PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: July 25, 2023
ACCEPTED: October 19, 2023
PUBLISHED: October 30, 2023

Non-factorisable effects in the decays Bg — Dfn~
and B - DtK~ from LCSR

Maria Laura Piscopo and Aleksey V. Rusov

Physik Department, Universitdt Siegen,
Walter-Flex-Str. 3, 57068 Siegen, Germany

E-mail: maria.piscopo@uni-siegen.de, rusov@physik.uni-siegen.de

ABSTRACT: In light of the current discrepancies between the recent predictions based on
QCD factorisation (QCDF) and the experimental data for several non-leptonic colour-
allowed two-body B-meson decays, we obtain new determinations of the non-factorisable
soft-gluon contribution to the decays BY — Dfn~ and B® — DT K, using the frame-
work of light-cone sum rule (LCSR), with a suitable three-point correlation function and
B-meson light-cone distribution amplitudes. In particular, we discuss the problem as-
sociated with a double light-cone (LC) expansion of the correlator, and motivate future
determinations of the three-particle B-meson matrix element with the gluon and the spec-
tator quark aligned along different light-cone directions. Performing a LC-local operator
product expansion of the correlation function, we find, for both modes considered, the
non-factorisable part of the amplitude to be sizeable and positive, however, with very large
systematic uncertainties. Furthermore, we also determine for the first time, using LCSR,
the factorisable amplitudes at LO-QCD, and thus the corresponding branching fractions.
Our predictions are in agreement with the experimental data and consistent with the re-
sults based on QCDF, although again within very large uncertainties. In this respect, we
provide a rich outlook for future improvements and investigations.
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1 Introduction

The study of B-meson decays plays a crucial role in testing the Standard Model (SM), as
well as in searching or constraining possible New Physics (NP) scenarios. Among these
decays, those involving only non-leptonic final states are notoriously the most challenging
to be described, due to the complicated underlying hadronic structure. Their investigation,
however, can allow one to test the different QCD based methods designed specifically for
the study of these processes. In the present work, we focus on two particularly interesting
examples of non-leptonic two-body B-meson decays, namely B° — D*K~ and B? —
Dfr~. In fact, as the flavour of all the quarks in the final state is different, see figure 1,
neither the penguin nor the weak-annihilation topologies can contribute, and these are
generally considered to be among the theoretically cleanest non-leptonic B-meson decays.



Figure 1. Schematic representation of the decays B® — D*K~ and BY — Dfn~.

By now these modes are determined experimentally quite precisely, and the Particle Data
Group (PDG) quotes the following values [1]

Br(B? - D; ") = (2.9840.14) x 1073, (1.1)

exp.

Br(B" - D"K')| = (2.0540.08) x 107, (1.2)

exp.

based on measurements by the LHCb, Belle and CDF collaborations [2-7].

On the theoretical side, the amplitude for the decays B?S) — D?;)L*, with L = {7, K},

can be computed by introducing the effective Hamiltonian Heg, governing the tree-level

non-leptonic b-quark transition b — cug, with ¢ = {d, s}. This reads [§]
Gr
V2
where G is the Fermi constant, V, 4, denote the Cabibbo-Kobayashi-Maskawa (CKM) ma-

trix elements, and the AB = 1 current-current operators 0(1]72 are defined in the Chetyrkin-
Misiak-Miinz (CMM) basis respectively as [9, 10]*

Hetr = —£VerVy (CLO7 + C208) + hee, (1.3)

Of = (eI"b) (qTyu),  OF = (eI"t°D) (qT ut"u), (1.4)

with '), = v,(1—7s5), and t* being the SU(3). generators in the fundamental representation.
In eq. (1.3), the Wilson coefficients C 2 are evaluated at the renormalisation scale pj ~ my,
and are currently known up to NNLO logarithmic accuracy [11]. The amplitude then takes

the form o
R0 + 7Y — F
where we have introduced the shorthand notation (Of) = (DE;)L*|O,?\B(OS)>.
The simplest approach to determine the two matrix elements appearing in eq. (1.5)

VaViy (C1(01) + C2(09)) (1.5)

is naive QCD factorisation (NQCDF'). Within this approximation, the matrix element of
the colour-singlet operator factorises into the product of the light meson decay constant
fr and of the scalar form factor ff(S)D“) (¢?), parameterising the B(s) — Dy, transition,
whereas the matrix element of the colour-octet operator vanishes, namely

(09|

!Note that the notation in eq. (1.4) is opposite to the one used in refs. [9, 10].

. B.s D S
=ifu(m}, —mb o OO (mi),  and (09

= =0. 1.6
NQCDF 0. (1)

NQCDF




Because of eq. (1.6), in the literature, (Of) and (O%) are commonly referred to as the
factorisable and non-factorisable matrix elements. Also in the present work we follow
this notation, however with the remark that the distinction applies strictly only to LO-
QCD, since, by including perturbative gluon corrections, both the matrix elements receive
factorisable and non-factorisable contributions. We stress in fact that the accuracy of our
study limits at LO-QCD and, unless explicitly stated, (OF), (O) should always be intended
as the corresponding tree-level matrix elements.

A first estimate of the non-factorisable matrix element (Of) beyond the NQCDF ap-
proximation was obtained by Blok and Shifman in 1992 [12]. Using the framework of QCD
sum rule (QCDSR) [13, 14] with a two-point correlation function, the authors found posi-
tive non-factorisbale corrections of the order of few percent, to the amplitude in eq. (1.5).
Specifically, with the NLO values C; = 1.01 and Cy = —0.32, their result leads to?

~ 8%, BY — Dfn—. (1.7)
QCDSR

It is worthwhile pointing out that a later study, of the theoretically less clean mode B® —
D70 was performed in ref. [15], using the light-cone sum rule (LCSR) method [16] with
pion light-cone distribution amplitudes (LCDAs). Also in the latter work, estimates of
(Od) gave a sizeable and positive result, in consistency with ref. [12]. However, a more
recent analysis of the same decay B — D7Y performed in ref. [17], again with the LCSR
framework and pion LCDAs, but starting from a three-point correlation function, closely
following the approach introduced in ref. [18], found the non-factorisable contribution to
be sizeable, but negative.

At the end of the ’90s, a new framework for the computation of several non-leptonic
two-body B-meson decays was developed in refs. [19-21], the QCD factorisation (QCDF)
method. Within QCDF, the matrix elements (Of) in eq. (1.5) can be computed respec-
tively as

1
qonr _ Z ij(s)D(s)(m%) /du ,I'zj(U)SOL(U) 1+ 0 (AQCD> , (18)
J 0

mp

(O)

where Tj;(u) are the corresponding hard-scattering kernels, which can be calculated per-
turbatively in QCD, ¢r(u) denotes the L-meson LCDA, and ff(s)D“)(qQ) are the form
factors parametrising the B,y — D(y) transition. The latter two inputs are related to
the hadronic structure of the mesons considered and therefore must be determined using
some non-perturbative technique like Lattice QCD or QCD sum rule. In some cases, they
could also be extracted from data. It is important to emphasize that since the factorisation
formula in eq. (1.8) holds up to power corrections of the order of Aqcp/myp, the QCDF
framework allows one to systematically compute only the leading power contribution to
the amplitude, however, to higher order in as.> Furthermore, the matrix element (O3),

2Using the LO values for the Wilson coefficients C; = 1.03 and Co = —0.53, which corresponds to the
accuracy of ref. [12], yields instead C2(0%)/C1(0%) ~ 13%.

3Recently, progress has been made in understanding the technical difficulties involved in extending the
QCDF framework beyond the leading power, see e.g. ref. [22] and the references therein.



vanishing at LO-QCD, constitutes at this order a purely next-to-leading power effect i.e.
(0%) = O(Aqen/ms) + Olas).

The QCDF method was proven to be a very powerful tool for the computation of several
non-leptonic B-meson decays. Remarkably, the hard-scattering kernels 7;;(u) are known up
to NNLO-QCD corrections [23]. However, a systematic study of these processes beyond the
leading power becomes challenging. A recent analysis of the decays B?S) — DE:)) * L~ within
QCDF was performed in ref. [24]. The authors have included NNLO-QCD corrections
for the hard-scattering kernels from ref. [23], and the B — DE:)) form factors from
ref. [25], where the latter were obtained fitting the corresponding Isgur-Wise functions up
to corrections of the order O (A(2QCD /mg) in the Heavy Quark Expansion, by combining
both Lattice QCD data [26-31] and QCDSR results [25, 32]. In addition, they have also
obtained a first estimate of the next-to-leading power corrections, by computing, within
LCSR, the corresponding hadronic matrix element emerging in QCDF [20]. This effect was
found to be very small, of the order of sub-percent, namely [24]

A(B(OS) — D?;)L_”NLP
A(B?S) - DZ;)L_NLP

~ —[0.06,0.6]%, (1.9)

leading all together to very precise predictions for the branching fractions, which resulted
to be significantly above the corresponding experimental data. Specifically, the authors of
ref. [24] have obtained

Br(B? — Dy 7~ )’ = (4.42+£0.21) x 1073, (1.10)
QCDF

Br(B° — D*K")| = (3.26 £ 0.15) x 107*, (1.11)
QCDF

in clear tension with the values shown in eqs. (1.1), (1.2).* Finally, a later study of the
same decays within QCDF, however only at leading power, was performed in ref. [35]. The
conclusions obtained were similar to those in ref. [24] and also their analysis revealed a
large discrepancy with the data.® This puzzling pattern has attracted significant attention
in the recent literature, and has led to further investigations of these decays, both within
the SM and beyond [34, 35, 37-43]. A conclusive explanation is, however, still missing.
The current status of the non-leptonic decays B(S) — D(t,)L— represents a strong
motivation to revisit the estimates of the non-factorisable contribution due to (Of). Given
the two very different results shown in eqgs. (1.7), (1.9), we present a new determination of
the matrix element (Of) within LCSR, starting from a three-point correlation function with
B-meson LCDAs, partially following the method suggested in ref. [18]. Moreover, we also
compute for the first time within LCSR, the factorisable matrix element (Of), including

4Note that in the SM, the direct CP-asymmetry in these decays is negligible, therefore Br(B?S> —
D(’Z)Lf) = Br(BE)S) — D(_S)L+). However, this might not necessarily hold in the presence of NP. In this
respect, a clear experimental test was suggested in refs. [33, 34].

