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1 Introduction

Higher-dimensional (more than four dimensions) black holes and other extended black
objects have played a central role in the research of gravitational theories. It is now evident
that even within the vacuum Einstein theory, there is a much richer variety of black hole
solutions in higher dimensions than in the four dimension since higher-dimensional black
holes can have several rotations in multiple independent rotation planes and the relative
competition between the gravitational and centrifugal potentials is essentially different from
four dimensions. Such fascinating and profound nature is already found in the simplest
rotating spherical solution derived by Myers and Perry [1].

In particular, in five-dimensional vacuum Einstein gravity, the first discovery of black
ring solutions by Emparan and Reall [2] surprised many relativists because there are a
rotating spherical hole and two rotating rings with the same mass and angular momentum,
providing the evidence against the uniqueness property of black holes in higher dimensions
in contrast to the four dimension. By the development of the solution-generating methods



which are applicable to the five-dimensional vacuum Einstein equations, various exact
solutions of other black objects were subsequently found. Pomerasky and Sen’kov [3] first
succeeded in the construction of the black ring solutions with two independent rotations
in the two orthogonal rotational planes. Elvang and Figueras [4] constructed the exact
stationary asymptotically flat vacuum solution describing black saturn, i.e., a spherical
black hole surrounded by a black ring. Iguchi and Mishima [5] found the exact solutions
of two concentric rotating black rings called black dirings, and Elvang, Rodriguez [6] and
Izumi [7] independently obtained the exact solutions of the dirings with spins around two
independent planes describing two concentric orthogonal rotating black rings. Moreover,
several authors [8-11] tried to find the vacuum solutions of black lenses which have the
horizon of lens spaces topologies but unfortunately all of these attempts failed, though such
solutions were found as supersymmetric regular solutions in the five-dimensional minimal
ungauged supergravity [12, 13].

In contrast to the stable Kerr family in D = 4, Myers-Perry black holes have a multitude
of instabilities at large enough angular momenta, which leads to richer dynamics. These
so-called ultraspinning instabilities are caused by the deformation of the horizon shape due
to the centrifugal forces [14]. Since Myers-Perry black holes are rotating around the multiple
axes, different spin configurations can lead to different dynamics. The existence of such
instabilities are first confirmed by the linear perturbation in several setups [15-17]. The
outcome of the ultraspinning instability are well understood in the singly rotating setup.
The numerical simulation revealed that this instability can end up with the fragmentation
of the horizon accompanied by singular pinch-offs [18] as observed in the black string
simulation [19]. The zero modes of the instability also leads to the deformed stationary
phases which eventually are connected to multi black rings or saturns through the topology
changing transition [20, 21]. On the other hand, such nonlinear phenomenon are not yet
studied in more general configurations with multiple spins.

In higher dimensions, the dynamical analysis of black holes has been relied heavily on
the numerical calculation in most cases due to the lack of analyticity. The large dimension
limit, or large D limit [22-24] provides a (semi-)analytic and systematic procedure in the
search of higher dimensional black holes at the cost of 1/D-expansion. Remarkably, the
black hole dynamics is reformulated into a certain effective theory on the horizon surface,
which is often called large D effective theory [25-27).

Moreover, the large D limit offers another useful simplification for rotating black holes,
such that the near horizon geometry at the leading order coincides with that of the static
solution whose line elements are replaced by the local boosted frame [28], so that the field
equations become decoupled and integrable. With this property, the large D limit has
been used for the study of the linear spectrum of the ultraspinning instability of equally
rotating Myers-Perry black holes [29], the dynamics of the singly rotating Myers-Perry
black holes [30], as well as the construction of equally rotating black holes with the Maxwell
charge [31] and Gauss-Bonnet correction [32].

In particular, the dynamics of singly rotating black holes at large D has been investigated
vigorously through the so-called blob approrimation, in which the dynamics of a spherical
black hole is identified as that of a Gaussian mass profile or black blob on the black
brane magnifying the region around a polar axis of the black hole by v/D [33]. The blob
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Figure 1. Stationary phases of singly rotating black holes at large D obtained by the blob
approximation [33-36]. The mass density profiles are given in the co-rotating cartesian coordinate.

approximation was helpful in finding various (non)axisymmetric stationary phases at large
D [33-36] (figure 1). Although nonaxisymmetric horizons cannot remain stationary at
finite D, they would exist as long-lived intermediate states at large enough D due to the
e~P-suppression of the radiation effect [37]. In fact, the numerical simulation in D = 6,7
actually provides the evidence of such long-lived intermediate states [39]. Beyond a single
connected horizon, the blob approximation can also describe the collision of two separate
black holes at large D [38, 40, 41]. The similar approximation was also used to study the
dynamics of AdS black holes [42-44].

In this article, we study the nonlinear dynamics derived from ultraspinning instabilities
of equally rotating Myers-Perry black holes in D = 2N + 3 using the large D limit. Focusing
on the near polar dynamics, we obtain the dynamical effective theory of slightly broader case,
i.e., N equal angular momenta plus one different momentum out of N 4+ 1 angular momenta,
which we call almost equal rotation. Surprisingly, we find that the large D effective theory
is equivalent to that of the singly rotating case. Therefore, with the knowledge of singly
rotating phases, the phase diagram is obtained for several sets of angular momenta.

The rest of the article is organized as follows. In section 2, the metric ansatz and
scaling assumptions are explained. The metric solutions expanded in 1/D are shown in
section 3. In section 4, we present the large D effective theory of almost equally rotating
black holes. The phase diagram of stationary solutions are studied in section 5. We
summarize and discuss the possible outcome in section 6. We also attach an auxiliary
Mathematica notebook as supplementary material, that encloses the data for the metric
solutions up to the next-to-leading order.

2 Setup

In this article, we study rotating black holes with in D = 2N + 3 dimension, solving the
vacuum Einstein equation

Ry, = 0. (2.1)



It is known that, if all N + 1-spins are equal, D = 2N + 3 Myers-Perry black holes have the
enhanced symmetry of C PV with the S'-fibration [45], whose metric is given by
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where Ay and d¥%; are the Kithler potential and Fubini-Study metric on CP¥, respectively.
The metric components are given by
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(2.3)

The main advantage of the large D limit is that the metric (2.2) locally approaches to the
large D limit of the Schwarzschild metric [28, 29]

1 dR? (r/r0)?N
ds?~ — (1= = ) (dt' )+ 50— +72(¥)? +1r2d2%, R:=-1"%— (D~N>1
22— (1= g ) (@) + Fe—ps +rE(@ P, e (D~N)
(2.4)
where the one forms (dt’, @) is given by the local Lorentz boost of (dt, @),
dt' := cosh adt — sinh a @, @' := sinh avdt — cosh a ®, tanh o := a/r. (2.5)

The same reduction is possible for other general cases of Myers-Perry black holes [28].
Hence, the large D limit of rotating black holes can be studied almost in parallel to the
static case.

This metric admits the ultraspinning instability both in axisymmetric and nonaxisym-
metric modes with respect to the ¢ coordinate [16, 29]. Here, we are interested in the end
point of the instability at large D. To consider the nonlinear evolution of such instability,
we must break the CPYN-symmetry. For this, it is convenient to decompose CPY in terms
of CPN~! such that

d¥3; = db* + sin® 0 cos® U2 + sin? Ad¥?,
Ay = sin? 00, U :=dy+ A, (2.6)

where A and d%? are the Kéhler potential and Fubini-Study metric on CPN~1 respectively.

