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1 Introduction

Disk amplitudes are especially interesting, because they give the first quantum corrections
to the effective action in string theory. One example are higher derivative gravitational
corrections to the Dirac-Born-Infeld action from disk amplitudes [1]. Hence, there is already
a considerable body of literature on disk amplitudes. Given that our main interest in this
paper is in closed string disk amplitudes, let us just recall some relevant computations
involving closed strings. For instance, for the bosonic string the dilaton one-point function

– 1 –



J
H
E
P
1
0
(
2
0
2
3
)
1
8
4

was calculated in [2, 3] and a generalization to the superstring in the RNS and the pure
spinor formalisms was given in [4] and [5], respectively. Furthermore, the scattering process
of two closed strings on the disk was already performed in [6] for the bosonic string, in [7–10]
in the RNS formalism — see also [11–14] for a detailed review — and in [5] in the pure spinor
formalism. Disk amplitudes of three closed strings were considered for instance in [15–18].
However, most of these works (except [18]) consider the special case of scattering one RR
field and two NSNS fields and all of them are formulated within the RNS framework. Finally,
there are several computations of disk amplitudes involving both closed and open strings,
see for example [18–22] or [23, 24] in the RNS and pure spinor formalism, respectively (cf.
also [25–28]).

In this work we generalize the existing calculations in several ways. First, we use the
pure spinor formalism for our closed string three-point disk amplitude. Thus, a large part
of our results holds for NSNS, RR, RNS and NSR states (using the language of the RNS
formalism), even though at some point we will specify our findings to the scattering of
only NSNS states. Apart from the broad validity of its results, the pure spinor formalism
offers further advantages. As in [18, 22] we make use of the relation between closed string
n-point functions on the disk and open string 2n-point functions on the disk, obtained via
contour deformations of the corresponding world-sheet integrals (generalizing the sphere
calculation of [29] to the disk). The pure spinor formalism has proven very powerful when
considering open string disk amplitudes, as its BRST cohomology structure allows to obtain
very compact expressions [30–32]. Hence, there is an extended literature on open string
disk amplitudes in the pure spinor formalism that we can build on.

A second important generalization of our present analysis is that we work on the upper
half plane while in [18] the calculations are set up on its double cover, i.e. the sphere. In [22]
computations are established on the upper half plane but only the case of one closed string
coupling to an arbitrary number of open strings is considered explicitely. Working on the
upper half plane has two consequences. On the one hand, working on the double cover
implies that certain poles are missing in the final amplitude. In contrast, our result on the
upper half plane displays all the expected poles. Moreover, we find a formula expressing
the closed string three-point function in terms of only two independent partial open string
amplitudes instead of six as originally anticipated in [18], cf. (3.42) below.

One motivation for our work, apart from the more formal aspects mentioned above,
was phenomenological. We were wondering whether it might be possible to infer disk level
corrections to the four-dimensional Einstein-Hilbert term from the three-point function of
gravitons with only external polarizations. These could arise from the compactification of a
disk level e−Φϵ10ϵ10R4-term on a Calabi-Yau manifold with non-vanishing Euler number.
Such a term is expected in the world-volume theory of D9-branes [33]. However, our results
do not show any hints of such a disk level correction to the Einstein-Hilbert term. We have
a few more comments on this point at the end of section 4.2.

Our work is organized as follows: in section 2 we give a short introduction into the pure
spinor formalism and review the relevant aspects for the computation of the closed string
disk three-point function. In particular, we review the worldsheet degrees of freedom of the
pure spinor formalism, define the massless vertex operators and give a scattering amplitude
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prescription for three closed strings on the disk. In section 3 we use the monodromy relations
of the worldsheet, analytical continuation and PSL(2,R) transformations to express the
closed string amplitude in terms of open string amplitudes. We then continue in section 4
with an interpretation of our results. We perform an α′-expansion, compare some of the
leading terms to the DBI action as a consistency check and comment on the absence of disk-
corrections to the Einstein-Hilbert action. We end with some concluding remarks and an
outlook on how our three-point results generalize to higher points. Finally, five appendices
contain some technical details. In appendix A we present building blocks to efficiently
organize the kinematic content of the CFT correlation function using the cohomology of the
BRST operator of the pure spinor formalism, following a similar analysis in [30, 31] for the
open string. In appendix B we explicitly perform the contractions in the three-point function
and express the result in the building blocks discussed in appendix A. After performing an
appropriate PSL(2,R) transformation we reproduce the result of section 3 in the main text.
Hence, the calculation of this appendix serves as a consistency check of our findings. In
appendix C we give some details of the contour deformations. Appendix D discusses the
invariance of a disk correlator under PSL(2,R) transformations and, finally, in appendix E
we give arguments why certain poles are missing in the amplitude on the double cover.

2 The pure spinor formalism

Let us begin with a short introduction to some aspects of the pure spinor formalism. In this
section, we present the worldsheet degrees of freedom and moreover outline the calculation of
closed string tree level amplitudes on the disk D2 in the pure spinor approach to superstring
theory. We follow closely the introduction into the pure spinor formalism of [5].

2.1 Matter and ghost CFT of the pure spinor formalism

In the pure spinor formalism the type IIB action of the worldsheet degrees of freedom is
given by

S = 1
2π

∫
d2z

(1
2∂Xm∂Xm + pα∂θα + pα∂θ

α − wα∂λα − wα∂λ
α
)

, (2.1)

where Xm(z, z), θα(z), pα(z); θ
α(z), pα(z) are the matter variables [34, 35] and the pure

spinor ghosts λα(z), wα(z);λ
α(z), wα(z) are the ghosts introduced by Berkovits [36]. In

order to ensure that the theory has vanishing central charges in D = 10, the ghost field λα,
which is a bosonic spinor, satisfies the pure spinor constraint

λαγm
αβλβ = 0 , m = 0, . . . , 9 , α, β = 1, . . . , 16 , (2.2)

where γm
αβ are the symmetric 16× 16 Pauli matrices in D = 10. The right-moving spinors

for type IIA have opposite chirality, which in this notation would be expressed by lowering
or raising their indices.
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It is convenient to introduce the composite fields

Πm = ∂Xm + 1
2(θγm∂θ) , (2.3)

dα = pα − 1
2

(
∂Xm + 1

4(θγm∂θ)
)
(γmθ)α , (2.4)

which are the supersymmetric momentum and the Green-Schwarz constraint. These
conformal primaries of weight h = 1 appear in the vertex operators of massless fields and,
thus, play an important role in the calculation of scattering amplitudes in the pure spinor
formalism, as we will review below. Because λα is a commuting SO(1, 9) Weyl spinor,
there is a further h = 1 field Nmn(z) = 1

2(λγmnw), which is the ghost contribution to the
Lorentz current.

Furthermore, the holomorphic energy momentum tensor T is given by

T (z) = −1
2∂Xm∂Xm − pα∂θα + wα∂λα , (2.5)

with a similar expression for the anti-holomorphic energy momentum tensor.1

For the computation of any scattering amplitude we will need the following
OPEs [36, 37]:

Xm(z, z)Xn(w, w) = −ηmn ln |z − w|2 , pα(z)θβ(w) = δ β
α

z − w
,

Πm(z)Πn(w) = −ηmn

(z − w)2 , dα(z)dβ(w) = −
γm

αβΠm(w)
z − w

,

dα(z)Πm(w) = (γm∂θ)α(w)
z − w

, dα(z)θβ(w) = δ β
α

z − w
,

Nmn(z)Npq(w) = 2ηp[nNm]q(w)− ηq[nNm]p(w)
z − w

− 6 ηm[qηp]n

(z − w)2 .

(2.6)

Furthermore, we can obtain the physical spectrum of the pure spinor superstring from the
cohomology of the BRST operator, which takes the rather simple form [36]

Q =
∮ dz

2πi
λα(z)dα(z) . (2.7)

The BRST charge is nilpotent Q2 = 0 as can be verified by using the OPE of dα with dβ

in (2.6) and the fact that the ghost field λ satisfies the pure spinor constraint (2.2).
We can write the action of the conformal weight one fields Πm and dα on a generic

superfield V as

dα(z)V(X(w), θ(w)) = DαV(X(w), θ(w))
z − w

, (2.8)

Πm(z)V(X(w), θ(w)) = − ikmV(X(w), θ(w))
z − w

, (2.9)

where Dα = ∂α + 1
2(γ

mθ)α∂m. Therefore, the BRST charge acts on a superfield V(X, θ) as
QV = λαDαV.

1Of course, all the formulas in the rest of this subsection have an obvious antiholomorphic counterpart.
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2.2 Massless vertex operators in the pure spinor formalism

In string theory a scattering process can be described by a punctured Riemann surface,
where each puncture represents a vertex operator position that corresponds to the creation
or annihilation of a string state. Here, we are interested in the scattering amplitudes of
closed strings on the disk D2, which can be mapped to the upper half plane H+ by a
conformal transformation. So we actually always mean the upper half plane H+ when
talking about the disk.

Moreover, we focus on massless states of closed strings, which are subject to

k2 = 0 , (2.10)

where k is the momentum of the string state. The vertex operator for such a closed string
state at the position z splits into a direct product of left- and right-moving open string
vertex operators

V (a,b)(z, z) = V (a)(z)V (b)(z) , a, b ∈ {0, 1} , (2.11)

where [36]

V (0)(z) ≡ V (z) = [λαAα(X, θ)](z) , (2.12)

V (1)(z) ≡ U(z) =
[
∂θαAα(X, θ) + ΠmAm(X, θ) + dαW α(X, θ) + 1

2NmnFmn(X, θ)
]
(z)

(2.13)

are related to the massless open string vertex operators. The vertex operator V (0) is BRST
closed, which means that

QV (0) = 0 . (2.14)

This is equivalent to putting the superfield Aα on-shell. Moreover, the vertex operator V (1)

is BRST exact and therefore fulfils

QV (1) = ∂V (0) . (2.15)

Hence, it is in the BRST cohomology once we integrate it over the world-sheet. Thus, we
call V (0) and V (1) the unintegrated and integrated vertex operator, respectively.2 Analogous
statements hold for the right-moving part of (2.11).

In (2.12) and (2.13), the massless modes of the vertex operator are described by the
spacetime superfields Aα, Am, W α and Fmn (the superfields of super-Maxwell theory). The
super Yang-Mills (SYM) fields Am, W α and Fmn in (2.13) are not independent. Rather,
they are the field strengths given by [37]

Am = 1
8γαβ

m DαAβ ,

W α = 1
10γαβ

m (DβAm − ∂mAβ) ,

Fmn = ∂mAn − ∂nAm .

(2.16)

2In the literature the unintegrated and integrated vertex operator are often denoted by V and U ,
respectively, but in [5] a different notation was introduced. There the open string vertex operators are
denoted by V (0) and V (1) and the closed string vertex operator V (a,b) can simultaneously contain an
integrated and unintegrated factor after gauge fixing.
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The equations of motion of the superfields are given by the following set of equations [37, 38]

2D(αAβ) = γm
αβAm , DαAm = (γmW )α + ∂mAα ,

DαFmn = 2∂[m(γn]W )α , DαW β = 1
4(γ

mn)α
βFmn .

(2.17)

Moreover, each of the superfields is a functional of X and θ. We can organize the Xm-
dependence of the superfields into plane waves with momentum km and we can perform an
expansion of the superfields in θ. Using the gauge choice θαAα(X, θ) = 0, the expansions
can be found for instance in [39]. For example, for the bosonic spacetime degrees of freedom
(of a vector field with polarization vector ξm) it takes the following form:3

Aα(X, θ) = eik·X
{

ξm

2 (γmθ)α − 1
16(γpθ)α(θγmnpθ)ik[mξn] +O(θ5)

}
,

Am(X, θ) = eik·X
{

ξm − 1
4 ikp(θγ pq

m θ)ξq +O(θ4)
}

,

W α(X, θ) = eik·X
{
−1
2 ik[mξn](γmnθ)α +O(θ3)

}
,

Fmn(X, θ) = eik·X
{
2ik[mξn] −

1
2 ik[pξq]ik[m(θγ pq

n] θ) +O(θ4)
}

.

(2.18)

It is sufficient to display the expansions only up to a certain order in θ that is relevant for the
computation of a scattering amplitude. All higher orders will not contribute, because they
drop out due to the zero mode prescription of the pure spinor formalism, cf. section 2.3.

We have separated Xm(z, z) into left- and right-movers, i.e. Xm(z, z) = Xm(z)+X
m(z)

such that the plane wave factor of the superfields in (2.18) depend holomorphically on
z, i.e. Xm = Xm(z). Nevertheless, the full closed string vertex operator (2.11) contains
a factor eik·X(z,z), because V (b) in (2.11) is obtained from (2.12), (2.13) and (2.18) by
replacing the holomorphic fields X(z), θ(z), λα(z) with their antiholomorphic counterparts
X(z), θ(z), λ

α(z) and by exchanging the polarisation vector ξm with ξm. Hence, the plane
wave factors of the holomorphic part V (a) and the antiholomorphic part V (b) of a closed
string vertex operator combine into eik·X(z,z). Moreover, the polarization tensor is given by
ϵmn = ξm ⊗ ξn.

For closed string amplitudes on the sphere the corresponding conformal Killing group
PSL(2,C) can be used to fix three closed string vertex operators completely leaving all
others integrated. Thus, in that case the choice a = b is possible and is always made in
the literature. But when calculating scattering amplitudes of closed strings on the disk we
allow a ̸= b in (2.11), because the conformal Killing group PSL(2,R) of the disk does not
allow to fix the positions of two closed string vertex operators completely. Therefore, for a
disk amplitude involving only closed strings we have to allow the possibility a ̸= b [5]. This
possibility was also discussed in [24, 40].

Due to the boundary of the disk the left- and right-moving part of a closed string
vertex operator are not independent any more, i.e. the boundary of the disk imposes an

3The expansion in [39] is more general including also fermionic spacetime degrees of freedom. Moreover,
the momenta in (2.18) are real, i.e. they differ from the corresponding momenta of [39] by a factor of i.
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interaction between the holomorphic and antiholomorphic fields. For the computation of
the three-point function of closed strings on the disk we can use the doubling trick to
rewrite the right-moving part of the vertex operator (2.11) in order to allow for a unified
treatment of the left- and right-movers. Concretely, in the following we consider type IIB
theory in a flat ten dimensional spacetime, which contains a Dp-brane that is spanned in
the X1 ×X2 × . . .×Xp plane. As usual, we use the fact that the D-brane is infinitely heavy
in the small coupling regime, i.e. it can absorb an arbitrary amount of momentum in the
Xp+1, . . . , X9 directions transversal to the D-brane. Thus, momentum is effectively only
conserved along the D-brane in the perturbative regime that we are working in.

Left- and right-movers separately have the standard correlators on the upper half plane
⟨Xm(z)Xn(w)⟩ = −ηmn ln(z − w) ,

⟨pα(z)θβ(w)⟩ = δ β
α

z − w
,

⟨wα(z)λβ(w)⟩ = δ β
α

z − w
+ . . . ,

(2.19)

where the antiholomorphic part is analogous.4 At the boundary of H+, i.e. at the real axis,
the first p + 1 components of the world-sheet fields satisfy Neumann boundary conditions
and the remaining 9−p components Dirichlet boundary conditions. Both of these boundary
conditions impose non-vanishing correlators between the holomorphic and antiholomorphic
parts of the fields. We can simplify the calculations by employing the doubling trick, i.e.
we replace the right moving spacetime vectors and spacetime spinors by

vectors: X
m(z) = Dm

nXn(z) ,

spinors: Ψα(z) = Mα
βΨβ(z) or Ψα(z) = ((MT )−1) β

α Ψβ(z) , (2.20)

with Ψα ∈ {θα, λα} and Ψα ∈ {pα, wα} and constant matrices D and M .5 Effectively, this
corresponds to extending the world-sheet fields to the entire complex plane. This allows us
to use only the correlators in (2.19), leading to

⟨Xm(z)Xn(w)⟩ = −Dmn ln(z − w) ,

⟨pα(z)θ
β(w)⟩ = Mβ

α

z − w
,

⟨pα(z)θβ(w)⟩ = ((MT )−1) β
α

z − w
, (2.21)

⟨wα(z)λ
β(w)⟩ = Mβ

α

z − w
+ . . . ,

⟨wα(z)λβ(w)⟩ = ((MT )−1) β
α

z − w
+ . . . .

The matrix

Dmn =


ηmn m, n ∈ {0, 1, . . . , p}
−ηmn m, n ∈ {p + 1, . . . , 9}
0 otherwise

. (2.22)

4The ellipses denote corrections due to the fact that wα(z) and λβ(w) are not free fields. They ensure
consistency with the pure spinor constraint, cf. [36].

5A priori, one would introduce two matrices M and N that account for the boundary conditions of the
fermions, one for each chirality. Here we already used the result of [5] that N = (MT )−1.
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is the same as in the RNS formalism [9, 10], but the matrix M here differs from the RNS
version due to the different spinor representations of the RNS and the PS formalisms. A
detailed discussion of the matrix M and its properties can be found in [5] and a similar
analysis in the context of the RNS formalism can be found for instance in [9]. As described
above, only the momentum parallel to the brane is conserved, because D-branes are infinitely
heavy objects, that can absorb momentum in the transverse direction. We can introduce a
parallel and transverse momentum

ki∥ =
1
2(ki + D·ki) , ki⊥ = 1

2(ki − D·ki) , (2.23)

so that for momentum conservation we have

N∑
i=1

ki∥ = 0 . (2.24)

Making the replacements (2.20) in the right-moving parts of the vertex operators (2.11)
one can show that [5]

V
(0)(z) =

[
λαAα[D·ξ, D·k](X, θ)

]
(z) , (2.25)

V
(1)(z) =

[
∂θαAα[D·ξ, D·k](X, θ) + ΠmAm[D·ξ, D·k](X, θ)

+dαW α[D·ξ, D·k](X, θ) + 1
2NmnFmn[D·ξ, D·k](X, θ)

]
(z) , (2.26)

i.e. the doubling trick amounts to substituting every antiholomorphic superfield by its holo-
morphic counterpart and simultaneously multiplying the polarisation vector and momentum
with D to account for the boundary conditions. To simplify the notation we will drop
the explicit dependence of the superfields on the polarisation vector and momentum, but
instead introduce the following notation

Vı(z) ≡ V i[ξ, k](X(z), θ(z)) = Vi[D·ξ, D·k](X(z), θ(z)) , (2.27)

where V ∈ {Aα, Am, W α,Fmn} and i denotes the label of an external string state. Moreover,
we will also use this notation for the vertex operators. To summarize this: an overlined
label indicates that the field or vertex operator originates from the right-moving part of a
string state after employing the doubling trick (2.20).

2.3 Calculating correlators of closed strings on the disk

The prescription to calculate open string amplitudes on the disk is well known and tested
in the pure spinor formalism [30, 31, 41] and therefore also closed string amplitudes on the
sphere are straightforwardly calculated using the KLT relations [29]. Both world-sheets do
not have any moduli and their conformal Killing vectors (CKVs) allow the fixing of three
closed or open vertex operators, respectively. For an N -point function of closed strings
on the disk we can only gauge fix one and a half vertex operators — i.e. three of the real
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position coordinates of the vertex operators. This is due to the fact that the disk has
only three real CKVs, which allow to gauge fix one real position each. For example, we
can take the first two vertex operator insertions on the disk at the points z1 = x1 + iy1
and z2 = x2 + iy2 and fix those to the positions x1 = 0, y1 = 1 and x2 = 0 and keep the
integration over y2 = y. As discussed in [5] this leads to the following N -point prescription

Aclosed
D2 (1, . . . , N) = 2igN

c Tp

∫ 1

0
dy

〈
V

(0,0)
1 (i,−i)V (0,1)

2 (iy,−iy)
N∏

j=3

∫
H+

d2zj V
(1,1)

j (zj , zj)
〉

= 2igN
c Tp

∫ 1

0
dy

〈
V1(i)V 1(−i)V2(iy)U2(−iy)

N∏
j=3

∫
H+

d2zj Uj(zj)U j(zj)
〉

,

(2.28)

where we switched notation in the second line, cf. footnote 2 above. We have also used the
independence of the localization of the integrated vertex operator, see appendix C of [5].
Moreover, the above gauge fixing of the vertex operator position restricts the integration
over z2 and z2 to the purely imaginary axis. But we don’t integrate over the entire imaginary
axis, because we have to limit the integration to the moduli space of a punctured disk (as
before we are actually talking about the upper half of the complex plane when referring to
the disk). To find the moduli space we consider a disk with two vertex operators at z1 and
z2. We define the two transformations

f±(z;z1,z2)=
(x2−x1)y1z+((x1−x2)x2+(y1y±−y2)y2)y1

((x1−x2)2+(y2−y1y±)y2)z−x3
1+2x2

1x2+x2y2
1−x1(x2

2+y2
1+y2

2−y1y2y±)
(2.29)

with

y± =
(
(x1 − x2)2 + y2

1 + y2
2
)
±
√
4(x1 − x2)2y2

1 +
(
(x1 − x2)2 − y2

1 + y2
2
)2

2y1y2
, (2.30)

where xi ∈] − ∞,∞[ and yi ∈ [0,∞[ are the real and imaginary parts of zi. For two
different points z1 and z2 in the upper half plane, f± are PSL(2,R) transformations. These
transformations map z1 to i and z2 to iy±. One now observes that (i) y− ∈ [0, 1] and
y+ ∈ [1,∞[ and (ii) for x1 = x2 all values in the interval [0, 1[ (or ]1,∞[) are assumed for
y− (or y+) for particular values of y1 and y2 (the limiting value 1 would require y1 = y2, i.e.
z1 = z2, which we excluded). Together these two facts imply that the moduli space of a
disk with two closed string punctures is contained in the interval [0, 1[ (or alternatively in
]1,∞[). Focusing for concreteness on the case of the interval [0, 1[, the question remains
whether a disk with punctures at i and iy could be mapped via a PSL(2,R) transformation
to a disk with punctures at i and iy′ with y ̸= y′ and both y, y′ ∈ [0, 1[. If that were the
case, the two values y and y′ would describe the same punctured disk and the moduli space
would be smaller than [0, 1[. However, it can easily be shown that this is not the case. The
two points i and iy (with y ∈ [0, 1[) can be mapped via a PSL(2,R) transformation to the
points i and iy′ (with y′ ∈ [0, 1[) only if y′ = y. Hence the moduli space is indeed [0, 1[ (or
equivalently ]1,∞[).
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The bracket ⟨. . .⟩ of the correlator in (2.28) includes also a zero mode prescription
for λα and θα, see below. Moreover, gc is the closed string coupling and Tp the Dp-brane
tension. At tree level only λα, θα and Xm contain zero modes, because they have conformal
dimension zero. All other fields, which have conformal weight h = 1, have no zero modes
on the disk [42]. To evaluate the correlator in (2.28) we would integrate out the non-zero
modes first. A systematic method to do so is presented in appendix A.

