monopoles. This result matches
with the above explicit calculation for g = 2, and as we shall next show it has a natural 5d

interpretation.

Comparison with 5d. We would like to relate the result we just found for the anomaly
in the 3d model with some anomaly in the 5d E0 SCFT via compactification. Recall
that the latter has a Z[1]

3 1-form symmetry, first found in [75, 76], and the superconformal
symmetry. Here we shall only concentrate on internal symmetries, which eliminates most
of the superconformal group save for the SU(2)R R-symmetry. Next consider the most
general anomaly term one can write involving these symmetries:11∫

M6

πiα

9 (B2)3 + 2πiβ

3 B2(C2(R) mod 3) , (2.28)

where recall that B2 is the background for the Z[1]
3 1-form symmetry and C2(R) is the

second Chern class of the R-symmetry bundle in the fundamental representation, which is
involved mod 3 in the anomaly. We point out that in the literature only the self-anomaly
for the 1-form symmetry has been computed giving α = 2 [52], while the value of β is
unknown.

We can next consider reducing the 5d SCFT on a genus g Riemann surface by taking
M6 = M4 × Σg. To preserve supersymmetry we must couple the U(1)R Cartan of the
SU(2)R R-symmetry to a background connection such that it cancels the curvature of the
Riemann surface for some of the supercharges. At the level of characteristic classes, this
sets

C2(R) = −C2
1 (R) + 2(1 − g)tC1(R) + · · · , (2.29)

where t is a unit 2-form on Σg and the · · · indicate terms that are quadratic in t and which
are not relevant for our discussion. Additionally, we also have the option of turning on an
holonomy in the 1-form symmetry on the surface and should also take into account that
considering the background field B2 for the 1-form symmetry to have support on one of
the cycles of Σg leads to degree one background fields for 0-form symmetries. We can take
all this into account by writing∫

Σg

B2 = b ,

∫
S1

i ⊂Σg

B2 = A
(i)
1 , (2.30)

11Several remarks are in order. First the R-symmetry in general is SU(2) not SO(3), though in certain
cases, like pure gauge theory, the central element may end up acting in the same way as fermion parity.
We shall ignore this subtlety in what follows. Second, there is also the possibility of a Witten anomaly [86]
in the SU(2)R R-symmetry [89], and in fact this anomaly should exist for this theory. We will discuss the
Witten anomaly for SU(2)R in detail in section 3.
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where here b is the value of the holonomy and A
(i)
1 ∈ H1(M3,Z3) are the background

connections for the 0-form symmetries. Performing the integral we get

2πiα

3
∑

i

∫
M4

A
(2i)
1 A

(2i+1)
1 B2+

∫
M4

πiαb

3 (B2)2+
∫

M4

4πiβ(1 − g)
3 B2(C1(R) mod 3) . (2.31)

Here we have ordered the A
(i)
1 fields such that A

(2i)
1 and A

(2i+1)
1 have non-trivial intersection.

The first term describes a mixed anomaly between the 3d 1-form symmetry and the 0-form
symmetries coming from the 5d 1-form symmetry wrapping intersecting 1-cycles. The
second describes a self-anomaly of the 1-form symmetry. Finally the third term gives a
mixed anomaly between the 1-form symmetry and the U(1)R R-symmetry.

We want to compare this with what we observed in the 3d theory. In particular, we do
not observe the 0-form symmetries coming from the 1-form symmetry on cycles and so we
can’t compare the first term of (2.31). The second term should vanish as there does not
seem to be any obstruction to gauging the 1-form symmetry. This leads us to conclude that
b = 0. Finally, the third term precisely corresponds to the anomaly we observed in (2.27)
with β = 1.

This discussion suggests a mixed anomaly between the Z[1]
3 1-form symmetry and the

SU(2)R R-symmetry of the 5d E0 SCFT

2πi

3

∫
M6

B2(C2(R) mod 3) , (2.32)

It would be interesting to validate this result against some other computation of this
anomaly directly in 5d.

2.2 Anomalies between 0-form symmetries

In this subsection we turn to the study of anomalies of the 3d models involving discrete
aspects of their continuous 0-form symmetries. In the same spirit as before, we will do this
by turning on non-trivial backgrounds for these symmetries and examining the properties
of the new monopoles that are added by this procedure [61–67]. The main 3d models that
we study are the ones arising from the compactification of the ENf +1 SCFTs on a genus
2 surface with no flux. In all of the cases in which we find a non-trivial anomaly in 3d,
we show that this descends from a 5d anomaly which was not known before and so this
provides new predictions for the 5d SCFTs.

2.2.1 ENf +1 SCFT on a genus 2 surface for 0 < Nf < 7

We want to study anomalies involving discrete aspects of the 0-form symmetries of the
3d theories obtained by compactifying the 5d ENf +1 SCFTs on a genus 2 surface with no
flux. These models, which were discussed in detail in [35], are summarized in figure 4. The
superpotential is of the form

W =
3∑

i,j=1
Bi(Bj)2 +

3∑
i=1

LBiR . (2.33)
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2
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2
3 d R, x

2
3 d−1

Figure 4. The 3d model for the compactification of the 5d rank 1 ENf +1 SCFT on a genus 2
surface with no flux.

This theory has an su(Nf + 1)⊕ u(1)d manifest global symmetry which gets enhanced
to eNf +1 in the IR. The precise global structure will be specified for each value of Nf

separately and as we will see in some cases it will allow us to turn on fractional background
magnetic fluxes for this symmetry and study the contribution to the index of the associated
monopole operators. In order to make these fractional fluxes consistent, they should be
compensated by fractional fluxes also for the SU(3)×SU(3) gauge symmetry. Observe that
this is not always possible for the su(Nf + 1) symmetry since its center is ZNf +1 while the
center of SU(3) is Z3 and GCD(Nf + 1, 3) ̸= 1 only for Nf = 2, 5. This suggests that there
cannot be any anomaly involving this symmetry except for these two values of Nf . On
the other hand, there could be anomalies for u(1)d, which we can detect by turning on a
flux for it. The anomalies detected from these background monopoles might then imply an
anomaly for the enhanced eNf +1 symmetry, which should descend from some 5d anomaly.