In the following analysis, we assume that the U(1)-symmetry for ¢ is broken in general,
while the U(1)-symmetry for v is always kept. We also allow the black holes to have the
angular velocity along v that corresponds to N spins out of N + 1 spins,’ which we call
almost equal rotations. This is because, at the large D limit, having N equal spins and
N + 1 equal spins are approximately the same.

Blob approximation. To treat the dynamical deformation of the spherical horizon
correctly, we apply the blob approximation by introducing the near polar coordinate z
which zoom in around the -axis at § = 7/2, by V2N, such that

m z

0= 2T AN (2.7)

We present the Myers-Perry solution with such setup in appendix D.2.




In the singly rotating case, the similar approximation leads to the simpler formulation
in which the dynamics of spherical black holes is obtained through the analysis of the
Gaussian blob on the black 2-brane [33]. Here we show that the almost equally rotating
configuration admits the same approximation.

Let us demonstrate how the blob approximation improves a dynamical analysis at large
D. For simplicity, we consider the scalar harmonics in a flat background

V2f =0, (2.8)

where the background metric is decomposed by using the CPY~! metric such that
ds® = —dt* + dr® + r?®* + r?sin?  cos® U2 + 12dh? + r?sin” dXx2. (2.9)

For the zero modes f(r,¢,0) = e/™?R(r)S(f), the angular part of eq. (2.8) becomes
S"(0)+ (N —1+N cos(20)) cscOsecdS’ (0)+ (€(€—|—2N) —m?sec? 9) S(0)=0, (2.10)

where £(¢ 4+ 2N) is the separation constant between R(r) and S(6). Here we focus on the
angular mode function S(6). The exact solution regular at # = 0 is obtained as

S(0) = Ccos™ 05 Fy <m;€ mTM + N, N, sin 9) . (2.11)

For regularity at § = 7/2, we must impose the quantization condition for ¢,
L =2s+m, s=0,1,2,.... (2.12)
In turn, by simply taking the limit N — oo, eq. (2.10) reduces to the first order equation
cot 057 (0) + £S(0) = 0, (2.13)
which gives the leading solution in the 1/N-expansion
S(6) = Ccos’ . (2.14)

Clearly, this does not carry the information about the quantization condition (2.12). It is
straightforward to show that adding the 1/N-correction does not improve the situation
either.

The reason is because the limit N — oo of S(6) is not uniform in the entire range of
0 € [0,7/2], i.e., the 1/N-expansion of the exact solution (2.11) is consistent with eq. (2.14)
only in the range | — 7/2| > 1/V/N 2

$(6) = Ccos 0 (1+ O(tan?0/N)) . (2.15)
*We used the formula
2F1(a,b+)\,A,Z)Z(172)7(1(17%1)251+...) for A>1.



Thus, the solution (2.14) fails to capture the boundary behavior at § = 7/2. One can
also check that the zeros of the exact mode function (2.11) with (2.12) gather around
0—7/2=0O(1/VN) for N > 1. In fact, the previous large D analysis with # had to impose
the condition (2.12) as an extra condition to the effective theory [29, 31].

On the other hand, the near polar coordinate z in eq. (2.7) properly resolves the
regularity condition both at § =0 (z = o0) and § = 7/2 (z = 0) at N — oco. With eq. (2.7),
eq. (2.10) at N — oo becomes

228" (2) + 2(1 — 22%)5'(2) + (202° — m*)S(z) = 0, (2.16)
where S(z) := S(7/2 — z/v/2N). The solution regular at z = 0 is given by
S(z) =Cz™F, <m2_€,m—|—1,22> . (2.17)

It is easy to check that S(z) diverges as e?” for z — oo unless eq. (2.12) is satisfied.
Metric ansatz. Having these in mind, we consider the following metric ansatz
ds? = —A(e)? + 20O dr — 205 e + Hije(i)e(j) + 72 sin? AdX?, (2.18)
where 7,7 = 1,2, 3 and the boosted frame is given by
e©) .= y(dt — Q(d¢ + sin® OT)), e = y(dep + sin? 00 — Qdt),
e® = dp, e® .= sin cos O, = \/1i792 (2.19)
In the following analysis, for convenience, we use
n:=2N (2.20)

as the large parameter and consider the expansion in 1/n instead of 1/D or 1/N. The near
horizon coordinate are introduced by

R:= (r/ro)", (2.21)
where we set 79 = 1. In the z-coordinate (2.7), the boosted frame (2.19) is approximated by
e = y(dt — Qdp + )+ O(n7Y), M =~(dp+ ¥ —Qdt) + O(n~),

dz z
_e (€) R -1
7 = (T+o0m™). (2.22)

For later convenience, we also define the rescaled frame which remains O(1) at n — oo,

60 Z 0 ) L) L me® Bl e (2.23)

To obtain the reasonable solution at n — oo, we should scale each components of C; and
Hij as

14 1 A 1 A
Ci=-C Co=——"C Cy = —
1= 0l 9 N 3 =C3,
. N 1 - 1 4
H;; = Hy;, Hjs = —Hos, Hyy = —7”H127 Hiz = 7H13- (2.24)



Then, the rescaled components are expanded in 1/n as functions of (R,¢, ¢, 2),

1. U® .= oW . 1. HY
A= =14+-S =0, C=N " H;=6;+- i
z_:nk’ +n,§) nk’ = nk J J+n,§) nk
(2.25)

To remain the asymptotic flatness, each variables should follow the asymtptotic boundary
condition at R — oo given in appendix. B.

3 Metric solutions

Now, we solve the metric solution in the 1/n-expansion (2.25) up to the next-to-leading
order (NLO) by integrating the evolution equations with respect to R. The constraint
equations are imposed in the later section to obtain the effective equation.

Leading order. The leading order solutions can be obtained as

O _ Mtz o _piltd2) 2 -
A 1 R C; = TBeY log R 1, (3.1a)
HO — 2 jogR 7Y = 210gR5;; + pilt, 0, 2)pj(h6:2) p (i,7) # (1,1)
n =02 J m(t, ¢, z)R ’ ’
(3.1b)
and
2 2 2
U(O) — _Q lOg R o p2(ta ¢’ Z) +p3(t’ d)v Z) , (31C)

1-02 2m(t, ¢, z)R

where m(t, ¢, z) and p;(t, ¢, z) are integration functions of R-integrals, which correspond to
the mass density and momentum densities. Note that m and p; are not arbitrary functions,
but must be solutions of the effective equation that will be presented later. The horizon
is given by R = m at the leading order. The metric functions other than A and C; are
imposed the regularity at R = m as well as the asymptotic boundary condition.

