
J
H
E
P
1
0
(
2
0
2
3
)
1
6
8

Published for SISSA by Springer

Received: February 6, 2023
Revised: September 7, 2023

Accepted: October 17, 2023
Published: October 27, 2023

Transport across interfaces in symmetric orbifolds

Saba Asif Baig and Sanjit Shashi
Theory Group, Weinberg Institute, Department of Physics, University of Texas,
2515 Speedway, Austin, Texas 78712, U.S.A.

E-mail: sbaig@utexas.edu, sshashi@utexas.edu

Abstract: We examine how conformal boundaries encode energy transport coefficients —
namely transmission and reflection probabilities — of corresponding conformal interfaces
in symmetric orbifold theories. These constitute a large class of irrational theories and
are closely related to holographic setups. Our central goal is to compare such coefficients
at the orbifold point (a field theory calculation) against their values when the orbifold
is highly deformed (a gravity calculation) — an approach akin to past AdS/CFT-guided
comparisons of physical quantities at strong versus weak coupling. At the orbifold point,
we find that the (weighted-average) transport coefficients are simply averages of coefficients
in the underlying seed theory. We then focus on the symmetric orbifold of the T4 sigma
model interface CFT dual to type IIB supergravity on the 3d Janus solution. We compare
the holographic transmission coefficient, which was found by [1], to that of the orbifold
point. We find that the profile of the transmission coefficient substantially increases with
the coupling, in contrast to boundary entropy. We also present some related ideas about
twisted-sector data encoded by boundary states.

Keywords: Boundary Quantum Field Theory, AdS-CFT Correspondence, Gauge-Gravity
Correspondence, Supergravity Models

ArXiv ePrint: 2301.13198

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP10(2023)168

mailto:sbaig@utexas.edu
mailto:sshashi@utexas.edu
https://arxiv.org/abs/2301.13198
https://doi.org/10.1007/JHEP10(2023)168


J
H
E
P
1
0
(
2
0
2
3
)
1
6
8

Contents

1 Introduction 1

2 Interface data in symmetric orbifold theories 3
2.1 Twisted sectors of symmetric orbifolds 4
2.2 Building the boundary states 9
2.3 Transport coefficients from seed data 13
2.4 Extracting twisted-sector data 18

3 The holographic symmetric orbifold of the T4 ICFT 20
3.1 3d Janus and holography 21
3.2 Strong-coupling transport from gravity waves 23
3.3 Weak-coupling transport from seed theory 25
3.4 Comparing across regimes 26

4 Discussion 27
4.1 Transport versus thermodynamics 28
4.2 The Janus boundary state 29
4.3 Other future directions 30

1 Introduction

2-dimensional conformal field theories with boundaries have a long history in the litera-
ture [2, 3], with applications to both condensed matter theory [4, 5] and worldsheet string
theory [6–9]. However, given a generic (particularly, irrational) theory, the underlying
classification principles of such boundaries consistent with conformal structure are unknown.

As a first pass to studying conformal boundaries, we can examine physical data “encoded”
by the boundary. One example is the ground-state degeneracy g (called the g-function) of
the boundary state [10]. This is a c-number that counts the “boundary degrees of freedom”.
It is also associated with a thermodynamic boundary entropy Sb = log g [3].

Instead of a CFT with a boundary, we may consider two CFTs glued along a defect
surface (in 2d, a line) preserving (reduced) conformal symmetry. This defect is an interface
between the constituent systems [11], so the full theory is called an interface CFT (ICFT).
Like with boundaries, a general classification of conformal interfaces is unknown. However,
an ICFT can be mapped to a boundary (B)CFT by folding along the interface (figure 1),
so these are related problems (cf. [12]). In particular, physical parameters characterizing
interfaces are encoded by boundary states, with the g-function being an example [13].

Notably, interfaces make manifest additional physics encoded by the folded boundary
states. One example is energy transport, which is characterized by transport coefficients
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CFTL CFTR
Folding

CFTL ⊗ CFTR

Figure 1. An ICFT consists of a “left” CFT and a “right” CFT glued together along a defect (left).
This can be mapped to a BCFT (right) by folding along the defect.

associated with the interface [14–16]. The proportion of energy transported across the
interface is quantified by a transmission coefficient T , while the proportion that is bounced
back is described by a reflection coefficient R. These transport coefficients are defined
through expectation values of the stress tensor by [14] and sum to 1 by construction.
Furthermore, unitarity can be used to bound them between 0 and 1 [15, 16].

An underlying motivation of this work is to advocate for transport coefficients as
describing a facet of the physics of conformal defects apart from the g-function. This
is a rather broad goal, so to narrow our focus we examine a particular class of CFT —
symmetric orbifold theories. These are defined by taking N copies of some “seed” theory
M and quotienting by the permutations constituting the symmetric group SN . Motivated
by the recent classification of boundaries and g-functions in symmetric orbifolds [17],1 our
main reasons for considering these theories lie in both their tractability (given information
about the seed theory) and their connections to holographic CFT (cf. [19, 20]). The general
review and analysis of symmetric orbifold CFT at the orbifold point constitutes section 2.

Furthermore, some symmetric orbifold theories can be understood directly at strong
coupling2 via the AdS/CFT correspondence [22], thereby giving us access to a regime in
which field-theoretic calculations are otherwise typically intractable. For example, type IIB
supergravity on AdS3 × S3 × T4 is dual to the symmetric orbifold of a T4 sigma model at
strong coupling and with a large number of copies, and this duality also persists in more
stringy/weakly coupled regimes [23]. More pertinent to our purposes, we can describe a
simple class of top-down holographic conformal interfaces in this CFT and at strong coupling
through a non-supersymmetric3 dilatonic deformation of the AdS3 bulk. The resulting
gravitational background is called Janus [26]. By using the holographic prescription initially
proposed for “thin-brane” configurations [27] and subsequently refined by [28] and [1], one
may obtain transport coefficients encoded by particular boundary states in the strongly
coupled sector of the ICFT dual to type IIB on Janus.

Indeed, the holographic transmission coefficients of the Janus interface have been
obtained recently [1]. In section 3, we will compare these coefficients against those of the
Janus interface at the orbifold point, which we obtain via applying the procedure of section 2
to an appropriate boundary state of the folded T4 seed theory. The seed theory is four
non-interacting copies of a free S1-valued scalar field, each with a jump in mass along a
defect. Under folding, each individual S1 theory maps to two non-interacting scalar fields on

1See also [18] for similar work in the context of string theory and AdS3/CFT2 holography.
2We are referring to the marginal coupling which, when turned on, takes us away from the orbifold

point [21]. This coupling makes the N copies of the theory interact.
3There are also supersymmetric deformations of the AdS3 × S3 × T4 vacuum [24, 25].
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half space that together are taken to satisfy a “Neumann-Dirichlet” boundary condition [13].
Transport in the folded free scalar theory with this boundary condition has long been
understood [14], but the main significance of section 2 is to emphasize the answer does not
change in the symmetric orbifold. Our procedure ultimately yields an approximate answer
for transport coefficients in the weakly coupled regime of the T4 symmetric orbifold theory.

Performing this type of strong-weak comparison is not a new application of the holo-
graphic nature of the Janus solution. [13] exploited the tractability of both the strongly
coupled and weakly coupled regimes of the T4 symmetric orbifold ICFT to study how the
boundary entropies Sb of these interfaces run with coupling.4 They found that Sb is highly
insensitive to coupling, running only a small amount. Going further, a similar calculation
in supersymmetric Janus [25] found an exact match between the strongly coupled and
weakly coupled regimes. However, in our comparison, we find that T changes much more
nontrivially with coupling when the parameter characterizing the strength of the dilatonic
deformation is not at the ends of its regime of validity (figure 6).

This makes sense. Heuristically, quantities describing transport are more sensitive to
coupling than those describing thermodynamics. The classic example is N = 4 supersym-
metric Yang-Mills in which free energy [29, 30] only changes by a factor of 3

4 while shear
viscosity of the SYM plasma [31–33] changes infinitely. Inspired by this story, we interpret
our result as additional evidence for the idea that transport is more sensitive to coupling
when compared to thermodynamics.

2 Interface data in symmetric orbifold theories

We start by schematically discussing the physical data of conformal interfaces in the
symmetric orbifold of a known ICFT M. The N -fold symmetric orbifold theory M̃N

consists of N copies ofM modded out by the symmetric group SN of permutations of the
factors:

M̃N =M⊗N/SN . (2.1)

Here we focus on the “orbifold point” of the theory, in which the N copies are taken to be
non-interacting. This can also be seen as the free sector of the theory.

Instead of dealing with conformal interfaces directly, it is useful to map them to
conformal boundaries via folding [14]. Suppose that the seed ICFTM consists of two CFTs
CL and CR glued along an interface. We map this to a seed BCFT CL ⊗ CR. This induces a
mapping between M̃N and ( ˜CL ⊗ CR)N . Thus, we can use the technology of BCFT and
boundary states to study conformal interfaces (cf. [11, 12]).

Following [17], we start by assuming knowledge about interface (or boundary) data in
the seed theory. Using this knowledge and the combinatorics of SN , we then establish a
recipe for interface (or boundary) data in the associated symmetric orbifold theory.

4They assume the boundary entropy has no contributions from twist fields. In light of [17], a boundary
state agreeing with this assumption is more consistent with a bulk geometrical interpretation (i.e. a
supergravity state) but is also “atypical”. We discuss this more in the section 4.2.
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Before getting into the details, we remark that the mapping of M̃N to ( ˜CL ⊗ CR)N is
subtle. Specifically, taking a symmetric orbifold ofM then folding yields (C̃L)N ⊗ (C̃R)N ,
which is not technically the same as taking the symmetric orbifold of CL ⊗CR. However, we
insist that the latter can be used as a proxy for the former when computing data associated
with transport, because the relevant CFT data is encoded by overlaps of product states.

2.1 Twisted sectors of symmetric orbifolds

Let us first review the basic structure of symmetric orbifold theories, following [17]. There
are two major differences between the spectra of the N -fold product theoryM⊗N and of the
symmetric orbifold theory M̃N . The first is that only product states that are invariant under
all permutations, i.e. totally symmetric product states, survive the orbifolding procedure.
These particular states constitute the so-called untwisted sector of M̃N .