Nf = 6. In this case the actual global symmetry is really SU(7)×U(1)d. This is because
we cannot use a transformation by the center of the SU(3) gauge groups to reabsorb a
transformation by the center of the SU(7) flavor group. Hence, we cannot turn on any
background monopole with fractional flux and there is no discrete anomaly involving the
SU(7) symmetry. On the other hand, fractional fluxes for U(1)d are allowed. Indeed, one
can check from the index computation of [35] which we reproduce here,

I = 1 + (4 + 3 + 1 + 48SU(7) + d−67SU(7) + d67SU(7) + d335SU(7) + d−335SU(7))x2 + . . .

= 1 + (4 + 3 + 133E7)x2 + . . . , (2.34)

that the minimal charge for this symmetry appearing in the spectrum of the theory is 3,
and so we can turn on a flux 1

3 . This has to be compensated with a fractional flux also for
the SU(3)×SU(3) gauge group of the form

(
1
3 , 1

3 ; 1
3 , 1

3

)
. The contribution to the index from

such a monopole sector turns out to be zero, indicating that there is no anomaly involving
U(1)d.
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Nf = 5. For Nf = 5 the actual flavor symmetry is

SU(6)
Z3

× U(1)d . (2.35)

That the Z3 subgroup of the SU(6) center acts trivially on the spectrum can be seen from
the index computation of [35], given by

I = 1 + (9 + 3 + 1 + 35SU(6) + d−6 + d6 + (d3 + d−3)20SU(6))x2 + . . .

= 1 + (9 + 3 + 78E6)x2 + · · · , (2.36)

and the fact that all the representations of SU(6) (including in the higher orders in the
expansion of the index not presented here) are ones for which the number of boxes in the
corresponding Young diagram is a multiple of 3. Alternatively, the trivial action of this
Z3 can also be easily understood from the fact that such a Z3 transformation can be re-
absorbed by a transformation of the center of the gauge group. We can then consider a
flux for the gauge×flavor symmetry of the form(1

3 ,
1
3; 1

3 ,
1
3; 1

3 ,
1
3 ,

1
3 ,−1

3 ,−1
3 ,−1

3

)
, (2.37)

where the first four entries are the SU(3) × SU(3) gauge flux while the last six entries are
the SU(6) flavor flux in an overcomplete parameterization where their sum is zero. This
monopole sector gives a non-trivial contribution to the index

3x
4
3 . (2.38)

The power of x not being an integer multiple of 2 as in the result for the index with no
background flux (2.36) suggests the presence of a mixed anomaly between the SU(6)/Z3
flavor symmetry and the U(1)R R-symmetry of the form

4πi

3

∫
M4

w2(SU(6)/Z3) (C1(R) mod 3) . (2.39)

The flux we considered is also a fractional flux for the enhanced E6/Z3 symmetry and so
our result suggests that also this enhanced symmetry should have an anomaly with the
R-symmetry

4πi

3

∫
M4

w2(E6/Z3) (C1(R) mod 3) . (2.40)

Here we used the embedding of su(6) × su(2) inside e6

27e6 → (2su(2), 6su(6)) + (1su(2), 15su(6)) , (2.41)

which suggests that the non-trivial E6/Z3 bundles should reduce to non-trivial SU(6)/Z3
bundles.

We can also study fractional fluxes for U(1)d. As in the previous example, we can turn
on a gauge×flavor flux of the form

(
1
3 , 1

3 , 1
3 , 1

3 ; 1
3

)
, which gives the following contribution

to the index:
3x

4
3 . (2.42)
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This would suggest an anomaly between U(1)d and the U(1)R R-symmetry. Nevertheless, it
is not a true anomaly since it can be removed by adding a suitable local counter-term. Such
a counter-term is a mixed CS coupling between the two abelian symmetries at level 212

Sc.t. = 2
4π

∫
M3

AddAR + ARdAd , (2.43)

where Ad and AR are the background fields for U(1)d and U(1)R, which contributes to the
index with a prefactor x2nd where nd is the U(1)d flux. Repeating the previous computation
in the presence of such a counter-term we indeed find the index

3x2 + (1 + 35SU(6))x4 + · · · , (2.44)

which doesn’t indicate any anomaly. This is compatible with the anomaly (2.40) we wrote
above, since we see from the embedding (2.41) that a non-trivial E6/Z3 bundle reduces to
a trivial bundle for the SU(2) of which U(1)d is the Cartan.

The anomaly (2.40) can be obtained from the 5d anomaly

4πi

3

∫
M6

w2(E6/Z3) (C2(R) mod 3) , (2.45)

where the derivation is completely analogous to the one we did in subsection 2.1.2 but with
the background field B2 for the 1-form symmetry being replaced by w2(E6/Z3). Here we
further assume that w2(E6/Z3) has no support on the compact surface, which should be
true for the case at hand given that there is no flux for the E6/Z3 symmetry through the
Riemann surface.

Nf = 4. For Nf = 4, similarly to the Nf = 6 case, we cannot turn on consistently any
fractional flux for the non-abelian symmetry since this is SU(5). This means that there
can’t be any anomaly for this symmetry. On the other hand, we can in principle consider
a fractional flux for U(1)d. Again, from the index computation of [35] we have

I = 1 + (16 + 3 + 1 + 24SU(5) + d310SU(5) + d−310SU(5))x2 + · · ·
= 1 + (16 + 3 + 45SO(10))x2 + · · · (2.46)

and one can see that the minimal charge under this symmetry is 3 and so we can consider
the gauge×flavor flux

(
1
3 , 1

3 , 1
3 , 1

3 ; 1
3

)
, where the first four entries are for the SU(3) × SU(3)

gauge symmetry while the last one is for U(1)d. This gives the non-trivial contribution to
the index

x− 1
3 , (2.47)

but again this doesn’t indicate any anomaly since as before it can actually be removed by
a local counter-term. In this case this is taken to be a mixed CS coupling between U(1)d

12One might be worried that such a counter-term would break parity and time reversal. However, note
that the theory already contains CS terms so these symmetries are actually not present. Nevertheless, we
can combine them with quiver reflection to get a symmetry, but under quiver reflection we have that the
background U(1)d connection transforms as Ad → −Ad so the counter-term preserves these generalized
parity and time reversal symmetries.
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and the U(1)R R-symmetry at level 7 that contributes to the index as a prefactor of x7nd ,
so that now the index computation gives

x2 + (3 + 24SU(5))x4 + · · · . (2.48)

Overall, we do not find any anomaly in this case.