Next-to-leading order. As usual in the large D effective theory analysis, in the higher
order, there are ambiguities in the solution of A®) and Cl-(k) that corresponds to the
redefinition of m and p;. For simplicity, we set so that

APNR=m)=0, CHR=m)=0 (k>0). (3.2)

One should note that the former condition does not necessarily sets the event horizon at
R =m up to NLO. Later, we will see that the event horizon differs from R = m at O(1/n),
when m is not constant. As we will see later, the event horizon can differ from R = m in
general from O(n~1). The NLO solutions are given by

20)? (—20:p2 + (22 — 1)pa + Opp2) log(R/m)  20%mlogm

AN = — log R
Tz enT R (@ 1R

(3.3)



and

) _ log(R/m) <28zp1p2 — Opp1p3 + p1 (20:p2 — (2% — 1)pa — Oyps)
L= R Zm

p1 (Opmps — z@zmpg)) 20 °p mlog®m
* zm? 1—-Q2 log”R R ’
o _ log(R/m) ( pa (9ps — 220:p2) + p3 (9gp2 + p3) + (2> — 1) p3
2 R zm
19) — 20,
st o o)
o _ log(R/m) [ p3 (20:p2 — 204p3) + p2 (20.p3 — (2% — 2) p3)
3 R zm
0, — 20,
N s ( qsmpjm; mps) 279292) ’
and
1 202log? R p?
Hfl) ==t

1—-02 Rm’

(3.4)

(3.5)

(3.6)

(3.7)

Because of the lengthy expressions, we will not show the detail, but other Hi(jl) and UM

are also solved to evaluate thermodynamic variables up to NLO. We present the solutions

up to NLO in the auxiliary Mathematica notebook.

3.1 Local event horizon

To keep track of the dynamical horizon, it is convenient to introduce a so-called local event

horizon [46], which is later used to evaluate the entropy and temperature.

The position of the local event horizon r = ry(t, ¢, z) is defined as a null hypersurface

||dr — drp,||?> = 0. In the boosted frame, the derivative of rj, is written as
dry, = aorhe(o) + &rhe(i),
where the dual basis is given by
0o := (0 + Q0y), 01 := (04 + Q0;), O = Oy = —\/n0.,
03 := csclsec 00y, — tan 60, = \/j(8¢ — 0y +0O(n™h)).

We also introduce the rescaled dual basis by
1 A1
-

With the metric up to NLO, the null condition ||dr — dry||? = 0 leads to

1 <<p2 —om? (s 2 '0m)?

éo = 80, 61 = 81, éQ = 03.

Rp =1y =m—
n m m

— 2v2%(0y + Q@@m) +O(n

(3.8)

(3.10)

,2)'

(3.11)



The cross section with the t = const. surface is then given by

ds? = Hij(e(i) —v'e)(el) —17e®) 4+ 12 cos?(2/+/n)dE?, (3.12)
where the leading order solution (3.1) leads to
1 1 )
ol =l == <81m — ZVQQlogm> ,
n n m
2 1 ) 1 P2 — (%m
VT = ——=1V = —_—,
n vnooom
1 1 p3 —53m
3 _ 3
—10° = - 1
v \FU T m (3.13)
In the coordinate basis, this is rewritten as
ds?; = Hay(dy® — v2dt)(dy® — vbdt) + 2 sin? 0d¥?, (3.14)
where Hyy, (a,b = ¢, 2,1) is obtained from H;j with the transformation (C.9) and
1
v? =Q —o¥ + 5(772@1 + 220%) + O(n™?),
v =771+ O(n ),
oY = i +0(n™h) (3.15)
= . .

4 Large D effective theory

Substituting the leading order solution (3.1) to the constraint equations on the R = const.
surface, we obtain the following effective equation

1 1
(70 +~vQ04)m— ;8¢ <p3+23¢m> +(0, —z+z_1)(p2 —0,m) =0, (4.1a)

(YO, +7Q04)p1 — (8, —z+271) <3zp1—pl752> —*5¢ ( 3¢p1+p7153>

+720 ((8Z — 242" 1) (0,m+p2) +z*2835m—z’18¢p3)

+2v [z_18¢p2+(8z—z+z_1)p3] +70ym =0, (4.1b)
1. /1 202
(V0 +700g)p2— (02— =2 )(azpz—p?> 205 (S0 + 222 ) 10, (Qz_l )
— 20513 — (1— )pg +2ny (p3+z 18¢m) 0, (4.1¢)
22
-1 pap3) 1 1 p3\ 1 2021
20,
T ;zp2+(1 z )P +p2p3+279(<9 m—pz) =0. (4.1d)



As discussed in ref. [25], these equations can be understood as an effective theory living
in the overlap region B between the near-horizon and asymptotic regions, 1 < R < e” (or
1 < logR <« n), where the metric on the R = const. surface becomes expanded both in 1/n
and 1/R as

dsg ~ —dt* + (do + (1 — 2% /n)(dy) + A))? + —(dz* + 22(dp + A)?) + (1 — 2% /n)dS>.
(4.2)

1
n

Spectrum around equally rotating Myers-Perry black holes. The uniform solution
corresponds to the equally rotating Myers-Perry black hole

m=1, pi = 0. (4.3)

One can see that the known spectrum are reproduced by considering the stationary
perturbation

m=14ee®*O" M fo(2),  p; = edpie™ M fi(2), (4.4)

Plugging this into egs. (4.1), we obtain the master equation for fy(z)

2
1) - (2= 3) flo)+ (1_19 - ’“) fol2) =0, (145)

z z
and f;(z) are written in terms of fy(z). By introducing the new variables

zZ ~

zi=", fola) =22 fo(2), (4.6)

this reduces to the associated Laguerre equation

1

oo @)+ (b +1—2)fo (@) + 5 (1_92 -

5 k:) fo(z) = 0. (4.7)

Hence, the uniform solution has the normalizable stationary mode only if

1 1
2<]W_k>_l’ 1—07172’... (4.8)

or

1

Q=4/1- .
k421

(4.9)

This is consistent with the perturbative analysis at large D [29, 31]. The mode function is
given by the associated Laguerre polynomial

fo(z) = C2*LE (j) . (4.10)

~10 -



Conservation form. The physical meaning of the effective equation is clearer if we switch
the variables from (m,p;) to (m, ). Eq. (4.1a) can be rewritten in the form of the mass

conservation
2 2

A Z2 A 4 A Z
o (ze2m) + 0o <ze2m@2> + 03 (ze2m133> =0, (4.11)

where the extra factor comes from the volume of the spacial cross section at large D

22

7. (4.12)

sinf cos® x sin® 20 ~ ze

We do not show the detail, but one can also find that egs. (4.1b) and (4.1d) can be written
in terms of the conservation of the Brown-York tensor in the direction of ¢ and v as well.
Note that eq. (4.1c) cannot be written in the conservation, reflecting the fact that the
asymptotic background is not symmetric in z (or ).

4.1 Stationary solutions

Now we show a stationary assumption reduces eq. (4.1) to a single master equation. First,
we clarify the stationary condition for the effective theory. From eq. (3.14), the horizon null
generator £ is given by

§10, = Oy +v°0y + v°0, + vV 0y (4.13)
To obtain the stationary horizon, the horizon must stay at the same position along &
(0 + v*0y)m = 0. (4.14)

As in ref. [33], we also require that £ becomes the Killing vector of the metric (4.2), which
imposes

o =0, (4.15)
and the shear free condition
Oab = D(qvp) =0, v 1= hapt?, (4.16)
where hyp is the spacial part of eq. (4.2) and D, are the covariant derivatives for Rab.