The second difference is the presence of twisted sectors in the orbifolded theory. Recall
that the permutation group acts on different seed copies of M. We can systematically
construct states of the orbifold by starting with an individual permutation σ ∈ SN and
identifying (“gluing together”) copies of the seed theory M as instructed by σ. In more
mathematically precise terms, such a state (defined on the cylinder) is one where the
corresponding field is periodic up to the action of the permutation [34, 35]. Concretely, for a
generic field ϕ(z) (z ∈ S1) of the seed theory, we define a field Φ(z) for which a 2π rotation
(z → e2πiz) maps Φ(z) = ϕ(i)(z) [where ϕ(i) is the ith copy of ϕ] to ϕ(σ(i))(z). Gluing yields
a Hilbert space distinct from that ofM⊗N and consisting of “σ-twisted” states. Allowing a
slight abuse of notation,5 we write the space asM⊗N/{σ}.

In the full symmetric orbifold, we mod out by the full group SN , so the states that
survive this procedure must be invariant under all permutations. As a result, each twisted
sector consists of totally symmetric sums of twisted states taken over all permutations of
a particular cycle type. For example, in the N = 3 case, we would sum together states
twisted by permutations (1 2), (1 3), (2 3) ∈ S3 (using cycle notation) to get states in one of
the (symmetrized) twisted sectors, and we would similarly sum together states twisted by
(1 2 3), (1 3 2) ∈ S3 to get those of the other sector. See figure 2 for a cartoon.

Note that the permutations of a particular cycle type precisely constitute a particular
conjugacy class of SN . Through this equivalence, the conjugacy classes each correspond
to an integer partition of N (the cycle type). So, the number of twisted sectors in the
symmetric orbifold theory matches the number of distinct integer partitions of N .

Twisted states. Let us be more explicit about the properties of twisted states. First for
simplicity, consider a single N -cycle σN ∈ SN , by which we mean that σN is an order N
(|σN | = N) connected permutation. In other words, σN has no fixed points or subcycles.
We take the N copies of the seed theory permuted by σN and glue them in the order
dictated by σN . For example, taking N = 3, we have two 3-cycles, (1 2 3) and (1 3 2), and
the corresponding gluings of seed theories are respectively visualized in figure 2(c).

5Taking a quotient technically requires a group (which {σ} is not). However, we can still use the notation
of quotients to describe seed theories being glued in a particular order and by a specific permutation.
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M1 M2 M3

(a) Untwisted sector

M1 M2 M3 + M1 M2 M3 + M1 M2 M3

(b) 2-twisted sector

M1 M2 M3 + M1 M2 M3

(c) 3-twisted sector

Figure 2. A cartoon of the sectors of the symmetric orbifold theory M̃3 =M⊗3/S3. Each box is
a copy of the seed theory. Boxes connected by arrows are identified with one another (i.e. “glued”),
and any remaining boxes are just factors in the symmetric product. The untwisted sector (a) is
simply the symmetrized product space. The 2-twisted sector (b) is constructed by gluing together
any two seed copies and symmetrizing. The 3-twisted sector (c) arises from gluing together three
copies in any order and symmetrizing.

For some seed primary scalar |h〉 of weight h, the Hilbert space ofM⊗N/{σN} has a
state |σN · h(N)〉 of weight h

[
h(N)] (using h to represents weights in the orbifold), where

h
[
h(N)] ≡ c

24

(
N − 1

N

)
+ h

N
. (2.2)

The superscript (N) is meant to highlight that we are starting with N copies of the seed
state |h〉 priori to gluing them by σN . Note that the explicit choice of σN does not matter.

This is still not a state of the symmetric orbifold, since it is not invariant under all
permutations. Instead, we define the symmetrization of |σN · h(N)〉 as

|h(N)〉 ≡ 1√
(N − 1)!

∑
σ∈{N -cycles}

|σ · h(N)〉. (2.3)

Basically, we are summing over all possible N -cycles. This is mathematically equivalent to
summing over all elements of SN in the same conjugacy class as a particular σN . There are
(N − 1)! such permutations, and so 1√

(N−1)!
is a normalization factor for the symmetrized

state. Furthermore, this can be rewritten as a sum over all possible conjugates of σN in the
symmetric group, so long as we introduce a 1

N factor to prevent overcounting (cf. [34, 36]):

|h(N)〉 = 1
N
√

(N − 1)!
∑
τ∈SN

|(τσNτ−1) · h(N)〉. (2.4)

This rewriting can be found using finite group theory. We first explicitly write each distinct
N -cycle in the sum as some conjugate of σN . We then further rewrite each term as a sum
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over the centralizer of σN [defined as S(σN ) ≡ {g ∈ SN | gσNg−1 = σN}] by the replacement
σN → 1

N

∑
g∈S(σN ) gσNg

−1 (where the factor of N is the size of the centralizer and can be
found through the orbit-stabilizer theorem). We then use the fact that the left cosets of
S(σN ) in SN partition the symmetric group to get the right-hand side of (2.4).

The fact that |h(N)〉 can be written as a sum over the full symmetric group means
that it is manifestly invariant under permutations. So, it is also in the Hilbert space of
the symmetric orbifold theory M̃N despite not being a product state, and it still has the
same weight as its individual terms as given by (2.2). We will refer to the states of the form
|h(N)〉 as “maximally twisted” in that they are constructed by gluing together all N copies
of the seed theory.

We can generalize the above construction to arbitrary elements of SN to go beyond
just N -cycles. Specifically, consider a permutation σ = σ1 · · ·σm ∈ SN , where each σi is a
ki-cycle (with ki ≤ ki+1 for all i) and the different factors are disjoint. Every element of
SN can be written uniquely in this way for some ki ≥ 1 for which

∑m
i=1 ki = N , and the

ordered multiset {k1, . . . , km} is the cycle type of σ. From m seed primaries |h1〉, . . . , |hm〉,
we construct a σ-twisted state denoted by

|σ1 · h(ki)
1 〉 · · · |σm · h(km)

m 〉 ∈ M⊗n/{σ}. (2.5)

This notation unambiguously encodes both the numbering of the seed states and how
identical copies of such states are twisted together, since the constituent disjoint cycles
encode the initial “locations” of the seed states within the parent tensor state.6 Additionally,
the weight of the generic twisted state (2.5) is

h
[
h

(ki)
1 , . . . , h(km)

m

]
≡

m∑
i=1

h
[
h

(ki)
i

]
=

m∑
i=1

[
c

24

(
ki −

1
ki

)
+ hi
ki

]
, (2.6)

which we get by noting that (2.5) is basically an m-fold product of maximally twisted states
with respect to M⊗k1 , . . . ,M⊗km . Indeed, if we consider a state twisted by an N -cycle
(m = 1 and k1 = N) then we recover (2.2), whereas taking the identity element (m = N

and k1 = · · · = kN = 1) yields the weight (h1 + · · ·+ hN ) of a product state inM⊗N .
Just as in the maximally twisted case above, however, we need to symmetrize the

σ-twisted state in order to get a permutation-invariant state of the full symmetric orbifold
theory. Again, we define a sum over all permutations σ ∈ SN of a particular cycle type:

|h(k1)
1 〉 � · · · � |h(km)

m 〉 ≡ 1√
C(k1, . . . , km)

∑
σ=σ1···σm
|σi|=ki

|σ1 · h(k1)
1 〉 · · · |σm · h(km)

m 〉,

where σi ∩ σj |i 6=j = ∅, k1 + · · ·+ km = N, (2.7)

where we use � to emphasize that the factors |h(ki)
i 〉 of the symmetrized state on the

left-hand side commute by construction. As in (2.3), we introduce a normalization factor
C(k1, . . . , km) that is equivalent to the number of terms in the sum. Note that C(k1, . . . , km)

6For example, |(1) ·h(1)
1 〉|(2 3) ·h(2)

2 〉 describes a state for which we take the tensor product |h1〉⊗|h2〉⊗|h2〉
and then glue the second and third seed factors by quotienting by (1)(2 3).
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is just the size of the conjugacy class if ki = kj =⇒ i = j (as in the maximally twisted
case), but if there are multiple subcycles of the same size then this is no longer true (as
in the untwisted case for which C = N !). For simplicity, we will ignore this normalization
unless working with specific cases.

Most importantly, through the same group-theoretic techniques described in the maxi-
mally twisted case, we can fix a particular {k1, . . . , km}-cycle σ and rewrite the sum as one
over the full symmetric group (omitting the cycle-type-dependent normalization):

|h(k1)
1 〉 � · · · � |h(km)

m 〉 ∝
∑
τ∈SN

|σ′1 · h
(k1)
1 〉 · · · |σ′m · h(km)

m 〉,

where τστ−1 = σ′1 · · ·σ′m, |σ′i| = ki. (2.8)

The key takeaway of (2.8) is that |h(k1)
1 〉 � · · · � |h(km)

m 〉 is a sum over SN and thus invariant
under permutations. This construction also explicitly shows how different sectors of
M⊗N/SN are labeled by the cycle types, which in turn label conjugacy classes of SN .

As a concrete example of these twisted states, consider again N = 3, and take two seed
primaries |h1〉 and |h2〉 with one copy of the former and two copies of the latter. We can
use these primaries to build states respectively twisted by (1 2), (1 3), or (2 3):

|(1) · h1〉|(2 3) · h2〉 ∈ M⊗3/{(1)(2 3)}, (2.9)
|(2) · h1〉|(1 3) · h2〉 ∈ M⊗3/{(2)(1 3)}, (2.10)
|(3) · h1〉|(1 2) · h2〉 ∈ M⊗3/{(3)(1 2)}. (2.11)

All three of these states have the same weight,[
c

24

(
1− 1

1

)
+ h1

1

]
+
[
c

24

(
2− 1

2

)
+ h2

2

]
= c

16 + h1 + h2
2 . (2.12)

The permutation-invariant state with this weight and consisting of C(1, 2) = 3 terms is

|h(1)
1 〉 � |h

(2)
2 〉 = 1√

3
[
|(1) · h1〉|(2 3) · h2〉+ |(2) · h1〉|(1 3) · h2〉

+ |(3) · h1〉|(1 2) · h2〉
]
.

(2.13)

This is indeed invariant under permutations and thus is a well-defined state of the symmetric
orbifold, despite not being a product state.