SWe note that in ref. [36], these branching fractions have been predicted within the factorisation ap-
proach, using the relativistic quark model for the form factors. The quoted values are in the ballpark of the
QCDF results, and also considerably above the experimental ones. However, the authors do not provide

any uncertainties.



both two- and three-particle LCDAs, and thus obtain predictions for the corresponding
branching fractions entirely within the same framework.

The paper is organised as follows. In section 2, we describe the computation of the
non-factorisable matrix element (O) within LCSR. More precisely, a detailed derivation
of the operator product expansion for the three-point correlator is presented in section 2.1,
the light-cone dominance of the correlation function and the problem associated with the
lack of generalised B-meson quark-gluon-quark matrix elements with non-aligned fields, are
discussed in section 2.2, while the hadronic dispersion relations are derived in section 2.3.
In section 3, we briefly discuss the computation of the factorisable matrix element (Of)
within LCSR. Our numerical analysis is presented in section 4. In particular, a detailed
discussion of the inputs used in the analysis can be found in section 4.1, while our results
are shown in section 4.2. Finally, in section 5, we present our conclusions, as well as a

comprehensive outlook for future improvements.

2 Determination of (O;) from LCSR

2.1 Derivation of the OPE for the correlator

To compute the hadronic matrix element (Oz),% within the framework of LCSR, we start
by introducing the following three-point correlation function

E2 () =2 [ dlaes [alyer 01 (i @). 00, 55w)} IBe+a), (21

where jP(z) = im. 5y5c and Jn(y) = uyusd are suitable interpolating currents with the
quantum numbers of the Df- and 7 -mesons, and momenta p* and ¢*, respectively. We
consider eq. (2.1) in the kinematical domain P?2 = —p? > A2, and Q? = —¢® > A?, with A
denoting a small hadronic scale of the order of Aqcp. With this choice, as discussed further
in section 2.2, the dominant contribution to the correlator originates from the region in
which both z# and y* are approximately light-like and aligned along different light-cone
(LC) directions, i.e.

22~ 0, 2 ~0, (z—y)? #£0. (2.2)

A double LC expansion, however, currently can not be consistently performed due to the
lack of the proper hadronic input functions, that is of the B-meson three-particle non-local
matrix element with the gluon and the spectator quark aligned on different LC directions.
For this reason, in the following, we consider the specific case of LC-local dominance, which
is also compatible with the present kinematics, see section 2.2, and expand the time-ordered
product in eq. (2.1) around 22 ~ 0 but y* ~ 0.7 In this way, in fact, the relevant hadronic
matrix element can be derived from the expression for aligned fields given e.g. in ref. [44],
by setting the LC coordinate of the gluon field to zero. We return to this point later on.

SUnless explicitly stated, we assume, for definiteness, the mode B, — DFn~, and often drop, for the
sake of a cleaner notation, all labels. The discussion presented here, in fact, straightforwardly extends to
the mode B® — DT K ~, once the proper replacements are taken into account.

"In principle, also the opposite choice i.e. expanding around y? ~ 0 and z* ~ 0 could be considered. We
leave the investigation of this alternative scenario for a future study.



Figure 2. Diagram describing the leading contribution in the OPE for the correlator F #02 (p, q)-
The cross indicates the second possible point of gluon emission.

Expanding the time-ordered product in eq. (2.1), we thus obtain
F2 (pq) = —ime [ dto [ dty v 0 (0[5! (@) i) (2,071~ 75)

x iS5 (0, 1)7,75 855 (5, 0072 (1 — 45)b" (0)| B(p + @) t4ten (2.3)

where S;j(z,y) denotes the corresponding quark propagator, with the specific quark indi-
cated in the superscript. In deriving eq. (2.3), the operator Oz has been Fierz-transformed
to avoid the computation of traces involving 5 in dimensional regularisation. Note that
this can be consistently done since, with the present choice of the operator basis, the Fierz
symmetry is respected also at the one-loop order, see e.g. ref. [45]. Owing to the colour
structure of eq. (2.3), the first non-vanishing contribution corresponds to the emission of
one gluon from either the u- or d-quark propagators, as shown in figure 2. In the Fock-
Schwinger gauge, the local expansion of the quark propagator in an external background
gluon field, including the leading one-gluon corrections, can be found e.g. in refs. [46-48|.
The corresponding expression, in the case of massless quark, i.e. for ¢ = {u,d}, takes the
following form

4
(Q) _ d’k —ik(z—y)
Sz] (z,9) _/(271_)46

Sk Gt (Eo 4+ omp)
k2 +ie 4 (k% + ig)?

Fo, (24

where G, is the gluon field strength tensor evaluated at the origin, o, = (7/2)[y4, 7], and
the ellipses denote terms of higher order neglected at the current accuracy. Substituting
eq. (2.4) into eq. (2.3), the integral over y* can be easily calculated.® This yields

me ip-x — c a a TV j >,
2 (pa) = =5 [ da e 05 ()5S0 (0)G2, (O T2 @Y O1Bo + ), (25)
with S(()C) (x) denoting the free charm-quark propagator, and the tensor Z,,,, being

)
I;wp(Q) ) (QV q)\eup‘r)\ —4qpu qul/pT)\ - ququT)VT(l - ’75) . (2'6)

T Ar2(f + e

8Manipulations involving the Dirac algebra are performed using the Mathematica package FeynCalc [49].



The result in eq. (2.6) has been obtained by computing the corresponding loop integral in
naive dimensional regularisation (NDR) with d = 4 — 2¢ and anticommuting prescription
for 75. We note that the divergent 1/e contributions exactly cancel when considering the
gluon emission from both the u- and d-quark propagators, leading to a finite expression,
in consistency with refs. [50, 51]. In addition, we have also performed the computation
of the loop function in eq. (2.6) using the explicit coordinate representation of the local
expansion of the propagator, details of which are given in appendix C.

To proceed with the calculation of FNOQ, we must evaluate the non-local matrix ele-
ment appearing in eq. (2.5). At leading order in the heavy quark effective theory (HQET),
the non-local vacuum-to-B three-particle matrix element with the gluon and the specta-
tor quark aligned on the same light-cone direction can be parametrised in terms of eight
LCDAs [52]. The matrix element in eq. (2.5) corresponds to the specific configuration
in which the gluon field is fixed at the origin, and its parametrisation can be derived by
taking the local limit of the result given e.g. in ref. [44]. We present below only the final
expression and refer to appendix B for the intermediate steps. At leading order in HQET,
we then have

(0150(2) G (0)b5(0)| B(p + q)) =
1F3(/¢)M/() dwq e_iwlv'x{P+ [(vuye — ”V'Y#)(&A — z/AJV) - Z‘U#V&V —i(zpvy — vaH)lﬂXA

2
+ i(xp'YV - xl/'y,u)(q/A}W + 77ZYA) - EpunTxnUT’YWZJXA + e;wnr-rn'yT’}% @Zf/A
o+ (ot = et dw = (e = 2 02l f (@15 (2.7)

where «, 3, are spinor indices, v* = (p* + ¢")/mp is the velocity of the B meson, Fp(u)
is the HQET decay constant, and Py = (1 + 9)/2. Three comments are in order with
respect to ref. [44]. First, the terms proportional to €., appear with an opposite sign
because of the different convention adopted in our work for the Levi-Civita tensor, namely
€012 — 11, see also appendix A. Second, we have relabelled some LCDAs to make the
notation throughout the paper more transparent. Third, the extra mass factor in eq. (2.7)
follows from the conversion from HQET to QCD for the B-meson state. Moreover, we have

also introduced the notation?
= w1 ~ = w1 n ;A
D) = [Candn), D) = [Cdn [ i), (28)

Given the explicit z-dependence of eq. (2.7), the integration over z* in eq. (2.5) can be
now performed. To this end, it appears to be more convenient to use the coordinate
representation of the free charm-quark propagator, which reads

S(()C)(m) _ _Z’:? [Kl(mi\i;?) _ szz(mc\/—ixQ)] , (2.9)

9The p-dependence of the LCDAs is often omitted, however it should always be understood.



with K, (z) being the modified Bessel function of the second kind of order n. Taking into
account eqs. (2.7), (2.9), we are then left with the evaluation of tensor integrals of the type

/d4 . Ki(mev— CL‘Z)
2
/d4x e Ka(mev—2?)

72

{1,m”,x“m”,...}, (2.10)

{x“,x“m”,x“x”x”,...}, (2.11)

where, for simplicity, we have introduced the compact notation p* = p* —wiv”. The result
for the inverse Fourier transform of Bessel functions in egs. (2.10), (2.11), is explicitly given
in appendix D. Using egs. (D.2)—(D.10), we then arrive at the final form of the correlator
in eq. (2.1), that is

E2(p,q) = (0 0) au — ¢°pu) F2 (0%, 4%), (2.12)

with F 92 (p?, ¢?) denoting the corresponding Lorentz invariant amplitude. On this point,
an important remark is in order. The result for the correlation function in eq. (2.12) is
transversal with respect to the momentum of the light-quark current ¢, as expected, since
in the limit of massless u- and d-quark, the axial-vector current Jp must be conserved.”
However, when trying to compute the correlator in eq. (2.1) by expanding the time-ordered
product around 22 ~ 0, y? ~ 0, and by using the expression for the B-meson three-particle
matrix element with both the gluon and the spectator quark aligned on the same light-
cone direction, i.e. implicitly assuming that also (z —y)? ~ 0, we obtain an expression for
F MOQ which is not transversal.!! In this respect, we also note that in the case of charm
loop with photon coupling studied e.g. in refs. [50, 51], the expression of the non-local
amplitude due to soft gluon emission appears actually to be not transversal with respect to
the photon momentum. Surprisingly, this has not been pointed out in the above references,
nor, to our best knowledge, elsewhere in the literature. Further investigations of this issue
would clearly be of utmost importance not only to improve the current estimate of the
non-factorisable amplitude in non-leptonic B-meson decays, but also in light of the impact
that a better understanding of these non-local effects could have on the present status of
the B anomalies, see e.g. the reviews [53, 54].

Returning to eq. (2.12), we isolate the coefficients of the two Lorentz structures and
rewrite

F(p.q) = F2* (0, @*) au + F* (0%, %) py, (2.13)
where the LC-local operator product expansion (OPE) for the amplitude qu2 (p?, ¢?), rel-
evant for the hadronic dispersion relations, see section 2.3, can be expressed as

3

o . 12) )
[FL2 (0%, ¢*)] op = Fav/ms me / dwr) (W)Y —5— n (w1,2q )
0 ¥

= (g% +ie) [3(wr1,¢?) — p? —ie]”
(2.14)

10Since we neglect the mass of the strange quark in the loop, the same argument applies also to the decay
B - DTK™.