In the orthogonal frame of hyp, the shear tensor becomes

o011 ~ %8¢’IA}1, o109 =~ (azﬁl + ’yad)@Q + 2’}/’03),

1
- 2y/ny?
1

1
o2 ~ 7 D.1a, 023 ™ ﬁ(_zaz@?’ + 9% 4 040%), o3 (4.17)

where o0 = E?E?Uab with

1
Bydy" =dp+(1—2/n+ .. )V,  Eldy*=-"dz,  Eldy’ = Zyg
(4.18)

- 11 -



The only solution that satisfies eqs. (4.15) and (4.16) and regular at z = 0 is
=%+, 2 =0,  0° =720y, (4.19)
where ©; and € are the constants. This is equivalent to
v? = Q —Qp+ Q1 /n, v® =0, v = Q. (4.20)

Using the parameter shift Q@ — Q + O(1/n), we can always set ; = 0 and the null
generator becomes

5“(% =0+ (Q — Q¢)6¢ + Qw@w. (4.21)

We should note that, although we started from the equally rotating ansatz, our setup also
includes the states between N + 1 equal spins for ©,, = 0 and N equal spins for {2, = €.
Therefore, from the conditions (4.14) and (4.21), m must take the form of

m = expP (¢ — (2 —Qy)t, 2), (4.22)
and p; are, then, expressed by P through egs. (3.13) and (4.19) as
P = (3173 — 72229¢ + 297273)67), po = Oy Pe”, p3 = ((9377 + wayz)ep. (4.23)
Plugging these into the effective equation (4.1), we obtain a single master equation

1 1 1 1
P+ (27t —2) az7>+z—263,73+5 ((aZP)2+22(a¢7>)2> +W2(73—P0)+§Q¢(Q¢—2Q)72z2 =0,
(4.24)

where the parameter Py is the integration constant that fixes the horizon scale. For
simplicity, we set Py = 0. A remarkable fact is that, with change of the variable
22 -
P=-2(1-90%)+ 5 +P (4.25)

eq. (4.24) coincides with the master equation for the singly rotating case [33]

wiz? =0, (4.26)

o= 1= 1 o= 1/ _ -5 1 _ -0\ = 1

where
Z ="z, ws == (Qy — V1 — Q2 (4.27)

Therefore, the results for the single rotating case [33-36, 40] can be carried to the
almost equally rotating case straightforwardly. In the later section, we will see how the
phase diagram is mapped as well. One must note that this coincidence is not guaranteed
up to the higher order in 1/n.

- 12 —



4.2 Thermodynamic variables

ADM charges. Reflecting the background symmetry in ¢, ¢, ¢, we have the conserved
asymptotic charges of M, Jy, Jy, which are given in terms of Brown-York’s quasi local tensor
calculated by

87GT", = lim Vh(KS*, — K*,) — 8nGTH,, (4.28)

R—oo

where V,, and K, is the covariant derivative and extrinsic curvature of the intrinsic
metric hy, on the R = const-surface. The regulator T“V is determined so that VMT“V =
0. Corresponding to the background Killing vector 0,0y, 0y, these tensors satisfy the
conservation law

o,T", =0,  9,T's=0,  9,1",=0. (4.29)
The ADM mass is given by

nQp 11

2w d¢
= o / prdVie ), / V.4 = / dz / (4.30)

where the mass density up to NLO is calculated by the metric solution up to NLO as

2 1 2
py = —167GnT? = y2ze 2 [m + — (( + % — ;) m — 27v2Q%*mlogm
n

— (2 —0%+ logm) (0, — z+ zil)pQ — 2713¢>p3)

+2Q <p1 —y (1 - QQ> 8¢m) — Q% (0 + Q6¢)m>],

(4.31)
and we used the relation between the volume of CP2~! and that of n-sphere Q,,,
2 2m)? n
Qs = Za, = P70 (cpi-t). (4.32)
n n
Similarly, we define the angular momentum densities in ¢ and v directions by
pe = 167GnT",, py = 167GnT",, (4.33)
and the angular momenta are written by
nQn+1 / nQn+1 /
Jp = dV, = 4.34

It turns out that py and py are proportional to pps at the leading order, and hence we only
show the difference at the sub-leading order

(5p¢

v = Qp]\/[ + (435)

)
Py = par + %7
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where

22
Opy i=ze 7 (fyZQm +p1 + Q0. — 2+ 2 py — v (1 — QQ) Dpm — szla(z,pg) ,

(4.36)
22
Spy = z2e % (72(2 (1 - z2> m+p1 + 2yp3 + Qs — 2+ 27 Hpa + ¥Q29ym — Qz_10¢p3) .
(4.37)
With the velocity fields (3.13), this can be written as
Z2
5py = ze” T m (7 + 0" + 2097 logm) + Da(- )", (4.38)
22
dpy =z€ 2m (01 + 2903 + 292Qlogm + 2Q(1 — 22)) + 0a(--)Y, (4.39)

where 9,(...)* denotes the spacial divergence.

Entropy. The entropy of the dynamical horizon is calculated from the area of the local
event horizon (3.14) as (see appendix C for detail)

Qn—i—l
== [ psavi.y, (4.40)

where the entropy density pg is proportional to the linear combination of the mass and
angular momentum and hence conserves at the leading order

1
ps =v(om = Qpg) + —dps. (4.41)
In terms of the velocity fields (3.13), the difference dpg is expressed as
2 2 2
_ -z 2 -~ Mm99 A3\2Y (9:m) _ (Ogm) a
dps = yze 2 l('y logm 1)m 5 ((07)* 4+ (0°)%) o 5,2 + 0a(...)%
(4.42)

Therefore, the nonconserving subleading correction is given by the following functional

Qn
S1 = /5/?3 AV{z,0)

4G
_ a1y _22 2 _ _ a2 a3y (9:m)? _ (9gm)®
=t [z [(’y logm — 1) m — 2 ((8°) + (8°)°) = "5 — D00 | V. .

Temperature. The temperature is also defined in terms of the surface gravity 7' = x/(2)
on the local event horizon if the horizon null generator (4.21) is the Killing vector (see
appendix C for detail). Plugging the metric solution into eq. (C.16), we obtain

n 1 . _ o 1, 1, . 0,m)?
T= 4 [”n (272927210%9@1(@% et L oty O
Pm  (22=220—1)0,m  20%0gm  (Dym)?> 00>  Ogm  2v(9;+Qdg)m
- + + T e T2 :
m zm zm 2z*m z z*m m

(4.44)
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By substituting egs. (4.19) and (4.22), the use of the master equation (4.24) reduces this to
the constant

n 2
= 1—292>. 4.4
— ( % (4.45)

The extremal condition up to NLO is then given by

1
Q=1-—. 4.46
l=1-o (4.46)

First law and Smarr formula. With the stationary conditions (4.19) and (4.22), using
eq. (4.24), one can show the first law up to O(1/n) by taking the variation in P and 2y
independently

SM = TGS + Q4005 + 6.1y, (4.47)

where Qg4 := Q — Q. The Smarr formula can also be shown up to O(1/n)
n+1

M=T5+ Q¢J¢) + Ql/)']ﬂJ' (4.48)

Second law. With the use of egs. (4.1), the time derivative of eq. (4.43) leads to the

second law

oS = 1<9t5'1
n

Q, 22 .
= 4GJ;; /dV(Z@)ze’T (m (z*16¢@2—8263+271v3)2+

2m

— (8¢@3—@2)2+2m(3zﬁ2)2> >0.
(

4.49)

Then, the entropy production ceases if
A2 A3
0° =0, ©°=cosnt. X z. (4.50)

This is consistent with a part of the Killing condition (4.19). The contribution of 0y
is suppressed to the subleading order in eq. (4.49), because of the scaling in eq. (2.22).
Nevertheless, assuming the condition (4.50) in eq. (4.1), we obtain m = exp P(¢ — v%t, )
with v® = const. and the Laplace equation for w(¢ — v, z) := 0! (¢ — v?t, 2) + 203 (2)

22 1 22
0 <epze_2(92w> + ;3(;, (epze_28¢w> =0. (4.51)

For the regular and normalizable solution both at z = 0 and z = oo, w must be a constant
as in (4.19).