We should mention that each twisted sector has its own ground state realized as a twist
of the seed vacuum state h = 0. These states are called bare twists. In terms the notation
of (2.8) above, they are written as |0(k1)〉 � · · · � |0(km)〉. For instance, consider again a
single N -cycle σN . From (2.2), the weight of the twist of the vacuum by σN is

h
[
0(N)] = c

24

(
N − 1

N

)
, (2.14)

which is below the black-hole threshold c
24 and is also the weight of the (symmetrized)

bare twist |0(N)〉. Weights of bare twists by more complicated cycle types can similarly be
computed with (2.6), but they are all upper-bounded by h

[
0(N)].
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As an example, consider the N = 4 case. There are five different cycle types in S4
corresponding to the integer partitions of 4. The associated bare-twist weights are

h
[
0(1), 0(1), 0(1), 0(1)] = 0, h

[
0(1), 0(1), 0(2)] = c

16 ,

h
[
0(1), 0(3)] = c

9 , h
[
0(2), 0(2)] = c

8 , h
[
0(4)] = 5c

32 .
(2.15)

Note the untwisted sector furnishes the true vacuum of the theory |0〉⊗N of weight h = 0.

Symmetry structure. Take the holomorphic and antiholomorphic Virasoro symmetry
of the seed theory, collectively denoted as Vir(M)⊕Vir(M) and with central charge c. The
algebra of the ith copy is generated by

{
L

(i)
n ∈ Vir(M)

}
and

{
L

(i)
n ∈ Vir(M)

}
, where

[L(i)
n , L

(i)
n′ ] = (n− n′)L(i)

n+n′ + c

12n(n2 − 1)δn+n′,0,

[L(i)
n , L

(i)
n′ ] = (n− n′)L(i)

n+n′ + c

12n(n2 − 1)δn+n′,0,

[L(i)
n , L

(i)
n′ ] = 0.

(2.16)

Now consider just the chiral symmetry algebra W of the seed theory. W generically contains
Vir(M). Meanwhile, the symmetric orbifold theory M̃N inherits the chiral algebra

W⊗N/SN ⊃ Vir(M)⊗N/SN . (2.17)

Notably, this contains the chiral Virasoro symmetry Vir(M⊗N ) of the product theory. We
refer to this subalgebra as the “full” Virasoro algebra of M̃N and denote its generators by{
Ln ≡

∑N
i=1 L

(i)
n
}
[resp.

{
Ln ≡

∑N
i=1 L

(i)
n

}
for the generators of the analogous antiholomor-

phic copy Vir(M⊗N )]. The associated stress tensor ofM⊗N whose modes generate the full
Virasoro algebra is found by summing together the stress tensors of each copy of the seed
theory. Since the product theory is non-interacting (i.e. seed Virasoro generators acting on
different factors commute), the commutator of the full Virasoro generators is

[Ln, Ln′ ] =
N∑
i=1

[L(i)
n , L

(i)
n′ ] = (n− n′)Ln+n′ + Nc

12 n(n2 − 1)δn+n′,0, (2.18)

with an equivalent expression for the antiholomorphic generators. Thus, the central charge
of the full Virasoro algebra is Nc.

However, note that the chiral algebra Vir(M)⊗N/SN consists of more than just full
Virasoro generators. Notably, there are also “fractional” Virasoro generators that act on
twisted sectors of the theory [34, 37, 38]. To be concrete, consider the twisted sector
corresponding to the cycle type {k1, . . . , km}. Restricting our attention to one of the cycles
of length ki, the associated glued copies each furnish one copy of the seed stress tensor T (j)

(j = 1, . . . , ki). By looking at the covering space [34], we can define fractional modes of the
stress tensor {`n/ki} by the equation

`n/ki ≡
1

2πi

∮
dz zn/ki+1

ki∑
j=1

e−2πin(j−1)/kiT (j)(z). (2.19)

– 8 –
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These and their antiholomorphic counterparts {`n/ki} together satisfy the following commu-
tation relations:

[`n/ki , `n′/ki ] =
(
n− n′

k

)
`(n+n′)/ki + kic

12

(
n

ki

)[(
n

ki

)2
− 1

]
δn+n′,0,

[`n/ki , `n′/ki ] =
(
n− n′

ki

)
`(n+n′)/ki + kic

12

(
n

ki

)[(
n

ki

)2
− 1

]
δn+n′,0,

[`n/ki , `n′/ki ] = 0.

(2.20)

This looks like the usual Virasoro algebra, but with fractional modes. Indeed, (2.19)
and (2.20) respectively reduce to the usual integer-moded Virasoro operators and algebra
Vir(M⊗ki)⊕Vir(M⊗ki) with central charge kic when taking modes n

ki
∈ Z. Additionally,

the fractional and full Virasoro generators share a nontrivial commutation bracket [37]:

[Ln, `n′/ki ] = [`nki/ki , `n′/ki ]. (2.21)

The generators built from the fractional modes that act on a generic state are of the form

Ln1/k1,...,nm/km ≡
m∑
i=1

`ni/ki . (2.22)

By taking generators of the untwisted sector (m = N , k1 = · · · = kN = 1) and summing
over identical modes (n1 = · · · = nN ≡ n), we recover the full Virasoro generators Ln.

The fractional Virasoro generators act on states in nontrivial twisted sectors. Hence,
twisted-sector primaries and their fractional descendants may generically appear as terms
in the boundary states of a symmetric orbifold theory [17], as we review in section 2.2.

However, the boundary data with which we are primarily concerned do not involve these
modes directly. Specifically, g-functions [10] are identified as overlaps between boundary
states and the untwisted vacuum [3], while the transport coefficients of the stress tensor [14]
are equated to overlaps of boundary states with full Virasoro descendents of the untwisted
vacuum. Twisted-sector terms are projected out when defining either quantity. While we
can extract twisted-sector data encoded by a boundary state, such as overlaps with bare
twists or fractional Virasoro descendents, we will only briefly discuss such quantities in
section 2.4.

2.2 Building the boundary states

Via folding, all physical data about a conformal interface is encoded by an associated
boundary state in the closed-string spectrum of the folded BCFT [2, 3]. So, a good starting
point for studying transport coefficients in a symmetric orbifold theory is to explore how
its boundary states might be written in terms of those of the seed theory.

Let us first clarify some fundamental statements of BCFT. A generic CFT boundary
state |B〉 must satisfy the gluing condition(

Ln − L−n
)
|B〉 = 0, ∀n ∈ Z, (2.23)
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where we recall that {Ln} and {Ln} are respectively the holomorphic and antiholomorphic
generators of the full Virasoro symmetry. In addition, boundary states must satisfy the
so-called Cardy condition [2, 3] obtained by equating the open-string and closed-string
slicings of the 2d cylinder partition function. To classify the boundary states, one may start
by finding a basis for the solution space of (2.23); the elements of such a basis are called
Ishibashi states [39]. We may then use the Cardy conditions to compute the specific linear
combinations of Ishibashi states that correspond to boundary states.

However, the full space of Ishibashi states satisfying (2.23) is not generically known
when the theory is not Virasoro-diagonal, and this obstructs simple attempts to organize
boundary states. A more attainable goal is to classify boundary states that also respect the
chiral extension that diagonalizes the CFT [39, 40]. Mathematically, this means that we
restrict our attention to a smaller space of boundary states that satisfy[

Wn − (−1)s(W )Ω(W−n)
]
|B〉 = 0, ∀n ∈ Z, (2.24)

where {Wn} and {Wn} are respectively holomorphic and antiholomorphic generators of
the extended symmetry algebra corresponding to a holomorphic current W of spin s(W ),
and Ω is an automorphism of the extended algebra. (2.24) is a generalization of the
condition (2.23), since the holomorphic current T corresponding to the Virasoro modes has
s(T ) = 2. The solution space of the set of constraints (2.24) over all extended symmetry
generators can be described by Ishibashi states [39].

The goal of [17] (see also related earlier work [41]) is to construct boundary states
that respect the chiral algebra Vir(M)⊗N/SN universal to symmetric orbifold theories.
The main idea is to classify the solution space of (2.24), where the generators are of the
form (2.22). Basically, [17] constructs “twisted” Ishibashi states from twisted primaries and
fractional descendants that, in conjunction with the expected “untwisted” Ishibashi states
(i.e. symmetric products of seed Ishibashi states), act as building blocks for the boundary
states. For our purposes of understanding the physical data encoded by boundary states, it
is instructive to review this construction. We do so now.

As a caveat, we stress that we focus on Virasoro-diagonal seed theories for concreteness,
thereby assuming that the only symmetry generators that we need to worry about are those
built from the seed stress tensor. However, note that the basic construction works more
generally at the cost of completeness in the classification of boundary states.

Untwisted building blocks. We first suppose the seed theoryM has boundary states
|bα〉 where α = 1, . . . , nb is an index. nb is either finite (e.g. for a rational seed theory) or
formally infinite (e.g. for an irrational seed theory). These states live in the solution space
of the following constraint [denoting ith seed Virasoro modes by L(i)

n and L(i)
n ]:

(
L(i)
n − L

(i)
−n
)
|bα〉 = 0, ∀n ∈ Z. (2.25)

If the seed theory is diagonal with respect to the Virasoro algebra, then we can explicitly
construct the seed boundary states because the solution space of (2.25) is spanned by the
Ishibashi states of M [39, 42]. Each of these Ishibashi states is constructed from some
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spinless primary of weight h as follows:

|h〉〉 =
∑
m

|h,m〉 ⊗ |h,m〉, (2.26)

where m is either the empty set or an ordered multiset of positive integers ({m1, . . . ,mκ}
with i < j =⇒ mi ≤ mj). The state |h,m〉 (resp. |h,m〉) is a holomorphic (resp.
antiholomorphic) descendent of the associated primary, with the multiset labeling both the
number and type of creation operators employed:7

|h, {m1, . . . ,mκ}〉 =
(

κ∏
i=1

L
(i)
−mi

)
|h〉,

|h, {m1, . . . ,mκ}〉 =
(

κ∏
i=1

L
(i)
−mi

)
|h〉.

(2.27)

As (2.26) defines Ishibashi states of the seed theory, all seed boundary states are specific
linear combinations of these states:

|bα〉 =
∑
h

βh,α|h〉〉. (2.28)

Note that the coefficients βh,α take on specific values such that |bα〉 satisfies both (2.25)
and the Cardy condition [2, 3].