Finally, the evaluation of the Xm zero modes gives a momentum preserving δ-function.
Moreover, we are left with an expression in the pure spinor superspace that contains only
the zero modes of λα and θα

〈
V1(z1)V1(z1)V2(z2)U2(z2)

N∏
i=3

Ui(zi)U i(zi)
〉
=
〈
λαλβλγfαβγ(θ; zi, zi)

〉
0 , (2.31)

with the gauge fixed vertex operator positions (z1, z1, z2) = (i,−i, iy). The subscript on
⟨. . .⟩0 indicates that the bracket on the right hand side denotes a zero mode prescription,
as all the non-zero modes are already integrated out. The functional fαβγ(θ; zi, zi) is
a composite superfield of the external states; it also contains the kinematic content of
those states and is therefore α′ dependent. The explicit form of fαβγ(θ; zi, zi) in terms
of the superfields Ai

α, Ai
m, W α

i and F i
mn is determined by the OPE contractions while the

dependence on α′ follows from the momentum expansion. The argument of ⟨. . .⟩0 in (2.31)
has a finite power series expansion of the enclosed superfields in θα and it was argued in [36]
that only terms involving five powers of θ and three powers of λ contribute: given that the
tensor product of three λ and five θ contains a unique scalar, which is the unique element
of the cohomology of the BRST operator in the pure spinor formalism at O(λ3θ5), all terms
of this type are proportional to each other [43] and are determined by6

⟨(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)⟩0 = 2880 . (2.32)

Even though there are only five θα out of 16 present in (2.32) the zero mode prescription
can be shown to be supersymmetric [36]. Because there is only one unique element (2.32)
of the cohomology of Q at order O(λ3θ5) we can evaluate any zero-mode correlator using
symmetry arguments together with the normalization condition in equation (2.32) [45].

In order to set the stage for the upcoming computation of the three-point function of
closed strings on the disk, we apply the amplitude prescription (2.28) for N = 3 and obtain

Aclosed
D2 (1, 2, 3) = 2ig3

c Tp

∫ 1

0
dy

∫
H+

d2z3
〈
V1(i)V 1(−i)V2(iy)U2(−iy)U3(z3)U3(z3)

〉
. (2.33)

3 Three closed strings as six open strings

As shown in [18] one can express the scattering of three closed strings on the disk D2 as six
open strings interacting on D2. This was done by using the methods originally proposed
in [29] and for example explicitly applied to mixed open and closed string amplitudes on
the disk in [22]. In this section we want to follow these lines to simplify the scattering
amplitude of three closed strings such that we can write the complex integrals over the

6Concerning the normalization we follow the convention used for instance in [44].
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upper half plane as integrals over parts of the real line, which correspond to well known
open string integrals that would usually arise from colour ordered scattering of six open
strings on the disk.

The gauge fixing leaves one with already one completely position fixed vertex operator
and one real integral over the world sheet coordinate of another vertex operator as described
in section 2.3. Hence, we only have to decompose the integration in (2.33) over the
coordinates z3 and simultaneously z3 of the third vertex operator into two real integrals
by applying the KLT relations. The integration over the upper half plane will then be
transformed to an integration over 15 integration regions along the real axis. These 15
integration regions are not independent and can be reduced by using monodromy relations
as shown in [18]. Moreover, we want to perform a PSL(2,R) transformation to change our
choice of gauge fixing, which will make the correspondence between the scattering of closed
and open strings explicit and simplify the computation in appendix B, because we can
apply the methods proposed in [31]. After the transformation the resulting integrals can
be identified as open string partial amplitudes with a certain colour ordering of the open
string vertex operators.

3.1 Analytic continuation and monodromy relations for closed strings

Explicitly, the closed string three-point function with the choice of vertex operator posi-
tions (z1, z2, z3) = (i, iy, z) and corresponding values for the antiholomorphic world sheet
coordinates is given by

A = 2ig3
c Tp

∫ 1

0
dy

∫
H+

d2z
〈
V1(i)V1(−i)V2(iy)U2(−iy)U3(z)U3(z)

〉
. (3.1)

To perform the analytic continuation of the amplitude in (3.1) we write the integral over
the upper half plane as an integral over two real variables. After splitting z in real and
imaginary part z = z1 + iz2 the integrand in (3.1) becomes an analytic function in z1 with
branch points at ±i(1− z2),±i(1+ z2),±i(y− z2),±i(y + z2). We would now like to deform
the integration contour of the z1 integration from the real to the imaginary axis. More
precisely, we deform the z1 integral along the real axis at ℑ(z1) = 0 to the purely imaginary
axis ℜ(z1) = 0, which is illustrated in figure 1. The contributions of both arcs vanish, see
also the discussion concerning figure 2 below. With the Jacobian

∣∣∣det ∂(z,z)
∂(z1,z2)

∣∣∣ = 2 we can
write the amplitude after the contour deformation as

A=−4ig3
c Tp

∫ 1

0
dy

∫ i∞

−i∞
dz1

∫ ∞

0
dz2

〈
V1(i)V1(−i)V2(iy)U2(−iy)U3(z1+iz2)U3(z1−iz2)

〉
=4g3

c Tp

∫ 1

0
dy

∫ ∞

−∞
dz1

∫ ∞

0
dz2

〈
V1(i)V1(−i)V2(iy)U2(−iy)U3(i(z1+z2))U3(i(z1−z2))

〉
.

(3.2)

Then, we define the real variables

ξ = z1 + z2 , η = z1 − z2 , (3.3)

which have to fulfil ξ−η ≥ 0, which ensures that we still integrate over the upper half plane,
i.e. that z2 ≥ 0. We can then change the integration variables and perform the substitution
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ℜ(z1)

ℑ(z1)

i(1 + z2)

i(y + z2)

−i(1− z2)

−i(y − z2)

i(1− z2)

i(y − z2)

−i(y + z2)

−i(1 + z2)

Figure 1. Branch point structure and contour deformation in the complex z1-plane for z2 > 1 (as
an example).

(z1, z2) → (ξ, η), which gives

A=2g3
c Tp

∫ 1

0
dy

∫ ∞

−∞
dξ

∫ ξ

−∞
dηΠ(y,ξ,η)

〈
V1(i)V1(−i)V2(iy)U2(−iy)U3(iξ)U3(iη)

〉
, (3.4)

where it was used that the Jacobian
∣∣∣det ∂(z1,z2)

∂(ξ,η)

∣∣∣ = 1
2 cancels against the Jacobian

determinant
∣∣∣det ∂(z,z)

∂(z1,z2)

∣∣∣ = 2 of the transformation (z, z) → (z1, z2), which we have
preformed previously.

The correlator in (3.4) is invariant under dilatations and rotations, which are the
transformations generated by L0, see (D.2) and also [46]. According to (D.2) for each vertex
operator we find that V (a)(iz) = i−hV (a)(z) (using the notation V (0) for V and V (1) for U ,
cf. footnote 2). Hence, we can pull out the factor of i in each vertex operator by using that
the conformal dimension of the integrated vertex operators and the unintegrated vertex
operators is given by h = 1 and h = 0, respectively. Doing so, we find

A=2ig3
c Tp

∫ 1

0
dy

∫ ∞

−∞
dξ

∫ ξ

−∞
dηΠ(y,ξ,η)

〈
V1(1)V1(−1)V2(y)U2(−y)U3(ξ)U3(η)

〉
. (3.5)

For more details on the analytic continuation see appendix C.
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For splitting the integral over the complex upper half plane into the integration over
two real variables η and ξ, we have introduced the phase factor Π(y, ξ, η). This phase factor
is independent of the kinematical structure of the correlator and it accounts for the correct
branch of the integrand to ensure that it is well defined. Moreover, for each integration
region, i.e. for each subamplitude, separately this phase factor becomes independent of the
particular value of the world sheet variables, but depends on the ordering of η and ξ with
respect to the other four vertex operator positions. Explicitly, the phase Π(y, ξ, η) can be
written as

Π(y, ξ, η) = eiπs13Θ(−(1−ξ)(1+η))eiπs13Θ(−(1+ξ)(1−η))eiπs23Θ(−(y−ξ)(y+η))

×eiπs23Θ(−(y+ξ)(y−η))eiπs33Θ(−(ξ−η)) , (3.6)

where Θ is the Heaviside step function and the kinematic invariants are defined as7

sij = α′

4 (ki + kj)2 = α′

2 ki·kj , siȷ =
α′

4 (ki + D·kj)2 = α′

2 ki·D·kj . (3.7)

Note, that these are not independent and momentum conservation (2.24) leads to the
following kinematical relations:

s11̄ = −s12 − s12̄ − s13 − s13̄ , (3.8)
s22̄ = −s12 − s12̄ − s23 − s23̄ , (3.9)
s33̄ = −s13 − s13̄ − s23 − s23̄ . (3.10)

Consequently, there are six independent kinematic invariants for scattering three closed
strings in the presence of D-branes [18].

The phase factor (3.6) can be derived following [18, 22], cf. appendix C. We have also
added eiπs33Θ(−(ξ−η)) for completeness although above we are only integrating over η < ξ

and hence the contribution of this term is always one in (3.5). But later we will use dual
Ward identities and thereby we will encounter also integration regions with ξ < η such that
it will be important to include eiπs33Θ(−(ξ−η)) in the phase (3.6).

Since the world sheet coordinates appear in the phase factor only inside the Θ-function,
we immediately want to perform the integration over those Θ-functions. Evaluating the
phase factor (3.6) is achieved by dividing the integration region into smaller patches, where
in each patch the Θ-functions yield a constant phase Π(y, η, ξ), which does not depend on
the world sheet coordinates any more. We find that the integration region in the (ξ, η)-plane
in (3.5) can be split into 15 smaller regions of integration. All integration regions for (ξ, η)
are listed in table 1.

7We made α′ explicit here, but otherwise use α′ = 2.
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η < ξ

ξ < −1 eiπs13eiπs13eiπs23eiπs23

η < −1 −1 < η < ξ

−1 < ξ < −y eiπs13eiπs23eiπs23 eiπs23eiπs23

η < −1 −1 < η < −y −y < η < ξ

−y < ξ < y eiπs13eiπs23 eiπs23 1

η < −1 −1 < η < −y −y < η < y y < η < ξ

y < ξ < 1 eiπs13 1 eiπs23 eiπs23eiπs23

η < −1 −1 < η < −y −y < η < y y < η < 1 1 < η < ξ

1 < ξ 1 eiπs13 eiπs13eiπs23 eiπs13eiπs23eiπs23 eiπs13eiπs13eiπs23eiπs23

Table 1. Π(y, ξ, η) for each integration region in the (ξ, η)-plane.

In string theory we find an analogue to the dual Ward identity in field theory8

0=A(i1, i2, . . . , iN−1, iN )+eiπsi1i2A(i2, i1, i3, . . . , iN−1, iN )

+eiπ(si1i2 +si1i3 )A(i2, i3, i1, . . . , iN−1, iN )+. . .

+eiπ(si1i2 +si1i3 +...+si1iN−1 )A(i2, i3, . . . , iN−1, i1, iN )+A(i2, . . . , iN−1, iN , i1) , (3.11)

where ij ∈ {1, 1, 2, 2, . . . , M, M} such that M +M = N , i.e. j ∈ {1, 2, . . . , 2M}. Using these
relations for M = 3 we want to decompose the disk amplitude of three closed strings into a
sum over colour ordered partial subamplitudes of six open strings, but we have to be careful:
The integration regions beginning or ending at ±∞ are no open string subamplitudes.9

Hence, not all A(i1, i2, . . . , iN−1, iN ) correspond to open string subamplitudes with different
colour orderings of N open strings immediately, but it is possible to combine and rewrite
the A(i1, i2, . . . , iN−1, iN ) so that they become open string subamplitudes. To discriminate
between closed string contributions (3.12) and open string subamplitudes (3.33) we use
A(. . .) and A(. . .), respectively.

8Compared to for example [18] we are using a slightly different monodromy relation in (3.11), where the
contributions A(i1, i2, . . . , iN−1, iN ) and A(i2, . . . , iN−1, iN , i1) are not equivalent, because for a closed string
amplitude there is no vertex operator position z → ∞ after gauge fixing. Moreover, the integration regions
corresponding to A(i1, i2, . . . , iN−1, iN ) and A(i2, . . . , iN−1, iN , i1) appear with the same phase in (3.11), i.e.
we don’t pick up a phase when jumping from +∞ to −∞, because there is no vertex operator localized at
infinity. Hence, they can be combined to become a proper open string subamplitude.

9This can be seen more clearly, when transforming the integration region under the P SL(2,R) transfor-
mation (3.21). Under this transformation ±∞ is mapped onto −

√
x. Hence, the upper or lower boundary

of the ξ or η integration is −
√

x, which is not a world sheet position of any vertex operator, which implies
that this cannot be an open string subamplitude, see also section 3.2.
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To derive the relation (3.11) we consider the more general form of an amplitude of M

closed strings after analytic continuation

A(i1, . . . , iN )∼
∫ 1

0
dzid

N∏
p=1

p ̸=a,b,c,d

∫
−∞≤zi1≤zi2≤...≤ziN

≤∞
dzip

∑
I

∏
j<k

|zij −zik
|sij ik (zij −zik

)nI
ij ikKI ,

(3.12)

where the vertex operators (ia, ib, ic) are position fixed and we don’t integrate over these
world sheet positions. We cannot choose arbitrary vertex operators, but have to follow
the gauge fixing of section 2.3, which implies that before analytic continuation two of
(zia , zib

, zic) have to satisfy zib
= zia with zia = i and a third one zic = zid

, which is the
complex conjugate to the vertex operator position zid

= −iy and y is integrated from 0
to 1, because we can only fix one and a half vertex operator positions.10 The integers
nI

ijik
are specific for a given kinematic factor KI and originate from the evaluation of

the correlator of the M -point amplitude. Without loss of generality we can assume that
i1 /∈ {ia, ib, ic, id}. Then we can analytically continue the zi1-dependence of the integrand
to the whole complex plane and integrate zi1 along the contour depicted in figure 2 rather
than over (−∞, zi2). The semicircle at infinity in the complex plane does not contribute,
because the integrand in (3.12) behaves like z

−2hi1
i1

as |zi1 | → ∞, where hi1 is the conformal
weight of the vertex operator Ui1(zi1) and in the pure spinor formalism an integrated vertex
operator has a conformal weight of one. Thus, z−2

i1
→ 0 for |zi1 | → ∞ and we have no

contribution from the semicircle. Moreover, by performing the zi1 integration along the real
axis each time when we encircle one of the vertex operator positions zij for j = 2, 3, . . . , N

we pick up a phase factor. This arises from using (C.8) when expressing the integrand
of A(i1, i2, . . . , iN ) in terms of the integrand of A(i2, . . . , ij , i1, ij+1, . . . , iN ). For instance
A(i1, i2, . . . , iN ) contains a factor (zi2 − zi1)si1i2 while A(i2, i1, . . . , iN ) contains a factor
(zi1 − zi2)si1i2 [47]. By applying Cauchy’s theorem the integral along the closed contour in
figure 2 vanishes and we end up with (3.11).

Next, we want to write the amplitude (3.5) in terms of A(i1, i2, i3, i4, i5, i6): taking all
phases in table 1 and the corresponding integration region we can write (3.5) as

A = eiπs13eiπs13eiπs23eiπs23A(3, 3, 1, 2, 2, 1) + eiπs13eiπs23eiπs23A(3, 1, 3, 2, 2, 1)
+eiπs23eiπs23A(1, 3, 3, 2, 2, 1) + eiπs13eiπs23A(3, 1, 2, 3, 2, 1) + eiπs23A(1, 3, 2, 3, 2, 1)
+A(1, 2, 3, 3, 2, 1) + eiπs13A(3, 1, 2, 2, 3, 1) + A(1, 3, 2, 2, 3, 1) + eiπs23A(1, 2, 3, 2, 3, 1)
+eiπs23eiπs23A(1, 2, 2, 3, 3, 1) + A(3, 1, 2, 2, 1, 3) + eiπs13A(1, 3, 2, 2, 1, 3)
+eiπs13eiπs23A(1, 2, 3, 2, 1, 3) + eiπs13eiπs23eiπs23A(1, 2, 2, 3, 1, 3)
+eiπs13eiπs13eiπs23eiπs23A(1, 2, 2, 1, 3, 3) . (3.13)

10After analytic continuation we find (zia , zib ) → (1,−1) and (zic , zid ) → (y,−y), see (3.5) for three
closed strings.
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A(i1, i2, i3, . . . , iN )

A(i2, i1, i3, . . . , iN )

A(i2, i3, i1, i4, . . . , iN )
. . .

. . .
A(i2, i3, . . . , iN−1, i1, iN )

A(i2, i3, . . . , iN−1, iN , i1)

ℜ(zi1)

ℑ(zi1)

ziNzi2 zi3

Figure 2. Contour integral in the complex zi1 -plane.

From the general monodromy relation in (3.11) we obtain by permutation

0 = A(3, 1, 2, 2, 1, 3) + eiπs13A(1, 3, 2, 2, 1, 3) + eiπs13eiπs23A(1, 2, 3, 2, 1, 3)
+eiπs13eiπs23eiπs23A(1, 2, 2, 3, 1, 3) + eiπs13eiπs23eiπs23eiπs13A(1, 2, 2, 1, 3, 3)
+A(1, 2, 2, 1, 3, 3) , (3.14)

0 = A(3, 1, 2, 2, 1, 3) + eiπs13A(3, 1, 2, 2, 3, 1) + eiπs13eiπs23A(3, 1, 2, 3, 2, 1)
+eiπs13eiπs23eiπs23A(3, 1, 3, 2, 2, 1) + eiπs13eiπs13eiπs23eiπs23A(3, 3, 1, 2, 2, 1)
+A(3, 3, 1, 2, 2, 1) (3.15)

to reduce the number of integration regions in table 1 and simplify equation (3.13). Note,
that one actually obtains (3.15) by the complex conjugation of (3.11) and multiplication by
(−1) to take into account the reversal of the contour

0 = −A(3, 3, 1, 2, 2, 1)− e−iπs33A(3, 3, 1, 2, 2, 1)− e−iπs33e−iπs13A(3, 1, 3, 2, 2, 1)
−e−iπs33e−iπs13e−iπs23A(3, 1, 2, 3, 2, 1)− e−iπs33e−iπs13e−iπs23e−iπs23A(3, 1, 2, 2, 3, 1)
−A(3, 1, 2, 2, 1, 3) . (3.16)

The partial amplitudes are purely imaginary — the amplitude in (3.12) is real, but the
overall amplitude contains an additional factor of i, which is obtained from gauge fixing,
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see (3.5) — hence, A(i1, i2, i3, i4, i5, i6) = −A(i1, i2, i3, i4, i5, i6) and we find

0 = A(3, 3, 1, 2, 2, 1) + e−iπs33A(3, 3, 1, 2, 2, 1) + e−iπs33e−iπs13A(3, 1, 3, 2, 2, 1)
+e−iπs33e−iπs13e−iπs23A(3, 1, 2, 3, 2, 1) + e−iπs33e−iπs13e−iπs23e−iπs23A(3, 1, 2, 2, 3, 1)
+A(3, 1, 2, 2, 1, 3) . (3.17)

Finally, with momentum conservation we arrive at equation (3.15)

0=A(3,3,1,2,2,1)+eiπs13eiπs13eiπs23eiπs23A(3,3,1,2,2,1)+eiπs13eiπs23eiπs23A(3,1,3,2,2,1)
+eiπs13eiπs23A(3,1,2,3,2,1)+eiπs13A(3,1,2,2,3,1)+A(3,1,2,2,1,3) . (3.18)

We use the first equation (3.14) and see that the sum of the terms corresponding to the
bottom row (1 < ξ) in table 1 can be written in terms of only A(1, 2, 2, 1, 3, 3), because these
integration regions appear with the correct phases such that they build a closed contour in
the complex η-plane and only A(1, 2, 2, 1, 3, 3) is missing in this row. In a similar manner we
can reduce the sum of the terms corresponding to the left column (η < −1) with the second
equation (3.15) to two integration regions A(3, 1, 2, 2, 1, 3) and A(3, 3, 1, 2, 2, 1). Hence, we
have written (3.13) as

A = −A(3, 3, 1, 2, 2, 1) + eiπs23eiπs23A(1, 3, 3, 2, 2, 1) + eiπs23A(1, 3, 2, 3, 2, 1)
+A(1, 2, 3, 3, 2, 1) + A(1, 3, 2, 2, 3, 1) + eiπs23A(1, 2, 3, 2, 3, 1)
+eiπs23eiπs23A(1, 2, 2, 3, 3, 1)− A(3, 1, 2, 2, 1, 3)− A(1, 2, 2, 1, 3, 3) , (3.19)

where the integration regions can also be found in table 2. As we will show (3.19) can be
written in terms of open string partial amplitudes, but to see that it is necessary to perform
an appropriate PSL(2,R) transformation.

3.2 PSL(2,R) transformation and monodromy relations for open strings

To write (3.5) as partial open string amplitudes it is very convenient to change the vertex
operator position fixing by performing a PSL(2,R) transformation similar to the scattering
of two closed strings on the disk as already described in [5, 9, 10]. For two closed strings
one has only one real world sheet variable, which is integrated over. In equation (3.9) of [5]
we can find the corresponding transformation for the scattering of two closed strings. If we
compare the amplitude of two closed strings with the amplitude of four open strings on the
disk, we can conclude that the transformation maps the vertex operator position fixing from
(−1, y, 1) to (0, 1,∞). In the following we want to generalise the PSL(2,R) transformation
of [5] for a correlator of three closed strings on the disk.

We can take a general linear fractional transformation z′ := f(z) = az+b
cz+d with ad−bc = 1

and find the parameters a, b, c and d for this transformation by solving f(z) = z′ for z ∈
{−1, y, 1} and z′ ∈ {0, 1,∞}. We then end up with the following PSL(2,R) transformation

1√
2(1− y2)

(
1− y 1− y

−(1 + y) 1 + y

)
∈ PSL(2,R) . (3.20)
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ξ < η < −1
ξ < −1 −1

−1 < η < ξ

−1 < ξ < −y eiπs23eiπs23

−1 < η < −y −y < η < ξ

−y < ξ < y eiπs23 1

−1 < η < −y −y < η < y y < η < ξ

y < ξ < 1 1 eiπs23 eiπs23eiπs23

η < −1 ξ < η

1 < ξ −1 −1

Table 2. Π(y, ξ, η) for each integration region in the (ξ, η)-plane after applying monodromy relations.

For the transformation of the coordinates of the vertex operators we have to use the
fractional linear transformation of the above PSL(2,R) transformation

z′ := f(z) = (1− y)(1 + z)
(1 + y)(1− z) . (3.21)

We can use the fractional linear transformation to map the amplitude from the vertex
operator position fixing (−1, y, 1) to (0, 1,∞). For this purpose we define the new variables

x := f(−y) = (1− y)2

(1 + y)2 ,

ξ̃ := f(ξ) = (1− y)(1 + ξ)
(1 + y)(1− ξ) ,

η̃ := f(η) = (1− y)(1 + η)
(1 + y)(1− η) .

(3.22)

Because we want to map from the old coordinates (y, ξ, η) to the knew ones (x, ξ̃, η̃), it is
useful to also have the inverse transformations of (3.22), which are given by11

y = 1−
√

x

1 +
√

x
,

ξ = ξ̃ −
√

x

ξ̃ +
√

x
,

η = η̃ −
√

x

η̃ +
√

x
.

(3.23)

11Note, that we have the same transformation for y here as in (3.9) of [5] for the scattering of two
closed strings.
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From (3.22) one could also find a second solution y = 1+
√

x
1−

√
x

for x = f(−y). For this other
solution we would find for x ∈ [0, 1] that y ∈ [1,∞[. Hence, we ignore this solution.