Nf = 3. Also for Nf = 3 no fractional flux for the non-abelian symmetry is allowed since
this is SU(4), but we can still consider the flux

(
1
3 , 1

3 , 1
3 , 1

3 ; 1
3

)
for the gauge×flavor U(1)d

symmetry. This gives a non-trivial contribution to the index

3 + (1 + 15 + 20) x2 , (2.49)

which nevertheless after comparing with the index calculation of [35] for zero background
flux for U(1)d

I = 1 + (25 + 3 + 1 + 15SU(4) + d34SU(4) + d−34SU(4))x2 + · · ·
= 1 + (25 + 3 + 24SU(5))x2 + · · · (2.50)

suggests no anomaly for this symmetry. Like the previous case, we do not find any anomaly.

Nf = 2. For Nf = 2 the actual global symmetry is

SU(3)
Z3

× U(1)d , (2.51)

as one can see either from the index computation of [35]

I = 1 + (36 + 3 + 1 + 8SU(3) + d3 + d−3)x2 + · · ·
= 1 + (36 + 3 + 8SU(3) + 3SU(2))x2 + · · · (2.52)

and the fact that all the representations of SU(3) are ones with zero N -ality, or from the
fact that such a Z3 transformation can be re-absorbed by a transformation for the center
of the gauge group. Moreover, unlike in the previous cases, they don’t combine to form a
single larger symmetry, since the full enhanced symmetry is su(3)× su(2)d where su(2)d is
enhanced solely from u(1)d.

We start by considering possible anomalies for the non-abelian part, so we consider
the gauge×flavor flux

(
1
3 , 1

3 , 1
3 , 1

3 ; 1
3 , 1

3

)
, where as usual the first four entries correspond to

the SU(3) × SU(3) gauge flux while the last two to the SU(3) flavor flux. This gives the
following contribution to the index:

10x
4
3 . (2.53)

This result should be compared with the index (2.52) for zero background SU(3) flux,
where all the R-charges are even integers. Hence, this computation indicates an anomaly
between the SU(3)/Z3 and the U(1)R symmetries

4πi

3

∫
M4

w2(SU(3)/Z3) (C1(R) mod 3) . (2.54)
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For the abelian part, we consider the usual monopole
(

1
3 , 1

3 , 1
3 , 1

3 ; 1
3

)
, whose correspond-

ing contribution to the index is
6x

1
3 . (2.55)

Again, this doesn’t indicate any anomaly since after adding a local counter-term which is a
mixed CS coupling between U(1)d and U(1)R at level 5 that contributes to the index with
a prefactor of x5nd , the same index computation gives

6x2 + (8SU(3) − 5)x4 + · · · . (2.56)

Overall, we only find the anomaly (2.54) between SU(3)/Z3 and U(1)R, which using
similar arguments as before can be shown to descend from the 5d anomaly

4πi

3

∫
M6

w2(SU(3)/Z3) (C2(R) mod 3) . (2.57)

Nf = 1. In this case we cannot consider any fractional flux for the non-abelian SU(2)
symmetry. For the U(1)d symmetry it is not clear which fluxes are allowed, since the
computation of the index of [35] without background flux shows no appearance of the
fugacity d up to order x3. Nevertheless, we do not expect any anomaly for U(1)d since as
in the previous examples it can always be removed by adding a local counter-term.

3 5d Witten anomaly and 3d R-symmetry parity anomaly

3.1 General discussion

In this section we study the Witten anomaly [86] for the SU(2)R R-symmetry of 5d theories
and its 3d reduction. As π5(USp(2N)) = Z2, we can have a Witten anomaly for USp(2N)
groups, and in particular for SU(2) groups. In the case at hand, we always have an SU(2)
global symmetry, which is the R-symmetry of the 5d SCFT, and we can consider whether
it suffers from a Witten anomaly.13

For 5d gauge theories, the possible presence of a Witten anomaly for SU(2)R can be
read off from the matter content. Specifically, a 5d SU(2) global symmetry has a Witten
anomaly whenever it sees an odd number of symplectic Majorana fermions [89]. Both the
half-hypermultiplets and the vector multiplets contain such a fermion, with the one in the
vector being charged under the SU(2)R R-symmetry, while the one in the half-hyper being
neutral. As such we see that only the vector multiplets contribute to such an anomaly,
which is present whenever the number of vectors is odd.

Next consider generic 5d SCFTs. We first note that the Witten anomaly should match
across RG flows that do not break the SU(2)R R-symmetry. This includes both 5d real
mass deformations and going on the Coulomb branch. The latter is of particular interest,
as it just converts the 5d SCFT to an abelian gauge theory of r free vectors where r is the
rank of the theory, that is the real dimension of its Coulomb branch. The R-symmetry of
the U(1)r theory on a generic point of the Coulomb branch has a Witten anomaly whenever

13In certain cases we also have other SU(2) flavor symmetries that we can consider. However, string
theory constructions suggest these are all gaugeable and so, non-anomalous.
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r is odd, so we conclude that for any 5d SCFT with a Coulomb branch, the SU(2)R R-
symmetry has a Witten anomaly whenever the rank of the theory is odd and is free of such
anomaly if the rank is even.