"Specifically, we find that the transversality of the correlator is violated by terms proportional to
uws/mp, with ws being the momentum of the gluon field and v € [0,1] a LC parameter. We have
also explicitly checked that these terms do not vanish in the final result, i.e. after integration over u and wa.



In the above equation 1& = 1& A,zﬂv, ..., and for later convenience, the coefficients of the
LCDAs have been suitably manipulated so that in eq. (2.14) the dependence on p? is
contained exclusively in the denominators. Finally, the function (w1, ¢?) reads

mp w1 2

§(W1,(12) = < ) [mf +wimp — q2m73 —wil, (2.15)

mp — wi
while the analytic expressions of the OPE coefficients c}f (w1, ¢?) can be found in appendix E.

2.2 Light-cone dominance of the correlator

In this section we investigate the conditions for the LC dominance of the correlation func-
tion in eq. (2.1) and discuss the corresponding kinematics. The correlator FHO2, in fact,
describes the decay of a heavy B meson into two currents with momenta p* and ¢*, namely

mpvt = pt 4+ ¢* | (2.16)

where v* = ply/mp is the B-meson velocity. In order to be far away from hadronic
thresholds originating from the two interpolating currents, we consider the kinematical
region in which

Q? ~ P? ~ mpA, P?=_—p?, Q> =—¢2, (2.17)

with A being a small non-perturbative scale of the order of Aqcp. Hence, both p? and ¢?
are assumed to be space-like and large, leading to the following power counting

m% > Q% ~ P? > A%, (2.18)

It is convenient to study eq. (2.16) in the rest frame of the B meson, i.e. v* = (1,0), align-
ing, for simplicity, the z-axis along the direction of the decay. Furthermore, we introduce
the two light-cone vectors n, with n2 = n? = 0, such that v* = (n/; +n")/2. Specifically

nt =(1,0,0,1),  n" =(1,0,0,—1),  (ny-n_)=2. (2.19)

(2.20)

where, due to our choice of the coordinate system, the components transversal to the light-
cone vectors vanish, namely p/| = ¢// = 0. From egs. (2.17), (2.20), it then follows that
whereas p* has a large component along n’fr and a small component along n" , since the two
coefficients respectively scale as (p-n_) ~ mp, (p-n4) ~ —A, the behaviour is opposite
for the two components of ¢/, i.e. (¢-n_) ~ —A, (¢-n4) ~mp.

12Fq. (2.16) admits also a second solution obtained by exchanging the coefficients of n* and ni Without
loss of generality, however, we parametrise the momenta according to eq. (2.20).



Having fixed the kinematics, we can turn to discuss the structure of the correlation
function FHO?. The integrals in eq. (2.1) are dominated by the values of z* and y* in
correspondence of which the argument of the exponentials is not large.'® With the choice
of momenta in eq. (2.20), the absence of fast oscillations, see also e.g. refs. [55, 56] for
details, is ensured given that

exp{ip -z} ~ exp{imp xo/2} exp{—i (mp + 2A) x3/2},
———

exp{iq -y} ~ exp{impyo/2} exp{i (mp + 2A) y3/2},
——— —_———
SO(1) SO(1)
yielding respectively the bounds
2 2
2.22
ol S == lyal S — o
From eq. (2.22) it then follows that'4
x%—xgﬁigsinrx%Jra:%, 0§x2§i27
mp Mp mp
h h = B (2.23)
Yo ySNmQB_mQB Y1 T Yz, —ymm237

showing that the region in which the time-ordered product in eq. (2.1) dominates, corre-
sponds to both x* and y* being approximately on the light-cone, i.e.

22~ 0, 2 ~0. (2.24)

On the other side, expressing the integrals in terms of light-cone coordinates, the exponen-
tials in eq. (2.1) read

exp{ip- 2} = exp{—i Az -n_)/2} exp{i (mp + A)(z -n1)/2}
————
SO(1) SO(1)

) ) X (2.25)
exp{iq -y} ~exp{i(mp + A)(y - n-)/2} exp{—i A(y - ny)/2},
~—— —
$O(1) <0O(1)
and the absence of fast oscillations now leads to the conditions
2 ~ ) 2 ~ b

ms + (2.26)

2 ~ A’ 2 ~ mpg + A

13This follows from the Riemann-Lebesgue theorem.
1The lower bound for z? and y? follows from the causality property of correlation functions, see e.g.
refs. [57-59].

~10 -



Eq. (2.26) thus shows that whereas the z-component along n” is strongly suppressed, the
behaviour is opposite for y*, meaning that the integrals in eq. (2.1) are actually dominated
by the region in which z* and y* are approximately aligned along different light-cone
directions, namely'®

Tni ) Y~ (y'2n+)n,u ) (z — y)2 7% 0. (2.27)

Had we used the light-cone expansion of the propagator, instead of its local limit given in
eq. (2.4), the resulting matrix element would be (0|5, ()G . (uy)bs(0)|B(p + q)). Due to
eq. (2.27), the computation of the time-ordered product in eq. (2.1) in terms of a double
LC expansion would thus require the knowledge of the B-meson quark-gluon-quark matrix
element with non-aligned fields, which, as already stressed, is not yet available in the
literature for generic Dirac structures.'® In this connection, we note that by using the
B-meson three-particle matrix element with aligned fields, as previously done in similar
computations, see e.g. refs. [50, 51], one might miss the actual dominant contributions
and obtain potentially incomplete results. This issue was also recently pointed out in
refs. [62-64]. Hence, since the local limit y* ~ 0 is also compatible with the present
kinematics, as it follows from eq. (2.22),!” we have chosen to perform instead a LC-local
expansion, which, albeit less accurate than a double LC expansion, allows us to circumvent
the problem associated with the lack of the corresponding matrix element and to compute
the correlation function in terms of known hadronic input functions without incurring
potential inconsistencies.

2.3 Hadronic dispersion relations and sum rule

The OPE result in eq. (2.14) must now be linked to (O2), the matrix element we aim to
estimate. To this end, we proceed with the derivation of the hadronic dispersion relations
for the correlator F #02. Starting with the p?-channel, we insert into eq. (2.1) a complete
set of intermediate states with the Df-meson quantum numbers. This gives

ph(s7 q2)
s —p?

mj fp - 7
F2(pq) = —2= 2Fu02(pp,q)+qu/ ds
mD —p

(D)
Sh

+..., (2.28)

where the decay constant of the D meson is defined as (0P| D) = m% fp, and we have
introduced the two-point correlation function FMO2 (pp,q), describing the transition of a

BFrom egs. (2.24), (2.26), it also follows that |z - ny| < |zi| < |z -n_|and |y -n_| < |yi| < |y - n4l,
where we have introduced the notation a/ = ain' with n? =—1.

'6Non-local B-meson matrix elements with non-aligned fields have been investigated in e.g. refs. [60-62].
In particular, vacuum-to-B three-particle matrix elements with the gluon and the light spectator quark
aligned on different light-cone directions have been discussed in ref. [62]. In the latter reference, the authors
have also proposed a parameterisation for the novel soft function corresponding to the matrix element
(01(z174) Gy (z2m- 0¥ 4, 11751 (0) B).

'"We note that e.g. in the first study by Blok and Shifman of the non-leptonic decays here considered [12],
or in the determinations of the pion decay constant from QCDSR [13, 14], the local expansion of the light-
quark propagator is used in correspondence of a typical scale of Q% ~ 1 GeV?, which is consistent with our
kinematics, cf. eq. (2.17).
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Bs-meson into a D}-meson and a current Jp» namely

E2(pp,q) = i/d4y " (D(pp)|T{02(0), 7 (y)} B(pp + q)) , (2.29)

with p2, = m%. In eq. (2.28), the spectral density pj(s,¢?) accounts for the contribution
of excited states and of the continuum in the p?-channel, with sgD) indicating the lowest
hadronic threshold. Note that, taking into account the Lorentz decomposition shown in
eq. (2.13), we have already isolated the coefficient of ¢,, which is the only one relevant
for the final result, and that the ellipses in eq. (2.28) denote the remaining contribution
proportional to p,. As the complicated structure of the spectral density is in general
difficult to determine, the integral on the r.h.s. of eq. (2.28) is often estimated by recurring
to the principle of quark-hadron duality (QHD), see e.g. ref. [65]. By analytically continuing
the function [F,°2(p?,¢%)] ypg
the form of a dispersive integral as

in eq. (2.14) in the complex p?-plane, we can express it in

y; 2(8 QQ)}
q ’ OPE
S 2 ) ( )

17 Im, [
[Fq02 (an q2)}opE = . / ds

m

with mz being the fist pole on the real axis p?> = s. Using QHD, we thus approximate

e’} 9 0 Os 2
on(s,q?) 1 Im, [F,72(s,q%)]
/ ds = =4 /ds - — 2 OFE (2.31)
D) D
s;l S0

valid at sufficiently large and negative values of p?. Here, s§ is an effective threshold
parameter to be determined. Finally, we perform a Borel transform with respect to the
variable p?. This leads to

D

S0
E(pp,q) = qiu/ds b= M I [F,02(s, ¢)]
m2

m2DfD7T (2.32)

OPE”’

where M? is the corresponding Borel parameter. Proceeding in a similar way with the
two-point correlator FNOQ (pp,q), we can derive the corresponding dispersion relations in
the g?-channel. Inserting into eq. (2.29) a complete set of states with the quantum number
of the 7~ meson, yields
0o
. _ ifrqu pr ()

F9(0.0) = 5™ (D(oo)r(p)|OalBo +p) +a, [ 5 B (239)

s (™)
with p2 = m2 and (pp + pr)? = m%. In eq. (2.33), the pion decay constant is defined as
(01577 |m(q)) = ifxqp, while the spectral density pu(s’) describes the contribution of excited
states and of the continuum in the ¢?>-channel. Note that in writing the integral on the r.h.s.
of eq. (2.33), we have again taken into account that the correlation function F”O2 (rp,q)

- 12 —



admits the Lorentz decomposition analogous to the one in eq. (2.13), however now with
coefficients which can depend only on the variable ¢? since the first invariant is fixed. The
matrix element we aim to determine is now on the r.h.s. of eq. (2.33). Combining the latter
with eq. (2.32), we obtain

oo

Zfﬂ'<02> m2,—s)/M? O2 ph( )
m2—q  ms fDTl'/dse( o= g [F2(5,0%) | opp, / d,s r—q? (2.34)

S/hsﬂ-)

The matrix element (O2) could in principle be extracted by fitting the r.h.s. of eq. (2.34).
In this case, one could further isolate the next resonance due to the ai-meson state and
employ an ansatz, usually polynomial, to parametrise the remaining contribution due to
the continuum. However, this turns out to be practically not feasible, given that the current
size of the theoretical uncertainties, strongly affected by the limited accuracy of many input
parameters, see section 4.1, makes the disentanglement of the pion state, of the a; state
and of the continuum extremely challenging. On the other hand, taking into account the
approximate 1/¢? behaviour of the OPE result in eq. (2.6), which almost perfectly matches
the dominant contribution due to the pion pole on the Lh.s. of eq. (2.34), one can already
obtain a good estimate of the matrix element (Os), by considering only the first term on
the r.hus. of eq. (2.34).