The vertex operators transform under a global conformal transformation as

V (z) → V ′(z′) , U(z) →
(

∂z

∂z′

)−1
U ′(z′) , (3.24)

where we have used that an unintegrated vertex operator has conformal weight h = 0 and
an integrated vertex operator has conformal weight h = 1. Hence, the complete amplitude
transforms as follows∫

dy dξ dη
〈
V1(1)V1(−1)V2(y)U2(−y)U3(ξ)U3(η)

〉
=

→ 1
2

∫
dx dξ̃ dη̃

∂(y, ξ, η)
∂(x, ξ̃, η̃)

〈
V ′

1(∞)V ′
1(0)V

′
2(1)

(
∂y

∂x

)−1
U ′

2(x)
(

∂ξ

∂ξ̃

)−1
U ′

3(ξ̃)
(

∂η

∂η̃

)−1
U ′

3(η̃)
〉

= 1
2

∫
dx dξ̃ dη̃

〈
V1(∞)V1(0)V2(1)U2(x)U3(ξ̃)U3(η̃)

〉
, (3.25)

where in the last line we have used that a correlator is invariant under global conformal
transformations, cf. appendix B.1 and especially equation (D.13). The factor of 1/2 can be
understood from the fact that having the vertex operators 2 and 2 at y and −y (in contrast
to 1 and x) leads to an extra factor of 2 due to the choice which one to consider as fixed and
which one as integrated, cf. formulas (3.4) and (3.5) in [5]. Furthermore, the Jacobian of the
PSL(2,R) transformation cancels against the derivatives coming from the transformation
of the integrated vertex operators. Hence, we can conclude that the integrand of each of
the different integration regions in table 2 is mapped correctly.12

So far, we have only discussed the transformation behaviour of the integrand of the
three-point function, but under the transformation (3.21) also the integration regions in
table 2 change. The integration over x is for all integration regions the same and has
identical boundaries as for y before the transformation (3.21) and so we integrate x from 0
to 1. The integration regions of the world sheet coordinates of the third vertex operator
change. The boundaries of the integration should be determined by the position of the
other vertex operators. However, this is not the case for all intervals given in table 2:
for example the interval [1,∞[ is mapped under (3.21) onto ] −∞,−

√
x], which doesn’t

resemble the integration region of an open string subamplitude, because −
√

x is not a world
sheet position of any of the vertex operators in (3.25). Fortunately, this is not a problem,
because with the transformation (3.21) we can combine13

A(3, 3, 1, 2, 2, 1) + A(1, 2, 2, 1, 3, 3) + A(3, 1, 2, 2, 1, 3) PSL(2,R)−−−−−−→ A(3, 4, 1, 2, 5, 6) (3.26)
12We have explicitly checked this and the details can be found in appendix B.1.
13This can be seen in more detail as follows∫ −1

−∞
dξ

∫ −1

ξ

dη +
∫ ∞

1
dξ

∫ ∞

ξ

dη +
∫ ∞

1
dξ

∫ −1

−∞
dη

(3.21)∼
∫ 0

−
√

x

dξ̃

∫ 0

ξ̃

dη̃ +
∫ −

√
x

−∞
dξ̃

∫ −
√

x

ξ̃

dη̃ +
∫ −

√
x

−∞
dξ̃

∫ 0

−
√

x

dη̃

=
∫ 0

−∞
dξ̃

∫ 0

ξ̃

dη̃ .
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to one open string integration region, where after the PSL(2,R) transformation the vertex
operator positions for the six open strings of each subamplitude are given by

z1 = 0, z2 = x, z3 = ξ̃, z4 = η̃, z5 = 1, z6 = ∞ (3.27)

and we have identified the closed strings with the open strings as follows

1 ↔ 1, 2 ↔ 2, 3 ↔ 3, 3 ↔ 4, 2 ↔ 5, 1 ↔ 6. (3.28)

With this identification we can map the momenta of the closed strings onto the corresponding
open string momenta:

D·k1 ↔ p1, D·k2 ↔ p2, k3 ↔ p3, D·k3 ↔ p4, k2 ↔ p5, k1 ↔ p6, (3.29)

which lets us define the open string Mandelstam variables

ŝij = α′

4 (pi + pj)2 = α′

2 pi·pj . (3.30)

As already used in section 2 to split the vertex operators (from the NSNS sector) in a
holomorphic and antiholomorphic part, we split the polarization tensor

ϵi
mpDp

n → ξi
m ⊗ ξ

i
pDp

n , (3.31)

where both ξi
m and ξ

i
pDp

n can be identified with open string polarization vectors. Hence, we
can define the corresponding open string polarization vectors ζi as

D·ξ1 ↔ ζ1, D·ξ2 ↔ ζ2, ξ3 ↔ ζ3, D·ξ3 ↔ ζ4, ξ2 ↔ ζ5, ξ1 ↔ ζ6. (3.32)

In general, an open string partial amplitude in terms of the closed string vertex operators
is defined similarly as in (3.12)

A(j1, . . . , jN ) ∼
∫ 1

0
dzjd

N∏
p=1

p ̸=a,b,c,d

∫
zj1≤zj2≤...≤zjN

dzjp

∑
I

N∏
i<k

|zji − zjk
|2ŝjijk (zji − zjk

)nI
jijkKI ,

(3.33)
but here the world sheet coordinates we are not integrating over are fixed to (zja , zjb

, zjc) =
(∞, 0, 1) and ji ∈ {1, . . . , N}. The general open string partial amplitude in (3.33) is related
to (3.12) by the PSL(2,R) transformation in (3.21) such that (zia , zib

, zic) → (zja , zjb
, zjc)

and zid
in (3.12) is mapped to zjd

.14 This allows us to write (3.19) in terms of only open
string subamplitudes

A = −A(3, 4, 1, 2, 5, 6) + eiπŝ35eiπŝ45A(1, 4, 3, 2, 5, 6) + eiπŝ35A(1, 4, 2, 3, 5, 6)
+A(1, 2, 4, 3, 5, 6) + A(1, 4, 2, 5, 3, 6) + eiπŝ35A(1, 2, 4, 5, 3, 6)
+eiπŝ35eiπŝ45A(1, 2, 5, 4, 3, 6), (3.34)

which are also given in table 3. Note, that while the representation of the amplitude (3.34)
explicitly exhibits the symmetry under permutations 3 ↔ 5 and 2 ↔ 4 the symmetries under
1 ↔ 2, 5 ↔ 6 and 1 ↔ 4, 3 ↔ 6 can only be seen after applying subamplitude relations.

14This holds up to the subtlety discussed above that some of the expressions of the form given in (3.12)
have to be combined in order to yield an open string subamplitude of (3.33), cf. (3.26).
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ξ̃ < η̃ < 0
ξ̃ < 0 −1

0 < η̃ < ξ̃

0 < ξ̃ < x eiπŝ35eiπŝ45

0 < η̃ < x x < η̃ < ξ̃

x < ξ̃ < 1 eiπŝ35 1

0 < η̃ < x x < η̃ < 1 1 < η̃ < ξ̃

1 < ξ̃ 1 eiπŝ35 eiπŝ35eiπŝ45

Table 3. Π(x, ξ̃, η̃) for each integration region in the (ξ̃, η̃)-plane.

For six open strings there are 120 open string subamplitudes15 with different colour
orderings in total, but in table 3 we have only 7 of the 120 subamplitudes. However, these
120 subamplitudes are not independent and we can apply the reflection and parity symmetry

A(1, 2, . . . , N − 1, N) = (−1)N A(N, N − 1, . . . , 2, 1) , (3.35)

which follows from the properties of the string world sheet, to reduce the number of
independent amplitudes from (N − 1)! down to 1

2(N − 1)!.
Furthermore, there is also an analogue of the dual Ward identity for the open string

partial amplitudes of the form (3.33) [18, 48]

0=A(j1, j2, . . . , jN−1, jN )+eiπŝ12A(j2, j1, j3, . . . , jN−1, jN )

+eiπ(ŝ12+ŝ13)A(j2, j3, j1, . . . , jN−1, jN )+. . .+eiπ(ŝ12+...+ŝ1N−1)A(j2, j3, . . . , jN−1, j1, jN ) ,

(3.36)

which can be derived similarly as (3.11). For more details on the dual Ward identities of
open strings, see reference [18]. With these relations it is possible to reduce the (N − 1)!
subamplitudes of an open string N -point function down to (N − 3)! independent partial
amplitudes: after using (3.35) for six open strings we would find 1

2(6−1)! = 60 subamplitudes.
Eventually, the monodromy relations in (3.36) allow us to express these remaining 60
subamplitudes in terms of only (N − 3)! = 6 [18, 48]. In fact, combining specific relations of
the sort (3.36) allows to express the first subamplitude of (3.34) in terms of the remaining
six as:

A(1, 2, 5, 6, 3, 4) = eiπ(ŝ36−ŝ14) A(1, 4, 2, 5, 3, 6) + eiπ(ŝ36−ŝ14−ŝ24) A(1, 2, 4, 5, 3, 6)

+ eiπ(ŝ36+ŝ34+ŝ46) A(1, 2, 5, 4, 3, 6) + eiπ(ŝ12−ŝ56) A(1, 2, 4, 3, 5, 6)

+ eiπ(ŝ12+ŝ24−ŝ56) A(1, 4, 2, 3, 5, 6) + e−iπ(ŝ25+ŝ26+ŝ56) A(1, 4, 3, 2, 5, 6) .

(3.37)
15For an N -point function of open strings there are (N − 1)! different colour ordered subamplitudes.

– 21 –



J
H
E
P
1
0
(
2
0
2
3
)
1
8
4

More precisely, by considering the following three monodromy relations

X1 := A(1, 2, 5, 6, 3, 4) + eiπŝ36 A(1, 2, 5, 3, 6, 4) + eiπ(ŝ36+ŝ46) A(1, 2, 5, 3, 4, 6)

+ eiπ(ŝ36+ŝ46+ŝ16) A(1, 6, 2, 5, 3, 4) + e−iπŝ56 A(1, 2, 6, 5, 3, 4) = 0 , (3.38)

X2 := A(1, 2, 5, 3, 6, 4) + eiπŝ14 A(1, 4, 2, 5, 3, 6) + eiπ(ŝ14+ŝ24) A(1, 2, 4, 5, 3, 6)

+ eiπ(ŝ14+ŝ24+ŝ45) A(1, 2, 5, 4, 3, 6) + e−iπŝ46 A(1, 2, 5, 3, 4, 6) = 0 , (3.39)

X3 := A(1, 4, 3, 5, 2, 6) + eiπŝ26 A(1, 4, 3, 5, 6, 2) + eiπ(ŝ12+ŝ26) A(1, 2, 4, 3, 5, 6)

+ eiπ(ŝ12+ŝ24+ŝ26) A(1, 4, 2, 3, 5, 6) + e−iπŝ25 A(1, 4, 3, 2, 5, 6) = 0 , (3.40)

and computing X1 − eiπŝ36X2 − eiπ(ŝ36+ŝ46+ŝ61)X3 yields (3.37) subject to cyclic symmetries
and reflection symmetry (3.35) of the partial amplitudes. Eventually, inserting (3.37)
into (3.34) gives:

A = 2i sin(πŝ35) A(1, 2, 4, 5, 3, 6) + 2i sin[π(ŝ35 + ŝ45)] A(1, 2, 5, 4, 3, 6) (3.41)
≡ 2i sin(πs23) A(1, 2, 3, 2, 3, 1) + 2i sin[π(s23 + s23)] A(1, 2, 2, 3, 3, 1) . (3.42)

Interestingly, the lowest order in α′ of (3.41) vanishes. Consequently the α′ expansion
of (3.41) only starts at the subleading order in α′, cf. also section 4.

After performing the PSL(2,R) transformation and using the monodromy relations for
open strings the integration regions in the (ξ̃, η̃)-plane for each of the partial amplitudes
are given by

A(1, 2, 3, 2, 3, 1): I1 =
{
(ξ̃, η̃) ∈ R2 | 1 < ξ̃ < ∞, x < η̃ < 1

}
,

A(1, 2, 2, 3, 3, 1): I2 =
{
(ξ̃, η̃) ∈ R2 | 1 < ξ̃ < ∞, 1 < η̃ < ξ̃

} (3.43)

and x ∈ R is always 0 < x < 1. We have written the scattering of three closed strings
on the disk in terms of a scattering process of six open strings on the disk. Moreover, we
could express the scattering of three closed strings in terms of only two independent partial
open string amplitudes instead of six as originally anticipated in [18]. Further, we have
explicitly shown the connection between open and closed strings by changing the vertex
operator position fixing from (−1, y, 1) to (0, 1,∞), which is more common for open string
scattering amplitudes and allows us to apply the methods presented in [31, 32]. Hence, for
the scattering of 3 NSNS states, we can immediately express the partial amplitudes in (3.42)
by using equation (2.5) in [32] (together with the identification (3.28) and including some
overall constants appropriate for our definition of the closed string amplitude) as

A(1, 2, 3, 2, 3, 1) = ig3
c Tp

∑
σ∈S3

AYM(1, 2σ, 3σ, 3σ, 2, 1)F (2σ3σ3σ)
I1

, (3.44)

A(1, 2, 2, 3, 3, 1) = ig3
c Tp

∑
σ∈S3

AYM(1, 2σ, 3σ, 3σ, 2, 1)F (2σ3σ3σ)
I2

, (3.45)

where σ ∈ S3 describes the permutation of the labels (2, 3, 3), which we are integrating over.
Plugging this into (3.42) we finally end up with

A=−2g3
c Tp

∑
σ∈S3

{
sin(πs23)F (2σ3σ3σ)

I1
+sin

[
π(s23+s23)

]
F

(2σ3σ3σ)
I2

}
AYM(1,2σ,3σ,3σ,2,1) .

(3.46)
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The functions F are given in (4.1) and AYM in appendix B below. In that appendix we also
give a detailed derivation how one can obtain the result in (3.46) from the CFT correlator
of three closed strings on the disk, i.e. we explicitly discuss the PSL(2,R) transformation of
the correlator and compute the contraction of the vertex operators with Wick’s theorem.
Furthermore, we are going to take the low energy limit of (3.42) in section 4. To do so we
relate the integrals F to low energy expansions of open string scattering amplitudes given
in [32].

We would like to stress that in the derivation of (3.42) we did not make any assumptions
about the three closed string states except that they are massless. Thus, formula (3.42)
holds completely generally and the closed string states could be either bosons or fermions
(i.e. in the language of the RNS theory, they could be from any of the four sectors, NSNS,
RR, RNS or NSR). In the general case the open string amplitudes would then involve
both gluons and gluinos. Also formula (3.46) should generalize to that general case when
replacing the YM amplitudes by the appropriate SYM amplitudes.

Note, that our result (3.42) describes the disk amplitude of three closed strings. In
contrast, in [18] the scattering of three closed strings has been considered on the double
cover, which incorporates manifest symmetry between left- and right-movers. The resulting
string amplitude can be found in eq. (3.65) of [18] and reads in terms of closed string labels:

A(1,2,3)= sin(πs23) A(1,2,3,2,3,1)+sin(πs23) A(1,2,3,2,3,1)
+sin(πs13)

[
A(1,2,2,3,1,3)+A(1,2,2,3,1,3)

]
+
(
sin
[
π
(
s23+s23

)]
+sin

[
π
(
s13+s13

)] ) [
A(1,2,2,3,3,1)+A(1,2,2,3,3,1)

]
.

(3.47)

Let us discuss the connection between (3.47) and (3.42) for a specific kinematical config-
uration of three closed strings. Imposing (by hand) on (3.42) the symmetries 3 ↔ 3 (i.e.
3 ↔ 4 at the open string sector) and 2 ↔ 2 (i.e. 2 ↔ 5 at the open string sector) yields the
expression:

AS2 := 2i sin(πs23) A(1, 1, 2, 3, 2, 3) + 2i sin[π(s23 + s23)] A(1, 1, 2, 2, 3, 3)
+ 2i sin(πs23) A(1, 1, 2, 3, 2, 3) + 2i sin[π(s23 + s23)] A(1, 1, 2, 2, 3, 3)
+ 2i sin(πs23) A(1, 1, 2, 3, 2, 3) + 2i sin[π(s23 + s23)] A(1, 1, 2, 2, 3, 3)
+ 2i sin(πs23) A(1, 1, 2, 3, 2, 3) + 2i sin[π(s23 + s23)] A(1, 1, 2, 2, 3, 3) . (3.48)

By applying six-point open string monodromy relations subject to (3.8)–(3.10) it can
be shown that the two expressions (3.47) and (3.48) agree up to an overall factor, i.e.
AS2 = 2i A(1, 2, 3). This gives for each concrete kinematical factor the link between the
world-sheet integrations on the disk and those on its double cover.

The symmetrization is equivalent to extending the integration regions of y and η in (3.5)
to [0, 1] and ]−∞,∞[, respectively. The resulting integrals miss some poles that are present
when working on the disk. We give more details on this in appendix E and we come back
to the pole structure of our result in section 4.2.
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4 Low energy expansion and effective action

4.1 Expansion in inverse string tension α′

In this subsection we shall evaluate the α′-expansion of the amplitude (3.42), building on
the results of [32]. More concretely, the two integrals in (3.44) and (3.45)

F
(2σ3σ3σ)
In

= −
∫
In

dz2 dz3 dz3

(∏
i<j

|zij |sij

)
s12σ

z12σ

s3σ2
z3σ2

(
s13σ

z13σ

+
s2σ3σ

z2σ3σ

)
, σ ∈ S3, n = 1, 2 ,

(4.1)
which are integrated over the two domains (3.43), need to be expressed in terms of a power
series w.r.t. small α′. The six permutations σ ∈ S3 act on the three labels 2, 3 and 3 as
iσ := σ(i). In (4.1) the two domains (3.43)

I1 : z1̄ < z2̄ < z3̄ < z2 < z3 < z1 ,

I2 : z1̄ < z2̄ < z2 < z3̄ < z3 < z1 , (4.2)

are subject to the fixing
z1̄ = 0 , z2 = 1 , z1 = ∞ , (4.3)

which may be rescinded by introducing the volume of the conformal Killing group:

F
(2σ3σ3σ)
In

= −V −1
CKG

∫
In

dzi

(∏
i<j

|zij |sij

)
1

z1̄2z1̄1z21

s12σ

z12σ

s3σ2
z3σ2

(
s13σ

z13σ

+
s2σ3σ

z2σ3σ

)
, σ ∈ S3 .

(4.4)
In view of (4.2), a more suitable gauge choice would be

z1̄ = 0 , z3 = 1 , z1 = ∞ , (4.5)

leading to:

F
(2σ3σ3σ)
In

= −
∫
In

dz2 dz2 dz3̄
z1̄3
z1̄2

(∏
i<j

|zij |sij

)
s12σ

z12σ

s3σ2
z3σ2

(
s13σ

z13σ

+
s2σ3σ

z2σ3σ

)
, σ ∈ S3 .

(4.6)
After introducing the maps

I1, φ1 : (1̄, 2̄, 3̄, 2, 3, 1) 7→ (1, 2, 3, 4, 5, 6) ,

I2, φ2 : (1̄, 2̄, 2, 3̄, 3, 1) 7→ (1, 2, 3, 4, 5, 6) ,
(4.7)

we may cast (4.6) into the following form

F
(2σ3σ3σ)
In

=


F (φ1(2̄σ)φ1(3σ),φ1(3σ),4)

∣∣∣
ŝij→φ−1

1 (ŝij)
, n = 1 ,

F (φ2(2̄σ)φ2(3σ),φ2(3σ),3)
∣∣∣
ŝij→φ−1

2 (ŝij)
, n = 2 ,

(4.8)
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with:

F (2σ ,3σ ,5σ ,4) = −
∫

0<z2<z3<z4<1

dz2 dz3 dz4

(∏
i<j

|zij |ŝij

)
1

z41

ŝ12σ

z12σ

ŝ45σ

z5σ4

(
ŝ13σ

z13σ

+ ŝ2σ3σ

z2σ3σ

)
,

F (2σ ,4σ ,5σ ,3) = −
∫

0<z2<z3<z4<1

dz2 dz3 dz4

(∏
i<j

|zij |ŝij

)
1

z31

ŝ12σ

z12σ

ŝ35σ

z5σ3

(
ŝ14σ

z14σ

+ ŝ2σ4σ

z2σ4σ

)
,

(4.9)
respectively. In (4.8) the inverse map φ−1

i of (4.7) acts on the six-point kinematic invariants
ŝij to be specified below in (4.14) and (4.15). The pair of six functions F (abc4) and F (abc3)

defined in (4.9) corresponds to a subset of the extended set of 24 functions introduced
in [32], respectively relevant for the six point open superstring amplitude for canonical color
ordering (1, 2, 3, 4, 5, 6). The integrals integrate to triple hypergeometric functions. In fact,
thanks to some (dual) monodromy relations all these 24 functions can be expressed in terms
of a six-dimensional basis F (abc) ≡ F (abc5) as (with K∗

i = (Kt
i )−1) [32]

F (2354)

F (3254)

F (5324)

F (3524)

F (5234)

F (2534)


= K∗

1



F (234)

F (324)

F (432)

F (342)

F (423)

F (243)


,



F (2453)

F (4253)

F (5423)

F (4523)

F (5243)

F (2543)


= K∗

2



F (234)

F (324)

F (432)

F (342)

F (423)

F (243)


, (4.10)

respectively. The 6 × 6 matrices Ki follow from the corresponding (dual) subamplitude
relations and are given by [32]

(K1)σ
π = ŝ−1

46



ŝ5−ŝ123 0 0 0 ŝ14 −d̂1

0 ŝ5−ŝ123 ŝ14 ŝ3+ŝ14 0 0
ŝ1ŝ4d̂0
ŝ15ŝ246

ŝ4ŝ13(ŝ25−ŝ46)
ŝ15ŝ246

−ŝ13ŝ14ŝ25
ŝ15ŝ246

−ŝ13ŝ25(ŝ3+ŝ14)
ŝ15ŝ246

ŝ14(ŝ46−ŝ1)d̂0
ŝ15ŝ246

ŝ1(ŝ3+ŝ4)d̂0
ŝ15ŝ246

−ŝ1ŝ4
ŝ246

−ŝ4(ŝ1+ŝ2)
t̂246

ŝ14d̂4
ŝ246

(ŝ14+ŝ3)d̂4
ŝ246

ŝ14(ŝ1−ŝ46)
ŝ246

−ŝ1(ŝ3+ŝ4)
ŝ246

ŝ1ŝ4(ŝ35−ŝ46)
ŝ15ŝ125

ŝ4ŝ13d̂3
ŝ15ŝ125

(ŝ46−ŝ13)d̂3ŝ14
ŝ15ŝ125

(ŝ4+ŝ24)ŝ13d̂3
ŝ15ŝ125

−ŝ1ŝ14ŝ35
ŝ15ŝ125

ŝ1ŝ35d̂1
ŝ15ŝ125

ŝ4(ŝ1−t̂1)
ŝ125

−ŝ4ŝ13
ŝ125

ŝ14(ŝ13−ŝ46)
ŝ125

−ŝ13(ŝ4+ŝ24)
ŝ125

−ŝ14d̂2
ŝ125

d̂1d̂2
ŝ125


(4.11)

and:

(K2)σ
π = ŝ−1

36



ŝ123−ŝ1 ŝ13 0 0 0 d̂14

0 0 ŝ3+ŝ13 ŝ13 d̂14 0
ŝ1(ŝ345−ŝ4)d̂13

ŝ145ŝ15

(ŝ36−ŝ1)ŝ13d̂13
ŝ145ŝ15

−(ŝ3+ŝ13)ŝ14ŝ25
ŝ145ŝ15

−ŝ13ŝ14ŝ25
ŝ145ŝ15

d̂8ŝ14ŝ35
ŝ145ŝ15

ŝ1ŝ35d̂13
ŝ145ŝ15

ŝ1(ŝ4−ŝ345)
ŝ145

(ŝ1−ŝ36)ŝ13
ŝ145

(ŝ3+ŝ13)d̂5
ŝ145

ŝ13d̂5
ŝ145

−(ŝ1+ŝ24)ŝ35
ŝ145

−ŝ1ŝ35
ŝ145

ŝ1ŝ4(ŝ1−ŝ123)
ŝ125ŝ15

−ŝ1ŝ4ŝ13
ŝ125ŝ15

ŝ14(ŝ2+ŝ35)d̂3
ŝ125ŝ15

ŝ13d̂3d̂7
ŝ125ŝ15

ŝ14ŝ35d̂3
ŝ125ŝ15

ŝ1(ŝ4−ŝ36)ŝ35
ŝ125ŝ15

(ŝ123−ŝ1)d̂6
ŝ125

ŝ13d̂6
ŝ125

−ŝ14(ŝ2+ŝ35)
ŝ125

−d̂7ŝ13
ŝ125

−ŝ14ŝ35
ŝ125

d̂1ŝ35
ŝ125


(4.12)