In the untwisted sector of the symmetric orbifold theory, a generic symmetry operator
consists of sums of seed Virasoro modes that individually act on different copies. The generic
gluing condition (2.24) with such symmetry operators is solved by symmetric products of
seed Ishibashi states, a fact that can be seen explicitly from the seed gluing condition (2.25).
We refer to such symmetric products as untwisted Ishibashi states, and we observe that
they are building blocks for states of the form (neglecting the normalization)

|B〉untw ≡ |bα1〉 � · · · � |bαN 〉 ∝
∑
σ∈SN

|bσ(α1)〉 ⊗ · · · ⊗ |bσ(αN )〉, (2.29)

which are boundary states of the symmetric product theory.
If all N of the seed factors |bαi〉 are distinct, then (2.29) is also the only way they

can be combined in the symmetric orbifold. However, we may have degenerate factors, in
which case we can also consider twists of these seed boundary states. This is an expected
characteristic of orbifold theories [43].

Twisted building blocks. We now discuss the twisted Ishibashi states of [17]. First,
consider the maximally twisted sector, in which we have fractional Virasoro modes `n/N and
`n/N for all n ∈ Z. Using these in the general gluing condition (2.24), we get the constraints

(
`n/N − `−n/N

)
|B〉 = 0, ∀n ∈ Z. (2.30)

7m = ∅ corresponds to the primary state itself.
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We can write Ishibashi states that solve this equation in a manner similar to the usual
construction. From a maximally twisted primary |h(N)〉, the associated Ishibashi state is

|h(N)〉〉 ≡
∑
m

|h(N),m〉 ⊗ |h(N),m〉, (2.31)

where this time we define

|h(N), {m1, . . . ,mκ}〉 =
(

κ∏
i=1

`−mi/N

)
|h(N)〉,

|h(N), {m1, . . . ,mκ}〉 =
(

κ∏
i=1

`−mi/N

)
|h(N)〉.

(2.32)

Now, for some seed boundary state |bα〉 whose expansion in terms of seed Ishibashi states
is given by (2.28), we can write an associated maximally twisted state

|b(N)
α 〉 ≡

∑
h

βh,α|h(N)〉〉. (2.33)

This contributes to boundary states of the symmetric orbifold built from N identical copies
of |bα〉, and so the maximally twisted Ishibashi states are also valid building blocks.

It is straightforward to generalize the above construction to arbitrary twisted sectors
corresponding to cycle type {k1, . . . , km}. We can construct Ishibashi states defined with
respect to states twisted along ki copies (denoted as |h(ki)〉〉) by using the appropriate
fractional Virasoro modes `n/ki and `n/ki in (2.32). We then write symmetrized products,

|h(k1)
1 〉〉 � · · · � |h(km)

m 〉〉. (2.34)

Given a list of m seed boundary states {|bα1〉, . . . , |bαm〉}, these twisted Ishibashi states are
a basis for states of the form

|B〉twst ≡ |b(k1)
α1 〉 � · · · � |b

(km)
αm 〉. (2.35)

[17] discusses further how (2.29) and (2.35) can be used as building blocks for a broad
class of boundary states in the symmetric orbifold theory labeled by representations of
permutation subgroups in SN , where these subgroups are those which permute identical
copies of seed boundary states. The coefficients of associated Ishibashi states can be found
through the Cardy condition. However, for our purposes it is sufficient to know only the
general form of the boundary states — as linear combinations of (2.29) and (2.35) weighted
by characters of symmetric-group representations.

We reiterate that the basic construction does not actually need a diagonal seed theory.
This is only a useful assumption to make because it affords us the Ishibashi states (2.26)
as a complete basis for seed boundary states [39]. For a non-diagonal seed theory, the
idea of [17] to start with seed boundary states directly and sum over permutations and
twists is still valid in the construction of boundary states that respect the chiral algebra
Vir(M)⊗N/SN . However, this may no longer provide a complete classification.
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We also emphasize that there are other boundary states not included within this
classification. In particular, we can consider just the boundary states that respect the full
Virasoro algebra inherited from the symmetric product theory Vir(M⊗N ) ⊂ Vir(M)⊗N/SN ,
i.e. those that only satisfy the gluing condition (2.23) but not necessarily (2.24) for all of
the symmetry generators. This would be a much more unconstrained problem that would
allow for many more boundary states (cf. the case of the free boson [8]).

2.3 Transport coefficients from seed data

Now, we discuss how the transport coefficients of [14] are encoded by the boundary states
constructed from the building blocks (2.29) and (2.35). The g-function has already been
addressed by [17], and we can look to that story for inspiration. Again, for simplicity we
assume that the seed theory has no extended symmetry beyond Virasoro.

The g-function of a boundary state |B〉 is defined as the overlap between the boundary
state and the vacuum |0〉⊗N [10]. Mathematically,

g(|B〉) ≡ 〈0|⊗N |B〉. (2.36)

However, the state |0〉⊗N lives in the untwisted sector, and so it projects out any twisted-
sector terms in |B〉. As a result, for |B〉 built from seed boundary states |bα1〉, . . . , |bαN 〉,
the g-function is merely the vacuum overlap with (2.29) up to an overall normalization
factor, so it is proportional to a product of seed g-functions:

g(|B〉) = F(N, |B〉) (gα1 · · · gαN ) , gα ≡ 〈0|bα〉. (2.37)

The normalization factor of |B〉 depends on both N and the number of twisted-sector seed
terms that can be and are included. This carries over to the coefficient F , and so the
possibility of twisted-sector terms can influence g indirectly.

Now, we discuss transport. For any 2d ICFT prior to folding, we have a “left” theory
whose full Virasoro generators we write as {L[L]

n , L
[L]
n } and a “right” theory with generators

{L[R]
n , L

[R]
n } (note the square brackets). These theories also respectively have central charges

cL and cR, respectively.8 Upon folding, [14] defines a 2× 2 “transport matrix”

RIJ(|B〉) = 〈Ω|L
[I]
2 L

[J ]
2 |B〉

〈Ω|B〉 , I, J = L,R, (2.38)

where |Ω〉 = |ΩL〉 ⊗ |ΩR〉 is the vacuum of the generic folded theory. In terms of the
transport matrix, [14] defines the associated “transmission” and “reflection” coefficients as

T (|B〉) = 2
cL+cR

[RLR(|B〉)+RRL(|B〉)] , R= 2
cL+cR

[RLL(|B〉)+RRR(|B〉)] . (2.39)

We can use the gluing conditions (2.23) and the Virasoro algebra to show that RIJ is
symmetric. Thus T as defined above only has one parameter (not including the central
charges cL, cR), which we write using the notation of [16]:

cLR(|B〉) ≡ RLR(|B〉) +RRL(|B〉) = 2RLR(|B〉). (2.40)
8We assume that the holomorphic and antiholomorphic data of the two theories are the same, e.g. cL = c̄L

and cR = c̄R.
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In fact, T + R = 1, and so cLR is the only free parameter needed to specify the coeffi-
cients (2.39). Furthermore, the analogous matrices defined with higher-level Virasoro modes
do not give additional information because by the gluing condition (2.23) (taking n ≥ 2)

〈Ω|L[I]
n L

[J ]
n+1

[
L

[L]
1 + L

[R]
1 − L

[L]
−1 − L

[R]
−1
]
|B〉 = 0

=⇒ 〈Ω|L[I]
n L

[J ]
n |B〉

〈Ω|B〉 = n(n2 − 1)
6 RIJ(|B〉).

(2.41)

It is important to bear in mind that the formulas (2.39) are only one way to quantify
transport probabilities, and they do so in an indirect and somewhat incomplete way because
they only use Virasoro modes. Nonetheless, the boundary-state formalism had been extended
by [44] to include overlaps with states created by other symmetry generators besides those
of Virasoro, but each associated matrix only gives one piece of CFT data.

[16] presents another more physically motivated and complete approach. Instead of fold-
ing the ICFT and invoking the boundary-state formalism, they set up a scattering gedanken-
experiment in the ICFT by sending a wave packet towards the interface and define transport
coefficients in terms of ratios of average energy fluxes. The resulting “scattering” transmis-
sion coefficients are generically determined by the coefficients of two-point functions between
spin-2 quasi-primary holomorphic currents on the left and on the right of the interface.

Notably, if the only such current on both sides is the stress tensor, then the transmission
coefficient is universal — regardless of the in-state, transmission is a function of just one
piece of CFT data cLR (keeping cL, cR fixed), and this quantity appears in the following
two-point function of the left and right stress tensors computed in the vacuum state of the
interface theory’s Hilbert space:〈

TL(z)TR(z′)
〉

interface = cLR/2
(z − z′)4 . (2.42)

If transport only cares about cLR, then the coefficients (2.39) defined previously by [14]
can be seen to describe weighted averages of the scattering coefficients, as found by [16].
So (2.39) are sometimes called “weighted-average coefficients” (e.g. by [27]).

In generic CFTs, the transport coefficients of [16] are state-dependent. Specifically, the
in-state of the scattering experiment is created by some local operator, which [16] takes
to be localized on the left and denotes as OL, acting on the ICFT vacuum. The OL ×OL
OPE might contain a spin-2 holomorphic (quasi-)primary OL 6= TL. For any such operator,
there is a nontrivial two-point function 〈OL(z)TR(z′)〉interface with the same pole structure
as (2.42). The transport coefficients for the in-state created by OL thus depends not only on
cLR but also the coefficients of these other two-point functions. So proper characterization
of energy transport across the interface requires inclusion of this additional data.

We can extract this data from the boundary state |B〉 associated to the interface. For
example, consider a primary9 spin-2 holomorphic current O whose Laurent modes are

On ≡
1

2πi

∮
dz zn+1O(z) =⇒ [Ln,Om] = (n−m)On+m. (2.43)

9Quasi-primaries would yields a nontrivial central term in the commutator with Ln, but this would not
alter the qualitative discussion below.
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We then define the following quantity in analogy to (2.40):

αOLR(|B〉) = 2〈Ω|O
[L]
2 L

[R]
2 |B〉

〈Ω|B〉 . (2.44)

Quantities defined with higher modes are redundant, again because of a recursion relation of
the form (2.41). So αOLR is the specific piece of CFT data associated with O that describes
energy transport. However, we reiterate that if the scattering state is prepared with the
stress tensor (i.e. OL = TL), then even in a generic CFT the only datum that matters in
describing transport in that state is cLR.