Alternatively, expressing the OPE result on the r.h.s. of eq. (2.34) as a dispersive
integral in the complex g-plane, with the first pole being on the real axis s’ = 0, and
recurring again to QHD, we can approximate

D

oo

/ d / ph/( ) — /dS /dse mD S)/M2 ImSIImS [F (S S/):IOPE (235)
s'—q2  m? f pm s —¢? ’

with s§ denoting the effective threshold parameter in the 7 channel. From egs. (2.34), (2.35),

after applying a Borel transform with respect to the variable g2, we arrive at the following

sum rule for the non-factorisable matrix element

S ~
i(Og) = eme/ M /Ods/dw Zw w 23: ;’f“l’ (m3 —s)/M25(n D (5(wy,0) — s)
2 f7r DmD J 1 1 — 7’L 1, ’

(2.36)

where M'? denotes the corresponding Borel parameter in the ¢?-channel and the expression
for ImyIm, [F,22(s, s")] o pp follows from using eq. (A.5), with 58"V (#(2)) indicating the
(n — 1)-derivative of the delta function with respect to the variable z. Finally, note that
also in this way, in consistency with what discussed below eq. (2.34), because of the 1/¢?
structure of the OPE result, only the contribution due to the pion pole enters eq. (2.36)
and the sum rule becomes independent of s.
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3 Determination of (O;) from LCSR

The computation of the factorisable part of the amplitude (O;) within the framework
of LCSR proceeds in a very similar manner to that discussed in the previous section.
Therefore, here we limit ourselves to describing only the key steps. The starting point is
now the following three point correlation function

FOpg) = [ diae [alyer 01 (i @). 010, 75w)} 1B+ a), ()

where the two interpolating currents coincide with those in eq. (2.1). The kinematics is
also chosen to be the same, i.e. P? = —p? > A% and Q? = —¢? > A?, so that the time-
ordered product in eq. (3.1) is again calculated around 22 ~ 0 and y* ~ 0. Specifically,
from eq. (3.1) we obtain

E (pg) = = iNem, [ d'a [ dly €7 &7 (0} ()35 i1 (2,0)95(1 ~ 75)

% 195" (=y)7u75 1557 (y)7* (1 — 75)b (0) | B(p + q) ), (3.2)

with S(©) (x,0) denoting the charm-quark propagator expanded near the light-cone. Includ-
ing the leading one gluon corrections, this reads [48, 66]

¢ im26;; | K1(meV—2a2 .
S (,0) = — 47T2j[ 1(\/? )Jrz_izK?(ch_f”Q)]

) t‘ilj
1672

1
/ du [mc Ko(mevV —22)GY, (ux)ot”
0

1M
—2

where the first line corresponds to the free-quark propagator already introduced in eq. (2.9),

+

Ki(me/=2?) [ug G, (uz)oh” + uG, (uz)o" ] ] +..., (33

and the ellipses indicate subleading corrections with at least one additional covariant deriva-
tive of the gluon field strength tensor; note also that in writing eq. (3.2) we have already
taken into account that the colour structure now forbids the emission of one gluon from the
light-quark loop and we have thus replaced the two propagators with the corresponding
free quark ones, see figure 3.

The integral over y* in eq. (3.2) can be easily performed. In dimensional regularisation
it yields the standard massless one-loop two-point function, and, as expected, the result
is transversal with respect to the momentum of the light-quark current ¢*. On the other
hand, the integration over x* can be computed once a parametrisation for the corresponding
two- and three-particle B-meson matrix elements is implemented. Using the results given
in appendix B, again in the HQET limit, we have respectively

(015a(2)bs(0)|B(p + q)) = — FB(M)MAde €_iwv'x{;(¢+ +2%94) Py

(64 —6-)+a*(gs —3-)| Py ¢’Y5} (wip), — (34)
Ba

| =

_l’_
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Figure 3. Diagrams describing the leading contributions due to two-particle (left) and three-
particle (right) LCDAs in the OPE for the correlator FMO1 (p, q).

and

(0150(2) G (ux)bs (0)| B(p + q)) =
;FB(M)\/WTB/O dwl/o dw2 e*i(w1+uw2)v-x

x {P+[ — oy + (U — V) (Va4 — Yv) — i(Tuvn — T)x,

+ Z‘(x,u%/ - xV’YH)(QEW + &YA) - €pyn7xan751;)~(A + 6/1,1/777%'7777—7577/_}}714

+(@uvy = 2w — (2 = xuw)ﬂz]%}ﬂ (w1, wai) (3:5)

with the notation introduced in egs. (B.5), (B.10). Substituting eq. (3.3) into eq. (3.2) and
using eqgs. (3.4), (3.5), we are left with the evaluation of the same type of tensor integrals
as those in egs. (2.10), (2.11), together with the following one

/d4a: eP® Ko(mey —22) {1,37“,3;“35”, .. } , (3.6)

with p# = p#* — wo*, and p' = p" — (w1 + uwy)v*, respectively for the two- and three-
particle contributions. Using the expressions for the inverse Fourier transforms of Bessel
functions collected in appendix D, we arrive at the final form of the three-point correlator
in eq. (3.1), that is

F'(p.q) = F2' 0% ¢*) au + L (0%, *) py (3.7)

where the contributions to the invariant amplitude qul (p?, ¢?) due to the two- and three-
particle matrix elements are written in terms of a LC OPE, respectively, as

= [3(w, ¢?) — p? —ie

! i : h(w, ¢?) ¢
[qu (pzjq2)}OPE,2p — FB\/rrTBch/dw%:qﬁ(w) > K In <_u2> 7
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with (25 = ¢+,§+, ooy and

1 0 [es)
[F2 (0%, ¢)]opEgp = Fpy/mp mc/du/de /dew(u,wz,w)
0 0 P

UwW2

« 24: _ C%(U,w,qz) In (_q2> ’ (39)
= 3w, ¢?) 2

,q%) — p* —ie” Iz

with 1) = 1,1y, .... The function 5(w,q?) in eqgs. (3.8), (3.9), is defined as in eq. (2.15),
while the analytic expressions of the OPE coefficients ¢ (w, ¢%), c¥(u,w,¢?) can be found
in appendix E. Note that both the divergent 1/¢ piece and the remaining constant term
originating from the light-quark loop have been omitted, as only the coefficient proportional
to In(—q?/u?) is relevant for the derivation of the dispersion relations. To this end, we follow
the same procedure as done in the previous section, employing QHD as well as applying
a Borel transform in both the p?- and g¢?-channels. The final result can be compactly
presented as

55 sy
. 1 m2 —s)/M?2 _(m2—s")/M'"? O
Z<01> = 71_2'](,ﬂ—'](,D7n2D\O/dS,/2 ds 6( p=s)/ 6( & )/ Imsllms [Fq 1(8,8/)]OPE, (310)

where [F,2'(s,5')] opy includes both the two- and three-particle contributions given in
egs. (3.8), (3.9), and the corresponding imaginary part can be easily obtained from the

identities given in egs. (A.5), (A.6).

4 Numerical analysis

4.1 Discussion of the inputs

18 Following

Below we discuss the numerical value of the inputs used in our analysis.
ref. [44], the eight LCDAs, arising in the parametrisation of the three-particle B-meson
matrix element in eq. (B.1), are decomposed in terms of DAs of definite collinear twist, see
eq. (B.3). These non-perturbative inputs can then be estimated by constructing specific
model-dependent parametrisations, all satisfying the same normalisation conditions and
asymptotic behaviour for small value of the arguments [44]. In our analysis, we employ the
exponential model. Specifically, we follow refs. [44, 67| for the twist-3 and twist-4 LCDAs

and use, respectively

)\2 _ )\2

P3(wi,w2) = %ww% e~ (witwa)/wo (4.1)
0

Mw% e~ (witwa) /wo

6wy ’
)\2
Yy(wy, wy) = 37154601(’02 e~ (Witwa)/wo ’ (4.3)
Wo
- 22 :
Va(wy, wy) = 3—H4w1w26 (w1+w2)/w0’ (4.4)
Wo

Pa(wr,w2) = (4.2)

8In this section the notation B° and By is used interchangeably.
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whereas for the twist-5 and twist-6 LCDAs we use the parametrisation proposed in ref. [68],
namely

- )\2 +)\2

b5 (w1, wa) = “E—Hoy,
Swg
)\2

Vs (wy,wy) = _37E3w2 e~ (Witw2)/wo ’ (4.6)
wWo

- 22 3

Ps(wr,we) = W By em(wrtewa)/wo (4.7)

wWo
)\QE — )\%I

2
3wy

e~ (wrtwa)/wo (4.5)

¢6(w1,WQ) = 67(w1+w2)/w0 . (48)

In the studies performed e.g. in refs. [32, 51|, the expansion has been truncated at twist-4 so
that the DAs in eqgs. (4.5)—(4.8) were neglected. In fact, the LCDAs of twist-5 and twist-6
were not expected to contribute at the current accuracy of O(1/mpg) [44], and in addition,
the four DAs in eqs. (4.5)—(4.8) would not be exhaustive for a complete description of the
three-particle matrix element up to twist-6, since other LCDAs of the same order would
still be missing [32]. However, we stress that the inclusion of the twist-5 and twist-6 DAs in
eqs. (4.5)—(4.8) is actually necessary to ensure that eq. (B.1) has the correct local limit,'?
and therefore we refrain from truncating the expansion at twist-4. Moreover, as discussed
in the next section and as shown in table 2, we find that neglecting these higher-twist DAs
leads to pronounced cancellations, mainly because, in this case, the contribution due to
Yy, is found to largely compensate the one due to 1y. On the other hand, when including
also the twist-5 and twist-6 LCDAs, the coeflicient of ¢y becomes roughly one order of
magnitude smaller and no cancellations between LCDAs arise.