In the above matrices we have introduced d̂0 = ŝ15 + ŝ35, d̂1 = ŝ3 − ŝ5 + ŝ123, d̂2 =
ŝ1−ŝ4−ŝ5, d̂3 = ŝ3−ŝ5−ŝ345, d̂4 = ŝ4+ŝ5−ŝ13, d̂5 = ŝ1+ŝ24−ŝ36, d̂6 = −ŝ1+ŝ5+ŝ35, d̂7 =
ŝ1 − ŝ5 + ŝ24 − ŝ35, d̂8 = ŝ6 − ŝ4 + ŝ13 − ŝ24, d̂13 = ŝ15 + ŝ45, d̂14 = ŝ123 − ŝ1 + ŝ3 and
ŝijk = ŝij + ŝik + ŝjk.
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Let us now turn to the α′-expansion of the six integrals (4.1) and likewise the α′-
expansion of twelve integrals (4.8) specified by (4.9). With the above preparations the latter
are expressed by the α′-expansion of the six functions F (abc) as:



F
(2̄3̄3)
Ii

F
(3̄2̄3)
Ii

F
(33̄2̄)
Ii

F
(3̄32̄)
Ii

F
(32̄3̄)
Ii

F
(2̄33̄)
Ii


= K∗

i



F (234)

F (324)

F (432)

F (342)

F (423)

F (243)



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ŝij→φ−1

i (ŝij)

, i = 1, 2 . (4.13)

Note, that the inverse maps φ−1
i act on the six-point kinematic invariants ŝij as follows

φ−1
1 :



ŝ12 7→ s12
ŝ23 7→ s23, ŝ123 7→ s12 + s23 + s13,

ŝ34 7→ s23̄, ŝ234 7→ s23 + s23̄ + s22̄,

ŝ45 7→ s23, ŝ345 7→ s23 + s23̄ + s33̄,

ŝ56 7→ s13,

ŝ61 7→ s11̄,

(4.14)

and

φ−1
2 :



ŝ12 7→ s12
ŝ23 7→ s22̄, ŝ123 7→ s12 + s12̄ + s22̄,

ŝ34 7→ s23̄, ŝ234 7→ s23 + s23̄ + s22̄,

ŝ45 7→ s33̄, ŝ345 7→ s23 + s23̄ + s33̄,

ŝ56 7→ s13,

ŝ61 7→ s11̄,

(4.15)

respectively subject to the constraints (3.8)–(3.10). The methods to find the low energy
expansion of the latter has been pioneered in [49] and subsequently been applied and
systematized in [50, 51]. By applying these techniques we find, cf. also [32]:

F (234) =1−ζ2 (s45s56+s12s61−s45s123−s12s345+s123s345)+ζ3(. . .)+O(α′4) , (4.16)

F (324) =−ζ2 s13(s23−s61+s345)+ζ3(. . .)+O(α′4) (4.17)

F (432) =−ζ2 s14s25+ζ3 s14s25 (−s23−s34+s56+s61+s123+s234+s345)+O(α′4) , (4.18)

F (342) = ζ2 s13s25+ζ3 s13s25 (−s12+s23+2s34−s16−s123−2s234−s345)+O(α′4) , (4.19)

F (423) = ζ2 s14s35+ζ3 s14s35 (2s23+s34−s45−s56−s123−2s234−s345)+O(α′4) ,

(4.20)

F (243) =−ζ2 s35(s34−s56+s123)+ζ3 s35 [−2s12s23−2s12s34+s2
34+s34s45−s45s56

−s2
56+s123(2s23+s45+s123)+2s12s234+s345(s34−s56+s123)]+O(α′4) . (4.21)
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Eventually, in (3.44) and (3.45) the required combination of (4.13) comprises

sin(πs23)



F
(2̄3̄3)
I1

F
(3̄2̄3)
I1

F
(33̄2̄)
I1

F
(3̄32̄)
I1

F
(32̄3̄)
I1

F
(2̄33̄)
I1


+sin[π(s23+s23̄)]



F
(2̄3̄3)
I2

F
(3̄2̄3)
I2

F
(33̄2̄)
I2

F
(3̄32̄)
I2

F
(32̄3̄)
I2

F
(2̄33̄)
I2


=

=π



0

s23

0

s23+s23̄

0

0



+πζ2



−s12s23 (s13 +s13̄−s23̄)

s23[s2
12 +s12s12̄ +s12s13 +s12̄s13 +s2

13 +s13s13̄ +2s12s23 +s12̄s23 +s13s23 +s2
23 +s12s23̄ +s23s23̄]

−s13̄(s12s23 +s12̄s23−s23s23̄−s2
23̄)

(s23 +s23̄)[s2
12 +s12s12̄ +s2

13 +s13s13̄ +2s12s23 +s12̄s23 +s13s23 +s2
23 +(s12 +s23)s23̄]+s13s23(s12 +s12̄)

s13̄s2
23̄

−s12s2
23̄



+πζ3



s12s23[(s13−s13̄)(s13 +s13̄ +s23)−(s12 +2s12̄)(s13 +s13̄−s23̄)−s23s23̄ +s2
23̄]

. . .

s13̄

[
s2

12s23−s2
12̄s23−s12̄s23(s13 +2s13̄ +s23)+2s12̄s2

23̄ +s23̄(s23 +s23̄)(s13 +2s13̄ +s23 +2s23̄)+s12(−s13s23

−2s13̄s23 +s2
23 +2s23s23̄ +2s2

23̄)
]

. . .

s13̄s23̄ [2s12(s23 +s23̄)+s23̄(2s12̄ +s13 +2s13̄ +s23 +2s23̄)]

−s12s23̄ [s13̄(−2s23 +s23̄)+s23̄(s12 +2s12̄ +s13−s23 +s23̄)]


+O(α′5) , (4.22)

after inserting (4.16)–(4.21).
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⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇠ O(k0)
<latexit sha1_base64="F/Otik51WlGwof5u51dxVmx2NMg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREKnosePFmBfsBTSyb7bZdutmE3Y0QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXhBzprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmFzP/M4jlYpF4l6nMfVDPBJsyAjWRurbZU+xEGUewRzdTlF18uCc9e2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4UhHaJYEGjBJieapIZhIZm5FZIwlJtrkVTIhuMsvr5L2ec2t1y7u6pVGI4+jCMdwAlVw4RIacANNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz/MtpOR</latexit>

O(k)
<latexit sha1_base64="oowzo3a5vjewrwxfbK8YojkLGBw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF29WsB/QhDLZbtulm03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDvz209MaR7LRzNJWBDhUPIBp2is5Gc+RUHup6QyvuiVym7VnYOsEi8nZcjR6JW+/H5M04hJQwVq3fXcxAQZKsOpYNOin2qWIB3jkHUtlRgxHWTzm6fk3Cp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0LqterXr1UCvX63kcBTiFM6iAB9dQhztoQBMoJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBpmiQxw==</latexit>

O(k)
<latexit sha1_base64="oowzo3a5vjewrwxfbK8YojkLGBw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF29WsB/QhDLZbtulm03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDvz209MaR7LRzNJWBDhUPIBp2is5Gc+RUHup6QyvuiVym7VnYOsEi8nZcjR6JW+/H5M04hJQwVq3fXcxAQZKsOpYNOin2qWIB3jkHUtlRgxHWTzm6fk3Cp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0LqterXr1UCvX63kcBTiFM6iAB9dQhztoQBMoJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBpmiQxw==</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

O(k2)
<latexit sha1_base64="NCALNSai3ics80/4C3sFGZkKfKk=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHok8eJNTARMYCHd0oWGbrtpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqhwBrypmgTcMMpw+xojgKOG0H4+uZ336kSjMp7s0kpn6Eh4KFjGBjpV7aJZij2ykqj3vV836x5FbcOdAq8TJSggyNfvGrO5AkiagwhGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKnBEtZ/Or56iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif14nMeGVnzIRJ4YKslgUJhwZiWYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSqla8WuXirlaq17M48nACp1AGDy6hDjfQgCYQUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kD0ueRaw==</latexit>

⇠ O(k0)
<latexit sha1_base64="F/Otik51WlGwof5u51dxVmx2NMg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREKnosePFmBfsBTSyb7bZdutmE3Y0QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXhBzprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmFzP/M4jlYpF4l6nMfVDPBJsyAjWRurbZU+xEGUewRzdTlF18uCc9e2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4UhHaJYEGjBJieapIZhIZm5FZIwlJtrkVTIhuMsvr5L2ec2t1y7u6pVGI4+jCMdwAlVw4RIacANNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz/MtpOR</latexit>

O(k)
<latexit sha1_base64="oowzo3a5vjewrwxfbK8YojkLGBw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF29WsB/QhDLZbtulm03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDvz209MaR7LRzNJWBDhUPIBp2is5Gc+RUHup6QyvuiVym7VnYOsEi8nZcjR6JW+/H5M04hJQwVq3fXcxAQZKsOpYNOin2qWIB3jkHUtlRgxHWTzm6fk3Cp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0LqterXr1UCvX63kcBTiFM6iAB9dQhztoQBMoJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBpmiQxw==</latexit>

O(k)
<latexit sha1_base64="oowzo3a5vjewrwxfbK8YojkLGBw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF29WsB/QhDLZbtulm03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDvz209MaR7LRzNJWBDhUPIBp2is5Gc+RUHup6QyvuiVym7VnYOsEi8nZcjR6JW+/H5M04hJQwVq3fXcxAQZKsOpYNOin2qWIB3jkHUtlRgxHWTzm6fk3Cp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0LqterXr1UCvX63kcBTiFM6iAB9dQhztoQBMoJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBpmiQxw==</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

Figure 3. Degeneration limits with no vertex collisions.

4.2 Some interpretational remarks

As can be seen from (B.17) together with (B.18)–(B.20), our result displays a rich structure
of poles. These can be understood as coming from the boundaries of moduli space where
vertex operators approach each other or the boundary of the disk, respectively. We do
not discuss the pole-structure in detail, but the relevant regions in moduli space can be
depicted graphically as in figures 3–5, which are the analogs of figure 2 in [10]. All the
corresponding contributions scale as O(k0) at the leading order in an expansion for small
momenta, where k stands schematically for some combination of the external momenta.

The dotted lines stand for the propagation of massless open string excitations of the
D-branes, i.e. either of the position scalars Xi or the vector fields Aa living on the D-brane
world-volume. The dashed lines on the other hand represent the propagation of massless
closed string excitations. Depending on the choice of external states, these could be a
dilaton, a graviton, a Kalb-Ramond B-field or an RR field. However, if the external states
are all dilaton and graviton excitations, the same also holds for the internal (dashed) lines.
Given that the propagating fields are all massless, their propagators all scale as O(k−2)
with some combination of external momenta. In order to understand the scaling of the
vertices in the figures 3–5, one has to perform an analysis as in [9] and [19]. The vertices in
the bulk (i.e. off the D-brane) can be read off from the bulk action in the Einstein-frame,

SNS−NS =
∫

d10x
√
−g

[ 1
2κ2 R − 1

2(∇ϕ)2 − 3
2e−

√
2κϕH2

]
+ . . . , (4.23)
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⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

O(k2)
<latexit sha1_base64="NCALNSai3ics80/4C3sFGZkKfKk=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHok8eJNTARMYCHd0oWGbrtpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqhwBrypmgTcMMpw+xojgKOG0H4+uZ336kSjMp7s0kpn6Eh4KFjGBjpV7aJZij2ykqj3vV836x5FbcOdAq8TJSggyNfvGrO5AkiagwhGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKnBEtZ/Or56iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif14nMeGVnzIRJ4YKslgUJhwZiWYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSqla8WuXirlaq17M48nACp1AGDy6hDjfQgCYQUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kD0ueRaw==</latexit>

⇠ O(k0)
<latexit sha1_base64="F/Otik51WlGwof5u51dxVmx2NMg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREKnosePFmBfsBTSyb7bZdutmE3Y0QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXhBzprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmFzP/M4jlYpF4l6nMfVDPBJsyAjWRurbZU+xEGUewRzdTlF18uCc9e2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4UhHaJYEGjBJieapIZhIZm5FZIwlJtrkVTIhuMsvr5L2ec2t1y7u6pVGI4+jCMdwAlVw4RIacANNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz/MtpOR</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

O(k0)
<latexit sha1_base64="ClH2swxwU8Pu+5rBsXWc0fH0uGQ=">AAAB9XicbVBNSwMxEJ3Ur1q/qh69BItQL2VXKnosePFmBfsB7bZk02wbms0uSVYpS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZ58eCa+M43yi3tr6xuZXfLuzs7u0fFA+PmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byxzczv/XIlOaRfDCTmHkhGUoecEqMlXpplxKB76a4PO455/1iyak4c+BV4makBBnq/eJXdxDRJGTSUEG07rhObLyUKMOpYNNCN9EsJnRMhqxjqSQh0146v3qKz6wywEGkbEmD5+rviZSEWk9C33aGxIz0sjcT//M6iQmuvZTLODFM0sWiIBHYRHgWAR5wxagRE0sIVdzeiumIKEKNDapgQ3CXX14lzYuKW61c3ldLtVoWRx5O4BTK4MIV1OAW6tAACgqe4RXe0BN6Qe/oY9GaQ9nMMfwB+vwBz92RaQ==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

O(k2)
<latexit sha1_base64="NCALNSai3ics80/4C3sFGZkKfKk=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHok8eJNTARMYCHd0oWGbrtpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqhwBrypmgTcMMpw+xojgKOG0H4+uZ336kSjMp7s0kpn6Eh4KFjGBjpV7aJZij2ykqj3vV836x5FbcOdAq8TJSggyNfvGrO5AkiagwhGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKnBEtZ/Or56iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif14nMeGVnzIRJ4YKslgUJhwZiWYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSqla8WuXirlaq17M48nACp1AGDy6hDjfQgCYQUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kD0ueRaw==</latexit>

⇠ O(k0)
<latexit sha1_base64="F/Otik51WlGwof5u51dxVmx2NMg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREKnosePFmBfsBTSyb7bZdutmE3Y0QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXhBzprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmFzP/M4jlYpF4l6nMfVDPBJsyAjWRurbZU+xEGUewRzdTlF18uCc9e2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4UhHaJYEGjBJieapIZhIZm5FZIwlJtrkVTIhuMsvr5L2ec2t1y7u6pVGI4+jCMdwAlVw4RIacANNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz/MtpOR</latexit>

O(k)
<latexit sha1_base64="oowzo3a5vjewrwxfbK8YojkLGBw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF29WsB/QhDLZbtulm03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDvz209MaR7LRzNJWBDhUPIBp2is5Gc+RUHup6QyvuiVym7VnYOsEi8nZcjR6JW+/H5M04hJQwVq3fXcxAQZKsOpYNOin2qWIB3jkHUtlRgxHWTzm6fk3Cp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0LqterXr1UCvX63kcBTiFM6iAB9dQhztoQBMoJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBpmiQxw==</latexit>

O(k)
<latexit sha1_base64="oowzo3a5vjewrwxfbK8YojkLGBw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF29WsB/QhDLZbtulm03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDvz209MaR7LRzNJWBDhUPIBp2is5Gc+RUHup6QyvuiVym7VnYOsEi8nZcjR6JW+/H5M04hJQwVq3fXcxAQZKsOpYNOin2qWIB3jkHUtlRgxHWTzm6fk3Cp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0LqterXr1UCvX63kcBTiFM6iAB9dQhztoQBMoJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBpmiQxw==</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

Figure 4. Degeneration limits with one vertex collision.

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit> ⇥

<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

O(k2)
<latexit sha1_base64="NCALNSai3ics80/4C3sFGZkKfKk=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHok8eJNTARMYCHd0oWGbrtpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqhwBrypmgTcMMpw+xojgKOG0H4+uZ336kSjMp7s0kpn6Eh4KFjGBjpV7aJZij2ykqj3vV836x5FbcOdAq8TJSggyNfvGrO5AkiagwhGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKnBEtZ/Or56iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif14nMeGVnzIRJ4YKslgUJhwZiWYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSqla8WuXirlaq17M48nACp1AGDy6hDjfQgCYQUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kD0ueRaw==</latexit>

⇠ O(k0)
<latexit sha1_base64="F/Otik51WlGwof5u51dxVmx2NMg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREKnosePFmBfsBTSyb7bZdutmE3Y0QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXhBzprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmFzP/M4jlYpF4l6nMfVDPBJsyAjWRurbZU+xEGUewRzdTlF18uCc9e2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4UhHaJYEGjBJieapIZhIZm5FZIwlJtrkVTIhuMsvr5L2ec2t1y7u6pVGI4+jCMdwAlVw4RIacANNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz/MtpOR</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

O(k0)
<latexit sha1_base64="ClH2swxwU8Pu+5rBsXWc0fH0uGQ=">AAAB9XicbVBNSwMxEJ3Ur1q/qh69BItQL2VXKnosePFmBfsB7bZk02wbms0uSVYpS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZ58eCa+M43yi3tr6xuZXfLuzs7u0fFA+PmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byxzczv/XIlOaRfDCTmHkhGUoecEqMlXpplxKB76a4PO455/1iyak4c+BV4makBBnq/eJXdxDRJGTSUEG07rhObLyUKMOpYNNCN9EsJnRMhqxjqSQh0146v3qKz6wywEGkbEmD5+rviZSEWk9C33aGxIz0sjcT//M6iQmuvZTLODFM0sWiIBHYRHgWAR5wxagRE0sIVdzeiumIKEKNDapgQ3CXX14lzYuKW61c3ldLtVoWRx5O4BTK4MIV1OAW6tAACgqe4RXe0BN6Qe/oY9GaQ9nMMfwB+vwBz92RaQ==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit> O(k2)

<latexit sha1_base64="NCALNSai3ics80/4C3sFGZkKfKk=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHok8eJNTARMYCHd0oWGbrtpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqhwBrypmgTcMMpw+xojgKOG0H4+uZ336kSjMp7s0kpn6Eh4KFjGBjpV7aJZij2ykqj3vV836x5FbcOdAq8TJSggyNfvGrO5AkiagwhGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKnBEtZ/Or56iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif14nMeGVnzIRJ4YKslgUJhwZiWYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSqla8WuXirlaq17M48nACp1AGDy6hDjfQgCYQUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kD0ueRaw==</latexit>

⇠ O(k0)
<latexit sha1_base64="F/Otik51WlGwof5u51dxVmx2NMg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREKnosePFmBfsBTSyb7bZdutmE3Y0QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXhBzprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmFzP/M4jlYpF4l6nMfVDPBJsyAjWRurbZU+xEGUewRzdTlF18uCc9e2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4UhHaJYEGjBJieapIZhIZm5FZIwlJtrkVTIhuMsvr5L2ec2t1y7u6pVGI4+jCMdwAlVw4RIacANNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz/MtpOR</latexit>

O(k�2)
<latexit sha1_base64="t6C+R3T/a4/Mpla9yfwSF1+0mJU=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0WoB0tSKnosePFmBfsBbSyb7bZdutmE3Y1SYn6KFw+KePWXePPfuG1z0NYHA4/3ZpiZ50ecKe0439bK6tr6xmZuK7+9s7u3bxcOmiqMJaENEvJQtn2sKGeCNjTTnLYjSXHgc9ryx1dTv/VApWKhuNOTiHoBHgo2YARrI/XsQtIlmKObFJXG98lZJT3t2UWn7MyAlombkSJkqPfsr24/JHFAhSYcK9VxnUh7CZaaEU7TfDdWNMJkjIe0Y6jAAVVeMjs9RSdG6aNBKE0JjWbq74kEB0pNAt90BliP1KI3Ff/zOrEeXHoJE1GsqSDzRYOYIx2iaQ6ozyQlmk8MwUQycysiIywx0SatvAnBXXx5mTQrZbdaPr+tFmu1LI4cHMExlMCFC6jBNdShAQQe4Rle4c16sl6sd+tj3rpiZTOH8AfW5w+FSZLf</latexit>

O(k0)
<latexit sha1_base64="ClH2swxwU8Pu+5rBsXWc0fH0uGQ=">AAAB9XicbVBNSwMxEJ3Ur1q/qh69BItQL2VXKnosePFmBfsB7bZk02wbms0uSVYpS/+HFw+KePW/ePPfmLZ70NYHA4/3ZpiZ58eCa+M43yi3tr6xuZXfLuzs7u0fFA+PmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byxzczv/XIlOaRfDCTmHkhGUoecEqMlXpplxKB76a4PO455/1iyak4c+BV4makBBnq/eJXdxDRJGTSUEG07rhObLyUKMOpYNNCN9EsJnRMhqxjqSQh0146v3qKz6wywEGkbEmD5+rviZSEWk9C33aGxIz0sjcT//M6iQmuvZTLODFM0sWiIBHYRHgWAR5wxagRE0sIVdzeiumIKEKNDapgQ3CXX14lzYuKW61c3ldLtVoWRx5O4BTK4MIV1OAW6tAACgqe4RXe0BN6Qe/oY9GaQ9nMMfwB+vwBz92RaQ==</latexit>

O(k2)
<latexit sha1_base64="NCALNSai3ics80/4C3sFGZkKfKk=">AAAB9XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLMHok8eJNTARMYCHd0oWGbrtpuxqy4X948aAxXv0v3vw3FtiDgi+Z5OW9mczMC2LOtHHdbye3tr6xuZXfLuzs7u0fFA+PWlomitAmkVyqhwBrypmgTcMMpw+xojgKOG0H4+uZ336kSjMp7s0kpn6Eh4KFjGBjpV7aJZij2ykqj3vV836x5FbcOdAq8TJSggyNfvGrO5AkiagwhGOtO54bGz/FyjDC6bTQTTSNMRnjIe1YKnBEtZ/Or56iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif14nMeGVnzIRJ4YKslgUJhwZiWYRoAFTlBg+sQQTxeytiIywwsTYoAo2BG/55VXSqla8WuXirlaq17M48nACp1AGDy6hDjfQgCYQUPAMr/DmPDkvzrvzsWjNOdnMMfyB8/kD0ueRaw==</latexit>

Figure 5. Degeneration limits with two vertex collisions. In the upper diagram the three vertex
operators approach each other at a uniform pace whereas in the lower diagram the lower two vertex
operators collide first and are then approached by the third one.
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where the Einstein-frame metric gµν is related to the string-frame metric via Gµν = eΦ/2gµν ,
the dots stand for higher derivative α′-corrections and we restricted to the fields from
the NSNS-sector (in the RNS formalism). Given that all the terms involve at least two
derivatives, the bulk vertices scale as O(k2). The same holds true when including the
RR-fields in the discussion.

The vertices on the brane can be read off from the DBI-action

SDBI = −Tp

∫
dp+1σ Tr

(
e

p−3
4 Φ

√
−det(g̃ab + e−Φ/2B̃ab + 2πℓ2

s e−Φ/2Fab)
)

(4.24)

with
g̃ab = gab + 2gi(a∂b)X

i + gij∂aXi∂bX
j (4.25)

the pull-back of the bulk metric in the Einstein-frame and there is an analogous formula
to (4.25) for the pull-back of the Kalb-Ramond B-field. At leading order the number of
derivatives in the interaction vertices is directly related to the number of open string legs
attached to the vertex, i.e. O(kn) for a vertex with n open string legs, cf. eqs. (6)-(11) and
(21) in [19]. As explained there, this relation arises either directly from the terms in the
DBI action (4.24), including the pull-back prescription (4.25), or from Taylor-expansion of
the closed string fields in the transverse D-brane coordinates.