We can next wonder what happens to the Witten anomaly under dimensional reduction
to 3d. Here we shall specifically have in mind the reduction with twisting and fluxes in the
global symmetry such that we in general get a 3d N = 2 theory. The (trial) R-symmetry
of the latter is U(1)R which is the Cartan of the 5d SU(2)R R-symmetry. As such we can
approach this question in steps, by first breaking the 5d SU(2)R to a 5d U(1)R symmetry
and then consider the reduction to a 3d U(1)R symmetry.

Consider n doublets of symplectic-Majorana fermions in the fundamental of an SU(2)
global symmetry. From the preceding discussion, this symmetry carries a Witten anomaly
whenever n is odd. Now consider its U(1) Cartan. The n doublets now become n charge
1 Dirac fermions under the U(1), and it is known that the U(1) has a parity anomaly
whenever n is odd. As such, we observe that the Witten anomaly for the SU(2) implies a
parity anomaly for its U(1) Cartan. This is quite reasonable as both originate from a lack
of gauge invariance under large gauge transformations.14

The parity anomaly can be described by the anomaly theory

πi

6

∫
M6

(C1(R) mod 2)3 , (3.1)

where C1(R) is the first Chern class of the U(1)R Cartan of the 5d SU(2)R R-symmetry.
We can next consider integrating this anomaly term to find the resulting 3d anomaly.15

Here we only care about the flux in U(1)R which is dictated by the desire to preserve SUSY
to be ∫

Σg

C2d
1 (R) = g − 1 , (3.2)

with g the genus of the surface Σg and where we took C1(R) = C2d
1 (R) + C3d

1 (R), with
C2d

1 standing for the part of the Chern class on the 2d surface and C3d
1 the part on the 3d

spacetime. We then have

πi

6

∫
M6

(C1(R) mod 2)3 → (g − 1)πi

2

∫
M4

(C3d
1 (R) mod 2)2 , (3.3)

where as usual M6 = M4×Σg. Similarly to 5d, the 3d parity anomaly for a U(1) symmetry
can be associated with the anomaly theory

πi

2

∫
(C1(U(1)) mod 2)2 . (3.4)

14The previous argument assumes a Lagrangian description. We expect that it should be possible to
show this without reference to a specific Lagrangian though we shall not pursue it here.

15One can consider doing the same also for the Witten anomaly for an unbroken SU(2). However, here
the anomaly theory is the mod 2 reduction of the 6d Dirac operator, which is harder to work with, and so
we shall not consider this here. We are grateful to Zohar Komargodski and Yichul Choi for pointing this
out to us.
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We therefore observe that the 5d Witten anomaly for SU(2)R reduces to a parity anomaly
in the U(1)R Cartan in 3d whenever the genus is even.16

Our main goal for this section is to test this in a variety of examples. We by now
have several 3d models believed to describe the compactification of 5d SCFTs on various
Riemann surfaces [33–35], some of which we encountered in the previous section, that can
be used to perform such tests by computing the parity anomaly for U(1)R in 3d and trying
to match it with the Witten anomaly for SU(2)R in 5d. The latter can be easily deduced
by just looking at the rank of the 5d SCFT as previously reviewed, while the former can
be obtained by using the fact that a U(1) flavor symmetry in 3d has a parity anomaly
if ∑i q2

i = odd, where the sum goes over all the Dirac fermions charged with charge qi

under said U(1) and we assumed a normalization of the U(1) charge is chosen such that
the minimal charge is 1. We shall next consider various cases.

3.2 Compactifications on tori

There are several known examples of torus compactifications, where since g − 1 = 0 by
our previous argument we expect no parity anomaly for U(1)R. These include the com-
pactifications of the rank 1 ENf +1 theories, of which we discussed the case Nf = 0 in
subsection 2.1.1, as well as their higher rank generalizations to compactifications of the 5d
SCFTs UV completing 5d SU type gauge theories with fundamental matter [33, 34], which
we shall consider in turn.

The torus theories can be constructed by gluing a number F of elementary building
blocks corresponding to tube theories. We can then compute the contribution to the U(1)R

parity anomaly coming from each component tube and from the gluing to find the anomaly
of the torus model.

Let us briefly review how this gluing works (we refer to [33–35] for more details).
The tube theory is equipped with two global symmetries that correspond to each of the
punctures, whose group corresponds with the gauge group of the gauge theory phase of the
5d SCFT. Moreover, for each puncture there is a set of operators, sometimes referred to
as “moment maps”, which transform under the puncture symmetry and under a subgroup
of the 5d global symmetry, which depends on the value of the flux and on the type of
puncture.

Let us now describe the gluing of two tubes along one puncture from each. We shall
denote by GL, GR the symmetries of the two punctures of one tube and by G′

L, G′
R those

of the other. Similarly, we denote by ML, MR the moment map operators of one tube and
those of the other by M ′

L, M ′
R. Then, if the puncture R of one tube and the puncture L′

of the other are of the same type, so in particular GR = G′
L, we can glue them as follows:

1. Identify the two symmetries G = GR = G′
L and possibly introduce chiral fields

charged under G with superpotential terms coupling them with the fields MR and
M ′

L, as will be specified momentarily;
16Once we compactify, the 5d parity transformation breaks into parity along the 2d compact space and

parity along the 3d non-compact space. Note that the former will in general be broken by the flux, but it
is only the latter one, which becomes the parity transformation of the 3d theory, that would be of interest
to us here.
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2 2

Nf

×
x0

x1 x1

Figure 5. The 3d N = 2 Lagrangian of [33] for the compactification of the 5d rank 1 ENf +1 SCFT
on a tube with flux. The cross denotes a singlet that couples to the meson constructed from the
bifundamental.

2. Gauge G.

Step 1. gives some freedom in the fields we introduce. In particular, we have two
opposite possibilities that give rise to two different types of gluing:

• S-gluing: we do not introduce any extra chiral and we turn on the superpotential
interaction

δWS = MR · M ′
L . (3.5)

• Φ-gluing: introduce extra chirals Φ and the interaction

δWΦ = Φ ·
(
MR − M ′

L

)
. (3.6)

There can also be intermediate situations where we introduce only a subset of the chirals
Φ which interact only with some of the components of MR and M ′

L, while for the others
we have the interaction (3.5) of the S-gluing.