Turning to the two-particle DAs, we again adopt the exponential model®® and use, for
the LCDAs up to twist-4, the parametrisation given in ref. [44], i.e.

W ww
by (w) = el (4.9)
wo
—w/wo A2, )2 1 w2
= ¢ BT AH /e |1 9y 2 4.10
6-) = - T [ SRET Ik (4.10)
w? A2 — A2 A2 w
— 2 [1_2E_7H | ~ww _ "E — 9wan) Ei (_)
9+(w) 2w < 36w8 >e 6w3 (w o) B wo
+ (w + 2wp) e~w/wo <1n wi + ny) — 2w e_”/“’f’] , (4.11)
0

where Ei(z) is the exponential integral and g is the Euler constant, while for the twist-5

YFrom the local limit of eq. (B.1), cf. eq. (5.1) of ref. [44], it follows that ¥y (0,0) = (1/3)A%, ¥4 (0,0) =
(1/3)A%, and ¥x,(0,0) = ... = ¥4(0,0) = 0. However, truncating at twist-4, i.e. neglecting ®s, ..., ®s,
in eq. (B.3), leads instead to ¥y, (0,0) = (—1/6)A% and vy, (0,0) = (1/6)2%.

20Geveral different models, mostly for the twist-2 LCDA ¢, have been proposed and studied in the recent
literature, see e.g. refs. [44, 69, 70].
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LCDA we follow ref. [68] and use

2 )2 2
J—(w) =w [3—)“{ (1_w+1w>] e~w/wo (4.12)

4 12 w% wo 3 w%

The models in eqgs. (4.1)—(4.12) depend on the parameters wg, A%, and A\%. Within the
exponential model and using EOM relations, it follows that wyg = A\p [44], with Ap being the
inverse moment of the two-particle B-meson distribution amplitude ¢4 (w). The remaining
two parameters A% and A% characterise the local vacuum-to- B-meson quark-gluon-quark
matrix element. These inputs must be determined with some non-perturbative techniques,
and are currently still quite poorly known. Specifically, for the parameter Ap, there exist
several determinations in the literature, obtained either with QCD sum rules [71, 72],
OPE-based methods [73-75],2! or from studies of the B — /v decay [69, 77-81]. In our
analysis, we use the recent sum rule result from ref. [72] where, for the first time, the
complete SU(3)p breaking effects due to the strange quark mass have been taken into
account, hence providing estimates of the parameter Ap for both the B mesons, i.e.

Ap,(1GeV) = (0.383 + 0.153) GeV (4.13)

Ap,(1GeV) = (0.438 + 0.150) GeV . (4.14)

As for the parameters )\% and )\IQLI, in the case of the B, meson, several studies within the
framework of QCD sum rule have been performed [82-84]. The first estimates, obtained in
ref. [82], included only LO-QCD contributions up to dimension-five in the corresponding
OPE, yielding respectively )\]2573(1(1 GeV) = (0.1140.06) GeV? and A%{7Bd(1 GeV) = (0.18+
0.07) GeV2. Later, perturbative QCD corrections to the dimension-five contribution, as well
as the LO-QCD dimension-six contributions were taken into account in ref. [83]. These
corrections improved the overall stability of the sum rule, leading to the smaller values
A g, (1GeV) = (0.03 +0.02) GeV? and A} p (1 GeV) = (0.06 £ 0.03) GeV>. Recently, a
new study, performed using a different expression for the correlation functions and including
dimension-seven contributions, has been carried out in ref. [84]. The authors have obtained
the values A%, p (1 GeV) = (0.01£0.01) GeV? and A3} 5 (1GeV) = (0.1540.05) GeV?, where
the former is consistent with the result of ref. [83], while the latter is considerably above.
Therefore, to account for the spread in the two determinations, in our analysis we use the
following intervals

A%, (1 GeV) = (0.03 +0.03) GeV?, (4.15)
A p,(1GeV) = (0.12 £ 0.09) GeV?, (4.16)
which cover the results of both refs. [83, 84]. On the other hand, since there are still no

estimates of the parameters )\%’ g, and )‘%L p, available in the literature, we fix their central
values to be the same as the corresponding ones for the B; meson, adding an extra 20%

2Very recently, a study of the strange quark mass effects has been preformed in ref. [76].
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uncertainty to account for SU(3)r breaking effects. This gives

A%.p,(1GeV) = (0.03 £ 0.04) GeV?, (4.17)
Airp,(1GeV) = (0.12+0.11) GeV?. (4.18)

Another important ingredient of the computation is the choice of the sum rule parameters.
For the threshold continuum SOD and the Borel parameter M? in the D 5)-meson channel,
we adopt the same intervals as used in the recent QCD sum rule studies of the form factors
for the B — D [32] and Bs; — D; [25] transitions, see also refs. [67, 85, 86]. We thus use
respectively

sP" = (6.84+1.0)GeV?, M3, = (3+1.5)GeV?, (4.19)

sPY = (9.0 £2.1) Gev?, M2, = (3+1.5)GeV?, (4.20)

while, for the corresponding sum rule parameters in the 7- and K-meson channels, we use
the following values [14, 55, 67, 87]

st = (0.7£0.1) GeV?, M?2 = (1.0 £ 0.5) GeV?, (4.21)

s = (1.05 £ 0.10) GeV?, Mz_ = (1.0 +£0.5) GeVZ. (4.22)

The QCD decay constants are determined with high precision within Latice QCD, and for

all the mesons considered we take the corresponding FLAG values [88]. As for the HQET

decay constant Fp(u), which enters eq. (2.7), we use the one-loop relation to the QCD
decay constant fp, valid up to power corrections of the order of 1/my [89], namely

1—W<31n?—2>]+..., (4.23)

™

Fp(p) = fy/mp

with Cp = 4/3. In our analysis, the central value of the renormalisation scale in eq. (4.23)
is set to . = 1 GeV, corresponding to the scale at which the inputs Ap, )\%, and )\%{, have
been determined. Taking then into account the scale-dependence of the latter parame-
ters [71, 83, 90], the total uncertainty due to u-variation is obtained varying this scale in
the interval 1 GeV < p < 1.5GeV. For the strong coupling a,(u), we include the five-loop
running implemented in the Mathematica package RunDec [91] and use the most recent
result [1]
as(Mz) = 0.1179 £ 0.0009 .

For the quark masses, we use the corresponding values in the MS-scheme, i.e. my(7,) =
(4.18 £0.03) GeV and m.(m.) = (1.27£0.02) GeV [1]. Values of the meson masses, known
very precisely, are also taken from the PDG [1].

In order to obtain predictions for the branching fractions, we need in addition to fix
the value of the Wilson coefficients, of the CKM matrix elements, and of the B?S)—meson
lifetime. For the former, we use the corresponding results at NLO accuracy, see e.g. ref. [11].
The central value of the Wilson coeflicients is obtained setting p, = My, and this scale is
then varied in the interval m,/2 < p, < 2my,. We stress that the choice of using NLO
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mpgo 5.27965 GeV [1] mpo 5.36688 GeV [1]
mp+ 1.86965 GeV [1] Mo 1.96834 GeV 1]
Mg+ 0.493677 GeV [1] Mt 0.13957 GeV [1]
TRO (1.519 £ 0.004) ps 1] TR (1.527 £ 0.011) ps 1]
fB, 0.1900 GeV [88] fB. 0.2303 GeV [88]
fo+ 0.2120 GeV 88] fot 0.2499 GeV 88]
fr+ 0.1556 GeV [88] frt 0.1302 GeV [88]
Mg, | (0.38340.150)GeV | [72] Ap, | (0.438 +0.150)GeV | [72]
Mg, | (0.03£0.03)GeV® | [83,84] || A% 5 | (0.03£0.04)GeV? | SUB)p
Mg, | (0124£0.09)GeV? | [83,84] || A} | (0.12+0.11)GeV? | SUB3)p
M2, (4.5 +1.5) GeV? [32] ng (4.5 +1.5) GeV? [25]
sP* (6.8 + 1.0) GeV? [32] sD? (9.0 £ 2.1) GeV? [25]
M2 (1.0 £ 0.5) GeV? [67] M2 (1.0 £ 0.5) GeV? [67]
s& (1.05 £ 0.1) GeV? [87] st (0.740.1) GeV? [87]
Vgl | 0.97435 4+ 0.00016 1] \N 0.22500 + 0.00067 [1]
Vel 0.0418270-000%% [1] as(Mz) | 0.1179 £ 0.0009 [1]
(M) | (4.18 4 0.03) GeV [1] me(me) | (1.27 £0.02) GeV [1]

Table 1. Summary of the inputs used in the numerical analysis. The values of the parameters Ap,
A%, and A%, correspond to = 1GeV.

results, despite the LO accuracy of the corresponding matrix elements, is motivated by the
fact that there is a sizeable shift of ~ —40% in the value of C3, when going from LO to
NLO,?? which strongly affects the prediction of the non-factorisable part of the amplitude.
The computation of the missing perturbative QCD corrections to the matrix elements
would be clearly of utmost importance in order to assess the total size of NLO effects.

For the CKM matrix elements, we use the best-fit values, obtained from a global fit,
provided by the PDG [1], i.e.

[Via| = 0.97435 4 0.00016, | Vis| = 0.22500 + 0.00067,  |Vip| = 0.0418273-90087 .

Finally, B?

()
from ref. [1].23 For convenience, all the inputs used in our analysis are collected in table 1.

meson lifetimes are by now measured very precisely and their values are taken

22The shift from NLO to NNLO can be instead neglected, given the current accuracy of our study.

23BE’S)—meson lifetimes can also be computed using the framework of the Heavy Quark Expansion.
However, the current theoretical uncertainties are still much larger than the corresponding experimental
ones [92].
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4.2 Results

In this section we present our predictions, obtained within the framework of LCSR and
at LO-QCD, of the factorisable and non-factorisable matrix elements for the non-leptonic
decays BY — DFrm~ and B — D+ K, as well as of the corresponding branching fractions.