We should also mention that in the case of a stack of several D-branes describing
a non-Abelian gauge group the DBI action (4.24) receives additional terms involving
commutators of the non-Abelian D-brane scalars, cf. [52]. Moreover, in the non-Abelian
case the pullback (4.25) has to be performed with the covariant derivative of the D-brane
scalars, cf. [53]. However, all the open string excitations propagating along the D-branes in
figures 3 and 4 are U(1) or center-of-mass fluctuations, given that they couple linearly to
external closed strings [19]. This is also the reason why we do not have any contribution
from the degeneration shown in figure 6. As verified explicitly in section 3 of [19], there is
no non-vanishing 3-point vertex for the U(1) or center-of-mass fluctuations on the D-branes.
As a consequence, the closed string disk amplitude should exhibit only terms with at most
two poles. For simplicity we just consider the subset of terms containing no contractions of
momenta with polarization tensors (for external states from the NSNS sector). At leading
order in the α′ expansion we indeed find

lim
α′→0

A
∣∣∣
ζi·kj→0

=

g3
c Tp

[
−
(

s12s13 − s13s23 − s12(s13 + s23)
s11s23

+ s12s13
s23(s12 + s13 + s23)

)
Tr(D·ϵ1) Tr(ϵT

2 ·ϵ3)

−s23 Tr(ϵ1·ϵT
2 ·D·ϵT

3 )
s12 + s13 + s23

− s23 Tr(ϵ1·ϵT
3 ·D·ϵT

2 )
s12 + s13 + s23

+ (s12 + s13)
s11

Tr(D·ϵ1) Tr(D·ϵ2·D·ϵ3)

+1
3 Tr(ϵ1·D·ϵ2·D·ϵ3·D) + 1

3 Tr(ϵT
1 ·D·ϵT

2 ·D·ϵT
3 ·D)

+
(
1
3 + s12 + s13 − s23

2s11
+ s12s13

s22s33
+ s11(s12 + s13 + s23)

4s22s33

)
Tr(D·ϵ1) Tr(D·ϵ2) Tr(D·ϵ3)

]
+{1 ↔ 2}+ {1 ↔ 3} . (4.26)
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⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇥
<latexit sha1_base64="DFN4sfNhBNG+B7awRb3y/Saos6c=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9FxE2/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxW1S/xsfu2UnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMNrPxMqSZErtlgUppJgTGavk4HQnKGcWEKZFvZWwkZUU4Y2oJINwVt+eZW0LqperXp5X6vUb/I4inACp3AOHlxBHe6gAU1g8AjP8ApvTuy8OO/Ox6K14OQzx/AHzucPuMOPPA==</latexit>

⇠ O(k0)
<latexit sha1_base64="F/Otik51WlGwof5u51dxVmx2NMg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCvZREKnosePFmBfsBTSyb7bZdutmE3Y0QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXhBzprTjfFuFtfWNza3idmlnd2//wD48aqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmFzP/M4jlYpF4l6nMfVDPBJsyAjWRurbZU+xEGUewRzdTlF18uCc9e2KU3PmQKvEzUkFcjT79pc3iEgSUqEJx0r1XCfWfoalZoTTaclLFI0xmeAR7RkqcEiVn82Pn6JTowzQMJKmhEZz9fdEhkOl0jAwnSHWY7XszcT/vF6ih1d+xkScaCrIYtEw4UhHaJYEGjBJieapIZhIZm5FZIwlJtrkVTIhuMsvr5L2ec2t1y7u6pVGI4+jCMdwAlVw4RIacANNaAGBFJ7hFd6sJ+vFerc+Fq0FK58pwx9Ynz/MtpOR</latexit>

O(k)
<latexit sha1_base64="oowzo3a5vjewrwxfbK8YojkLGBw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSLUS0mkoseCF29WsB/QhDLZbtulm03Y3Qgl9G948aCIV/+MN/+N2zYHbX0w8Hhvhpl5YSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TRVmTxiJWnRA1E1yypuFGsE6iGEahYO1wfDvz209MaR7LRzNJWBDhUPIBp2is5Gc+RUHup6QyvuiVym7VnYOsEi8nZcjR6JW+/H5M04hJQwVq3fXcxAQZKsOpYNOin2qWIB3jkHUtlRgxHWTzm6fk3Cp9MoiVLWnIXP09kWGk9SQKbWeEZqSXvZn4n9dNzeAmyLhMUsMkXSwapIKYmMwCIH2uGDViYglSxe2thI5QITU2pqINwVt+eZW0LqterXr1UCvX63kcBTiFM6iAB9dQhztoQBMoJPAMr/DmpM6L8+58LFrXnHzmBP7A+fwBpmiQxw==</latexit>

O(k)
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Figure 6. This degeneration limit does not contribute as there is no 3-point vertex for the U(1) or
center-of-mass fluctuations of the branes.

This was obtained by plugging in the expansion for F in (4.22) and the explicit expression
of AYM (taken from [54]) into (3.46).

For the case of three gravitons we would now like to compare (4.26) with the field
theory result based on the DBI action (4.24). As before, we also restrict the field theory
calculation to those terms where the polarization tensors are completely contracted among
themselves, i.e. ζi·kj → 0. Moreover, again for simplicity, we consider the case in which the
gravitons have orthogonal polarizations, i.e. (ϵi)µ

ν(ϵj)ν
ρ = 0. Due to these two restrictions

the bulk Einstein-Hilbert term does not contribute and the only diagrams depicted in
figures 3–5 that are non-vanishing in the case at hand are the two diagrams in figure 3.

For the scattering of three gravitons, we only need to consider the part of (4.24)

Sgravity
DBI = −Tp

∫
dp+1σ Tr

(√
−det(g̃ab)

)
, (4.27)

that describes the gravitational interaction of Dp-branes. We can use√
−det(δa

b + Ma
b) = 1 + 1

2Ma
a − 1

4Ma
bM

b
a + 1

8(M
a

a)2 + 1
6Ma

bM
b
cM

c
a

−1
8Ma

aM b
cM

c
b +

1
48(M

a
a)3 + . . . , (4.28)

to expand the Lagrangian of the action (4.27) around a flat background gµν = ηµν + 2κhµν .
This leads to the following terms that are relevant for computing the two diagrams in
figure 3:

L = −κ

[
Tpha

a +
√

Tpλi∂ih
a

a + 1
2λiλj∂i∂jha

a + 1
2(∂λ)2ha

a

]
−κ2

[
−Tpha

bh
b
a + 1

2

√
Tpλi∂i(ha

a)2 −
√

Tpλi∂i(ha
bh

b
a)
]

−κ3Tp

[1
6(h

a
a)3 − ha

ahb
ch

c
b +

4
3ha

bh
b
ch

c
a

]
+ . . . , (4.29)

where we have normalized the open string modes along the Dp-brane as Xi = 1√
Tp

λi. This
Lagrangian describes the interactions of one or two gravitons with open string excitations
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Dp-brane

Ṽhλλ

k
∥
n2
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n1 + k

∥
n2

kn1

(c)

Figure 7. Interactions of one and two gravitons with open string excitations on the Dp-brane.

hµν

hαβ

hγδ

Dp-brane

S̃hhh

Figure 8. Three gravitons sourced from a Dp-brane.

on the Dp-brane depicted in figure 7. The vertices of these interactions obtained from (4.29)
are given by

Ṽ αβ;i
hλ = κ

√
TpV αβki

n ,

Ṽ αβ,γδ;i
hhλ = κ2

√
Tp(ki

n1 + ki
n2)
(1
2V αβV γδ − V αδV βγ

)
,

Ṽ αβ;i,j
hλλ = i

2κ
(
ki

n1kj
n1 − (kn1 + kn2) · V · kn2N ij

)
V αβ , (4.30)

where we have introduced the projector into the subspace parallel to the Dp-brane Vµν =
1
2(ηµν +Dµν) and we can also define a projector into the subspace transverse to the Dp-brane
Nµν = 1

2(ηµν − Dµν), see appendix A in [9] for more details on these projectors.
Moreover, the contact terms of three gravitons in the Lagrangian (4.29) gives rise to

the diagram in figure 8. The source of this contact term can be described as

S̃αβ,γδ,µν
hhh = −iκ3Tp

(1
6V αβV γδV µν − V αβV γνV µδ + 4

3V ανV γβV µδ
)

. (4.31)
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With the vertices in (4.30) we are now ready to calculate the two diagrams in figure 3. The
first diagram is given by

Ahhh =
∑

σ∈S3

ϵ1σ
αβϵ2σ

γδϵ3σ
µν Ṽ αβ;i

hλ Gλ
ij Ṽ γδ;j,mGλ

mnṼ µν;n

= −iκ3Tp

∑
σ∈S3

(2k1σ ·N ·k2σ k2σ ·N ·k3σ + k1σ ·N ·k3σ k2σ ·V ·k2σ

4k1σ ·V ·k1σ k3σ ·V ·k3σ

− k1σ ·N ·k3σ

4k1σ ·V ·k1σ

− k1σ ·N ·k3σ

4k3σ ·V ·k3σ

)
Tr(ϵ1σ ·V ) Tr(ϵ2σ ·V ) Tr(ϵ3σ ·V ) , (4.32)

where
Gλ

mn = −i
Nmn

k · V · k
(4.33)

is the propagator of the open string scalars [19] and k in (4.33) is the momentum of the
propagating scalar. The second diagram evaluates to

Ahh2 =
∑

σ∈S3

ϵ1σ
αβϵ2σ

γδϵ3σ
µν Ṽ αβ;i

hλ Gλ
ij Ṽ γδ,µν;j

= −iκ3Tp

∑
σ∈S3

(
k1σ ·N ·k2σ + k1σ ·N ·k3σ

2k1σ ·V ·k1σ

Tr(ϵ1σ ·V ) Tr(ϵ2σ ·V ) Tr(ϵ3σ ·V )

−k1σ ·N ·k2σ + k1σ ·N ·k3σ

k1σ ·V ·k1σ

Tr(ϵ1σ ·V ) Tr(ϵ2σ ·V ·ϵ3σ ·V )
)

. (4.34)

Together with the contact term

Ah3 =
∑

σ∈S3

ϵ1σ
αβϵ2σ

γδϵ3
µν S̃αβ,γδ,µν

hhh

= −iκ3Tp

[
Tr(ϵ1·V ) Tr(ϵ2·V ) Tr(ϵ3·V )− 2Tr(ϵ1·V ) Tr(ϵ2·V ·ϵ3·V )

−2Tr(ϵ2·V ) Tr(ϵ1·V ·ϵ3·V )− 2Tr(ϵ3·V ) Tr(ϵ1·V ·ϵ2·V )

+8Tr(ϵ1·V ·ϵ2·V ·ϵ3·V )
]

(4.35)

we obtain for the total interaction of three gravitons with orthogonal polarizations for the
field theory calculation the following result

Ahhh+Ahh2+Ah3 =−iκ3Tp

[
−
(
2+2k1·N ·k2

k1·V ·k1
+2k1·N ·k3

k1·V ·k1

)
Tr(ϵ1·V )Tr(ϵ2·V ·ϵ3·V )

+
(1
3+

k1·N ·k3k2·N ·k3
2k1·V ·k1k2·V ·k2

+ k1·N ·k2k2·N ·k3
2k1·V ·k1k3·V ·k3

+ k1·N ·k2k3·V ·k3
4k1·V ·k1k2·V ·k2

+ k1·N ·k3k2·V ·k2
4k1·V ·k1k3·V ·k3

+ k1·N ·k2
2k1·V ·k1

+ k1·N ·k3
2k1·V ·k1

)
Tr(ϵ1·V )Tr(ϵ2·V )Tr(ϵ3·V )

+ 8
3 Tr(ϵ1·V ·ϵ2·V ·ϵ3·V )

]
+{1↔ 2}+{1↔ 3} . (4.36)

In the low energy limit the result obtained from the scattering of three closed strings off a
Dp-brane in (3.42) should reproduce the field theory result above. To compare these we
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can use that Dµν = 2Vµν − ηµν and

s12 = 1
2k3·V ·k3 −

1
2k1·V ·k1 −

1
2k2·V ·k2 + k1·N ·k2 ,

s13 = 1
2k2·V ·k2 −

1
2k1·V ·k1 −

1
2k3·V ·k3 + k1·N ·k3 , (4.37)

s23 = 1
2k1·V ·k1 −

1
2k2·V ·k2 −

1
2k3·V ·k3 + k2·N ·k3 .

Moreover, when all three external states are described by gravitons with orthogonal polar-
izations, we find for (4.26)

lim
α′→0

A
∣∣∣
ζi·kj→0

= g3
c Tp

[(s12 + s13)
s11

Tr(D·ϵ1) Tr(D·ϵ2·D·ϵ3) +
(
1
3 + s12 + s13 − s23

2s11
+ s12s13

s22s33

+(s12 + s13 + s23)s11
4s22s33

)
Tr(D·ϵ1) Tr(D·ϵ2) Tr(D·ϵ3)

+2
3 Tr(D·ϵ1·D·ϵ2·D·ϵ3)

]
+{1 ↔ 2}+ {1 ↔ 3} (4.38)

= g3
c Tp

[
−
(
4 + 4k1·N ·k2

k1·V ·k1
+ 4k1·N ·k3

k1·V ·k1

)
Tr(ϵ1·V ) Tr(ϵ2·V ·ϵ3·V )

+
(2
3 + k1·N ·k3k2·N ·k3

k1·V ·k1k2·V ·k2
+ k1·N ·k2k2·N ·k3

k1·V ·k1k3·V ·k3
+ k1·N ·k2k3·V ·k3

2k1·V ·k1k2·V ·k2

+ k1·N ·k3k2·V ·k2
2k1·V ·k1k3·V ·k3

+ k1·N ·k2
k1·V ·k1

+ k1·N ·k3
k1·V ·k1

)
Tr(ϵ1·V ) Tr(ϵ2·V ) Tr(ϵ3·V )

+ 16
3 Tr(ϵ1·V ·ϵ2·V ·ϵ3·V )

]
+ {1 ↔ 2}+ {1 ↔ 3} . (4.39)

Hence, comparing the field theory and string result gives

A ∼ (Ahhh + Ahh2 + Ah3) , (4.40)

which is a very non-trivial consistency check of our result.
Finally, we would like to comment on the α′-expansion of section 4.1. The fact that

the α′-corrections start at order O(α′2) relative to the lowest order, i.e. relative to the
field theory contribution, is consistent with the results of the closed string disk 2-point
function [9, 10, 19]. It confirms that the α′-corrections to the DBI action start at the
4-derivative level, as analysed in [1] for the R2-terms. In particular, there is no indication
for a disk-contribution to the Einstein-Hilbert term. This requires an explanation due
to the discussion of [33] where indirect arguments (using heterotic-type I duality) were
given for the presence of an ϵ10ϵ10R4 term in the worldvolume theory of a D9-brane. Upon
compactification on a Calabi-Yau manifold with non-vanishing Euler number such a term
is expected to lead to a correction of the Einstein-Hilbert term in 4 dimensions, cf. [55].
Given that the disk amplitude of 3 gravitons with four dimensional polarization tensors
is agnostic about the form of the additional 6 dimensions, one could have expected to
find an Einstein-Hilbert term on the D9-brane worldvolume.16 However, our result speaks
against it.

16Note that the on-shell graviton 2-point function vanishes for a D9-brane [9, 10, 19] and, thus, the 2-point
amplitude seems to be too degenerate to draw any conclusion about the presence of an Einstein-Hilbert term.
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One possible explanation could be the following: in addition to the mentioned
e−Φϵ10ϵ10R4-term, there are further higher derivative terms at disk level [33, 56]. The
e−Φϵ10ϵ10R4-term does not correct the 10-dimensional dilaton equation of motion [55]
because the epsilon tensors in this term imply that at least one of the Riemann-tensors
has to be the one of the flat non-compact spacetime. This is not true for the additional
R4-terms at disk level. Hence they can lead to a correction of the 10-dimensional dilaton at
disk level. This correction would have to be taken into account when compactifying the
10-dimensional Einstein-Hilbert term e−2ΦR to 4 dimensions, similar to the analysis in [57].
It might be that these two disk level contributions to the 4-dimensional Einstein-Hilbert
term cancel each other. It would be interesting to investigate this question further.

5 Concluding remarks

5.1 On higher multiplicity of closed strings on the disk

For a given color ordering ρ the pure open superstring no-point amplitude can be expressed
as linear combination of (no − 3)! kinematical building blocks [31]

AY M (1, 2σ, 3σ, . . . , (no − 2)σ, no − 1, no) , σ ∈ Sno−3 (5.1)

multiplying certain string integrands F
(2σ ,3σ ,...,(no−2)σ)
Iρ

to be integrated over the domain Iρ

subject to the color ordering ρ. Likewise, the pure closed superstring nc-point amplitude on
the disk world-sheet can be expanded in terms of the (2nc − 3)! kinematical building blocks

AY M (1̄, 2̄σ, 3σ, 3̄σ, . . . , (nc)σ, (nc)σ, 2, 1) , σ ∈ S2nc−3 (5.2)

inherited from the open superstring (5.1). While in the pure open string case each kinematical
building block (5.1) is dressed with a single form factor F

(2σ ,3σ ,...,(no−2)σ)
Iρ

referring to the
color ordering ρ under consideration, in the closed string case for each (5.2) there are
Lnc form factors F

(2̄σ ,3σ ,3̄σ ,...,(nc)σ ,(nc)σ)
Iρl

, each one integrated over different color orderings
ρl (l = 1, . . . , Lnc) and multiplied by a chain of nc−2 sin-factors as a consequence of
disentangling left and right-movers on the disk.

Concretely, for nc = 2 we have L2 = 1 [5]

A2 ∼ g2
c TpF

(2̄)
I1

AY M (1, 2, 2, 1) , (5.3)

with the form factor:

F
(2̄)
I1

=
∫

dz2
∏
i<j

|zij |sij
s12
z12

= Γ(1 + s12)Γ(1 + s22)
Γ(1 + s12 + s22)

. (5.4)

Furthermore, for nc = 3 we have L3 = 2 and our result for the scattering of three closed
strings has been presented in (3.46), cf. also (3.44) and (3.45)

A3 ∼ g3
c Tp

∑
σ∈S3

{ 2∑
l=1

sin(πsρl
) F

(2σ3σ3σ)
Iρl

}
AY M (1, 2σ, 3σ, 3σ, 2, 1) , (5.5)
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with the form factors F
(2σ3σ3σ)
Iρl

given in (4.1), the permutations ρ1 = (1, 2, 3, 2, 3, 1), ρ2 =
(1, 2, 2, 3, 3, 1) and sρ1 = s23, sρ2 = s23 + s23̄. For general nc ≥ 4 the result may be
summarized in the following way:

Anc ∼ gn
c Tp

∑
σ∈S2nc−3


Lnc∑
l=1

[
nc−2∏
k=1

sin(πsρl,k
)
]

F
(2̄σ ,3σ ,3̄σ ,...,(nc)σ ,(nc)σ)
Iρl


× AY M (1̄, 2̄σ, 3σ, 3̄σ, . . . , (nc)σ, (nc)σ, 2, 1) . (5.6)

Above the angles sρl,k
are linear combinations of kinematic invariants. In (5.6), the sum

over integration domains ρl encompasses Lnc terms as a result of applying 2nc-point open
string monodromy relations. As a consequence Lnc ≤ (2nc −3)!. In fact, in (3.42) for nc = 3
we have found L3 = 2. Further results and details for nc ≥ 4 will be presented elsewhere.

5.2 Summary and further directions

In this work we have computed the complete tree-level disk amplitude involving any three
closed string states in the NSNS, RR, RNS or NSR sectors. Our main result can be
found in (3.42). Generalizations to an arbitrary number of closed strings are written in the
ansatz (5.6). Our results are interesting both from the conceptual and physical point of view.
We could express our findings in terms of a basis of six-point open string subamplitudes and
thereby showed that one can connect this closed string amplitude on the disk via KLT-like
relations and a PSL(2,R) transformation to the scattering of open strings on the disk as
expected. Surprisingly, however, our main result (3.42) can be written in terms of only
two six-point open string subamplitudes (the basis of these subamplitudes contains six
elements and therefore one might think that also the scattering of three closed strings is
given in terms of six subamplitudes). We conjecture that this pattern continues for a closed
string N -point function, see (5.6). In order to derive our result we introduced monodromy
relations for closed strings in section 3.1 that contain six terms instead of only five in open
string subamplitude relations [18].

In addition we have written the three closed string amplitude on the disk for NSNS-
states in terms of Yang-Mills amplitudes using the identification in section 3.1 such that
we could use the relations in (3.44) and (3.45), which are in a similar form already known
for open strings. To verify that these relations hold also for closed strings on the disk, we
have explicitly computed the closed string correlator in appendix B. Usually in the PSF
correlators are computed by using OPE contractions [30, 31, 41]. We chose a different
path and for the first time (to our knowledge) computed a correlator in the PSF using
Wick’s theorem.

In the limit α′ → 0 we checked that for a subset of terms our result (4.39) from the
string theory calculation agrees with the field theory results (4.36) that one can obtain from
the DBI action. This is an important consistency check. Moreover, in the scattering of
three closed strings on the double cover of the disk, i.e. the sphere, there are no poles in siı

present in the low energy expansion. Nevertheless, these poles are expected to be found in
the physical amplitude and indeed we could show that they are present, cf. (4.26). It is not
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surprising that they are absent on the double cover and a simple argument was presented
in appendix E for the closed string 2-point function. This argument should also hold for an
N -point function.