At this point, we focus on how the transport data of the symmetric orbifold is informed
by that of the seed theory following the boundary state formalism of [14, 44, 45]. We start
with cLR. We then discuss the data associated with another type of spin-2 holomorphic
primary W whose existence is rooted solely in the product structure of the symmetric
orbifold theory. The punchline is that αWLR = 0, so if transport in the seed theory only
depends on cLR, then the same is true in the symmetric orbifold.

Transmission of stress tensor. Our first goal is to write the datum cLR for a symmetric
orbifold theory’s boundary state in terms of seed data. This will determine the T ,R
coefficients (2.39).

First, recall that the nth full Virasoro generator is a sum over nth Virasoro generators
of each copy of the seed theory. So, we have that

L
[I]
2 L

[J ]
2 =

(
N∑
i=1

L
(i)[I]
2

) N∑
j=1

L
(j)[J ]
2

 =
N∑
i=1

L
(i)[I]
2 L

(i)[J ]
2 +

∑
i 6=j

L
(i)[I]
2 L

(j)[J ]
2 . (2.45)

Observe that we have decomposed the sum into two pieces, where the second sum consists
of “cross terms”. So to compute RLR (which is sufficient to get T and R), we write

RLR(|B〉) = 〈0|
⊗NL

[L]
2 L

[J]
2 |B〉

〈0|⊗N |B〉

=
N∑
i=1

〈0|L(i)[L]
2 L

(i)[R]
2 |bαi〉

〈0|bαi〉
+
∑
i 6=j

〈0|L(i)[L]
2 |bαi〉
〈0|bαi〉

〈0|L(j)[R]
2 |bαj 〉
〈0|bαj 〉

. (2.46)

Here we have used the facts that the twisted-sector terms are projected out of the boundary
state and that the normalization factors of |B〉 cancel. However, for RLR(|B〉) to be purely
a function of seed transport data RLR(|bαi〉), the cross terms above need to vanish. Indeed,
we assert that these terms must vanish because their numerators are basically products of
overlaps between seed conformal boundary states and spin-2 states. To see this explicitly,
we invoke the gluing condition and the fact that global Virasoro generators annihilate 〈0|:

0 = 〈0|L(i)[I]
n

[
L

(i)[L]
−1 + L

(i)[R]
−1 − L(i)[L]

1 − L(i)[R]
1

]
|bαi〉

= 〈0|[L(i)[I]
n , L

(i)[I]
−1 ]|bαi〉

= (n+ 1)〈0|L(i)[I]
n−1 |bαi〉. (2.47)
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Thus, by taking n = 3 we have that 〈0|L(i)[I]
2 |bαi〉 = 0, and so

RLR(|B〉) =
N∑
i=1

RLR(|bαi〉 =⇒ cLR(|B〉) =
N∑
i=1

cLR(|bαi〉). (2.48)

Let us also write this in terms of the weighted-average transport coefficients (2.39). First,
we note that the seed transmission coefficient for a boundary state |bα〉 is

Tbα ≡
2cLR(|bα〉)
c

(s)
L + c

(s)
R
, (2.49)

where c(s)
L and c(s)

R are respectively the central charges of the left and right seed theories.
From (2.39), we have that the transmission and reflection coefficients encoded by |B〉 are

T (|B〉) = 2cLR(|B〉)
Nc

(s)
L +Nc

(s)
R

= 1
N

N∑
i=1
Tαi , (2.50)

R(|B〉) = 2
Nc

(s)
L +Nc

(s)
R

N∑
i=1

[RLL(|bαi〉) +RRR(|bαi〉)] = 1
N

N∑
i=1
Rαi . (2.51)

In other words, the weighted-average coefficients encoded by some boundary state |B〉 are
themselves averages the coefficients encoded by each individual seed boundary state in |B〉.

Other spin-2 primary currents. We have written cLR and the associated transport
coefficients (2.39) in terms of seed data. However, there is in principle more data that goes
into the energy transport coefficients, particularly if there are holomorphic quasi-primary
currents of spin 2 apart from the stress tensor. It is indeed possible to have such currents
in a symmetric orbifold, even when the seed theory does not. However, we argue that the
associated transport data vanishes, and this intuitively is because the different seed copies
do not interact at the orbifold point.

Let us be more specific about the construction of these spin-2 currents. It is a generic
feature of symmetric orbifold theories that higher-spin (quasi-)primary currents can be
written from those of the seed theory. Basically, such currents are constructed by starting
with permutation-symmetric products of lower-spin (quasi-)primary currents and potentially
adding derivative terms. We can check that the resulting quantity is itself primary by
computing the OPE with the full stress tensor. The spin is easily seen to be the sum of the
constituent factors’ spins by applying a generic conformal transformation.

The existence of higher-spin currents is explored in depth by [35]. An example found for
all CFTs provided therein is the following holomorphic spin-4 primary current constructed
solely from the seed stress tensor:

N∑
i=1

[
T (i)T (i) − 3

10∂
2T (i)

]
− 22 + 5c

5c(N − 1)
∑
i 6=j

T (i)T (j). (2.52)

Here, T (i) is the ith seed stress tensor, and as before c is the seed central charge.

– 16 –



J
H
E
P
1
0
(
2
0
2
3
)
1
6
8

Note that these novel currents are always higher in spin relative to the seed currents.
So, if we for example only have Virasoro symmetry in the seed theory, then there will be
no spin-2 currents apart from the full stress tensor in the symmetric orbifold. However, if
we have a seed current of spin s = 2

k for any positive integer k ≤ N , then the symmetric
orbifold should have a spin-2 current (built from k-fold products of seed operators), even if
the seed theory does not!

To make the discussion even more specific, suppose that the seed theory has a U(1)
holomorphic current J corresponding to some extended symmetry.10 [35] constructs two
spin-2 holomorphic fields:

Y ≡
N∑
i=1

[
T (i) − 3

2J
(i)J (i)

]
, W ≡

∑
i 6=j

J (i)J (j). (2.53)

Y is quasi-primary while W is primary. Of course, our goal here is to consider symmetric
orbifolds for which the ith seed theory does not have a spin-2 (quasi-)primary apart from
T (i), so we can assume that T (i) is given by the Sugawara construction utilizing J (i) (as in a
WZW model). In that case, Y is actually just the full stress tensor (up to some rescaling),
and so the only spin-2 holomorphic current present in the symmetric orbifold besides the
full T is W . This is enough to violate the assumptions in the proof of [16] that transport
only cares about cLR.

At this point, we seek to compute αWLR using the same boundary-state approach as for
cLR above. To do so, first take the Laurent modes of J (i) and W :

J (i)
n ≡

1
2πi

∮
dz znJ (i)(z), Wn ≡

1
2πi

∮
dz zn+1W (z). (2.54)

Of course, each Wn can be expressed as

Wn =
∑
m∈Z

∑
i 6=j

J (i)
m J

(j)
n−m. (2.55)

We now plug into (2.44) to write

αWLR = 2
∑
i 6=j

N∑
k=1

〈0|⊗NJ (i)[L]
1 J

(j)[L]
1 L

(k)[R]
2 |B〉

〈0|⊗N |B〉 . (2.56)

When plugging in (2.55), only the m = 1 term will survive acting on the vacuum, which
is why we only have J1 insertions. However, each term will contain a factor of the form
〈0|J (i)[I]

1 |bαi〉, which again is the overlap of a state with spin and a boundary state and will
thus vanish by invoking the gluing condition (2.25).11 So,

αWLR = 0. (2.57)
10One could consider other symmetries, such as non-abelian ones. However, we do not anticipate the

details of the group being relevant to the following statements.
11To show this more explicitly, we can start with 〈0|J(i)[I]

n

[
L

(i)[L]
−1 + L

(i)[R]
−1 − L(i)[L]

1 − L(i)[R]
1

]
|bαi〉 = 0

and invoke the commutator [J(i)[I]
n , L

(i)[I]
−1 ] = nJ

(i)[I]
n−1 . Setting n = 2 yields 〈0|J(i)[I]

1 |bαi〉 = 0.
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Just to reiterate, we can consider other symmetry algebras. This would introduce nontrivial
structure constants in the commutator between same-seed copies of currents. However,
so long as we only have one spin-2 quasi-primary (i.e. the Sugawara stress tensor) in the
seed theory, we still have that transport depends only on one parameter in the symmetric
orbifold due to the non-interaction between different seed copies.

Indeed, all of the above equations and statements are only expected to hold at the
orbifold point. In the strongly coupled regime far from the orbifold fixed point, mixing
between the different copies would spoil (2.48) and (2.57). One known way to access this
sector is through holography, as we discuss in section 3.

2.4 Extracting twisted-sector data

Symmetric orbifold theories have a large symmetry algebra that universally includes frac-
tional Virasoro operators. These fractional modes can be used to define twisted-sector
analogs to the untwisted data covered in section 2.3. We briefly elaborate on this point,
but we leave much to follow-up work.