Let us start by discussing the predictions for the non-factorisable matrix element (O%),
which represents the main result of the paper. The final sum rule is given in eq. (2.36), and
in order to illustrate the main sources of uncertainty, in figure 4 we show the dependence
of i(0F) on different inputs, fixing in each plot the remaining parameters to their central
values. For easier comparison, all plots are displayed in the same interval, namely Z(O%) €
[0,0.50] GeV3, and for brevity, we only show the mode Bg — Df 7™, since the behaviour
of the corresponding matrix element in the case of the B — Dt K~ decay is completely
analogous. We find that the sum rule prediction for the non-factorisable matrix element is
extremely sensitive to the value of the parameter )\%{ which, on the other hand, as discussed
in the previous section, is still poorly known. The result is also quite sensitive to the size of
Ap, while the dependence on )\% appears softer. Clearly, a more precise determination of
these non-perturbative inputs is essential in order to improve the accuracy of the present
analysis. The sensitivity to the value of the threshold continuum s¥’, and of the Borel
parameters M]%, and M?2, is found to be quite mild, thus reflecting the overall stability of
the sum rule. The dependence on the charm quark mass and on the renormalisation scale
1 is also very moderate.

The partial contribution to (Of), for each of the eight LCDAs entering the parametri-
sation of the three-particle B-meson matrix element in eq. (B.1), is shown in the third
column of table 2, in correspondence of the central values of all the input parameters. We
find that the function ¢y gives the dominant contribution to the non-factorisable matrix
element, while the remaining LCDAs lead all together to a small effect. As stated in the
previous section, in our analysis we use the results for the LCDAs up to twist-six accuracy;
however, for comparison, in the last column of table 2, we also provide the correspond-
ing partial contributions to i(O%) obtained neglecting the twist-5 and twist-6 LCDAs in
egs. (4.5)—(4.8). In this case, there is a strong cancellation between the coefficients of 1y
and 1y, , leading to a much smaller value for (O). Again, a similar picture is found in the
case of (O7) and we thus refrain from showing the corresponding results.

Varying the input parameters within their intervals and combining all the correspond-
ing uncertainties in quadrature, we obtain the following results for the matrix element
i(O3), for both the modes considered, namely

i(09) = (0.247322) GeV?, B? - Dfn—, (4.24)
i(03) = (0.247025) GeV3 B’ - DYK—, (4.25)

where, as already discussed, the total uncertainties are strongly dominated by the limited
accuracy of the parameter \%;.

We can now turn to discuss our results for the factorisable matrix element (Of). The
final sum rule is given in eq. (3.10) and includes the contribution of both the two- and
three-particle LCDAs. The relative size of each of the LCDAs contributions is shown in
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Figure 4. Dependence of the non-factorisable matrix element i(Og) on the LCDAs inputs

)\QE, )\%{, AB, the sum rule parameters M%Jr,s(’)j,

M2

™

_, as well as on the charm-quark mass m. and

the renormalisation scale p. In each plot, the remaining parameters are fixed to their central values.
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LCDA i({0F) i(OF) i({0$) (up to tw-4)
by —0.916 - -
b —0.863 - -
g+ 0.243 - -
g- 0.056 - -
by —0.021 0.264 0.264
YA —0.006 0.030 0.030
x, —0.001 0.000 0.000
Yy, 0.002 —0.016 —0.026
Yz, 0.000 —0.020 —0.020
Ve, —0.002 —0.018 —0.194
w 0.001 0.000 0.020
ny 0.000 0.000 0.007

) —1.507 0.240 0.081

Table 2. Partial contribution of the two- and three-particle LCDAs to the LCSR predictions for
the matrix elements (O¢) and (Of), in the case of the B — DF7~ decay. All results are in units
of GeV? and correspond to using the exponential model for all the LCDAs, as well as central values
for all inputs. The last column does not include the contribution of the twist-5 and twist-6 LCDAs
in egs. (4.5)—(4.8).

the second column of table 2. We find, as expected, that the dominant effect is due to ¢,
with the twist-4 and twist-5 LCDAs g+ yielding a smaller contribution. On the other hand,
the three-particle LCDAs appear to be strongly suppressed, in consistency with what found
e.g. in the LCSR study of the B — D form factors [32]. As for the uncertainty budget,
the LCSR prediction is extremely sensitive to the value of the non-perturbative parameter
Ap, while the dependence on the sum rule inputs i.e. the threshold continuum and the
Borel parameters is found to be mild, and that on the parameters )\QE and )\%{ very small.
Furthermore, also in this case, the uncertainty due to p-variation is moderate.

Varying all the input parameters within their intervals and again adding all individual
uncertainties in quadrature, we obtain the following estimates of the factorisable matrix
element i(O7), for both the modes considered, i.e.

i(0f) = —(1.5115:5%) GeV?3, BY - Dfrn—, (4.26)

i(05) = —(2.037592) GeV?, B - DTK~. (4.27)

Note that the above values are consistent with the QCDF results [24], however the uncer-
tainties are significantly larger.

Before discussing our predictions for the branching fractions, two more remarks with
respect to the error budget are in order. First, we emphasise that using other models for
the LCDAs, like the local duality model, see ref. [44] for a detailed discussion, and ref. [68]
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for new parametrisations of the twist-5 and twist-6 LCDAs, does not lead to any significant
difference, within the quoted uncertainties, in the values for both the factorisable and non-
factorisable matrix elements. Moreover, additional sources of uncertainties, like missing
1/my, corrections to the expression in eq. (2.7), are also expected to be effectively covered
by our large error ranges.

Combining the above results with the corresponding Wilson coefficients, our estimates
for the ratio of the non-factorisable over the factorisable parts of the amplitude for the
BY — DFr~ and B® — DTK~ decays read, respectively

C2<Og> 0.059 n0 —
=0.05110929 B - Dfn, 4.28
Cl <O%> —0.052 s S ™ ( )
S —
C2l05) _ ) 3910012 B - DK~ (4.29)

C1{07)

The non-factorisable matrix element (O%) is thus found to lead to a sizeable positive effect,
of the order of few percent, to the total amplitude for both the non-leptonic decays consid-
ered. This is in perfect agreement with the first estimates of ref. [12], however in contrast
with the results of ref. [24]. On the other hand, the uncertainties in eqs. (4.28), (4.29)
appear still very large, and are of the order of 100%. It is worth pointing out that, despite
computing the ratio of the two matrix elements within the same theoretical framework,
we only obtain a minor reduction of the total uncertainty from the simultaneous variation
of the common inputs. This follows from the large sensitivity of (Od) and (Of) on differ-
ent non-pertubative parameters. That is, as already stressed, )\%{ for the former matrix
element, and A for the latter. Furthermore, due to the stronger scale dependence of the
Wilson coefficient Cy compared to that of Cp, also the ratio Cy/Cy does not provide a
significant reduction of the total uncertainty. We note in particular that, because of the
additional variation of the scale up, the relative uncertainty in the non-factorisable part of
the amplitude becomes even larger.

The results in eqs. (4.24)—(4.27) lead to the following predictions for the branching
fractions

Br(B? — Df n7) = (2157311 x 1073, (4.30)
Br(B" - DTK™) = (2.047339) x 1074, (4.31)

in agreement with the experimental data shown in eqgs. (1.1), (1.2), and also consistent with
the QCDF results in eqgs. (1.10), (1.11), although again within very large uncertainties. On
the other hand, our central values are considerably lower than the latter.

Finally, note that naively combining our results in eqs. (4.28), (4.29), with the QCDF
prediction of the leading power amplitude for the corresponding decays, actually leads to
a reduction of the observed tension with the data, despite the positive shift, due to the
increased size of the uncertainties. However, we would like to emphasise that one should be
careful when combining LCSR and QCDF results because of different assumptions adopted,
e.g. the different treatment of the charm quark.
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5 Conclusion and outlook

In this work we have presented new determinations, obtained within the framework of
LCSR, of the non-factorisable contributions to the amplitude of the non-leptonic decays
BY — Dfn~ and BY — Dt K~, due to soft gluon emission. The computation is based on
the derivation of a LC-local OPE for a suitable three-point correlation function, and on the
use of B-meson LCDAs. Our analysis, in particular, has raised several questions that have
been overlooked in many previous similar studies, and that require further clarifications.
First, the fact that performing a double LC expansion of the correlation function seems
to actually lead to a result which is not transversal. Second, in this case, the dominant
contribution to the correlator originates from generalised non-local three-particle B-meson
matrix elements with non-aligned fields, which are still unknown in the literature for arbi-
trary Dirac structures. First steps in this direction have been taken in ref. [62]. Third, we
have found that truncating the expansion of the three-particle B-meson LCDAs at twist-4,
i.e. neglecting the twist-5 and twist-6 DAs, seems to contradict the local limit of the cor-
responding non-local matrix element, and in addition lead to pronounced cancellations.
In our work, the first two points have been circumvented by employing a LC-local OPE,
which, albeit less accurate, has allowed us to consistently compute the correlator in terms
of known hadronic input functions. As for the third point, we have included the contribu-
tion of the twist-5 and twist-6 LCDAs in our analysis, thus ensuring the correct local limit
for the three-particle matrix element, and also the lifting of the apparent cancellations.
However, in light of the above findings, further investigations are certainly needed in order
to improve the current understanding of these decays, as well as shed more light on the
size of non-local hadronic effects in rare semileptonic B-meson decays.

Another important result of the paper is the computation of the factorisable matrix
elements for the decays B? — DFr~ and B — DTK~, at LO-QCD accuracy, within
LCSR, which represents the first determination using this framework. In this respect, it
is important to stress that, despite so far the limited precision compared to QCDF at
leading power, LCSR provides a well established method for the computation of the whole
amplitude, including next-to-leading power effects, entirely within the same framework.

Our predictions, shown in eqs. (4.24)—(4.29), indicate that the non-factorisable matrix
element leads to a sizeable and positive contribution, of the order of few percent, to the
amplitude for the decays B? — Dfn~ and B® — DK™, in consistency with the first
estimates by Blok and Shifman [12], but in contrast with the findings of ref. [24]. On the
other hand, we emphasise that the total uncertainties are also found to be very large, mainly
due to the limited accuracy of many non-perturbative inputs, particularly those entering
the parametrisation of the two- and three-particle B-meson LCDAs, i.e. A, and \%;.