Generalizing our computations to one-loop would be of considerable interest. This
amounts to closed string scattering on a cylinder world-sheet and tackling the world-sheet
cylinder integrations along the prescription developed in [58, 59] will prove to be useful.
Furthermore, taking into account massive strings in the spirit of [60, 61] would also be very
interesting. Finally, it would be worthwhile to better understand why our calculation does
not see any hints of an Einstein-Hilbert term on the disk which is expected to arise in 4
dimensions from compactifying an ϵ10ϵ10R4 term in the worldvolume of a D9-brane, cf. our
discussion at the end of section 4.2.
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A BRST building blocks

In string theory physical states are identified as elements of the cohomology of the BRST
operator Q and only those states contribute to the scattering amplitude (2.33). In the pure
spinor formalism the BRST operator takes a simple form Q = λαDα, which enables an
efficient method to organize the computation of scattering amplitudes. Hence, in this section
we want to discuss the BRST properties of the objects naturally appearing in a scattering
process. We will define the composite superfields L̃jikipi, L̃jiki and L̃ji arising from the
OPEs of the vertex operators in (2.33) and derive their BRST properties. Due to their
recursive definition these superfields generically contain terms that originate from a BRST
exact term, which don’t contribute to the end result of a scattering amplitude, because
BRST exact terms/states are not in the cohomology of Q. Note, that terms originating
from a BRST exact expression aren’t necessarily BRST exact themselves. Nevertheless,
these terms should drop out of any physical scattering amplitude, which was explicitly
shown for the scattering of up to six open strings on the disk [31] and also for two closed
strings on the disk in [5]. It was conjectured that this pattern should persist also for
higher-point amplitudes [39, 45], but this was not shown explicitly yet. Nevertheless, these
terms are crucial for the conformal invariance of the CFT correlator, even if they do not
contribute to the scattering amplitude, cf. appendix B. After the BRST exact parts are
eliminated from the correlator by integration by parts relations, which is a tedious but
straightforward computation, we obtain the composite superfields Ljikipi, Ljiki and Lji that
transform covariantly under the BRST charge [62]. Together with the corrections of the
double pole integrals to the superfields L we will be able to define the BRST building blocks
Tijkp, Tijk and Tij [31]. Let us also mention that in the literature the superfields L̃ and L

are often both denoted by L, but in our discussion in the following it is useful to clearly
distinguish between the two.
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A.1 Contractions of vertex operators

Because the conformal primaries with dimension h = 1 have no zero modes on the disk, we
can utilize Wick’s theorem and contract primaries by replacing them by the sum over their
singularities with the other fields in the correlator. Wick’s theorem requires the sum over
all possible contractions of the three integrated and three unintegrated vertex operators and
hence, we encounter the same contractions over and over again but with a different labelling
of the contracted vertex operators, which makes it convenient to define the composite
superfields for the correlator in (2.33). We start by applying Wick’s theorem to two vertex
operators

Kji ≡ zjiV
(a)
j (zj)V (b)

i (zi) . (A.1)

This defines the contraction of the jth vertex operator with the ith vertex operator: the
arrow indicates that we contract the h = 1 primaries of V

(a)
j with V

(b)
i , but don’t contract

the h = 1 primaries of V
(b)

i with V
(a)

j . Moreover, this implies that a = 1, because there are
no h = 1 fields in an unintegrated vertex operator V

(0)
i . As an example we want to consider

the two possibilities (a, b) ∈ {(1, 0), (1, 1)}, which correspond, for instance, to K21 and K23
for (2.33), respectively:

K21 = z21U2(z2)V 1(z1)
= −A1

m(λγmW2)− V 1(ik1 · A2) + Q(A1W2) , (A.2)

K23 = z23U2(z2)U3(z3)

= −(ik3 · A2)U3 + ∂θαDαA3
βW β

3 +Πmik3
m(A3W2) + (∂θγmW3)A2

m

+1
4(dγmnW3)F

3
mn + Nmn

(
k3

m(W3γnW2 + ηabF2
maF3

nb)
)

. (A.3)

Note, that each superfield above still depends on the according vertex operator position,
i.e. each superfield Vi and conformal primary still depends on zi even after the contraction,
which is different from the literature. That is important when defining Ks involving more
than one contraction (for (2.33) we have three integrated vertex operators and therefore
three contractions per term). Let’s give some examples with two and three integrated
vertex operators

K2132 = z21z32U2(z2)U3(z3)V 1(z1)

=
[
(ik1 · A2)(ik2 · A3)− ik1

m(W2γmW3) + s12(A2W3)
]
V1 + (λγmW2)(ik2 · A3)A1

m

− 1
4(λγmγpqW3)A1

mF2
pq − s23(A1W2)V3 − Q

[
(ik2 · A3)(A1W2)−

1
4(A1γmnW3)F2

mn

]
,

(A.4)
K213231 = z21z32z31U2(z2)U3(z3)U3(z3)V 1(z1)

=
[
(ik1 · A2)(ik2 · A3)− ik1

m(W2γmW3) + s12(A2W3)
]
K31 +

[
(λγmW2)(ik2 · A3)

− 1
4(λγmγpqW3)F2

pq

](
−(ik1 · A3)A

1
m + (W1γmW3) + k1

m(A1W3)
)

+ 1
8

[
(λγrsγmW2)(ik2 · A3)−

1
4(λγrsγmγpqW3)

]
A1

mF2
pqF3

rs + s23

[
(ik1 · A3)(A1W2)V3

+ DαA1
βW β

2 W α
3 V3

]
−s13

[
(ik2 · A3)(A1W2) +

1
4(A1γmnW3)F2

mn

]
V3 ,

(A.5)
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K233232 = z23z32z32U2(z2)U3(z3)U3(z3)

= (1− s23)
{
(ik2 · A3)[(A2W3) + (A3W2)− (A2 · A3)]− DαA2

βW β
3 W α

3

−1
4(A3γmnW3)F

2
mn + (W2γmW3)A

3
m + (ik2 · A3)(A2W3)

}
. (A.6)

Concretely the arrow notation for Wick contractions means the following: In (A.4) for

example the contraction U2(z2)V 1(z1) is given by (A.2). As we stressed above, the fields
with index 2 still depend on z2 (and only those fields). The second contraction with U3(z3),
i.e. U2(z2)U3(z3) is meant to contract the h = 1 primaries of U3(z3) only with those terms

in U2(z2)V1(z1) which depend on z2. Similar remarks hold for (A.5) and (A.6).
Here we are looking at Wick contractions and have to sum over all possible contractions:

We can contract each integrated vertex operator with the five other vertex operators in
the correlator such that the overall number of contractions is given by 5 × 5 × 5 = 125.
Schematically, we can write all possible 125 contractions for the correlator in (2.33) as
K2i3j3k with i, j, k ∈ {1, 1, 2, 2, 3, 3}, but we don’t contract a vertex operator with itself.
Compared to six open strings on the disk [30] at first we find a larger number of terms,
because in [30] the vertex operator contractions are computed via an OPE method. With
this method they already combine some of the Wick contractions such that they end up
with a total of 34 terms, see also footnote 23 below for more details. Moreover, we explicitly
relate the building blocks of [30] with Wick contractions K2i3j3k in (B.2) below.

A.2 Composite superfields L̃jikipi, L̃jiki and L̃ji

To employ the methods of previous scattering amplitude calculations we have to relate the
composite superfields K and L̃: using partial fractioning the composite superfields K can
be combined to form the superfields L̃, cf. equation (B.2) and appendix B in general. The
L̃ can be recursively defined as17 [30, 31, 41]

lim
z2→z1

V1(z1)U2(z2) →
L̃21(z1)

z21
, lim

z3→z1
L̃21(z1)U3(z3) →

L̃2131(z1)
z31

,

lim
z3→z1

L̃2131(z1)U3(z3) →
L̃213131(z1)

z31
.

(A.7)

By definition all L̃s above only depend on z1 and not on the other world sheet coordinates
any more. At first glance this might suggest that we can’t express the superfields K through
L̃, but after all h = 1 fields are integrated out, only the zero modes, which don’t depend on
world sheet coordinates, contribute. Hence, it is possible to find a relation between K and
L̃ inside a correlator. Integrating out the dimension 1 fields via (A.7) is a priori different
from using Wick contractions. In order to make the distinction we sometimes refer to (A.7)
as the OPE method or as OPE contractions.

17We will only need the composite superfields L̃ji, L̃jiki and L̃jikipi, because the composite superfields
containing contractions between integrated vertex operators are either corrections to (A.7), such that those
can be written in terms of the BRST building blocks T of appendix A.3 or can be express through the
superfields in (A.7) by using equation (B.6), see for example [30, 31, 45] for more details.
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The composite superfields can be expressed in terms of the usual SYM superfields of
the pure spinor formalism by using the OPEs in (2.6) of section 2:

L̃21 = lim
z2→z1

z21V1(z1)U2(z2)

= −A1
m(λγmW2)− V 1(ik1 · A2) + Q(A1W2)

= L21 + Q(A1W2) . (A.8)

For the scattering of two closed strings on the disk (and with the same reasoning also for
the tree-level scattering of four open strings) the composite superfields L̃ji contain the
BRST exact part Q(AiWj) as shown in [5, 63]. However, ⟨Q(AiWj)VkVl⟩ = 0, because
QVi = 0. For higher point amplitudes this term becomes multiplied by further unintegrated
vertex operators, i.e. Q(AiWj)Um1 . . . UmnVkVl, which are not BRST exact at the level of
the correlator, but rather satisfy QU = ∂V such that

⟨Q(AiWj)Um1 . . . UmnVkVl⟩ = −
n∑

p=1
⟨(AiWj)Um1 . . . ∂Vmp . . . UmnVkVl⟩ ̸= 0 . (A.9)

Nevertheless, we will call Q(AiWj)(. . .) and similar terms BRST exact in line with the
literature [30, 31, 41], because once we integrate over them in the amplitude they become
BRST exact ∫

dzm1 . . .

∫
dzmn ⟨Q(AiWj)Um1 . . . UmnVkVl⟩ = 0 . (A.10)

With similar calculations as in (A.8) and following [30, 31] we find expressions for the other
superfields L̃ in (A.7)

L̃2131 =L2131−s12[(A1W3)V2−(A2W3)V1]−(s13+s23)(A1W2)V3

−Q[(ik1 ·A2)(A1W3)]−Q[A1
m(W2γmW3)]−Q[U3{A1W2}] , (A.11)

L̃213131 =L213131+(A1W3)[s12V2(ik1 ·A3)−s12L32+(s13+s23)(ik1 ·A2)V3]
+(A2W3)[−s12(ik2 ·A3)V1+s12L31]+(s13+s23)(A3W3)L21

−(s13+s23)(W2γmW3)A
1
mV3+(W3γmW3)[−s12A2

mV1+s12A1
mV2]

−s12[U3(A1W3)V2−U3{A2W3}V1+(A1W3)L̃32−(A2W3)L̃31]
−(s13+s23)[U3(A1W2)V3+(A1W2)L̃33]
+(s13+s23+s33)[(ik1 ·A2)(A1W3)+(W2γmW3)A1

m−U3{A1W2}]V3 , (A.12)

where Ljiki and Ljikili are defined below and the expression Ui{AjWk} is an abbreviation
of the contraction of Ui with (AjWk) which is given by

Ui{AjWk} = −(ikjk · Ai)(AjWk) + DαAj
βW β

k W α
i + 1

4(AjγmnWi)Fk
mn , (A.13)

where kµ
jk = kµ

j + kµ
k . To obtain the expression in (A.11) and (A.12) we had to integrate the

BRST charge by parts. Hence, we already used that ⟨Q(. . .)⟩ = 0 for a generic superfield
expression (. . .) and dropped terms of the form Q(. . .) in (A.12), where the BRST operator
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acts on the complete superfield expression. For L̃jikipi we omitted this part already, because
terms containing L̃jikipi can only have two more unintegrated vertex operators, which are
BRST closed. After discarding BRST exact pieces from L̃ (which are all terms in (A.11)
and (A.12) that are not contained in L) we obtain the superfields L. The open string
equivalents18 of the composite superfields L can also be found for example in [30, 31]. The
OPE contractions result in the following form for those superfields19

L2131 =−L21(ik12 ·A3)+(λγmW3)
[
F2

mnAn
1 +(ik1 ·A2)A

1
m−(W1γmW2)

]
, (A.14)

L213131 =−L2131(ik123 ·A3)+(λγmW3)
[
F2

nmAn
1 (ik12 ·A3)−(A1 ·ik2)(W2γmW3)

+F2
pqAp

1Aq
3k3

m−F2
pqAq

1kp
3A3

m+F3
mn(W1γnW2)−F3

mnAn
1 (ik1 ·A2)

+(W1γmW3)(ik1 ·A2)+
[
(W1γmW2)−A1

m(ik1 ·A2)
]
(ik12 ·A3)

+ 1
4(W2γpqγmW3)Fpq

1 − 1
4(W1γpqγmW3)Fpq

2

]
. (A.15)

As mentioned before the superfields transform covariantly under the action of the BRST
charge, i.e. the BRST variation of higher order composite superfields can be written in
terms of lower order composite superfields [30]. To see this, we will make use of the recursive
definition of the composite superfields instead of acting with Q on their explicit expressions.
We can utilize QV = 0 and QU = ∂V to obtain

QL21 = −s12V1V2, (A.16)

QL2131 = lim
z3→z1

z31
[
(QL21)(z1)U3(z3)− L21∂V 3(z3)

]
= −(s13 + s23)L21V3 − s12(L31V2 + V1L32) , (A.17)

QL213131 = lim
z3→z1

z31

[
(QL2131)(z1)U3(z3)− L2131∂V 3(z3)

]
= −(s13 + s23 + s33)L2131V3 − (s13 + s23)(L21L33 + L2131V3)

−s12(L3131V2 + L31L32 + L31L32 + V1L3232) . (A.18)

We evaluate the first term of the first line in (A.17) and (A.18) by using the recursive
definition of the composite superfields (A.7) (after the BRST exact terms were discarded).
For the second term of (A.17) and (A.18) we can just contract ∂V = (∂λα)Aα +ΠmikmV +
∂θαDαV with the composite superfield by applying the OPEs in equation (2.6).

The action of the BRST charge on the composite superfields L suggests that after
discarding Q(AiWj) in Lji we must also drop all the BRST exact terms in (A.11), be-
cause (A.17) only holds for the Ljiki and not for L̃jiki and similar for the higher order
composite superfields.

18The composite superfields for open and closed strings have the same structure, i.e. their explicit form in
terms of the superfields is the same, but the labelling of these superfields is different. For closed strings we
can also have overlined labels of the right-movers – as described in section 2.2 – which means that some of
the superfields have their polarisation vector and momentum multiplied by the matrix D, which accounts
for either Neumann or Dirichlet boundary conditions.

19Note, that we deviate from the usual pure spinor convention where the momenta are defined as kPSF = ik.
Hence, we have different signs and additional factors of i compared to the literature [31].
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A.3 BRST building blocks Tijkp, Tijk and Tij

As described in [31] for open strings the composite superfields can be substituted by the
BRST building blocks T123...q (with q ∈ {2, 3, 3 . . .} if one chooses the three unintegrated
vertex operators as V1, V1 and V2 as we did) in two steps

L2131...q1
(i)−→ T̃123...q

(ii)−→ T123...q . (A.19)

The purpose of this substitution is to remove BRST exact terms20 that still appear in the
superfields Ljikipi, Ljiki and Lji and after carrying out the first step (i) also in T̃ijkp, T̃ijk

and T̃ij while simultaneously preserving the BRST variation identities (A.16)–(A.18) but
for Tijkp, Tijk and Tij , i.e. we want the equations (A.16)–(A.18) to hold when substituting
the composite superfields L by their corresponding building blocks T .

To define the BRST building blocks for closed strings we will closely follow [31] for the
open string discussion. As a first step (i) we redefine the superfields L2131...q1 → T̃123...q

such that QT̃123...q is written in terms of the building blocks T123...p with lower rank p < q.
Explicitly, we find for the relevant building blocks

QT̃123 = −s12(T13V2 + V1T23)− (s13 + s23)T12V3 , (A.20)

QT̃1233 = −(s13 + s23 + s33)T123V3 − (s13 + s23)(T12T33 + T123V3)
−s12(T133V2 + T13T23 + T13T23 + V1T233) . (A.21)

With (A.20) and (A.21) we can check that specific combinations of T̃ s are BRST closed.
For example we find Q(T̃123 + T̃231 + T̃312) = 0.

We are now finally ready to remove the remaining BRST exact parts: so for the second
step (ii) we take the sums below of the BRST building blocks T̃ijk and T̃ijkp

∑
perm.

T̃ijk = QR
(I)
ijk , I = 1, 2 , (A.22)

∑
perm.

T̃ijkp = QR
(I)
ijkp , I = 1, 2, 3 (A.23)

which are BRST closed such that we have to subtract the corresponding BRST exact part
from T̃ijk and T̃ijkp, see (A.33) and (A.43) for the explicit expression of Tijk and Tijkp.
Thereby, the BRST closed sums of T̃ s will become BRST symmetries for the BRST building
blocks T ∑

perm.
Tij =

∑
perm.

Tijk =
∑

perm.
Tijkp = 0 , (A.24)

which will be the condition that we can use to construct Tijkp, Tijk and Tij from T̃ijkp, T̃ijk

and T̃ij . The building blocks defined in this way transform under the action of the BRST

20This procedure will make the amplitude manifestly invariant under BRST transformations.
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charge as follows

QT12 = −s12V1V2 , (A.25)

QT123 = −s12(T13V2 + V1T23)− (s13 + s23)T12V3 , (A.26)

QT1233 = −(s13 + s23 + s33)T123V3 − (s13 + s23)(T12T33 + T123V3)
−s12(T133V2 + T13T23 + T13T23 + V1T233) . (A.27)

During the first step (i) we have not discussed the redefinition of Lji to T̃ij , due to the
fact that T̃ij ≡ Lji. This building block only requires the second step: the action of
the BRST charge in (A.16) together with the equations of motion (2.17) suggest that
Q(T̃21 + T̃12) = −s12(V1V2 + V2V1) = 0, i.e. T̃21 + T̃12 is BRST closed and moreover also
BRST exact [62]

T̃21 + T̃12 = −Q(A1 · A2) ≡ −QD12 . (A.28)

We can construct T12 by using (A.24), i.e. T12 + T21 = 0, which is achieved by

T12 = T̃[21] = T̃21 +
1
2QD12 . (A.29)

Next we want to construct T123 by carrying out step (ii). First, we substitute Lji = T̃ij =
Tij − 1

2QDij in QL2131 in equation (A.17). Demanding that this results in (A.20) we find
that T̃123 takes the following form

T̃123 = L2131 −
1
2s12[D13V2 − D23V1]−

1
2(s13 + s23)D12V3 . (A.30)

Further, we consider the two BRST closed combinations of T̃ijk to determine the remaining
BRST exact terms

Q(T̃123 + T̃213) = 0, Q(T̃123 + T̃312 + T̃231) = 0 . (A.31)

Note, that the higher rank building blocks inherit all symmetries from the lower order
symmetries in their first indices, which follows from the recursive definition of the composite
superfields L̃ in (A.7). This is the origin of the first sum in (A.31), which goes back to
antisymmetry of Tij . Given that the BRST cohomology for the composite superfields is
empty, the BRST closed combinations are also BRST exact [31], i.e.

T̃123 + T̃213 = QR
(1)
123, T̃123 + T̃312 + T̃231 = QR

(2)
123 , (A.32)

where the ghost number zero superfields are given by R
(1)
123 = D12(ik12 · A3) and R

(2)
123 =

D12(ik2·A3)+cyclic(123), which are motivated by the residues of the double pole contractions
of two and three integrated vertex operators, respectively. Subtracting the BRST exact
parts in equation (A.32) we obtain the new BRST building block

T123 = T̃123 − QS
(1)
123

= 1
3
(
T̃123 − T̃213

)
+ 1

6
(
T̃321 − T̃312 + T̃132 − T̃231

)
(A.33)
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with S
(1)
123 = 1

2R
(1)
123 +

1
6

(
R

(2)
123 − R

(2)
213

)
. The building block T123 satisfies the following BRST

symmetries:
T123 + T213 = T123 + T312 + T231 = 0 , (A.34)

which correspond to (A.24). The remaining building block Tijkp is obtained similarly and
requires the redefinition of Lji and Ljiki: executing step (i) first demands to substitute
Lji → Tij and Ljiki → Tijk in the right hand side of (A.18) to find T̃1233

T̃1233 =L213131+
1
4
[
(s13+s23)D12QD33+s12(D13QD23+D13QD23)

]
−1
2
[
(s13+s23)(D12T33−D33T12)+s12(D13T23+D13T23−D23T13−D23T13)

]
+(s13+s23+s33)S

(1)
123V3+(s13+s23)S

(1)
123V3−s12(S

(1)
234V1−S

(1)
133V2) , (A.35)

whose BRST variation is as required given by (A.21). Moreover, the first three labels of
T̃1233 inherit the two lower order identities of T̃123 in (A.31) and there is also a further
BRST identity, which involves also the fourth index

Q(T̃1233 + T̃2133) = 0 , Q(T̃1233 + T̃3123 + T̃2313) = 0 ,

Q(T̃1233 − T̃1233 + T̃3312 − T̃3321) = 0 . (A.36)

The BRST exact form of these equations can be obtained by using the equations of motion
of the superfields

T̃1233 + T̃2133 = QR
(1)
1233 , (A.37)

T̃1233 + T̃3123 + T̃2313 = QR
(2)
1233 , (A.38)

T̃1233 − T̃1233 + T̃3312 − T̃3321 = QR
(3)
1233 , (A.39)

where we have defined R
(i)
1233 as

R
(1)
1233 = −R

(1)
123(ik123 · A3) +

1
4s12[D13D23 + D13D23] , (A.40)

R
(2)
1233 = −R

(2)
123(ik123 · A3) +

1
4[s12D23D13 + s23D23D13 + s13D33D12] , (A.41)

R
(3)
1233 = (ik1 · A2)[D13(ik3 · A3)− D13(ik3 · A3)]− (ik2 · A1)[D23(ik3 · A3)− D23(ik3 · A3)]

−1
4D12D33(s13 + s23 − s13 − s23) + D12[(ik3 · A3)(ik2 · A3)− (ik3 · A3)(ik2 · A3)]

+D33[(ik2 · A1)(ik3 · A2)− (ik1 · A2)(ik3 · A1)] + (W1γmW2)(W3γmW3) , (A.42)

where kmnp = km + kn + kp. In the second step T̃1233
(ii)−→ T1233 we want to remove these

BRST exact terms, which can be realized by defining

T1233 = T̃1233 − QS
(2)
1233 . (A.43)
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In T1233 we introduced the recursively defined field S
(2)
1233 as

S
(2)
1233 = 3

4S
(1)
1233 +

1
4
(
S

(1)
1233 − S

(1)
3312 + S

(1)
3321

)
+ 1

4R
(3)
1233 , (A.44)

S
(1)
1233 = 1

2R
(1)
1233 +

1
6
(
R

(2)
1233 − R

(2)
2133

)
, (A.45)

which satisfies the following three identities

S
(2)
1233 + S

(2)
2133 = R

(1)
1233 , (A.46)

S
(2)
1233 + S

(2)
3123 + S

(2)
2313 = R

(2)
1233 , (A.47)

S
(2)
1233 − S

(2)
1233 + S

(2)
3312 − S

(2)
3321 = R

(3)
1233 . (A.48)

With these identities the building block in (A.43) obeys the BRST symmetries following
from (A.37)–(A.39)

T1233 + T2133 = T1233 + T3123 + T2313 = T1233 − T1233 + T3312 − T3321 = 0 . (A.49)

To conclude this section we want to remark that we don’t need to perform step (ii) for
Ljikipi, because after we arrive at Ljikipi

(i)−→ T̃ijkp in the correlator this building block is
already BRST exact: the building block T̃ijkp always appears with two unintegrated vertex
operators in the CFT correlator of the amplitude in (2.33). Hence, in the correlator we
can drop the BRST exact terms in T̃ijkp without step (ii) because after integrating the
BRST charge by part, we can use QV = 0 such that the BRST exact parts of T̃ijkp vanish.
Moreover also due to the same reasoning the identities (A.37)–(A.39) lead to vanishing
results within correlators, i.e.〈(

T̃1233 + T̃2133

)
V1V2

〉
=
〈
QR

(1)
1233V1V2

〉
= 0 , (A.50)〈(

T̃1233 + T̃3123 + T̃2313

)
V1V2

〉
=
〈
QR

(2)
1233V1V2

〉
= 0 , (A.51)〈(

T̃1233 − T̃1233 + T̃3312 − T̃3321

)
V1V2

〉
=
〈
QR

(3)
1233V1V2

〉
= 0 . (A.52)

Performing the second step (ii) for the scattering of three closed strings on the disk is not
strictly necessary and in some sense obsolete, because ⟨T̃ijkpVmVn⟩ = ⟨TijkpVmVn⟩.

B The CFT correlator of three closed strings on the disk

We can take (3.42) and use (2.5) in [32] to obtain (3.44) and (3.45) as we did in sec-
tion 3. However, here we would like to show how to obtain (3.46) by performing the Wick
contractions in (3.5) and PSL(2,R) transforming the result as a consistency check.

As we can write the scattering of three closed strings on the disk in terms of six open
strings on the disk, we would at first expect a similar evaluation of the correlator as in [30].
For the six-point function of open strings on the disk contractions with the vertex operator
whose position is fixed to infinity do not contribute to the correlator because they go as
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limz→∞
1
z = 0. But for three closed strings on the disk the natural gauge fixing procedure,

cf. equation (2.33), does not result in a correlator with one vertex operator position at
infinity. Hence, we expect to find contractions of all vertex operators in the correlator,
which is different compared to [30].