Twisted g-function and fractional entropy. We start with the twisted g-function.
Consider a twisted sector labeled by the integer partition {k1, . . . , km}. By analogy to the
untwisted quantity (2.36), we define the twisted g-function as the overlap of a boundary
state |B〉 with the appropriate bare twist |0(k1)〉 � · · · � |0(km)〉:

g(k1,...,km)(|B〉) ≡
(
〈0(k1)| � · · · � 〈0(km)|

)
|B〉. (2.58)

How do we interpret this quantity? First, we recall that the typical g-function is related to
the boundary entropy Sb = log g that appears as a universal term in the thermodynamic
limit of the entropy [2, 3]. This is often demonstrated by starting with the Euclidean
cylinder partition function between two boundary states |A〉 and |B〉 in the closed-string
quantization scheme. Following the normalization conventions of the review in [46], we
write this partition function as

Z = 〈A|e−WHcl |B〉, (2.59)

where W is the width of the cylinder and Hcl is the Hamiltonian that evolves the closed-
string state on the circle from |A〉 to |B〉. In terms of (full) Virasoro modes and the
circumference β, this is

Hcl = 2π
β

(
L0 + L0 −

Nc

12

)
, (2.60)

where we recall that the seed central charge is c, so the symmetric orbifold’s is Nc.
We can identify (2.59) with a thermal partition function (associated with the open-string

quantization) and take the thermodynamic limit W � β. This is called the “closed-string
limit” and, assuming an Ishibashi basis {|h〉〉}, yields the approximation

Z ≈
∑
h

〈A|h〉〈h|B〉qh−Nc/24, q ≡ e−4πW/β , (2.61)
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where we sum over primary states of weight h. The term that dominates in the strict limit
is the one corresponding to the true vacuum h = 0, and so we can write the entropy as

Sth ≡ −β2 ∂

∂β

(
β−1 logZ

)
=
(
πNc

3

)
W

β
+ log g(|A〉) + log g(|B〉) + · · · , (2.62)

i.e. as an extensive piece plus two constant pieces.
This limit produces an expression that is universal to all CFTs. However, in a symmetric

orbifold theory, we can rearrange the partition function in the closed-string limit (2.61) into
an overall sum over twisted sectors, then note that each excited state within a particular
twisted sector is suppressed by the bare twist.12 Thus we have the approximation

Z ≈
∑

k1+···+km=N
k1≤···≤km

g(k1,...,km)(|A〉) g(k1,...,km)(|B〉) qh[0(k1),...,0(km)]−Nc/24, (2.63)

in which twisted g-functions appear at subleading order to the vacuum term. We deduce
that twisted g-functions represent subleading terms in the thermodynamic entropy.

Twisted transport matrices. We now return to transport. For brevity and concreteness,
we focus on the fractional Virasoro modes associated with the maximally twisted sector,
which are {`[L]

n/N , `
[L]
n/N} for the theory left of the defect and {`[R]

n/N , `
[R]
n/N} for the theory right

of the defect. However, the discussion here can be generalized to other modes. We also
emphasize that we will continue using the transport-matrix formalism of [14]. It remains to
be seen how the quantities defined hereafter relate to CFT data probed through the more
physical scattering processes studied by [16].

The transport matrix (2.38) specifically computes transmission and reflection coefficients
associated to the full stress tensor of the theory. One could instead construct a matrix that
captures the physics of other fields, as in [44, 45]. To do so, we would need to employ the
generators of the extended symmetry algebra. One possible candidate is

R̃IJ(|B〉) ≡
〈0|⊗N`[I]

n/N`
[J ]
n/N |B〉

〈0|⊗N |B〉 , (2.64)

where as in [44, 45] we use the true vacuum of the theory |0〉⊗N . This would measure the
transmission of some “twisted” energy flux. Another possibility is to employ the maximally
twisted bare twist |0(N)〉, instead of the vacuum. By doing so, we define

R
(N)
IJ (|B〉) ≡

〈0(N)|`[I]
2/N`

[J ]
2/N |B〉

〈0(N)|B〉
, (2.65)

in direct analogy to (2.38). Note that we must use `2/N because 〈0(N)|`1/N = 0 [34], much
like how 〈0|L1 = 0 for any CFT with vacuum |0〉.

If the boundary state respects the extended algebra [meaning (2.30) is satisfied], then
we can derive a relation between matrices using higher fractional modes and R

(N)
IJ , just

like (2.41) for RIJ . Specifically, we use the fact that

〈0(N)|`[I]
n/N`

[J ]
(n+1)/N

[
`

[L]
1/N + `

[R]
1/N − `

[L]
−1/N − `

[R]
−1/N

]
|B〉 = 0, (2.66)

12This argument should be true for any theory with superselection sectors.
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and the commutation bracket (2.20) to write the recursive relation

n− 1
N
〈0(N)|`[I]

(n+1)/N`
[J ]
(n+1)/N |B〉 = n+ 2

N
〈0(N)|`[I]

n/N`
[J ]
n/N |B〉. (2.67)

After cancelling the 1
N , we can see that the prefactors are identical to those of the recursive

relation used to derive (2.41). Thus,

〈0(N)|`[I]
n/N`

[J ]
n/N |B〉

〈0(N)|B〉
= n(n2 − 1)

6 R
(N)
IJ (|B〉). (2.68)

Yet another matrix with perhaps with the clearest physical connection to scattering [16] is

R`IJ(|B〉) ≡
〈0(N)|`[I]

2/NL
[J ]
2 |B〉

〈0|⊗N |B〉 . (2.69)

This should compute energy transmission of a scattering state prepared by exciting the
bare twist |0(N)〉 with the stress tensor.

We refrain from pushing these alternative matrices further for now. An interesting
question is how to write these quantities in terms of the seed transport matrices. One
path to do so might be to employ the covering-space techniques of [36, 47] used to study
fractional modes by [34, 37, 38]. Another avenue is to directly scatter excitations of bare
twists (since they are essentially twisted-sector vacua) and apply the definitions of [16]. We
leave these directions to future work.

3 The holographic symmetric orbifold of the T4 ICFT

As a particularly tractable example, we examine the transport datum cLR in the symmetric
orbifold of a T4 sigma model. The seed ICFT consists of four copies of a scalar field
φ̃ : R → S1 which “jumps” in coupling at some interface. To approximate the weakly
coupled regime, we take the seed theory to consist of free scalars described by the action

IS1 =
R2
−

2

∫
ỹ<0

dt dỹ (∂φ̃−)2 +
R2

+
2

∫
ỹ>0

dt dỹ (∂φ̃+)2. (3.1)

The couplings R± are the radii of the target space on the two sides of the interface and are
generically distinct from one another.13

We can turn on a marginal coupling that breaks the permutation symmetry and thus
deforms the symmetric orbifold theory away from the orbifold point [21]. The strongly
coupled/deformed, large-N regime of the symmetric orbifold theory built from scalars with
the simple jump in (3.1) is described by type IIB supergravity on 3-dimensional Janus [26]
(figure 3). This background is a solution to the type IIB supergravity action constructed by
deforming the AdS3 × S3 × T4 vacuum with a dilaton. 3d Janus is under a large amount
of analytic control, just like the thin-brane models used in previous studies of holographic
interfaces [27, 28, 48, 49].

13Note that we are assuming the target space to be a square torus, with all of the radii equal.
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Figure 3. The parameter space of the symmetric orbifold of T4. We can dial both the number
of seed copies and the marginal coupling which makes the copies interact. The bottom axis (with
coupling = 0) describes the orbifold point. The black point is the holographic limit at which the
description by type IIB supergravity on Janus is valid.

It is possible to compute cLR in the strongly coupled regime for the interface described by
the Janus solution through recently developed methods [1, 28]. Additionally, working directly
in pure Janus specifies a particular boundary state on the field-theory side constructed from
copies of a single boundary state of the seed S1 theory [13, 25]. With this in mind, we can
also approximate the associated transport coefficients in the weakly coupled regime because
the free-scalar seed theory (3.1) is rather simple (cf. [14]). Upon doing so, we compare the
answer against that of [1] to bound the running of transport coefficients with the marginal
coupling of the ICFT. The resulting plot is shown in figure 6.

3.1 3d Janus and holography

Gravitational solution. In the Einstein frame of the type IIB supergravity action, we
consider solutions of the form

ds2
IIB = eφ/2

(
ds2

3 + dΩ2
3

)2
+ e−φ/2ds2

T4 . (3.2)

The dimensional reduction of the action onto the 3 noncompact dimensions is

S
(3)
GR[g, φ] = 1

16πG(3)
N

∫
d3x
√
−g

(
R+ 2

L2 − ∂αφ∂
αφ

)
, (3.3)

where G(3)
N is the 3d Newtonian constant, L is a length scale, and Greek indices run over

spacetime. The classical equations of motion are

Gµν −
1
L2 gµν = ∂µφ∂νφ−

gµν
2 ∂αφ∂

αφ, (3.4)

∇µ∇µφ = 0. (3.5)

For the 3d spacetime, we assume the ansatz

ds2

L2 = f(y)
z2 (−dt2 + dz2) + dy2, φ = φ(y), (3.6)

with t, y ∈ (−∞,∞) and z > 0. The 3d Janus solution corresponds to the metric function,

f(y) = 1
2

[
1 +

√
1− 2γ2 cosh(2y)

]
, (3.7)
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•
y = −∞ y = +∞y = 0

z y

Figure 4. A constant-time slice of 3-dimensional Janus with radial coordinate z and hyperbolic
angular coordinate y. The dashed lines are AdS2 slices of the bulk. The y = 0 point is the interface
between the left (y < 0) and right (y > 0) CFTs.

where γ ∈
[
0, 1√

2

)
is some parameter characterizing the solution.14 See figure 4 for a visual

representation of 3d Janus. In this background, the dilaton’s profile is

φ(y) = φ0 + 1√
2

log
(

1 +
√

1− 2γ2 +
√

2γ tanh y
1 +

√
1− 2γ2 −

√
2γ tanh y

)
. (3.8)

Thus, the asymptotic values of the dilaton are

φ± = lim
y→±∞

φ(y) = φ0 ±
1

2
√

2
log

(
1 +
√

2γ
1−
√

2γ

)
. (3.9)

One benefit of studying the 3d Janus solution is that the dual field theory is known to be a
highly deformed (i.e. strongly coupled) symmetric orbifold ICFT. The parameters of the
theory can be described in terms of the number of fundamental D-branes.

Field-theory dual. The starting point is to recall the holographic dual of type IIB
string theory on AdS3 × S3 × T4. There, we take the D1/D5 system consisting of Q1
D1-branes and Q5 D5-branes in R6 × T4 [50]. For large Q1, Q5 � 1

gs
� 1, the AdS/CFT

correspondence describes a duality between type IIB supergravity on AdS3 × S3 × T4 and
a strongly coupled CFT on the boundary of AdS3 × S3. The target space of the CFT is
topologically (T4)Q1Q5/SQ1Q5 [22, 51, 52], and so it is a highly deformed symmetric orbifold
theory consisting of N ≡ Q1Q5 � 1 copies of a T4 sigma model.

To construct the Janus solution, we are adding a (non-supersymmetric) dilatonic
deformation on top of the AdS3 × S3 × T4 vacuum. As this dilaton asymptotes to two
distinct values on the AdS boundary (3.9), the bulk deformation introduces an interface in
the dual symmetric orbifold theory.