Finally, combining our results for the factorisable and non-factorisable matrix elements,
we have also obtained new estimates for the branching fractions of the B — D¥r~ and
B® — Dt K~ decays, shown in eqs. (4.30), (4.31), respectively. Our predictions appear to
be in good agreement with the corresponding experimental data, however, given the very
large uncertainties, and the LO accuracy of the current analysis, we refrain from drawing
any conclusion on the status of these observables, in light of the discrepancies found in
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ref. [24]. We consider instead to be more justified to conclude with a comprehensive outlook
for future studies and investigations. Specifically, in order to improve the present analysis,
one would require:

o More accurate determination of the parameter Ap, for both the Bg and Bg mesons,
either by improving the current QCD sum rule analyses [71, 72] or by performing first
Lattice QCD investigations. Alternatively, stronger constraints on the size of these
inputs could also be derived by extending the OPE-based studies of refs. [73, 74], or
from the anticipated data by the Belle II collaboration on B — «fv decays [69].

¢ Improved determination of the parameters )\% and )\%{ either within QCD sum rules
or Lattice QCD, as well as the computation of the corresponding SU(3) p-breaking
effects which are, so far, still missing in the literature.

¢ Study of the generalised three-particle B-meson non-local matrix elements, with the
light spectator quark and the gluon aligned on different light-cone directions. As
already stressed in ref. [62], the knowledge of these novel soft functions would also
be crucial in order to improve the current analyses of the non-local soft-gluon con-
tributions in rare semileptonic B-meson decays, and thus to shed more light on the
apparent tensions in b — s¢*T¢~ transitions.

¢ Further studies of higher-twist effects in the three-particle B-meson matrix elements,
and of the corresponding LCDAs. The investigation of alternative models for the
DAs would be important to reduce the corresponding model dependent uncertainty.

o Computation of NLO-QCD corrections in the OPE for both the factorisable and non-
factorisable matrix elements, within LCSR. We note that, very recently, a first step
in this direction has been made in ref. [93].

¢ Alternative estimate of the factorisable and non-factorisable matrix elements using
the LCSR framework with the light meson, i.e. the m- and K, LCDAs. This would
in fact provide an important cross-check of our study, and allow one to circumvent
the current challenges associated with the B-meson LCDAs.
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A Conventions and definitions

In this appendix, we collect the main conventions and definitions adopted throughout the
paper. For the Levi-Civita tensor we use €123 = +1 which, together with 5 = 7%y y2~3,

leads to
Tr[yH "y 5] = —4iel™P7. (A.1)

The SU(3). generators in the fundamental representation t;; satisfy the completeness rela-
tion

1 1
tth = 5 (Gimd = 300 ) (A.2)

and are normalised as Tr[t%’] = (1/2)6%. The gluon field strength tensor is defined as
G =i[Dy, D], with the covariant derivative given by D, = 0, — iA,(z). Note that the
strong coupling g5 is absorbed in the definition of the gluon field A,(z) = Af(z)t®.

The matrix element of the axial and axial-vector currents j? () = im.qysc, and
jﬁ(x) = Uyuvs5q, with ¢ = {d, s}, between the D- and the L-meson and the vacuum, are
respectively defined as

(0lj5’ (@) D(p)) = mbfpe™™®, (017, (@)|L(p)) = ifrpue ™7, (A-3)

where fp and fr, are the corresponding meson decay constants. Moreover, for the matrix
element of the vector current j,(x) = ¢vy,b between a B- and a D-meson, we use the

2 2
mp —Mp
2pH + (1 - ) q“]

2 2
Mmp —Mp u

q,
q2

following parametrisation

(DP)I*|Bp +a)) = PP ()

+ [P (¢%) (A.4)
with f fD and f(’)BD being, respectively, the vector and scalar form factors for the B — D
transition.

In order to write down the final sum rules, the following results for the imaginary part
of the functions entering the OPE are used. From lim,_,o+ 1/(z +ic) = P(1/z) F ird(x),
we obtain
L G Vi

I e = "= 1!

sV (2), n>1, (A.5)
where 6"~V (z) denotes the (n — 1)-derivative of the delta function with respect to its

argument. Furthermore, the analytic continuation of the logarithm function at negative
values of the argument is defined as

In(—z) = In|z| — inb(z), (A.6)

so that the logarithms in eqgs. (3.8), (3.9), develop an imaginary part for ¢ >0 equal to —.
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B B-meson LCDAs

The non-local matrix element corresponding to both the light spectator quark and the
gluon in the B-meson aligned along the same light-cone direction n*,?% in the rest frame
of the heavy B-meson v* = (n* +n#*)/2 = (1,0), can be parameterised in terms of eight
three-particles LCDAs as [44]%°

(01Ga(n21) G (n22)hy 5(0)| B(v)) =
1 .
S B {Pe (v — v (Wa = By) — oy By
— (npvy — ) ¥x, + (e — ) (Yw + Yy, ) + iewmn”UTq/g)\IfXA — i€y

X Wy, = (nuvy = nyop) Wy + (npy — nu*m)wllz]%}ﬁa(zh 223 1) (B.1)

where a, 3, denote spinor indices, h,(z) = e™Uh(x) + O(1/my) is the HQET field, see
e.g. the review [94], and the sign difference with respect to ref. [44] in the coefficients of
the Levi-Civita tensor follows from using the opposite convention for €, , cf. appendix A.
Moreover, we point out the change of notation for some of the DAs as compared to ref. [44],
ie. Xq — Ux, etc.

In eq. (B.1), the two parameters z1, 2o, specify, respectively, the position of the light
quark and of the gluon field on the light-cone vector n*. Performing a Fourier transform,
each LCDA can be expressed in terms of the corresponding momentum space distribu-
tions as

U(z1, 22) :/0 dwl/o dwy e~ w171 —iw222 (w1, ws), (B.2)

U = {Uy,Wy,...}. Note that following ref. [44], we also adopt the convention that DAs in
coordinate space are written in upper case, whereas the lower case is used for the momentum
space representations.

In order to reorganise eq. (B.1) in terms of its twist expansion rather than its Lorentz

decomposition, in ref. [44], the DAs appearing in eq. (B.1) have been recast in terms of
LCDAs of definite collinear twist. Specifically [44]

Oy + P
Ua(21,22) = %7
[OYRE—))
Uy (21, 22) = %,
—O3 — by + 20U
Ux,(21,22) = & 24 =

24The notation follows ref. [44] so, when comparing with section 2.2, it is n¥. = n* and n* = a*.

*Tn the definition of the matrix element, the gauge link [z,y] = P exp {z fol du (z — y) A" (uz + ﬂy)},
with @ = 1 — u, is always implicitly assumed. We note however that in the Fock-Schwinger gauge, which
we use in our computation, this factor equals to unity.
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—®3 + Py — 2@4

\I’X—A (2’1,2’2) = 9 5 (B3)
—P3 — P v, -

Uy, (21,22) = —> 42+ SR
—P3+ Py — Uy + U

Uy (21,2) = — - 42 =,
@4—‘1’4—@44-(1)54-\1’5—{-@5

Uy (21, 22) = 5 :
—@34—@4—2@4-}-&)5-{—2‘1}5—@6

Uy(21,22) = 1 :

where @3, and ®4, Uy, Uy, are LCDAs of twist-3 and twist-4, whereas @5, U5, U5, and g,
are of twist-5 and twist-6, respectively.

At leading order in HQET, the three-particle matrix elements required for the compu-
tation of both the factorisable and non-factorisable amplitudes can be then simply derived

from eqs. (B.1). In doing so, one obtains additional factors of the type (v-z)~! and (v-z)~2,
which can be simplified by introducing respectively the replacements
P(wi,wa) = (v - x)h(wr, wa) P(wr,wa) = —(v - 2)? P(wr,w2), (B.4)

with

w1 = w1 n
Ylwnwo) = | dnynws),  Plwnws) = /0 dn/o ' (i, w2) - (B.5)
The results in eq. (B.4), (B.5), can be easily derived by using the identities

[t @) [ e [Ty i) -0, (B.6)
/d4x f(x) /Ooodwl ;j% {e_i““”'x /Omdn /Ondn' ¢(TII,WQ)} =0, (B.7)

where f(x) absorbs the remaining x-dependence in the correlation function. Note that
egs. (B.6), (B.7), follow from the fact that the boundary terms are always zero. Specifically,
they vanish when w; — 0 due to the integration over 7, and also when w; — oo, because
of the exponential suppression of the integral over z*, in accordance with the Riemann-
Lebesgue theorem.

In our computation of the non-factorisable amplitude, we actually need the corre-
sponding three-particle matrix element with the gluon field fixed at the origin, cf. eq. (2.5).
Setting zo = 0 in eq. (B.1), the integral over ws in eq. (B.2) can be readily performed. To
this end, we introduce the compact notation

P(wr) = /Ooo dws (w1, w2) (B.8)

Finally, a new parametrisation of the two-particle B-meson matrix element including
higher-twist DAs, at leading order in HQET, has been obtained in ref. [44]

(Ol @) (O)|B(0)) =~ 5 Fau)vim | dwe {6 + %g.) P
1
2(v-x)

(64 = ¢-) + 2*(g4 — g- )P+ ¢75}5a(w;u) ., (B9)
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where ¢, ¢_, are LCDAs of twist-2 and twist-3, whereas g, g—, are of twist-4 and twist-5,
respectively. The expression in eq. (3.4) immediately follows from eq. (B.9), taking into
account that

6w > ilo-)iw),  with o) = [ dnot. (5.10)

with ¢ = {$4, g4, .}.