In the following we will address this issue: For that, we make use of the fact that
we can write the correlator of three closed strings as six open strings. Moreover, we
will performed a PSL(2,R) transformation that maps the fixed vertex operator positions
(−1, y, 1) to (0, 1,∞). For this purpose we will utilize that a correlator of holomorphic and
antiholomorphic fields on the unit disk is invariant under PSL(2,R) transformations.

Afterwards, following [30], we use some of the features of the pure spinor formalism
which allow us to perform a rather simple evaluation of this correlator. For the computation
we consider the interplay between the kinematic building blocks and integration by parts of
their associated integrals. In the end we will obtain a compact and simple result written in
pure spinor superspace, which is organized using the BRST building blocks described in
appendix A.

B.1 The correlator of three closed strings as the correlator of six open strings

The correlator is given in terms of all possible contractions of the integrated vertex operators
with each other and with the unintegrated vertex operators. According to appendix A.1 the
sum over all possible contractions can be organised in terms of the composite superfields
K2i3j3k. Using the OPEs in (2.6) to perform these contractions the three-point amplitude
of closed strings is given by21

〈
V1(1)V1(−1)V2(y)U2(−y)U3(ξ)U3(η)

〉
=
∑
i,j,k

KN(y, ξ, η)
⟨K2i3j3k⟩
z2iz3jz3k

, (B.1)

where the sum runs over i, j, k ∈ {1, 1, 2, 2, 3, 3} with i ̸= 2, j ̸= 3 and k ̸= 3. Using partial
fractioning and the relations between the superfields K and L̃, which are given by22

L̃2i3i3i = K2i3i3i + K2i3i32 + K2i3i33 + K2i323i + K2i3232 + K2i3233 ,

L̃233i3i = K233i3i + K233i32 + K233i33 − K2i323i − K2i3232 − K2i3233 ,

L̃23333i = K23333i − K233i33 − K233i32 + K2i3232 + K2i3233 − K23323i ,

L̃232333 = K233232 − K233332 − K233233 − K233232 + K233333 ,

L̃2i333i = K2i333i − K2i3i33 − K2i3233 + K2i3332 ,

L̃2i333j = K2i333j − K2i3j33 , L̃2i3i3j = K2i3i3j + K2i323j ,

L̃233333 = K233233 + K233232 , L̃2i3333 = K2i3333 ,

L̃2i3j3k = K2i3j3k

(B.2)

and by similar relations but with permutations of the integrated vertex operators, we can
reorganise the kinematic terms according to the recursive definitions of the building blocks

21For simplicity, we have not given the non-contracted unintegrated vertex operators, but they are
still there.

22These relations can be found by comparing the OPE method for vertex operator contractions of [31]
with vertex operator contractions one obtains using Wick’s theorem.
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of appendix A.2 and write the correlator as a sum of single- and double-pole integrands23

〈
V1(1)V1(−1)V2(y)U2(−y)U3(ξ)U3(η)

〉
=

= KN(y, ξ, η)
〈∑

i,j,k
∈{1,1,2}

ϵijk

( L̃2i3j3k

z2iz3jz3k

+
L̃2i3i3jVk

z2iz3iz3j

+
L̃2i3j3iVk

z2iz3jz3i

+
L̃2j3i3iVk

z2jz3iz3i

+
L̃2i333jVk

z2iz33z3j

+
L̃233i3jVk

z23z3iz3j

+
L̃233i3jVk

z23z3iz3j

+ L̃2i3i3iVjVk

z2iz3iz3i

+ L̃2i333iVjVk

z2iz33z3i

+ L̃233i3iVjVk

z23z3iz3i

+ L̃233i3iVjVk

z23z3iz3i

+ L̃23333iVjVk

z23z33z3i
+ L̃23333iVjVk

z23z33z3i

+ L̃2i3333VjVk

z2iz
2
33

+ L̃23233iVjVk

z2
23z3i

+ L̃23233iVjVk

z2
23z3i

)

+ L̃233333V1V1V2
z23z2

33
+ L̃233333V1V1V2

z23z2
33

+ L̃232333V1V1V2
z2

23z33
+ L̃232333V1V1V2

z2
23z33

〉
, (B.3)

where we have chosen the convention ϵ112 = 1 and KN(y, ξ, η) is the Koba-Nielsen factor
that takes the following form after contracting the plane wave factors

KN(y, ξ, η) = ⟨eik1·X(1)eiD·k1·X(−1)eik2·X(y)eiD·k2·X(−y)eik3·X(ξ)eiD·k3·X(η)⟩
= 2s11 |1− y|s12 |1 + y|s12 |1− ξ|s13 |1− η|s13 |1 + y|s12

×|1− y|s12 |1 + ξ|s13 |1 + η|s13 |2y|s22 |y − ξ|s23

×|y − η|s23 |y + ξ|s23 |y + η|s23 |ξ − η|s33 , (B.4)

where sij = ki·kj and siȷ = ki·D·kj .
In string theory we can benefit from the independence of the CFT correlator of the

order in which we integrate out the conformal dimension one fields using the OPE method
described at the beginning of section A.2. We have chosen an explicit order of contracting
the vertex operators meaning that we start with 2, then 3 and in the end we contract the
vertex operator 3. The result of the OPE contractions should not depend on this particular
order.24 Instead we could also start with 3 or 3. Hence, we find identities between the
kinematic factors by comparing different orders in which the conformal weight one fields
are integrated out by demanding that in the end they should give the same result [41].
For a different order of contraction than the one in (B.3) the kinematic factors L̃ and
their worldsheet dependent numerators 1

zijzmnzrs
can be obtained just by relabelling them

according to the new order in which the vertex operators are contracted.
For the building blocks the relabelling is straightforward, but if we look at the zij

dependence we recognize that the relabelling introduces different poles in the integrand,
which are not present in the original expression (B.3). This makes comparing different
orders of contraction to find relations between kinematic building blocks non-straightforward.

23Comparing this to the literature, in [30] one vertex operator is fixed to ∞ and therefore there are
34 different terms in (3.2) in [30]. Because we have not fixed any vertex operator to ∞ the expression
corresponding to (3.2) in [30] contains 76 terms in this different vertex operator position fixing in (B.3).

24The end result is independent of the order of contraction. Nevertheless, during the computation one has
to choose an order and stick to it.
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However, we can use partial fractioning

1
zjizki

+ 1
zjkzji

= 1
zjkzki

(B.5)

so that subtracting amplitudes with different ordering of contraction gives rise to relations
of the form [30, 41]

L̃233i3i = L̃3i2i3i − L̃2i3i3i ,

L̃2i333i = L̃2i3i3i − L̃2i3i3i ,

L̃23333i = L̃3i3i2i − L̃3i2i3i + L̃2i3i3i − L̃3i2i3i , (B.6)
L̃233i3j = L̃3i2i3j − L̃2i3i3j ,

L̃2j333i = L̃2j3i3i − L̃2j3i3i .

Already applying this method here will reduce the amount of superfield manipulations
later, because we can reduce the number of different building blocks we have to consider.
For example, the OPEs leading to L̃23333i are rather tedious to compute, because we have
to contract unintegrated vertex operators Uk(zk) with each other, whereas the building
blocks L̃3i3i2i, L̃3i2i3i, L̃2i3i3i and L̃3i2i3i are simpler to calculate, due to the fact that we are
considering contractions between Uk(zk) and Vi(zi) only.

We can then simplify the expression in (B.3) by using the relations (B.6) between the
building blocks and relabelling of those relations such that we can write the correlator as〈

V1(1)V1(−1)V2(y)U2(−y)U3(ξ)U3(η)
〉
=

= KN(z2, z3, z3)
〈∑

i,j,k
∈{1,1,2}

ϵijk

( L̃2i3j3k

z2iz3jz3k

+
L̃3i2i3jVk

z23z3iz3j

+
L̃2j3i3iVk

z2jz33z3i

+
L̃3i3j2iVk

z23z33z3i

−
L̃2i3i3jVk

z23z2iz3j

−
L̃2i3j3iVk

z23z2iz3j
−

L̃2j3i3iVk

z33z3iz2j

+ L̃2i3i3iVjVk

z23z33z2i

+ L̃3i3i2iVjVk

z23z33z3i
+ L̃3i3i2iVjVk

z23z33z3i

−
L̃3i2i3iVjVk

z23z23z3i

−
L̃2i3i3iVjVk

z23z33z2i

−
L̃3i2i3iVjVk

z23z23z3i

+ L̃2i3333VjVk

z2iz
2
33

+ L̃23233iVjVk

z2
23z3i

+ L̃23233iVjVk

z2
23z3i

)

+ L̃233333V1V1V2
z23z2

33
+ L̃233333V1V1V2

z23z2
33

+ L̃232333V1V1V2
z2

23z33
+ L̃232333V1V1V2

z2
23z33

〉
. (B.7)

In section 3 we have already PSL(2,R) transformed the integration regions of the seven
subamplitudes. Next, we want to discuss the transformation of the correlator in more detail.

PSL(2,R) transformation of the correlator. In order to make contact to the literature
on open string correlators we map the fixed vertex operator positions from (−1, y, 1) to
(0, 1,∞) and check that the kinematic factors containing the vertex operator, whose
position is mapped to infinity, is not present in a composite superfield any more after the
transformation, which is not obvious: a priori the composite superfields for three closed
strings contain contractions with all vertex operators. By gauge fixing one can put one
vertex operator position to infinity and therefore this vertex operator has only vanishing
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contractions as already stated above. For our choice of gauge fixing the vertex operator
V1(1) will be mapped to infinity by the PSL(2,R) transformation in (3.21) so that we would
expect all building blocks containing a contraction with V1(1) to drop out.

Moreover, by just using the transformation in (3.21) we would not get the correct zij

dependencies; we would obtain terms containing for example square roots of vertex operator
positions, which are not present in an open string six-point amplitude. By conformal
invariance only differences between vertex operator positions can appear after contracting
conformal primaries [46]. Hence, we have to ensure that the correlator (B.7) is invariant
under global conformal transformations. As discussed in appendix D this correlator has to
satisfy the conditions (D.16)–(D.18), which in our case become:25

0=
3∑

i=1

(
∂i+∂i

)
⟨V1(z1)V1(z1)V2(z2)U2(z2)U3(z3)U3(z3)⟩ , (B.8)

0=
3∑

i=1

(
hi+zi∂i+hi+zi∂i

)
⟨V1(z1)V1(z1)V2(z2)U2(z2)U3(z3)U3(z3)⟩ , (B.9)

0=
3∑

i=1

(
2hizi+z2

i ∂i+2hizi+z2
i ∂i

)
⟨V1(z1)V1(z1)V2(z2)U2(z2)U3(z3)U3(z3)⟩ . (B.10)

The integrated vertex operators Ui have conformal weight hi = 1 and the unintegrated
vertex operators Vi have conformal weight hi = 0, which also holds for the antiholomorphic
part. We can then evaluate the conditions (B.8)–(B.10): using momentum conservation
one can show that the correlator of A satisfies the conditions in the first two equations, but
the third condition (B.10) is a priori non vanishing

0=
3∑

i=1

(
2hizi+z2

i ∂i+2hizi+z2
i ∂i

)
⟨V1(z1)V1(z1)V2(z2)U2(z2)U3(z4)U3(z3)⟩=

= 1
z12z23

⟨L̃233131V2V1+V1L̃2331L̃32V1+V1V2L̃2331L̃31⟩+
1

z12z13
⟨L̃213131V2V1+L̃2131L̃32V1

+L̃2131V2L̃31+L̃233131V2V1+V1L̃2331L̃32V1+V1V2L̃2331L̃31⟩+. . . . (B.11)

In general, the fractions 1
zijzmn

don’t vanish for arbitrary zi (and zı). Moreover, the

individual fractions 1
zijzmn

appearing in (B.11) are independent and hence equation (B.11)

gives rise to relations between the building blocks L̃. By equating coefficients these are
given by

0= ⟨L̃213131V2V1+L̃213331V2V1+L̃233131V2V1+L̃233331V2V1+L̃233131V2V1

+L̃3131L̃22V1+L̃3331L̃22V1+L̃3131V2L̃21+L̃3331V2L̃21⟩ ,

0= ⟨L̃213131V2V1+L̃213331V2V1+L̃2131L̃32V1+L̃2131V2L̃31+L̃233131V2V1

+L̃2331L̃32V1+L̃2331V2L̃31⟩ ,

25The Koba-Nielsen factor KN satisfies these equations trivially using momentum conservation, see the
example at the end of appendix D, now with p2

i = 0. Moreover, these relations are linear in the derivatives
so we only need to consider the vertex operators without a plane wave factor in (B.8)–(B.10).
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0= ⟨L̃233331V2V1+V1L̃233332V1+V1V2L̃233331−L̃233331V2V1−V1L̃233332V1−V1V2L̃233331⟩ ,

0= ⟨L̃213131V2V1+L̃2131L̃32V1+L̃2131V2L̃31+L̃233131V2V1+L̃2331L̃32V1+L̃2331V2L̃31⟩ ,

0= ⟨L̃2131L̃32V1+L̃2331L̃32V1+L̃2331L̃32V1+L̃31L̃2232V1+L̃31L̃32L̃21⟩ ,

0= ⟨L̃21L̃3333V2V1+L̃233333V1V2V1+L̃233333V1V2V1+V1L̃22L̃3333V1+V1V2L̃21L̃3333⟩ ,

0= ⟨L̃213331V2V1+L̃233331V2V1−L̃233331V2V1+L̃3331L̃22V1+L̃3331V2L̃21⟩ ,

0= ⟨L̃2131L̃32V1+L̃2331L̃32V1+L̃2331L̃32V1+L̃31L̃2232V1+L̃31L̃32L̃21⟩ ,

0= ⟨L̃2131L̃32V1+L̃21L̃3332V1+L̃21L̃3232V1+L̃21L̃32L̃31⟩ ,

0= ⟨L̃232333V1V2V1−L̃2323L̃31V2V1−L̃2323V1L̃32V1−L̃2323V1V2L̃31⟩ ,

0= ⟨L̃233131V2V1+L̃233331V2V1+L̃31L̃2332V1+L̃31V2L̃2331⟩ ,

0= ⟨L̃2323L̃31V2V1+L̃232333V1V2V1+L̃2323V1L̃32V1+L̃2323V1V2L̃31⟩ ,

0= ⟨L̃233131V2V1+L̃2332L̃32V1+L̃31V2L̃2331+L̃233331V2V1⟩ (B.12)

and permutations thereof. Eventually, we have all we need to perform the transformation
from one vertex operator position fixing to another: using the relations (B.12) and their
permutations together with the PSL(2,R) transformation (3.21) we can map the correlator
in (3.5) to ⟨V1(0)V2(1)V1(∞)U2(x)U3(ξ̃)U3(η̃)⟩. Explicitly, after the transformation the
correlator can be written as〈

V1(0)V2(1)V1(∞)U2(x)U3(ξ̃)U3(η̃)
〉
=

= det(J )−1 KN(x, ξ̃, η̃)
〈 ∑

i,j∈{1,2}

( L̃2i3i3jV1

z2iz3iz3j

+
L̃2i3j3iV1

z2iz3jz3i

+
L̃2j3i3iV1

z2jz3iz3i

+
L̃2i333jV1

z2iz33z3j

+
L̃233i3jV1

z23z3iz3j

+
L̃233i3jV1

z23z3iz3j

+ L̃2i3i3iVjV1
z2iz3iz3i

+ L̃2i333iVjV1
z2iz33z3i

+ L̃233i3iVjV1
z23z3iz3i

+ L̃233i3iVjV1
z23z3iz3i

+ L̃23333iVjV1
z23z33z3i

+ L̃23333iVjV1
z23z33z3i

+ L̃2i3333VjV1
z2iz

2
33

+ L̃23233iVjV1
z2

23z3i
+ L̃23233iVjV1

z2
23z3i

)

+ L̃233333V1V2V1
z23z2

33
+ L̃233333V1V2V1

z23z2
33

+ L̃232333V1V2V1
z2

23z33
+ L̃232333V1V2V1

z2
23z33

〉
, (B.13)

where the vertex operator positions are given by z1 = 0, z1 = ∞, z2 = x, z2 = 1, z3 = η̃, z3 =
ξ̃ and the determinant of the Jacobi matrix J is given by

det(J ) = − 4
√

x

(1 +
√

x)2(
√

x + ξ)2(
√

x + η)2 . (B.14)

Comparing this result with the correlator of six open strings on the disk in equation (3.2)
in [30], both of them are in agreement with each other after the identification (3.28) and up
to an overall factor, that will cancel against the Jacobian of the PSL(2,R) transformation,
when we take also the measure of the worldsheet integrals into account — i.e. when we
consider the complete three point amplitude in the next section.
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B.2 The three-point amplitude with BRST building blocks

After we have explicitly shown that the scattering of three closed strings on the disk behaves
like the scattering of six open strings on the disk, we can exploit the methods presented
in [30–32], which provide further simplification for this amplitude. Namely, we want to
replace the superfield expressions L̃ji, L̃jiki and L̃jikili by their corresponding BRST building
blocks Tij , Tijk and Tijkl.

The correlator in (B.13) still contains BRST exact terms, which were dropped in [30]
from the beginning, because when integrating over the correlator they cancel out. We have
not dropped them so far, because otherwise the set of relations between the kinematic terms
in (B.12) would not hold, even though the BRST exact terms do not contribute to the end
result of the amplitude.

Since we do not need those terms any more we can finally get rid of them. After an
easy but tedious calculation it can be seen that all the BRST exact terms cancel by using
partial fractioning and integration by parts. This then results in the same correlator26 as
in (B.13) but with the substitution L̃ → L

A= iTpg3
c

2∑
n=1

Πn

∫
In

dxdξ̃dη̃
〈
V1(0)V2(1)V1(∞)U2(x)U3(ξ̃)U3(η̃)

〉

= iTpg3
c

2∑
n=1

Πn

∫
In

dxdξ̃dη̃ KN(x, ξ̃, η̃)
〈 ∑

i,j∈{1,2}
i ̸=j

ϵij

(L2i3i3jV1

z2iz3iz3j

+
L2i3j3iV1

z2iz3jz3i

+
L2j3i3iV1

z2jz3iz3i

+
L2i333jV1

z2iz33z3j

+
L233i3jV1

z23z3iz3j

+
L233i3jV1

z23z3iz3j

+L2i3i3iVjV1
z2iz3iz3i

+L2i333iVjV1
z2iz33z3i

+L233i3iVjV1
z23z3iz3i

+L233i3iVjV1
z23z3iz3i

+L23333iVjV1
z23z33z3i

+L23333iVjV1
z23z33z3i

+L2i3333VjV1
z2iz

2
33

+L23233iVjV1
z2

23z3i
+L23233iVjV1

z2
23z3i

)

+L233333V1V2V1
z23z2

33
+L233333V1V2V1

z23z2
33

+L232333V1V2V1
z2

23z33
+L232333V1V2V1

z2
23z33

〉
, (B.15)

which means that all BRST exact terms are now gone. Above we have introduced the phase

Π1 = 2i sin(s23), Π2 = 2i sin(s23 + s23) (B.16)

of the subamplitudes in (3.42). From here on we will look at the complete amplitude (3.42)
and not only the correlator. This means that we include the integration over the worldsheet
coordinates of the vertex operators and in addition all the prefactors. As we stated already
at the end of appendix B.1 the amplitude in (B.15) is identical to (3.2) in [30] when
using (3.28). Hence, after performing the same computation as in [30] and [31] we obtain27

A = −ig3
c Tp

2∑
n=1

Πn

∫
In

dx dξ̃ dη̃ KN(x, ξ̃, η̃)
{

s12
z12

(
s13
z13

+ s23
z23

)
s32
z32

⟨M1233V2V1

+M123M32V1 + M12M332V1 + V1M2332V1⟩+ P(2, 3, 3)
}

, (B.17)

26We have also cancelled the prefactor in (B.13) against the Jacobian, which we obtained by the transfor-
mation of the measure.

27The analogous expression for the six-point function in [31] is given in (5.19) therein.
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where P(2, 3, 3) are all permutations of S3 and we have introduced the Berends-Giele
currents

M21 = −
T21
s21

(B.18)

M123 = 1
s123

(
T123
s12

+ T123 − T132
s23

)
, (B.19)

M1233 = − 1
s1233

(
T1233

s12s123
+ T1233 − T1323

s23s123
+ T1233 − T1233 + T1332 − T1332

s33s233

+T1332 − T1323 + T1233 − T1323
s23s233

+ T1233 − T1233
s12s33

)
. (B.20)

Under the identification of closed and open strings in (3.28), i.e. the identification of their
momenta (3.29) and polarizations (3.32), the above combination of Berends-Giele currents
is equivalent to a Yang-Mills amplitude.28 We can use that z2 = x, z3 = ξ̃ and z3 = η̃ to
write (B.17) as

A = −ig3
c Tp

2∑
n=1

∑
σ∈S3

Πn

∫
In

dz2 dz3 dz3 KN(z2, z3, z3)

×
s12σ

z12σ

s3σ2
z3σ2

(
s13σ

z13σ

+
s2σ3σ

z2σ3σ

)
AYM(1, 2σ, 3σ, 3σ, 2, 1) , (B.21)

where σ ∈ S3 describes the permutations of the labels (2, 3, 3). We can also find the six
hypergeometric basis integrals in (B.21), which in this case are given by

F
(2σ3σ3σ)
In

= −
∫
In

dz2 dz3 dz3

(∏
i<j

|zij |sij

)
s12σ

z12σ

s3σ2
z3σ2

(
s13σ

z13σ

+
s2σ3σ

z2σ3σ

)
. (B.22)

In section 4.1 we have also given the relation of the integrals in (B.21) to the corresponding
open string integrals in (2.29) of [32]. These are in agreement with the previously found
basis functions in (2.29) of [32] again under the identification (3.28) and up to the region
of integration. Here we don’t integrate over 0 < z2 < z3 < z4 < 1, but instead we have
different integration regions In, which are given by

I1: 0 < z2 < 1 , 1 < z3 < ∞ , z2 < z3 < 1 ,

I2: 0 < z2 < 1 , 1 < z3 < ∞ , 1 < z3 < z3 .
(B.23)

To conclude this section we can write the scattering amplitude of three closed strings on
the disk as

A=−2g3
c Tp

∑
σ∈S3

{
sin(πs23)F (2σ3σ3σ)

I1
+sin

[
π(s23+s23)

]
F

(2σ3σ3σ)
I2

}
AYM(1,2σ,3σ,3σ,2,1) ,

(B.24)
28For the open string case see for example [45] for more details.
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which agrees with (3.46). We have shown that one can write this scattering process as a
scattering of six open strings as proposed in [18]. In fact, the six permutations σ of the
YM-amplitudes in equation (B.24) are the same as for the six-point function of open strings
and the expressions are the same up to the phases (B.16) and the regions of integration.
Moreover, in section 3 we have argued that I1 and I2 correspond to two different open
string subamplitudes.

C Complex integration and analytic continuation

In this appendix we want to present a derivation of the phase factor in (3.6). Originally,
in [29] to find a relation between open and closed strings they introduced a phase depending
only on the kinematic invariants to account for the correct branch of integration. Besides
the original approach of [29] the notes [64] may be useful and we will gather the steps
presented therein to the scattering of three closed strings on the disk.