Depending on the type of gluing, the fluxes of the glued tubes compose in different
ways. This will not be relevant for our discussion of the Witten anomaly and so we will
neglect this aspect, referring the reader to [33–35] for the details. What is instead crucial
for us is that the moment map operators have R-charge 1 under the U(1)R Cartan of the 5d
SU(2)R R-symmetry. Hence, the R-charge of the chirals introduced when performing the
Φ-gluing is also 1. This in particular means that there is no contribution to the U(1)R parity
anomaly from these fields, since their fermionic components have 0 R-charge. Nevertheless,
there will still be contributions to the anomaly from the gauginos that we introduce in the
gauging, but this is the same for S and Φ-gluing. Hence, there is no dependence of the
result for the U(1)R parity anomaly on the type of gluing performed.

Rank 1 ENf +1 theories. We start considering the torus compactification of the rank
1 ENf +1 SCFTs with flux. We refer the reader to [33] for more details on these models,
while here we will just summarize the aspects needed for the computation of the anomaly.

The basic tube is given as a collection of chiral fields, that can be arranged as bifun-
damentals of the SU(2)×SU(2)×SU(Nf ) global symmetry and a singlet [33], see figure 5.
Their R-charges under the U(1)R Cartan of the 5d SU(2)R R-symmetry are 1 for the
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N + 1 N + 1

p

Nf − p

×
x0

x1 x1

x1 x1

Figure 6. The general structure of the 3d N = 2 tube theory of [34] associated to 5d SCFTs that
UV complete SU(N + 1)k + Nf F gauge theories with two SU(N + 1) punctures.

SU(2) × SU(Nf ) bifundamentals, 0 for the SU(2) × SU(2) bifundamentals and 2 for the
singlet, as summarized in the figure. In this case the symmetry carried by each opuncture
is SU(2) and the moment map operators ML and MR are the SU(2)×SU(Nf ) bifundamen-
tals, since the gauge theory associated with the 5d SCFT is SU(2) with Nf flavors. For all
Nf we have that the contribution from a single tube to the U(1)R parity anomaly is

Tr(U(1)2
R)Tube = 4 × (−1)2 + 12 = 5 . (3.7)

As reviewed above, the torus can be constructed by gluing F copies of this tube, which
is done in field theory by gauging the SU(2) puncture symmetries with Nf fundamental
chiral fields of R-charge 1.17 With this in mind, we can easily compute the anomaly of the
torus by adding F times that of the tube and the contribution of the F SU(2) gauginos

Tr(U(1)2
R)Torus = 5F + 3F = 8F . (3.8)

This number is even for any integer F so we indeed have no anomaly as expected.

Higher rank cases. We next consider the cases where the 5d SCFT is the one that
UV completes a 5d SU(N + 1) gauge theory with Nf fundamental hypermultiplets and
Chern-Simons level k. The corresponding tubes were determined in [34] for some range of
the parameters N , Nf and k. There are two types of tubes, one involving two SU(N + 1)
punctures and one involving an SU(N + 1) and a USp(2N) puncture. This is thanks to
the fact that some of these 5d SCFTs admit multiple gauge theory descriptions. We shall
next consider both possibilities in turn.

Let us begin with the case with two SU(N + 1) punctures, which we summarize in
figure 6. Similarly to the rank 1 case, the tube is made from bifundamentals of the SU(N +
1) × SU(N + 1) × SU(Nf − p) × SU(p) global symmetry, for some number p depending on
k, and a singlet. Their R-charges under the U(1)R Cartan of the 5d SU(2)R R-symmetry

17In this set-up the S-gluing is not allowed. This can be understood from the fact that the resulting flux
would be zero and the compactification on a torus with no flux is not contemplated by our construction.
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SU(N + 1) USp(2N)

Nf

x0

x1 x1

x2

Figure 7. The general structure of the 3d N = 2 tube theory of [34] associated to 5d SCFTs that
UV complete SU(N + 1)k + Nf F gauge theories with one SU(N + 1) and one USp(2N) puncture.

are 1 for the SU(N + 1) × SU(Nf − p) and SU(N + 1) × SU(p) bifundamentals, 0 for the
SU(N + 1)× SU(N + 1) bifundamentals and 2 for the singlet, as summarized in the figure.

The gluing is done by gauging the SU(N + 1) global symmetry with Nf fundamental
chiral fields, all with R-charge 1. As such we again observe that the anomaly coefficient is
independent of Nf , and is given by

Tr(U(1)2
R)Torus = ((N + 1)2 + 1)F + ((N + 1)2 − 1)F = 2(N + 1)2F , (3.9)

which is again even for all N .
We next consider the tube with an SU(N + 1) and a USp(2N) puncture. The tube,

schematically represented in figure 7, is made from an SU(N +1)×USp(2N) bifundamental
of U(1)R R-charge 0, an SU(N+1) antisymmetric chiral of R-charge 2 and several SU(N+1)
and USp(2N) fundamental flavors of R-charge 1 that as usual will not matter in this
discussion since their R-charge is 1.

The gluing is done via gauging the puncture symmetries, SU(N + 1) or USp(2N)
depending on the punctures, up to chiral fields of R-charge 1 which again are not relevant.
As such we see that

Tr(U(1)2
R)Torus =

(
2N(N + 1) + 1

2N(N + 1)
)

F +
(
(N + 1)2 − 1 + N(2N + 1)

) F

2
= 4N(N + 1)F , (3.10)

which is again even. We note that here F must be even for us to be able to glue all tubes
into a torus.

Finally, we can consider the case where we take 2x SU(N + 1) × USp(2N) tubes and
y SU(N + 1) × SU(N + 1) tubes. We then have

Tr(U(1)2
R)Torus = 2x(2N(N + 1) + 1

2N(N + 1)) + y((N + 1)2 + 1) (3.11)

+yN(2N + 1) + 2x((N + 1)2 − 1) + N(7N + 9)x + y(3N2 + 3N + 2) .