It is less clear, but as in ref. [40], eq. (4.49) can be written as the square of the viscosity
tensor (4.17)

Qn+1 2 2 abypcd
oS = e /ze 227" mhh04copqdV . 4 (4.52)

where hgp is the spacial part of eq. (4.2). Here we note that only o099, 023, 033 contribute to
the leading order in eq. (4.49).
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4.3 Reduction to the singly rotating phase

All the above thermodynamic quantities can be mapped to those of singly rotating black holes
through eqs. (4.25) and (4.27). First, we define normalized thermodynamical quantities by
the mass scale to eliminate the scaling degree of freedom. The angular momenta normalized
by the mass scale become

. 167G Jy ~ 1. ) 167G Jy, ~ 1.
= =Q+ —djs, = —==Q+ =47y, 4.53
I¢ (n+2)Qp1rif ! n "¢ o nQp it n "7 (4.53)

where Q := Qry; and the mass scale is given by
1
16nGM \» 1

=l——] ~1+-1 dV, . 4.54
M ((n + l)Qn+1) LR </ pu (z’¢)> (4.54)

dje is given by

22
[ ze= = (my =261 + 2Qmlogm)dV, 4

22
0jp = —2Qlog (/ ze_272de(zv¢)) . (4.55)

Ik 2T m dVi..¢)

Instead of djy, it is more convenient to see the difference between jy, and j, since it vanishes
for the equally rotating Myers-Perry (js = Jjy),

z2
[ 22”7 (v Imod + Q2 — zQ)m)dV(zm

Aj = bjy — 6jp =n(jy — Jo) = : (4.56)

22
Note that we keep using 2 instead of  in eqs. (4.55) and (4.56) as the difference only
comes in the higher order (4.54).

With the stationary conditions (4.19) and (4.22), or equivalently (4.23), the normalized
angular momenta (4.55) and (4.56) become

2 2
3~ ePdV, Pe~zePdV, 22
(5j¢ — —Qq/)fz (& Z22 (& ( ,¢) +2sz € 222 (& ( 7¢) _ QQIOg (/26_26’Pd‘/(27¢)) ,
[zemZePdV, 4 [ze=ZePdV, 4
(4.57)
2
S A
Aj=20— (- aylZe T Ve (4.58)

J ze‘éepdv(z,(b)

We show that these have simpler expressions using the singly rotating variables calculated
in refs. [33, 35, 36]. In particular, with egs. (4.25) and (4.27), eq. (4.58) can be expressed as

Aj =20+ V1 — Q25 (4.59)

where j5 = js(ws) is the normalized angular momentum for the singly rotating black holes
given by the solution to eq. (4.26) as
_ fw523e73dV(57¢)

Js = —— , (4.60)
fzePdV(g@)
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and the angular velocity of the single rotation wy is given by 2 and €, through eq. (4.27).
Note that, by definition, js is an odd function of ws. Eq. (4.57) is also simplified as

0jp = —V1— Q%) +2Q(hs — log ps)
= —Aj+2Q(hs + 1 —log u1s), (4.61)

where we used eq. (4.59) and hs = hs(ws) and ps = ps(ws) are calculated from the singly
rotating solution

ZPePdV; '

hs = M, Ms = /ZePdV(g’(ﬁ). (462)

JzePdViz g)
Once we specify the corresponding singly rotating family of the phase js = js(ws), €y is
determined as the functions of (€2, Aj) through egs. (4.27) and (4.59). The entropy (4.43)
is normalized in the same way and expressed in terms of the singly rotating variables

2

4GS 1
1+% (—Qéj¢—|—(2Q—Aj)Q—wsjs—logus+1—3ﬂ2>1 . (4.63)

si=—— ==
1 ~
QnJrlr?\Lzr Y

Myers-Perry phases. As shown in ref. [33], eq. (4.26) admits the singly rotating Myers-
Perry solution

_ 2 72
_ 1- 2 4.64
& 1+ a? < 4 ) ’ (4.64)
which leads to j, := 2a and
2Js AW ,
Ws = 4+]§’ s = <1+4S edtis | hs =1 — wsJs. (465)

One can easily check that the corresponding almost equally rotating phase is actually the
Myers-Perry phase of a given (€2, Aj). To confirm this, let us compare the corresponding
phase with the large D limit of the exact Myers-Perry solution with almost equal angular
momenta given in appendix D.2. The first equation of eq. (4.65) is inversely solved as

1+ +/1—4w?
—_— =, 4.
- (4.66)

Then, egs. (4.27) and (4.59) reproduce eq. (D.24) at the leading order. The normalized
entropy (4.63) is also consistent with eq. (D.22) at the leading order.

js:

Entropy difference. Since the entropy (4.63) is insensitive to the horizon dynamics at
the leading order, it is convenient to see only the difference from a reference phase. For this,
we compare with the Myers-Perry solution with the same (jg, jy). Since jy =~ jy ~ Q, Q is
also the same at the leading order. Nevertheless, one should recall that we also have the
degree of freedom to be adjusted that changes  in O(n~!) as in eq. (4.19). Thus, having
the same j, does not necessarily means the same 034, instead requires

1 1
Jo = Q4 —(Q +Qlog s +djg) = 2+~ (Q%AP + Qlog P + 5;'3“’) , (4.67)
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where the quantities with MP denotes those for the Myers-Perry phase. This condition
determines the difference in €.
Then, the entropy difference from the Myers-Perry phase becomes

Y . .
s—sp = (~wajs + @} —log(ua/ ™)) (4.68)

where eq. (4.67) is used with the fact that

L7
~ P ~ EQ (—Q1 +oMP Qlog(,u,s/ug/lp)) . (4.69)

| =

To avoid the divergent behavior near the extremality, we define the entropy difference as

As = —wsjs + wMPji\/IP - log(,us/,ug/lp). (4.70)

Since eq. (4.59) leads to

e A 20

o = = Js, (4.71)
eq. (4.65) means
MP 2js MP i3\ i
wy = T2 fe = <1 + 4> edtis, (4.72)
Thus, eq. (4.70) is simplified to
As =2 — wyjs — log us + log (1 + f) ) (4.73)

Interestingly, this is identical to the entropy difference in the singly rotating case, in which
case the comparison should be made with the singly rotating Myers-Perry phase.® This
suggests the thermodynamics for given (€2, Aj) is identical with the corresponding singly
rotating phase with (ws, js). Hence, in the following, we do not distinguish As for the
almost equally rotaing case and that for the singly rotating case.