We can identify the radius of each S1 factor of the target-space torus with the asymptotic
value of e−φ/2 [13]. However, since the dilaton profile (3.8) takes two values at infinity (3.9),
the radius “jumps” between two values R+ and R−, where

R± ∝ e−φ±/2 = e−φ0/2
(

1 +
√

2γ
1−
√

2γ

)∓ 1
4
√

2
. (3.10)

14γ = 0 corresponds to the non-deformed AdS3 vacuum, and we find naked singularities if γ2 > 1
2 [26].

– 22 –



J
H
E
P
1
0
(
2
0
2
3
)
1
6
8

We interpret this nontrivial jump as describing the presence of an interface in the theory.
With this in mind, observe that the ratio of the two radii,

R+
R−

=
(

1 +
√

2γ
1−
√

2γ

)− 1
2
√

2
, (3.11)

goes to 1 as γ → 0 (the interface disappears) and goes to 0 as γ → 1√
2 (there is a paramet-

rically large separation of scales between the sides). Intuitively, we expect these limits to
respectively correspond to a completely transparent or completely reflective interface.

Note that the form of the boundary state encoding the Janus interface is not obvious.
However, [13] argues that it consists of N identical copies of a four-fold (one per S1 ⊂ T4)
“Neumann-Dirichlet” state in the T4 sigma model. While there may be twisted-sector
terms, from our earlier analysis we assert that transport is not sensitive to the resulting
combinatorial factors and does not probe such terms.

3.2 Strong-coupling transport from gravity waves

The holographic prescription for the transport datum cLR [27] is to consider linearized,
source-free fluctuations of the metric in Fefferman-Graham (FG) gauge [53] (setting L = 1),

ds2
FG = du2

u2 + 1
u2

[
g

(0)
ij + u2g

(2)
ij + u4

4 g
(4)
ij + · · ·

]
dwidwj , (3.12)

where u > 0 is the radial coordinate and the Latin indices run over the remaining 1 + 1
dimensions. These fluctuations are called surface gravity waves, and in the boundary
theory they corresponds to excitations produced by the stress tensor [53, 54]. In the
thin-brane model of [27] consisting of two AdS3 geometries glued along an AdS2 surface,
we scatter these surface gravity waves off of the brane. This corresponds to the scattering
gedankenexperiment of [16] in the boundary theory, with the in-state being prepared by the
stress tensor. The amplitudes of the reflected and transmitted waves can be translated into
the transport coefficients. The bulk equations of motion and boundary conditions can then
be used to constrain these transport coefficients.

Scattering on Janus. We may attempt an analogous scattering experiment directly
in Janus. While possible in principle, this is difficult in practice. To see why, we first
write (3.6) in FG form to serve as the background of our scattering experiment. This has
been done perturbatively in the Janus parameter by [55] (see also [56, 57]). Up to the first
subleading term of order γ2, we approximate the metric function f in (3.6) as

f(y) = cosh2 y − 1
2γ

2 cosh2 y +O(γ4). (3.13)

Taking γ = 0 (pure AdS), the FG metric comes about through the coordinate transformation
z →

√
ỹ2 + u2 and y → Sinh−1

(
ỹ
u

)
. For Janus, we thus consider the ansatz

z →
√
ỹ2 + u2 + γ2ufz

(
ỹ

u

)
+O(γ4), y → Sinh−1

(
ỹ

u

)
+ γ2fy

(
ỹ

u

)
+O(γ4). (3.14)
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Figure 5. A discrete array of thin branes in AdS3. This is the setup used by [28] to extend
the prescription for transport coefficients of [27] beyond the case of a thin brane with one tension
parameter. “Thick brane” configurations in which the interface is represented by a smooth geometry
foliated into AdS slices can be discretized into an array of thin branes.

Upon plugging this in and insisting that the geometry is still asymptotically AdS (as u→ 0),
we find the functions

fz(x) =
−2 + (1 + 2x2) log

(
1+x2

x2

)
8
√

1 + x2
, fy(x) =

1 + 4x2 + x2 log
(

1+x2

x2

)
8x
√

1 + x2
, (3.15)

for which the transformed metric truncated at order γ2 is15

ds2 ∼ du2

u2 −
[

1
u2 + γ2

4

(
1

u2 + ỹ2 −
1
u2 log

(
1 + u2

ỹ2

))]
dt2

+
[

1
u2 −

γ2

4

(
1
ỹ2 −

1
u2 log

(
1 + u2

ỹ2

))]
dỹ2

= du2

u2 + 1
u2

[(
−dt2 + dỹ2

)
− u4

4
γ2

2ỹ4

(
−dt2 + dỹ2

)
+ · · ·

]
.

(3.16)

Unlike the thin-brane solution on AdS3 of [27], the metric does not truncate at the g(4)
ij term

and breaks down near the interface. These features make it difficult to compute constraints
from fluctuations on Janus even up to order-γ2 terms. Additionally, the fluctuations may
themselves need γ-dependence in order for the constraints to be nontrivial.

Most importantly, our goal is to perform a strong-weak comparison over the full range
of the Janus parameter γ. As such, while a perturbative calculation might be a useful proof
of principle, it is not particularly helpful in accomplishing our ultimate purpose.

Stacking branes. Fortunately, a different γ-exact calculation of the transport coefficients
in 3d Janus has been performed by [1]. The first step had been taken by [28], which
extended the earlier thin-brane method to “arrays” of thin branes (figure 5). This provides
more parametric freedom in the bulk and allows for holographic computations of transport
coefficients encoded by a broader class of interfaces.

[1] considers interfaces which are holographically described by continuous (d + 1)-
dimensional bulk geometries that can be foliated into AdSd slices, such as the Janus solution.
They observe that these “thick-brane” geometries can be treated as a limit of a discrete
array of thin branes. For 3d Janus16 in particular, they find a tension “density” for the

15The transformation (3.14) induces terms which are O(γ4), but we omit these terms.
16[1] uses a slightly different Janus parameter. We present their result in terms of γ.
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branes in this array and integrate to compute an “effective” tension. Plugging this into the
original thin-brane formula [27] yields a γ-exact holographic transmission coefficient:

T GR ≡ cJanus
LR =

√
2γ

Tanh−1(
√

2γ)
= 1− 2

3γ
2 − 16

45γ
4 +O(γ6). (3.17)

This is expected to be equivalent to the answer obtained by scattering surface gravity waves
directly on Janus. Nonetheless, the stacking approach is much less tedious and more powerful.

It is worth comparing the Janus result against that of the thin-brane models [27]. In
the latter, the underlying action is Einstein plus a Randall-Sundrum term [58, 59]. The
tension is thus an effective coupling constant, and tuning the transport coefficients requires
fixing the tensions by hand — a fine-tuning problem. However, 3d Janus is a genuine
top-down solution, and so we should not require fine-tuning to achieve a particular T and
R. Indeed, the Janus parameter γ is an integration constant labeling the solutions rather
than a coupling, and the full physical range of γ furnishes the full unitary range T ∈ [0, 1].

3.3 Weak-coupling transport from seed theory

We now calculate the transport coefficients in the free sector of the T4 symmetric orbifold
ICFT. As we are at the orbifold point, we only need the transport coefficients of the
individual seed boundary states used to construct the Janus interface. Then, just as
in [13], we take 4N = 4Q1Q5 copies of the Neumann-Dirichlet state in the free scalar
theory. With the seed coefficients in hand, we then employ the prescription of section 2 —
namely (2.50)–(2.51) — to write the “full” transport coefficients.

The seed theory consists of four copies of a free scalar field on 2d Minkowski spacetime
−dt2 + dỹ2 whose target space is S1 and with an interface at ỹ = 0:

SFT[φ̃] =
R2
−

2

∫
ỹ<0

dt dỹ ∂iφ̃−∂
iφ̃− +

R2
+

2

∫
ỹ>0

dt dỹ ∂iφ̃+∂
iφ̃+, (3.18)

where i here is a spacetime index running over (t, ỹ).
The transmission and reflection coefficients in this S1 theory have been computed

by [14] (based on [60]) in a different parameterization. For now, we simply need to recast
their results in terms of R±. To complete this exercise, we require the behavior of the
fields at the interface. Reintroducing coordinate dependence as φ̃ → φ̃(t, ỹ), we demand
δφ̃+(t, 0) = δφ̃−(t, 0) [13]. By varying the action and integrating by parts, we then get the
boundary condition at ỹ = 0:

R2
+∂ỹφ̃+ = R2

−∂ỹφ̃−. (3.19)

This can be rewritten as a matrix equation in the form presented by [14]. Upon making the
substitution ±∂ỹ → ∂±, we write(

∂−φ̃−
∂+φ̃+

)
= S

(
∂+φ̃−
∂−φ̃+

)
, S =

(
− cos(2θ) sin(2θ)
sin(2θ) cos(2θ)

)
, (3.20)

where we have identified the θ parameter of [14] with R± as follows:

cos(2θ) = 1−
2R4
−

R4
+ +R4

−
, sin(2θ) =

2R2
+R

2
−

R4
+ +R4

−
. (3.21)
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The transmission and reflection coefficients in the free theory on S1 are then

T FT
S1 = sin2(2θ) = 4[(

R+
R−

)2
+
(
R−
R+

)2
]2 , (3.22)

RFT
S1 = cos2(2θ) =


(
R+
R−

)2
−
(
R−
R+

)2

(
R+
R−

)2
+
(
R−
R+

)2


2

. (3.23)

The seed T4 sigma model consists of four non-interacting S1 factors. For boundary states
in the product theory, a similar argument to that of a symmetric orbifold theory at the
orbifold point (section 2.3) applies; the transport coefficients of a product state are averages
of the transport coefficients of the individual factors (2.50)–(2.51). As the S1 factors have
the same boundary condition, we deduce that the transmission and reflection coefficients
in the T4 theory are still given by (3.22)–(3.23). Furthermore, as all of the seed boundary
states are also identical, the total transmission and reflection coefficients (respectively T FT

and RFT) are simply the seed values, because they too are computed as averages.
Now, we may recast the transport coefficients in terms of the Janus parameter γ

using (3.11). Doing so for the transmission coefficient T FT, we have that

T FT ≡ cSym(T4)
LR =

4
(
1 +
√

2γ
)√2 (

1−
√

2γ
)√2

[(
1 +
√

2γ
)√2

+
(
1−
√

2γ
)√2

]2 = 1− 4γ2 + 16
3 γ

4 +O(γ6). (3.24)