We see that it is again even for every integer x, y and N .
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3.3 Compactifications on higher genus surfaces

We can also consider the reduction on higher genus surfaces for the rank 1 Seiberg ENf +1
theories. Here we expect the anomaly coefficient to be proportional to (g − 1) and so to
be present for even genera. We refer the reader to [35] for more details on these models,
while here we will just summarize the aspects needed for the computation of the anomaly.

We can establish this as follows. First we consider the theories made from S-gluing
various copies of the trinion theory proposed in [35], which we report in figure 8. The
gluing prescription works exactly as in the case of the torus described above, but the only
difference is that to get higher genus surfaces the building blocks that we should glue are
trinions.

These are a flavored generalization of the model in figure 3 and a higher rank general-
ization of the genus 2 model of figure 4. They have 2(g − 1) SU(3) gauge groups, 3(g − 1)
SU(3) × SU(3) bifundamentals and 2(g − 1) SU(3) × SU(Nf + 1) bifundamentals. The
R-charges of the chiral fields under the U(1)R Cartan of the 5d SU(2)R R-symmetry are all
2
3 and so their fermionic components have R-charge −1

3 . Due to the fractional R-charge, we
shall rescale the U(1)R R-charges by a factor of 3 so that the new R-charges are integrally
quantized.18 Indeed, in this way the R-charge of the fermions in the chirals, which is the
minimal charge, is −1, and additionally the fermion in the vector multiplet gets R-charge
3. We can next compute

Tr(U(1)2
R)genus g = 2(g − 1) × 8 × (3)2 + 3(g − 1) × 9 + 2(g − 1) × 3(Nf + 1)

= 3(g − 1)(2Nf + 59), (3.12)

which is indeed odd when g − 1 is odd.
Similarly, we can take the genus g model made from Φ-gluing. This is obtained by

gluing together 2(g − 1) copies of the trinion theory of figure 8 by gauging 3(g − 1) pairs of
SU(2) punctures and adding extra SU(2) × SU(Nf ) bifundamental chirals for each SU(2)
gauge group of U(1)R R-charge (before the rescaling) 1. As in the previous examples, these
latter chirals do not contribute to the computation of the anomaly, since their fermion
components have zero R-charge, also after the rescaling. Hence, they consist of 2(g − 1)
SU(3) gauge groups, 3(g−1) SU(2) gauge nodes, 2(g−1) SU(3)×SU(Nf−2) bifundamentals
of R-charge 2

3 , 6(g−1) SU(3)×SU(2) bifundamentals of R-charge 1
3 , plus the chirals added

in the gluing that do not contribute. After properly rescaling the R-charges by a factor of
3 as before, we get

Tr(U(1)2
R)genus g = 2(g − 1)(8 × (3)2 + 3(Nf − 2) × (−1)2 + 3 × 3 × 2 × (−2)2)

+3(g − 1) × 3 × (3)2 = 3(g − 1)(2Nf + 119). (3.13)

In all cases, we see that the anomaly coefficient agrees with the 5d expectations.
18The issue here, unlike the previous case, is that a Z3 subgroup of the R-symmetry is actually identified

with part of the center of the gauge groups. This can be seen, for instance, from the index which contains
only integer R-charges. This suggests that we can still couple to background U(1)R bundles of unit magnetic
charge if we compensate this with fractional SU(3) magnetic monopoles. Nevertheless, we shall not consider
this here, rather we opt to look at the case of coupling to a background U(1)R monopole of charge 3. This
does not require the activation of fractional SU(3) magnetic monopoles, and as it is still odd, should suffice
in order to identify the presence of the parity anomaly.
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3 6−Nf
2

Nf − 2
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1
3

x
1
3

Figure 8. The 3d N = 2 Lagrangian of [35] for the compactification of the 5d rank 1 eNf +1 SCFT
on a three punctured sphere with flux.

4 Discussion

In this paper we studied ’t Hooft anomaly matching between 5d SCFTs and 3d theories
obtained from them by compactifying on a Riemann surface. Even though there are no
anomalies for continuous symmetries in these dimensions, there are nontrivial anomalies
involving discrete groups. These can be either 0-form or 1-form symmetries, and once such
an anomaly is identified both in the 5d theory and in the 3d one, one can investigate the
relation between them by reducing the 5d anomaly theory on the Riemann surface used
in constructing the 3d theory. In particular, if the 3d theory is indeed the product of
compactifying the 5d SCFT on the surface, we expect to get the 3d anomalies from the 5d
ones following this procedure. Such an analysis can in principle serve three different pur-
poses. First, it can direct us towards previously-unidentified 3d anomalies that follow from
familiar 5d ones. Second, in the opposite direction, it can uncover new 5d anomalies which
are required to be present in order to obtain the observed 3d anomalies upon compacti-
fication. Finally, such an analysis serves as a highly-nontrivial test for proposals relating
specific 5d and 3d theories by compactification, which proved to be extremely useful in the
study of compactifications from 6d to 4d (where there are also anomalies for continuous
symmetries).

Focusing on the 5d and 3d theories investigated in the previous work [33–35], we began
with the analysis of discrete anomalies between 1-form and 0-form symmetries. We started
from the case of the 5d E1 SCFT, which has a known anomaly between its Z[1]

2 1-form
and SO(3) 0-form symmetries. We showed how this anomaly yields the one we identified
in the 3d theory obtained by a torus compactification with flux. This example therefore
illustrates how given 5d and 3d anomalies can be matched by carefully integrating the
5d anomaly over a Riemann surface, and serves as a new test for the proposed relation
between the corresponding theories given by compactification.
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We then turned to another interesting case in which the 5d and 3d theories have a
1-form symmetry which has a nontrivial anomaly with a 0-form symmetry. This is the case
of the 5d E0 SCFT, which has a Z[1]

3 1-form symmetry and an SU(2)R 0-form symmetry.
Studying the corresponding 3d theory obtained by compactifying it on a genus g > 1
surface with no flux (found in [35]), we found an anomaly between its U(1)R symmetry
and Z[1]

3 1-form symmetry, which implies a similar anomaly in the 5d theory. Since this
5d anomaly was not identified before, we have a new prediction for the 5d SCFT based on
our compactification analysis to 3d.