5 Stationary phases

5.1 Stationary phases in the singly rotating case: a review

Since the stationary phase in the almost equally rotating setup is mapped to the singly
rotating phase, we first revisit the stationary phases in the singly rotating setup found
in refs. [33, 35, 36]. In figure 2, the major stationary phases in the singly rotating case
are shown:

e Myers-Perry black holes

31t has not been shown explicitly, but one can easily obtain from the entropy formula in ref. [40].
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— black Bar
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— 2-dumbbell
04F — 3-dumbbell
0.3 — 4—dumbbell

Myers-Perry
0.2f \‘\ — 2-ripple
0.1 — 3-ripple
4-ripple
5 10 15 Js

Figure 2. Stationary phases of the singly rotating black hole in (js,ws) [35].

e Black ripples: axisymmetric deformed branches of the Myers-Perry phase bifurcating
from axisymmetric zero modes at j, = 22k — 1, (k = 2,3,4,...). Here we call
the corresponding branches as k-ripple. At the large deformation and large angular
momentum, the horizon tends to be fragmented into several parts of ring shapes
with/without a central Gaussian blob for even/odd branches, respectively. At finite
D, they would eventually cause the topology-change to black multi-rings/saturns.

e Black bar: a nonaxisymmetric branch bifurcates from the zero mode of the bar mode
instability at j; = 2 [33]. At large deformation and large angular momentum, the
profile tends to be infinitely elongated in one direction and becomes unstable to the
Gregory-Laflamme type instability.

e Black dumbbells: deformed black bar branches bifurcate from the zero mode instabili-
ties of the black bar at js = 2k/v2k — 1, (k =2,3,4,...), which we call k-dumbbell
for each k. At large deformation, both the angular momentum and angular veloc-
ity tend to be zero and the shape is fragmented into a multiple array of orbiting
black blobs.

Typical profiles of these phases are shown in figure 1. A remarkable feature of the large D
effective theory is that it admits the nonaxisymmetric stationary solutions, which cannot be
stationary at finite D due to the radiation. This is because the effects of the gravitational

wave emission is suppressed nonperturvative in D, i.e. ~ e P

, and hence negligible in
the 1/D-expansion [37]. One may doubt that such solutions are artifacts only at D = oc.
However, one may also interpret them as long-living intermediate states due to the low
radiation rate at large enough D. In fact, the black hole-black hole collision simulation in
D = 6,7 captures relatively long-living black bar and dumbbell states [39].

In figure 3, we show the entropy of the above solutions given by eq. (4.73). Beyond the
bar mode at j; = 2, the most stable state is the black bar until the first zero mode takes
place on the black bar at j; =4/ v/3. Then, 2-dumbbell branch becomes the most stable
state beyond j, = 4/+/3 until it reaches to a turning point Js,crit & 2.662. The numerical

simulation in the large D effective theory indicates that the black hole collision results in
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Figure 3. Entropy of singly rotating black holes compared with Myers-Perry black holes of the same
mass and angular momentum, which are partially shown in ref. [40]. The close-ups for dumbbells
and ripples are shown in the right panel.
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[ 0.70 075 080 0.85 090 095 1.00
051 — "3-dumbbell" o
’ — "4-dumbbell" , , ,
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Figure 4. Phase diagram of almost equally rotating black holes with Aj = 0. Each phases are
labeled after the name of singly rotating counterparts.

the most entropically favored phase for the corresponding total angular momentum, where
the collision always ends up in the fragmented profile for js > js crit [40].
5.2 Phase diagram

Finally, we present the phase diagram of almost equally rotating black holes in figure 4.
Each phases are labelled by the name of corresponding singly rotating phases with double
quotation, e.g., black bar — “black bar”. From singly rotating phases in figure 2, each
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solutions with (ws, js) are mapped to (€2, €2y) through eqgs. (4.59) and (4.27) for given Aj.
The corresponding solutions have the same entropy difference (4.73). Since the parameters
has the symmetry of simultaneous flip of the sign

(w57j579791/)5Aj) — (_w&_jS’_Q? _Q’IZH_AJ)7 (51)

we can always choose Aj > 0 and instead consider the range 2 € (—1,1).
An important point is that eq. (4.59) sets the different parameter region for js for
Q € (—1,1) depending on the value of Aj:

1. 0 < Aj < 2: js monotonically decreases from js =00 (2 = —1) to js = —00 (2 =1).
Eq. (4.59) is solved as

_208j — jsvVA— A7+ 3

Q =3 2
4+ j3 (52)

2. Aj = 2: js monotonically decreases from js = 0o (2 = —1) to js = 0(2 = 1).
Q= Q(js) is also given by eq. (5.2).

3. Aj >2: js reaches to the minimum at {2 = 2/Aj and goes to oo both at Q — +1,
that is, the value of js is bounded below

Js > \/Aj2 —4. (5.3)

In this case, 2 is written as the multi-valued function of j

207 + jor /4 — AjZ + 52
0Oy =

4 + 52

: (5.4)

where —1 < Q_ <2/Aj <Q, < 1.

In the third case, particularly, the lower bound of js largely affects the appearance of
the phase diagram. For example, if Aj > 2v/2, with which j, is always above the bar mode
threshold, the Myers-Perry solution cannot be stable and the black bar branch no longer
bifurcates from the Myers-Perry phase (left panel of figure 5). We will not show all cases
but the same phenomenon occurs for higher other branches as well at larger Aj. We also
present the most preferable phase for given (£2, Aj) in the right panel of figure 5.

Qy for each phases is plotted in figure 6. It is interesting to note that even if we
set Aj = 0, the deformed phases have nonzero {};. This can be understood that the
conservation of Aj in eq. (4.58) makes the difference in € due to the difference in the
moment of inertia.

6 Discussion

In this article, we have investigated the dynamics of rotating black holes with almost equal
angular momenta, which have N equal spins out of N + 1 spins, using the large D effective
theory approach. We have first studied the nonlinear dynamics involving the ultraspinning
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Figure 5. Left panel: the phase diagram for Aj
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Right panel: the stable phases for given (£2, Aj). The stable phase is Myers-Perry in the blue region
(4s < 2), “black bar” in the red region (2 > j, < 4/v/3) and “2-dumbbell” in the green region
(4/v/3 < js < 2.662). Beyond the green region, none of these three are stable.
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Figure 6. Q, for each phases with several values of Aj.
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instability in the equally rotating case, which is found to be captured by the simple effective
theory under the proper scaling ansatz at large D. We have found that the effective theory
of almost equally rotating black holes reduces to that of singly rotating black holes in
the stationary setup, and thermodynamical variables are also mapped to singly rotating
counterparts. In particular, we have found that the phase diagram for stationary solutions
shares the common microcanonical structure in both setups.

At finite D, the singly rotating setup admits axisymmetrically deformed phases, which
are called bumpy black holes or ripples [20, 21]. It is expected that those branches are
connected to branches of different topologies such as black rings or black saturns through the
topology changing transition. In the blob approximation at large D, this topology changing
transition takes place in a smooth and more unclear way. For example, the black ripples at
the large deformation limit tend to be isolated ring-like Gaussian blobs with or without a
central blob connected via thin black branes [35, 36] (figure 1). Since the 1/D-expansion
breaks down if the mass density m becomes m ~ e~ such highly-deformed phases no
longer describe the blob approximation of a single deformed black hole, but should rather
describe black rings or saturns. This occurs for j; ~ v/D and ws ~ 1/v/D [36]. Then, one
can see from eq. (4.59) that this corresponds to @ = 1 — O(1/D) in the almost equally
rotating setup. However, the big difference from the singly rotating case is that €2 has
the upper bound due to the extremality which is also given by Qe = 1 — O(1/D) (4.46).
Therefore, in the almost equally rotating setup, the topology changing transition would not
occur if the phase reaches its extremality before the transition. To confirm this, one has to
examine higher order corrections in 1/D.

If the topology changing transition really ocurrs, another question is, what is the
topology after the transition? Can they admit novel horizon topologies? Since the current
ansatz has a twisted structure on CPYN !, the horizon topology after the pinch-off is less
clear than in the singly rotating ansatz. For this, the soap bubble analysis would hint the
shape of the horizon [25]. This will be postponed to the future work.