3.4 Comparing across regimes

Equipped with the transport coefficients of the Janus interface both at strong and weak
coupling, we now compare the results. To reiterate, the strong-coupling transmission
coefficient is approximately the answer obtained from the Janus solution,

Tstrong ∼
√

2γ
Tanh−1(

√
2γ)

= 1− 2
3γ

2 − 16
45γ

4 +O(γ6), (3.25)

while the weak-coupling transmission coefficient is approximately the one computed directly
from the T4 symmetric orbifold theory at the orbifold point,

Tweak ∼
4
(
1 +
√

2γ
)√2 (

1−
√

2γ
)√2

[(
1 +
√

2γ
)√2

+
(
1−
√

2γ
)√2

]2 = 1− 4γ2 + 16
3 γ

4 +O(γ6). (3.26)

These are both plotted in figure 6.
We immediately observe that Tstrong > Tweak away from the extremal values of γ. In

other words, turning on the marginal coupling which deforms the symmetric orbifold theory
also increases the proportion of energy transmitted through the interface at fixed γ. This
makes intuitive sense — energy is able to be exchanged between different copies of the seed
left and right CFTs, whereas at the orbifold point these copies do not interact at all.
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1

strong weak

Figure 6. The transmission coefficients as functions of the Janus parameter γ ∈
[
0, 1√

2

)
both at

strong coupling (solid) and at weak coupling (dashed). While they match at the extremal values of
γ, the values at strong coupling are consistently larger than those at weak coupling. Furthermore,
the weak-coupling coefficient has an inflection point at γ ≈ 0.406, whereas the strong-coupling
coefficient has a strictly negative derivative.

We also observe that the two functions are structurally different. While Tstrong(γ) has
a strictly negative derivative and approaches 0 rapidly, Tweak(γ) has an inflection point at
γ ≈ 0.406 and approaches 0 more slowly. This indicates that the functional form of the
coefficient T changes as the coupling runs.

We conclude by emphasizing that this result is very different from the situation for
boundary entropy Sb [13], in which the analogous strong-weak comparison using the Janus
solution involves two numerically similar functions of γ. The answer at strong coupling was
approximated by employing the Ryu-Takayanagi formula:

Sstrong
b
N

∼ log
(

1√
1− 2γ2

)
= γ2 + γ4 +O(γ6), (3.27)

while the answer at weak coupling was found in field theory to be

Sweak
b
N

∼ log


(
(1 +

√
2γ)1/

√
2 + (1−

√
2γ)1/

√
2
)2

4(1− 2γ2)1/
√

2

 = γ2 + 7
6γ

4 +O(γ6). (3.28)

Unlike the strong and weak values of T (3.25)–(3.26), the strong and weak values of
boundary entropy are the same at order-γ2, and the difference at order-γ4 is much smaller
[an O(1) fraction]. In other words, the boundary entropy appears to be more protected
from the running of the coupling than transmission.

4 Discussion

To summarize, we have first explored transport coefficients of interfaces in generic symmetric
orbifold theories (taken at their orbifold points). In particular, we have used BCFT
techniques to write them in terms of “seed” transport coefficients, using the boundary-state
construction of [17] and applying the transport-matrix approach of [14]. We have found
that, regardless of the number of copies N , the transport coefficients of the boundary states
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in a symmetric orbifold theory are averages of transport coefficients encoded by seed-theory
boundary states, as per the formulas (2.50)–(2.51).

The second part of this paper is a study of the T4 symmetric orbifold theory. This theory
can be understood at strong marginal coupling (away from the orbifold point) through the
AdS/CFT correspondence. A simple class of interfaces in this theory are described by the
3d Janus solution to type IIB supergravity [26]. From the tools of gravity, one can extract
transport coefficients for this class of interfaces at strong coupling [1]. Furthermore, we
compute the transport coefficients at weak coupling (at the orbifold point) by combining
our earlier methods and with our knowledge of the seed T4 sigma model.

This sets the stage for a comparison between the transport coefficients at strong coupling
and at weak coupling for Janus interfaces in the symmetric orbifold of T4. We ultimately
find a marked difference. The coefficients are structurally different functions of γ, but
transmission through the interface is larger at strong coupling than at weak coupling.

4.1 Transport versus thermodynamics

We reiterate that our final result in the symmetric orbifold of T4 is notably different from
previous analogous computations of the boundary entropy [13, 25]. In those cases, boundary
entropy of the Janus interface had been found to be relatively protected from the running of
the coupling, with supersymmetry completely protecting it [25]. Meanwhile, the transport
coefficients develop different functional features entirely — most notably the loss of the
inflection point at strong coupling in figure 6.

This is reasonable in light of other strong-weak comparisons in holography. One can
look to the case of N = 4 4d supersymmetric Yang-Mills (SYM) theory, which at strong
’t Hooft coupling is dual to type IIB supergravity on AdS5 × S5. There, the free energy,
which like boundary entropy is a thermodynamic quantity, has been computed both in the
free theory and at strong coupling through holography [29, 30]. While the coupling runs
over an infinite range, the free energy only changes by a finite factor of 3

4 .
Another quantity which has been compared at both regimes is the shear viscosity of

the SYM plasma [31–33]. This quantity is associated with transport, and its story is very
different from that of the free energy. In units of entropy density, it is well-known that
the shear viscocity reaches a finite value of 1

4π at strong coupling. However, it blows up at
weak coupling. Thus, the functional dependence on coupling is not described by a finite
interpolating function, unlike for free energy.

Of course, we are comparing different quantities — the boundary entropy versus
the transmission coefficient — from those of the N = 4 SYM story. However, they
are still respectively facets of thermodynamics and transport, and we again see that
the thermodynamic quantity (boundary entropy) is much more strongly [13] (or even
completely [25]) protected from the running of the coupling than the transport quantity
(transmission coefficient). If would thus be interesting to further scrutinize the validity
of this idea that “transport rushes as thermodynamics dawdles” in coupling, with Janus
setups (including the higher-dimensional version [61, 62]) being a realm for doing so.
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4.2 The Janus boundary state

We emphasize that the specific form of the boundary state encoding a Janus interface is
not obvious. To glean some insight, we look to the holographic calculation of the boundary
entropy in [13] and assume that this should be (reasonably) protected from the running of
the marginal coupling. Employing the Ryu-Takayanagi formula [63] yields

SGR
b = N log

(
1√

1− 2γ2

)
, N = Q1Q5 � 1. (4.1)

From this, we see that boundary entropy is an order-N quantity at large N . Furthermore,
in performing their comparison with the value at the orbifold point, [13] argues and uses
the fact that all copies of the seed boundary state are identical — they are 4-fold products
of a “Neumann-Dirichlet” boundary state in the S1 theory |bND〉.

However, this is not enough to specify the form of the boundary state |BJ〉. For example,
we can imagine that it takes the form17

|BJ〉 =
(
|bND〉⊗4

)⊗N
. (4.2)

This is assumed by [13, 25] in computing boundary entropy at the orbifold point. In support
of this, a lack of twisted-sector terms is not unreasonable. Janus is a type IIB supergravity
vacuum. The density of states (in scaling dimension) of the ICFT dual to supergravity
on Janus should obey supergravity-like (slow) growth (cf. [35, 64, 65]). Twisted sectors
in the symmetric orbifold theory, however, obey Hagedorn (fast) growth at large N [66].
As such, we might only expect to get an interface consistent with the Janus solution if we
omit twisted-sector terms even in the free symmetric orbifold. Furthermore, that the two
calculations in [13] match to a reasonable degree can be taken as additional evidence for the
veracity of (4.2) if one assumes that boundary entropy should not change with coupling.

Another option is to posit the presence of twisted-sector terms, i.e. that the boundary
state encoding the Janus interface is built from building blocks (2.29) and (2.35) obtained
from a T4 seed theory [17]. Note however that this state should not describe a “typical”
interface in the symmetric orbifold. A more typical state would be built from all distinct
seed states (rather than N copies of |bND〉⊗4), since the seed theory is irrational and thus
itself has an infinite number of boundary states. Furthermore, the boundary entropy of a
typical state would (at the orbifold point) have a divergence proportional to N logN as
N →∞ stemming from both the overall 1√

N ! normalization and the combinatorics. Thus,
such boundary states would not describe an interface with a good geometric description.

From the discussion of [17], the boundary state encoding the Janus interface would be
“atypical”. The coefficients of the twisted-sector terms would be given by characters of some
representation of SN because all N seed states are identical. For the large-N boundary
entropy at the orbifold point to be consistent with the gravitational calculation (4.1) (or
more specifically, its order-N scaling as N →∞), the representation of SN from which the
coefficients are determined would need to have a dimension

drep ∼ NN/2, N →∞, (4.3)

thereby eliminating any imprint of the twisted-sector terms.
17This would not be the sort of a boundary state constructed by [17].
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It would be interesting to understand more precisely the form of the boundary state
describing the Janus interface. We do not anticipate the simple transport coefficients here
being helpful towards this goal due to their expected sensitivity to coupling and insensitivty
to combinatorics. However, we expect that calculations of boundary entropy for more
stringy states (i.e. with a weak marginal coupling turned on [67]) could probe more of the
parameter space in figure 3, thereby revealing more information about the twisted-sector
coefficients in the boundary state. Along these lines, it would be interesting to consider the
feasibility of applying the tensionless string program (e.g. [18]) in a Janus background.

4.3 Other future directions

We also briefly describe some other directions for follow-up work.

Other boundary data. One could study other types of data besides entropy or transport.
For example, there is “defect complexity” [68]. This has been studied in the Janus solution
through different prescriptions by [69, 70]. It would be interesting to see if similar quantities
could be realized directly in the symmetric orbifold theory at the orbifold point.

Another approach along these lines would be to study scattering processes involving
states created by extended symmetry generators (i.e. fractional Virasoro generators), which
are known to probe CFT data distinct from the transport coefficients discussed here [16].

Entanglement in ICFT. Transport is only facet of physics made manifest by the
presence of an interface. We can study other facets of ICFT, such as entanglement
entropy [71, 72]. We can ask whether entanglement entropy generically encodes more infor-
mation about the conformal interface beyond the boundary entropy of the boundary state.
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