We start by taking the amplitude and split it into a part containing branch cuts, which
is essentially the Koba-Nielsen-factor originating from the plane wave contractions, and a
branch cut independent piece F (y, z, z), which comes from the remaining contractions of
the vertex operators:

A ∼
∫ 1

0
dy

∫
H+

d2z ⟨V1(i)V1(−i)V2(iy)U2(−iy)U3(z)U3(z)⟩

=
∫ 1

0
dy

∫
H+

d2z F (y, z, z)2s11 |2y|s22 |1− y|2s12 |1 + y|2s12 |i − z|2s13 |i + z|2s13

×|iy − z|2s23 |iy + z|2s23 |z − z|s33 . (C.1)

We can immediately recognize that no branch cuts can arise from 2y, 1 − y, 1 + y and
z − z = 2ℑ(z), because they are always ≥ 0 due to the fact that we integrate 0 ≤ y ≤ 1
and (z, z) over the upper half plane (ℑ(z) ≥ 0).

We can now perform the analytic continuation described in section 3.1 and introduce
the variables

z → iz1 + iz2 = iξ , z → iz1 − iz2 = iη , (C.2)

where ξ ∈ R and η ∈ R which have to satisfy ξ − η ≥ 0. We do so by deforming the contour
integral of ℜ(z) = z1 avoiding the branch cuts as depicted in figure 1, which is achieved by

z1 → ie−2iεz1 ≈ i(1− 2iε)z1 = iz1 + 2εz1 , (C.3)

where ε is small and ε > 0. Thus, after the contour deformation we have for λ ∈ R

|iλ − z|2s =
[
z2

1 + (λ − z2)2
]s

→
[
(iz1 + 2εz1)2 + (λ − z2)2

]s
= [(ξ − λ − iεδ)(−η − λ + iεδ)]s , (C.4)
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ξ < −1: −1 −y 0 y 1ξ

ξ > 1:

−1 −y 0 y 1 ξ

Figure 9. η-integration contour (η < ξ in blue and η > ξ in red) for ξ < −1 and 1 < ξ.

where we have introduced δ = 2z1 = ξ + η. With the above we can write (C.1) as

A ∼
∫ 1

0
dy

∫ ∞

−∞
dξ

∫ ξ

−∞
dη F (y, ξ, η)2s11 |2y|s22 |1− y|2s12 |1 + y|2s12 |ξ − η|s33

×[(ξ − 1− iεδ)(−η − 1 + iεδ)]s13 [(ξ + 1− iεδ)(−η + 1 + iεδ)]s13

×[(ξ − y − iεδ)(−η − y − iεδ)]s23 [(ξ + y − iεδ)(−η + y + iεδ)]s23 (C.5)

=
∫ 1

0
dy

∫ ∞

−∞
dξ

∫ ξ

−∞
dη F (y, ξ, η)2s11 |2y|s22 |1− y|2s12 |1 + y|2s12 |ξ − η|s33

×(−ξ + 1 + iεδ)s13(η + 1− iεδ)s13(−ξ − 1 + iεδ)s13(η − 1− iεδ)s13

×(−ξ + y + iεδ)s23(η + y − iεδ)s23(−ξ − y + iεδ)s23(η − y − iεδ)s23 . (C.6)

In order to get from (C.5) to (C.6) we use that

(z1z2)c = (−z1)c(−z2)c for sign(ℑ(z1)) = − sign(ℑ(z2)) . (C.7)

We choose the branch cut of the power function to lie on the negative real axis, i.e. we
restrict the power function to zc = |z|ceciθ with −π < θ ≤ π. Analogously to appendix A
of [64] one can show that this implies (for both signs of ℜ(z))

zc =
{

eiπc(−z)c for ℑ(z) ≥ 0 ,

e−iπc(−z)c for ℑ(z) < 0 ,
(C.8)

and
(z1z2)c = zc

1zc
2 for sign(ℑ(z1)) = − sign(ℑ(z2)) . (C.9)

Taken together, these imply (C.7).
If ξ < −1 the behaviour of the imaginary parts in the η-terms at the branch points is

η ≈ −1 : δ = ξ + η ≈ ξ − 1 < 0 ,

η ≈ −y : δ ≈ ξ − y < 0 ,

η ≈ y : δ ≈ ξ + y < 0 ,

η ≈ 1 : δ ≈ ξ + 1 < 0 .

Similarly, if ξ > 1 at all branch points δ > 0. Thus we integrate along the contours depicted
in figure 9. Note that the η-integration always ends at ξ, i.e. it ranges only over the blue
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−ξ

−1

−y 0 y 1ξ

δ < 0 δ > 0

Figure 10. η-integration contour (η < ξ in blue and η > ξ in red) for y < ξ < 1.

contour in figure 9. For ξ ∈] − 1, 1[ we find that δ < 0 for η < −ξ and δ > 0 for η > −ξ,
which results in an integration contour as depicted in figure 10.

We can now do an example to illustrate the general procedure. To be concrete, we
consider the region y < ξ < 1. If y < ξ < 1 the behaviour of the imaginary parts in the η

terms in (C.6) at the branch points is

η ≈ −1 : δ = ξ + η ≈ ξ − 1 < 0 ,

η ≈ −y : δ ≈ ξ − y > 0 ,

η ≈ y : δ ≈ ξ + y > 0 ,

η ≈ 1 : δ ≈ ξ + 1 > 0 .

Moreover, for this example we have that for the ξ-dependent terms the real part of 1−ξ+iεδ

is positive and the real parts of all other ξ-dependent terms are negative. In order to have
all real parts of the ξ dependent terms positive, we can change the signs in the latter case if
we do the same simultaneously for the corresponding η-terms, cf. (C.8), i.e.

A
∣∣∣
y<ξ<1

∼
∫ 1

0
dy

∫ 1

y
dξ

∫ ξ

−∞
dη F (y,ξ,η)2s11 |2y|s22 |1−y|2s12 |1+y|2s12 |ξ−η|s33

×(−ξ+1+iεδ)s13(η+1−iεδ)s13(ξ+1−iεδ)s13(−η+1+iεδ)s13

×(ξ−y−iεδ)s23(−η−y+iεδ)s23(ξ+y−iεδ)s23(−η+y+iεδ)s23 . (C.10)

Now we can use (C.8) again to make the real parts of the η dependent terms in the Koba-
Nielsen factor positive (and take the limit ε → 0). Given the signs in table 4 and the signs
for δ depicted in figure 10 we see that the integrand in (C.10) is given by

A
∣∣∣
y<ξ<1

∼
∫ 1

0
dy

∫ 1

y
dξ

∫ ξ

−∞
dη F (y, ξ, η)Π(y, ξ, η)2s11 |2y|s22 |1− y|2s12 |1 + y|2s12 |ξ − η|s33

× |1− ξ|s13 |1 + η|s13 |1 + ξ|s13 |1− η|s13 |y − ξ|s23 |y + η|s23 |y + ξ|s23 |y − η|s23

(C.11)

with a phase Π(y, ξ, η) which is depicted in figure 11. From this analysis we can conclude
that only if the real parts of the corresponding ξ and η dependent terms have opposite signs
do we get a contribution to the phase of this integration region. Hence, we can conclude
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−1

−y 0 y 1ξ

eiπs13 1 eiπs23 eiπs23eiπs23

Figure 11. Phase Π(y, ξ, η) for y < ξ < 1.

η < −1 −1 < η < −y −y < η < y y < η < ξ

1 + η: < 0 > 0 > 0 > 0
1− η: > 0 > 0 > 0 > 0

−y − η: > 0 > 0 < 0 < 0
y − η: > 0 > 0 > 0 < 0

Table 4. Real part of the η dependent terms in (C.10) for y < ξ < 1.

that the phase obtained by this procedure is consistent with

Π(y, ξ, η) = eiπs13Θ(−(1−ξ)(1+η))eiπs13Θ(−(1+ξ)(1−η))eiπs23Θ(−(y−ξ)(y+η))

×eiπs23Θ(−(y+ξ)(y−η))eiπs33Θ(−(ξ−η)) , (C.12)

where we have added eiπs33Θ(−(ξ−η)) for completeness. This factor accounts for the contri-
bution coming from (ξ − η)s33 for ξ < η such that we can write

(ξ − η)s33 = |ξ − η|s33eiπs33Θ(−(ξ−η)) (C.13)

using (C.8) for all values of ξ and η.

D Invariance of a correlator under PSL(2,R) transformation

Let us start with some general remarks about a correlation function29 of a CFT on the
Riemann sphere S2 = C ∪ ∞ following [46]. The structure of a correlation function is
restricted: a correlation function is the vacuum expectation value of a radially ordered
product of fields. Because the ground state is invariant under SL(2,C) transformations30 a
general CFT correlator with n fields ϕi(zi) has to satisfy

⟨ϕ′
1(z1) · · ·ϕ′

n(zn)⟩S2 = ⟨ϕ1(z1) · · ·ϕn(zn)⟩S2 , (D.1)

where we used that ϕ′(z) = Uϕ(z)U−1 is the SL(2,C) transformed field ϕ(z) and the
transformation matrix U leaves the in and out ground state invariant. The three globally

29We will only consider the chiral (holomorphic) fields. For the anti-chiral (antiholomorphic) fields similar
results hold.

30The vacuum is not invariant under the action of all generators, we only need to consider the globally
well defined generators, which are L−1, L0 and L1.
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defined generators of SL(2,C) act on the fields ϕ(z) as

L−1 : translations U = ebL−1 ϕ′(z) = ϕ(z + b) ,

L0 : dilatations and
rotations

U = eln aL0 ϕ′(z) = ahϕ(az) ,

L1 : special conformal
transformations

U = ecL1 ϕ′(z) =
(

1
1−cz

)2h
ϕ
(

z
1−cz

)
,

(D.2)

where h is the conformal dimension of ϕ(z). This transformation behaviour under global
SL(2,C) transformations of the correlator of n primary fields ϕi(zi) with conformal weight
hi leads to the following constraints

n∑
i=1

∂

∂zi
⟨ϕ1(z1) · · ·ϕn(zn)⟩S2 = 0 , (D.3)

n∑
i=1

(
zi

∂

∂zi
+ hi

)
⟨ϕ1(z1) · · ·ϕn(zn)⟩S2 = 0 , (D.4)

n∑
i=1

(
z2

i

∂

∂zi
+ 2zihi

)
⟨ϕ1(z1) · · ·ϕn(zn)⟩S2 = 0 . (D.5)

Conversely, if a correlator satisfies the conditions (D.3)–(D.5), the correlator is invariant
under SL(2,C) transformations [46].

On the Riemann sphere we can separate holomorphic and antiholomorphic fields and
discuss their correlation functions separately, but for other topologies this can be more
subtle: due to the boundary of the disk D2 the holomorphic and antiholomorphic fields
(and also the holomorphic and antiholomorphic parts of the same field) interact with each
other such that we cannot separate them any more. In the following we want to derive
similar conditions to (D.3)–(D.5) for conformal primaries ϕi(zi, zi) on the unit disk. The
purpose is to find the conditions the correlator in (B.7) has to fulfil to be invariant under
conformal transformations. Relations between the kinematic factors, which are imposed by
these conditions, will allow us to map one vertex operator position fixing to another.

The conformal Killing group of the disk31 is PSL(2,R), which means that transforma-
tion parameters have to be real numbers. Hence, the conformal transformation for the
holomorphic and antiholomorphic components on the disk are the same. The infinitesimal
transformations of the worldsheet coordinates are given by

z′ = z + ϵ(z) ,

z′ = z + ϵ(z) = z + ϵ(z) ,
(D.6)

where we used that ϵ = ϵ, because the conformal Killing group of the unit disk is PSL(2,R).
We can then compute the infinitesimal PSL(2,R) transformation of a primary field:

δϵϕ(z, z) = ϕ′(z, z)− ϕ(z, z) = ϕ′(z′ − ϵ(z), z′ − ϵ(z))− ϕ(z, z) . (D.7)
31Here, we actually mean the upper half plane H+, since the conformal Killing group of the disk is SU(1, 1).

However, we have mapped the scattering process on the disk to the upper half plane and use these two
expressions synonymously.
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Above we have used (D.6) and are now going to perform a Taylor expansion of ϕ′(z′ −
ϵ(z), z′− ϵ(z)) in the infinitesimal parameters ϵ(z) and ϵ(z). Up to first order in ϵ we obtain

δϵϕ(z, z) = ϕ′(z′, z′)− ϵ(z)∂ϕ(z, z)− ϵ(z)∂ϕ(z, z)− ϕ(z, z) +O(ϵ2) . (D.8)

We can now use the general transformation property of a primary field under conformal
transformations, which is given by ϕ′(z′, z′) =

(
∂z′

∂z

)−h(
∂z′

∂z

)−h
ϕ(z, z), where (h, h) are the

conformal weights of the holomorphic and antiholomrphic components of ϕ, so that

δϵϕ(z, z) =
[
(1 + ∂ϵ(z))−h(1 + ∂ϵ(z))−h −

(
1 + ϵ(z)∂ + ϵ(z)∂

)]
ϕ(z, z) +O(ϵ2) , (D.9)

which then becomes

δϵϕ(z, z) = −
(
h∂ϵ(z) + h∂ϵ(z) + ϵ(z)∂ + ϵ(z)∂

)
ϕ(z, z) +O(ϵ2) . (D.10)

The infinitesimal conformal transformations can be written as

ϵ(z) = ϵ−1 + ϵ0z + ϵ1z2. (D.11)

We can take this explicit form of ϵ and plug it into (D.10). After computing all derivatives
and rearranging the terms the transformation of a conformal primary takes the form [65]

δϵϕ(z, z) = −
[
ϵ−1
(
∂ + ∂

)
+ ϵ0

(
h + z∂ + h + z∂

)
+ ϵ1

(
2hz + z2∂ + 2hz + z2∂

)]
ϕ(z, z).

(D.12)
As already stated above the correlator of n primary fields is invariant under conformal

transformations, which was displayed in (D.1). If we write down the analogue of (D.1)

⟨ϕ′
1(z1, z1) · · ·ϕ′

n(zn, zn)⟩D2
= ⟨ϕ1(z1, z1) · · ·ϕn(zn, zn)⟩D2

(D.13)

and then subtract both sides we find that the variation with respect to a conformal
transformation has to vanish. Hence, we obtain for infinitesimal ϵ

0= δϵ⟨ϕ1(z1, z1) · · ·ϕn(zn, zn)⟩D2
=

n∑
i=1

⟨ϕ1(z1, z1) · · ·δϵϕi(zi, zi) · · ·ϕn(zn, zn)⟩D2
. (D.14)

We can then use the explicit form of the infinitesimal variation of ϕ, which is given in (D.12)
and compute the right side of equation (D.14).

0 =
n∑

i=1

[
ϵ−1
(
∂i + ∂i

)
+ ϵ0

(
hi + zi∂i + hi + zi∂i

)
+ϵ1

(
2hizi + z2

i ∂i + 2hizi + z2
i ∂i

)]
⟨ϕ1(z1, z1) · · ·ϕn(zn, zn)⟩D2

. (D.15)

In general, the coefficients ϵ−1, ϵ0 and ϵ1 of the transformation (D.11) are not vanishing.
Hence, we find three conditions for the correlator on the disk to be invariant under conformal
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transformations. Explicitly, after equating coefficients for ϵ−1, ϵ0 and ϵ1 this results in the
following equations

0 =
n∑

i=1

(
∂i + ∂i

)
⟨ϕ1(z1, z1) · · ·ϕn(zn, zn)⟩D2

, (D.16)

0 =
n∑

i=1

(
hi + zi∂i + hi + zi∂i

)
⟨ϕ1(z1, z1) · · ·ϕn(zn, zn)⟩D2

, (D.17)

0 =
n∑

i=1

(
2hizi + z2

i ∂i + 2hizi + z2
i ∂i

)
⟨ϕ1(z1, z1) · · ·ϕn(zn, zn)⟩D2

. (D.18)

We can interpret this result by comparing it with the conditions (D.3)–(D.5) previously
found for a CFT on the Riemann sphere. To do so, let us first rewrite the primary
field ϕ(z, z) → ϕ(z)ϕ(z), where ϕ(z) is the holomorphic and ϕ(z) is the antiholomorphic
component of ϕ(z, z), which depend only on z and z, respectively. Hence, we can write the
correlator of n such fields as

⟨ϕ1(z1, z1) · · ·ϕn(zn, zn)⟩D2
→ ⟨ϕ1(z1)ϕ1(z1) · · ·ϕn(zn)ϕn(zn)⟩D2

. (D.19)

By doing so we have to treat both components as independent fields that interact with all
other 2n − 1 fields. Thus, we have a correlator of 2n independent conformal primaries with
conformal weights hi and hi, respectively. From this point of view the conditions (D.16)–
(D.18) seem natural, because they describe the conditions a correlator of 2n primary field has
to satisfy to be conformally invariant similar to the ones for a CFT on the Riemann sphere.

An example. To illustrate that the constraints (D.16)–(D.18) are suitable for our purpose,
we want to check that a correlation function of n plane wave factors (or n tachyons) satisfies
those. Moreover, by doing so we illustrate that for our discussion in appendix B the Koba-
Nielsen factor is not involved in finding the constraints (B.12) such that those constraints
only arise from the zero mode correlator of three closed strings on the disk.

The Koba-Nielsen factor of n closed strings scattering off a Dp-brane is given by

KN =
〈 n∏

i=1
eipi·X(zi,zi)

〉
D2

=
n∏

i=1
|zi − zi|

α′
2 piDpi

n∏
i,j=1
i<j

|zi − zj |α
′pi·pj |zi − zj |α

′pi·D·pj .

(D.20)
Each plane wave factor eipi·X(zi,zi), which can be split in a holomorphic part eipi·X(zi) and
an antiholomorphic part eipi·D·X(zi), has conformal weight (α′p2

i
4 ,

α′p2
i

4 ). We start with the
first equation (D.16), where we just need to perform the derivatives with respect to the
holomorphic and antiholomorphic coordinates zi and zi of the plane wave factors, which
are given by

∂iKN= 1
2

[
α′pi·D·pi

zi−zi
+

n∑
j=1
i ̸=j

(
α′pi·pj

zi−zj
+α′pi·D·pj

zi−zj

)]
KN , (D.21)

∂iKN= 1
2

[
−α′pi·D·pi

zi−zi
+

n∑
j=1
i ̸=j

(
α′pi·pj

zi−zj
+α′pi·D·pj

zi−zj

)]
KN , (D.22)
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respectively. Adding up all of these derivatives and rearranging them we find

n∑
i=1

(
∂i+∂i

)
KN=

n∑
i,j=1
i ̸=j

[
α′pi·pj

2

(
1

zi−zj
+ 1

zi−zj

)
+α′pi·D·pj

2

(
1

zi−zj
+ 1

zi−zj

)]
KN

=0 . (D.23)

The above expression vanishes, because we find every term twice but with a different overall
sign, i.e. we have for instance 1

zi−zj
and 1

zj−zi
for fixed i and j, which add up to zero.

For the second constraint we need to include the conformal weight of the plane wave
factors and also have to multiply the derivatives by the corresponding coordinate. This
leads to a more complicated expression

n∑
i=1

(
α′p2

i

4 + zi∂i +
α′p2

i

4 + zi∂i

)
KN =

=
n∑

i=1

(
α′p2

i

2 + α′pi·D·pi

2

)
KN

+
∑

i,j=1
i ̸=j

[
α′pi·pj

2

(
zi

zi − zj
+ zi

zi − zj

)
+ α′pi·D·pj

2

(
zi

zi − zj
+ zi

zi − zj

)]
KN

=
∑

i,j=1

α′

2 (pi·pj + pi·D·pj)KN = 0 , (D.24)

where we used that we find terms like zi
zi−zj

and zj

zj−zi
for fixed i and j such that their

sum adds up to zi
zi−zj

+ zj

zj−zi
= 1. Then, in (D.24) we end up with an expression that

vanishes by momentum conservation so that also the second constraint is satisfied by the
Koba-Nielsen factor of n closed strings.

For the last equation we have

n∑
i=1

(
2zi

α′p2
i

4 + z2
i ∂i + 2zi

α′p2
i

4 + z2
i ∂i

)
KN =

n∑
i=1

1
2

[ n∑
j=1

pi·(pj + D·pj)(zi + zi)
]
KN = 0 .

(D.25)
Hence, the Koba-Nielsen factor KN of n closed strings scattered off a Dp-brane satisfies all
three constraints (D.16)–(D.18) and is therefore invariant under conformal transformations.

E Calculation on the double cover

In this appendix we would like to give some arguments why it is plausible that the calculation
on the double cover misses certain poles of the result on the disk. To this end, we consider
the closed string 2-point function on the disk, which can for instance be found in the formula
between (4) and (5) in [10]. The s-channel poles arise from the second term and we will
focus on this term in the following.
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For Re(s) > 0 and Re(t) > −1, we have

∫ 1

0
dy

[ 4y

(1+y)2

]s
[
(1−y)2

(1+y)2

]t 1−y

y(1+y) = 4sΓ(s)Γ(2+2t)
Γ(2+s+2t) 2F1

[1+2s+2t, s

2+s+2t
;−1

]
(E.1)

=4sΓ(s) Γ(2+2t)Γ(3/2+s+t)
Γ(2+2s+2t)Γ(3/2+t) (E.2)

=4sΓ(s)4−s Γ(1+t)
Γ(1+s+t) (E.3)

= t
Γ(s)Γ(t)
Γ(1+s+t)

s→0−→ 1
s
+O(s0) , (E.4)

where we used mathematica to get (E.1) (and mathematica gives the condition that we
imposed above), (E.2) follows from

2F1

[
a, b

1 + a − b
;−1

]
=

Γ(1 + a − b)Γ(1 + 1
2a)

Γ(1 + a)Γ(1 + 1
2a − b)

(E.5)

and (E.3) is obtained with mathematica again. In (E.4) we performed the low energy limit,
i.e. we expanded for small s (independently of t). Doing so, we find an s-channel pole.

Let us now compare this with the result if we integrate y over [−1, 1], as is done on the
double cover. For Re(s) > 0 and Re(t) > −1 and additionally Re(s + t) < 0 (conditions
imposed again by mathematica), we have

∫ 1

−1
dy

[ 4y

(1 + y)2

]s
[
(1− y)2

(1 + y)2

]t 1− y

y(1 + y) = (E.6)

= 4sΓ(s)
[
(−1)(1+s)Γ(−2(s + t))

Γ(−s − 2t) 2F1

[−1− 2t, s

−s − 2t
;−1

]
+ Γ(2 + 2t)
Γ(2 + s + 2t) 2F1

[1 + 2s + 2t, s

2 + s + 2t
;−1

]]
= 4sΓ(s)

[
(−1)(1+s)Γ(−2(s + t))Γ(1

2 − t)
Γ(−2t)Γ(1

2 − s − t)

+ Γ(2 + 2t)Γ(3/2 + s + t)
Γ(2 + 2s + 2t)Γ(3/2 + t)

]

= 4sΓ(s)
[
(−1)(1+s)4−sΓ(−s − t)

Γ(−t) + 4−s Γ(1 + t)
Γ(1 + s + t)

]

= t
Γ(s)Γ(t)

Γ(1 + s + t) − (−1)sΓ(s)Γ(−s − t)
Γ(−t)

s→0−→ 1
s
− 1

s
+O(s0) = O(s0) . (E.7)

Obviously, there is no s-channel pole anymore in this case. The reason is the following:
the origin of the 1/s-pole in (E.4) is the term ys−1 in the integrand of (E.1). Due to the
odd power of this term (for s → 0) the corresponding singularity at y = 0 disappears when
integrating over both positive and negative values of y.
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Another way of seeing that the s-channel poles disappear on the double cover is the
following. The result on the double cover can be obtained from the disk level result by
symmetrization, cf. the discussion at the end of section 3. If one starts with formula (1.2)
in [30] and symmetrizes 5 ↔ 6 by hand, the first term on the right hand side would vanish
because of the antisymmetry of T56. Hence, also the pole in s5 would vanish.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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