It is straightforward to extend the analysis to more general cases with the cosmological
constant, Maxwell field [31], or with the Gauss-Bonnet correction [32]. It would be worth
to examine whether the similar large D correspondence between single rotating black holes
and almost equal rotating black holes holds in such general cases.

In the AdS background, even in finite D, the equally rotating setup is known to admit
nonaxisymmetric AdS black holes with only one Killing vector, called black resonators [47-52].
They are surrounded by the matter clouds or gravitational radiation which are maintained
by the superradiant instability. One may pursue the possibility of such resonator-type
solutions at large D, by applying the similar large D analysis in the AdS background.
However, finding the equilibrium condition for the radiation would be difficult task at large

D and furthermore the radiating

D, since the effect of the radiation is suppressed by e~
sector belongs to the higher frequency modes of w ~ D [53], which are not described by the
effective theory approach.

By adding a Kaluza-Klein circle to equally rotating black holes, one can obtain equally
rotating black strings. The large D analysis in this setup will lead to black strings
with nontrivial helical Killing vector as seen in D = 6 [54, 55]. This would also be an

intriguing direction.
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A ADM decomposition with CP~~! reduction

In the section 3, we solve the following reduced equation instead of the Einstein equation
itself to save the computational resource.* We consider the decomposition into the radial
direction and others,

ds* = o*dp® + gpp(dz” + pFdp)(dz” + B”dp), (A1)

with which the Einstein equation is decomposed to the evolution equation

1. - _ _ 1 _ 1---
*6pK’u,7:RMD—KKMD—F*,CBKMQ—*VMVDO(, (AQ)
« o leY
the scalar constraint
K? - K"K, — R=0, (A.3)
and the vector constraint
VoK?, — Vi =0, (Ad)

where K*; and RFj are the extrinsic and intrinsic curvature for g, Tespectively.
We assume the intrinsic geometry has the isometry of a S* fiber over CPN~!

Grpdzldz” = g, (2)E"E" + h(@) yapdy dy®, € =da" + 6y A.dy®,  (A.5)

in which 74, and A, are the Fubini-Study metric and Kéhler potential of CPN~! and 4 is
the fiber coordinate. The shift vector is given by

Badz" = B,dx" + BypA.dy®, Brop = Bro),. (A.6)

The components of the extrinsic curvature are given by

_ 1

Kul/ = K“I/ = %gua(apgau - vaﬂl/ - vl//Ba)a (A7)
_ 1

R = K5 8% i= ~(0, — 7"0,) logh &%, (A.8)
Ra,u =0, Rua = Aakuw - 5“1/1Abkba7 (AQ)

where the quantities without the bar are for g,,. The mean curvature is written as

K =K+ (2N - 2)Kx. (A.10)

4The computation of the 1 /D-expansion on the Mathematica takes considerably longer times as the
dimension of the non-symmetric subspace increases.
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Eq. (A.2) are decomposed to
l8,,[(“1, =R', — KK", + lﬁgK“V — lV“V,,a, (A.11a)
o e o
and
1 Iz I 1 Iz
a(ap — ,3 8;L)KE = RZ — KKE — 58 048# 10g h, (A.llb)

where the curvature tensors of the intrinsic metric are given by

R‘, = RF, —2(N — 1)(h" VIV, h — 46" 49,4, (A.12)
and
R = Red®:= [2Nh"2 =2k~ gy~ (2N =3)h 2 (V*h)(V,h) —h~'V2h| 6%, (A.13)
The nonzero components of the constraints are given by
VsK",~V,K=V,K",~V,K+2(N-1)9,loghK",—2N9,loghKs, =0,  (A.14)
and

K? - K',K", — (2N —2)K& — R =0. (A.15)

To solve the metric (2.18) in the 1/D-expansion, we set

U '
p= R:= T2N7 Budl‘” = me(m, o= —Buﬂu, (A16)

and

gu€"e” = —A(e™)? — 2030 e 1 HyzeWeld) b =1rsind. (A.17)

B Asymptotic behavior in the boosted ansatz

In this section, we relate the asymptotic form of the ansatz (2.18) with the flat background
ds® = —dt* + dr* + r2®? + r? sin? 0 cos® 002 + 12df* + 12 sin” d%?, (B.1)

where ® := d¢ + sin? #¥.We assume the horizon is placed around r = ry. To keep the
calculation explicit, we do not set g = 1 throughout this section. One can easily obtain
the formula used in the main part by setting ro = 1. First, we switch to the Eddington-
Finkelstein coordinate,

2(dt—r¢Q®)dr

ds® = —dt* +r°®°+ ——tr?sin?Ocos? U7 +r2df? +r%sin?0dT?,  (B.2)
1-To;
by the transformation
_ d - 20 d
df=dt — ——2 d¢:d¢f’}j—7’“ (B.3)
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where ® := d¢ + sin? §U. In terms of the local boosted frame around r = g,

0= y(dt —r2Q®), e = roy(®—Qdt), e@ = rqd, e® .= rgsinfcosO¥,

(B.4)
where 7 := (1 — r3Q?)~1/2, the background geometry (B.2) is written as
2¢O dr r?
2 2 20021 (,(0)\2 2 0), (1
ds? = —7*(1 — r202) () +W+2r097 <T2—1>e()e()
TV 11— (;2 0
- o (1))2 (2))2 (3))2
—l-%y 1— 3 (e + () + (e)?] . (B.5)

With R := (r/r¢)?", this determines the asymptotic behavior of the metric functions in

ds? = —A(e D)2 4 20O dr — 20 e + Hije(i)e(j) + r?sin? d¥?, (B.6)
as
A= (1202 4 OR Y =1 TOL_1BR 5o gy (B.7)
1-r3Q2 N ’ ’ :
1 — 1§02 -1 r5Q* logR -2 p-1
= R 1 N™* R B.
U=\ FORD =14 0 R HOW RS, (B
2
P (1) rQ . logR
i = 026, R = e N2 R™! B.
C 12 1+OR™) =202 1 + O( ,R7), (B.9)
and
2l rer(1-f ) r2025,6,1\ logR o
Hijzrg 5z’j+w(5i15ﬂ +O(R 1)=5ij+<5ij+ 1_7%9; ) i +O(N2,R7H).

(B.10)

C Local event horizon, entropy and temperature

In this section, we derive the formula involving the local event horizon in the metric (2.18)
without the large D limit. The local event horizon r = rp(t,¢,0) is defined as a null
hypersurface ||dr — drp||? = 0 [46]. The derivative of r, is written as

dT’h = 807’h6(0) -+ aﬂ’he(i), (Cl)
where the dual basis is

00 :=7(0;+Q0y), 01:=7(0p+Q0;), 02:=0p, 03:=csclsecfOy—tanfdy.  (C.2)
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The null condition becomes

A= 2Udyry, + Hiv'v? \H =0, (C.3)
where
vl = HI(C; — Uairh)’H. (C.4)
The horizon cross section is then given by
ds} = Hij(e® — v'el®)(el) — v7e®) 4 12 sin2 gax?. (C.5)
In the coordinate basis, this is written as
ds?; = Hyy(dz® — vdt)(dz® — v’dt) 4 r3 sin® d%?, (C.6)
where a,b = ¢,0,1 and
’= 1Sf;2@1111 ~v¥sin®d, o= UQW’ v = cos ZZinH Vf}l—;lng) (C.7)
It is also convenient to define
v® = 0? + 0¥ sin? 6 = % (C.8)
H;; and ﬁab are related by
e —ple®) y(1 - Q)0 0 ® —v®dt,
e® —p2e0) | = Y21 0 do — 0t |, (C.9)
e(® — p3e(0) ¥w? 0 sinfcosd U — o¥dt
which leads to
detH = sin 0 cos (1 — Qu®)VdetH. (C.10)