In addition to discrete anomalies between 1-form and 0-form symmetries, we also
investigated anomalies involving discrete aspects of continuous 0-form symmetries. In these
cases the anomalies are readily identifiable in the 3d models but are not familiar in the
corresponding 5d SCFTs, and as a result yield new predictions in 5d. In particular, based
on the anomalies of the 3d models obtained by compactifying on a Riemann surface we
showed that the 5d E6 SCFT is expected to have an anomaly between its E6/Z3 symmetry
and its R-symmetry, while the 5d E3 SCFT is similarly expected to have an anomaly
between its PSU(3) symmetry and the R-symmetry.

Finally, we considered the Witten anomaly of the 5d SU(2)R R-symmetry and investi-
gated its fate upon reduction to 3d. We first showed that when compactifying on a genus-g
Riemann surface this 5d anomaly reduces to the parity anomaly of the U(1)R symmetry in
3d (where U(1)R is the 3d R-symmetry which is the Cartan of the 5d SU(2)R), and then
tested it in several examples. We showed how these 5d and 3d anomalies match for the
torus compactification of the 5d rank-1 Seiberg ENf +1 SCFTs studied in [33], as well as for
their higher-rank generalizations discussed in [34]. We then examined the compactification
of the rank-1 ENf +1 SCFTs on higher genus surfaces, as described in [35], and showed how
the anomaly matching works in these cases as well.

There are several directions which will be of interest for further exploration in a future
work. First, it will be interesting to extend the analysis presented in this paper to more
5d SCFTs and their corresponding 3d theories obtained by compactification, as well as to
other possible anomalies. As we have shown in a number of examples, our analysis allowed
us to find various new anomalies for the 5d SCFTs and so it would be interesting to study
more theories with this approach. In addition, it would be interesting to investigate and
test in examples the reduction of discrete anomalies for theories in other dimensions, and
on compactification manifolds of possibly different dimensions. Let us also mention that we
considered in this paper only standard invertible symmetries, and it would be interesting
to understand how this discussion works for anomalies of higher-groups or of more exotic
non-invertible symmetries (see e.g. [60]). In fact exploring the relation under dimensional
reduction in these more exotic structures would also be quite interesting, and should be
related to the content of this paper as such structures can in many cases be converted,
usually by discrete gauging, to standard symmetries with mixed anomalies (see e.g. [87]).

Finally, we found in some cases that the existence of an anomaly in the 3d theory
implies a new related anomaly of the 5d SCFT, resulting in a nontrivial prediction. It
would therefore be interesting to investigate whether these new anomalies can be derived
directly in 5d, thereby validating these predictions. It would be interesting if their presence
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can be used to infer new restrictions on RG flows of 5d SCFTs. Recent years have seen some
interest in the study of SUSY-breaking deformations of 5d SCFTs, see for instance [90–92],
and an interesting question is if a more refined understanding of anomalies of 5d SCFTs
can be put to use there.
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A 3d supersymmetric index conventions

In this appendix we summarize our conventions for the supersymmetric index of 3d N = 2
theories [69–71, 73, 93, 94] and review how to compute it for different choices of the global
structure of the gauge group that are allowed by the matter content of the theory, which
as we have seen in the main text is crucial for computing anomalies involving 1-form
symmetries.

The index is defined as a trace over states on S2 × R

I(x, µ⃗) = Tr
[
(−1)2J3x∆+J3

∏
i

µTi
i

]
, (A.1)

where ∆ is the energy in units of the S2 radius (for superconformal field theories, ∆ is
related to the conformal dimension), J3 is the Cartan generator of the Lorentz SO(3)
isometry of S2 and Ti are charges under non-R global symmetries. The index only receives
contributions from the states that satisfy

∆ − R − J3 = 0 , (A.2)

where R is the R-charge. When R is taken to be the superconformal R-symmetry, we
obtain the actual superconformal index of the theory.

The 3d supersymmetric index also admits an integral representation that is obtained
by considering it as the supersymmetric partition function on S2 × S1 and computing it
with localization techniques

I(x; {µ⃗, n⃗}) =
∑
m⃗

1
|Wm⃗|

∮
TrkG

rkG∏
i=1

dza

2πiza
Zcl Zvec Zmat , (A.3)

where we denoted by z⃗ the fugacities parameterizing the maximal torus of the gauge group
and by m⃗ the corresponding GNO magnetic fluxes on S2 (on which we will comment more
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momentarily). The integration contour is taken to be the unit circle T for each integration
variable and the prefactor |Wm⃗| is the dimension of the Weyl group of the residual gauge
symmetry in the monopole background labeled by the configuration of magnetic fluxes
m⃗. We also use {µ⃗, n⃗} to denote possible fugacities and fluxes for global symmetries,
respectively. The different contributions to the integrand of (A.3) are

• The contribution from the classical action of CS and BF interactions

Zcl =
rkG∏
i=1

ωmizk mi+n
i , (A.4)

where rkG is the rank of the gauge group G and we denoted with k the CS level and
with ω and n the fugacity and the background flux for the topological symmetry (the
latter is allowed only for gauge groups with U(1) factors);

• The contribution of the N = 2 vector multiplet

Zvec =
∏
α∈g

x− |α(m⃗)|
2 (1 − (−1)α(m⃗)z⃗αx|α(m⃗)|) , (A.5)

where α are roots in the gauge algebra g and we are using the short-hand notations

z⃗α =
rkG∏
i=1

zαi
i , α(m⃗) =

rkG∑
i=1

αimi; (A.6)

• The contribution of an N = 2 chiral field transforming in some representation R and
RF of the gauge and the flavor symmetry respectively and with R-charge r

Zmat =
∏

ρ∈R

∏
ρ̃∈RF

(
z⃗ρ µ⃗ρ̃ xr−1

)− |ρ(m⃗)+ρ̃(n⃗)|
2 ×

×((−1)ρ(m⃗)+ρ̃(n⃗) z⃗−ρ µ⃗−ρ̃ x2−r+|ρ(m⃗)+ρ̃(n⃗)|; x2)∞
((−1)ρ(m⃗)+ρ̃(n⃗) z⃗ρ µ⃗ρ̃ xr+|ρ(m⃗)+ρ̃(n⃗)|; x2)∞

, (A.7)

where ρ and ρ̃ are the weights of R and RF respectively.