C Computation of the loop integral in coordinate space

The one-loop integral in eq. (2.3), can be also explicitly computed in coordinate space, since
in the limit of massless quark, the expression of the corresponding propagator simplifies and
does not contain Bessel functions. In fact, in dimensional regularisation, with d = 4 — 2e,
the local expansion of a massless quark propagator, up to leading one-gluon contributions,

reads [47]

o o T2 -y
) = S [y

I'(d/2 -1 — ) o L gV (g —
EENTE [%)(x_y)z]d/(i Ve g e

where ¢ = {u,d, s}, I'(z) is the gamma function, and the ellipses denote higher order correc-
tions with at least one covariant derivative of the gluon field strength tensor. Substituting
eq. (C.1) into eq. (2.3), the integration over y* can be easily performed by taking into
account the following results [46]

iq- 1 od— I'(d/2 — a) _
d, ol0Y _ _;9d=2a_d/2 2\ 2T %) 2va—d/2
/d ye E=ED 1297 T'(a) (—q*) , (C.2)
dy givw Y'Y od—2at1 aj2 L(d/2—a) ( _d> _ 9ya-dfa-2
/d ye =" i2 s T'a) a- (—q*)
x [(a - g - 1) 2¢"q" + q29’“’} , (C.3)

with @ = d — 1, and eq. (C.3) has been obtained by differentiating twice both sides of
eq. (C.2) with respect to ¢/. Performing the calculation in NDR, the divergent 1/e contri-
butions cancel when considering the gluon emission from both the light-quark propagators,
leading to the finite result shown in eq. (2.6). Finally, the computation of the loop integral
in eq. (3.2) proceeds in an analogous way, although now only the first line of eq. (C.1)
contributes.
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D Inverse Fourier transform of Bessel functions

In this appendix, we list the results for the tensor integrals introduced in egs. (2.10), (2.11)
and (3.6). Starting with those of lowest rank

1

/d4m eP® Ko(my/ —22) = —8x1% T mI i) (D.1)
. Ki(mvV—22) 4% 1

d'z = D.2

/ V—x2 m p2—m?+ic’ (D-2)
_p2 2 n
4 Ky(mv—x2) 4« P

f e e = e (D3)

the remaining tensor integrals can be obtained by differentiating multiple time
egs. (D.1)—(D.3) with respect to the four-momentum p#. This gives

. P
/d4x e?* Ko(mvV —x2) 2t = 3272 P m? T i) ’ (D.4)
. | 6pHpY — 2 _ m2 0z

/d4x eP® Ko(mv —a2) xtz” = 3272 [ P (1;2 (7];2 n ie)lg 1 ; (D.5)
/d4 - Kalm ’xQ)xﬂ L 4 (D.6)

V=22 m (p2 —m? +ie)2’ :
/ oy e B1mv=a?) 87| (p? = m?)g" — dptp” O.7)

V=22 m (P2 — m2 + ic)® > :

. Ki(mv—122?) H
4 1( 2 4 2 p
/d 7_372 x rt = 1927 m(p2 —m? + i)’ (D.)
(mvV—x2) 472 | (p? — m2)g"v — 2ptp”
d* ——apka = D.9
/xe e = e | (D.9)
o Ko(my/—a?) 872 | (p? — m?)glHpPt — dpip¥pP
4 ipa K2 _

/d x eP? Tw“:z”xp =3 2 —m2 1 i0)? ; (D.10)

_167%i | (p? — 4m?)(d4ptp” — g"p?) — 3migh”
(p* —m? +ie)? ’
(D.11)

where the curly brackets in eq. (D.10) denote the symmetrisation of the tensor g"”p? with
respect to the three Lorentz indices.
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E Results for the OPE coefficients

The coefficients c}{’ (w1,q?) in eq. (2.14) read respectively?S
1

clfv(wl,(f) =— 5 3<3m23+4m3mc—6m3w1+m2—q2
167 (mB — W1
—4dmewr + 3w%) (m3B —2m%w; —mp(m? + ¢* —wi) + 2q2w1) , (E.1)
) 1
Ya 2 5 4 3 2 2
1 (wr, =— mp —4dmpw; —2myp (m: — 3w
(1,4 167r2(m3—w1)3< o s B( ‘ 1)

+ 2m% w1 (2m3 +¢* - 2w%> +mp(m —2m?w? — ¢* — 4¢°W? + w})

+2¢%w1 (-m2 + ¢ + ), (B.2)

P 1
Cl ra (W17 q2)

B 47r2 (mB —wl)

5 (m% —2m%Hwy —mp(m? + ¢* — w?) + 3q2w1) ,  (E3)

Uy, 2y mg 2 2 2 2
cy *(wi,q%) = 872 (mp — wr) (mB 2mpwi —mg —q +w1)

X (m?jg — 2mQB w1 — mB(mz +q¢% - w%) + 2q2w1> , (E.4)
g

mp—+ me —w
< ! (m2BmC —mpme(me +wi) + q2w1) , (E.5)

A 2\

1l}~ —
(o, ) = I e )

2 2 2
mpz — 2mp(m w m, —
s72 NE ( B B(me +wi1) +me —q

+2me w1 + w%) (m?l’; —2m%Hwy —mp(m? + ¢* — w?) + 2q2w1) ,  (E.6)

¥y 1
¢ 4 (w1, q°) = 12 2<m%—|—2m23(mc—w1)
w2 (mp —w1)
+mp(m? = 2mewn — ¢ +w}) + ¢ ) (E.7)
Wy mp
cQYA(wl,qQ) = 52 3(m23+4m3mc—2m3w1+3m§—q2
T (mB —wl)
—4dmewr + w%) (m% —2m%wy — mp(m? + ¢ — W?) + 2q2w1) , (E.8)
dw 2y _ 1 3 _o9,.2 2., 2 _ 2 2
eV (wi,q7) = 5\mp —2mpwr —mp(mZ +q¢” —wi) +3¢w1),  (E9)
472 (mp — wy)
b 2y _ mp 2 _ 9 2 _ 2 2
ey (w1,q7) = — 3(m3— mpwi —m; — ¢ +W1)

82 (mp — w1)

X (mgB —2m%wy —mp(m? + ¢* — w?) + 2q2w1) ) (E.10)

26Here and in the rest of the section, we only show the non-vanishing coefficients.
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mpme

2
c?(wi, = , E.11
Pl d?) = e (E11)
= 2
mpme ¢°wi
% (wi,¢}) = —————, (E.12)
T (mB — wl)
= 2
Uz mpmc 2 2 2 2
c3?(w1,49%) 92 (mB—w1)4 (mB 2mpwi —m; —q -I-wl)
X (m% —2mHwi —mp(m? + ¢* — w?) + 2q2w1) . (E.13)
* %
The coefficients cf(w, ¢?) in eq. (3.8) read respectively
mp+me—w
o (w,q?) = 2 (mh — 2umd; — mp(m? + ¢* - w?) + 20%) (E.14)
82 (mp — w)
¢>+ 1 3 2 _ _ _ 2 2
@.8") == 7 (mh + mB(me — 2w) = mp (w(me — w) +¢%) +20%w)
(E.15)
c%’* (w,¢%) = — mpMme(mps + me - w) (m% — 2wm% — mp(m? + ¢* — w?) + 2q2w)
812 (mp — w)
(E.16)
5 1
c(f_ (w,q?) = ﬁ<m% +m%(me — 2w) —mp (w(mc —w)+ q2) + 2q2w) ,
82 (mp — w)
(E.17)
b mpme (Mp + Me — W
G (wyq?) = B MB e 2 W) (18 giomd, — mp(m 4+ ¢ - w?) + 2%, (ES)
812 (mp — w)
e B E.19
& mp 4 3 2 (2 2 2
w — —— = |mp — 3wmp +mp (m; — ¢ + 3w
( Q) 27r2(mB—w)3( B B B( c— 4 )
+mp (—wmg +2m3 + 3¢*w — w3) - 2q2w2) , (E.20)
_ mpmZ(mp +me —w
(o ?) = = BT (1 gy — (2 + ¢ ) + 24%),
w2 (mp — w)
(E.21)
3mLm3 (mp +me — w
4 (w,q%) = =2 26( /Y (E.22)
w2 (mp —w)
3mEme (mp +me —
I (w,q?) = =L (m c—w) (m?jg — 2wm% —mp (mg +¢* - w2> + 2q2w) ,

72 (mp — w)®
(E.23)
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4 (w,q*) =— Smpm; (ms + me — ) : (E.24)
72 (mp —w)*

g 3m ms (mp + me — w
A (w,¢%) = B (M3 c—w) (m% — 2wm% — mp (mz +¢* - wz) + 2q2w) :
72 (mp — w)®

(E.25)
% %k X%
Finally, the coefficients ¥ (u,w, ¢%) in eq. (3.9) read respectively
A (uyw, ¢%) = %(mg (mp +me —w) (mp(du — 1) + dme(1 — u)
812 (mp — w)
— duw + w) + 4¢3 (u - Tw), (E.26)

cgv(u,w,qQ) = B 1 (mB (—2wm13+m23 —m?—i—wZ) —q¢*(mp —2w))

812 (mp — w

X ((mB +me—w)(mp2u —1) +2m (1 —u) — (2u+ 1)w)

+2¢%(u—1)), (E.27)
1
cllpA(u, w,q?) = — (mB (3mpm, — 2mp(2uw + w) + (2u + 1)m?
812 (mp — w)
+4(u — 1)m? — 3wm, + (2u + 1)w?) — 4¢*(u — l)w) , (E.28)
A mB

ey (u,w, q?) = i (mB (72wm3 +m% —m? +w2> —¢*(mp — Qw))

812 (mp — w

X (mB (3me — Suw + 2w) + (4u — 1)m% + 2m2(u — 1) — 3wm,

—2¢%(u — 1) + duw? — w2> , (E.29)
c U, W, =— — | (2u—1)mp + 2m, — 2uw +w) , E.30
V) = = oo (= Dmp + 2me ) (E30)
'J]XA 2 mp 2
c U, W, = mp(w — 2uw) + (1 — 2u)m
(w07 = o (0 (mp o — 2u) + (1 - 20)

+2w((2u — N)w — 2m.)) + mp (—meB +m% —m? +w2>

x ((2u— Dmp — 4m, — 2uw +w)) , (E.31)
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2y
3 M u,w,q%) = 2 (s — )
X ((2wm3 —m% +m? - w2) (—2ump +mp + me+ (2u — 1)w)

— ¢*((2u — 1)mp + mc — 2uw + w)) , (E.32)
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) - - E.33
C2YA (u,w,qQ) = 27r2(TrLB—w)3(mB + (2u — 1)m, w) , ( )
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ey Au,w,q*) = Py S—
X (mB + (2u —1)m, — w) , (E.34)
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Y mB 2 2 9,2
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Uy 3mEme (mp +me — w) B 2 9, 9
C3YA (U,qug) — B27T; (mB — w) 1 (’I’)’LB ( 2me + mp m. +w )
— ¢ (mp — 2w)), (E.39)
dw 2 3mpm, ( b (20— 1)me — w) (E.40)
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7 ImELm?2
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