Thus, the entropy formula is given by

ol /”/2 /2“ dpry ' cosfsin® 1
= detH C.11
4G~ 1+ Qul e ( )
where we used the property
1-0?
1—? C.12
YT 14 Qo ( )
On the other hand, the null generator of the horizon becomes
£ =0 +v°0 + 090 + vV 0y (C.13)

If ¢ is the Killing vector on the horizon, one can find the surface gravity is given by

oA 1
= .14
2U v(1+Qut)| .’ (C.14)
where
A=A—-2Udyry + QUi(Ci —Udirpy), (C.15)
and hence the Hawking-Bekenstein temperature
K o, A 1
T=_"_ == C.16
2r  AnU~(1+Q')|, ( )
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D D = 2N + 3 Myers-Perry black holes
In this section, we review the properties of Myers-Perry solution in D = 2N + 3, whose
metric, in general, is given by [1]

2 i al 2 ’ IIF 9 N 5 9 )
ds® = —dt +ﬁ (dt+§amid¢i> +H_M2dr —i—;)(r +a?) (dp? +p2de?), (D.1)

where y; is the directional cosine which satisfies 2% u? = 1 and

N CL2/1,2 N ) )
le—E ! H:”‘ ). D.2

We particularly interested in the case where the majority of spins are equal.

D.1 Equal angular momenta: IN 4+ 1 equal spins

First, we revisit the known expression with equal spins a; = a [45]. In the new coordinates

r=v 7_12 -+ a27 ¢ = ¢07 COC = (Ma/uo)ei(¢a_¢0)7 (D3)
where {(“}4=1,.. n are the Fubini-Study coordinates for CPN, the metric (D.1) reduces to
ds? = —E0) o | dr” +r2H(r)*(d¢ + Ay + Q(r)dt)* + r?dS3 (D.4)

H(r)" " F(r) a ‘

where Ay and d¥3; is the Kéhler potential and Fubini-Study metric on CPY. With
= 12N, the metric functions are written by

r2N 2N a2rgN ar2N
F(r)=1- T2N F2N+27 H(r) =1+ F2NF2) r) = TN T2H (r) (D-5)
The position of the event horizon is determined by
2N 2,.2N
r§ a“rg
Fry)=1- 2N+ —ngz = 0 (D.6)
T+ i
The thermodynamic variables for this solution are obtained as follows
~ Qong ( ) Qont1
= = N—+1 D.7
e Jo= 2y (N +1)a, (0.7)
a QQN+1 1/2 N+1 K N,u1/2 N+1a
Qp=— S= T=—=—-—1——7 D.8
¢~ r2’ 4G T+ 2 27r7“N'H N r%r (D-8)
With the decomposition (2.6), one can also calculate
N
J —J Qy =0. D.9
v = yagde (D.9)
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In particular, the mass normalized angular momentum and entropy are given by
_2N+1

8nGJy < 167tGM ) 2N a
( - 9

I = (N +1)Qan11 V(2N + 1)Qon41 70
. 81GJy ( 167G M )_2%1 o
W NQony1 \(2N +1)Qon g o’
4GS 167GM —N Ty a?
s:= =—4/1-—. (D.10)
Qant1 V(2N + 1)Qon+1 70 T

D.2 Almost equal angular momenta: IN equal spins

Now, we assume N of N + 1 spins are the same
V). (D.11)

ap=a, a;=b(i=1,...

We introduce the following coordinates
r =72+ b2, = arccos U,
6=do, ¥=0n—do, u = (u/pn)e ), (D.12)

where {ul}zzl N—1 are the coordinates in the Fubini-Study metric for CPN-1 With this,

the metric (D.1) reduces to

FA G b®pusin® 0
ds? = ——=de? + i + 2 Gae? + v sin 0 (1 + m> (dip + A+ Viydt)?

_ in2
+2 (7“2 LG (:2 - g) o 9)> sin? 0(dg + Viydt) (dip + A + Viydt)

_ in2
+ (7‘2 +(a? — 1) cos? 0+ AT (iZNZ*) o 9)> (d + Vidt)? + 12 sin® 0d%2,
(D.13)

where A and d¥? are the Kahler potential and the metric on CPN~!, respectively. The

functions in the metric are given as follows

2_b2 2_b2 1
a H =) gy L2 - ) sin?e,

F=1+ 72 p2Nt2 r2
22 2 2 _ 2
a®—b pa (a*—=b)F . 4
H=1+" 5+ fum. B=H+ " sin’h,

(a—0b)(b%®+ab—1>)u

afs
Vo = r2N+2p’ Vi = 2N+ ’
(r? + a® — v?)(a® — b?)pusin? 0
A=1+ AN : (D.14)

One can easily see that this metric reduces to the equally-rotating case by setting a = b
and using the decomposition in eq. (2.6). The horizon is given by the largest root of
2 _ 32 2 2
a®—b re —b
i =9 (D.15)

F(ry) =1+ 2 N
+
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Then, one can write a as function of r4 and b. The thermodynamics are given by

Qony1p ( 1) Qonyip Qonyip
M = N+ - Jy = Nb Jy = Nb
87G t3) 6= “gag (2T N PTG

a b a QQN+1/,L
Oy =—— Q)= — - — = [r2 _ p2
PRI R LR B I CR S i VT

ot 1 N1 P\ (D.16)
2 o [r2 — 12 r1 ri+a?—b%)" '
It is easy to check the Smarr formula and first law hold by differentiating with u,r; and b,

2N
2N +1

OM =T6S + Q¢5J¢ + Qw(sjw. (D.18)

M = TS+Q¢J¢+Q¢J¢, (D.l?)

With p = T%N , the scale invariant expressions are given as

. 8nGJ, ( 8rG M >—1—2§v _ Nb+a (D.195)
9 (N + 1)Q2N+1 (N + 1/2)QQN+1 (N + 1)7“0’ '
1
871Gy < 8TGM )—1—2N b
e NQoni1 V(N +1/2)Qan+1 To ( )
g G5 ( 8rGM >_1_2§V N P (D.19¢)
Qo1 V(N +1/2)Qon g o r3’
and
~ ~ b
Op = roQy = ——10 Qp = 1oy = . (D.19d)

a? = b2 +r?’ g_aQ—bQ—i—ri'
Large D limit. To compare with the solution in the main part, we take the large D limit

(or large N limit) of the thermodynamic variables. Since 7, = 79 + O(N~!), we obtain
b b arg

Q=0 +Qy~—, Qyo——-—o—"J D.20
o T3y ro ¥ ro  a?—b*+13 ( )

o b b? 5
jezsem et vx i Baiiow D21

The difference between two angular momenta becomes

Aj = 2N (jy — jo) ~ Q(bro 9. (D.22)

and

Since eq. (D.20) leads to

0 1 /1 4(1 - 02)(Q - Q)2

— — , D.23
70 2(Q2 —Qy) ( )
eq. (D.22) can be expressed as the relation between the normalized quantities
L 11T —4(1 - 02)(Q = Q)2
Aj ~ 20 — Y (- (@~ )" (D.24)
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