Let us now comment more on the summation of the magnetic fluxes m⃗. These label
the possible monopole operators in the theory and by the Dirac quantization condition
they take value in the co-weight lattice of the gauge group. This is different depending on
the global structure of the gauge group, which makes the 3d index sensitive to it. As an
example, let us consider the index of the theory in figure 1 with gauge group SU(2)F and
matter in the bifundamental representation of adjacent SU(2) gauge nodes (for simplicity
we neglect the contribution of singlet fields in the following). This can be compactly
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expressed as

ISU(2)F =
∑

m(1)∈Z
· · ·

∑
m(2F )∈Z

F
(
m(1), · · · , m(2F )

)

=
∑

m(1)∈Z
· · ·

∑
m(2F )∈Z

∮ dz(1)
2πiz(1)

· · ·
∮ dz(2F )

2πiz(2F )

2F∏
i=1

z
2k(i)
(i)

×
2F∏
i=1

∏
s1=±1
s2=±1

ZR= 2
3

chir (q zs1
(i)z

s2
(i+1); s1m(i) + s2m(i+1); x) (A.8)

where z(2F +1) = z(1), the CS levels are

k(i) =

+3 i even ,

−3 i odd ,
(A.9)

and we defined for convenience the contribution of a chiral multiplet as

ZR
chir(z; m; x) = (x1−Rz−1)|m|/2

∞∏
j=0

1 − (−1)mz−1x|m|+2−R+2j

1 − (−1)m z x|m|−R+2j
. (A.10)

As we discussed in the main text, the same theory also admits a different choice of
global structure of the gauge group. We denoted this by SU(2)2F /Z2, where the Z2 in
the quotient corresponds to the diagonal combination of the center symmetries of all the
SU(2) gauge nodes under which the matter fields are uncharged. The index of this different
variant of the theory is obtained by summing not only over integer fluxes, but also over
fluxes that are simultaneously half-integers for all the gauge groups

ISU(2)2F /Z2(ζ) =
∑

m(1)∈Z
· · ·

∑
m(2F )∈Z

F
(
m(1), · · · , m(2F )

)
+ζ

∑
m(1)∈Z+ 1

2

· · ·
∑

m(2F )∈Z+ 1
2

F
(
m(1), · · · , m(2F )

)
(A.11)

From the index perspective, the possibility of having the variant with gauge group
SU(2)2F /Z2 manifests itself in the fact that if we have a half-integer flux for all the gauge
nodes then the effective flux felt by each chiral in (A.11) is still integer, which means that
this choice of flux still obeys the Dirac quantization condition and is thus allowed.

The SU(2)2F /Z2 variant of the theory has a Z[0]
2 0-form magnetic symmetry under

which the new monopole operators with half-integer magnetic flux are charged, for which
we refined a fugacity ζ such that ζ2 = 1. This is the new quantum symmetry that is
obtained after gauging the Z[1]

2 1-form center symmetry of the SU(2)F theory. We can then
gauge Z[0]

2 to go back to the original SU(2)F theory

ISU(2)F = 1
2
(
ISU(2)2F /Z2(ζ = +1) + ISU(2)2F /Z2(ζ = −1)

)
, (A.12)

where we can see that the gauging projects out the monopoles with half-integer magnetic
flux that are charged under Z[0]

2 .
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Let us finally examine the form of the monopole operators that contribute to the index
in the different flux sectors. In order to do this, we note that the different contributions to
the index appearing in eqs. (A.4), (A.5) and (A.7) can be split into that of bare monopoles
along with all the possible dressings by the matter fields. In particular, in a given flux sector
the combination of all the prefactors factors in (A.5) and (A.7), that is ignoring the q-
Pochhammer symbols, along with the contribution in eq. (A.4) yield the total contribution
of the bare monopole operator of that flux sector. More explicitly, the general expression
is given by (for simplicity we assume here zero fluxes for global symmetries and no BF
terms)

I
[
T(m⃗)

]
=
(rkG∏

i=1
zk mi

i

)∏
α∈g

∏
ρ̃∈RF

∏
ρ∈R

x− |α(m⃗)|
2

(
z⃗ρ µ⃗ρ̃ xr−1

)− |ρ(m⃗)|
2

 . (A.13)

Instead, all the rest of the contributions, namely those coming from the q-Pochhammer
symbols, correspond to dressing this monopole with all the possible combinations of the
matter fields contributing to the index. Notice that the bare monopole may or may not
be gauge invariant on its own, which is reflected in the index by the total bare monopole
contribution including or not a non-trivial dependence on the gauge fugacities. In the case
where the bare monopole is gauge invariant, the different dressings simply correspond to
operators obtained by multiplying it with gauge invariant operators built only from matter
fields. In contrast, if the bare monopole is not gauge invariant the dressing corresponds
to first constructing a gauge invariant dressed monopole operator, and then forming other
operators contributing to the index by multiplying it with other gauge invariant operators
as before. Overall, as claimed before we can therefore look at the different contributions to
the index in each flux sector as coming from operators built from a basic (in general dressed)
monopole operator multiplied by various gauge invariant matter operators. Examples for
this type of analysis and its applications appear in the main text, see eqs. (2.10)–(2.14)
and (2.25)–(2.27) and the discussion around them.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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